
ON FINITE-ROWED SYSTEMS OF LINEAR
INEQUALITIES IN INFINITELY MANY

VARIABLES. II*

BY

I. J. SCHOENBERG

1. Introduction. In a previous paper on the same subject f a certain class

of systems of linear inequalities in infinitely many variables were solved and

applications to the theory of completely monotonie functions were derived

from a particular type of such systems which were called Hausdorff systems.

The present paper gives an extension of those results to a similar class of

systems of linear inequalities involving a double sequence of variables (§2).

This extension has already been performed by T. H. Hildebrandt and myself

in the very particular case of completely monotonie double sequences.J

In §4 Hausdorff systems involving a double sequence of variables are

solved and applied to extend the results of F. Hausdorff, S. Bernstein, and

D. V. Widder (see I, §11) to completely monotonie functions of two var-

iables. The results of §3 (minimal solutions, minimal representations of solu-

tions) though not absolutely necessary for the applications made in §5, help

to present them in a more elegant manner.

2. On a certain class of systems of linear inequalities for a double sequence

of variables. Let

(2.1)

flOl     Û02     003  "   '

an     #12     Cli3 •  •

a2i   a22   cz-23 * • B =

boi   bo2   be3

bu   bi2   ¿>is

b2l     ¿22     ¿23

be two given infinite matrices of real numbers. Let

(»i. ¿2, •••,*/)= I «.„.u I . [¿i, ii, ■ ■ ■ , ii] = | bia,ß |    (a, ß ■ 1, 2, • • • ,;').

Throughout this paper we shall suppose that

* Presented to the Society, August 31, 1932; received by the editors August 2, 1932.

11. J. Schoenberg, On finite-rowed systems of linear inequalities in infinitely many variables,

these Transactions, vol. 34, pp. 594-619. In the text this paper will be designated by the symbol I.

% See Theorem 1 of T. H. Hildebrandt and I. J. Schoenberg, On linear functional operations and

the moment problem for a finite interval in one or several dimensions, to appear in the Annals of Mathe-

matics. We shall frequently use the results of §3 of this paper and refer to it by the symbol HS.
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(2.2)

Let

(2.3)   Dt i.*£     =

DihVn
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(il, i2, ■ ■ ■ , if) > 0,   [ii, ii, • • • , if] > 0

(0 g ii < ii < ■ ■ ■ < if, j = 1,2,3,- • •).

Im am,i    ■ ■ • am¡ic

£i»+i öm+i,i ■ • • am+i,k

Çm+k am+k^  '  '  ' #»!+*,*

Vn bn,l       ■  ■  ■ bn.h

Vn+1 bn+l,l   '   -   *  ¿n+l.n
(k, h, m, n = 0, 1, 2, ■ ■ • )

Vn+h    bn+h,l -  -  * bn+h,h

where Di°£m=%m and A¡V = nn.

Let ßmn(m, n = 0, 1, 2, ■ ■ • ) be a double sequence of real variables. Both

expressions

D}(D2hßmn), D2\Dißmn),

in which the operator Df applies to the subscript m and the operator D2h

applies to the subscript n, are linear homogeneous combinations of the

(k+l)(h+l) variables Mm+*<,»+«< (¿' = 0, 1, • • • , k; h' = 0, 1, ■ ■ ■ , h). Writ-
ing out these expressions it is readily found that the coefficients of pm+*',»+»'

in both expressions are equal to the product of the same two cofactors :

d£m+*' dr)n+h

Hence

Dk(D2»ßmn) = D2\Dkßmn) = oí ZV/w

We shall be concerned with the problem of solving the system of linear in-

equalities

(2.4) DkD2hßmn^0       (k,h,m,n = 0,1,2, ■■■).

Without essentially restricting this problem, we shall suppose for con-

venience that

an = bn= 1 (i = 0,1,2, ■■ ■).

As in I, Part II, and in HS, §4, we shall first solve the finite system

(2.5) DikDihßmn^0 (k + mg p;h + ngp)
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involving the (p + 1)2 variables pmn (m, n = 0, 1, • • • , p). From the two

identities (see I, p. 602)

(m + 1, ■ ■ • ,m + k)
T)k T)h..    —_v '_' n*+ir>Ai
L>1 U2 pmn  — - - —     - — L>iT L)2 Pmn

(m + 1, • • • , m + k + 1)

(m, ■ • • , m + k)

+ 7~L7- 0./.L  ^^W.n,
(m + 1, ■ ■ ■ ,m + k + 1)

[n 4- 1, • • • , » + h]
DtD2"pmn = r     ,   t     -' ,   f   , \ -, 0W+V-.[n + 1, ••-,«+ h + 1J

In, • ■ • , n + h]
+ -TTT-    .._A.ii Df z?2V-n+1

[n + 1, • ■ • , n + h + 1\

and (2.2) it follows that (2.5) is equivalent to its partial system

(2.6) Dip-mD?-npmn è 0 (m,n = 0,1,- ■■ ,p),

which we shall now solve.

Let us define two new operators

- 'S*_(m, r + 1, • • • , m + k)
Ol  ím  —     ¿_, . kr,

r=o (r + 1, ■ ■ • , m + k)(r, ■ ■ ■ , m + k)

£* [n,s+l,--- ,n+h]
02hr)n =   ___ 7——-—777-TTi11'-

,_o  [s + 1, •••,«+ h\ [s, •••,»+ h\

From the fact that the two linear transformations 1(7.4) and 1(7.6) are in-

verse to each other, it follows that the two linear transformations

(2.7) l„ m Df-«Çn,     £m = Oi*-»£m (m = 0,\,- ■ ■ ,p)

are inverse to each other and also that the same thing is true for the trans-

formations

(2.8) f,n = ATn>7», Vn = 02»-"7Jn (n = 0,1,- ■ ■ ,p).

Let us now consider the linear transformation

(2.9) Ppmn = Ki*-mLY-»AW (m,n = 0,1,- ■■ ,p).

From (2.7) and (2.8) we derive successively

oí"""/»™  = Of-mPpmn   and   Pmn   = 0^-^Olp-mpvmn.

Hence

(2.10) Pmn=Oip-m02p-»ppmn (w, W =  0,  1, •  ■   ■  , p)

is the linear transformation inverse to (2.9): The system (2.10) gives, for

pVmn è 0, the most general solution of (2.6) and hence of (2.5).
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The explicit form of (2.10) is

A        (m,r+l,--- ,p)_[n, s + 1, • ■ • , p]
ßmn   —     2—1    , s ,       ,     . , '  r ir 1 PP" '

r,.-o(r, •• ■ ,p)(r+ 1, ■■■ ,p)  [s,---,p][s+í,-- -,p]

Introducing the quantities

(0, r + 1, • • • , p) [0,s+l,---,p]

{        ]    P" ~ (r,- ■ ■ ,P)(r + 1,- ■ ■ ,p)   [s,- ■ ■ ,p][s + I,- ■ ■ ,P}PP"

we get

*   (m,r + l,---,p)  [«,5 + 1, ••-,/>] x

,!Zo(0,r+l, ••-,#)   [0,5+1, •••,/»]
pr«

which we write

(2.12) ßmn =    EC»»nA«J>kí>« (W, « = 0,  1, •  •  • , /»),
r,«=0

where

_ O», r + 1, • • • , j>) [w, 5 + 1, • • • , p]

(0, r + 1, • • • , p) [0, s + 1, • • • , p]

(m, r, n, s = 0, 1, • • • , p; cmpp = (m)/(0) = 1; dnpp = [n]/[0] = 1).

Let

(2.14) xpr = cirP, yP. = dUp (r, s = 0,1, • • ■ , p).

As in I, §8, let u =P%1(x) (p ^ m) denote the polygonal line in the plane (x, m)>

joining the points (xPT,cmrp) (r = 0,1, • • ■ ,p); similarly let v-Qnp)(y) (p^n)

he the polygonal line in the plane (y, v), joining the points (yp„ dn.P) (s = 0,

1, • • ■ , P)-
It has been proved in I, §8, that

(2.15) lim PnW (x) = <bm(x),   lim Q¿» (y) = My) (m,n = 0,1,2, ■■ ■)

hold uniformly in x and y respectively, in the interval (0, 1); moreover

<pm(x) and ib„(y) are the sequences of functions associated with the matrices

A and B by Theorem 8.1 of I. It is shown there that the 4>m(x) are continuous,

non-decreasing, convex, and

<t>0(x) = 1, (¡>i(x) = x, c6„+i(0) = 0, <t>n(l) = 1 (0 Ú x Ú 1; n = 0, 1, 2, • • • ).

The y^niy) have the same properties.



456 I. J. SCHOENBERG [April

From Theorem 8.1 of I we know that the most general solutions of the

two systems of linear inequalities

(2.16)    Dttm _. 0    (k, m = 0, 1, 2, • • • ),    D2hVn = 0    (h, n = 0, 1, 2, ■ • • )

are given respectively by

ím =    I    4>m(x)dxi(x) (m = 0, 1, 2, • ■ • ),
J 0

(2.17)

Vn =   f  tn(y)dXi(y) (n = 0, 1, 2, • • • ),
J 0

where xi(*) and Xz(y) are monotonie in (0, 1). The same theorem says that

the monotonie function xi(x) is essentially uniquely defined by the first set

of equations (2.17) if and only if every function f(x) which is continuous on

(0, 1) can be uniformly approximated as close as we want by linear combina-

tions of functions of the sequence {<t>m(x)}. A sequence of continuous func-

tions {<pm(x)} with this property shall be called a base of continuous functions

on (0, 1). The same definition will be used for functions of several variables.

For convenience we introduce the following

Definition 2.1. The first system (2.16) shall be called a determining system

if and only if the corresponding sequence {<pm(x)} is a base of continuous func-

tions on (0, 1). Otherwise it shall be called a non-determining system.

The following theorem is readily proved.

Theorem 2.1. (1) If the solutions of the systems (2.16), as given by Theorem

8.1 of I, are (2.17), then the most general solution of the system

(2.18) DfD2hpmn = 0 (k, h,m,n = 0,1,2,- ■ ■)

may be expressed in the form

(2.19) pmn = <bm(x)Pn(y)dxdyX(x, y)    (m, n = 0, 1, 2, • • • )
J o   Jo

with x(x, y) monotonie in the sense of Hardy and Krause (see HS, §3), and

conversely, (2.19) always represents a solution of (2.18).

(2) A necessary and sufficient condition that the function x(x, y) be uniquely

defined by the set (2.19) and the additional conditions

(2 20)    X(°' 0) = X(*' 0) = X(°' y) = °' X(*' y) = X(* + °' y + 0)'
for 0 < * ig 1, 0 < y sá 1,

is that both systems (2.16) shall be determining systems, in which case also (2.18)

shall be called a determining system.
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Let ßmn(m, n = 0, 1, 2, • • • ) be a solution of (2.18). Then (2.5) holds for

every value of p and therefore also all the consequences derived therefrom.

Let us define in the unit-square U (OsSzgl, Ogygl) a step-function

Xp(x, y) as follows:

(a) Xp(x, 0) = Xp(0, y) = 0;

(b) Xp(xpr + 0, yp, + 0) - xP(xPr + 0, yp, - 0) - xP(xPr - 0, yp. + 0)

+ Xp(xpr - 0, yp, - 0) = \PT,    (r, s = 0, 1, ■ ■ ■ , p);*

(c) Xp{x, y) is constant in each of the rectangles

xpr < x < xp,r+i, yP, < y < yP.,+i,

and also on each of the line segments

xpr < x < xp,T+i, y = 1; x = 1, yp, < y < yP.,+i;

moreover Xp(x, y)=Xp(x+0, y+0) for 0<xgl,0<ygl.

From (2.11), (2.9), (2.6) and (2.12) (for w=» = 0) we conclude that

p
(2.21) Xpr. ̂  0    (r, 5 = 0, 1, • ■ • ,p),      EXp« = moo,

r,«—0

which shows that {xp(x, y)} is a sequence of uniformly bounded monotonie

functions in U. On the other hand, from (2.12) we derive for ^max (m, n)

ßmn = ¿P«« (xpr)Q£rt (yP.)\pr. = (    f Priv) (*)Ö»(*> (y)dxdvxP(x, y)
r ,»-0 J 0     J 0

=      j I       4>m(x)^n(y)dxdyXp(x,  y)   + epmn,
Jo   Jo

where e„mn—>0 as p—»°°, on account of the uniform convergence in (2.15)

and the uniform boundedness of the Xp(x, y). From a theoremt of J. Radon,

we know that there is a subsequence x« of xP converging in U to a monotonie

function x- From the same lemma and our last relation we derive (2.19) as

P = q—>°°.
* Xp(l+0, yr.±0) means xp(l, y»M±0); x„(0—0, y^. + O) means xp(0, yP,±0), etc.

t This theorem, which is an extension to functions of two variables of a well known theorem of

Helly, says: If {xp(x, y)\ *s a sequence of functions which are uniformly bounded and uniformly of

bounded variation in U, then there is a subsequence {xt(x, y)} converging everywhere in U to a

function x(x, y) of bounded variation in U. Moreover, for every f(x, y) continuous in U

lim      I      I   /(*, y)dxdvXl(x, y) =    I      I   f(x, y)dxdvX(x, y).
Q->*       J 0     J 0 J 0     J 0

J. Radon, Sitzungsberichte der Wiener Akademie, vol. 122 Ha (1913), pp. 1337-1342, and vol. 128

Ha (1919), pp. 1092-1094, proved this theorem in a slightly weaker form, which, however, would

also suffice for our purpose. For the present statement see HS, §3, Lemma 1.
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Conversely, let x in (2.19) be a monotonie function. We have to show

that (2.19) represents a solution of (2.18). Indeed

DikD2»pmn = f     f  DtD2h<bm(x)Pn(y)dxdvx(x, y)
Jo   Jo

= f   f  [Di^.(*)][z?ïV-(y)]d^.x(*, y) = o,
Jo   Jo

since Dfcpm(x) ^0, D2h-pn(y) i_0, for any x and y on (0, 1).

The second part of Theorem 2.1 follows readily from an extension to two

variables of a theorem of F. Riesz.* From this theorem it follows that x(%, y)

is uniquely defined by (2.19) and (2.20) if and only if {<pm(x)\hn(y)} is a base

of continuous functions in U. However, it is readily shown that {(pm(x)}f/„(y)}

is a base of continuous functions in U if and only if both sequences {<pm(x)}

and {ibn(y)} are such bases in (0, 1). For if both sequences {<pm(x)},

{xl/n(y)} are bases, then every polynomial P(x, y) can be uniformly approxi-

mated by expressions of the form 2-»,„ ymn<pm(x)^/n(y), hence also any con-

tinuous/(a;, y). Conversely, if this is true for any f(x, y), then in particular

for any continuous/(x) we have

/(*)   =     Jlymn4>m(x)^n(y)  + p(x,  y)       ( \ p \   <   f)

throughout U. An integration over (0,1) with respect to y shows that {<pm(x)}

is a base in (0, 1). This completes the proof of Theorem 2.1.

3. Minimal solutions. We have so far solved completely the following

three systems of linear inequalities :

(3.1) £>*U-.0 (k,m = 0, 1, 2, • • • ),

(3.2) D2\n = 0 (h,n = 0,1,2,-■■),

(3.3) D?D2hpmn = 0 (k, h, m, n = 0, 1, 2, • • • ),

and their most general solutions were found to be

* See F. Riesz, loc. cit. in I, §1. The extended theorem says: If ¡bnn(x, y) {m, « = 0, 1, 2, • • • ) is

a double sequence of continuous functions in U, then a function x(x, y) monotonie in U is uniquely

denned by the set of equations

C.« = <t>mn(x, y)dxdvX(x, y) (m, n = 0, 1, 2, • • • )
Jo   Jo

and the conditions (2.20), if and only if {<¡¡mn(x, y)} is a base of continuous functions in U. There

seems to be no proof of this theorem in the literature. However, the proof for the case of one variable

given by W. Seidel, Annals of Mathematics, (2), vol. 32 (1931),pp. 777-784, can be extended immedi-

ately to prove the theorem just stated, if one applies Lemma 1 of HS, §3. The same theorem may

also be derived from general results concerning linear metric spaces. See I. J. Schoenberg and W. Sei-

del, On linear operations in linear metric spaces, to appear in these Transactions.
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(3.10 e

(3.2')

(3.30 ß

(x(x, y) satisfies (2.20)),

respectively, where xi(x), xÁy) and xfo i) are monotonie.

If £m is a solution of (3.1), then also £m+(0)m7 (y>0) is such a solution.*

We shall need the following

Definition 3.1. A solution £m of (3.1) is called a minimal solution^ if there

is no other solution £m of (3.1) and a constant y >0 such that

tm^ti +(0)my (w = 0, 1, 2, •••).

We prove now

Theorem 3.1. Let (3.1) be a determining system.% Its solution £m given by

(3.1') is a minimal solution if and only if the monotonie function XiO*0 is con-

tinuous at x = 0.

The condition xi(0) =Xi(+0) is necessary for £m to be a minimal solution

of (3.1). For let us suppose that 0 = xi(0) <xi(+0), and let us define the

function xio(x) =Xi(x) + (0)xxi(+0) which is continuous at the origin. Then

U =  f <bmdxi(x) = f  <bm(x)dXio(x) + (0)-x(+ 0)
Jo J o

shows that £m is no minimal solution of (3.1).

* We define (0)" = 0 for m>0, (0)°=1. Note that 0m(O) = (O)m, 0„(O) = (O)".

t Hausdorff has already called attention to the distinction between minimal and non-minimal

completely monotonie sequences. The name minimal is due to D. V. Widder, these Transactions,

vol. 33 (1931), p. 880.
Î That the condition of this theorem is not always sufficient to insure that %m is a minimal solu-

tion of a non-determining system is shown by the following example. Let (3.1) be a non-determining

Hausdorff system of the type considered in Theorem 10.2 of I. Let ao=0, hence ioo = coi=co2=

• ■ • =1. Take x\(x) — x for Oá^gcn, x\(x) — c\\ for cuá*ál. This function is continuous through-

out (0, 1). However, the solution given by (3.1') is readily found to be So=cii/2-f-cn/2, íi=c¡ii/2,

Í2=¿3= ■ • • =0 and this is a non-minimal solution since cn>0, and cn/2, cuV2, 0, 0, 0, • • • is the

solution of (3.1) given by Theorem 10.2 of I, for t=mo=M2 = M3= ■ ■ ■ =0, mi = ch/2.

=   f   <t>m(x)dXi(x) (m = 0, 1, 2, • • • )
J o

(Xi(0) = 0, xi(x) = xi(* + 0) for 0 < x < 1),

=  f   Uy)dXi(y) (n = 0,1,2, ■■■)
J o

(x2(0) = 0, xi(y) = xi(y + 0) for 0 < y < 1),

=  (    (  4>m(x)^n(y)dxdyX(x, y)    (m, n = 0, 1, 2, • • ■ )
Jo   Jo
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To show the sufficiency of our condition let us prove that

U =  f  <bm(x)dxi(x) with xi(0) = xi(+ 0)
Jo

is a minimal solution. Indeed, if £m were not a minimal solution, then we

should have

f  <t>mdXi(x) =   (   <t>mdXi(x) + (0)ra7
J o Jo

with xi monotonie, xi(0) = 0, and7 > 0. The function xu(x) =Xi(x) + [l — (0) x]y

is monotonie and

f  <t>mdXi(x) =  f  <pmdxn(x) (m = 0, 1, 2, ■ ■ ■ )
J 0 •'0

which is impossible, since (3.1) is a determining system, while

0 = xi(0) = xn(0) = xi(+ 0) < xn(+ 0) = xi(+ 0) + y.

For a more thorough investigation of the solutions of the system (3.3) we

shall need the following

Lemma 3.1. Let x(x, y) be monotonie in U and satisfy the conditions (2.20). If

we define a new function xo(x, y) as follows:

(3 4) Xo(*' y) = X(*' y) f°r ° < * - *' ° < y - 1; X0(°' 0) = X(+ °' + °);

Xo(x, 0) = x(x, + 0) for 0 < * = 1; Xo(0, y) = X(+ 0, y) forO < x = 1;

then the solution (3.3') of (3.3) may be written in the form

Pmn =    I I       <t>m(x)in(y)dxdvX(x, y)
Jo   Jo

=  |      I    <t>m(x)4>n(y)dxdvxo(x, y)
J o    J 0

+ (0)» f ' <pn(x)dxo(x, 0)
J 0

+ (0)m f +u(y)dxo(0, y) + (0)-+»xo(0, 0).
J 0

This follows readily from the definition of the double Stieltjes integral.

We know that pmn is the limit of the following expression (see HS, §3; here

we take £¿,- = £,-, r¡i} = if/, with £0 = Vo = 0)

(3.5)
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p-l   3-1

E E*™(í¿)'/'n('7í)A(x; Xi+i, y1+i, xit y,)*
i=0 j=0

p-l  «-1

= E E*m(£í)ir-»0?í)A(xo; *i+ii y/+i, *.-, y/)

p-l

+ (0)" Z>»(fc)[xo(**u, 0) - xo(*i, 0)]
i-0

+ (0)- Z^(uy)[xo(0, y/+i)-Xo(0, y/)] + (0)-+»xa(0, 0),
í-o

as p—»oo, c—>oo, and all subintervals tend to zero. The last identity follows

from (3.4). Passing to the limit, it goes over into (3.5) which is thus proved.

Lemma 3.2. If ßmn is a solution of (3.3) then also

(3.6) fU, - ßmn + (0) »{„, + (0) -t?» + (0) -+"7,

wÄere £m and rjn are solutions of (3.1) and (3.2) respectively, and 7^0, is a solu-

tion of (3.3).

Let

Xi(+0) =0,7i^0),

X2(+0)=  0,72^0).

With Xo(x, y) defined by (3.4), we define two new functions

(3.9) xo(x, y) = xo(x, y) + xi(x) + x»(y) + 7i + 72 + y

and

(3.10) x(x, y) = xo(x, y),    x(x, 0) = x(0, y) = x(0, 0) = 0,

for 0 < * á 1, 0 < y á 1.

Then x{x, y) is a monotonie function of which the corresponding function

given by (3.4) is precisely xo(x, y). From (3.6), (3.5), (3.7) and (3.8) we then

derive

* We write x(«w,W+i) - x(*.+i,y,) - x(xi,y¡+i) + x(xi,y,) = A(x;*Mi»-ti,*t>?/).

(3.7) £„=        4>m(x)dXi(x) + (0)-7i    (xi(0) =
J o

(3.8) „„ = f ^»(y)dx2(y) + (0)"72    (xt(0) =
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Pmn =  I      I    <t>mPndxdvxo(x, y) + (0)" I    cf>mdxo(*, 0)
J o   J o Jo

+ (0)m f  *ndxo(0, y) + (0)m+»xo(0, 0)
J 0

=   I      I    <t>m(x)pn(y)dxdyx(x, y).
Jo   Jo

Hence pmn is a solution of (3.3).

Our last lemma justifies the following

Definition 3.2. A solution fimn of (3.3) is called a minimal solution if there

is no other solution pmn of (3.3), as well as two solutions £m and r\n of (3.1) and

(3.2), and a constant y 2^0, with £o+?7o+7>0, such that (3.6) shall hold for

m, w = 0,1, 2, • • • .

A first criterion for minimal solutions of (3.3) is given by

Lemma 3.3. A solution pmn of the determining system (3.3) is a minimal

solution if and only if both sequences pmü and p0n are minimal solutions of the

corresponding systems (3.1) and (3.2), in which case pmn is, for any fixed value

of n, a minimal solution of (3.1), and similarly, for any fixed value of m, a

minimal solution of (3.2).

If pmn of (3.5) is a minimal solution of (3.3), then necessarily

(3.11) Xo(x, 0) =■ xo(0, y) m xo(0, 0) = 0,

otherwise the representation (3.5) would contradict the assumption that

pmn is minimal. We therefore have x(x, y)=Xo(x, y). Integrating by parts*

we get

PmO I   4>m(x)dxdvx(x, y) =  I    4>m(x)dx(x, 1),
J o   J o Jo

which shows that pno is a minimal solution of the determining system (3.1)

because x(+0, l)=xo(0, l)=x(°> 1)=0 (Theorem 3.1). A similar proof shows

that pon is a minimal solution of (3.2).

Suppose now that pmn is not a minimal solution of (3.3). Then

Pmn  = Pmn +  (0)»£, +  (0) mVn +  (0)m+"7,

with $o+'?o+7>0. One of the quantities £0+7, rço+7 is >0. Suppose that

r7o+7>0. For « = 0 we derive

See E. W. Hobson, Functions of a Real Variable, vol. 1, 3d edition, 1927, §448.
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ßmO  =  Atm'o + U+  (0)m(»70 + 7),

and hence ßm0 is no minimal solution of (3.1).

Suppose again that ßmn is a minimal solution of (3.3). Writing

we get

I   4>n(y)dJvx(x, y),
0  J 0

ßmn =  I      I     <t>m(x)^n(y)dxdvx(x, y) =  I      I    tf>m(s)¿xdvx(*, y)
J 0    J 0 J 0    J o

-í

J 0

il

<k»(*)¿*x(*, i),
o

while

/►   x     /» 1 /»l

I   >Pn(y)dxdvx(x, y) =      ir\.(y)dvx(*, y)
0     •/ 0 •'O

is obviously continuous at íc = 0. We conclude again from Theorem 3.1 that

ßmn is a minimal solution of (3.1), for « fixed.

From this lemma we derive the following

Theorem 3.2. The solution (3.3') of the determining system (3.3) is a mini-

mal solution of this system if and only if x(x, y) is continuous as a function of

(x, y) along the two sides of the unit-square U which meet at the origin.

For convenience, we denote by L those two sides of U. If ßmn is a minimal

solution of (3.3), then (3.11) holds and this obviously implies the continuity

of x(x, y) along L.

Conversely, if x(x, y) is continuous along L, then

jumo =  I      (   4>m(x)dxdvx(x, y) =  I    <t>m(x)dxx(x, 1)
J 0   J 0 J 0

is a minimal solution of the determining system (3.1), since x(+0, 1)=0

(Theorem 3.1). Similarly ß0n is a minimal solution of (3.2). It therefore follows

from Lemma 3.3 that ßmn is a minimal solution of (3.3) and the theorem is

proved.

Of importance is the following

Lemma 3.4. Every solution ßmn of the determining system (3.3) may be ex-

pressed in the form

(3.12) ßmn   =  ßmn +   (0) »{B +   (0) m7?„ +   (0) "+"7,

where flmn, ¡-m, Vn are minimal solutions of the systems (3.3), (3.1), (3.2), and

7^0. This representation is unique and shall be called the minimal representa-

tion of the solution ßmn of the system (3.3).
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Let our solution pmn be given in the form (3.5). Introducing the new func-

tion

(3.13) xoo(s, y) = xo(x, y) - xo(x, 0) - xo(0, y) + xo(0, 0),

from (3.5) we derive

Pmn  =    I I      4>m(x)pn(y)dxdvXOo(x, v)
J o    J 0

(3.14)

+ (0)" f   <bm(x)dXo(x, 0) + (0)-» f   *n(y)dxo(0, y) + (0)»+»xo(0, 0).
J 0 J 0

77!¿s ¿5 a representation of the type (3.12). Indeed, Xo(x, 0) and Xo(0, y) are

both continuous at the origin and xo(0, 0)=0. Moreover, the function

Xoo(#, y) defined by (3.13) is readily found to be continuous along L and van-

ishing on L. From Theorems 3.1 and 3.2 we infer the truth of our last state-

ment.

To prove the uniqueness of (3.12), let

Mm»  = ßmn + (0)"|m +  (0) mr,n + (0) m+"7

= pL+ (0)»ti + (0)^ + (0)-»+V

be two representations of the type (3.12). For any particular value of «>0,

we get

(3.16) pmn = ßmn (m = 1,2,3, ■■ ■).

Since ßmn, p (m = 0,1, 2, ■ • • ) are both minimal solutions of (3.1) (Lemma

3.3), (3.16) must hold also for m = 0. A similar argument applied to the sub-

script n, shows that (3.16) holds whenever m+n>0. Then necessarily

Moo = Äioo, since both pmn and ßmn are minimal solutions of (3.3). From (3.15)

we now derive

(0)»{, + (O)",« + (0)-+»7 = (0)ním' + (O)-V + (0)™+V,

from which, for n = 0, m>0, we get £m = £m', which holds also for m = 0.

Similarly vn = »;„', and finally for m = n = 0, we obtain 7=7'.

A consequence is the following

Theorem 3.3. Every solution pmn of the determining system (3.3) may be

represented as follows:

Pmn  =      I j      <i>m(x)4'n(y)dxdvXoo(x, y)
Jo   Jo

(3.17) +(0)»J 4>m(x)dXi(x) + (0)-» J Pn(y)dX2(y) + (0)m+ny

(», » - 0,1, 2, • • • ; 7 à 0),

where Xoo(*, y), Xi(x), X2OO are monotonie and satisfy the conditions
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(3.19)

Xoo(0, 0) = xoo(z, 0) = xoo(0, y) = 0, xoo(z, y) = Xoo(* + 0, y + 0)

(3.18) for 0< * á 1, 0<y ¿ 1;

Xoo(#, y) *s continuous along L(0 ^ x ^ 1, y = 0; x = 0, 0 ^ y ^ 1);

Xi(0) = xi(+ 0) = 0, xi(x) - xx(* + 0) /or 0 < x < 1,

X2(0) = X2(+ 0) = 0, X2(y) = Xi(y + 0) for O < y < 1.

This is a minimal representation of the solution ßmn and is unique in the sense

that the three monotonie functions Xoo(^, y), Xi(x), X26O and the constant y are

uniquely defined by (3.17), (3.18), and (3.19). The solution ßmn is minimal if

and only if xi(x) = X26O —7 = 0.

From the minimal representation (3.12) and Theorems 3.1 and 3.2 we im-

mediately derive (3.17). The uniqueness of (3.17) follows from the uniqueness

of a minimal representation (Lemma 3.4) and from the fact that our systems

(3.1), (3.2) and (3.3) are determining systems.

From (3.3') we derive (3.17) by means of (3.4), (3.13) and

(3.20)    xi(*) = Xo(*, 0) - xo(0, 0), X2(y) = xo(0, y) - Xo(0, 0), 7 = Xo(0, 0).

4. Hausdorff systems for double sequences. The system of linear ine-

qualities (3.3) is called a Hausdorff system if both systems (3.1) and (3.2) are

Hausdorff systems, that is to say (see I, §9), when both matrices A and B of

(2.1) are of the Vandermondean type:

(4.1) A =

1 a0

1 ai

1    a2

do'

«12

a 2

.2  .

B

1 bo

1 bi

1    bi

bo2

with

(4.2) a0 < 0i < a2 < • • • ,  ôo < £>i < £>2 <

We shall invariably suppose that

(4.3)

+«°       1 +"1

E-- + «.   Er= + «>,ar b.

whenever a—»+°o, or b—>+oo, and discuss the following three further pos-

sibilities :

(4.4)

(4.5)

(4.6)

lim aT = + 00,      lim br = + °°,
r—»+00 r—»+00

lim aT = a, lim br = ß
f-»+oo r—>+»

lim  aT = a, lim br = + °°
r-»+oo r—»-{-«

(o,/J< + oo),

(a < + 00).
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As we know from I, §§9-10, only the case (4.4) leads to a determining system

(3.3). Moreover, in this case

(4.7) <t>m(x)  =  x(o"-a«)/(oi~a»>,   Pn(y)  —  yC&»-»,)/(»t-*i>.

According to Theorem 3.3, a minimal solution of the system (3.3) (with

(4.1), (4.2), (4.3), and (4.4)) is given by

Pmn=  I      I    xta">-"¿i<at-a¿y«'»-b°)lv>>-b')dxdvxoo(x, y),

Jo   Jo

where xoo(#, y) satisfies the conditions (3.18). Writing

xoo(xa'--a',yb>-b') = x(x, y),

we get

(4.8) Mm» =  f     f   x*"-<»yb»-b°dxdyx(x, y)      (m, « = 0, 1, 2, • • • ),
«/ o    J 0

where x(x, y) satisfies the conditions (3.18) and is uniquely defined by (4.8)

and (3.18).

Let us define on U—L the function

(4.9) u(x, y) =  f     f   x-a'y-b'dxdvx(x, y)      (0 < x g 1, 0 < y = 1).
J x    J y

Then, since x(x, y) is continuous along L,

pmn = lim xam~a*ybn~b'dxdyx(x, y) = lim xamybndxdy03(x, y)

and hence

(4.10) pmn=  f     f x^yb-dj^(x, y)    (m, n = 0, 1, 2, • • • ),
J o   «Jo

where the integrals are improper and converge in the sense that lim^o J\j\

exists.

Conversely let ü(x, y) be a function defined on U—L, with the properties

«(*, 1) = w(l, y) = 0 for 0 < x g 1, 0 < y = 1;

¿(*'( y) ^ ¿(s", y), ¿(s, y') = û(x, y"),

(4.11) A(¿; *", y", x', y') = «(*", /') - «(*", y') - cô(x', y")

+ «(«', y') = 0,

for 0 < xf < x" á 1, 0 < y' < y" ^ 1, 0 < * á 1, 0 < y = 1,
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and such that in the sense that lim« ~oflfl exists,

(4.12) ßm„=  i      I    x°™yh»dxd¿>(x, y) (m, n = 0, 1, 2, ■ • • ).
./o   Jo

Let

I    a^Msd,,^*, y) in [7,
o   •/ o

from which we derive

(4.14) ¿>(x, y) =   I       I    ar°<>;r!">dI(iI/x(z, y) in ¡7 - Z,,

and

(4.15) ßmn =   I      I    xa»-a»yb"-!,»¿IáI,x(^, y)    (m, m = 0, 1, 2, • • • ).
•/O      Jo

From (4.8), (4.15), and a theorem* of C. A. Fischer it follows that

x(x, y) = x(x, y)

in all the points of U, except possibly for a set of points lying on two denumer-

able sets of vertical and horizontal line segments

Vi'.     x = ti,0^ySl    (0<|,<1; <-1,2,3, •■•).
(4.16)

Hf'.     y = ij,,0g *g 1    (0 <m< l;j- 1,2,3,      •).

From (4.9) and (4.14) it follows that

«(*, y) = « (*, y)

in all the points of U—L outside the segments (4.16).

A consequence of these results, of Lemma 3.4, and of Corollary 9.1 of I,

is the following

* The theorem referred to is equivalent to the following statement: If gmJx, y) is a base of con-

tinuous functions in U, and x(*, y), x(x, y) are two functions of bounded variation in U (both

vanishing on L), then

,i

gmn(x, y)ddvx(x, y)

/./.

1    _1

gmn(x, y)dxdvx(x, y) (m, » = 0, 1, 2, • • • ),
//J o   •'o

if and only if x(x, y) =x(x, y) throughout U, except possibly for a set of points contained in two sets

of line segments of the type (4.16). See C. A. Fischer, Annals of Mathematics, (2), vol. 19(1917-18),

pp. 39-40, and HS, §3, Lemma 2.
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Theorem 4.1: Every solution pmn of the determining Hausdorff system (3.3)

derived from the matrices (4.1), whose elements satisfy (4.2), (4.3), and (4.4),

admits the following minimal representation :

Pmn=   \      I   xf^y^dxd^x, y) + (0)B I   x*~dpx(x)
J o   J o Jo

(4.17)

+ (0)m f y">dP2(y) + (0)-+"7       (», n - 0, 1, 2,   • • ; y \> 0),
J o

where co(x, y), defined on U—L, satisfies the conditions (4.11) and

(4.18) w(x, y) = a(x - O, y - 0)   (0 < * < 1, 0 < y < 1),

while pi(x) and p2(y) are monotonie on 0 <x g 1 and 0 <y ^ 1, respectively, with

hW = p2(1) = °>pi(a:) = pi(* - 0)> p-w = p*(y -0)
(4.19)

for 0 < x < 1, 0 < y < 1.

!TÄe integrals in (4.17) are improper and convergent in the sense that lim,,0 flfl

and lim^o fl respectively exist. The functions u(x, y), pi(x), p2(y) and the con-

stant y are uniquely defined by (4.17) and all their further properties described

above.

Conversely, the double sequence pmn given by (4.17) is always, if p0o< °°, a

solution of (3.3).

We conclude the consideration of this case with the following remark

which will be useful in the next section: The function œ(x, y) is uniquely defined

by the set of equations (4.10) and the condition (4.11) and (4.18), even if we leave

out a finite number of equations of the set (4.10). Let the equations with m<m',

n<n' be left out of the set (4.10). The proof of the uniqueness of u(x, y) is

exactly the same as above, with the only difference that instead of (4.13) we

associate with u¡(x, y) the function

x(x,y)=  I      I    xr->'y-b»'dxdvw(x, y).
Jo   Jo

We consider now the second assumption (4.5). We know from I, §10, that if

we write
la - diV (ß - ¿»A5

(4.20) *, = (-),     y8 = (---) (P,q = 0, 1, 2, • • • ),
\a — do/ \j3 — bo/

then u = (pm(x) is the polygonal line which joins the vertices

(4.20')        ^(—^y) (p = 0,1,2,-■■) and (0, (0)«*),



1933] SYSTEMS OF LINEAR INEQUALITIES 469

and v = ypn(y) is the polygonal line which joins the vertices

(4.20")       [yq,(j^j)S) (? = 0, 1, 2, • • • ) and (0, (0)»).

Let Ap be the slope of <pm(x) on the interval xp+i^x^xp, and similarly Bq

the slope of ^»(y) on the interval yq+i^ygyq.

Let

(4.21) ßmn =  f     f  <f>m(x)My)dxdyXoo(x, y)     (m, « = 0, 1, 2, • • • )
Jo   Jo

be a solution of (3.3), with xoo(#, y) monotonie in U, satisfying the conditions

(3.18). Applying integration by parts in each subrectangle, we obtain

J» 1      /» 1 W-l /. x„      /. if,

I   <¿m(*)if'„(:y)¿IcfI,xoo(*, y) = E^p-5« I      I    xoo(*, y)d«¿y
*N * ?JV P ■ a-o «J *p+1 J »,+,

-   I   xoo(*, l)dtf>m(*) - I   xoo(l, y)«#„(y) + 4>m(xN) I   xoo(*tf, y)dpn(y)
JxN JyN JyN

+ ^n(yjv) I   ^oo(*, yAr)ac>m(x) + xoo(l, 1) - <t>m(xN)xoo(xn, 1)
JxN

— Ín(yN)X00(l, Vif) + (¡>m(XN)^n(yN)Xao(XN, yN) •

As N—><x>, this goes over into

00 r xp   p»<i °° r xp

ßmn=   E^p-5« I I     Xoo(x, y)dxdy —   E ^p I    Xoo(x, l)d»
».«-o        Jxp+i •'Vu p-o     Jxr+i

- 22 B, f "xoo(i, y)áy+ xoo(i, l).
o—o       «/ y.iia—o      •/ y9ti

Let us define in U a step-function x(#, y) as follows :

x(«, y) = 0 on L; x(l, 1) = Xoo(l, 1);

_ 1 rxvr>y<t

x(x, y) =-77- xoo(«, y)dxdy
(xp — xp+i)(yq - yq+i) Jx^ Jyq+1

for xp+i g x < xp, yq+i g y < yq    (p, q = 0, 1, 2, • • - );

1        rxp
x(x, 1) =- I    xoo(z, l)dx for xp+x ̂  x < xp      (p = 0,1,2, ••■ );

Xp Xp+i J Xp^

If«
x(l, y)  =-        xoo(l, y)dy for yq+i g, y < yq      (q = 0, 1, 2, • • • ).

y« — ya+iJy.+i



470 I. J. SCHOENBERG [April

This step-function is immediately found to be monotonie in U and continu-

ous along L. Moreover, from (4.22) we infer that

(4.23) ßmn"  f     \    <t>m(x)Pn(y)dxdyx(x,y)      (m,n = 0, 1, 2, ■■ ■).
J 0     J 0

If we write

Xp8 = x(xP + 0, yq + 0) - x(xp + 0, yq - 0) - x(xp - 0, yq + 0)

+ x(xP - 0, y„ - 0),

then from (4.23), (4.20'), (4.20") and the fact that x(x, y) is continuous along

L, we derive

p,í=o  \a — a0/ \ß — bo/
Pmn

V

with

X„8 = (a - a0)p(ß - bo)"\pq

we finally obtain

00 00

(4.24) pnn =   £ XX*(« - am)p(ß - ¿>«)5   (w, n = 0, 1, 2, • • • ).
p—0  1=0

We now immediately obtain the following

Theorem 4.2. Every solution pmn of the non-determining Hausdorff system

(3.3), derived from the matrices (4.1) whose elements satisfy the conditions (4.2),

(4.3), and (4.5), admits the following minimal representation:

CO CO CO

Pmn  =     2  IX«(«  -  O"03  -  J»)« +  (0)" !>*(«  -   O"
j)=0 ï-0 j>=0

(4.25) +(0)-2ff,((8-i„)-«+(0)-+-y
1=0

(*», » = 0, 1, 2, • ■ « ; Xps = 0,pP = 0,aq = 0,y = 0).

The non-negative coefficients \pa, pp, aa and y are all uniquely defined by the set of

equations (4.25).

Conversely, the double sequence pmn given by (4.25) is always, if poo< °°, a,

solution of (3.3).
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Indeed, let pmn be a solution of (3.3). From (3.3'), Lemma (3.1), and

(3.13) we have

Pmn   =      I I       <Pm(x)Xn(y)dxdyXOo(x,  f)
Jo   Jo

(4.26) +(0)"J   <Pm(x)dXo(x, 0)

+ (0)m f  Uy)dXo(0, y) + (0)-+"xoo(0, 0),
J 0

where, as we know, xoo(#, y) is continuous along L, and xo(x, 0), xo(0, y) are

continuous at the origin.

From (4.24) and Theorem 10.1 of I, we obtain

Pmn   = <t>mPndxdvX00
Jo   Jo

CO CO

=   Z 2X«(« - am)p(ß - bn)",
j,=0  a=0

km   =     I        4>m(x)dxo(x, 0)   =     2Pp(«  -   O",
J 0 j>=0

r1
In   = Wy)<*Xo(0,  y)   =     Y.O-ttf  -   bn)',

J 0 8=0

which are, as is easily seen, minimal solutions of (3.3), (3.1) and (3.2) re-

spectively. With xo(0, 0) =7, (4.26) goes over into (4.25). The uniqueness of

the coefficients \pq, pp, aq follows from known properties of power series.

We pass now to the last assumption (4.6). In this case <pm(x) is again the

polygonal line joining the points (4.20'), while

(4.27) ■PnO) = y«'»-6«"«'!-6.).

Let again

(4.28) ßmn=    I I      4>m(x)pn(y)dxdyXoo(x, f)     (ft*, » - 0, 1, 2, • • • )
«/ o    Jo

be a solution of (3.3), where the monotonie function Xoo(#, y) has the proper-

ties (3.18).

From a theorem of Fréchet* we obtain

* M. Fréchet, Nouvelles Annales de Mathématiques, (4), vol. 10 (1910), p. 253.
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(4.29) ßmn =   I     4'n(y)dy J    <t>m(x)dxxoo(x, y).
Jo Jo

Let us define in U a new function x(#, >') as follows:

x(0, y) = xoo(0, y) = 0,    5(1, y) = Xoo(l, y) for 0 g y á 1;

1 rxp
x(x, y) = —- I      xoo(z, y)¿« for Sp+i ^ i < *„ 0 ^ y ¿ 1

#P —   *P+1 J zp+l . .

(p = 0,1,2, ■■ • ).

This function x(x, y) is also monotonie in U, and from I, §10, we know that

I    <}>m(x)dxXoo(x, y) =  I    t6m(x)¿*x(*, y)
Jo Jo

"    /ct-om\'-
= E    -)  Xp(y) for Ogygl,

p_o \a — do/

(4.30)

where the

K(y) = x(*j> + 0, y) - x(xP - 0, y)

are also monotonie functions which are continuous at y = 0.

From (4.29), (4.30), and (4.27) we derive

ßmn   =     E   (- Ín(y)d\p(y)
p_o \a — ao/   J o

"   (a- am\P  r1
=   E(-) y<»m'lb>r*¿d\p(y),

p_o \a — do/   J o

and if we write

Xp(y) = (a - ao)-'\p(yb>-»°),

this becomes

(4.31) ßmn =  ¿(a - Op f   yh»-h*d\p(y).
p-0 •/ 0

In this last form we easily recognize that /zm„ is a minimal solution of the sys-

tem (3.3). Introducing the monotonie functions

*p(y) = - f   y-"°d\P(y)   (0 < y g 1; p - 0,1, 2, • • • ),

(4.31) becomes

r1Mm» =  E(a - O' I    ybndùip(y).
j>_0 J 0

Just as above we immediately derive the following
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Theorem 4.3. Every solution pmn of the non-determining Hausdorff system

(3.3), derived from the matrices (4.1) whose elements satisfy the conditions (4.2),

(4.3), and (4.6), admits the following minimal representation:

Pmn =  Z(« - Op      ybnduP(y)

J>=0 oo °

(4.32) + (0)» Xpp(« - Op + (0)™ f   yNMy) + (0)m+»7

(*»,»«0,1, 2, ••• ;p,£0,ya 0),

wÂere all the functions up(y) and a(y) are monotonie for 0 <y ^ 1 and satisfy the

conditions

(4.33) «,(1) = cr(l) = 0, co„(y) = «,(y - 0), <r(y) = a(y - 0) for 0 < y < 1,

while all the integrals are improper and converge in the sense that lime,0 /

exists. The functions cop(y), a(y) and the coefficients pp and y are uniquely

defined by (4.32) and (4.33).
Conversely, the double sequence pmn given by (4.32) and (4.33) is always, if

Poo < + °°, a solution of the system (3.3).

From the results of this section we derive easily the solutions of Hausdorff

systems of a somewhat different kind. Consider the two Vandermondean

matrices

A' =

(4.34)

a_i    a_i

00

Oi

ö-o

at

B' =

1    b-i

1     ¿0

1    h

b-i2

bo2

b}

where am and bn are two increasing sequences for — °o </»<-)-<», —<»<»

< + oo, and satisfying besides (4.3) one of the conditions (4.4), (4.5) or (4.6).

An immediate consequence of Theorems 4.1, 4.2, and 4.3 is the following
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Corollary 4.1. The most general solution of the new type of Hausdorff

system

(4.35) DiDlßmn èO      (*, h = 0, 1, 2, • • • ; m, n - 0, ± 1, ± 2, • • • )

is given by

(4.36) ßmn =  j      I    x^y^dxdy^(x, y),

+00 +00

(4.37) Mm» =   E     E^p?(« - am)p(ß - Í.)' (Xp8 è 0),
p=0        «=0

+00 /» 1

(4.38) ßmn = E(« - «-)*     y6n¿«p(y),
p-0 •/ 0

/or w, w = 0, ±1, ±2, • ■ ■ , these three representations corresponding respec-

tively to the possible assumptions (4.4), (4.5), and (4.6). The functions o¡(x, y),

cop(y) and the coefficients \pt enjoy the properties, in particular the uniqueness

properties, described in Theorems 4.1, 4.2, and 4.3.

5. Completely monotonie functions of two variables. A function f(x) was

said to be completely monotonie in an open interval (see I, §11) if it possessed

derivatives of every order and

(- l)»/(p,(*) è 0 (p = 0,1,2,-■■)

throughout this interval.

Let f(x, y) he defined in an open region R. We shall say that f(x, y) is

completely monotonie in R, if all the partial derivatives oif(x, y) of every order

exist and

d"+"f(x, y)
(5.1) (- Dp+g    3       '       = » (p,q = 0,1,2, ■■■)

dxpdy''

throughout the region R.

Hausdorff, Bernstein, and Widder have characterized the completely

monotonie functions of one variable (see I, §11). In this section we shall deter-

mine all the functions f(x, y) which are completely monotonie in a rectangular

region

(5.2) R(ao,ßo,a,ß):    a0 < x < a, ß0 < y < ß

(—00  gao<ag+cc, — oo  g ßo < ß g + °°).

All possible cases will be taken care of if we consider successively the
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following three regions:

(5.2') ao<x< + °o,     ßo<y < + <*>,

(5.2") ao < x <a, ßa < y < ß (a,ß< + oo),

(5.2'") «o < x < a, ß0 < y < + oo (a < + oo),

where a0 and ß0 are either finite or else = — oo.

Let us first assume that f(x, y) is completely monotonie in the region (5.2').

Consider the Hausdorff system (4.35) derived from the matrices (4.34) whose

elements enjoy, besides (4.3) and (4.4), the further property

(5.3) lim ar = ao,      lim br = /30.
r—»— oo r—»— «

It follows immediately from (5.1) that for any fixed value of x(>aa) and

for p = 0, the function

g(y) = (- Dp(dp/dxp)f(x, y)

is completely monotonie in y for ß0 <y < + oo. Hence

G(x) = D2f(x, bn)

is completely monotonie for a0<x< + <*>, since

(- l)>GM(x) = D2g(bn) ^ 0

(see I, §11, formula (11.3)). For the same reason we have

DkiD2f(am, bn) = Di[Dh2f(am, bn)] = DÎG(o-) = 0

and therefore

(5.4) pmn = f(am, bn)        (m, n = 0, + 1, + 2, • • • )

is a solution of the Hausdorff system (4.35).

From Corollary 4.1 we then derive

/(a», bn) = f     f  £°V"<Wo(£, v)     (tn, n - 0, ± 1, ± 2, • • • )
•/ 0     J 0

where co(£, r¡) has the properties given by Theorem 4.1. From the remark

following Theorem 4.1, we infer that any element of the sequences am, bn may

vary without affecting the function u(^, n), hence

f(x, y) =   f     f   ¥r,yd(dMí, i?) in R(ao, ßo, + «> , + <*>) ■
Jo   Jo

The transformation
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(5.5) £ = eru, -n = e~v', co(e~u, e~v) = t(u, v)

leads to the following

Theorem 5.1. Every function f(x, y) which is completely monotonie in the

region (5.2') admits in this region the following representation:

/»  +00       /*  +00 e-*"-v»dudvT(u, v),
o      Jo

where the function r(u, v) has the following properties:

t(0, 0) = t(u, 0) = r(0, v) = 0, t(u, v) = t(u + 0, v + 0),

t(u', v) g t(u", v), t(u, v') g t(u, v"),

(5.7)
A(t; u", v", u', v') =- r(u", v") - t(u", v') - r(u', v") + t(u', v') ^ 0,

for 0<«< + oo,0<»< + °o,Oá»'<«"< + «>,OáV< »"< + <».

The improper Stieltjes integral (5.6) is absolutely convergent in R(a0, ßo, +00,

+00 ) and the function t(u, v) is uniquely defined by (5.6) and (5.7).

Conversely, every function f(x, y) defined by (5.6) and (5.7) is always, if

finite throughout R, a completely monotonie function in R(a0, ßo, + °°, + 00)-

The properties (5.7) as well as the uniqueness of t(u, v) follow from the

properties (4.11), (4.18), and the uniqueness of co(£, r¡), by means of the

transformation (5.5). The last sentence of the theorem follows from the

relations

dp+qf(x, y)        r^  r +°°
(_ \)p+i-=   I       I      uPvH-x"-sivdudvT(u,v)^0,

dx"dy" Jo    Jo

which are a consequence of (5.6) and where the double integral converges

throughout the region R.

A particular consequence of Theorem 5.1 is that/(x, y) is a real analytic

and regular function of the real variables x and y in R(a0, ßo, + °°, + °° )•

We pass now to the consideration of a function f(x, y) which is completely

monotonie in the region (5.2"). Let the Hausdorff system (4.35) be defined by

two sequences am, bn with the properties (4.3), (4.5), and (5.3). Just as in the

previous case, we conclude that (5.4) is a solution of the system (4.35). Hence

from Corollary 4.1 we derive

+00     +00

f(an, bn) =   E E^P4(« - Op0? - ft«)«     (m, n - 0, ± 1, ± 2, • • •)
p=0  8=0

and since again any of the numbers am or ô„ may vary without affecting the

coefficients \Pq, we derive the following
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Theorem 5.2. Every function f(x, y) which is completely monotonie in the

region (5.2"), admits in this region the following representation:

(5.8) f(x, y) =   Z ¿Xp,(« - x)p(ß - y)«,
p=0  s=0

where \pq}zQ,from which it follows thatf(x, y) may be analytically extended and

is still represented by (5.8) in the region

(5.9) ao < x < 2a - a0, ßo < y < 2ß - ß0.

Conversely, every function f(x, y) defined by (5.8), with \pq^0, is always, if

finite throughout R, a completely monotonie function in R(a0, ßo, oc, ß).

The last remark follows from the relations

dp+°f(x,y) +Z   t^/P'\/°'\
(- Dp+g  /'    = PW- £ £     )    )W(« - *V-»(ß - yV~q = o,

dxpdy* p.=p ,'=î \ p /\ q /

which follows from (5.8) throughout R(a0, ßo, et, ß).

Let us finally consider a function f(x, y) which is completely monotonie in the

region (5.2'"). Let the Hausdorff system (4.35) be defined by two sequences

am, bn with the properties (4.3), (4.6), and (5.3). As in the two previous cases

we derive from Corollary 4.1 the representation

f(x, y) =   £(a - x)p I     r)*duP(in) in R(aa, ßo, a, + oo),
p—o J o

and hence the following

Theorem 5.3. Every function f(x, y) which is completely monotonie in the

region (5.2'") admits in this region the following representation:

(5.10) f(x,y) =   ¿«,(y)(a - x)p,
P-o

where the functions g„(y) are completely monotonie for ß0 <y < + °o. The repre-

sentation (5.10), which is also unique, converges and gives an analytic extension

off(x, y) in the region

(5.11) ao < * < 2a - ao, Po < y < + oo.

Conversely, every function f(x, y) defined by (5.10) with the gp(y) completely

monotonie for ß0<y< + 'x>,is always, if finite throughout R, a completely mono-

tonic function in R(a0, ßo, a, + oo).

The last converse statement follows from the relations
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dp+qf(x  y) +*° ret      / t>'\
(- i)1*'   a    '     = i! E (- D«¿'(y) (    )(« - *)p'~p = o,

which follows from (5.10) throughout the region R(a0, ßo, a, +oo).

On account of the results of this section we may express the results of §4

in the following

Corollary 5.1. (1) The most general solution of the Hausdorff system

(5.12) DkiDhißmn ê 0 (k, h = 0, 1, 2, • • • ;m, n = 0, ± 1, ± 2, • • • ),

defined by the matrices (4.34), whose elements form increasing sequences satis-

fying the conditions (4.3), is given by

(5.13) ßmn=f(am,bn)      (m, » = 0, ± 1, ± 2, • • • ),

where f(x, y) is a function which is completely monotonie in the region

(5.14) lim ar < x <  lim ar,    lim bT < y <  lim bT.
r—»— oo r—»+O0 f—»— oo r—*+oo

The function f(x, y) is uniquely defined.

(2) The most general solution of the Hausdorff system

(5.15) Ä„H (k, h,m,n = 0,1,2, ■■ ■),

defined by the matrices (4.1), whose elements satisfy the conditions (4.2) and

(4.3), is given by

(5.16) Mm» - f(am, bn) + (0)"gi(am) + (0)mg2(bn) + (0)"+"7 (t ^ 0),

where the functions f(x, y), gi(x) and g2(y) are completely monotonie for

(5.17) a0 g x <  lim ar,   bo g y <  lim 6,
f-»+oo r->+«

and are uniquely defined by the relations (5.16).

In the second part of this theorem it is understood that f(x, y) is com-

pletely monotonie in the interior of the region (5.17) and also continuous on

the part of the boundary which belongs to this region.

University of Chicago,
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