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BY
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1. Introduction. Let F be any non-modular field, C be an algebraic ex-

tension of degree n. of F. Then C=F(x) is the field of all rational functions

with coefficients in F of a root x of an equation <p(co) =0 which has coefficients

in F, degree n, and transitive group G for F.

The problem of the construction of all equations of degree n and group G

is evidently equivalent to the problem of the construction of all correspond-

ing fields C. Moreover the construction of a set of canonical equations ^(w)

= 0 with the property that every C=F(x) of degree n and group G is equal

to an F(y) defined by a ^(w) =0 provides a solution of both problems.

One of the most important problems in the algebraic theory of fields is

the construction of all cyclic fields of degree n over F. This is the case where

G consists of the n distinct powers Si (i = 0, 1, • • • , n — 1) of a single substi-

tution S. In this case G is also the group of all automorphisms of C. Moreover

this problem has been reduced to the case n = p', p a prime.

Cyclic fields of degree 2, 22 have been constructed.f In the present paper

we shall use purely algebraic methods to construct all cyclic fields of degree

23 = 8Í over any non-modular field F.

2. General theory of cyclic fields. Let F he any non-modular field and let

C be a cyclic field of degree n over F. Then if

(1) « = pi'1-pi" • • • Pi'',

where the Pi are distinct primes, it is well known that C is the direct product

(2) C = C<» X C<2> X • • • X CO

of cyclic fields C(<) of degree p¡ei over F. Conversely every direct product (2)

is a cyclic field of degree n over F. It is thus certain that the problem of con-

structing all cyclic fields of degree n over F is equivalent to the corresponding

problem for the case n = p'.

* Presented to the Society, February 25, 1933; received by the editors December 19, 1932.

t Cf. §2.
î Cyclic fields of degree eight have been considered by F. Mertens in the Wiener Sitzungs-

berichte, vol. 125 (1916), pp. 741-831. But he considered algebraic number fields, used the arithmetic

theory of ideals, and did not give very explicit results. His method is not at all applicable to the case

we are considering (where F is a general field). Moreover I believe the results obtained here are

more explicit and give a more definite construction for C even for the cases considered by Mertens.
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Let then C = Ce have degree ra = p*, p a prime. It is well known that we

may define a chain of fields

(3) Ce > Ce-l > ■ ■ ■ > Cl > Co = F,

where C< is cycUc of degree p* over F, cyclic of degree p over C¿_i. In fact let

5 be the automorphism of C generating its group G of automorphisms. Then

this group of order ra is given by

(4) G. = (I, S, S2, ■ ■ ■ , S«-1), S" = I.

But if T=Sp^~1 then

(5) H = (I, T, T2, ■ ■ ■ , T*-i)

is an invariant sub-group of G of index p°~l defining a sub-field Ce_i of degree

P"~l and with Galois group

(6) G_, = (I, a, cr2, ■ ■ • , «r"-1), m = p'-\

isomorphic with Ge but with T=Sm in G corresponding to the identity of

We may now consider every C, as a cyclic field of degree p over a cyclic

field C«_i of degree pe~l to obtain some of the properties of C. But if C, is

cycUc of degree p over Ce_i which is cyclic of degree p'~l over F, then it is

not necessarily true that C, is cycUc over F. Thus we shall also require a

consideration of further properties.

We are interested here only in the case p = 2. Let C be a cyclic field of

degree ra = 2«, e > 1 over F, and let D be its uniquely defined sub-field of degree

m = 2e_1. Then C is a quadratic field over D,

(7) C = D(x), x2 = a in D,

where 1, x are linearly independent with respect to D. The substitution S

generating the cycUc group of C has order ra and D consists of all quantities

d of C such that
(8) ¿sm = d (m = 2-1).

For convenience of notation we shall write

(9) cs* = c<»,

so that c(m) =c whenever c is in D but not otherwise. Then

[xlm)ji   =   a(«)   =   a   =   xif

and #(m) = +x. But a; is not in D. Hence

(10) *<"•> = - *.
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In particular let x' =a+ßx where a and ß are in D. Then (x')2 — a' = a2

+ß2a+2aßx. But a' is in D so that 2aß=0. liß=0 then x' = a is in D and

(x')ln~1} = x=a(n_1) isinZ?, a contradiction. Hence ß¿¿0, a = 0 and

(11) x' = ßx, ßinD.

It is obvious that D(x) =D(bx) for every non-zero b of D. Hence all of

the above properties as well as those we may derive later will hold for any bx

taken as the quantity generating C, a quadratic field over D.

We shall assume first that n = 2. Then D=F and, since x is not in D, the

field F(x) = D(x) = C is a quadratic field over F generated by x. Let next

m . 2«-i = 2g, g = 1,

so that n = 4:. Then D = K(y),y2=a in K, is a quadratic field over the field K

of all quantities k of C such that

/&<»> = A.

The field F(x) is a sub-field of C = D(x). But x is not in D^F(x2) =F(a) so

that the degree of F(x) is 2A where h is the degree of F(x2). Hence F(x) =C

if and only if F(a) =D.

Suppose that F(a) <D. Then a is in a proper sub-field of D. But D is

cyclic and its maximal proper sub-field K contains every proper sub-field of

D. Hence a is in isT, a^-a, [xw]2 = a<-')=x2. Then x° = ±x,x<-m)= [x(-')]{<')=x,

a contradiction. Hence F(a) =D and we have

Theorem 1. Let C be a cyclic field of degree n = 2m over F,C = D(x) where D

is a cyclic sub-field of C of degree m = 2e~l over F so that x may be chosen so that

x2 = a in D.

Then x'=ß-x where ß is in D and has the property that xim) = — x. Moreover

this latter property implies that F(x) = C, F(a) = D.

Suppose that x0 = bx,b^0 in D. Then x02 = b2x2 = b2a is in D, xoin)=b(m)xm

= -bx=-x0. By Theorem 1, C=F(x) =D(x) =D(x0) =F(bx).

Theorem 2. Let x0 = bx where b^O is in D. Then F(x) =F(xo) =C.

The condition x' =ß ■ x imposes two restrictions on ß. The first is obviously

x'2 =ß2-x2 = (x2) ' = a' =ß2 • a, a necessary and sufficient condition that x' shall

actually equal ß-x. Next we must have x(m) = — x. But

x" = (ßx)' = ß'ßx, ■■• , *<*> = [*<»-»]' = [ßC-DßC-^) . . . ß'ß]Xj

and

x(.m)   =   ^m-l)ß(.m-1)  .  .  . ß,ß]x =   _   ^
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so if we write
ND(ß) = ßß'ß" ■ ■ ■ ß(m~l\

then it follows from ¡c(m) = — x that

(12) ND(ß) = - 1.

Conversely let D he cycUc of degree m = 2e~l over F and let a, ß satisfy

(12). Then the field D(x) defined by a root x of x2 = a is a quadratic field over

D if and only if a is not the square of any quantity of D. But if a = c2, c in D,

then ß2 = (a')(a)-1 = (c'c-1)2 so that

(13) ß = ± (OW-1.

But f» is even and

(14) ND(ß) = (± l)mND(—\ = (± 1)- = 1,

a contradiction of the* first equation of (12). Hence D(x) has degree n = 2m.

Also if we define x' =ß-x then (12) implies that #(m) = —x so that we have

defined a self correspondence of C = D(x)

(15) c + dx <-> c' + d'x' = c' + d'ßx,

for every c and d of D, c+dx of C. This correspondence is evidently preserved

under addition, subtraction, multiplication and division and is an automor-

phism of C if and only if x'2 — a' which is satisfied by (12). Hence (15) is an

automorphism 5 of C and, since Sm is an automorphism of C in which x

corresponds to —x the order of 5 is ra = 2m and C is a cyclic field. Obviously

D is the set of aU quantities of C unaltered by Sm. By Theorem 1, C=F(x)

and we have proved

Theorem 3. Let D be cyclic of degree 2e~l over F with generating automor-

phism
d <—> d',

for every d of D. Then D is the unique sub-field of degree m of a cyclic field C of

degree n = 2mif and only if there exist quantities ß^O, a ̂  0 ira D, such that

a'
(16) ß2 = — > ND(ß) = - 1.

a

Moreover every solution of (16) defines a cyclic field of degree ra over F

(17) C = F(x), x2 = a in D, x <->*' = /3-*,

as generating automorphism, so that D is the set of all quantities dofC such that

d(-m)=d.
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The case *» = 1, ra = 2 is trivial so that we shaU assume henceforth that

ra>2, n = Ag = 2m. Then (16) implies that

a' a" o(<) a<»>
(18)/32 = -,   ß« = —,... , 03«-»)» = ——, • • • , (ß<o-»)2 = ——,

a a a(,-1) a(»-1)

and   hence   that

(19) [00' • • • ß<«-»]2 =-
a

Then if

(20) y = aßß'--- jS«--1',

equation (19) implies

(21) y2 = aa<->.

But Z? is a quadratic field Zf(¿), d2 in ZÍ, over a cyclic field ZÍ of degree g over

F. Moreover

(22) *(-> = *

for every ¿ of ZC. Since m = 2g, a<-m)=a, we have [aai«)Y''> =awa so that y2

is in £. Also yyi^aa'») [00'• - ■ ß(«-v][ßw- ■ ■ ß^-^]=aa^ND(ß) = -aa^

= —y2y yM — — y, and y is not in K. But then y generates Z), a quadratic field

over K, and

(23) D = JT(y), y2 = a in tf.

The field D=K(y) is a quadratic field over K which is cyclic of degree g

over F. By Theorem 3 there exist quantities a=y2in K,y=y'y~1 in K, such

that

a'
(24) y2 = —, tf*(7) ■ YT' • • • y(i~1} = - 1,

a

and, by this same theorem, D=F(y). Hence

(25) C = F(x), x2 = a in Ö, Z> = P(y), y2 = a in #,

(26) x' = /3x, V = yy, a =-•

We now wish

/ jSjS' • • • jS«-»      /   0
(27) /32 =

o      /3'0" • • • /?<»> y y 0<«>
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But (27) is equivalent to

y'
(28) — = ßß('\

y

that is, y=ßß<-°).

Conversely, let y2=a in K, y2=a'a~l, NK(y) = — 1, so that, by Theorem

3, K(y) =F(y) is a cyclic field of degree 2g over F. Let also a be defined by

the third equation of (26), and ß be in D and satisfy

(29) y = AS<«>.

Then

ND(ß) = [ßß' ■ ■ ■ ß<°-»][ßß' ■ ■ ■ ß(°-»y<» = [ßßw][ßß^y • ■ ■ [ßß^y»-»

» yyt . . . yltr-1)   =  JfK(y)   =   _  1.

Also

a' y' ßß' ■ • • /3<»-"       7^ y

a ~ ß'ß" ■ • ■ j8<»> y ~ /5<»' ~ ßß™

as desired. We are now in a position to prove

ß2 = ß2,

Theorem 4. Let n=4g = 2' and let K be a. cyclic field of degree g over F with

automorphism k*—>k' for every k of K. Then K is the unique sub-field of degree

g of a cyclic field C of degree n over F if and only if there exist quantities a^O,

77*0, ßi, ßi in K satisfying

a'
(30) 72 = — »   NK(y) - - 1, 7 = ßf - ßi2a.

a

Every solution of (30) defines a cyclic field F(x) =Cwith

y
(31) f = a,ß = ßi + ßiy,x2 = a = -ßt

and with generating automorphism S given by

(32) c = ci + c2y + (c3 + cty)x <-> c' = c{ + ci y y + (c¿ + clyy)ßx,

for every C\, c2, c3, e4 of K, c of C, so that

(33) x' = ßx, y' = yy.

We obviously also will have
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Corollary 1. In Theorem A the field K is the field of all quantities of C

unaltered by S", the field D=F(y) =K(y) is the field of all quantities of C un-
altered by Sm.

For we need only notice in the above that, since ß is in D, ß=ßi+ß2y

where ßi and ß2 are in K. We have then merely replaced the condition y = j3/3(í)

by the equivalent condition y =ßi2—ß22a of (30).

We shall now obtain some important restrictions which it is possible to

impose on ß. Suppose first that ra = 4, m = 2. Then K=F, NK(y) =7= —1 is

inF, and (30) becomes merely ßi2-ß22a= -1. If 0i = O then ft^O, a = (ß21)2

which is impossible if D is a quadratic field over F. Hence for this case 01^0.

There exists the possibility in the above theorem that ßiß2 = 0. We shall

be able to restrict ß so that all fields C are obtained yet ßiß2 ¿¿ 0.

By Theorem 2 if b = bi+bty, bib25¿0, bi and b2 in K, then x0 = bx also gen-

erates F(x) and satisfies

y°
(34)     xo* = a0 = ———ttti' *° = 0°Xo' y¿ = a°> y° = W«.

popo • • • pV   '

with

otó ,        ,

(35) To2 =-> NK(yo) = — 1, 0o = 010 + ßioyo, 0io — 02oao = To.
«0

But

(36) x¿ = (bx)' = b'ßx = 0o*o = ßobx,

b'        b{ + biyy
ß» = ~ß=   t   , L    0 = W + W Yy)(ii - ¿2y)e

(37) ' èl + è^

= [(i/ii - Wi!07) + (b¿ybi - i/ii)y]e,

where

(38) e = (bi2 - Z>22a)-'0

is either in K or a multiple of y by a quantity of K according as ß2 = 0 or

ßi = 0. But then 0iO02O = 0 if and only if

(39) biybi - b{b2 = 0, or b{bi - bjb&y = 0.

Suppose first that b2'ybi — bi'b2 = 0. Then since bib2^0,

blbt bl'bi bfW-i)
(40) 7 =-,    7' =-, • • •   , 7<»-»> =-

bibi b{bí' b¿<>-»b¿<>)
and
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bibi  bi'bi bf>W-n       b¿»     bt
(41) - 1 = NK(y) =-■-!-=- = 1,

bibi   bibi' W«-«^«)        bi    W»)

since bi = bi{a) and bi = b2<-<') are in K, a contradiction. Hence Wybi — bibi^O.

We have then proved that if ftoßio = 0 then ¿>iiV = b2b2'ay. If n = 4 then

m = 2 and we have already shown that /Si^O. Hence ßio^O and hence

(82= fto=0. But the coefficient of y in ßo when e^O is in F=K, that is,

02=0, is ß2o=d(b2'ybi — bi'b2)^0 as we have shown. It remains only to con-

sider the case »>4, m>2, bibi =ayb2b2.

Let yo = b2brly. Then F(y0) =F(y),

(42) yoyi = b2bi(bibi)~lay = 1, y0' = (yo)"1, y," = yo-

But the automorphism S of D = F(y0) replacing y0 by y0' has order w. Hence

m = 2, a contradiction. We have proved

Theorem 5. Every cyclic field F(x) of degree n = 2' over F with K as cyclic

sub-field is generated by an x of Theorem 4 with ßi&^O in (30).

3. Cyclic quartic fields. Let » = 4 so that K=F, g = l, y and a are in F.

Then NK(y) =7= -1, ßi2-ß22a= -1 for ft^O, fr^O inF. Put e-jSr1 and

obtain   — e2=.l — (ßißr1)^,  whence  if u=ß2ey then  F(u)=F(y)  and  w2

=ß22e2y2 = (ßißr1)2a,

1 + «
(43) m2 = 1 + e2 = t in F, ß =-,

e

since eß = e(ßi+ß2y) = 1 +u. Also

(44) «2 = a = — =-=-= v(u — t),
ß       A(l + u)      181(1 + «) 1 - «

where ii = (-A«!)"V0 is in F. We have therefore proved the well known re-

sult

Theorem 6. Every cyclic field F(x) of degree four over F is generated by a

quantity x satisfying

1 + «
(45) x2 = v(u - t), x' =-x, u2 = t •'= 1 + e2,

6

where e and v^O are in F and r is not the square of any quantity of F.

4. Cyclic fields of degree eight. Let now « = 8, m =4, g = 2. Then F (y)

is a cyclic quartic field. We wish ß=ßi+ß2y with y2=a in K, y, ßu ß2 in K

and 77'= — 1,

(46) ßi2 -ßia = y, ß£2*0.
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Let

(47) S = 0y = 02a + ßiy = ái + y0,

where

(48) F(yo) = F(y), y0 = ßiy, Si = 02a in K.

Then

(49) 0 = y-i& = (0i.yo-1)5, (02a)2 - 0i2a = - «7,

so that, since

(50) y02 = a0 = 0i2a, y i = yoyo,

we have

(51) 0 = (0iao-1)5yo = (0iao~1)(«o + 5iyo).

Also ßß'ß"ß'" = -1 and hence

(52)
y /m'\"

00 Vyy /

y(«')'
yy / ay

- — (0101 )- = -yo,
01 ao7o       — ao7o

where

ai
(53) 7o7o   = — 1, 7o2 = -1 Si2 — a0 = — X-1ao7o, X = 0i0i'.

«o

Suppose that ye is in F. Then 7o7o' = —1 gives y02= — 1, 7o=i = ( —l)1'2.

Also c*o' = — «o and if K=F(u) we may take a0 = u. Then the solution of (46)

is equivalent to 5i2—a0= — X_1a07o where X is in F and hence to the solution

of tV = ii(l— X_1i). But if 5i = £i+£2m this implies that w2 = t in F, £i2+£22r

+2£i£2« = «(l-X-1i), Si2+&2r=0 and r=-(^2-1)2 = (i^2-1)2, a contra-

diction of our hypothesis that F(u) is a quadratic field.

Hence y0 is not in F and the hypothesis ft^O of §3 is satisfied for F(y0).

But then

y i 1 + «
(54) yo2 = ao = v(u — t),- = 7o =-> u2 = t = 1 + e2.

yo e

Also — a0yo= — ve~l(u — r)(u+l) =ve~1u(r — 1); that is, since r —l = e2,

(55) — c*oYo = veu.
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We may now complete our computation (52) of a. We use

(ôô'Y'yo = [(öi + yo)(5í + yi)]"yo = («i - y0)(5i - yoyo)yo

= (— a0 + ôiy0)(Si — y0yo) = — (aoôi + 5ia0y0) + (ài$i + a0yo)yo-

Hence
ft'«

(56) a =-[veuôi — v(u — t)8i + (ôiô{ — veu)yo],
vtr

where

(57) oi = fc + k2u, hi = Ci - t2u, ßi = f, + Uu.

Also (51) gives ß=ßi(-a0yo)~1(-oc0yo-Siyoyo) =ßi(veu)-1 (veu-ôiy0yo) and

hence

58)
ft r        «i i

ß = -   ver   —   —(m + r)y0   •
vtr \_ e J

We have proved

Theorem 7. Enery cyclic field F(x) of degree eight over F is generated by a

quantity x satisfying

(59) x2 = a, x' = ßx,

with a and ß given by (54), (56), (57), (58) such that v^O in F, Si^O, ft^O,

and if

(60) X = ¿32 - |42r,

then

(61) 6i2 = ao — X_1ao7o = v(u — t + X~leu).

The quantity 5i2 = £i2+£22t + 2£i£2w, so that (61) is equivalent to

(62) - vT - £i2 + £22r, 2^2 = v(l + X-1«).

But then -2^2r= (-^(l+X^e) = (l+X-1e)($i2 + ^2r),  so  that,  since

j^O, equation (61) is equivalent to

(63) y = (- r)->(|i2 + tfr) ^ 0, 1 + X"1« =
¿l2   + ?22T

The first equation of (63) will be taken to determine v. The second equa-

tion becomes

,    „ T 2íifcr   I ({,» +¿22r + 2^2r)
(64)        - e = X   1 +-    = (h2 - tfr)-'

L tf+tfrA Íi2+f22r
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to be solved for ÍÍ+^t^O. But £i2+£22t+2£i£2t==(£1+£2t)2+£22t(1-t)

= (£i+àr)2-(&e)27-. Hence if

tt« + &«)(& + fer + £*«)
(65) k = vi + riiU = - -,

ti2 + &f r

where »ji and rj2 are then explicitly determined in terms of £i, £2, £3, £4, then

(66) ¿«  =- =-,
(fi2 + tfr)2 Í12 + £22r

so that, since kk' = rj¿ —t¡22t,

(67) - c = (112 + tf t)W - tfO H 0,

where we use r = 1 + e2 j¿ 1.

Conversely let e^O satisfy (67) and define k by k = n]i+n2u. Define

(¿i2 + íi2r)k
(68) 0i = -±—-—- = {, + Uu, r = £1 + fcr + £2e«,

£1 + £2r + £2«M

where 0i exists since £i2 +%Itjí0 and hence r^O. Then we have

MA »//«    .   >,  N        ^/ff>        (Is2  -tfr)ter*+tfr + 2t.f>r)
(69) — e = ¿¿tei2 + |22t) = -=-■-1

tf+tlr tf + f22r

and (64) will be satisfied. Moreover if we define v by (63)j then (61) will be

satisfied. Also t = 1 + e2 must not be the square of any quantity of F if F(u),

u2 = r, is a quadratic field over F as we are supposing. We have proved

Theorem 8. The solution of (61) is equivalent to the determination of v by

(70) v - (- t)-K«Í + tfr),

ara¿ the solution of

(71) -e = (vi2 -ij22r)te,2 +íít)

/or e, 7/1, i/2, £i, £2 ira F and such that r = 1 + e2 is not the square of any quantity

of F.

5. The formulas for a0, 7o, a, ß. We have seen how every cyclic field F(x)

of degree eight over F is generated by a quantity * such that x2 = a, x' =ßx

where a and ß are given by (56), (58), (54), (57) as soon as v, e, r = l + «2,

0i = ?3+£4«, 5i = £i+£2m have been determined to satisfy (61). Wehavealso

shown that the solution of (61) is equivalent to (70) and the solution of. the

equation (71) with variables in F. Hence we have merely to solve (71),

obtaining formulas with parameters for e, r¡i, t;2, £i, £2, obtain formulas for
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£3 and ¿4 by the use of (68), and by the substitution of values so obtained in

(54), (56), (57), (58) obtain explicit a,ß,ao, 70. But the formulas so obtained

would be undesirable because of complexity. Hence we shall confine our fur-

ther work to a consideration of the only remaining non-trivial part of our

problem, the solution of (71). Explicit fields of degree eight may then be ob-

tained by carrying out the above work of substitution for every special case.

6. The case i in F. Suppose that F contains a quantity i such that

t2=-l. Thenif r = l + e2, e in F, we wish to solve -e = (tf+&T)(v? -vfr)

for {1, £2, vu Vî in F and r not the square of any quantity of F. Let

(72) ki = £1 + ¡iiiu, ki = 771 + rjiU,

so that ki is in F(u), u2 = 1 + e2, k2 is in F(u). Then if

(73) kt = ¿1*2 = X + pu, X, p in F,

we have

(74) X2 - p2r = - e,

since   if   k3'=X-pu   then   k3kl =kik{ -k2ki = [tf -(fcOH [r/f -f|r]-(tf
+&?) (v?-r)ir) = -t.

Conversely let X, p be a solution of (74). Then if k3 is defined by (73)

we have

......       ¿s        X + pu        (Xrji — rtipr)       pru — Xtjt
ki = (£1 + tiiu) = — = ——-= —-— + —-— u,

kt       *?i + J?2« Vi   — r\i2r J71,2 — r)i2r

so that

.„_. „        Xr/i - íUt;2t (pVi-^Vi).      ..

(75) *i = ~i—r'   *2^~—~(~j)'
Vi    — m T T/l2   — r¡i2T

where rji and 772 not both zero range independently over all quantities of F

so that 77j2 — r)22T?¿0. We have therefore

Theorem 9. Let i be in F, i2= — 1, and X, p, e range over all solutions of

(76) X2 - p2r= -

in F such that I + e2 = t is not the square of any quantity of F. Then every cyclic

field of degree eight over F is given by (70), (68), (65), (59), (54), (56), (57),
(58) for every r¡i, rj2 not both zero and in F.

We therefore have only to solve (76). Suppose first that p=0. Then

e = — X2 and we have proved
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Theorem 10. Let X range over all quantities of F such that 1+X4 is not the

square of any quantity of F. Then (76) is satisfied by p=0, e = —X2, and defines

corresponding cyclic fields.

Next let m^O. Define

(77) p-1 = 2<r, Xjlc-1 = p,

so that

(78) - ep~2 = - A<r2e = p2 - r = p2 - (1 + e2),

(79) (e - 2<r2)2 - p2 = 4cr4 - 1,

and

(e - 2<72 - p)(e - 2a2 + p) = Aa* - 1.

Here again we must separate our work into two special cases.

Suppose first that e-2a2-p = 0. Then 4<r4 = 1, (2<r2)2 = 1, so that 2<r2= +1.

Moreover if 2a2 = l then (2cr)2 = 2, 2o-=m-1= + 21'2 so that, since \=pp, we

have p = e—2o-2 = e —1,

21/2 /     21/2\

(so) M=±T'   x = (i_1)\±T/'

and « ranges over all quantities of F such that 1 + €2 is not the square of any

quantity of F. Moreover if 2cr2=—1 then M-1=±21/2i, p = e — 2a2 = e+1,

X=pju,

21/2i /      21/2i\

(8i) M-±—» x = (i + D^ + — y

We have therefore proved

Theorem 11. Let e range over all quantities of F such that 1 + e2 is not the

square of any quantity of F. Then if i is in F, i2= — 1, and X, p are given by

either (80) or (81), so that 21/2 is in F, the condition \2—u2t = — e is satisfied,

and Theorem 9 defines a set of corresponding cyclic fields of degree eight over F.

Suppose finally that e — 2<r2—p = iT7é0. Then e — 2cr2+p = (Aai — l)ir~1and

2(e-2a2) =T+(A<ri-l)w-1 while 2p = (4<74-l)7r-1-7r. Also \=pp,

(r + 2o-2)2 - 1                4a4 - 7T2 - 1
(82) e =-,     \ =-, p = (2er)"1,

27T 4(T7T

and we have proved
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Theorem 12. Let F contain a quantity i such that i2= — 1. Then every cyclic

field of degree eight over F is given by Theorem 9 with X, p, e determined by either

Theorem 10 or 11 or by (82) as w^O in F, a^O in F range over all quantities of

F such that r = 1 + e2 is not the square of any quantity of F.

7. The case t= -t2, t in F. Let r=-t2 where t is in F. Then F

contains no quantity i such that i2 = — 1 since otherwise r = (it)2 contrary to

the fundamental assumption of our work, namely that F(u), u2 = t, shall be

a quadratic field over F. We wish to solve

(83) -e=   [tf - (ï2t)2][r,i2 -V22r],

that is, since r¡j2 —nir^O,

(84) £i2 - (ht)2 =       ~\    =R^0,-l = e2 + t2.
r¡f — Vi r

Since e^Owe evidently have £i— ̂ 2t = ir^0. Then ¡;i+l-2t = irR-1 so that

ir2 + R R - TT2 - €

(85) |i =-,    £2 =->    R =-'
27T 2tlT 77l2   — *7i2T

and we have proved

Theorem 13. Let e and t range over all quantities of F such that —l = t2+t2

and 1 + e2 = r is not the square of any quantity of F. Then i is not in F, i2 = — 1,

and every cyclic field of degree eight over F is given by (68), (65), (59), (54), (56),

(57), (58), (85) when r?i and r¡2 not both zero, tt^O range independently over all

quantities of F.

8. The case r^—t2, i not in F. Let —1 be not the square of any quantity

of F and let K=F(i), i2= — 1, so that F(i) is a quadratic field over K. Our

only remaining case is the case —r^t2 for any t of F. This is sufficient to

secure the fact that K(u), u2 = t, is a quadratic field over K* that is, F(i, u)

is a quartic field over F.

For otherwise let t=z2,z =Zi+z2i where Zi and z2 are in F. Then t =Zi2 —z22

+2z\Z2i so that Ziz2 = 0. But t^Zi2 in F, by hypothesis. Hence z^zi, z2^0 and

zi = 0. Then r = (z2i)2 = — z22 contrary to hypothesis. We have therefore proved

that t is not the square of any quantity of K, K(u) is a quadratic field over K.

We shall now prove

Lemma. Let X and p be in K = F(i) so that we may write X=Xi+X2î, p=pi

+p2i with Xi, X2, pi, p2 in F. Let

(86) X2 - p2t = - e,

* This is of course not the field K of preceding sections.
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where e ̂  0 is in F, r = 1 + e2. Then

(87) \{K2 = rpipi,

and there exist quantities r¡i, i¡i in F and not both zero such that

(88) XlTJü = Mill, X2r/! = PiTTIi, rii2   — 7]22T ¿¿ 0.

For -€=X2-/x2t=[X12-X22+t(/í22-mi2)]+2(X1X2-/íi/í2t)í. Since -eis

in F and i is not in F we have XiX2—piPiT=0 as desired. If Xi^O, (88) i is

satisfied by t)2 = (Xf~Vi) Vi f°r every r?i ̂ 0 of F and

X2»?i — >?2M2r = [X2 — (XrViM2i") ]r¡i =Xr177i [XiX2 — pip2r ] = 0

so that (88) is completely satisfied. If Xi=0, pi^O, then pipiT=\ikt = 0 so

that jui = 0 and (88)1 is satisfied. Then (88) is satisfied for every 7715=0 in F

when we take 772 = Cu2r)-1?iiX2. Hence finally let Xi =p2=0. Then (88) is merely

Mi7?i=X27Ji = 0 which is satisfied for any rjt^O in F and by 771=0. Also e^O

so that, by (86), X =X2i and p =pi are not both zero, so that necessarily 771 = 0.

Consider now the problem of determining a general solution of (71).

Suppose we have a solution and then put

(89) ki = |i + (&ï)u, ki = 771 + 772ra, k3 = X + pu = kik2.

Equation (89) implies k3k3' = r\2-p2r = -e = kik{kM -(# + ^r)(rji2 —t,22t)

and (86) is satisfied where

(90) X   =   ÉlTj!  + £2T72T-¿, p   =   £l?72 + ÉüTJií.

But e is in F and, by the above lemma, XiX2 = rpipa. Also Xi = £1771, X2 = £2772r,

SO that Xi?72— piT¡i = ^i(r¡ir¡2 — r¡2r]i) =0, X2t7i— X4r772 = £2T(77i772 — 772^71) =0, and

(88) is satisfied. Hence every solution of (71) defines a solution of (86) in K

for which (87) and (88) are satisfied.

Conversely let (86) be satisfied. By the above lemma, (87), (88) are satis-

fied. Let 771, 772 range over all solutions in F of (88), not both zero, and define

ki, k2, k3 by (89) so that if

k3      Xi + PiU      X2 + p2u
kl = T = ~~Z-+ ~T-*'

ki T/1 + 772M 7/1 + 7J2M

then

(XlTJi   —  Pl1\iT)   +  (/ÜTJ,   —  Xi772)tt \X1)i  —  piTItT
Il   =  -

Til2   —  7?22T Til2   — TJ22T

isinFby (88). Also

X2 + PiU        (X27ji — pititr) + (pîï]i — \2r¡2)u       p2r¡i — \2r>2

I2M =
771 + 772M rji2 — t;22t T7i2  — 77¡¡2T
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and £2 is in F by (88). Hence (86) determines a set of solutions of (71) and

we have proved

Theorem 14. Let F contain no quantity i such that i2= — 1 and let e^O,

X, p range over all quantities of K=F(i) such that X2 — p2r = — «, e is in F, and

t — 1 + e2, ±t is not the square of any quantity of F. Then if we determine all

quantities 171,772 satisfying (88) and define C=F(x) by (55)-(59), (65), (68) we

obtain all cyclic fields C of degree eight over F.

We therefore need only solve (86). This has already been accomplished in

§6. Hence we have, without further proof,

Theorem 15. Let t range over all quantities of F such that ± (1 +r*) is not

the square of any quantity of F. Then if e= —X2, X = t or ti,p=0, we obtain a

solution of X2—u2r= — e and hence a set of cyclic fields of degree eight over F

by the use of Theorem 14.

Next utilize the proof oí Theorem 11. If 2p = ±21/2, then either p is in

F and 21'2 is in F or 2p= +ti, -t = 2l'2i is in F, (-2)1'2 is in F. Similarly

if 2p=±21'2i then again 2p=+t, ti and either 21/2 is in F or (-2)l" is

inF.

Theorem 16. Let e range over all quantities of F such that ± (1 + e2) = + t

is not the square of any quantity of F and let either 21'2 or ( —2)1'2 be in F but

i = ( — l)112 be not in F. Then if either (80) or (81) is satisfied and X and p so

defined in K = F(i) we obtain a set of cyclic fields of degree eight over F by the

use of Theorem 14.

We finally use Theorem 12 to state immediately

Theorem 17. Let F contain no quantity i, i2= — 1. Then every cyclic field

of degree eight over F is a cyclic field of Theorems 13, 15, or 16 or is given by

Theorems 9, 14, with (82) satisfied as tt^O, as¿0 range over all quantities of

F(i) such that e is in F and + (1 + e)2 is not the square of any quantity of F.
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