CYCLIC FIELDS OF DEGREE EIGHT*

BY
A. ADRIAN ALBERT

1. Introduction. Let F be any non-modular field, C be an algebraic ex-
tension of degree 7 of F. Then C=F(x) is the field of all rational functions
with coefficients in F of a root x of an equation ¢(w) =0 which has coefficients
in F, degree n, and transitive group G for F.

The problem of the construction of all equations of degree #» and group G
is evidently equivalent to the problem of the construction of all correspond-
ing fields C. Moreover the construction of a set of canonical equations ¥/(w)
=0 with the property that every C=F(x) of degree » and group G is equal
to an F(y) defined by a ¥(w) =0 provides a solution of both problems.

One of the most important problems in the algebraic theory of fields is
the construction of all cyclic fields of degree # over F. This is the case where
G consists of the # distinct powers S¢ (=0, 1, - - - , #—1) of a single substi-
tution .S. In this case G is also the group of all automorphisms of C. Moreover
this problem has been reduced to the case n=p¢, p a prime.

Cyclic fields of degree 2, 22 have been constructed.f In the present paper
we shall use purely algebraic methods to construct all cyclic fields of degree
28 =8f over any non-modular field F.

2. General theory of cyclic fields. Let F be any non-modular field and let
C be a cyclic field of degree # over F. Then if

(1) n = Plel'l’z” P P""
where the p; are distinct primes, it is well known that C is the direct product
(2) C=COXCDX...XCW®

of cyclic fields C™ of degree p.* over F. Conversely every direct product (2)
is a cyclic field of degree # over F. It is thus certain that the problem of con-
structing all cyclic fields of degree # over F is equivalent to the corresponding
problem for the case n=p°.

* Presented to the Society, February 25, 1933; received by the editors December 19, 1932.

t Cf. §2.

1 Cyclic fields of degree eight have been considered by F. Mertens in the Wiener Sitzungs-
berichte, vol. 125 (1916), pp. 741-831. But he considered algebraic number fields, used the arithmetic
theory of ideals, and did not give very explicit results. His method is not at all applicable to the case
we are considering (where F is a general field). Moreover I believe the results obtained here are
more explicit and give a more definite construction for C even for the cases considered by Mertens.
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Let then C=C, have degree n=p¢, p a prime. It is well known that we
may define a chain of fields

(3) C.>C,_1>"'>C1>CQ=F,
where C; is cyclic of degree p* over F, cyclic of degree p over C;_,. In fact let

S be the automorphism of C generating its group G of automorphisms. Then
this group of order # is given by

O] G.=(,S,8%---,5"),S"=1.
But if T=S57"" then
(5) H=(U,T,T71%-..-,T7}

is an invariant sub-group of G of index p*~! defining a sub-field C._. of degree
¢! and with Galois group

(6) Gey = ([, a, 62, ceey o-m—-l)’ m = p,_l’

isomorphic with G, but with T=S™ in G corresponding to the identity of
Gor.

We may now consider every C, as a cyclic field of degree p over a cyclic
field C.—; of degree p°—! to obtain some of the properties of C.. But if C, is
cyclic of degree p over C,_; which is cyclic of degree p°—* over F, then it is
not necessarily true that C, is cyclic over F. Thus we shall also require a
consideration of further properties.

We are interested here only in the case p=2. Let C be a cyclic field of
degree n=2¢,¢>1 over F, and let D be its uniquely defined sub-field of degree
m=2¢"1. Then C is a quadratic field over D,

) C =D(x), x> =ain D,
where 1, x are linearly independent with respect to D. The substitution §

generating the cyclic group of C has order # and D consists of all quantities
d of C such that

8) és" =d (m = 2°1),
For convenience of notation we shall write
(9) csk = c(k),

so that ¢(™ =¢ whenever ¢ is in D but not otherwise. Then
[x(m]2 = g(m =g = #2,
and 2(™ = +x. But 2 is not in D. Hence

(10) xm = — g,
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In particular let 2’ =a+Bx where « and 8 are in D. Then (x')2=4a'=a?
+B%+2afx. But a’ is in D so that 2a8=0. If 8=0 then 2’ =« is in D and
(#")*D=x=0a"Visin D, a contradiction. Hence 870, =0 and

(11) x’ = Bz, Bin D.

It is obvious that D(x) =D(bx) for every non-zero b of D. Hence all of
the above properties as well as those we may derive later will hold for any bx
taken as the quantity generating C, a quadratic field over D.

We shall assume first that #=2. Then D =F and, since « is not in D, the
field F(x) =D(x) =C is a quadratic field over F generated by x. Let next

m=2"1=12¢21,

so that »>4. Then D=K(y),y?=a in K, is a quadratic field over the field K
of all quantities & of C such that

B = k.

The field F(x) is a sub-field of C =D(x). But # is not in D= F(x?) =F(a) so
that the degree of F(x) is 2k where % is the degree of F(x%). Hence F(x) =C
if and only if F(a) =D.

Suppose that F(a) <D. Then a is in a proper sub-field of D. But D is
cyclic and its maximal proper sub-field K contains every proper sub-field of
D.Hence a¢isin K, a@ =g, [x@]?=a® =22 Then 2= +x, (™ = [x@]® =,
a contradiction. Hence F(a) =D and we have

THEOREM 1. Let C be a cyclic field of degree n=2m over F, C = D(x) where D
is a cyclic sub-field of C of degree m =21 over F so that x may be chosen so thai

x2=ainD.

Then x' =B-x where B is in D and has the property that x™ = —x. Moreover
this latter property implies that F(x) =C, F(a) =D.

Suppose that xo=bx, b0 in D. Then x,>=b%x2=b% is in D, xo(™ =b(mxm
= —bx= —xo. By Theorem 1, C =F(x) = D(x) = D(x,) = F(bx).

THEOREM 2. Let xo=bx where b0 is in D. Then F(x) =F(x,) =C.

The condition #’ =8-x imposes two restrictions on 3. The first is obviously
x'2=B% x?=(2?)"=a’ =f-q, a necessary and sufficient condition that z’ shall
actually equal 8-x. Next we must have 2™ = —x. But

& = (Bx) = B'Bx, -+, a® = [x;kD] = [r-DRG=D ... gy,
and

a(m = [gim-1gm=2) ... g8y = — x,
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so if we write

Np(B) = gp'8" - - - ™D,
then it follows from x(™ = —x that
(12) Np(B) = — 1.

Conversely let D be cyclic of degree m =21 over F and let a, B satisfy
(12). Then the field D(x) defined by a root x of x*=a is a quadratic field over
D if and only if a is not the square of any quantity of D. But if a=¢? cin D,
then B2=(a’)(a)~'=(c’c™")? so that

(13) B == ()™
But m is even and )
(1) No(8) = (£ D"Np (‘7) — (£ Dm =1,

a contradiction of the'first equation of (12). Hence D(x) has degree n=2m.
Also if we define 2’ =8-x then (12) implies that (™ = —x so that we have
defined a self correspondence of C=D(x)

(15) c+drxe——c +d'x = + d'Bx,

for every ¢ and d of D, ¢+dx of C. This correspondence is evidently preserved
under addition, subtraction, multiplication and division and is an automor-
phism of C if and only if #'2=a’ which is satisfied by (12). Hence (15) is an
automorphism S of C and, since S™ is an automorphism of C in which »
corresponds to —x the order of S is #=2m and C is a cyclic field. Obviously
D is the set of all quantities of C unaltered by S™. By Theorem 1, C =F(x)
and we have proved

THEOREM 3. Let D be cyclic of degree 24~ over F with generating automor-
phism

de——d,

for every d of D. Then D is the unique sub-field of degree m of a cyclic field C of
degree n=2m if and only if there exist quantities 370, a#0 in D, such that

’

(16) g = % No(g) = — 1.

Moreover every solution of (16) defines a cyclic field of degree n over F
@17 C=F(x),s2=ainD x—— 2 =82z,

as generating automorphism, so that D is the set of all quantities d of C such that
dm =d.
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The case m=1, n=2 is trivial so that we shall assume henceforth that
n>2, n=4g=2m. Then (16) implies that

' a” o @

a
2" g ... G-D)2 — e, (Bl~D)2 =
184 P A o » (B70) oG- » (B479) g’

and hence that
(9)

(19) [68’ - - - B—D]2 = .
a

Then if

(20) y = aBp’ - - - B,

equation (19) implies

(21) y? = aa®,

But Dis a quadratic field K(d), d*in K, over a cyclic field K of degree g over
F. Moreover

(22) B =}

for every k of K. Since m=2g, a'™ =a, we have [aa®@ ]@ =g@g so that y?
isin K. Also yy® =aa® [53'- .- B(a—l)][ﬁ(a)- .- B(m—l)] =ag@Np(8) = —aa®
= —9% 9@ = —y and yis not in K. But then y generates D, a quadratic field
over K, and

(23) D =K(y),y*=ain K.

The field D=K(y) is a quadratic field over K which is cyclic of degree g
over F. By Theorem 3 there exist quantities a=%%in K, y=%"y'in K, such
that

’

[+
(24) vP=—) Ne(y) = vy - - vV = —1,
[+

and, by this same theorem, D =F(y). Hence

(25) C = F(x)) 22 =g¢gin D’ D= F(y)’ yz = ain K,
Y
o ' I
(26) v e g - - - pgle—b
We now wish
(27) ﬁ? = .a_, = y’ Bﬁ’ e ﬁ(a_l) _ 2: _B_ .
a ﬁ'ﬂ" e B(a) y y ﬁ(')
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But (27) is equivalent to
yl

(28) — = BB,
y

that is, y =88®.

Conversely, let y¥?=a in K, y?=a'a~!, N (y) = —1, so that, by Theorem
3, K(y) =F(y) is a cyclic field of degree 2g over F. Let also a be defined by
the third equation of (26), and 8 be in D and satisfy

(29) v = BB,
Then
Np(B) = [88’ - - - BU—D][gB - - - BU—D]@ = [gg@][gg@]’ - - . [gB]ts—D
=779V = Ne(y) = — 1.
Also
i= y '36'0"6(”_1):1’.3_:_7_..32:32,
e BB’---pW y @ BRW

as desired. We are now in a position to prove

THEOREM 4. Let n=4g=2¢and let K be g cyclic field of degree g over F with
automorphism ke——k' for every k of K. Then K is the unique sub-field of degree
g of a cyclic field C of degree n over F if and only if there exist quantities a0,
v#0, B, Bz in K satisfying

(30) v =

R|R

» Ng(y) = — 1,y = 82 — Bfa.

Every solution of (30) defines a cyclic field F(x) =C with

Y

(31) y2=a,ﬁ=ﬁ1+ﬂzy,x2=a=m’

and with generating automorphism S given by

(B2) c=atay+(atayz—d =c +civy+ (cf +clvy)Bz,
Jor every ¢y, ¢z, cs, cs of K, ¢ of C, so that

(33) 2’ = Bx,y = vy.

We obviously also will have
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COROLLARY 1. In Theorem 4 the field K is the field of all quantities of C
unaltered by S, the field D =F(y) =K(y) is the field of all quantities of C un-
altered by S™.

For we need only notice in the above that, since 8 is in D, 8=8:+8:y
where 8, and : are in K. We have then merely replaced the condition y =88®
by the equivalent condition y =8,2— ;% of (30).

We shall now obtain some important restrictions which it is possible to
impose on B. Suppose first that n=4, m=2. Then K=F, N (y)=y=—1is
in F, and (30) becomes merely 8,2 —By?a = —1. If ;=0 then 80, a=(8,")?
which is impossible if D is a quadratic field over F. Hence for this case 8,0.

There exists the possibility in the above theorem that 8,3, =0. We shall
be able to restrict 8 so that all fields C are obtained yet 8,8, 0.

By Theorem 2 if b=b,+4bsy, b1b:50, by and b, in K, then xo=bx also gen-
erates F(x) and satisfies

Yo ,
B0 wt = o= Ty % = e 38 = 3 = e
with
14
a
(35) v = a_o’ Ng(v0) = — 1, Bo = Bio + Bao¥o, B10 — Bzocto = 7o.
1]
But
(36) xd = (bx)" = V'Bx = Boxo = Bobx,
bl bl + bl,yy
Bo=—B=——28 = (b + bivy)(br — bay)e
- b by + bay
= [(8 b1 — bf byay) + (b vb1 — B! bs)y]e,
where
(38) e = (b2 — bEa)"'8

is either in K or a multiple of y by a quantity of K according as 8;=0 or
B1=0. But then 0820 =0 if and only if

(39) bz")’bl - b{bz = 0, or b{bl - bg’bza‘)’ = 0.
Suppose first that b."yb,—b,'0,=0. Then since b,b,70,
bib b!'bd b p Lo~
(40) Y = 172 ) ﬂy’ = ! 2 ) ey oy(ﬂ—l) = _l—_z.—
b1bs b{ bg’ b (s=Dpy0)

and
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b bs b{'bJ by(9)ple—1) b9 b,

@O = W) = b 6 b Y

since by =6, and b, =5, are in K, a contradiction. Hence by'vb,—b,"b,0.
We have then proved that if ByB10=0 then 8:16," =bobs'ary. If #=4 then
m=2 and we have already shown that (,#0. Hence P10 and hence
B2=p20=0. But the coefficient of ¥ in By when ¢>0 is in F=K, that is,
B:=0, is Bz0=d(b"yb,—b,'b;) #0 as we have shown. It remains only to con-
sider the case >4, m>2, bib," =arybsd,’.
Let yo=>b:b"'y. Then F(y,) =F(y),

(42) yoyo' = bobs (b1b! )y = 1, yo' = (yo)—l, yo" = y,.

But the automorphism S of D = F(y,) replacing yo by ¥’ has order m. Hence
m =2, a contradiction. We have proved

THEOREM 5. Every cyclic field F(x) of degree n=2¢ over F with K as cyclic
sub-field is generated by an x of Theorem 4 with 818: 70 in (30).

3. Cyclic quartic fields. Let #=4 so that K=F, g=1, ¥ and a are in F.
Then N (y) =v=—1, pi?—B’a= —1 for 170, B;70 in F. Put e=B,"" and
obtain —e?=1—(8:81"")%a, whence if u=psey then F(x)=F(y) and «*
=B’ e’y* = (B::7") %,

14u
43) u*=14+e=7inF, B =

€

’

since 8= e(B1+B2y) =1+u. Also

1 —
(44) P=a=2= By _ LT
B B(l4+uw L1+ u)1l—u
where v = (—p:€¢%)~17#0 is in F. We have therefore proved the well known re-
sult

THEOREM 6. Every cyclic field F(x) of degree four over F is generated by a
quantity x satisfying

=y(u — 1),

1
(45) 2=vlu—r1),2 = tu

x,ut=17=1+4 ¢,
€

where € and v#=0 are in F and 7 is not the square of any quantity of F.

4. Cyclic fields of degree eight. Let now #n=8, m=4, g=2. Then F(y)
is a cyclic quartic field. We wish 8=8,48sy with y¥?=a in K, v, B, B; in K
and vy’ = —1,

(46) B — Bfa = v, BBz # 0.



1933] CYCLIC FIELDS OF DEGREE EIGHT 957

Let
(47) § = By = B + B1y = & + ¥y,
where
(48) F(yo) = F(y), yo = B1y, 61 = fax in K.
Then
(49) B =71 = (Buy5")s, (Ba)? — Bila = — a,
so that, since
(50) y¢ = ag = Ba, 30 = voyo,
we have
(51) B = (Brai)dyo = (Brai) (a0 + 8130).
Also $8'8"'8’"’ = —1 and hence
(52) ¢ = -y—, = — y(88)" = - y(ﬁ»n - 28V
88 yy oy
55')" i (88)"
- - 2pn T - B2,
where
(53) Yove = — 1,78 = i» 82 — ag = — Nlagye, N = B8 .

[o7]

Suppose that v, is in F. Then yoyo’ = —1 gives v =—1, yo=t=(—1)'2,
Also ay’ = —a and if K =F(u) we may take ao=w. Then the solution of (46)
is equivalent to 8;>—ao= —N"lagy, where A is in F and hence to the solution
of 8:2=u(1—N\"%). But if 8, =&+ £wu this implies that #?=7 in F, &2+ &2
+26Eu=u(1—-\"1%), &2+ E62r=0 and 7= — (L&) 2= (6542, a contra-
diction of our hypothesis that F(«) is a quadratic field.

Hence v, is not in F and the hypothesis 8,0 of §3 is satisfied for F(y,).
But then

¥ 144

(54) y02 =a0=v(“—7)’—=70=
Yo €

yuw=r=1+¢.

Also —agyo= —ve(u—71)(u+1) =ve'u(r—1); that is, since r—1=¢?,

(55) — QyYo = VeU.
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We may now complete our computation (52) of a. We use

(68")"30 = [(31 + y0)(8{ + ¥3)]"y0 = (1 — y0)(3/ — Yo¥0)¥0

= (— ao+ 8190) (6] — Yoyo) = — (aed! + draxovo) + (6167 + eovo)yo.
Hence
Bl u
(56) a= [veus! — v(u — 7)6, + (8:8! — vew)yo],
VET
where
57 v=6+ b, 8] = & — Eau, Br = &3+ .

Also (51) gives B=pB1(—aqye)~!(—aocyo— dryoyo) =Bi(ven) ™' (veu — dryoys) and
hence

8
58) 8= &-[ver - —l(u + -r)yo].
VET €
We have proved
THEOREM 7. Every cyclic field F(x) of degree eight over F is generated by a
quantity x satisfying
(59) x? = g, ' = Bz,
with a and B given by (54), (56), (57), (58) such that v#0 in F, 6,70, 8,50,
and if

(60) N =& — &8,
then
(61) 82 = ag — N lagyo = v(u — 7 4+ N lew).
The quantity 8, =2+ &7+ 285w, so that (61) is equivalent to
(62) —vr =& + &7, 266 = v(1 + N

But then —2&&7=(—v7)(14+Xte)=(14+N1e)(E12+ &27), so that, since
v#0, equation (61) is equivalent to
— 2bbr
& + &P
The first equation of (63) will be taken to determine ». The second equa-
tion becomes

(63) v=(—7)"Y 2 + &27) # 0,1 4+ Xl =

(&2 4 8P+ 2d)

ﬁé_] Corr g2
rorry Il R Ty

(64) -—e=7\[1+
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to be solved for £ +£270. But £+ 7+26kr = (bt b) +E27(1—7)
= (&1+£&7)%— (£26)%r. Hence if

(&8s + £au) (&1 + Eor + Eoens)

(65) k=mn+nu= £ + E2r
where 7, and 7. are then explicitly determined in terms of &, &, &, &, then
2 _ ¢£2 2 2 2
(66) b = €2 E27)(E2 + &7 + 28:&) - € ’
(&2 + & 7)? &+ &t

so that, since bk’ =92 —n#r,
(67) —e= (& + &2r)(n? — nlr) # 0,

where we use 7=1+¢€%>1.
Conversely let €0 satisfy (67) and define £k by % =7,+n.u. Define

(&2 + &tk
Th b+ b
where B, exists since £2 +£2 770 and hence 0. Then we have
BiBirr' (&8 — E&T)(E2 + &7 + 2k:ifar)
EtEiT B £+ & ’
and (64) will be satisfied. Moreover if we define » by (63), then (61) will be

satisfied. Also 7 =1+ ¢ must not be the square of any quantity of F if F(u),
u?=r, is a quadratic field over F as we are supposing. We have proved

(68) B1 =&+ L, r = & + bor + Eren,

(69) —e=FkE(EE + E87) =

THEOREM 8. The solution of (61) is equivalent to the determination of v by

(70) v=(— 7)1 + &),
and the solution of
(71) —e= (n? —nd7)(E2 + &P7)

for €, m, e, &, & in F and such that =1+ €* is not the square of any quantity
of F.

5. The formulas for ay, 7o, @, 8. We have seen how every cyclic field F(x)
of degree eight over F is generated by a quantity x such that x*=gq, 2’ =8x
where ¢ and B are given by (56), (58), (54), (57) as soon as », ¢, T=1-+¢,
Br=ts+Em, 81=E1+%u have been determined to satisfy (61). We have also
shown that the solution of (61) is equivalent to (70) and the solution of. the
equation (71) with variables in F. Hence we have merely to solve (71),
obtaining formulas with parameters for ¢, 71, 7., £, &, obtain formulas for
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£ and £ by the use of (68), and by the substitution of values so obtained in
(54), (56), (57), (58) obtain explicit a, B, ag, 7vo. But the formulas so obtained
would be undesirable because of complexity. Hence we shall confine our fur-
ther work to a consideration of the only remaining non-trivial part of our
problem, the solution of (71). Explicit fields of degree eight may then be ob-
tained by carrying out the above work of substitution for every special case.

6. The case 7 in F. Suppose that F contains a quantity ¢ such that
i2=—1. Then if r=1+¢€? ein F, we wish to solve —e=(£2 +£27)(nt —nf7)
for &, £, m, 72in F and 7 not the square of any quantity of F. Let

(72) ky = & + Eatu, ke = 11 + nom,
so that %, is in F(u), u*=1+¢€% kqis in F(u). Then if

(73) ks = kika = N+ pu, \, pin F,
we have
(74) A2 — ulr = — ¢

since if ks'=N—uu then - ksk{ =kik{ -kok! = [£2 — (&)%) [0 —n27]= (&
+&27) (nf —né1)=—e
‘Conversely let N, u be a solution of (74). Then if ks is defined by (73)
we have
ks Nt pu (M= naur) | pm— Mg

by= (64 baiu) = — =
' ' ks mi+ mou et — ntr et — ntr

%,

so that

Ay — N1 — Mn2)
(15) = M = Mt g = (#21 2

1t — ndr 71

(— i))

— 1,221.
where 7, and 7. not both zero range independently over all quantities of F
so that 2 —92770. We have therefore

THEOREM 9. Let i be in F, *=—1, and \, , € range over all solutions of
(76) N —ulr=—c¢

in F such that 1+ €2 =1 is not the square of any quantity of F. Then every cyclic
field of degree eight over F is given by (70), (68), (65), (59), (54), (56), (57),
(58) for every 1, n2 not both zero and in F.

We therefore have only to solve (76). Suppose first that u=0. Then
e= —\?and we have proved
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THEOREM 10. Let N range over all quantities of F such that 14\ is not the
square of any quantity of F. Then (76) is satisfied by u=0, e = —\?, and defines
corresponding cyclic fields.

Next let u><0. Define
(77 wl= 20, M1 = p,
so that
(78) —et= —do%=p'—7=p"— (1 +¢),
(79) (e — 20" — p? = 40* — 1,
and

(e — 202 — p)(e — 202+ p) = 40* — 1.

Here again we must separate our work into two special cases.

Suppose first that e —202—p=0. Then 4¢*=1, (2062)2=1, so that 202= +1.
Moreover if 262=1 then (20)2=2, 20 =u~!= +2Y2 50 that, since A=pu, we
have p=¢—20%=¢—1,

2 1/2

2u
(30) wer o - =),
and e ranges over all quantities of F such that 1+ €2 is not the square of any
quantity of F. Moreover if 202=—1 then u~'=+2Y%, p=e—202=¢+1,
A=pp,

212

2124
2; )\—(e+1)(i 2).

THEOREM 11. Let € range over all quantities of F such that 1+ €* is not the
square of any quantity of F. Then if i is in F, i*= —1, and \, u are given by
either (80) or (81), so that 2% is in F, the condition \*—u’t = — ¢ is satisfied,
and Theorem 9 defines a set of corresponding cyclic fields of degree eight over F.

(81) b=z

We have therefore proved

Suppose finally that e—202—p=m0. Then e¢—202+p=(40*—1)71and
2(e—20%) =7+ (406*—1)7~! while 20=(4a*—1)7'—7. Also A=py,
_(1r+202)2—1 \ 404 — w2 -1

= ———— = 2 —1’
2T 4om » w=(20)

(82) €

and we have proved
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THEOREM 12. Let F contain a quantity 1 such that i>= —1. Then every cyclic
field of degree eight over F is given by Theorem 9 with \, u, € determined by either
Theorem 10 or 11 or by (82) as 70 in F, 0 %0 in F range over all quantities of
F such that v =1+ €® is not the square of any quantity of F.

7. The case 7= —, ¢t in F. Let 7= —* where ¢ is in F. Then F
contains no quantity 4 such that 2= —1 since otherwise 7 = (i#)? contrary to
the fundamental assumption of our work, namely that F(«), u*=r, shall be
a quadratic field over F. We wish to solve

(83) —e= [£2 — (0)?][n? — n7],

that is, since 5? —n# 770,

(84) 512—(Ezt)2=——_e—=R#O,—1=e2+t2.
nt — ndr
Since €0 we evidently have £ — &t =n0. Then &+ &t=mR~! so that
24+ R R—n? -
(85) P P el S S
21!' 2t7|' 1712 -— 17221'

and we have proved

THEOREM 13. Let € and t range over all quantities of F such that —1 = e*+¢*
and 14 €= is not the square of any quantity of F. Then i is not in F, i = —1,
and every cyclic field of degree eight over F is given by (68), (65), (59), (54), (56),
(57), (58), (85) when 1, and 1. not both zero, =0 range independently over all
quantities of F.

8. The case 7 —#, 7 not in F. Let —1 be not the square of any quantity
of F and let K=F(i), i*= —1, so that F(z) is a quadratic field over K. Our
only remaining case is the case —7¢% for any ¢ of F. This is sufficient to
secure the fact that K(«), u2=r, is a quadratic field over K,* that is, F(, %)
is a quartic field over F.

For otherwise let 7 =22, 2 =2,+2.¢ where 2, and 2; are in F. Then 7 =22 —27
+ 22,221 s0 that 2,2, =0. But 7#2 in F, by hypothesis. Hence 273, 220 and
21=0. Then 7 = (2:8)?= — 27 contrary to hypothesis. We have therefore proved
that 7 is not the square of any quantity of K, K(#) is a quadratic field over K.
We shall now prove

LEMMA. Let N and u be in K =F(3) so that we may write \=N+Net, p=p,
+[12'I: With Xl, kz, M1y M2 in F. Let

(86) AN — ulr = — ¢

* This is of course not the field K of preceding sections.
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where e#0 isin F, r=1+¢%. Then
87 AA2 = Tuipe,
and there exist quantities m1, n2 in F and not both zero such that
(88) Az = pini, Nam = perna, 0 — m’r # 0.
For —e=N—pu?r= A2 =\ +7(u? —u) |+ 2\ Ae —pper)i. Since —e is

in F and 7 is not in F we have MNs—puuer =0 as desired. If A0, (88), is
satisfied by 7. = (Ar~'u1)m for every 7,70 of F and

Non1 — NapeT = [)\2 — (N papet) ]?71 =M"m [)‘x)w = MiMeT ] =0

so that (88) is completely satisfied. If Ay =0, us=0, then uwer =AA:=0 so
that u1=0 and (88), is satisfied. Then (88) is satisfied for every 7,0 in F
when we take 7 = (u27) ~'n:\2. Hence finally let \; =p; =0. Then (88) is merely
i =N =0 which is satisfied for any 7,70 in F and by 7.=0. Also €0
so that, by (86), A =X\ and u=p, are not both zero, so that necessarily 5, =0.

Consider now the problem of determining a general solution of (71).
Suppose we have a solution and then put

(89) kl = El + (Ezt)u, kz =m + n2Y, k3 =\ + pU = klkz.

Equation (89) implies kski =N2—u’r= —e="kik{ bk = (£2 +£27) (92 —nd7)
and (86) is satisfied where

(90) N =& + Emari, p = Ema + Eamit.

But e is in F and, by the above lemma, A\; = Tpus. Also Ay = £y, Ao = Eaner,
so that Mme—mm=~E(nme—n19m) =0, Nem—Nerne=E7(nme—7nem) =0, and
(88) is satisfied. Hence every solution of (71) defines a solution of (86) in K
for which (87) and (88) are satisfied.

Conversely let (86) be satisfied. By the above lemma, (87), (88) are satis-
fied. Let 71, 7, range over all solutions in F of (88), not both zero, and define
k1, k2, ks by (89) so that if

k3 A+ pan Ne + pau
+ ;

kl == 12
ke it m A nou
then
5= A1 = pmer) + (um — Mm2)u N — pamer
l = =
e — i e — ndr

isin F by (88). Also

_ N+ o (Ao — panet) + (uany — Aama)% poms — Aamz
= = — u,

bou 2 2 2 2
m + nou ne —neT n — N7
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and & is in F by (88). Hence (86) determines a set of solutions of (71) and
we have proved

THEOREM 14. Let F contain no quantity i such that i*= —1 and let €50,
N, 1 range over all quantities of K =F (i) such that \X*—p*r = —¢, eis in F, and
r=1+4€% +7 is not the square of any quantity of F. Then if we determine all
quantities i, n2 satisfying (88) and define C=F(x) by (55)-(59), (65), (68) we
obtain all cyclic fields C of degree eight over F.

We therefore need only solve (86). This has already been accomplished in
§6. Hence we have, without further proof,

THEOREM 15. Let t range over all quantities of F such that +(1-+1) is not
the square of any quantity of F. Then if e= —N\%, A=t or i, u=0, we obtain a
solution of N2—u2r = — e and hence a set of cyclic fields of degree eight over F
by the use of Theorem 14.

Next utilize the proof of Theorem 11. If 2u= +2Y2% then either u is in
Fand 22 is in F or 2u=+#, —t=2Y%isin F, (—2)Y?is in F. Similarly
if 2u= +2Y% then again 2u= +¢, # and either 2Y2isin F or (—2)"%is
in F.

THEOREM 16. Let € range over all quantities of F such that +(14+€?)=+7
is not the square of any quantity of F and let either 2V/% or (—2)"2 be in F but
i=(—1)V2 be not in F. Then if either (80) or (81) is satisfied and \ and p so
defined in K =F (i) we obtain a set of cyclic fields of degree eight over F by the
use of Theorem 14.

We finally use Theorem 12 to state immediately

THEOREM 17. Let F contain no quantity i, 1= —1. Then every cyclic field
of degree eight over F is a cyclic field of Theorems 13, 15, or 16 or is given-by
Theorems 9, 14, with (82) satisfied as w0, o %0 range over all quantities of
F(3) such that e isin F and + (1+ €)% is not the square of any quantity of F.
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