NON-ABSOLUTELY CONVERGENT INTEGRALS
WITH RESPECT TO FUNCTIONS OF
BOUNDED VARIATION*

BY
R. L. JEFFERY

Introduction. Problems of great interest in real-variable theory are the
analysis of the structure of a function whose derivative is finite, and the de-
termination of a function when its derivative is given and is finite at each
point. The study of these problems has led to a theory of non-absolutely con-
vergent integrals.t The corresponding problems when the derivative in ques-
tion is with respect to a function of bounded variation have received little
attention, and it is with these that the present paper is mainly concerned.
In this case we find that there is involved a theory of non-absolutely conver-
gent integrals with respect to a function of bounded variation. Lebesgue] has
given these questions some consideration. His results depend, in part, on a
transformation which changes integration with respect to a function into
ordinary integration. By means of this transformation very general results
are easily obtained. But for dealing with some particular situations it is not
altogether suitable; for example, a discussion of integral equations which in-
volve integration with respect to a function of bounded variation. For this
reason we have, in the present work, adhered to methods which are direct.

Incidental to our main purpose is a study of the derivative of a function
F(x) with respect to a function of bounded variation a(x). Here, too, we have
been preceded by others, chiefly Daniell.§ In the Transactions paper Daniell
concerns himself with the central derivative with respect to «,

F(x +¢ — F(x — ¢

m - )
0 (x4 e —alx—¢

and shows that if F is absolutely continuous relative to o, then D,F is summable
relative to «, and

* Presented to the Society, April 9, 1932; received by the editors in September, 1931, and (in
revised form) April 11, 1932,

t For extended references see Hobson, Real Variable, third edition, vol. I, p. 692; Lebesgue,
Legons sur PIntégration, Paris, 1928, p. 231. ’

1 Loc. cit., p. 296.

§ These Transactions, vol. 19, p. 353; Proceedings of the London Mathematical Society, vol.
26, p. 95; ibid., vol. 30, p. 188.
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F(b) — F(a) = f ' DuFda.

In the other two papers he is concerned with functions of more than one var-
iable. The definitions of a derivative there given, though leading to elegant
and profound results for functions of several variables, seem more involved
than is necessary for the case of functions of a single variable. He assumes
that all the sets involved are Borel measurable, and studies the relation be-
tween D,F and f where

F(e) = f fda,

and the relation between F and the integral with respect to a of D,F when
the latter exists.

We start with a function of a single variable F(x) which is continuous or
has at most discontinuities of the first kind, give a definition of the derivative
of F with respect to « which differs from those given by Daniell, prove that
when D,F exists it is measurable relative to «, and obtain results for functions
F which are of bounded variation relative to o analogous to the results obtained
by Daniell. This is accomplished through the medium of w(x), the total varia-
tion of a(x) on (e, x). We then proceed to the determination of F when D, F
is given and finite at each point. It was for the latter purpose, for which the
methods of Daniell did not prove suitable, that our methods were originated.

Throughout the paper frequent use is made of integration with respect to
a monotone function, a theory extensively developed by others.* Partly for
the convenience of the reader, and partly to give it a turn which makes it
more suitable for our purpose, we have included a discussion of the essentials
of this theory.

Finally we work out a process of totalization, or what has otherwise been
called Denjoy integration, with respect to a function of bounded variation.
When the function of bounded variation is the variable x itself, the integral
obtained by this process reduces to the Denjoy-Khintchine-Young integral.f

1. Definitions and preliminary lemma. Let F(x) and w(x) be two func-
tions defined on the interval (g, ), w(x) non-decreasing. If x, is a point of dis-
continuity of w, then w(x,) is the open interval {w(xo—0), w(x,+0)}, and
mw(x,) the length of this interval. With this agreed upon, we shall understand
by w(x, /) the set of points on the w-axis which is the image by means of w(x) of

* Radon, Wiener Sitzungsberichte, vol. 122 (1913), p. 28 ff.; Lebesgue, loc. cit., pp. 252-313.
t Hobson, Real Variable, second edition, vol. I, p. 715; S. Saks, Fundamenta Mathematicae,
vol. 15, p. 243 ff.
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the closed interval (x, x+4) if % is positive, or of the closed interval (x+#, x)
if % is negative. If ¢ is any set on (g, ), then E=w(e) is the image of ¢ on the
w-axis by means of w(x). If E=w(e) is measurable in the sense of Lebesgue,
we designate this measure by mE =mw(e), and say that e is measurable rela-
tive to w. We further agree that mw(x, %) is negative when # is negative. This
set w(x, k) is always measurable, since it is either a single point or an interval.
If the set E is not measurable we shall be concerned with its outer Lebesgue
measure 7E =#w(e). Let f be any function on (g, b), 4 any real number, and
e4 the set for which f= 4. If e, is measurable relative to w, then f is said to be
measurable relative to w. These conventions make for a simple notation, and
lead to general results.

LeEMMA 1. Let e be any point set on (a, b) for which mw(e) >0, and such that
each point x of e is the left-hand end point of a sequence of intervals (x, x+h,),
where h; tends to zero. Then there exists a finite set of these intervals A;= (x.,
x;+h;) which are non-overlapping, and for which

Imw(Ai) — mw(e)l <€ and [ﬁiw(e) - Zfﬁ.w(Aieﬂ <e.

As a first step in the proof we put a part of e in a finite set of open intervals

a=ay, o0z - - -, 0, in such a way that

1) | mw(a) — mw(e) l <e€
and

(2) | w(e) — Mw(ae) | < e.

Let ¢; be the part of e for each point x of which there is at least one interval
of the set associated with x for which %; >4, and where x and x4+ /%, are both
on the same interval of the set a. Then for § a sufficiently small positive num-
ber we have

3) | mw(ae) — mw(es) l < e.

There is evidently no loss of generality in considering the intervals of « or-
dered from left to right. With this understood let oy = (a1, b;). We then have
either (a) a first point 2/ of e; to the right of a;; or (b) a first point x{ to the
right of or coinciding with @, which is not a point of ¢;, but which is a limit
point on the right of points of e;. Let €, €, - - - be a decreasing sequence of
positive numbers with ) e; <e. In case (a) holds let 2/ =x, and from the in-
tervals associated with x; fix (%1, x:+4) with 2, >4. If (b) holds choose a
point x; of e; to the right of x{ and so that if ¢ is the part of e; on x{ <z <x;
then mw(e’) < &, and from the intervals associated with x; choose (x1, #1+ %)
with &, > 6. If 21+, turns out to be a point of e, let x4 % =22, and from the
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intervals associated with x, select (xs, x2-+4s) with Ay >6. If ;44 is not a
point of e; determine (x2, x2+42) by letting x; 4 % replace @, in the above proc-
ess, and using e in case (b) holds. Continuing this process, since each k;
selected is greater than & we are led in a finite number of steps to a finite set
of closed intervals A;= (x;, x;+%;) which are on a, and such that if ¢’ is the
part of e; exterior to A, then mw(e’) <D e; < e. These considerations, together
with (1), (2) and (3), establish the Lemma.

2. Derivatives with respect to non-decreasing functions. Let F(x) be a
function defined on (g, b), and w(x) a non-decreasing function on this interval.
Let

F(x+ k) —F(x — 0)

Y(x, b) = (k> 0, mw(x, k) = 0)
mw(x, k)

_FEA B mFEE 0 s, 1) % 0)
mw(x, k)

=0 (mw(x, B) = 0).

If Y(x, %) tends to a limit as % tends to zero, then this limit is the derivative of
F with respect to w, D, F. If this limit does not exist we shall be concerned
with the upper and lower derived numbers D.F_;, D, F-, D,F,, and D, F+.
It is evident that if F has a point of discontinuity of the second kind then
D,F cannot exist at such a point. In what follows F(x—0) and F(x+0) exist
as finite numbers for each x. Also F(a—0) =F(a) and F(b+0) =F(b).

3. Bounded variation and absolute continuity relative to w. Let (x;, 2:11)
be any set of intervals on (e, b) such that, for each 7, mw(x;, x:41) >0. If there
exists a number M for which

2| F(xip)) — F(x) | < M

for every possible such set of intervals, then F is said to be of bounded varia-
tion relative to w.

Let V; be the upper limit of 3 |F(x:1) — F(x:) | for all possible sets of
such intervals with ) mw(x;, ;1) <8. Let V be the limit of V, as & tends to
zero. If V' =0, F is said to be absolutely continuous relative to w.

4. Summability relative to w. Let G be any set on (g, b) which is measur-
able relative to w. Let f be a function which is defined and measurable rela-
tive to w on this set. For /, !’ any two real numbers with I </’ it readily fol-
lows that the parts of G for which f=1, I<f<l’,l<f<l’,I<f<l’ are measur-
able relative to w. Let f be bounded on G, and let (/;_i, ;) be a sub-division of
the range of f on this set. Let e; be the part of G for which I;_, <f<l;, i<n,
and e, the set for which /,_; <f=</,. Let
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Se = Dliima(es), Sa = D lmw(e).
=1 t=1
If 1;—1;_; tends to zero as » increases, then both s, and S, tend to the same
limit.* This limit is tke integral of f over G relative to w, [gfdw. Let f be unbound-
ed, but finite at each point of G except for at most a set of w-measure zero.
Let N and N’ be any two positive numbers, Eyy- the part of G for which
—N<f<N’. Then [Eyyfdw exists, and as N and N’ become infinite
mw(Eyy:) tends to mw(G). If
lim fde
N—ow . N— w ENN’
exists, then this limit is the integral of f over G relative to w. We then say that
f is summable over G relative to w.t If [ |f |dw exists, then f is said to be abso-
lutely summable relative to w. Since N and N’ are permitted to become infinite
independently of each other, it follows that summability relative to w implies
absolute summability relative to w. If ¢ is any part of G which is measurable
relative to w, then
lim | fdw = 0.
mw(e) -0 e

5. Properties of derivatives with respect to non-decreasing functions. We

prove the following theorem.

TrEOREM 1. If F is of bounded variation relative to w, then the set e at which
any of the derived numbers relative to w is infinite has w-measure zero.

Let ¢, be the set at which D F+=w. If w(e,) =K >0, then for any
positive number X the set e\ for which D, F+>X\ has #w(ex) 2 K. Hence for
each point x of e, there exists a sequence of intervals (x, x+#;) with %; tending

to zero for which
F h) —F(x—0
M (x+ ki) = F(x—0) S

mw(x, k)

By Lemma I it is possible to find a finite set of non-overlapping intervals
A; = (x;, 2;+h;) with x; belonging to e\ for which

F(x; + ki) — F(x; — 0)

(2) mw(x;, h.) > >\,
and
‘3) me(A.’) > thw(e)‘) — €.

* Radon, loc. cit., p. 33.
1 Radon, loc. cit., p. 32. Our definition is easily shown to be equivalent to that of Radon.
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Since F(x—0) exists at each point it is possible to find a point x/ to the left
of z; such that

F(x;+ h;) — F xs’
@ ( ) (xf) S,

mw(x;, h,)

and such that no interval of the set (x/, x;+4.) overlaps more than the two
adjacent intervals of this set. Thus for this set of intervals (x!, x;+4;)
=(x!, x! +h!) we have
S| F(x! + ) — F(x!)| > N\ 2oma(xi, hy)

> (e — €}

>NK — €.
Since mew(x:, ;) #0 it follows that the left hand side of this inequality is not
greater than 2M. But M and K are fixed, and A can be taken arbitrarily

large. Thus we are led to a contradiction, and the theorem is established.
In a similar manner Theorem I is proved for the other derived numbers.

TueOREM I1. The derived numbers of F with respect to w are measurable
relative to w.

Let E and G be any two sets on the w-axis. Let each point p of E be the
center of a sequence of intervals A; for which mA; tends to zero. Let EF be
the set of points of E which are such that

m(AG)
) > 0, m(AE) > 0.

lim sup —
i M(AQ;

Define G3 by interchanging the réles of E and G in the foregoing. The follow-
ing results we have proved elsewhere.*

I. mEg = mGs.

II. If E is not measurable, and G is the set complementary to E, then
mEq = Gy > 0.

II1. If E is measurable, and G is the set complementary to E, then
MmEg = mGg = 0.

Suppose D F+* is not measurable relative to w. Then for some real number
A the set e, for which D F+2> A4 is not measurable relative to w. Let e4 be the
part of e, which belongs to the discontinuities of w or to intervals throughout

* To appear in the July (1932) number of the Annals of Mathematics, pp. 449-451.
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which w is constant. The set e/ then contains the points at which D, Ft+=0
under the third formula for defining ¢ (x, k). The set w(e4’ ) consists of at most
a countable set of points and a countable set of intervals, and is, therefore,
measurable. Hence the set

E = w(es) — wled)

is not measurable. Let G be the'set complementary to E on the w-axis. Then
from II
’ MEq = mGy > 0.

The set w(es ) belongs to G. But since w(es ) is measurable it follows from III
that the part of w(e/) contained in G3 has at most zero measure. Hence G
contains a part Q for which D,F+ <4 and for which

MQ = Gy > 0.
Evidently each point of Q is a point of Q7. Hence
mQE > 0.
For ¢ a sufficiently small positive number, Q contains a part T for which

D,F+<A —c and for which mT >0. Evidently each point of T is a point of
TF. Hence 4
mTg > 0.
For § a sufficiently small positive number T contains a part R for which
F(x+ k) — F(x — 0)

W maw(x, h) <4-q

h <8, MR >0, and x contained in r, where » and the other small letters in what
follows represent the sets on (g, b) which are carried by means of w(x) into the
sets on the w-axis represented by the corresponding capital letters. Evidently
each point of R is a point of RE. Hence

#Ey = Rz > 0.
Since ¢, belongs to e, each point of ¢/ is a point of continuity of w. It follows

from the definition of E} that each point of ¢ is a lifnit point of points of 7;".
Let » be a point of e;". Then, since ¢, belongs to e, for some % <8 we have
F(x + h) — F(x — 0)

(2) oz, h) >4 —c.

Let x; be a sequence of points of 7} tending to x, and such that if &, +k; =k+x,
then %; <. For such values of %; we have from (1)
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3) F(x; + h;) — F(x; — 0) <d—ec
mw(x;, k)

Since x;+4;=x+h, and since x is a point of continuity of w, it follows that

lim mw(x;, k) = mw(x, b) # 0.

i— o

Then, since F(x;+h;) =F(x+%), it follows from (2) and (3) that

lim F(x; — 0) = F(x — 0).

ine
Consequently # is a point of discontinuity of F. But « is any point of e;". Hence
the points of this set are points of discontinuity of F. But the points of ¢, are
more than countable. For, since wE¢ >0 this set E} is more than countable.
Each point of ¢;' is a point of continuity of w which does not belong to an in-
terval throughout which w is constant. Hence there is a one-to-one corres-
pondence between the points of ¢ and Ef by means of w(x). Consequently
e is more than countable. But this makes the points of discontinuity of F
more than countable, which is a contradiction. We conclude, therefore, that
D/ F+ is measurable relative to w. In a similar manner the other derived num-
bers may be shown measurable relative to w.*

THEOREM III. Let F be of bounded variation relative to w. Then the derived
numbers of F with respect to w are summable relative to w.

Let ey be the set for which 0< |[D,F+| <N, let 1,<0, 4, - - - ,l. be a sub-
division of (I, N), and e; the part of ey for which l;_;< |D.F+|<l.. Put e;
in a set of open intervals A; in such a way that

(1) mw(A;) - mw(ei) < €

where NY e;<e. Each point of ey is the left-hand end point of each of a se-
quence of intervals (x, x+4;) for which
F(x+ k;) —F(x — 0)

2 > 1
@ mw(x, ;) '

where 7 is the subscript of the set ¢; containing x, and where x and x+#4; are

* If D,F exists at each point it may be shown measurable relative to w, in a very simple manner.
For in this case D,F is the limit of a sequence of functions y(x, %), and it is easy to show that for
each /4, the corresponding function has not more than a countable set of discontinuities. But this
makes ¥(x, k) a function of Class I at most. Hence D,F is Borel measurable on (g, b), and conse-
quently measurable relative to w.
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on the same interval of the set A;. By using Lemma I it is possible to get a
finite set (x;, xr+ /) of these intervals for which

3) l mw(xk, ki) — mw(ex) | <e.

Since F(x,—0) exists there is a point x/ to the left of x; with 2! >x,_; for
which
F(xr + hi) — F(xx)

4 li1.
) mw(xk, hi) > bt
We then have

(5) S F(ae + b)) — F(xd) | < 2M.

By grouping together the intervals of the set (xx, xx-+4) which correspond to
a particular value of 7 in (4) and by making use of (1), (3), (4) and (5) we get

Dliomae(es) < 2M + 1,

where 5 can be made arbitrarily small by taking e sufficiently small in (1)
and (3). We thus get

f | DJF| dw < 2M.
N

The left side of this inequality does not decrease as N increases; the set ey
tends to include all points of the set e at which D F is finite. The set ¢ con-
tains all of the interval (g, b) except at most a set of w-measure equal to zero.
Thus the existence of

b
Jim | DJF*| dw = f |DJF*| dw = f | DF*| do
—® Jey e a
is established. From this and the fact that D, F+ is measurable relative to w
it follows that D,F+ is summable with respect to w.

Let ce be the set complementary to the set e at which D, F+ is finite.
Put cein a set of nou-overlapping open intervals (e, £1), (az, 82), - - - and
fix n sufficiently great to insure that

(6) f} | F(B:) — F(a) | < e.

Let (J;_1, 1) be a sub-division of (— o, ®), and e; the part of e for which
i1 £D,F+<lI;. Put e; in a set of open intervals A; for which

(7) mw(A.’) - mw(e;) < €

and ) |lie;| <e. Put a Lebesgue chain of intervals on (a, ) as follows:
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If x, is the left-hand end point of an interval of the set (a;, 8:), let %41
be the right-hand end point of this interval. If x; is not the right-hand end
point of such an interval let 2,1 be a point of e so fixed that

X1 — X < Bi — oy (1=1,2,--+,m)
and
F(x3y1— 0) — F(xx — 0
(8) (k+l ) (k )<li,

mw(xk, xk+1)

where 7 is the subscript of the set ¢; containing x;, and where %, 2:4, are both
on the same interval of the set A;. If b does not belong to ce, summing over
the intervals of this chain we get from (6), (7), and (8)

(9) F(b—0) —F(a) < Ylmw(e) + 1+ ﬁ‘,{F(ﬂi) — F(a)} + ¢

where 7 may be made arbitrarily small by taking e sufficiently small in (6)
and (7), and X_mw(as, B;) sufficiently small. If b belongs to ce it may, since
F(b40) =F(b), be interior to an interval of the set (e, 8:). In this case the
left side of (9) becomes F(b) — F(a). Hence in any case it is easily seen that

(10) F®) ~F@) < [ Do+ T{FE) = Fla)) +,

e n=1
where 5’ tends to zero with D_mw(a;, 8;). Working in a similar manner with
D F, we arrive at inequality

(11) F(b) — F(a) > | DJFido + 2 {F(B:) — F(ai)} + n".

e n=1
From (10) and (11) it follows that if D, F+ =D F except for a set of w-measure
equal to zero, then, as mw(a;, 8:) tends to zero,

o

> {F(Bi) — F(ay) }

n=1

tends to a limit v. And if D,F exists* except for a set of w-measure zero, we
get the following two theorems.

* By methods similar to those used in the case of ordinary derived numbers we have shown that
the set of points at which all four derived numbers are finite and not all equal has w-measure zero.
This, with the above reasoning, shows that if F is of bounded variation relative to w then D, F exists
except for at most a set of w-measure zero. To conserve space we are omitting this discussion. It is
our intention to include it in a paper dealing with derived numbers and Perron integrals with respect
to functions of bounded variation.
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THEOREM 1IV. If F is of bounded variation relative to w then
F®) ~F@ = [ Do ts.

THEOREM V. If F is absolutely continuous relative to w then
F(b) — F(a) = f " DoFdo.

6. Derivatives and integrals with respect to functions of bounded varia-
tion. Let a(x) be a function of bounded variation on (g, b). For any function
F(x) let

x(x, k) =ZE$:Z —izz—?);’ hE>0,a(x+ k) — a(x — 0) =0,
F(x+ k) — F(x + 0)
" a(x + h) — alz + 0)

= 0 otherwise.

v h<0,a(x+ k) — a(x+ 0) #0,

If x(x, %) tends to a limit as % tends to zero this limit is the derivative of f
with respect to «, D,F.

Let w(x) be the total variation of a(x) on (@, x). Then D,a=g = +1, except
for at most a set of w-measure zero.* Let % be such that mw(x, k) #0, and
divide the numerator and denominator of the ratio defining x(x, %) by
ma(x, ). By letting / tend to zero through such values it follows immediately
that

D,F = D,F/g

except for at most a set of w-measure zero.

A function is said to be of bounded variation, absolutely continuous,
measurable, summable relative to «, when it possesses the corresponding
property relative to w, the total variation of a. Measurability of sets relative
to a is likewise defined.

Let f be a function on (¢, b) which is summable relative to . Then we

define
b b
f fda = f fedw.

The following theorems are now easily obtained.

* Daniell, these Transactions, vol. 19, p. 361. The result there given evidently holds for the pres-
ent definition of a derivative.
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THEOREM VI. If F is of bounded variation relative to o, then D,F exists
except for at most a set of a-measure zero and

F(b) — Fa) = f ’ DoFda + 0.

TrEOREM VII. If F is absolutely continuous relative to o, then D.F exists
except for at most a set of a-measure zero, and

F(b) — F(a) = fbDaFda.

7. Finite derivatives with respect to non-decreasing functions. Under the
definition laid down for a derivative, D,F is independent of the value of F
on intervals throughout which w is constant. It will make for simplicity if,
in this section, F is restricted to be constant on such intervals.

TrEOREM VIIIL. If D F is finite at each point of (a, b) and summable rela-
live to w, then

f ’ DuFdw = F(8) — F(a).

We prove first that F is absolutely continuous relative to w. Since D,F
is summable relative to w so also is |D.F |. Let ko, i, - - - be a sub-division of
(0, ), and let e; be the part of (a,.b) for which /;_; = D,F <l;. Put ¢; in a set
of non-overlapping open intervals A; so that

mw(A.-) - mw(e.-) < €

where D_e; < e. Given any point x; on (g, b) select a point %41 to the right
of z; as follows: If the given point is an interior point of an interval through-
out which w is constant, or the left-hand end point of such an interval at
which w is continuous, then x;,, is the right-hand end point of this interval.
In this case we have

F(xk.H - 0) —F(xk - 0) =0
even when z; is the left-hand end point of such an interval. For if w is con-

tinuous at such a point #; so also is F. Otherwise D,F could not be finite. If
x; does not belong to the foregoing category of points, select x;41 so that

F(xk+1 - 0) - F(xk - 0)

mw(Xk, Xrt1)

<l

and so that x, and x.,; are on the same interval of the set A;, where 7 is the
subscript of the set e; containing x,. Starting with the point a, this process
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defines a chain of intervals on ¢ <x <b. Summing over the intervals of this

chain we get
Y F(trr — 0) — F(ze — 0) | < Dlmao(ed) + e
Hence

F(b—O)—F(a)gf | DF| dw
aSz<b
and

b
IF(b) — F(a)| < f | D.F| do.
Likewise, if (a, b;) is any set of intervals on (g, ), then
b
S| F®) — Fa)| = zf | DF | do.
ag

But since |D.F | is summable relative to w the right side of this inequality
tends to zero with X _mw(a;, b;). From this we conclude that F is absolutely
continuous relative to w. Theorem VIII now follows from Theorem V.

THEOREM IX. If DF is finite at each point of (a, b) it is possible to determine
F(b)—F(a) in at most a countable set of operations.

For the proof of this theorem some preliminary considerations are neces-
sary.

1* Let P be a perfect set on (a, b). Then the points of P in every neighborhood
of which D F is unbounded for x on P are non-dense on P.

Suppose the contrary to be true. Let .., 1. be a sequence of pairs of posi-
tive numbers, \, tending to infinity and 5, tending to zero. Let « be an inter-
val containing points of P on its interior. Then there exists a point P’ interior
to o for which

|F(P'+ k) —F(P' — 0) |

mw(P’, h)

> An.

Since P is perfect, P’ is a limit point of points of P either on the right, or on
the left, or both. In the first case it easily follows from (2) that there exists a
point c, to the left of P’ and an interval ¢, on a with P’ as left-hand end point
such that for x on o,

0 F(x) — F(ca)

> N\
mw(x, ¢n)

and |c,—x|<#n.. In the second case there exists a similar inequality with
¢,>P’. In either case the interval ¢, contains points of P. Hence in the fore-

* A discussion similar to this is given by Nalli, Esposizione e Confronto Critico delle Diverse Defi-
nizioni proposte per I Integrale Definito di una Funzione Limitata o No, Palermo, 1914,
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going reasoning it is possible to replace a by o, and arrive at an interval
041 interior to ¢, and an inequality similar to (1) with x on ¢.1 With Ay
and 7,4, replacing N, and 7,, and with |c.11—% | <7.41. For the sequence of
intervals thus determined ¢, contains ¢,,;, and ms, tends to zero as » in-
creases. Hence this sequence of intervals defines a single point £ which is a
point of P, since it is a limiting point of points of P. But for all values of »
we have

.F (§) — F(ca) > h

mw(£, cn)

Hence D F(§) is either infinite or does not exist. We have thus arrived at a
contradiction, which proves I.

Let P be any perfect set on (a, b), (@, B:) the intervals contiguous to P.
Let ) |[F(8:—0) — F(a;+0) | diverge. Then there is at least one point P’ of
P such that, in every neighborhood of P’, 3" |F(8,—0) — F(a;+0) | diverges,
where (a;, 8;) are the intervals of (a:, 8;) in this neighborhood. We prove

I1. The points P’ are non-dense on P.

Let « be an interval on (a, b) containing a point of P’ on its interior. Then
if X and 5 are any two positive numbers it is possible to find (e, 8:) on « with

|8:—a:| <, and such that
| F(8; — 0) — F(ai + 0) |

1 3.
() mw(a, Bi) >

For any such value of 2

|FB:+0) —F(ai—0)| |F(B:i+0) —F(a; +0)| |F(8:i—0) —F(a; — 0)]

mw(as, B) ’ mo(ai, Bi) ’ mw(as, B;)

cannot all be less than \. For if we assume the last two each less than A\ we
have

F(B:i —0) — F(a; +0) F(B:i+ 0) — F(a; — 0)

mw(a,-, ﬁ.) 'mw(ai, Bl)

< 23\,

which, with (1), shows that the first is greater than \. To be definite let us as-
sume that
F(B; — 0) — F(a; — 0)

(2 Y >\

Since P is perfect, a; is a limit point on the left of points of P. It then follows
from (2) that there exists a point ¢ with a; <c¢<f; and an interval ¢ with a;
as right-hand end point such that for x on ¢
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|F(e) — F(a) | o

mw(x, c) ’

and |x—c| <n. Either of the other two possibilities leads to a similar relation.
If now it is assumed that II is denied, the argument used in the proof of I
shows the assumption to be untenable, and hence leads to the truth of II.

III. Let (I, m) be an interval on (a, b) containing a closed set E. Let (a,
B:) be the intervals on (I, m) contiguous to E. Let D F be bounded on E, and let
> |F(B:i—0) — F(ai+0) | converge. Then

Fm — 0) — F(I + 0) = fD,,,Fdw+ S {F@:i — 0) — Flai + 0)} .

Let (L, U) be the range of D.F on E, and (/;_4, 1) a sub-division of (L, U).
Let e; be the part of E for which /;_; < D.F <I;, and let A; be a set of open in-
tervals containing e; with mw(A;) —mw(e;) <e. Let Ba=(au, B), - - -, (aa,
Bx), where # is such that

(1) ilF(ﬁ;—O)—F(a;+0)|<e.

t=n41
Let 8, be the minimum of 8;—a; (=1, 2, - -~ , ). Fix x; so that
) | F 4 0) — F(x; — 0)| <¢, and x, — I < 5,.

Let v be the interior points of intervals throughout which w is constant, to-
gether with the left-hand end points of these intervals at which w is contin-
uous. It follows that F is continuous at these left-hand end points, since
otherwise D,F could not be finite at such points. Let x; be any point on
21 Sx <m. Associate with x; a point ;41 on (x1, m) and to the right of x; as
follows: .

(a) If 2 is a left-hand end point of an interval (a;, 8;) and a point of ¥,
select x4, so that

3 Trg1 — Xk < Ony

(4) xre1 < By

and

©) | F(2x 4+ 0) — F(x41 — 0) | < €(8; — ).

(b) If & is a left-hand end point of an interval (a;, 8;) but not a point of
7, select x1 so that (3), (4), and (5) of (a) hold, and so that
F —0) —F -0
(6) (k41 ) (2x ) <1,

mo(Xk, Xpt1)
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where 7 is the subscript of the set e; containing x:, and where x; and x4, are
on the same interval of the set A;.

(c) If x; is a point of E not coming under (a) or (b), select x:4+1 a point of
E for which (3) and (6) hold.

(d) If x) is not a point of E, x4, is the first point of E to the right of ;.

Let (x;, z!) be the intervals of the chain coming under (a). Since F is con-
tinuous at each x; then from (5) we have

ZIF(x,’ —0) —F(xi — 0)| < e(d — a).
If (x;, #/) are the intervals of the chain coming under (b) and (c) we have
S {F(x! —0) — F(z; — 0)} < D lamw(e) + €U.

On account of (3) and (5) there are » intervals (xx, 2¢) of the chain coming
under (d) which are associated with the intervals B, as follows:

ap < xp < xf = B (k=1,2,---,m),
and
Y {F(xf — 0) = F(zx — 0)} — 2 {F(Br — 0) — F(ax + 0)} | < e(b — ).

For the remaining intervals of the chain coming under (d) we have

> | F(xrp1r — 0) — F(xx — 0) | < i]F(ﬂ.-—O) — Fla; +0)| + (6 — @)

=41
<e+eld—a).

Thus, summing over all the intervals of the chain, we have

D AF(#e41 — 0) — F(z — 0)} < Z";{F(ﬁk —0) — F(ax + 0)}

k=1

+ Dlmw(e) + U + € + 2¢(b — a).
> {F(%k41 — 0) — F(xx — 0)} = F(m — 0) — F(z, — 0).
This, with (2) and the fact that e is arbitrary, gives

But

Fim — 0) — F(l+ 0) < fwdw+ S {F(B: — 0) — Flas + 0)}.

Taking e; to be the set for which /;,_, < D.F <I; and using a similar argument
we arrive at

Fm—0) —F(—0) 2 fDoFdw+ S {F@: - 0) — Flas + 0)}.
E

These two inequalities establish III.
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We return now to the proof of Theorem IX. Let E, be the set of points on
(a, b) in every neighborhood of which D.F is unbounded. This set E, is closed
and, on account of I, non-dense on (g, b). Let (a’, B’) be an interval interior
to an interval («, B) contiguous to E,. Then by Theorem VIII

8'—0
F(§ —0) — F(a' + 0) = D Fdw.
a’+0
F(8—0) —F(a+0) is now determined by letting «’ tend to « and 8’ tend to .
Thus F(8—0) — F(a+0) is determined for all the intervals («;, 8;) contiguous
to E,.

Let E, be the part of E, such that, in every neighborhood of a point of E,,
D,F is unbounded for x on E,, together with the points of E, at which
> |F(B:—0) — F(a;+0) | diverges. From I and II it follows that there exist
intervals on (a, b) which contain points of E, but no points of Es. Let (a’, 8’)
be an interval interior to an interval (a, 8) contiguous to E,. Then F(3’—0)
—F(a’40) is determined by III above. Again F(8—0)—F(a+0) is deter-
mined by letting @’ tend to « and B’ tend to 3.

This process can be continued, and either terminates in a finite number of
steps, or leads to an infinite set of closed sets E,, E,, - - - each of which is
contained in the preceding and is different from the preceding. Such a set of
sets is countable.* But the finite and transfinite ordinals of the first and sec-
ond class are more than countable.f Hence E., vanishes for some finite or
transfinite ordinal of the first or second class. It can be shown, moreover, that
the first number v for which E, vanishes cannot be of the second class. For
then E, would be the greatest common subset of a descending sequence of
non-empty closed sets Ey, Es, - - - , and hence could not be empty.{ Thus E,
vanishes for some number v of the first class, at which stage we have, on ac-
count of III,

Fb—0) —F(a+0) = | DJFdo+ Y {F(B:i—0) — F(a; + 0)}

By

where (o, 8:) are the intervals contiguous to E,_; on (g, b). This and the fact
that D,F is finite at a and b now readily give F(b) —F(a).

8. Finite derivatives with respect to functions of bounded variation.
Let a(r) be a function of bounded variation on (g, b), and w(x) the total
variation of a(x) on (@, x). For all x and % it is evident that

* Hahn, Theorie der reellen Funktionen, 1921, p. 23; Lebesgue, loc. cit., p. 324.
t Hahn, loc. cit., Introduction, §4, Theorem XIV; Lebesgue, loc. cit., p. 318.
{ Hahn, loc. cit., chapter I, §2, Theorem VIII.
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| mo(z, B)| 2 | a(x + B) — a(x £ 0)] .

From this it follows that
| D.F| = | DaF| .

Hence if D,F is finite so also is D F. But we have seen that

¢y D.F = D.F/g,

except for at most a set of w-measure zero. Let f(x) =D, F where D,F is given
by (1), and let f(x) =0 elsewhere on (e, b). If this function f(x) is known it
‘can replace D,F in the process used for determining F(b) —F(a) in Theorem
IX. We thus get

THEOREM X. Let a(x) be a function of bounded variation on (a, b) and let
D,F exist and be finite at each point of this interval. Then if D.F and D .o are
given it is possible to determine F(b) —F(a) in at most a countable set of opera-
tions.

9. Indefinite integrals with respect to a non-decreasing function. Let e
be a set on (¢, b) measurable relative to w. Let e, be the part of ¢ on (g, ),
f(x) a function summable on e relative to w, and

Fm=fﬂMw

From the definition of an integral, and from its properties mentioned above,
it readily follows that F(x) is absolutely continuous relative to w. We prove

THEOREM X1. At each point of e except a set of w-measure zero, D, F exists
and is equal to f.

For the proof of this theorem we first establish some preliminary results.
Let ¢ be any set on (¢, b) with mw(e) >0. Let E be the set w(e), and E(x, k)
the part of E contained in the set w(x, /). The right hand w-density of ¢ at a
point x is defined as

mE(x, h)

» k>0, , k) >0,
-0 mw(x, k) mo(s, )

when this limit exists. The set of points x which are such that, for some 4,
mw(x, k) =0, has w-measure zero. Hence, except for a set of w-measure zero,
we have

mE(x, k) <1

0 =
mw(x, h)

IA

We prove
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LemmA I1. A¢ each point of e, except for a set of w-measure zero, the right
hand w-density of e is equal to unity.

For 0 <X\ <1 let e\ be the part of ¢ for which there exists a sequence of
positive numbers #%; tending to zero such that
mE(x, hz)

i=1,2,---).
mw(x, hi) ( )

For X sufficiently small mw(ex) >0. Then from Lemma I there exists a finite
set of intervals A; = (x;, x;+k;) for which

o mE(x;, hs) <
mw(x.-, h,,) ’
2) | mw(h;) — mo(e) | <
and
3) | mo(hie) — ma(e) | < e.

From (1) and (2) we get 3-mE(x;, h.) <\{mw(e)+ ¢}, and from (3) X mE(x:,
ki) >mw(er) — €. Since A<1 and e is arbitrary this is a contradiction. Hence
the Lemma.

Lemwma III. Let €' be any set on e whick is measurable relative to w, and ce'
the complement of €' on E. Let f be summable on e relative to w. Then for each
point x of €, except for a set of w-measure zero,

—_— dow =0 r>0).
h—0 mw(x, h) ce’(z.h{ ¢ ( )

Suppose there is a part e, of ¢’ and a sequence of positive numbers £, 4,
- + - tending to zero for which

(1) L fdo >\ >0 G=1,2,---),
mw(x, h) Jeor (z,h;)

% a point of e\, and mw(ex) >0. By Lemma II, except for a set of w-measure
zero, the ratio mw { ¢/ (x, k;) } /maw(x, hs) tends to unity. Consequentlymew {ce’ (x,
k) } /muw(=x, k) tends to zero, except for a set of w-measure zero. In both cases
x is a point of ex. From this and (1) it follows that, except for a part with
w-measure zero, there corresponds to each point x of e\ a sequence of positive
values %, ks, - - - , h; tending to zero, for which
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1 ! ’ht'
@ _ Jdo >, ang "l @R}
mw(x, b)) Jeo (200 mw(x, h;)

To this part of e, we can then apply Lemma I and get a sequence of non-
overlapping intervals A;=(x;, x;+#4;) for which (2) holds, and for which
> mw(x;, k) >mw(er) — . But this with (2) gives

L - )fdw > X{mw(e)‘) - 6}, and Emw{cd(x,-, h.')} < e{w(b) — w(a)}_

Then, since e is arbitrary, and [.fdw tends to zero as mw(e) tends to zero, these
inequalities lead to a contradiction. Thus the Lemma is proved.

Returning to the Theorem which we wish to establish, let (Jsi—1), /»:) be a
consecutive sequence of subdivisions of the range of (— ®, ») for which as
n increases l,; —lai-1 tends to zero. By consecutive we mean that the points
of division for »=r are included among the points of division for #=r+1.
Let e.! be the set for which ln;_y <f<l.:. At each point of e.! except a null
set on w, the right-hand w-density of e,/ is unity. If we discard these null sets
for all values of 7 and ¢ the total set discarded will still be a null set on w.
We designate the remaining set by e,;. On e,; let

Uni = Ly;, and Fu(x) = f Yudes.

Consider the ratio
F.(x + h) — F.(x — 0
3 lim ( ) (x —0) - lm vodo
h—0 mw(x, k) -0 mo(x, k) Joz.n

for « a point of e,; with f(x)=0. Since the ratio mw {e..(x, k) } /mw(z, k) tends
to unity as % tends to zero, and since ¥, is constant on e,;, the right hand side
of (3) becomes

1 1
m — ,.dw + lim ——— nd("
0 meni(x, k) ,,,,.(,,;.)¢ -0 mw(x, k) ,,M.(,,;.;P

1
=¥¢n + lim —— Vndw.
b0 mw(x, k) Jeeyi(z.m)

Hence, since x is a point of e,;, we get, from Lemma II,

D, = \Pn.
If we now set f = yn+7a, then
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» + ) de f t.d
F(x+ h) —F(x—O)= j;(z.h)(‘l, ) w= 14 w(z,h) w.
F, —Fa.(x —
(x+ k) (x—0) f dudes dudes
w(z,h) w(z,h)

But the last term on the right can be written

1 1
_ tnd — tndw
[mem-(x, h) fe,.,- ot meni(%, k) Joon ]

1
/ [% + meqi(x, k) u,.,-t"dw}

Since f(x)#0, ¥, is bounded from zero for all # sufficiently large. Also ¢, is
arbitrarily near to zero for all » sufficiently large. These facts, in conjunction
with (4) and Lemma II, show that for a fixed # and for all % sufficiently small
we have

4)

B F(x+ k) — F(x — 0)
“ SFux+ B — Fu(z — 0)

where e, tends to zero with #. Dividing numerator and denominator of the
second member of this inequality by mw(x, k) we get
F(x+ k) —F(x—0
‘I’n(l_fn,)< ( ( )<'l’n(l+en,):

ma(x,h)

<1+ e,

where, as # becomes infinite, Y. tends to f and e tends to zero. Thus, at all
points x for which f(x)>0, D,F =f(x) except for a set of w-measure zero.
Let e be the set for which f(x) =0. For x a point of e we have

F(x+ k) —F(x — 0) 1 fo + 1 1a
= w + ——
mw(x) h) m’“’(x; h) e(z,h) mw(x: h) ce(z,h) ¢
1
=04 ——0r0 fdw

mw(x, h) Jee(z.n

But by Lemma III the last term on the right tends to zero with %, except for
a part of e with w-measure equal to zero. Thus at all points of E except a set
of w-measure zero D F =f=0. The same argument can be carried through for
negative values of % and the ratio

F(x+ k) — F(x 4+ 0)

mew(x, h)

10. Totalization with respect to non-decreasing functions. The process out-
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lined above for determining F(b) — F(a) when D_F is given and finite at each
point can be applied to any function f(x) provided this function is suitably re-
stricted. This process is called fotalization, or Denjoy integration with respect
to w, D[ f(x)dw. We now lay down a set of conditions which will insure that
f be Denjoy integrable.

A. If (I, m) is an interval on (a, b) for which [fdw exists when 1<l <m' <m,

then
lim f fdw
V=l,m'—m l'<z<m’

exists. This limit is V(I+0, m—0).
B. If for any interval (I, m) it is possible to calculate V(I'4+0, m’—0) for ]

<V <m'<m, then
lim V@ + 0, m — 0)

V=l m'—m

exists. This limit is V (140, m—0), and
VQ,m) = V(I +0,m— 0) +ffdw+f fdo.
l m

C. Let (I, m) contain a closed set E on its interior. Let (as, B:) be the set of
intervals on (I, m) contiguous to E. Let [,fdw and V(a;+0, B;—0) exist, and
S {V(ai+0, 8:—0)} be convergent. Then

V(l+0,m—-0)=ffdw+ S {V(ai+ 0,8 —0)}.

D. Let f be such that if & is any closed set on (a, b) there exists an interval
(I, m) containing on its interior a part E of & for which C holds.

If the function f defined on (a, b) satisfies the foregoing conditions relative
to a non-decreasing function w, then for this function it is possible to calculate
V(a, b). For if & is the interval (g, b) and E, the points of non-summability
of f relative to w, it follows from D that E, is non-dense on (a, b). Hence A
permits the determination of V(a;+0, 8;—0) for the intervals (a, 8:) con-
tiguous to E,; on (g, b).

Let E; be the set of points of non-convergence of >V (a;+0, 8;—0) to-
gether with the points of non-summability of f over E, relative to w. It follows
from D that this set E, is non-dense on E,. Then C, followed by B, permits the
determination of V(a;+0, 8;—0) for the intervals (a;, 8:) contiguous to E,.

This process can be continued. If v is a finite or transfinite number of the
first class, then E, is the set of points of non-summability of f over E,_,
relative to w, together with the points of non-convergence of 3 {V(a;+0,
B:—0)} where (a;, ;) are the intervals contiguous to E,_;. As in the case of
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E,, C followed by B permits the determination of V(a;+0, 8;—0) for these
intervals.

If v is a transfinite number of the second class then it is the set common to
an infinite sequence of closed sets E.,., v/ <vy. If (s, 8:) is an interval con-
tiguous to E,, and (&', 8’) an interval for which a;<a’<B’ <, then on (¢,
B’) E,. vanishes for some v’ <v. Hence, in the process of arriving at the set
E,, V(a’+0, 8’ —0) has been obtained. Then B permits the determination of
V(ai+0, 8;—0) for every interval (a;, B:) contiguous to E,.

This process leads to a set of closed sets E;, E,, - - - each of which is con-
tained in the preceding and is different from the preceding. Precisely as in
Theorem IX it can be shown that there exists a finite or transfinite number
of the first class for which

V(e + 0,5 —0) =f fdw + V(ei + 0, 8: — 0),
By,

where (a;, 8:) are the intervals contiguous to E,. Then

w@w=Vm+mb—oy+fﬁm+jﬁm
a b

This number V(a, b) is called the total definite or definite Denjoy integral
of f over (a, b) with respect to w. If condition D above holds for the particular
sets E,, E,, - - - used in the process of totalization, it holds for every closed
set on (a, b). This is shown as in the case of totalization relative to x.*

11. Approximate derivatives and indefinite Denjoy integrals. The func-
tion F(x) is said to possess an approximate derivative relative to w if ¥(x, %)
tends to a limit as % tends to zero with x+% on a set of density equal to unity
at x. If f(x) satisfies the above conditions for being totalizable then a function
F(x) is defined by

H@=D£}m

This function is the indefinite Denjoy integral of f with respect to w. The
existence of F(x+0) and F(x—0) follows from A and B. We prove

TueoreM XII. The approximate derivative relative to w of F(x) is equal to
f(x) at each point of (a, b) except at most for a set of w-measure zero.

The proof of this theorem depends on

* Lebesgue, loc. cit., pp. 229-231; Hobson, Functions of a Real Variable, §466. ,
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LeEMMA IV. Let e be any closed set on (a, b) with mw(e) >0. Let §; be the
intervals on (a, b) contiguous to e. Let f(8;) be a positive-valued function of these
intervals, and let

s(x, k) = Zf(aJ))

where §; is the part of 8: on the interval (x, x-+k). Then for each point x of e
except a set of w-measure zero the ratio s(x, h)/mw(x, k) tends to zero with k pro-
vided x+h is a point of e.

Suppose the lemma to be false. Then for a part ¢’ of ¢ with mw(e’) >0
we have

1) lim sup — 2 ?)

—_— 0’
k=0 P | me(x, k)| >

x a point of ¢’ and x+# a point of e. There is evidently no loss of generality in
assuming that £ is of fixed sign in (1). We assume that % is positive, and let
ex be the part of ¢’ for which the left side of (1) is greater than X\. Then for
each point x of e, there exists a sequence of positive values %; tending to zero
for which

s(x, ht)

(2) m > A

Since >_f(3;) converges, # may be fixed so that

A3) 216 <e.
n+1l

The points of e, must be points of continuity of w. For at a point of discon-
tinuity of w the ratio s(x, %)/mw(x, k) tends to zero with 4, since the denom-
inator is bounded from zero and > f(5;) converges. Hence the points of e
which are end points of 8y, &, - - -, 8, being points of continuity of w, have
w-measure zero. Consequently all of e\ except at most a set of w-measure zero
is interior to the intervals complementary to the set &, 8, - - -, 8.. For a
point x of ex which is interior to one of these complementary intervals the
sequence k; in (2) may be so restricted that x and x-+#; are both on the
same interval of this complementary set. Then, applying Lemma I it is pos-
sible to determine on the intervals complementary to 8y, 8, - - - , 8. a finite
non-overlapping set of intervals A; = (x;, x;+4;) for which

s(xj, kj)

- >\, and X _mw(A;) > mw(e) — e.
7 mw(x;, hy) i



1932] NON-ABSOLUTELY CONVERGENT INTEGRALS 669

Thus we get
Zs(xi, By) > N D mae(x;, b;) > x{mw(q) — e} .

But this, with (3), gives
e > NMmow(a) — ¢} .

Since mw(e’) >0, X may be fixed so that mw(ex) >0, and e is arbitrarily small
independently of X. Thus we are led to a contradiction, which establishes the
lemma.
Proceeding with the proof of Theorem XII we consider the ratio

F(x+ k) — F(x — 0) 1 zth

= D fdw.
mw(x, h) mw(x, k) z

(1

If x is on an interval contiguous to E, it follows from Theorem XI that this
ratio tends to f(x) except for at most a set of w-measure zero. Hence Theorem
XII holds on the intervals contiguous to F,.

Let x and x+% be on an interval contiguous to E; with both of these points
belonging to E,. The ratio (1) then becomes

@ ——1——[ [ gtz Bi_}dw],

mw(x) h) 1(z,h) a;+0

where (a;, 8;) are the intervals on (x, x+#%) contiguous to E;. If in Lemma IV
we put §;=(a;, 8;) and
Bi—0
f fdw
a;+0

it follows that the second term on the right of (2) tends to zero with %, except
at most for a part of E; of w-measure zero; while from Theorem IX it follows
that the first term tends to f(x) except for at most a set of w-measure zero.
But from Lemma II, at each point of E; except at most a set of w-measure
zero the w-density of E, is unity. We conclude therefore, that, on the intervals
contiguous to E, F(x) has an approximate derivative equal to f(x) except for
at most a set of w-measure zero.

It is evidently possible to continue this process and by finite and trans-
finite induction arrive at the truth of Theorem XII for the interval (a, b).

In (2) x+4 is restricted to be a point of E;. Without this restriction (2)
contains an additional term

;) =

y

1 z+h
mw(x, k) j;m fd.
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It is thus evident that F has a derivative with respect to w at x only when this
term tends to zero with 4.

13. Properties of Denjoy integrals with respect to non-decreasing func-
tions. If w is a non-decreasing function on (e, b) and f is Denjoy integrable
with respect to w, it follows from the definition of this integral that

b
@ D f fdw =D fdw + D fde
a aSz=Zc c<z=b

when a<c<b.
If f, and f, are two functions on (¢, b) which are Denjoy integrable rela-
tive to w, then their sum is Denjoy integrable, and

(I1) Dj;b(ﬁ + fo)do = Dj;bfldw + Dj;bfzdw.

Let E; be the points of non-summability of f; and f,. If (@, 8) is an interval
contiguous to E; and (o, 8’) an interval for which a<a’ <8’ <, then fi, fa,
and f,+f» are summable on (a’, 8) relative to w, and

8'—0 8'—0 8’—0
f (f1 +f2)dw = f fldw + fzdw.
a’+0 a’+0 a’+0

Hence, by letting o’ tend to « and 8’ tend to'B3, we see that

¢)) V(ie40,8—0) = Vi(a+ 0,8 — 0) + Va(a+ 0,8 — 0).

The functions fi, f2, and fi1+f. satisfy condition D above relative to any closed
set on (a, b). Let E, be the points of E; which are points of non-summability
of either f; or f, over E; with respect to w, together with the points of E, at
which either Y Vi(a;+0, 8:—0) or >_Va(a;+0, B;—0) diverges. The set E, is
closed. Since condition D is satisfied by fi+/f; it follows that if («, 8) is an
interval contiguous to E; and (@', 8’) an interval for which a <a’ <8’ <, then

@ Ve +08 =0 = [(i+ o+ Vet 0,6 -0),

E
where E is the part of E; on (a’, 8’) and («;, 8:) the intervals on (a’, ") con-
tiguous to E. But from (1) it follows that

V(as +0,8; — 0) = Vi(ai + 0, 8; — 0) + Va(a; + 0, 8; — 0),
and this with (2) gives
Ve +0,8 —0) = V(e +0,8 —0) + Va(a’ + 0,8 — 0).
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By letting o’ tend to o and 8’ tend to 3, we get
V(a+0’ﬁ_0) = V1(¢X+0,6—0)+V2(a+0,ﬂ—0),

where (o, 8) is any interval contiguous to E,. It is evidently possible to con-
tinue this process and by finite and transfinite induction arrive at the truth of
II.

Let the functions %, v, and »v be indefinite Denjoy integrals on (a, b) with
respect to w. Then there exists a function f(x) such that

als =0 | " f(2)d,

and by Theorem XII the approximate derivative of #v with respect to w is
given by

du(w) = f(x)

except for a set of w-measure zero. It follows from the definition of a Denjoy
integral with respect to w that the functions # and v have discontinuities of
the first kind only. Hence for / tending to zero through properly chosen posi-
tive values we get

u(x + h)o(x + k) — u(x — 0)o(x — 0)

do(uv) = lim
B0 maw(x, h)
. u(x+ h){'v(x+ k) — o(x — 0)}
= lim
=0 mu(x, k)
v(x — 0) {u(x + k) — u(x — 0)}
mw(x, h)

= w(x 4 0)duv + v(x — 0)dou.
By letting % tend to zero through negative values we get in a similar manner
do(uv) = u(x — 0)d,v + v(x + 0)d,u.
Hence if
% =3{u(x+0) + u(x — 0)} and ¥ = ${v(x + 0) + v(x — 0)},
then
d,(uv) = 4d.v + vd,u = f(x)

except for at most a set of w-measure zero. Consequently

b
[wo]s = Df {i1dyo + Ddun}do.



672 R. L. JEFFERY (July

By II we get
b b b
D f {#tdv + 9du}do = D f #dsvde + D f vd.udw,
provided the integrals on the right exist. When this is the case we have
b b b
(I11) D f ud,vdw = [wv], — D f vd udw,

as a formula of integration by parts for Denjoy integrals with respect to a
non-decreasing function.

We now proceed to a derivation of the Second Law of the Mean* for Den-
joy integrals with respect to non-decreasing functions. First let ¢(x) be non-
increasing, bounded, and positive or zero on (e, b), and let f(x) be Denjoy
integrable. Also let ¢ and w have no discontinuities in common, and let w
be continuous at b. Since ¢ is bounded and of one sign it easily follows that
f¢ is Denjoy integrable with respect to w. Let .= {¢(a+0)—¢(5—0)}/n.
Then for 1<k=n—1 there exists x; such that ¢(a+0)—ke.=¢(x:), or
¢ (x:+0) = ¢(a+0) —ken < p(x:—0). There are thus defined p distinct points
«f ,2f, - -,x, on (a,d) (p=n—1). Starting with z{ change each point x;
which is a point of continuity of ¢ but not a point of continuity of w to a new
point x; which is a point of continuity of w. This can be done in such a way
that both |¢(xi)—¢(xs) | < €s/2, and the new points &, @s, - - - , &, are dis-
tinct and in the same order as x{, 2/, - - -, x/. On a<x<x let ¢.(x)=
¢(a+0); on x;Zx<xs let ¢a(x) =¢p(x:140); - - - ; on 2, <x=<b let ¢p.(x)=
¢(x,+0). Then, except for the points 1, - - - , %, b,

| ¢n(x) - ¢(x) I < 26,.
We have, where the integration is in the sense of Denjoy,

b
f Joudw = ¢(a + 0) fdw + ¢(x1 + 0) fdw + - -

eSz<7z, z;Sz<zg

+ ¢(xp, + 0) fdw

ngzéb
= F(z1 — 0){¢(a + 0) — ¢(x: + 0)}
+ F(xa — 0){¢(x1+ 0) — ¢(x2+ 0)} + - - - + F(b)¢(x, + 0),

where F(x) = [;fdw. Since the coefficients of F(x;—0) and F(b) are positive or
zero it follows that

* Hobson, Proceedings of the London Mathematical Society, (2), vol. 7 (1909).



1932] NON-ABSOLUTELY CONVERGENT INTEGRALS 673

b
f fbudr = No(a + 0),

where N lies between the greatest and the least of the numbers F(x;—0),
F() (G=1,2, - - -, p). Since F(x) has discontinuities of the first kind only,
there evidently exists at least one point £, such that

N =F(t. — 0) 4 0{F(t. + 0) — F(§, — 0)} (-1=0=1).

Hence
b
f foades = d(a + O)[F(tn — 0) + 6{F(n + 0) — F(ta — 0)} .

Since w;, %2, - - -, x, and b are points of continuity of w we get

j;b fodw — j;bf%dw j;bfdw

where 7, is arbitrarily small for # sufficiently large. Thus we have

ff¢dw—¢(a+®{ Ls,<ef“+0£nfd”}| < .

As n becomes infinite £, has at least one limit point £. There are three cases to
consider.
(a) £n=£ an infinite number of times. In this case it follows from (1) that

= 2e,

f 6 — ¢u)fdo < oy

1

£5f¢dw=¢(a+0){£ fdw+0j;fdw} (-126<1).

Sz<i

(b) There is a sub-sequence of £, tending to £ from the left. We have for
this sub-sequence

f fdw = f fdo + fdo.
aSz<t aSz<$, 2Sz<t

Since F(¢£—0) exists the second term on the right tends to zero as # increases;
for the same reason J;_ fdw tends to zero as n increases. Hence in this case we
have from (1)

fa *fodo = ola + 0){ ] L Jheto ﬁ fdw} @ =0).

(c) There is a sub-sequence of £, tending to £ from the right. In this case
we have
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f fdo =f fdw —f Jfdw.
aSzs¢ asS z<i, t<z<i,

Here, again, on account of the existence of F(£+0) both the last term on the
right and f;_ fdw tend to zero as n increases. Hence we have

fbf¢dw=¢(a+0){ ) <{dw+oj;fdw} ®=1).
Thus in every case
@) fbf¢dw=¢(a+0){f§ Jdo+0 Efdw} (—1=0=1).
In a similar manner it can be shown that
3 fbf¢dw=¢(b—0){ L S{dw+0];fdw} (-1=0=1),

where ¢ is non-decreasing and non-negative.
Let ¢ be unrestricted as to sign, and non-increasing. By applying (2) to
the function ¢(x) —¢(b—0) we arrive at

b
fodo=d@+0) [ jloto—0 [ fdo
a aSz<$ t<zSH

av)
+0{6(c +0) = 66 — 0} [ fio,
13

where —1=<0<1. Similarly, if ¢ is non-decreasing, by applying (3) to the
function ¢(x) —¢(a+0) we get

b
f fodo = ¢(a + 0) f flo+ 60 —0) [ fdo
a aSzst¢ t<zZH

)
+0{6(b — 0) — ¢(a + 0)} ffdw,
¢

where —1<6<1.

Results IV and V take different forms if the restrictions in regard to the
points of discontinuity of ¢ and w are changed. For eéxample, if w is discon-
tinuous at b then these results hold with —0 replacing b throughout. If no
restriction is placed on the points of discontinuity of ¢ and w, then the
right side of both IV and V contains a term
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[ 1o = o6 — 0} s,

&

where £; is the common set of discontinuities of these two functions.

13. Denjoy integrals with respect to functions of bounded variation. Let
a(x) be a function of bounded variation, and w(x) the total variation of a(x).
Let f be Denjoy integrable with respect to w. Then D/}fgdw exists, where
g=D.a. For if ¢.=1 where g=1, ¢,=0 elsewhere, ¢.=—1 where g=—1,
¢2:=0 elsewhere, then, except for at most a set of w-measure zero,

g = é1+ ¢o.

Since ¢ is of one sign and bounded, D [.}f¢:dw exists (=1, 2). Hence, by 11
above, we have

b b b b
D [ gda =D [ fior+ 69do = D [ forda+D [ sut0.

By definition,

DLbjda=D£bjgdw.

It now follows readily that the results of §§10 and 11 hold for Denjoy inte-
gration with respect to a.
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