TYPES OF INVOLUTORIAL SPACE TRANSFORMATIONS
ASSOCIATED WITH CERTAIN RATIONAL CURVES*

BY
AMOS HALE BLACK

INTRODUCTION

The purpose of this paper is to find and discuss the involutorial trans-
formations belonging to the special complex of lines which meet a rational
curve 7 of order m, and having a pencil of invariant surfaces | F.| which con-
tain the curve as an (n—2)-fold basis element. If #=2 the curve r,, is not a
basis curve. A pencil of quadrics and any rational curve always lead to a re-
sult contained among those found by Montesano.} The remaining admissible
cases are as follows:

I. The pencils of surfaces of order #, #» > 3, which contain a straight line as
an (n—2)-fold basis element. If =3, in any plane containing the line there
is a plane Cremona involution of order seven having for fundamental points
four triple points which are not on the line and three double points which
are on the line. The space involution is obtained by revolving the plane
about the line. This case has already been treated.}

II. A pencil of cubic surfaces which contain simply (a) a conic, (b) a ra-
tional cubic, (c) a rational space quartic, (d) a rational space quintic.

III. A pencil of quartic surfaces which contain doubly (a) a conic, (b) a
space cubic.

A pencil of cubic surfaces cannot contain as basis curve a rational curve
of higher order than five, because it would necessarily contain all the quadri-
secants. A pencil of quartic surfaces cannot contain doubly a basis curve of
higher order than three, because it would necessarily contain all the trise-
cants. Similarly, pencils of surfaces of degree greater than four are inad-
missible since they would necessarily contain all the bisecants.

In this paper we shall discuss the transformations defined in II and III.
We shall, however, confine ourselves to the case where the residual intersec-
tion of any two surfaces of the pencil is not composite, except in II(d) and
ITI(b) where the residual is necessarily composite.

* Presented to the Society, September 2, 1932; received by the editors May 15, 1932.

t Montesano, Su una classe di transformazioni razionali ed involutorie dello spazio de genere arbi-
trario n e di grado 2n+1, Giornale di Mathematiche, vol. 31 (1892), pp. 36-50.

1 Miss E. T. Carroll, Systems of involutorial birational transformations contained multiply in spe-
cial linear complexes, American Journal of Mathematics, vol. 54 (1932).
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It can be shown that III(a) can be transformed into II(a) by means of a
quadratic involution.

The transformation III(b) is the most interesting of all the cases treated
because it has a new kind of singularity. The other transformations have a
finite number of parasitic lines, but the transformation ITI(b) has an infinite
number of parasitic lines lying on a ruled surface in addition to ordinary
parasitic lines.

Given a rational space curve 7, defined by a homogeneous parameter
(\, 1) and a pencil of surfaces | F,| :7,# 2. If we make the points of the curve
and the surfaces of the pencil projective, then any point P(y) in space will
uniquely determine a surface F, of the pencil, a point O(z) on 7., and a line
PO of the complex of lines which meet 7. The line PO will cut F, in P, O"—?
and a third point P’(x). We define P’(x) as the image of P(y). Conversely, if
we choose P’ as the initial point we determine the same surface F,, point O,
and line of the complex. Hence P is the image of P’. The transformation is
then involutorial and on a general line of the complex is one pair of points
P, P’ in involution.

Let the pencil of surfaces | F.| :7.7 2 be

1 uF(x1, x3, x3, x5) — NF'(x1, %2, %3, ) = uF(x) — NF'(x) = 0.

Call the residual base curve of the pencil v. Since 7., is rational the coordi-
nates of any point O(z) are
2 x; = 2\, p) (1=1,2,3,4)

where z;(\, p) is homogeneous and of degree m in (A, ). Any point on the line
joining P(y) to O(z) has codrdinates

3) x; = pyi + o3; (=12 34).
The value of p/o for P’(x) is given by
4) uF(py + 02) — NF'(py + 02) = 0.

Since P ison (1) and Ois on (2) we find
pluF(z, y) - )‘F’(zy }')] + U[#F(}', z) — )\F'(y, z)] =0

where F(z, y), F'(z, y) are the first polars of F(y), F’(y) with respect to (z),
and F(y, z), F'(y, z) are the first polars of F(z), F’(z) with respect to (y).
Hence p/o= —R/M, where

R = /‘F(yy Z) - )‘Fl(y’ Z),

M = pF(z,y) — NF'(z, 3).



1932] INVOLUTORIAL SPACE TRANSFORMATIONS 797

The involutorial transformation is therefore expressed by
(5) A = y;]\' - ZJ’[ (I = 1, 2, 3, 4)

where Nu=F(y)/F'(3).

If M(y) =0, P and P’ coincide, hence M =0 is the equation of the surface
of invariant points.

At any point O of 7,, each tangent plane of the associated surface F, inter-
sects F, in a curve C,:0"1. The whole C, is transformed into the point O.
Conversely, the image of O is C,. As the point O describes 7., the C, generates
the surface R=0.

With point O on r,, as vertex draw the cone K of bisecants of 7,.. On each
generator of K lies one point P’, the image of O. Then the F, associated with
0 and K intersect in 7,, and a residual curve C’ which is the part of the image
of 7, lying on K and F,. Since r,, is rational, the equation of K is homogeneous
and of degree (m—1)(m—2) in (\, u) and of degree (m —1) in (x). The image
of 7, lying on the bisecants of 7,, is a surface R’ =0 and is obtained by elimin-
ating the parameters (A, u) between K and F,.. Thus the total image of 7,
is R+R’.

On each generator of the rational cone with vertex P on v and standing on
7. is one point P’ the image of P. The locus of P’ is a curve C"’. As P traces
7 the curve C’’ generates a surface T' which is the total image of v. Since any
surface of the pencil (1) is invariant then the image of F, must contain F,
and the images of 7,, and y. Then the equation of I' is obtained by finding
the image of F,:

Fo~ F,RR'T.

We shall consider 1I(c) in detail.

Case 1I(c)

1. Equations of the transformation. We have a pencil of cubic surfaces
|F3| :7.. The residual base curve v; is of order five, genus one, and inter-
sects 7¢ in ten points. From (5) the equations of the transformation are

(6) Tog: a; = y,'Rgg — My (’L = 1, 2, 3, 4)
where

-R28
(7)

‘11{17

F'()’)F()’: Z) - F()’)I"'(}% Z),

F(y)F (s, y) = F)F'(z, 9).

M,;=01is the equation of the surface of invariant points.

2. Images of the fundamental elements. The image of O(z) on 7, lying in

the tangent plane of FO, the surface of the pencil associated with O, is a curve
C;3:0?. As O describes 7, the C3:0? generates the surface Ry In the direction

Il
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of the two tangents of C3:0? at O the point O is invariant. Hence two sheets
of Rys and M7 have this plane for a common tangent plane. Thus two sheets
of Rys touch two sheets of My, along r.. However, the point O for these two
sheets is a binode and counts for six in the intersection of Rys and M.

Let L be an arbitrary point on 7,.

The point O has image P’ on OL, the residual point of intersection of OL
and Fy. As L describes 7,, OL generates a cubic cone K3, with one point P’
on each generator. The locus of P’ is then a curve of order 3+ the number of
times OL is tangent to F. at O. Given L, the tangent plane at O meets 7, in
two points K, K»; given K, there is a unique point L. This (1, 2) correspon-
dence on 7, has three coincidences, and the locus of P’is Cs: 03, p =0. As O de-
scribes 7, the Cs generates a surface R,/ =0.

The equation of R,/ may be obtained by eliminating the parameter be-
tween the cone Ks(\, u, ) =0 and F3=uF(x) —AF'(x) =0.

Each point P’ of Cs is perspective from O, hence O is invariant in the three
directions of the tangents to Cs at O. Thus three sheets of R,{ are tangent
respectively to three sheets of M7 along 7.

The tangent line to 7, at O lies on K; and also in the tangent plane to Fo.
Hence C;:0? and Cs:0® intersect in one point. As O describes 7, this point
generates a curve &,; which lies on both Rys and R,/ .

The image of any point P on v; is a curve Cy which lies on the quartic
cone K, with vertex P standing on 7, cuts each generator in one point, and has
five branches passing through P. Thus P~C,: P> As P traces vs the C,
generates a surface I's; whose equation may be found by finding the image of
any F; of the pencil:

F3~ F3Ry3Rs1 ' T'3s.

The point P is invariant in the directions of the five tangents of C, at P.
Hence five sheets of I';; are tangent respectively to five sheets of M7 along ;.

3. Determination of the parasitic lines. On any F; lie twenty-seven lines.
Whenever one of these lines passes through the associated point O on 7, it is
parasitic. It is desired to know at how many points O on 7, a line on Fo passes
through O. To do this we map the cubic surface on the plane by means of
cubic curves through six basis points 1, 2, 3, 4, S, 6. In this plane a conic
Cs:1 2~r, on F; and a curve of order seven C(7:12223%435363~+; on F,.
[Cs, C2]=10 points. Therefore [r, vs] =10 points, as already indicated.

Consider any line ! on any F; of the pencil. This line meets any other
surface Fi of the pencil in three points, and since F;, Fy intersect in 7, vs,
only these three points must be on r,, 7vs. Hence the lines ! may be classified
as follows:
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A. Lines which meet 7, three times, do not meet ;.
B. Lines meeting 7, twice, meeting +; once.

C. Lines meeting 7, once, meeting v; twice.

D. Lines which do not meet 7, meet v; three times.

We find

2 conics, conics containing 1, or 2, and 3, 4, 5, 6, meet C; in three points,
do not meet C.

Hence there are two lines 4 on Fj.

4 conics, conics containing 1, 2, and three of 3, 4, 5, 6, meet C, twice, meet
Cr once.

6 lines, joins of 3, 4, 5, 6 by pairs, meet C; twice, meet C; once.

Hence there are 4+6 =10 lines B on F;.

2 lines, images of 1, 2, meet C; once, meet C; twice.

8 lines, joins of 1, or 2, to 3, or 4, or 5, or 6, meet C; once, meet C; twice.

Hence there are 2+ 8 =10 lines C on Fj.

1 line, join of 1, 2, does not meet C;, meets C7 thre¢ times.

4 lines, images of 3, 4, 5, 6, do not meet C,, meet C; three times.

Hence there are 1+4 =235 lines D on Fs.

In all there are 2+10410+5 =27 lines on F;.

The lines D do not enter the problem since they do not meet 7,.

Given point O on 7,. There are two lines 4 on Fo. Each line meets 7, three
times, hence there are six points K. Conversely, given a point K, there is one
line 4, the trisecant of 7, through K. This line will determine one surface of
the pencil, hence one point O. Then there is a (1, 6) correspondence between
the points O and K. Since 7, is rational there are 146 =7 coincidences. Hence
there are seven parasitic lines which are trisecants of 7, but do not meet v;.
These lines are simple on Rss, M17; double on Ref ; do not lie on T';.

Given point O on 7, there are ten lines B. Each line meets 7, twice, hence
twenty points K. Conversely, given a point K there are five points 0. To
show this we construct the two cones with common vertex K, K; standing on
r, and K standing on ;. These cones intersect in fifteen lines of which ten
are lines joining K to the ten points common to 7y, s, hence only five lines
B. Each line will determine one point O. There is a (5, 20) correspondence be-
tween the points O and K, hence 5+20 =25 coincidences. There are twenty-
five parasitic lines which meet 7, twice and meet v; once. These lines are
simple on st, Mn, Rzl’ , and F35.

Given a point O there are ten lines C. Each line meets 7, once, hence ten
points K. Conversely, given a point K, there are five lines C, the lines joining
K to the five apparent double points of I's. Hence thereis a (5, 10) correspond-
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ence between the points O and K, and 5+10=15 coincidences. There are
fifteen parasitic lines which meet 7, once and meet vs twice. These lines are
simple on Ry, M17; double on I'ss; do not lie on Ry, .

In all there are forty-seven parasitic lines distributed as follows: All are
simple on Ry and M ;; seven are double on R, do not lie on I'ss; fifteen do
not lie on Ry/, are double on T';; the remaining twenty-five are simple on
both Rzll and Fas.

4. Table of images. We have the following table:

A general plane ax,+bxs+cxs+dx~Sy,. Since Sy is linear in Ry and M7,
the forty-seven parasitic lines are all simple on Sx. At each point O of 7,
three sheets of S3y have for common tangent plane the tangent plane of F.

S1~ Sy rj‘+"‘")/:47g,

where the ¢ in the multiplicity of , means only that the multiplicity is due to
contact.

Far~ st:r:’“”y:ﬂg + R2,1:VZ+2‘76525g7g2;
5 ~ F%:r1f+5‘715125g15g2;

- 542005
A[17.74 7547g.

The Jacobian is ,
Jie = R: R’ T'ss.

8 21

Cask II(a)

5. Equations of the transformation. Let 7. be defined as the intersection
of the quadric surface Hz(x) =0 and the plane =. The pencil (1) is | Fy| :7..
The residual base curve is s, genus five, meets 7; in six points, and meets =
in a seventh point Q not on r,. From (5) the equations of the transformation
are

(8) I % = iRy + 2:.M 1, (1=1,2,3,4),
where

Ris = F'(9)F(y, 2) — F(y)F'(y, 2),

Mu = F'(y)F(z,y) — F(9)F'(3, 3).

M, =0 is the equation of the surface of invariant points.
6. Images of the fundamental elements. The image of O(z) lying in the
tangent plane of Fo is a curve C;:0? which generates the surface Ry as O

©)
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describes r,. The point O is invariant in the directions of the two tangents to
C; at O, hence two sheets of R and My, have a common tangent plane at all
points of 7,.

The plane = intersects the pencil | F;| in 7, and a pencil of lines |d| whose
vertex is Q, and which is projective with the points of 7.. Let L be an arbitrary
point on 7,. The point O has image P’ on OL, the intersection of OL and d,
the line of |d| associated with L. As L describes 7;, P’ generates a conic
C;:0Q0,0:0; where O; (i=1, 2, 3) are the points where d, passes through L.
As O describes 7, C; generates the plane 7. Thus the total image of r, is
R16+ ™.

The tangent to r, at O is a line OL, L =0, and lies in the tangent plane of
Fo at 0. Thus C;:0? and C;:0Q0,0,0; intersect in one point P’. This point
is the point of intersection of the tangent of 7, at O and do. As O describes 7,
the point P’ generates a curve §; which has a node at Q and touches r; at the
three points Oy, Oy, Os. This is Lehmer’s nodal cubic,* and lies on Ry and .

The image of a point P on v;is a Cs: P3. As P describes y1, C; generates a
surface I's;, whose equation is found from the image of any Fs. Fs~F3;RemT's;.
Since P is invariant in three directions, three sheets of I's; are respectively
tangent to three sheets of My; along v7.

Any plane passing through Q will intersect v in six other points which lie
on a conic.f

7. Determination of the parasitic lines. We recall that all lines must meet
the basis curves 7, 7 in three points. In the plane C::1 2 3 4~7; on F; and
C:122232425%3~7 on Fs, hence [Cs, C;] =8 points and C; is of genus five.

Now we find that there are three parasitic lines which meet 7; twice and
meet v, once. These are the lines joining Q respectively to Oy, Oz, Os. They
are simple on R, m, M1, and T's;. There are twenty-six parasitic lines which
meet 7, once and meet vy, twice. These lines are simple on Ry, M11; double on
T's; do not lie on .

8. Table of images. We have the following table:

Sy~ Sir: 7’:+3"Y:29g;

72 ~R16:rz+2‘75729g + wirgdg;
Y7~ I‘31:r2+7’7‘;3g26g2;
Myy:rity329g.
The Jacobian is Je=Ris*m a1

* D. N. Lehmer, Constructive theory of the unicursal cubic by synthetic methods, these Transactions,

vol. 3 (1902), pp. 372-376.
t R. Sturm, Synthetische Untersuchungen iber Flichen dritter Ordnung, Leipzig, 1867, p. 229.
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Cask II(b)

9. Equations of the transformation. Let 7; be a space cubic curve. The
pencil (1) is now | Fs] :7;. The residual base curve is s, p =3, and intersects
73 in eight points. From (5) the equations of the transformation are

(10) Ios: x; = yiRes — 3:M 14 (1=1,2,3,4),
where

Ry = F'(y)F(y, 3) — F(y)F'(y, 2),
(11)
M = F'(y)F(s, y) — F(y)F'(z, ).

M1,=0 is the equation of the surface of invariant points.

The image of 7; lying in the tangent planes of Fo is Ry». Again “wo sheets
of Rys and M, are tangent along 7.

The image of a point O on 7; which lies on the bisecants of 7; is a C4: 0.
As O describes r; the C, generates a surface R =0. Two sheets of Ry are
respectively tangent to two sheets of M, along 7.

The locus of the point common to C;:0?% and C,:0% is a curve 87 lying on
Ry and Ry .

The image of a point P on ysisa C7: P*. As P traces vs the C; generates a
surface I'ss. Four sheets of I'ss are respectively tangent to four sheets of
M, along vs.

10. Determination of the parasitic lines. In the plane C::1 2 3~7; on F,
and Cr:122232435%3 (p = 3) ~+, on F;. Hence [C;, C;] =8 points.

We find that there are thirty-eight parasitic lines distributed as follows:
All are simple on Ry and M; sixteen are simple on both Ry and T'js; twenty-
two do not lie on Ry, are double on T's;.

11. Table of images. We have the following table:
S~ 5233";""3'7;388;
ry ~ Rggzr;+2"y;38g + R;:r§+1"y§16g;
Yo~ I‘ss:r;°+“"y;‘16g22g2;
Mygriony!3sy.

The Jacobian is Jss = Rss® R¢ T'ss.
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Case II(b’)

12. If 75 is a rational plane cubic then the plane = of r; factors out of the
transformation and (10) reduces to

(12) Ipe: xi = yiRoy — 2:M 15 (z=1,2,3,4)

where Ry, My; are given by (11) after factoring out . M3 =0 is the equation
of the surface of invariant points. Ry =0 is the total image of 7;. The image of
76 is a surface I'yp. There are only thirty-three parasitic lines and they are all
simple on Rz, My;; and double on T'y,.

Sy~ 522:f§+3‘7;33g;
ry ~ Rzlif:"2‘7;33g;
v ~ Tagir*0iy833¢%;

M3 7"';+2¢'Y:33g.
The Jacobian is Js =Ry’ .
Case II(d)

13. Equations of the transformation. The pencil (1) becomes | F| :75. The
curve 75 has one quadrisecant /, hence this line lies on every surface of the
pencil. The residual base curve is a space cubic s which meets r; in eight
points, but does not meet /. From (5) the equations of the transformation are

(13) Iss: xi = yiRse — 2:M 50 (i=1,2,3,4),
where

Ry = F'(y)F(y,3) — F(y)F'(y, 2),
(14) % NE(y, 2) NF'(y, 2)

My

F'(y)F(z,y) — F(y)F'(z, ).

Again M3,=0 is the equation of the surface of invariant points.

14. Images of fundamental elements. The image of a point O on 7; lying
in the tangent plane of Fo at O is a C5:0%. As O describes 7; the C; generates
the surface Rs. Two sheets of Rs, and two sheets of M, have a common
tangent plane along ;.

The image of a point O lying on the bisecants of 7; is a Cs:0' As O de-
scribes 75 the Cs generates a surface R,q. Four sheets of RyJ are respectively
tangent to four sheets of M, along ;. The total image of 75 is Ry, +R.q .

The tangent line to 75 at O cuts C3:0% and Cs:0* in a common point. As
O describes 7; this point generates a curve 8;; which lies on both Ry and Ry .

The image of a point Q on /is a C7: Q2. As Q describes /, the C; generates a
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surface L,. Two sheets of L, are tangent respectively to two sheets of My,
along . The equation of L, is found as follows: The plane through / and O
intersects Fo in ! and a residual conic C: which is the part of the image of /
which lies on Fo. We obtain the equation of L by eliminating the parameter
(N, ) between the equations of the plane and Fo.

The image of a point P on v; is a curve Cy;: PS. As P describes v; the Cy;
generates a surface I'y. Six sheets of I'y, are tangent respectively to six sheets
of M3, along v;. The equation of I'y is found from the image of any F;. Thus:
F3~F;3R34R4q LeT 2.

15. Determination of the parasitic lines. In the plane a conic Ci:l~7;
(p=0) on F;; a conic C7:2 345 6~I on Fs3; a quintic Cs:122232425262~;
(p=0) on F;. Hence [C:, C{ ] =4 points, [Cs, C5] =8 points, [C{, Cs]=0
points.

In the present problem seven types of lines enter:

. Lines which meet 75 three times, do not meet / or v;.

Lines which meet 7; twice, do not meet /, meet v; once.

oW

Lines which meet r; twice, meet / once, do not meet v;.
. Lines which meet 7; once, do not meet /, meet +y; twice.
. Lines which meet r; once, meet / once, meet v; once.

Lines which do not meet 75, meet ! once, meet v; twice.

RRERC RN BES

The line I itself which meets 7; four times, does not meet ;.

There are no lines C, and lines F do not enter the problem. From the map,
and then the number of coincidences on 7; we find the following: There are
eighteen parasitic lines of type 4, twenty-four of type B, two of type D,
eight of type E.

The map fails to give the number of times / is counted as a parasitic line.
We shall determine this in another manner. Denote by Q; (=1, 2, 3, 4)
the four points common to / and r;. Now [ lies in the tangent plane of Fq at
Qs, hence is parasitic. But / appears as a parasitic line at each of the four
points Q; independently of the other three. Hence / counts as a parasitic line
four times. We shall think of it as four parasitic lines. These lines are simple
on Rz and My; triple on Ry( ; do not lie on Ly or T'y,.

Thus there are fifty-six parasitic lines distributed as follows: All are simple
on Rsy, Ms; eighteen are double on Ry, do not lie on Ly, I's; twenty-four are
simple on R,¢, I's, but do not lie on L,; two are double on I'y, but do not lie
on Ly, Ry ; eight are simple on L, I'y, but do not lie on R,¢ ; four are triple on
Ry( but do not lie on Ly, Ty
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16. Table of images. We have the following table:
S1~ Sg: r;”‘"'y;‘l"%g;
76 ~ RagiritHylis6g 4 RY :7iseotylzionge18grags;
y3 ~ Tpqt r;+3‘y:l724g8g2g2;
L~ Lyiritity P8g;

A[go: 7?2‘721656g.

The JaCObian is J135 -=—R342 Ru)’ L4 P24«
Cask III(a)

17. The pencil (1) is now lF¢| 7. The residual base curve is a ys which
intersects 7, in eight points. If we transform | F,| by a quadratic involution
whose fundamental elements are the conic 7, and a point on #s, it transforms
into | Fy| :7s, or Case I1(a).

Cask III(b)

18. Equations of the transformation. Given the equations of the space
cubic curve 73 as

(15) x1/xs = %2/x3 = x3/%0 = N/,
and let
(16) F(x) = 0, F'(x) =0

be two quartic surfaces which contain 7; as a double basis curve. They inter-
sect in r; and a residual composite quartic curve which consists of four
straight lines /;, each of which is-a bisecant of 7;. Then

|Fo |:r2hbdale.

A surface of the pencil uF(x) —\F’(x) through the point P(y) determines
Nu=F(y)/F'(y). The coérdinates of a point on the line joining F(y) to
O(z) =(F3, F*F', FF'? F'3) are given by
an % = pyi + o3; (2=1234).

The residual point of intersection of PO with F¢(x) after making reductions
is given by

(18) pAl(Z, y) + oA?(Zy )’) =0
where Ai(z, y) is the ith polar of Fy(y) with respect to (z).
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Ai(z, y) and As(z, y) are homogeneous and respectively of degree nineteen
and thirty in (y). However, A, and A, have a common factor R,{ which is of
the tenth degree in (y). Hence

Ai(y) = Ms()R, (y), As(y) = Ru(y)R (3).
The equations of the transformation are now
(19) Init x; = yiRyo — 2:M, (i=1,2,3 4).

M y=01is the equation of the surface of invariant points.

We shall find that although R,¢ factors out of the transformation it still
plays the most important réle of any surface in the transformation.

19. Images of the fundamental elements. Given any point P on /;. Any
point O on r; will determine an associated F, and the line OP will cut F, in 02,
P, and a third point P’ which is the image of P. As O generates 7; the point P’
generates a curve C; which lies on the cubic cone K; standing on 7; with vertex
P, cuts each generator in one point P’, and has two branches passing through
P. Then P~C;: P2 As P describes /; the Cs: P? generates a surface of order
five which is the total image of /,.

We shall determine the equation of this surface in an alternate manner.
Suppose /; is the intersection of two planes %;(x) =0, v;(x) =0. The pencil of
planes
(20) uti(x) — Noi(x) = 0

is projective with the pencil | F¢(x)|. Any point O on 7; will determine a sur-
face Fy(x) and a plane of (20) passing through O. The plane will cut Fy(x) in
J; and a cubic curve C; which is the part of the image of /; lying on this F,(x).
Thus the whole image of /; can be obtained by eliminating the parameter
(A, 1) between the pencils (20) and | F.(x)|. Thus

(21) Ls,; = F(x)vi(x) — F'(x)us(x) = 0.

There are four such surfaces Ls, ;.

The two tangent planes to the associated F, at O on 7; cut the F, in two
quartic curves, each having a triple point at O, 2C,:03. As O traces r; the
2C,:0® generate the surface As(z, y).

Any Fy(x):r# is ruled and through each point on 7; pass two generators
g, g’ of Fy. One generator lies in each of the tangent planes of F, at O. Thus
both the quartic curves are composite and consist of a cubic and a generator
of Fy,

20, =Cyg + Cyg'".
The two cubic curves generate the surface Ry, while the two generators, g, g/,
generate the surface Ri¢ .
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20. The surface R,q =0. The cone K, standing on 7; with vertex at a point
O on 7r; and the F, associated with O intersect in 7; and two lines, the two
generators g, g’ of F, passing through O. The locus of g, g’ is R4 .

From (15) we find three independent quadrics passing through 7; to be

(22) Hl(x) = X1X3 — x22 = 0, Hz(x) = XoX4q — x; = O, Hz(x) = X1X¢ — XoX3 = 0,

and the equation of K, vertex O\, p), is

(23) pEH1(x) + NH(x) — MuHs(x) = 0,
hence
(24) R’ = F"*(x)H.(x) + F*(x)Hy(x) — F(x)F'(x)Hs(x) = 0.

10

The generators g, g’ are parasitic lines. Then through each point of 7;
pass two parasitic lines whose locus is Ry =0, a ruled surface. It has five
sheets passing through 7;. The two sheets of R;s’ determined by the two gen-
erators g, g’ of the F, associated with the point we shall call the “at” sheets.
Now g and g’ are bisecants of 7; hence intersect 7; in two other points O,, O,.
At O, the associated F, has two generators gi, g/ which determine the “at”
sheets of R,y through O;. The line g is a generator of R,y but does not lie on
the F, associated with O,. Its associated point is O. We shall think of it as
coming from point O. Through O, pass three such lines g whose origin is at
some other point. The three sheets of R,/ determined by these generators
we shall call the “from” sheets.

21. Determination of the parasitic lines. In general neither g nor g’ lies
on any of the other surfaces of the transformation. We wish to find which of
these lines do lie on other surfaces, and any other parasitic lines which may
arise.

There are four points on r; at which the g and g’ of the associated F,
coincide and thus are contact generators of R,y , and also lie on Sy;, Rz and
M 9.

At three points of 7; the associated F,is composite, consisting of two quad-
ric surfaces each of which contains 7;. Two generators of each quadric pass
through the point. Hence there are four parasitic lines which pass through
each of the three points. Two are generators of R,y but the other two are not,
as they are not bisecants of ;. All of the generators of r,J are bisecants of
73, hence there are six parasitic lines which do not lie on R,¢. They are dis-
tributed as follows: All are simple on S, Reo, My; three lie on each of the
surfaces Ls,;, such that just one is common to Ls, ;, Ls,; (¢7%7).

22. Table of images. A general plane S1~S, having nine sheets passing
through 7; such that each of the tangent planes of the associated F, is the
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common tangent plane of three sheets at all points of 7;. The three remaining
sheets are tangent to the three “from” sheets of R,¢’. The image of r; for the
latter contact is Ry¢ . There are five sheets passing through each /;. Six para-
sitic lines are simple and four double on Sa;.

S1~ Sa1: f§+3‘+3""3"4lf6g4g2‘

The surface R, has nine sheets passing through 7; such that each of the
tangent planes of the associated F, is the common tangent plane of two sheets
at all points of rs. Three other sheets are tangent to the three “from” sheets
of R,¢ . There are five sheets passing through each ;. All ten parasitic lines
are simple on Rj.

Rzoir§+2‘+“+3"4l§6g4g.

The surface of invariant points M has four sheets passing through r; such
that each tangent plane of the associated F, is the common tangent plane of
two sheets at all points of 7;. There are two sheets passing through each /.
Six parasitic lines are simple and four double on M ,.

M:rioeslogdge.
13

Any surface Ls,; has two sheets passing through 7; such that the tangent
planes of these sheets are the tangent planes of the associated Fq at all points
of 7;. There are two sheets passing through /;. These two sheets are tangent
to the two sheets of M, through /;. These are the sheets determined by the
two tangents of Cs: P? at P. There is just one sheet passing through each of
the three remaining lines /;. There are three simple parasitic lines lying on
Ls,; distributed respectively on the three Ls, ;.

Ly, 2201014233,

The tangent planes of the two “at” sheets of R, are the tangent planes
of the associated F at all points of 7;. The three “from” sheets are tangent
to three sheets of Ss; and Ry at all points of 7;. There are two sheets passing
through each ;. Four parasitic lines are double on Ry .

R’ :’Hlt+lt4l24g2‘
10 3 i

Collecting,
S ~ S pttsnsetai4segdgr.
1 2”3 i ’

~ o »94+2t42¢4+387 415, [ 29123 Y] 2.
A R‘m.r3 4l‘6g4g + Rm.r3 4l§4g ;
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I ~ L :ipHierge3) 3o,
i 5, 3 L)
M ~ M 274+1‘+1‘4l?6g4g2;
(R R' )°R3 R’ 4L2 S ;

10 20 10

R ~ (R R’ )"‘R2 R’ 4L5 5

20 10

,~ (R RI)'R 4L M ;
L~ (R R )R L 3L ;

20 10 20 §,%

~ (R R')SR AL® .
20 100 20 5,

The ]acobian is JsoER220 R;g L5'1 L5,2 Ls's L5,4.
23. Generalization. In the preceding cases there has always been a (1, 1)
correspondence between the points of 7, and the surfaces of | F.|. Let us

assume the correspondence is (1, k). The case where 7, is a straight line has

been treated by Miss E. T. Carroll (loc. cit.). Then a general point P(y) will
determine just one point O(z) hence one point P’(x), but given O(z) there are
k associated surfaces F,. A general line of the complex through O will cut each
surface in a pair of points P, P’. Hence on each line of the complex are %
pairs of points in involution. We shall illustrate by working II(c) in detail.

24. Equations of the transformation. The codrdinates of a point O(z) on
74 are given by (2)

x; = z:(\, W) (=1, 2,3,4),

but the pencil of surfaces | Fs| :7,is written
(25) mF(x) — IF'(x) = 0,

where uéi(l, m) —Ap2(l, m) =0, the ¢:(!, m) being homogeneous forms of de-
gree k in (I, m). Proceeding exactly as before the equations of the trans-
formation are found to be

(26) Toakys® %0 = YiRowkra — 2:Mr2ies (z=1,234),
where
(27) Roskya = mF(y, 3) — IF'(y, 3), Myskys = mF(z, y) — IF'(3, y),

and I/m=F(y)/F'(y), N/u=¢:1(}, m)/d2(}, m). M12145=0 is the equation of
the surface of invariant points.

25. Images of the fundamental elements. Associated with a point O on 7,
are k surfaces F;. In the tangent plane of each F; at O lies a C3:0? which is the
image of O. Thus O~kC;: 0% As O describes 7, the £C;:0? generate the sur-
face Ra4a. The point O is invariant in two directions in each tangent plane,
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hence each of the % tangent planes is the common tangent plane of two sheets
of Ragrys and Mz, 5 along 7.

The image of O which lies on the bisecants of 7, is a Cszy1: 0%+ which
lies on the cubic cone K; with vertex O standing on 7,, cuts each generator in
k points and has 2k +1 branches through O. As O describes 7, the Csiyq: O%*+!
generates a surface Ridx.s. There are 2k +1 sheets of Ridi4s which are tangent
respectively to 2k4-1 sheets of Mys145 along 7.

The locus of the & points common to Csi1 and kC; is a curve 89541 which
lies on both Reys and Rigrys.

The image of a point P on vs is a Csi41: P**! which lies on the quartic
cone K, with vertex P standing on r,. As P describes 75 the Cgi11 generates a
surface T'sor+5. There are 4%+ 1 sheets of I';ox45 which are tangent respectively
to 4k +1 sheets of M15i45 along vs.

26. Determination of the parasitic lines. The map of the cubic surface on
a plane is the same as in §3, hence on any F; are two lines 4, ten lines B, and
ten lines C. However, the number of coincidences is different.

Given point O on 7, there are two lines 4 on each of the & associated sur-
faces F;. Each line meets 7, in three points, hence 6% points K. Conversely,
given a point K there is one line 4, the trisecant of 7, through K. This line
determines one point O. There is a (1, 6k) correspondence between the points
O and K, hence 146k coincidences. There are 146k parasitic lines of type
A which are simple on Sais, Rogirs, Mi2xt5; double on Ridi,s; do not lie on
P30k+5-

Similarly there are 5+-20% parasitic lines of type B which are simple on all
the surfaces Seats, Raektsy Mi2its, Ridess, T'sor+s; and 5+10& parasitic lines
of type C which are simple on Sssi+s, Raske, Mi2s+5, double on Tzoy5, do not
lie on Rlslk.(_s.

27. Table of images. We have the following table:

Sl ~ S :,8k+1+3t,y§k+1(11 + 36k)g;

24k+5 4
T~ R24k+4:,:k+l+2t,y58k+1(11 + 36k)g
+ RIS 4 20k)g(1 + 6k)g?;
Vo~ Dppers 7o o (S + 20k)g(S + 10k) g%

: r4k+l+2t,y:k+l(1 1 + 36k)g.

12k+6 4

The JaCObian iS J4(24k +4) ER224k+4 ngl/,+3 P30k+5.
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