NECESSARY AND SUFFICIENT CONDITIONS FOR THE
REPRESENTATION OF A FUNCTION AS
A LAPLACE INTEGRAL*

BY
D. V. WIDDER

1. Introduction. In a previous papert in these Transactions the author
studied the singularities of functions defined by integrals of the form

.1 fx) = f " eda(l),

considering such an integral as a generalization of a Taylor series. All de-
velopments of that paper were on the assumption that f(x) permitted of the
integral representation (1.1). We wish to study here conditions on f(x), both
necessary and sufficient, for the validity of such representation. Following the
analogy of Taylor’s series we might at first be tempted to suppose that the
analyticity of f(x) in a half-plane, the region of convergence of an integral
(1.1), would be the condition required. That this is not the case we see at once
by recalling that such a function as sin x, analytic in the entire plane, admits
of no representation} of the form (1.1).

We are led, however, to a correct conjecture by considering our problem
as the analogue of the moment problem of F. Hausdorff.§ This is the problem
of determining a function x(x) bounded and non-decreasing in the interval
0<x=1 and such that

1
p,,=f wtdx(x) (k=0,1,2,--).
0
Hausdorff has shown that the problem has a solution if and only if the se-
quence uq, p1, M2, - - - is completely monotonic (“total monotone”). That is,
the differences
n n
(= DmA™m = tm — ( 1>nm+1 + <2>#m+z = (= D)t

* Presented to the Society, December 30, 1930; received by the editors December 11, 1931.

t D. V. Widder, A generalization of Dirichlet's series and of Laplace’s integrals by means of a
Stieltjes integral, these Transactions, vol. 31 (1929), p. 694.

1 This follows at once from a result of M. Lerch, Sur un point de la théorie des fonctions généra-
trices d’Abel, Acta Mathematica, vol. 27 (1903), p. 339.

§ Felix Hausdorff, Momentprobleme fiir ein endliches Intervall, Mathematische Zeitschrift, vol. 16
(1923), p. 220.
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satisfy the inequalities
(= D", 2 0 (n=0,1,2--;m=0,1,2,---).

If we generalize this moment problem by allowing £ to run through a con-
tinuous set of values, we are led to the integral equation

u(y) = f #vdx (%)

for the determination of a non-decreasing function x(x). If we set x =¢, this
equation becomes

W) = [ evidal),

where

a(t) = — x(e™).
If «(t) is a non-decreasing function of ¢, then x(x) will be a non-decreasing
function of x, so that we are now required to solve an integral equation of
type (1.1) for a non-decreasing function «a(f). From Hausdorff’s results we
should be led to conjecture that the equation has a solution of the type de-
sired if and only if f(x) has derivatives of all orders satisfying the inequalities

dn

S dxn

f(x)go (”’=0)ly2)"')’

and thisisin fact the case. This fact was first proved by S. Bernstein* in 1929
The present paper begins with a proof of this theorem following methods
quite different from those of Bernstein. The more general problem of de-
termining a solution of (1.1) which is merely of bounded variation is then
attacked. A necessary and sufficient condition on f(x) to guarantee the ex-
istence of a function a(f) of bounded variation and making the integral ab-
solutely convergent is then obtained. The corresponding problem for an in-
tegral of the form

f(z) = f et (0)dt

is then treated. It is found that this equation has a solution ¢(¢) which is
bounded and integrable if and only if

|j(")(x)| < Kn!/(x — ¢)*t! (x> o),
where K is some constant.

* Serge Bernstein, Sur les fonctions absol t monotones, Acta Mathematica, vol. 52 (1929),
p. 1. The author had completed the proof of this theorem a few months after the publication of Bern-
stein’s paper without being aware of its existence.
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We are then able to solve a problem of considerable importance in the
theory of Dirichlet’s series. We obtain conditions on f(x) in order that the
integral equation (1.1) may have a step-function solution. We thus obtain a
necessary and sufficient condition for the representation of f(x) in a Dirichlet
series.*

We then investigate the representation of a function f(x) by an integral of
the form

(1.2) (z) = j; etda(t)

with a(f) a bounded non-decreasing function, and find that a necessary and
sufficient condition for such representation is that the sequence of deriva-
tives of f(x) at a point x,,

f(xo)) f,(xo): f”(xo)’ )

should be completely monotonic. We then inquire what properties a sequence

o, 41, @2, - - - must have in order that there may exist a completely monoto-
nic function f(x) satisfying the equations
f(”)-_-an (”’—'0)1;2""))

and find that it is necessary for the sequence to be completely monotonic. A
slight change in the condition makes it both necessary and sufficient. Combin-
ing this with the previous result we are led to infer that the generalized
derivative of arbitrary order p of f(x),

1 0
D2 f(x) = mﬁ £rfmtD (5 — B)dt, [p] = m, p =m + v,

is a completely monotonic function of p for every x if and only if f(x) has the
form (1.2). Here the generalized derivative is defined in a form slightly differ-
ent from that given by Riemann, but it is shown that the form adopted is
equally good as a generalization for the functions under consideration since
it reduces to the ordinary derivative when p is an integer.

Throughout most of the paper functions of the real variable are con-
sidered. In the last section, however, it is shown that this is no essential re-
striction in the case of certain of the theorems, and in particular in the case
of the theorem regarding Dirichlet’s series. Slight modifications are made to
make the theorem applicable to functions of the complex variable.

* References to earlier attempts to find such conditions will be found in Mémorial des Sciences
Mathématiques, Fascicule XVII, Théorie Générale des Séries de Dirichlet, by M. G. Valiron, p. 30.

The referee has called the author’s attention to the following paper: Th. Kaluza, Entwickelbarkeit von
Funktionen in Dirichletsche Reihen, Mathematische Zeitschrift, vol. 28 (1928), p. 203.
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2. Completely monotonic functions and sequences. We begin with several
definitions.

DEFINITION 1. A function f(x) is completely monotonic in the interval
c<x< oo if it has derivatives of all orders in this interval and if the inequalities

(— 1)”f(”)(x) =0 (n‘ = 0’ 1, 2) e )
are satisfied there.

DEFINITION 2. A function f(x) is completely monotonic in the interval
cSx< o if it is completely monotonic in the interval c<x <o and if f(c+0)
=f(c)# .

DEFINITION 3. The set of constants o, p1, ps, - - - form a completely mon-
otonic sequence if
(— D"A™%n =0 n=01,2---;m=0,1,2,---),
where
n n
(_ 1)"A"”m = Mm — 1 Mmi1 + 2 Bmys — = ° ° + (_. 1)"ﬂm+n-

We now prove

THEOREM 1. If f(x) is completely monotonic in the interval c<x < , and if
8 is any positive constant, then the set of constants

f(a), f(a + 8), f(a + 29), - - - (c<a< )
forms a completely monotonic sequence.

For, we have A*f(a+md) =f™(£)é» (a+md<t<a+(m+n)d) by a fa-
miliar result in the theory of finite differences. It follows that

(- 1)A"f(a + m8) = 0.

3. Hankel’s determinants whose elements are the terms of a completely
monotonic sequence. First we introduce the abbreviation

3.1 [f(a), fla +8),- - -, fla + 2md)]
f(a) fla+9) -+« fla + md)

H

fle+38)  fla+ 29) <+ fla+ (m + 1)8)

fla+ms) flo+ (m+1)3) - - fla+ 2ms)

and then prove
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THEOREM 2. If f(x) is completely monotonic in the interval c<x < and if
8 is any positive constant, then the Hankel determinants

[f(a),f(a+6),~ T ;f(a+2m’6)] (C <e< o;m=0, 19 2, )
are all positive or zero.

Since the sequence

f(a), f(a + ), f(a + 23), - - -

is completely monotonic, there exists* a function x(x) bounded and non-
decreasing in the interval 0=<x <1 such that

1

f(a+n6)=f wdx(x)  (1=0,1,2,- ).

0

Construct the quadratic form

n n

2 2 fla+ (G + )O)wix;

t=0 ;=0

1 n n
2 D atizgdx()

0 =0 ;=0

fol( éx‘x‘)zdx(x) 2 0.

That this form is never negative follows since x(x) is non-decreasing and since
the integrand is non-negative. It is known that this implies that the determi-
nants (3.1) are non-negative for m=0,1,2, - - -, n.

THEOREM 3. If f(x) is completely monotonic in the interval c<x< oo, then
the determinants

3.2 [f(a), f'(a), - - -, f2™(a)] c<a<owo;m=0,1,2,---)
are positive or zero.
It is a familiar fact that the determinant (3.1) may be written as
[1(a), Af(a), A%(a), - - - , A*"f(a)].

Divide this determinant by §=(=+1, By Theorem 2 the quotient is non-nega-
tive for all positive 8. Let § approach zero. The limit, which is the determinant
(3.2), must also be positive or zero.

Clearly the result also holds if the constant ¢ is replaced by a constant b

* F. Hausdorfi, loc. cit., p. 226.
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greater than ¢, since if f(x) is completely monotonic in c<x < = it is also com-
pletely monotonic in b<x <.

4. Consequences of the vanishing of certain Hankel determinants. We
begin by stating two Lemmas, the proofs of which may easily be supplied.

Lemuma 1. If the quadratic form

n n
E Zaiixixi; aij = Qji,

=0 je=0
is non-negative for x,=1 and for all values of the other variables, xo, x1, - - -,
Zn_1, then it is non-negative for all values of the variables xo, %1, « - - , %n.

LeMMA 2. If the quadratic form
n n
2 Doaiimixy, @i = 4z,
=0 j=0
is non-negative for all values of the variables x,, %1, - - - , %n, and if ago=0, then
Gn=0p= - =a0,=0.

By use of these Lemmas we can prove

THEOREM 4. If f(x) is completely monotonic in the interval ¢ <x <, and if

(4'1)[f(a’)’f,(a): te ’f(zm)(a)] >0 (m = 0: 1: 2: ) k- 1)’5 <a<®,

=0 (m = k),
then

[f(a),f’(a), o :f(zm)(a)] =0 (m =k, k+ Le+2---).

Set a;;=f%+(a). The quadratic form

) o ( Ze- 1>"§§)2dx<x>

im0 j=0 &%t i=0

is obviously non-negative for every positive value of 3. Allowing & to ap-
proach zero we see that the quadratic form

n n

4.2) > e
1=0 jm=0
is also positive or zero.
Now consider the quadratic form in the variables x,, %1, %,, - - -, %21,
2 (k—1<n) whose determinant is
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n
oo Qo1 © ot G0,k-1 anixi
=k
n
aio an c ot 01,k Zalixi
=k
@43 |- - - e,
n
Qk-1,0 Qk—-1,1 ot Gk—1,k-1 Eak—l,ixi
i=k
n n n n n
Edioxi Zauxs e Zai.k—lxi Z Zaiixixi
ik ik = Sk juk
This form reduces to

n n

Z Eaiixixi

tm( ju=0
for z=1, so that it is non-negative, by Lemma 1, for all values of the vari-
ables xo, 1, - - -, Zx_1, 2. Hence the determinant (4.3) is positive or zero. Ex-
panding it we obtain

Qo0 Qo1 c ot @0,k—1 Qoj

ao a1 c ot G1,k-1 a1
n n
S o o
Sk jmk

Qk-1,0 OGk-1,1""° " Gk—1,k-1 Gk—1,f

a0 a1 cc Gk Qsj

This is itself a quadratic form in the variables xx, 41, - - + , £, Which is non-
negative. Denote the coefficient of x,x; in this form by D;;. Then D=0 by
hypothesis. Consequently, by Lemma 2,

Dkk=Dk.b+l= ...=Dk”=0,
so that
D  Digtr - Dim
Diirk Dryrks1 * * Dipim
(4.4) | =0 m=bbtlm

Dmk Dm.b-]-l st Dmm

since all the elements of the first row vanish. Now apply Sylvester’s determi-
nant theorem* to equation (4.4). It becomes

* See, for example, G. Kowalewski, Einfiihrung in die Determinantentheorie, p. 86.
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Qoo Qo1 c 0t 0,k—1 ™=k | G0 Qo1 ' - - Gom
aio an ct @1,k dio  Gun ° - Qim

. = 0.
Qk—1,0 CGk-1,1" * * Gk—1,k—1 Amo CGm1° ° * Qmm

Since the first factor is different from zero by hypothesis, it follows that the
second factor vanishes for m =%, k41, k42, - - -, n. Since # is arbitrary the
theorem is proved.

CoroLLARY. If f(a) =0, the determinants (4.1) vanish for all m.

For, since (4.2) is non-negative, Lemma 1 shows us that ago=an= - - -
=day,, from which the result follows at once.
The next result to be proved is

THEOREM 5. Under the conditions of Theorem 4, f(x) satisfies a linear differ-
ential equation of order k with constant coefficients.

If £=0, then by the Corollary to Theorem 4 we have f(a) =f"(a) =f"(a)
= ... =0. Since every completely monotonic function is analytic,* it fol-
lows that f(x)=0. If £>0, we have seen that

Dim=0 m=FkKE+1,--.).
This shows that the rank of the matrix
f(a) fl@ - f™(a)
fl@  f'(a) .- f"D(a)

f®(a) fOEI(g) - . . firtR(g)
is £ for every value of n=%.t ’

Hence there exist constants Ko, K3, - - -, K, not all zero, such that
Kof'™(a) + Kif™(a) 4 - - - 4+ Kipf ™0 (a) = 0 (m=0,1,2,---).
That is, the analytic function

Kof(x) + Kif'(x) + - - - + Kxf®(2)

vanishes with all its derivatives at x =a, and is consequently identically zero.
It remains only to show that K;0. This follows from the hypothesis that
(4.1) is different from zero when m =k —1. We observe that the differential
equation which f(x) satisfies may be put in the form

* Serge Bernstein, Sur la définition et les propriétés des fonctions analytigues d’une variable réelle,

Mathematische Annalen, vol. 75 (1914), p. 449.
t G. Kowalewski, loc. cit., p. 53, Theorem 18.
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f(=) fi@) - fP(2)

fl@) fl@ - fP) :
(4.5) fll@ @ - f* () | =0.

f(k—l)(a) f(k)(a) .. f(zk—l)(a)
THEOREM 6. Under the conditions of T heorem 4,

(4'6) (— l)"‘[f'(d), f’,(d), T ,f(zm—l)(a)] >0 (m = 1} 2: 3: ) k —1)-

Since the function —f’(x) is itself a completely monotonic function, the
determinant (4.6) is clearly non-negative for all positive integers m by Theo-
rem 3. Moreover, if (4.6) vanished for m <k—1, it would also vanish for
m=k—1Dby Theorem 4. Consequently, we have only to show that (4.6) is not
zero for m =k —1. If it were zero, we should have, as in Theorem 5, that the
rank of the matrix

f'(@ '@ - f"™(a)
f'@  f"e) - [0 (e)

frD(g) fB(g) - - . firtk=2(g)

would be at most £—2. That is, the determinant (4.1) would vanish for
m=Fk—1 contrary to assumption. That (4.6) may vanish for m =k is seen by
taking f(x) =14+e=, a=0, k=2. That it need not vanish may be seen by
taking f(x) =e~*+e~?%, a=0, k=2.

THEOREM 7. Under the conditions of Theorem 4
. J(®) = cie™= 4 coe™% + - - -+ e e,
O=M<N<- <M >0 (i=1,2,--,k).
To prove that f(x) has the form (4.7) we must show that the roots of the
algebraic equation
1 2 co gk
/(@) f@ - f®(a)
(4.8) e e
JD(@) fB) -+ ()
associated with (4.5) are real, distinct and non-negative. To do this we appeal

to the theory of continued fractions. If (4.6) is different from zero for m =%,
then the left-hand side of (4.8) divided by the determinant (4.6) for m=# is,
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except for sign, the denominator of the reduced form of the continued frac-
tion

alz+1
a:+1
az + 1

1
a1z + 1

(1277
where

Ao = 1: By = 1) A, = [f(d), f,(a‘)) T ’f(zn—z)(a)]’

77 ( ) A"z Bz
Bu =\— 1 »lf b} y T T 2n-t ) n = n = *
(= D[ (a), f"(a) e (@], e BB ™ i

The rational function of z which this continued fraction represents is defined
in the neighborhood of infinity by the series

IR (CI OIS
2z 2 Z

u(z)

By Theorem 6 we see that the B, are all positive, and the 4, are all positive
by hypothesis, so that the a, are all positive. Under these conditions the roots
of (4.8) are known to be distinct and positive.* The left-hand side of (4.8) is
the function Q,.(z) of Stieltjes defined on page 426 of the article cited.

If (4.6) is zero for m =k, then the continued fraction development of %(2)
is the same as above except that it stops with the term @;x_,2. The denomina-
tor of the expanded form is now

3 22 ... gk f(a) f’(a) Ce f"“l)(a)

4.9 f'.(a). {"(a) --.'f""(a) . f.’(a) f"(d.) ':'f‘f"(a).

’

fED(g) fR(g) - - - f2R-D(q) fD(a) f®)(q) - .- f@-D(g)

and this is also known to have distinct zeros which are all positive except one
which is zero.t It is not difficult to identify the zeros of this function with the
roots of equation (4.8). For, since we are assuming that (4.6) vanishes for

* T J. Stieltjes, Collected Works, p. 411, and p. 426.
t T. J. Stieltjes, loc. cit., p. 411, and p. 427,
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m=Fk and not for m =k —1, we know that constants L, L;, - - -, L;_; exist
such that

Lif'(a) + Lof"(@) + - - - + Leaf*0(a) + f*(a) = 0,
(4.10) Lif"(a) + Laf"(a) + - - - + LufP(a) + f**1(a) = 0,

Lif®(a) 4 Lyf*+(g) + - - - 4 Lif @42 () + f2r-D(g) = 0.

Expanding the determinant (4.8) according to the elements of the first column

we have
z 22 PR zk

f(@ '@ - f®(o)
zk:(_ 1)ift=0(g) | fD(a) fW)(a) - - - fati-D(g)|,

i=1 FGEHD(g) D (g) - - - fGHB(g).

f(k)(a) f(k+l)(a) . f(2k—1)(a)

Substitute the values of f*'(a), f(*+V(a), - - -, f2*~1(g), obtained from equa-
tions (4.10), in the last row of this determinant. Equation (4.8) thus becomes

Z 22 ... gk
(4.11) [ElLif(i—l)(a) +f(k-—1)(a):| f'.(a) | J‘"'(a)’ f(k.)(a) |

f(k—l)(a) f(k)(a) e f(2k—2)(a)

The first factor can not vanish for its vanishing (together with equations
(4.10)) would imply that (4.1) would vanish for m=k—1 contrary to as-
sumption. Hence the roots of (4.9) are the same as those of (4.11).

It remains only to show that ¢;>0. We have seen that

1) = f " estda)

where a(f) is a step-functioh with a finite number of jumps. We wish to show
that these jumps are all positive. Let R be a number so large that the points
of discontinuity of a(f) are all to the left of the point ¢=R. Then if 5 is a fixed
number for which |z| >R the series

et [1 ¢ t2
= g—at _.__._+_.._.]
z 4+ ¢ z z? 23
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is uniformly convergent in the interval 0<¢<R, so that we have

f”_:da(:) =— f -a‘da(t)—-— f otdal) + f etda(t) —

_f0  s@ f’zga) N

1 z?

- = u(z).

We thus have the partial fraction development of %(z):

cle—an‘ Co€ 0™ + cke——azk
2+ 2 3+ x z+ 1
But the coefficients of this development are known to be positive,* so that

the ¢; are all positive. The theorem is thus completely established.
5. The function a(f) a monotonic function. We are now in a position te

prove

THEOREM 8. A necessary and sufficient condition that f(x) should be com-
pletely monotonic in the interval ¢ <x < oo is that

u(z) =

5.1) 16 = [ estdal),

where o(t) is a non-decreasing function of such a nature that the integral con-
verges for x>c.
The sufficiency of the condition is obvious sincef

Fm(a) = (= 1)»f crdall), x>c (m=0,1,2, ).

To prove the necessity of the condition we appeal to Theorem 7 and to a
result of H. Hamburger.} If one of the determinants (4.1) is zero, then f(x)
has the form (5.1), «(#) being a step-function with a finite number of positive
jumps. If none of these determinants vanishes, then the determinants (4.6)
are positive for all 7, and we are in a position to apply Hamburger’s Theo-
rem.§ The function f(x) is thus seen to have the integral expression (5.1).

We note that if «(¢) is to be a non-increasing function it is necessary and
sufficient that —f(x) should be completely monotonic.

* T. J. Stieltjes, loc. cit., p. 413.

t D. V. Widder, loc. cit., p. 702.

t H. Hamburger, Bemerkungen zu einer Fragestellung des Herrn Polya, Mathematische Zeit-
schrift, vol. 7 (1920), p. 304.

§ We must actually apply the theorem to f(—=#), but the modifications necessary are obvious.
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6. The function a(t) of bounded variation. We prove the following theo-
rem:

THEOREM 9. 4 necessary and sufficient condition that f (x) can be expressed as
6.1) 1) = [ emaats)
0

with a(t) of bounded variation in every finite interval and the integral absolutely
convergent for x>c, is that f(x) should be the difference of two functions that are
completely monotonic in the interval c <x < oo.

We prove first the necessity of the condition. Suppose f(x) has the form
(6.1). We may suppose without loss of generality that «(0) =0. Since «(f) is
of bounded variation in the interval 0 <¢< R there exist two non-decreasing
functions P () and N(¢) such that

«(R) = P(R) — N(R),
#(R) = P(R) + N(R).

Here #(R) is the total variation of «(f) in the interval 0 <¢<R. In this way

we see that
R R
f(x) = ;1:11 l: j; e *tdP(t) — j; e 2dN (t)] .

Since the integral (6.1) is known to converge absolutely, the limit

j; ¥ stdu(t) = lim [ fo " sap() + fo 2—=‘dN(t)]

exists, so that the integrals

fo " estap(), f " esdN ()

converge for x >c. Hence

f(x) = f e~=1dP(f) - f =N (1),
0 0
An application of Theorem 8 now establishes the necessity of the condition.

We turn now to the sufficiency. First suppose that ¢=0. By virtue of
Theorem 8

flx) = j; we““dP(t) - j; fe"‘dN (OR
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where P(t) and N (¢) are non-decreasing functions, vanishing at the origin, of
such a nature that the integrals converge for x >c. For any such value of z,
constants K and e exist such that*

6.2) P(l) < Ket=9, N(t) < Ket9 (0=5t<o;c<zx—e<2x).

Consequently

f e dP(t) = x f e =*P(t)dt,
[} 0

f e dN(t) = « f e =N (t)dt,
0 0

the integrals on the right-hand side converging for x >c. Now if a(f) =P(f)
—N(¢), the integral [y e*'da(t) converges absolutely if x>¢. For, the total
variation u(#) of a(f) clearly satisfies the inequality

(6.3) u(t) = P(t) + N@).
This inequality shows that the integral [, e-=(#)d¢ converges, and hence that

o

(6.4) fo " stdu(l) = lim w(R)e~=R + » fo e=tu()dt.

By virtue of the inequalities (6.2) and (6.3) we see that the indicated limit
in (6.4) exists and is zero, so that (6.1) converges absolutely for x >c.

The case in which ¢ <0 may be reduced to the case just treated by the
change of variable x —c=y.

We shall next seek to determine a more convenient condition to replace
that of Theorem 9. First we shall obtain certain necessary conditions.

TrEOREM 10. If the integral
f(2) = f e=dat), «(0) = 0,
0

converges absolutely for x>c, then

lim f(x) = (0 +),

T=

lim /% (x) = 0 (k=1,2,3--).

T=00

In consideration of Theorem 9 it is sufficient to suppose that f(x) is com-
pletely monotonic for x>¢. Since f(x) is a positive decreasing function it

* D. V. Widder, loc. cit., p. 703, Lemma 2.
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tends to a limit as x becomes infinite. The same is true of every derivative of
f(x) since (—1)¥®(x) is itself a completely monotonic function. But the
limit is zero if 2= 1. For, suppose

lim (— 1)¥®(x) = B > 0.

xX=0

Then

fR (= D)@ (2)dx > B(R — ¢ — 9), 5> 0,
whence -

lim (= DHfED(R) — 00 + )] = o,

R=w

contrary to the fact just proved that f*-V(x) approaches a finite limit as
becomes infinite.
If we define a function 8(¢) by the equations

g(0) =0,
B(®) = (0 +), t>0,

it remains only to show that

lim we“'d[a(t) —B(®] = o.

x=00 0

The positive function v(f) =a(f) —B(¢) is continuous at ¢=0. If € is an arbi-
trary positive constant, we can find a number & so small that

3
f e=dy() < () < ¢/2, %2 0.
0
Then we can choose x so large that
f estdy(t) = b f =iy (t + 8) < ¢/2.
8 0

The latter choice is clearly possible since the integral involving y(¢+8) ap-
proaches a finite limit,* and e¢~** approaches 0 as x becomes infinite.

THEOREM 11. Under the conditions of Theorem 10, there exists a constant M,
independent of x and of n, but dependent on 8, such that

: (t—c—o)n
f ——-——|——|f("+1)(t)|dt<M; 6>0,2=2c+8,n=0,1,2,---).
c+3 n!

* Since y(¢+8) is monotonic, this follows from the first part of the proof of the present theorem.
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By Theorem 9 we have
f(x) = f e=tdall) = f e=dP(t) — f =N (i),
0 0 0

whence

-] 0

e=mHdP() — (— 1) f =4 N (f).

0

f(n+l)(x) = (.._ 1)n+lf

0

| f("+1>(x)| < f we“‘t"“d'y(t),

0

where
v(t) = P(t) + N().
Then
z (y—c—8)n ® ) —em o
f (L_C_'_)_| F(y) | dy < f tm+idy (1) f e—vt(y_c'__’i)_dy.
c+é n: ° o+ "

The interchange of the order of integration which we have effected here is
permissible since the integral [, e~*'"+1dvy(f) is uniformly convergent* in the
interval c+6<x <.

The inequality is only strengthened if we replace the upper limit x of the
last integral in the above inequality by «. Thus

z (t—c— o) d © ey —c¢c— o)
f (__'____)_.lf(n+l)(t) | dt < f v 1dy (f) f ( ) dx
c+d n: 0 c+8

n!

0 ooe—ztxn L
= f {1y (£) et D) f dx = f ety () = M;.
0 0

0 n!

This completes the proof.
We shall now show that the necessary condition established in Theorem
11 is also sufficient, and thus prove

THEOREM 12. A necessary and sufficient condition that f(x) can be expressed
as

©.5) ) = f estda(l)

with the integral absolutely convergent for x >c and a(t) of bounded variation in
every finite interval is that

* D. V. Widder, loc. cit., p. 701.
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(a) f(x) has derivatives of all orders for x>c,
(b) a constant M exists independent of x and of n but dependent on & such
that

z (f — ¢ — §)"
f .(_’.z_'____)_|f(n+1)(t)|dt<Ma 6>0,x2c+8n=01,2--).
o+ .

In order to prove this theorem we shall make use of three lemmas.

LEmMA 1. If the functions o(x), ¢1(%), ¢2(x), - - - are continuous with their
first derivatives for x Zxo and if a constant K exists such that

®a(%) = ¢npi(x) = K (x = x;72=0,1,2,---),
Pat1(2) = 64 (%),
then the given sequence converges uwiformly for x = x,.
By hypothesis
bn+p(2) = ¢a (2) (r=123"--)
so that

f blen()dt < f o1 (1)ds (2 x0),

¢nr+p(x) - ¢n+p(x0) = ¢n(x) - ¢n(x0),
Gnip(®) — Pa(x) = ¢n+p(x0) - ¢n(x0)~

But the sequence ¢o(x), $1(x), 2(x), - - - clearly converges for each « since it
is an increasing bounded sequence. Hence to an arbitrary positive e there
corresponds an integer m independent of x for x =x, such that

Fnip(%) — Pa(x) S € (»=0,1,2,---)
when # >m. This proves the lemma.

LEMMA 2. If the function y(x) is continuous with its first (k-+1) derivatives
for x>c¢, and if
(= Dw™(x) 20 (x>c$”=0)1}2)"';k+1):
then
+ &) k!
|y (x) | gw—)—— (6>0, x>c+39).
(x —c—0)*

By Taylor’s theorem we have
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(c+ 6 — x)*

Ve +8) = W) + @+ = 2+ )

48 (c+06 — o)*
+ f ._(__.k'—),/,(kﬂ)(t)d; (x =c+ 5).
Every term on the right-hand side is positive or zero so that
Y ®(x)(c + 0 — 2)* = Y(c + 9k,
from which the desired inequality results immediately.
LemMA 3. Under the conditions of Theorem 12 a constant A exists such that

lim f(2) =

lim f™(x) =0 n=1,23..).

x=0

For, integration by parts gives the equality

feD(B)dt = [ (2)

2 (t—c—or?
- — ™M)t (n=1,2,3,---).

t t—c— )" (x—c—o)"
>£+8 n! n.

ers (n— 1!
Hence
t —
| £ () |Foemor f ( EZ 20 oy | ar
n—1
f (’ 6) STV po | @t a2+ ),
and by condition (b) )
|f<">(x)| __fl_f"___ n=1,2,3---).
—c— )"

This inequality is sufficient to show that f ((x) approaches zero as x becomes
infinite (n=1,2,3, - - - ). But

[ " P = 1(2) — fc +9).
c+8

Hence if « is allowed to become infinite the function f(x) must approach a
limit, since by condition (b) (7 =0) the integral

" P@as
c+3

converges absolutely.
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We turn now to the proof of the theorem. By Lemma 3 we have

f@-4=- [ "1,

or

| f(x) — 4| = fwlf’(t)ldt

provided that the integral converges. We see that it does converge for x >¢ by
taking # =0 in (b). More generally,

© t— n—1 © t_ n
(6.6) f, -((—:f)—l)—!lf(")(tﬂdté f, —(——n—?—|f‘"+‘)(t)|dt.

Both integrals converge for x >c¢ as one sees by again referring to (b). The
inequality is established by first noting that

|f(n)(x)| < fwlf(n+l)(t) | dt (x>¢)

and then that

© (¢ — x)»! . © (t — x)r! w .
j; (n—-l)!lf()(t)ldté j; Wdtj: lf‘“(y)ldy.

If we interchange the order of integration on the right-hand side of this in-
equality, we obtain (6.6). This is permissible since the integrand is positive
and since the resulting iterated integral is convergent.* If we set

L] t._. n
$n(#) = f ( n'x) | fo+o () | d,

we may state our result as follows:
/&) — 4| S ¢o(®) Soi(®) S - Sgu(®) S - - = M.

The sequence of functions ¢o(x), ¢1(x), ¢2(x), - - - has a limit for all x>¢
which we shall denote by ¢(x). Now the derivative of ¢.(x) is

6.7 ol (2) = _f (- )1';—' Fe0(5) | ds.

To justify the differentiation under the integral sign, set

* E. W. Hobson, The Theory of Functions of a Real Variable and the Theory of Fourier’s Series,
second edition, vol. 2, p. 346.
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E= 2 oy | > 2),

g(xr t) =
=0 ¢ = %).
Then
n = y dt.
ain = [ e 0

The functions g(x, ¢) and (9/0x)g(x, £) are continuous in the region x=c+34,
t=c+46if n>1, and the integral

® 9g(x, ¢
6.8) f 859 4,
c+3 ox
converges uniformly in the interval x=c¢+-é. For,
i) t—c—08)m1?
J— 2 4 é______ (nt+1) (¢ g F)
]axg<x ) —y | fe0 ) | (x2 c+9)

t—c—on
sT——|pem@|  Gzatcta.

Since
f ¢ - | FotD(g) | dt

converges, the integral (6.8) is uniformly convergent for £=c+3§. Formula
(6.7) also holds if » =1, as one may see directly by writing

éa() = fwt|f”(t)|dt - xfw|f”(t)ldt

and differentiating.
In a similar way we have

o' () = f e-s )2), | s | at (n 2 2),

and in general

W = (- nr f ¢- )k)_, oG (k< ).

It follows that

(= D*n (8) 2 0 (k < n).
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Now treating f(™(x) as we did f(x), we have

fwm=—fywwm (m > 0),
6.9 |7 ™@] = (=100 @) = (= 1)"smir()
S S (= D) (@) S

To show that this sequence has a limit for every x >¢ we show that it has an
upper limit. Let 2, be an arbitrary point for which #o>¢+6(6 >0). By Lemma
2 we have

| ¢(m) (x) | < ¢(C + 5)”1!
m+n =
(

x—c— o)™

o(c + 8)m!
S 2 %o).

(xo—C—ﬁ)"’ (x— xO)
The right-hand side of this inequality, being independent of #, serves as an
upper limit for the sequence (6.9) for all # 2 x,. The functions ¢,{,(x) of the
sequence satisfy all the conditions of Lemma 1 at least for =1 (as we see by

replacing m by m+1 in the inequalities (6.9)). Consequently, the sequence

6™ (x), 6. (x), pavy(x), - - - converges uniformly, and its limit is the de-
rivative of the limit of the sequence ¢* (%), ¢ (x), 670 (x), - - - . We

see in this way that
lim goin(2) = ¢ (),
and that
| f(x) — 4] = é(w),
6.10
(6.10) | f™ (@) | = (— D)™ () (n=1,2,3,---).

We are now in a position to show that f(x) is the difference of two com-
pletely monotonic functions,

f@) 4o —4 o) —f@)+4

@) =4 =T ;

The inequalities (6.10) lead at once to the following:
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f(=) + rl;(x) -4 >0, é(x) —J;(x) + 4 >0,
_f'(@) + ¢'(x) >0, @) = f(=®) >0,

2 2

- 1)”f(n)(x) + ¢m(2) S0, (- 1)”¢(n)(x) = f(x) >0

2 2

1

If A =0 we write

T @) e — AT e — f(#) + 4
f(x) = _A + 5 ] —l: 5 ],
and if 4 0,
A F (@) — AT [6(®) — (&) + 4
flx) = ] 5 ] —[ ; - A].

In either case f(x) is obviously the difference of two completely monotonic
functions. An appeal to Theorem 9 completes the proof of the theorem.

CoRrOLLARY. For f(x) to have the form (6.5) it is sufficient that
(@) f(x) should have derivatives of all orders,
(b") M should exist independent of x and of n such that

Mr
706 | <o B > an=0,1,2,0 )

for some positive constant p.

We have only to show that condition (b’) includes condition (b). We can
do this as follows:

° = &) 0 an
] @2 v ga) | ax = [ 2o+ o+ 9] ds
] ” o !

+8 !

< I'(n+p+ I)Mfm xn B MT(p) .
0

dx =
n! (x + §)ntet1 o?

As a simple example take f(x) =1/x. It satisfies the conditions (a) and
(b’) for x>0, and has the expression
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1 )
— = f e~=tds,
x 0

the integral converging for £ >0.

That conditions (a) and (b’) are not necessary may be seen by noting that
the function f(x) =1 does not satisfy them. Yet it may be expressed in the
form (6.5).

7. The function a(¢) an integral. Let us next investigate conditions un-
der which «(¢) is an integral, that is, under which f(x) has the form

f(x) = f “est(t)d.

In this connection we prove

THEOREM 13. 4 necessary and sufficient condition that f(x) can be expressed
in the form

(7.1) 1) = f Cestp(0)dt

with ¢(t) integrable in every finite interval and satisfying an inequality of the
form

(7.2) |6(t)| < Ket 0=

is that

(7.3) [f("’(x)[§——Kn—! (x>¢;m=0,1,2,---).
(x — o)

Obviously the inequality (7.2) implies the absolute convergence of the
integral (7.1) for #>c. The necessity of the condition is at once apparent.
For, if x>¢, we have

s = (= [ e (),

| ()| < fwe“‘t"Kf‘dt = —KL (n=0,1,2,---).
o (x — o)+
Conversely if (7.3) is satisfied, then
_ Kn! < (= Do) < Kn! ’
(x — c)nt? (£ — o)t

or
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1%

- 02106 + (- ] 20,

(x —_ c)n+l

(__ l)nl:_f(n)(x) + (_ l)n__I_(L:I = 0.

(x — ¢)ntt

This shows that the functions K (¥ —¢)~+f(x) and K(x—c)~'—f(x) are both
completely monotonic in the interval ¢ <x <. Hence by Theorem 8, there
exists a non-decreasing function 3(¢) such that

K )
— = [ s,

the integral converging for x >¢. But

N B

o= “eetda(l),

f(x) +

X

so that

where
a(t) = B(t) — Kest/c.

Since «f(t) is the difference of two monotonic functions, it is a function of
bounded variation. But

In this way we see that the functions Ke¢'c~14-a(t) and Ke'c—!—a(f) are both
increasing functions. From this fact it follows that
a(t 4+ 68) — al?)

— Kes(H09) < — < Keett68) 0<s;0<0<1).

Allowing 6 to approach zero we obtain
— Ket £ D*a(t) £ Ket,

where D+a(t) denotes the upper derivative of «(f) on the right. Now D+a(s)
is integrable* since a(#) is of bounded variation and D+a(f) is finite in every
finite interval. Consequently, we may write

* E. W. Hobson, loc. cit., vol. 1, p. 549.
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a(z) = fo " st

where
6(f) = Dta(t), | $(t)| < Ke* (0 =< 1).

This completes the proof of the theorem. We point out that condition (7.3)
implies the vanishing of f(x) at infinity. This also follows indirectly from
Theorem 10, since «(f), being an integral, is continuous, and «(0+)=0. We
further call attention to the fact that condition (7.3) implies condition (b) of
Theorem 12. That this should be the case is seen by observing that if f(x)
has the form (7.1) it also has the form (6.5) with a(x) defined as

a(z) = fo " s,

8. Examples. At this point we illustrate Theorem 13 by a few examples.
A. Takef(x)=1/x,a(f) =t,¢(f) =1,¢=0, K =1. Condition (7.3) is clearly
satisfied since

n

| /()| =

!
g (x>0,2=0,1,2,---).

B. Take f(x)=e¢=, a(t)=0(0=<t<1), a(t) =1 (¢2=1). In this case condition
(7.3) should not be satisfied since a(f) is not an integral. We have

[ f®@) | (x = )™ e*(x — c)m+
n! h n! ’

e—z(x — C)”'“ e—(n+l)(n + 1)n+1
max = .
n! n!

This latter quantity becomes infinite with » so that no constant K exists for
condition (7.3) no matter how ¢ may be chosen.

C. Take f(x)=1, a(t) =1 (¢>0), «(0) =0. Here again «(f) is not an in-
tegral. Condition (7.3) is not satisfied since (¥ —c) is not bounded.

D. Take f(x) =e*/x, $(£) =0 (t<1), ¢(t) =1 (t21), a(t) =0 (¢t=1), a()
=¢—1(¢=1). Here condition (7.3) is satisfied with ¢=0, K =1. For

fo () = e: > (—_-—I-E(n>ﬁl,

=0 x? b4

(n) nt+1 ~z( — n n
f (x)x _ € ( 1) Z(_ l)p(:)p!(x)n—p’

n! n! p==0




876 D. V. WIDDER [October

ol e

n! =0 (n — p)!

IIA

© P
e—zzx_=1

=0 P!

E. Take f(x) =1/x2 ¢(f) =¢. Then

I\

ed
t<— (tz0)
(43
for all positive e. For the function fe—¢* attains its maximum value (ee)~! at

t=1/e. By Theorem 13 it should follow that
| f™ (@) | S nli(ee)~H(x — )=
for all integers #» >0, all positive numbers ¢, and all £ >e. Now
|19 = (a4 Dt
so that we should have

(n+ Dx 2 = (2 — 7" ee) ™,
or

(7 + Dex (1 — ex )™t < g1,
But the function on the left attains its maximum value (n+41)+2(n+2)-~2
at x=e(n+2). As n becomes infinite this maximum value increases and ap-
proaches ¢! as its limit. The above inequality is thus established. This ex-
ample serves to illustrate the fact that |¢(¢) | may be equal to Ket at certain
points of (0, ) and yet |f™(x)| may never be equal to Kn!(x—c)~*"! no
matter how large #» is taken.

9. Application to Dirichlet series. By use of Theorem 13 we are now able
to obtain a condition that is both necessary and sufficient for the development
of a function f(x) in a convergent Dirichlet series. We restrict ourselves at
first to the case in which the series converges for £ >0.

THEOREM 14. A necessary and sufficient condition that a real function f(x)
can be represented in a Dirichlet series convergent for x>0 is that a set of real
constants a1, Gz, @3, © - - , N1, Ay Ns, - -

0.§X1<X2<)\3<"', lim)\;,=°°,

k=w

exist of such a nature that to every positive e and every integer k there corresponds
a number M independent of n and of x such that*

* In (9.1) it is to be understood that £ shall also take on the value zero, the quantity in the brace
then reducing to f(x).
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[{ f(x) — éa..e"‘n’} x—lemw]

dn
dxn

tMn!
<—
(x — )t

(>en=01,2,---).

(9.1)

We prove first the necessity of the condition. Let f(x) be the sum of the
Dirichlet series

9.11) f(x) = iane‘ A

convergent for x >0. Then

f(2) = fo estda(l)

where
(0 é 2 < kl),
aft) =
Gt a+ -+ ax M St < Meyr; £=1,2,3,--:).
Since the series and integral converge for x =¢>0, there exists*a constant M
such that
9.2) | a(t)| < Me (0=t< »).
Integrating by parts we obtain

flx) == j; no-e""oz(t)dt,

the integrated term disappearing by virtue of (9.2). Now since «(¢) is con-
stantly zero in the interval 0 <¢ <\, an obvious change of variable gives us

f(x) = wene f etalt + \)ds,
0
where
| a(t + M) | £ Mehet = M'eet.

Now applying Theorem 13 we have

Mn!
ém (x>en=012 .- ).

g;,{f(x)x“e""}

* D. V. Widder, loc. cit., p. 703, Lemma 2.



878 D. V. WIDDER [October

This is the first of the conditions (9.1) corresponding to the case £=0. Since
k
f(x) - Eame_)""z
me=1

is itself a Dirichlet series, the first term of which is @x41e7#+1%, we have only
to apply the result just obtained to the new series to obtain (9.1). The proof
of the necessity is thus complete.

We turn now to the proof of the sufficiency of the condition. By Theorem
13, we see that condition (9.1) taken for 2=0 implies the existence of a
function a(¢) such that

9.3) f(x) = xene f a(i)d,
0
where
| @) | = Me 0=St< o).

By a linear change of variable, equation (9.3) becomes
f(x) = xf e*a(t — \)dt = xf e~=t3(t)dt,
A 0

where

_ 0 (0 é t < )‘1)’
B(t) B {a(t — Xl) ()\1 St < w),

(9.4) | B(#) | £ MeMert < Met.

We can now show that B(f) is a step-function, or differs from such a function
at a set of points of measure zero. Again applying Theorem 13, but now
using (9.1) for an arbitrary &, we see that

L)

k
f (x) = ZamC“mz + xe M f e“‘ak(t)dt.
m=1 0

As before this may be transformed into

k )
f(x) Za,,.e‘"n’ + =z f e Zap(t — Nepr)dt
M=l

A1

0

k
D ame ™ + x f =43, (t)dt,
m=1 0

where
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0 (0=t < Meyr)

Br(t) = { ’

ar(t — Neg1) M1 St < o),

Clearly the summation in this expression may be rewritten as follows:

L]

k 0
f@)= x| etandt+ = f e~*'Bu(t)dt,
m=1 Am 0

whence
f(x) = xfwe""y;,(t)dt,
0
0 0=t<N),
antat+---+a, NSt < A v=1,2,---,k),
() = k
ﬁk(t) + z:lam (Xk-f-l é 1< w).

If we now make use of the uniqueness theorem,* we see that v () must coin-
cide with 8(¢) almost everywhere. By allowing k to become infinite, we see
that B(z) differs from a step-function v(¢) at most at a set of points of measure
zero. Since y(f) is a step-function it follows that the inequality (9.4) implies

9.5) 7@ | £ Mee (0=t < ).

Hence, on integrating by parts, we obtain

f(x) = f e~=tdy(t) = Za,.e‘"n”.
0 n=1

The integral and series converge for x>e by virtue of (9.5). But e was an
arbitrary positive quantity. The above argument repeated for any positive e
must always lead to the same Dirichlet series since expansion in such a series
is unique. It follows that the series converges for # >0, and the proof is com-
plete.

We can now see that the restriction of convergence for x>0 was not an
essential one. For, if the series (9.11) converges for # >c, then the series

flx+¢) = ia,.e‘*n‘e‘*»’

n=1

converges for x>0, and we can apply Theorem 14. The inequality (9.1) in the
statement of that theorem must be replaced by the following one:

ar k Vnl
{[f(x) - Z_:la,,.e'*mz](x - c)—lekk“z} "

<.
dx® (x —_c — e)'H-l

* D. V. Widder, loc. cit., p. 705.
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If we restrict ourselves to Dirichlet series with positive coefficients a theo-
rem that is much simpler in statement may be obtained by use of Theorem 9.

THEOREM 15. A necessary and sufficient condition that f(x) can be repre-
sented in a Dirichlet series with positive coefficients convergent for x >c is that a
set of constants

01,02,03,‘",)\1,)\2,X3,"‘,
0§)\1<)\2<)\3<"',I}i.111)\k=°°,

exist such that the function

(f (%) — iam“m’) Men®

m=1
is a completely monotonic function in the interval c <x < for k=0,1,2, . - - .

We omit the proof since it follows closely that of Theorem 14, making
application of Theorem 9 instead of Theorem 13.

10. Relation between completely monotonic functions and completely
monotonic sequences. We turn now to the discussion of the following prob-
lem. Given an infinite set of constants ay, a1, @2, - - - . Under what conditions
is it possible to determine a completely monotonic function f(x) such that
f(n)=a,for n=0,1,2, - . - ? In order to simplify the statement of the solu-
tion of this problem we introduce a

DEFINITION. A completely monotonic set of constants aq, a1, @z, - - - 15 Mmini-
mal if decreasing a, makes of it a set which is no longer completely monotonic.

That there exist completely monotonic sets which are not minimal may
be seen by noting that increasing the first element of a set which is com-
pletely monotonic leaves it so. By a theorem of Hausdorff* it is known that
any completely monotonic set ao, @1, @3, - - - can be represented in the form

1
an = ft"dd’(t) ("’ = 0: 1, 2: ct )
0

where ¢(¢) is a non-decreasing function. Moreover, the representation in this
form is unique if “normalized” functions ¢(¢) only are admitted, that is, func-
tions for which

(¢t + 0) + ¢t — 0)

$(0) =0, ¢() = . O0O<t<1).

We first establish the following

* F. Hausdorf, loc. cit., p. 226.
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LemMA. The completely monotonic set ao, @y, s, - - - is minimal if and only
if the function ¢(8) of its Hausdorff representation is continuous at t=0.

We prove first the necessity of the condition, showing that if $(0+) >0
the set is not minimal. Define a function () continuous at =0 by the
equations

0 (t=0),
v - §
() — ¢(0 +) o0<t=1).
Then

1 1
f h‘dtﬁ(t) = f tnd¢(t) = Gn (n = 1) 2, 3) e )

0 0

1
= [ 80 = 40 +) = a0 =60 +) (n=0).

0
Since ¥ () is itself a non-decreasing function, the set a,—¢(0+), ay, as, - - -,

is itself completely monotonic, so that the given set can not have been mini-
mal.

Conversely, if $(0+) =0, then the set a, a1, as, - - - is minimal. If it were
not so, a positive constant £ would exist such that ao—%, a,, a,, - - - would be
a completely monotonic set. That is, a unique normalized non-decreasing
function ¥/(¢) would exist satisfying the equations

1
n = trdy (¢ =1’273,"”
o f W) (n )
1
— k= ay(t).
a f 0
But we clearly have
1
an = f tnd';(t) (n = 1: 2,3,--- )’
0
1 —
Go— k= f ),
0
where
V) = o) — & O0<t=),
¥(0) = 0.

Hence ¥(f) =y (t), for ¢(¢) is clearly normalized if ¢(¢) is. But ¥(¢) is not a
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non-decreasing function since ¥(0+)—y(0) = —% <0. Since y¥(¢) is non-de-
creasing we have a contradiction, thus completing the proof of the lemma.
By use of this result we are able to prove

THEOREM 16. A necessary and sufficient condition that there should exist a
function f(x) completely monotonic in the interval 0<x < o such that f(n) =an
for n=0,1,2, - - - is that the set ao, a1, as, - - - should be a minimal completely
monotonic set.

We begin with the sufficiency of the condition. Suppose the set ao, a,,
@, - - - to be of specified type. Then

1
n = ™ =’1’ y " )y
o j;tdcﬁ(t) (n=01,2---)

where ¢(¢) is a non-decreasing function vanishing at £=0 and continuous
there. Since ¢(¢) is continuous at =0 we have

1
gn = lim 0] n=0,1,2,---).

€=0

Make the change of variable { =¢~v. Then

—loge ©
gn = lim evda(y) = f emvda(y),
0

€=0 0

where
a(y) = — ¢(e™).

The function «a(y) is clearly non-decreasing. The function
1@ = [ eaat
0

is completely monotonic in the interval 0 <x < « since the integral converges
for x>0. The function f(x) is continuous™® in the interval 0 <x < since the
integral converges for x =0. Since f(n) = a., the proof of the sufficiency of the
condition is complete.

Consider now the necessity of the condition. Suppose that a function f(x),
completely monotonic in the interval 0 <x < «, exists such that f(z) =a, for
7n=0,1,2, - - - . We show first that the set of constants a,, a1, @z, - - - is com-
pletely monotonic. The point is not covered by Theorem 1 since it is not
known that the point x =0 is an interior point of an interval in which f(x) is
completely monotonic. By Theorem 8 we have

* D. V. Widder, loc. cit., p. 701.
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(10.1) 1) = f e dal) (x> 0),
0

where a(f) is a non-decreasing function and the integral converges for x>0.
We can show that the integral also converges for # =0. For suppose that it
diverged. Since a(f) is monotonic we should then have a(®)=co. In that
case lim,., f(x) = . For, if z is a fixed positive quantity, we have

f(z) == j; °°e“"az(t)dt
1/z o

=z e*a(t)dt + x f e~*ta(f)dt.
v

0 z

Since a(f) 20 and ¢~=*>0 we have

1/z
xf e *a(t)dt = 0,
0
whence

@)z fl " estai)ds.

But a(f) =2a(1/x) in the interval 1/2x <t < . Hence

£(x) 2 a(l/2)x f “estdt = a(1/2)/e.
Vs
Consequently

lim f(2) = a(®)/e = .

But since f(x) is assumed continuous at x =0,
lin; f(x) = f(0) = a0.
The assumption that the integral (10.1) diverged for x=0 was false. The

integral thus defined for x =0 must be equal to f(0) =a, since both the in-
tegral and the function f(x) are continuous at x =0. Hence

o = f eda(t) (n=01,2---).
[}
It follows that the set aq, a1, a,, - - - is completely monotonic since

(— 1)*Akg, = f (A = eYremida(t) 2 0 (k = 0,1,2, - 5m = 0,1,2, - - - ).
0
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It remains only to show that this set is minimal. We have

R 1
a, = lim e~ "da(t) = lim indB(2),
R=w Jg R=w J,~R
where
1
B@) = — a(logT) 0<t=1).

The function B(¢) is undefined for ¢=0. If 3(0) is defined as —a(x), we have
B(0) =B(0+) and

1
= ase).
o j;t 8()

Since B(t) is continuous at =0, the set a,, a1, a2, - - - must be minimal, and
the proof is complete.

11. The integral [¢ e*'da(f). We turn now to the determination of condi-
tions both necessary and sufficient for the representation of a function f(x) in
the form

ﬂ@=ﬁeMW)

where a(f) is a non-decreasing function. First consider necessary conditions.
If f(x) has the above representation it is clearly an entire function. Let 2, be
any real value. Then

1
f™(x0) = f ezottrda(t)
0

fo 'lt"dﬁ(t),

t
f eovda(y) (0<t=1),
0

B(0) = 0.

Since B(t) is a non-decreasing function, the sequence f(xo), f'(x0), f'/ (x0), - - *
is completely monotonic. In particular if «a(f) is continuous at =0, B(f) is
also continuous there, and the above sequence is minimal. We can now show
that these necessary conditions are sufficient. Let f(x) be a function with
derivatives of all orders at x =x, and such that the sequence of its successive
derivatives there is completely monotonic. That is,

0 (n) X0 — x n
fo) = 3 [0 = )

ne=0 nl

where

I

B@)
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This function is entire. For
O§f(”)(x0) §f(xo) (”’=0’ 1; 2"")’

and

© = famee

) i) 3

n=0

= = 2

n=0

2 ™ (x0)(x — %o | x — xol
n! n!
(— 0 < x2< ®),

Now by Hausdorff’s theorem, it is possible to determine a non-decreasing
bounded function 8(¢) such that

™ (o) = f 1B,

whence

f(x) = i (= ‘n!xo)"fo trdB(t).

n=0
For any fixed value of x the series
2 (x — xo)™"

elz—zo)t = Z

n=0 n!

is uniformly convergent in the interval 0=<¢<1, since

od (x—xo)"t"< © | x— x|

> K 2

n=0 n! n=0 n!

= glz—zl

Hence it may be integrated term by term with respect to the monotonic
function B(¢). That is,

fle(z—zo)tde(t) = i (_x_:_'_@ lt"dﬁ(t) = f(x),

0 n=0 n! 0

so that
fx) = f evtda(l),

where
o) = f e-=wudB(y) ©<ts1),
a(0) = 0.

Again we see that «(f) is non-decreasing, is continuous at =0 if 8(¢) is con-
tinuous there. We have seen that B(f) has this property if and only if the
sequence f(xo), f'(%o), - - - is minimal. We have thus established
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THEOREM 17. A necessary and sufficient condition that a function f(x) can
be represented in the form

1
ﬂﬁ=ﬁeWW)

with a(t) a non-decreasing bounded function (continuous at t=0) is that f(x)
should have derivatives of all orders at a point x=x, which form a (minimal)
completely monotonic set, f(xo), f' (x0), f''(x0), * - - .

12. Generalized derivatives. Let us now combine the results of Theorems
16 and 17. If «(f) is non-decreasing and continuous at ¢=0, the set f(x),

f'(x0),f""(x0), - - - is a minimal completely monotonic set, so that there exists
a function ¢(x) that is completely monotonic in 0 <x < such that
¢(n) = f(”)(xo) (" = 0: 1’ 2’ tt )

It is natural to inquire if there is not some sense in which this equation holds
for non-integral values of #. We shall show that if /™ (x,) is replaced by the
generalized derivative of Riemann (slightly modified* to meet our need) then
the above equation holds for all »>0. We define the generalized derivative
of positive order p of a function f(x) as

© t_'f(m+l)(x —_ t)’]

_DAf(x) = fo T 0<»<1),

where m+-» =p and m is the largest integer contained in p. Clearly if p is an
integer m and if f(™ (x) is a function which vanishes for x = — =, then

—D2f(x) = f(z).
With this definition at hand we can now prove

THEOREM 18. The generalized derivative _D.?f(x) is a completely monotonic
function of p in the interval p=0 for every x if and only if

1
ﬂ@=ﬁwwm

where a(t) is a bounded non-decreasing function that is continuous at t=0.

To prove the sufficiency of the condition we show first that the integral

* This generalized derivative, _.D;*f(x), is ordinarily defined for positive values of p through the
medium of its values for negative p. For the functions under consideration, however, it need not exist
for negative p. The definition we give is legitimate since for positive integral values of p the generalized
derivative reduces to the ordinary derivative.
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P = ._1— m—v ' zy—tysymtl
(12.1) DY) = s fo tdt j; e=v-tuymtida(y)

converges. The integral is improper both on account of the infinite upper
limit of the integral and because the integrand becomes infinite at ¢=0 i
v#0. For every « the integral

1
f ey(z—t)ym+lda(y)
0

is a continuous function of ¢, so that the integrand of (12.1) is O(¢~) as ¢
approaches zero. Since » <1 we are assured of the convergence of the integral
if the upper limit « is replaced by any positive finite limit. We must now in-
vestigate the behavior of the integrand as ¢ becomes infinite. We show that
for any fixed x and for m =0

1
f ev(z—t)ym+lda(y) = o(t—l).
0
For

1 1
(12.2) [ enymtida(y) = ae ~ [ als){(m + Dymeried
0 0
+ (x — t)ev=—vymtt} gy,

The first term on the right-hand side of this equation is clearly o(¢?) ' The
integral on the right-hand side may be set equal to I1+7, where

102

I1 f a(y){(m + l)ymev(z—t) + (x -— t)eﬂ(t—t)ym"'l}dy’
0

I,

1
f a(y) {(m + 1)ymev==v + (x — t)ev=0ym+i}dy,
‘—11'2

Applying the second law of the mean to I, we obtain

12
fi = et f {(m + Dymevs=d 4 (x — Hev—nymti}dy (0 < ¢ < £112),
¢
¢12 -1
= “(‘—”2){(’” + l)n'”f ev==dy + (x — t)n”‘f ye"(”“)dy}
¢ £

(< <t12),

Hence if t>x we have
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_ z‘—l/2_‘l /2

| 1| < a@@V2)(m + 1)(E=™/2)

1+ ezt‘l/2_¢1/2[1 + (- x)l"l/z]}

+ a1 — x)t‘""”{ -

Since a(¢#-1/2) approaches zero as ¢ becomes infinite, it is clear that I, =0(t1)
if m=0. For I, we have the following equation and inequalities:

1
I = a@{en+ Dgm+ (= g1} [ g (<<,
]

1

| 1. |

IA

‘l

a(){(m + 1) + (¢ — x)}f

2e"“""‘)dt,

| L] < a){m+ 1) + ¢ — 2)} {e=t — =70} (¢ — 2)71,

from which we see that I, is also o(1/£). The integrand of (12.1) when multi-
plied by 1+ approaches zero as ¢ becomes infinite. By the usual limit test for
convergence we infer therefore that the integral converges if » >0. If »=0 the
integral may be integrated in finite form, and we are assured of convergence

since
lim f0V(x — ) = 0 (m=0,1,2,---)
=

by virtue of Theorem 10.
We show next that it is permissible to interchange the order of integration
in (12.1). We rewrite that integral as

12.3 Dof(x) = — ¥ ra()e—td
(12.3) — zf(x)—mj; *a(l)e t

1
+r(1 —)

© 1
f tr+dt f a(y)ev=—tymtidy
0 0

X
)

o 1
f 1t f a(y)evE—tymtidy
0 0

1 - 1
- —vd, y(z—t)ym 1
T = y)fo ¢ tfo ev==Dym(m + 1)a(y)dy

and apply a familiar theorem™* to each of the iterated integrals.

We must show ’

(a) that the two repeated integrals in opposite orders over the domain
(0, 0; 1, R) exist and have equal values for every positive R,

* E. W. Hobson, loc. cit., vol. 2, p. 398.
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(b) that the iterated integrals of (12.3) converge,

(c) that the integrands are non-negative.
The last of these conditions is obvious. Since each term on the right-hand
side of (12.2) has been shown to be o(t-1), (b) follows at once. To prove (a)
we have only to note again that the integrands are non-negative and apply a
known theorem.* Consequently

1 1
_Df(x) = a(l)e — = f a(y)esvymiy=idy + (1 — ») f a(y)evymHiyridy
0 0

1
- f a(y)evz(m + 1)ymy~'dy,
0

since
f tetvdt = yT(1 — v) v <1).
0
But
1 1
f ey da(y) = a(l)e* — x f a(y)e=vy™tdy
0 0
1
- (m + v)f a(y)esvymtr=idy,
0
Consequently,

1 1
_DY(x) = f evy™irda(y) = f evypda(y) (02 0).

To show that this is a completely monotonic function of p set y=e¢~*. Since
a(0+) =0, we have

—log ¢

1 1
f e*vyrda(y) = lim f e*vyrda(y) = lim e erd[— a(e™)]
0 €=0 € 0

e=0

= [ erasw,
0
where

Bu) = f “ e[ — a(eb)] (> 0),
8(0) = 0.

Since the function —ea(e~*) is a non-decreasing function of #, it follows that
B(u) is also non-decreasing, and an appeal to Theorem 8 gives the desired
result.

It only remains to prove the necessity of the condition. Assume then that

* E. W. Hobson, loc. cit., vol. 2, the first theorem on p. 340.
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—oD2?f (%) is a completely monotonic function of p in the interval 0 < p < « for
each x. Then by Theorem 16 the sequence f(xo), f'(%o), f''(x0), - - - is a com-
pletely monotonic minimal set. Consequently, by Theorem 17,

f(x) = f e=tdal),

where «(f) is a non-decreasing bounded function continuous at {=0. This
completes the proof of Theorem 18.

13. The complex case. We have been dealing thus far with real functions
of the real variable. Although certain of our theorems, such as Theorem 8,
are in their very nature real function theorems, others are easily extended to
include complex functions. Since it is usually desirable to consider Dirichlet
series in the complex plane, it is important to make such an extension in the
case of Theorem 14. We begin by making a similar extension of Theorem 13.
We prove

THEOREM 19. A necessary and sufficient condition that the function f(x+1iy)
can be expressed in the form

S+ iy) = [ etrmga
0

where ¢(t) is a complex function of the real variable t which is O(e°t) as t becomes
infinite, is that a real constant K should exist such that

!
If(")(x)ls——ﬂ——(x>cn 0,1,2,---)
T (x — o)t ' )

The necessity of the condition is obvious from the inequalities

If(n)(x) I é f e—zttnl ¢(t) l dt § Kf e—zltnectdt’
0

| 1™ (x) | Kn!
C) n+1

To prove the converse, set f(x) = u(x) -I—iv(x). Then

W@+ B s
whence
|u(n)(x) | Knl
6)”+1
Kn!
| ,,(n)(x)l <

(x — C)"+1 )
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Hence, by Theorem 13, functions 3(¢) and y(¢) exist such that

u(x) = fne"‘B(t)dt, IB(t)I =< Ket t=z0),

v(x) = fwe""y(t)dt, |'y(t)| =< Ket ¢t=0.
Consequently,

1) = [ oo + no)a,
0
iv) = T (etint dt,

f(x + iy) f =gt

where

o(t) = B + iv() = O(e*).
The theorem is thus established.

THEOREM 20. A necessary and sufficient condition that the complex function
f(x+1iy) can be represented by a Dirichlet series convergent in the half-plane

x>0 is that a set of complex constants a,, as, as, - - - and a set of real constants
Ay AN, - e e,
0§)\1<>\2<°", :im)\k=°°,

exist of such a mature that to every positive number € and to every integer k there
corresponds a number M independent of n and of x such that

Tl = Zonerue|srionnc)

dxn Mma=1

Mn!
< —
(x — e)n+l

(x>e;n=0,1,2,---).

(13.1)

To prove this set f(x) =u(x)+iv(x) and ¢, =a. +ic,’. Assume first that
f(x+14y) may be expanded in a Dirichlet series
f(x + iy) = Zame—xm(t"“lﬂ.

m=1

Then

0
u(x) = Y ad e,
m=1

©0
o(x) = D ad!e e,
m=1

and both series converge for >0. Then by Theorem 14 we have
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a i N \ M'n!
13.2 — demz |p—lghenzy | <
( ) dx”{[u(x) m=1a ¢ ]x ¢ } (x — )+t
ar : M)
13.3 —1 | v(x) — ,,,"e-’\mz:lx—leuﬂz} < — .
@y | {[w0 - Ze (x = o

Combining these two inequalities and setting M =M’'+M'" we have (13.1).

Conversely if (13.1) holds, then the inequalities (13.2) and (13.3) hold if
M’'=M'""=M. It follows by Theorem 14 that »(x) and v(x) are expressible in
real Dirichlet series convergent for x>0,

©
u(x) = 2an e,
m=1

o0
o(x) = Za,,."e‘x'"’.
m=1

That is, the series

L]

f(x + iy) = Zame“)‘m(zﬁ'iv)
m=1
converges in the half-plane #>0. This completes the proof of the theorem.
The statement of the theorem could easily be altered so as to deal with an
arbitrary half-plane of convergence.

BrYN MAwWR COLLEGE,
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