FAMILIES OF GROUPS GENERATED BY TWO
OPERATORS OF THE SAME ORDER*

BY
ABRAHAM SINKOV

I. INTRODUCTION

The present paper is an extension of a paper by W. E. Edingtonf
entitled On an infinite system of non-abelian groups of order nm=-1, in which
it was shown that given any two numbers # and m, there exists a group of
order nmn-! generated by two operators of order #. Edington’s proof re-
quires the assumptions that all the operators of the form S;=S,* are commu-
tative and of the same order; it follows from the present treatment that the
second is a consequence of the first and may be dispensed with. The results
herein obtained exhibit a more general system of groups of order nm»—*,
where % is an arbitrary factor of #, and obtain some properties of these groups
not considered by Edington.

I1I. A PROPERTY OF GROUPS G GENERATED BY TWO
OPERATORS OF THE SAME ORDER

To begin with, the generating operations S; and S, are assumed to be of
the same order #, so that S;"=S;"=1. As yet no further restrictions are sup-
posed. A third relation which defines the order of a particular combination
of Sy and S; will be introduced later on, in order to show how it actually arises.

Under these conditions, then, consider the totality of operators

SeSya (@=1,2,---,n—1).
This set of operators
SISt
SES™?
A:q
SIS,

* Presented to the Society, March 25, 1932; received by the editors September 12, 1932. This
paper was written under the guidance of Professor F. E. Johnston.
t Annals of Mathematics, vol. 25 (1923), p. 85.
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generates a sub-group H of G. The transform of the generator S:2S;*~= by S
can be written

(SETISL ) (SP1Se) !
and is in . When transformed by .S, this same generator becomes
(51“_152)_1(Sf'_152"_a+1) ,

a result which is again in H. Consequently, H is invariant in G.

Evidently, the adjunction of either S; or S; to H generates G. It follows
that the index of H under G cannot exceed #; it will equal # if and only if
involves no power of either S; or Ss. Such will be assuméd to be the case. The
order of G is then equal to # times the order of H.

It is now possible to replace the operators S;*Ss*—=, which generate H,
by an equivalent set in the sense that this new set generates the same group,
and possesses the added advantage that all of the new generators are of the
same order. In fact, they are the complete set of conjugates of 5.5:*~! under
Sg!

SA(S1 PS¢ = (SyESF )~ 1SS Y) (¢g=0,1,2,---,n—1).
This new set will be denoted by &:

S}Sz”_l
S S H)USLESF )
£ (S2SADUSIS?)

.........

Observe that this set is obtainable from the preceding one by multiplying
each operator of 4 in turn by the inverse of the one which precedes it, pro-
vided that the identity is supposed to precede 4, and to follow A,—;. Con-
versely A is obtainable from ¢ because of the relation

II: = Sese—
=1
where £; denotes the sth term in the set £. In particular
HE; =1.
fm1

The preceding results may now be summarized as follows:
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THEOREM 1. The group G generated by two operators of the same order n
contains an invariant sub-group H genmerated by n operators of the same order.
The index of H under G is at most n.

It is not amiss to remark at this point that the common order m of these
new generators of H is quite arbitrary and may be assumed to be any integer
whatever.

III. DEFINING RELATIONS OF A 3-PARAMETER FAMILY

It 'will now be assumed that the sub-group H is abelian and that it is
possible to select ¢ of the operators £ which shall form a set of independent
generators in the restricted sense. Its order will then be me.*

Suppose for a moment that # is composite and contains the factor k.. Then
n=kx, and the set of operators £ can be divided up in order into «x sub-sets of
k each. Suppose further that it is possible for the & operators of one of these
sub-sets to be dependent upon the remaining generators, which form an inde-
pendent set in the restricted sense. Then, under such circumstances the most
general sub-group H which can be obtained, i.e., the one of greatest order,
will be of order m=—V*, By analogy with the condition previously obtained on
the £, the equation of connection will be chosen in the form

z—1
Hgfk-l-a:l (a=1;2""’k;n=kx)°
=0

Expressed in words this means that the product of the operations which are
in corresponding positions in each sub-set is the identity.
Since

fap1 = SPSISF2 Y

z—1
HE-'H,. =1= (SQC—ISISJtz—a)(S{B+a—lSlS;z—k—a) v (S,‘ -1)k+a—15152k~a)
=0

= S{“(Slsi‘—‘)’S{"‘“,

whence
(SuSE = = 1.

In the particular case £ =1, this condition reduces to an identity.
Conversely, if (S1S2*1)*=1, it follows from a reversal of the preceding
manipulation that

z—1
Hzik+a=1 (a=1)2""’k_))

=0

* Miller, Blichfeldt and Dickson, Theory and A pplications of Finite Groups, p. 90.
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and hence that % of the operators £ are expressible in terms of the remaining
ones.
It is now necessary to examine this condition a bit more closely. Suppose
it holds for some particular factor & of #. Then it can be shown that it is also
satisfied by every factor of » which is a divisor of k. For, suppose k=r¢. Then
of the 7¢ continued products
z—1
Ttiea =1 (@a=1,2,---,10),
t=0

select the following 7:

z—1

HE‘T'H = 1’

1=0

.........

z—1
Ilteerarene = 1 (a=1,2,---,1).
1=0
Multiplying together all of the left hand members and rearranging the terms
(which is permissible because of the commutativity of the £;),

rz—1

HEit+a=1 (a=1,2,---,10).

=0
The condition therefore holds for .

This leads to the conclusion that if for a given S; and S, two or more values
k satisfy the relation (S1S2*~")*=1, and if it is possible to choose one among
them such that all the others are divisors of it, then that one is the value to
be used in determining the number of independent generators of H.

Moreover, the assumption that the correct # requires the remaining
(x—1)% operators to be independent prevents two numbers, where neither is
a multiple of the other, from simultaneously satisfying the required condition.
For, in that case, there arises the obvious contradiction that the order of H
is given by two different powers of m.

If the relation holds forno £>1, then k=1and ¢g=n—1.

The number £ having been determined in this way, it follows that the
order of H is m™~*. Since it has already been shown that the index of H under
G in the most general case is #, then the corresponding order of G is nm=—*.

There thus results the following theorem:

THEOREM II. Two operators Sy and S of the same order n for which the set
& is commutative generate a group G whose order is at most nm™—* where m is the
common order of the operators £ and the number k is defined as the greatest
factor of n satisfying the relation

(S:1S#1= = 1 (kx = n).
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IV. GENERATING OPERATIONS OF G

The maximum group thus defined exists for every number nm"—* and a
pair of generating operations S; and Sy, of a fairly simple form, can be set up
for the general case. Let

S = (dlaz M Gn)(an-uan+2 R dzn) ce (a(m~l)n+la(m-l)n+2 ce amn),
S2 = (8p+10p+2 * * * Gpin)(Gntpti1Gniptz * * * G2nip)
* e (B(meyntpt1 * * * CmaG182 * * * Gp).

Then it can be shown that the operators S#S;*= are all of order m and are
commutative. Moreover, if % is the greatest common divisor of p and #, it is
found that #—£% of the operators £ form an independent set in the restricted
sense. Hence there results the following theorem:

THEOREM II1. The two substitutions given above generate a group G of order
nm—* where k is the greatest common divisor of p and n.

V. PROPERTIES OF THE GROUPS G

The quotient group of H under G is cyclic and as a consequence every G
is solvable.

In order to determine the central it is first necessary to determine the sub-
group of it which is contained in H, i.e., the combinations of the £; which are
invariant in G.

To obtain this result requires a knowledge of how the £; are transformed
under S; and S.. First, consider the transform of £, by S;. Since

fiy1 = SESISH,
ST %1181 = (S 1So) (SEASP—H)U(SESP)(SPS2) L.

In this last result, the two factors (S#~1.S;)! and (S;"~1S,) will be eliminated
as a result of the commutativity of the S©#S,"<=. Hence
Si%inS1 = (SFISP ) 1(SEST) = &,
Similarly
Si%iaSe = &
and the &; are thus seen to be transformed in the same way by S and S..
This property is also obtainable from the fact that S; and S; are contained in

the same co-set of H. As a consequence of it, the operators of H which are
invariant under S; are identical with those which are invariant in G.
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It has already been seen that for a given & the operators £ can be divided
up into % different sets

$ikta (@=1,2,---,k)

each containing x operators, and such that x—1 of the operators in each set
are independent. Moreover, no operators in any one of these sets can be
expressed in terms of any of the other sets. Hence, since £; and £;_, are in
different sets if 2> 1, it follows that a combination of operators in any single
set can be invariant in G, only if k=1.
Suppose then that such is the case and that

7R ST (a: < m)
is invariant in G. (¢, may be omitted from this combination since it is ex-
pressible in terms of the remaining (»—1) £’s.) This operator is equal to its
transform under S; and consequently the following relation must hold:

A M G R ey )
=T b
= &ndl °°C Gn-2.
This leads to
A e T P
= G'E - EETT BT T,

As a consequence of the relation
II& =1
t=1
the first quantity in parentheses is reducible at once to (£._;)~%. Hence

g‘:‘:“n—l = 5102—2‘115;8—0:—01 . so".._—;—a..-z—dn.
This equality involves only »—1 of the £’s, all of which are independent of
one another. Therefore both members must reduce to the identity, and as a
result we have the following series of congruences:

a4 = — Qp1
Ay = 2(11
a; = a;+ a; (mod m).

.......

n_1 = Qn2 + a1
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- These yield
ap, = pa, (mod m)
and
C) na, =0 (mod m).

The invariant operator is now representable in the form

n—1 a;

(bafz - - - Enon)™,

a, being a root of the congruence C. Every combination of the generators
£1 to £.-1 which is invariant in G must take this form. Conversely every such
operator is invariant in G and the above representation is necessary and suffi-
cient.

If we were to consider a combination involving all the &'s but &,, the rea-
soning would be identical with the above and it would be found that an in-
variant operator is necessarily of the form

n—a n—a+1 n—2 n—1 a;

(I PERRY PR e A i
where again g, satisfies the congruence
na; =0 (mod m).
The above operator may be written

n—a—1 n—a n—2 a,

(Farifarr -+ Eact) “(Barsbors - - - En - E1 o EaD)™

and by virtue of the relation

e =1

t=1

becomes
2 n—a—1 n—a n—2_.a; —a,

(£a+2$a+3 cte 'En El ttt Ea—l) Ea

‘But
—ar=m— Da (mod m),

so that

.2 n—a n—a n—2 n—1 a;

((arrbasz - " & &1 A a2a1)
2 n—a—1 n—a n—2 _n—-1 a;
= (Ea+2£a+3 BRI £ - bk )

n—1_a;

= (ElE: et En—-x) .
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This shows that all the operators

n—a _n—a+l n—1 a,

2
(E-H-IEH2"'£n & "‘Ea—l) (a=0)1,"'7"’_1)
are identical, and that one may with perfect generality consider

2 n—1_a;
(ke - £a))”
as being the only permissible combination. As a result, the invariant opera-
tors of G contained in H form a cyclic sub-group whose order is determined as
soon as the possible values of a; < are known.
To find these values it is necessary to return to the congruence

na; =0 (mod m).

If m is prime to », ¢, =0 is the only solution which is less than m. In such a
case the identity is the only invariant operator. If m and #» have the greatest
common divisor d, the congruence reduces to

n m
—a=0 <mod -—)
d d

Here a; may take on all the values mq/d (¢=1, 2, - - -, d) and the sub-group
is of order d. Both of these cases are combined in the general result that the
number of invariant operators in H is d, where d is the greatest common
divisor of m and #; they are all expressible in the form
2 —1 . maq/d
(k2 - ) @=1,2---,d.

The generalization to any value ci % follows along the same lines. Suppose
some combination of & to £, to be invariant. For convenience, it is set down
in the form

a1 a, L= by b, b kK by
(o - fncare) (Ea Erre -+ Enakgn) - - - (Exfan - - - £s),
where the operators of each set are kept together. If it is equal to its trans-
form,
by by ky ko ko

ay _a, LMY by
(B1 Ergr - - - En—onir) (B2 Enrr - - - Enoi) - - - (Bnbok - - - Enck )

ay_a, Gr1 by b, L

bea 1 2
= (Enbr - - Encar) (€1 Ekgr v - Enmargr) - - (E:—lf:k-l s Epket),

from which

ko1 a1_ay,—k) o, y—k. o by—a; by—a, =0z,

b,
Sk = b b )& B - Encaker )

k1—i1, ko—7, b 1=z
DI ¢ Ay >V
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Treating the first parenthesis as before and simplifying,

aytkz—y ay—ky—ay a3—ks—ay Oz 1—kz—g—ay by—a; by—a,

bk = (& Eak s Eneak e Een

bx—.—a:— k1—71 ka—7s kz—1—jz—
SRR N BRI (- S DI A N
The above relation involves only # —k of the £’s and £ —1 of each set. Hence
these n —k are all independent and both members reduce to the identity. As
a result a series of congruences is obtained:

a=b==--- Ekl,
G=b=c=- - =k,
a:—lEbz—IEGz—IE cr = kz—l,
ke = - ai,
a = k1 + ay,
a3 = ko 4+ ay,
@1 =k, s+ a, (mod m).

These lead to the relations

ay = 2a,,
a3 = 3a,,
gra=(x—1a1=—a (mod m),
so that finally
xa;, =0 (mod m).

From this point on, the reasoning is exactly like the preceding except that
the quantity # is now replaced by x =n/k. Hence the sub-group of the central
which is contained in H is cyclic and of order D where D is the greatest com-
mon divisor of m and n/k. The final form of the invariant operators is

[(Eliin ce E:—_zlku)(izf:n ce E::zlkn)
maq/D

2 z—1
v (Erbar v - Eni) ] (¢g=1,2,---,D)
and these operators will henceforth be denoted by #;.
The question now arises “Are there any invariant operators in G which
are not contained in H?” It will first be shown that if such operators exist
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they must be of the form S,°k; where Sy*isinvariant in G. For, every operator
outside of H is of the form

Srae,

where 3¢ is an operator in H. If such an operator is invariant in G it is in-
variant under S, which transforms it into

S*(ST1aCSy),
and hence
3 = Sr1aces,.
Consequently
3 = h;.

If now the transform of S;v%; under S: is considered it follows that
52_151052 = Sy.

Hence the only additional invariant operators which need be sought are
powers of Si. If no power of S; is invariant under S,, the central will be
wholly contained in H and will be identical with the cyclic sub-group
already found.

The next step then is to investigate when a relation such as

S#18,°5: = Sr°
is satisfied. If it holds, so will
Szn—-vslosz—nﬂ — Slv’

from which modified form it is possible to deduce a first necessary condition.
For it implies

Sgn—vSl = (Sln—oszv)—-l = Sl"Sz"_".

In terms of the £’s, this becomes
Il = Il
[T =1
HE" = HE"’

f=n—v+1 1
and therefore
n—uv=uy,

whence
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n

vV =—

2

That is, the only power of S; which can be invariant in G is Sy*/2.
If Sp/2 is invariant, then so is S#/25,%/2 also. For it is in H and is trans-
formed into itself by S:. But

n/2

Spi2Sniz = HE:‘
=1

and is invariant only when x =2; m = D. The latter of these relations requires
m to be a divisor of #/k; the former requires that k=n/2.
These necessary conditions are also sufficient, and the resulting theorem is

THEOREM IV. The central of G is cyclic and of order D where D is the
greatest divisor of m and n/k except in the special case

7
k=—; m=2;
2

in this latter case the order of the central is 2D.

The quotient group of H under G is cyclic and therefore abelian, hence H
contains the commutator sub-group of G. To determine this sub-group, con-
sider first the case k=1, and the following set of operators in H:

5122_1’ 5153_1; Tty glgn_l'
Each of these operators is a commutator; for
fiat = SiSeISTIST e,

Again, the first #—2 of them are at once seen to be independent since they
involve only #—1 of the £’s. The group generated by them is therefore of
order m»2, If the operator £,£:! or any of its powers were in this group, they
would be obtainable from the continued product of the first » —2 generators;
for, it has already been seen that the relation between the £’s involved all of
them in a continued product. Now

(i) G - - - (Biba) = EP2(ETTY - - - £ol) = E0 %

Suppose
(Elgn_l)a = (El —IE”)B'
Then

ErEre = EPPPES,
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from which
a=—0 (mod m)
and
n3 =0 (mod m).

This last result is identical with the congruence obtained in the study of the
central. The smallest value of 8 which satisfies it is m/d where d is the greatest
common divisor of m and »n. Hence £,£,7! is contained in the sub-group under
consideration if and only if d =m. Omitting that case for the time being, it
follows that the #»—1 operators £:£,7! are independent and generate a group
K of index d under H.

It will now be shown that this group K is the commutator sub-group, by
demonstrating that every commutator is contained in it. However it is first
necessary to obtain some preliminary results.

Suppose f(£) represents any combination of the £;, which by virtue of
commutativity may be written in the form

I R A
Denote by f(—y(£) the combination

Elgbe g - Eug (@—g=n—a+g.
Then

& [feo®]?
isin K. For this product contains # pairs of factors,

ay —0ar

& Er—g

which may be written
EED EE)T

Consider now a general commutator of G. Every operator of G is expres-
sible as some operator in H multiplied by a power of S; so that the most
general commutator is

HSt-H;SP(HSr) (HSE)™' = HStHSTSEHTISTPHT.

It has already been seen that

STES) = £y,
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from which
STEST = fival
also
SiEST = £l
S ST = Eile.
The above results show that the transform of any combination of £s by
S reduces every original subscript by . That is, it changes f(£) into f_.)(£).

The quantity
H(SeHSre)(SEHTIST?)H !

is therefore equal to

HHjoH g Hi' = HH gHjH .
According to the preliminary lemma, this is contained in K and therefore K
is the commutator sub-group.

Returning now to the case d =m, a group of index d under H would be
generated by #—2 operators, thus explaining why £é:7! is in this case con-
tained in the group generated by the other # —2 of the operators &&;71.

This remark now makes the result perfectly general for the case £ =1. The
commutator sub-group for every group of order nm*~! is of index d under H.
In particular, when d=1, i.e., when G contains no other invariant operator
than the identity, the commutator sub-group coincides with H.

The generalization to any value of % offers no essential difficulty. The
reasoning follows along the same lines and in the final result the only change
is the replacement of d by D where D is the greatest common divisor of m
and n/k.

THEOREM V. The commutator sub-group of G is contained in H and is of
index D where D is the greatest common divisor of m and n/k. It is generated by
the n—1 operators

gt (@=2,3,-,n).

VI. SPECIAL CASES

The following special cases seem worthy of mention.
In the simplest case, m =1 and G is cyclic. S;=S; and the relation

(SiSFN==1

reduces to an identity.
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The family of groups G includes the dihedral groups as the special case
n=2.

In the special case #=3, k=1, G is the group of order 3m?, previously
studied by Edington* in his thesis and also by Miller.*

In the special case n=4, k=2, G is of order 4m? and is another of the
families obtained by Edington in his thesis. He defined the group by means
of the relations

Sl‘ = 524 = (5152)2 =1,

The condition (S; S2)2=1 is exactly what (S1.S:¥~1)#=1 reduces to on setting
x=2. It is interesting to note in connection with this family of groups that it
is not necessary to assume the operators S.S;"* commutative. In this par-
ticular case that property follows as a consequence of the defining relations.

Finally, Edington’s groups of order #m"—! mentioned in the introduction
are simply isomorphic with the groups obtained on setting k=1.

* W. E. Edington, these Transactions, vol. 25 (1923), p. 193. G. A. Miller, Proceedings of the
National Academy of Sciences, vol. 13 (1927), p. 24.
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