ON NORMAL KUMMER FIELDS OVER A
NON-MODULAR FIELD*

BY
A. ADRIAN ALBERT

1. Let F be any non-modular field, p an odd prime, {1 a pth root of
unity. Suppose that u in F({) is not the pth power of any quantity of F({)
so that the equation y?=u is irreducible in F({). Then the field F(y, ¢) is
called a Kummert field over F.

In the present paper we shall give a formal construction of all normal
Kummer fields over F. This is equivalent to a construction of all fields F(x)
of degree p over F such that F(x, {) is cyclic of degree p over F({). In par-
ticular we provide a construction of all cyclic fields of degree p over F.

We shall also apply the cyclic case to prove that a normal division algebra
D of degree p over F is cyclic if and only if D contains a quantity y not in F
such that y»=+v in F.

2. The equation

gO =Pt i1 =0

is irreducible in the field R of all rational numbers and has all the primitive
pth roots of unity as roots. If F is any non-modular field, then g(£) has an
irreducible factor 4#(£) =0 in F and with { as a root. The roots of 4(¢) =0 are
all powers of { and hence are in a sub-field L of R({). But then the coefficients
of h(£) =0 are in L so that the group of A(£) with respect to F is its group with
respect to L. This latter group is the group of all the automorphisms of the
cyclic field R(¢) leaving the quantities of L invariant and is a sub-group of
the group of R(¢). Every sub-group of a cyclic group is cyclic, so that A(¢) =0
has a cyclic group generated by

T: >

where ¢ is an integer belonging to the degree n of k(¢) =0, t»=1 (mod p). We
may write

¢) o= G ==t (k=1,-,m),
so that we have

* This paper is a revision and amplification of the paper On cyclic equations of prime degree,
which I presented to the Society on December 27, 1933; it was received by the editors March 17, 1934.

t If F is the field of all rational numbers, then F(y, ¢) is the ordinary Kummer field of modern
arithmetic. Our work is a generalization to any non-modular field of that special case.
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(2 S$e=23% t=1t""1 (mod p), 1 < & < p.
Then T is equivalent to the cyclic substitution ({1, {3, - - -, ¢a) on the roots
of k()=0.

If X and p are any two quantities of K =F({) we say that \ is p-equal to u
and write

)] A=pu.
(¢2)

H. Hasse* has then given a purely algebraic proof of
LemwMma 1. If

y=p*1,
*»

then Z =K (y) is cyclic of prime degree p over K and with generating automor-
phism

S: y ey,
Conversely every cyclic field Z of degree p over K is equal to a field K (y),
¥y =p#1.

)
Moreover if also Z=K(2), z2=u’ in K, then

‘-" = pu®,

(¢}

50 that 2=N\y® where \ is in K.

3. We now assume that Z is any normal field of degree pn over F contain-
ing K=F(¢) of degree 7 over F. Then K is the set of all quantities of Z un-
altered by a cyclic sub-group H of Z of order p and Z is cyclic of degree p over
K. By Lemma 1, Z=F(y, {), y»=pinKand H=(l, S, - - - , S*!) where S
is given above. We can then decompose the group G of Z relative to H and
write G=H+Ha1+ - - - +Hop. Then I, gy, - - -, 0p_y carry { to the other
roots of the irreducible equation %(¢f) =0. In particular one o;=7 carries
¢ to ¢t

We let T =77 so that T also carries ¢ to ¢* since ##=¢ (mod p). Then 7*
leaves { unaltered and is in H. Hence r*=S", T"=S7"=1.

The group G now has the decomposition G=H-+HT+ - - - +HT*L.
For otherwise T =S*T7 where n>r>j so that T7—! =357 leaves { unaltered,
which is impossible. We have proved that

* Bericht @iber Klassenkdrper, Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 36
(1927), pp. 232-311, p. 262.
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G= (5T (i=0,1,---,p—1;7=01,---,n—1).

The group G has a cyclic sub-group (77) of order #» and hence Z has a
sub-field F(x) of degree p over F. Moreover

¥y = py (A in K).
For 9 in Z evidently generates K(y) and we may apply Lemma 1. But
@ YIS = Ny = gD = gy,

where et=r (mod p) so that e=r*! (mod p). Hence 7'S =S5T. Conversely
it TS =S°T then r=et (mod p) is determined and we have proved*

THEOREM 1. Let F(x) have degree p over F and F(x, ) =Z be normal over F.
Then Z has the group

) SiTi (i=01,:--,p—-1;7=0,1,.-:,m— 1),
such that S?=T"=1, the identity automorphism, and

(6) TS = ST 0<e<yp).
Moreover Z=F(y, {) where y*=u in F(¢),

) (D =t y@ = (g7, ¢O = ¢, §O = ¢y, 4@ = ur,

and r=et (mod p).
Conversely every normal field Z > F () of degree p» over K =F(¢) is generated
asafieldZ=F(y, ), y»=p=u(t) in F(¢) such that

(8) p#E Ll @) =pr l=sr<p).
(#) (¢2]
The group of Z is then given by (5), (6), (7) where e is determined by r=et (mod

p) and Z contains a sub-field F(x) of degree p over F, the field of all quantities of
Z unaltered by the automorphism T .

It is evident that F(x) is uniquely determined in the sense of equivalence
and is generated by any quantity

©) r= Talt)y = Sy
=0 S|

for which at least one a; 0 for £>0. Morgover the equation
(10) $() = (0 — 2)(n — 29) - - - (n — xS")

has coefficients in F, is irreducible in F, and has x as a root. Hence Theorem 1

* A similar result was obtained by Hilbert for the case F=R.
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gives a formal construction of all fields F(x) of degree p over F with the prop-
erty that F(x, {) is normal over F in terms of the construction of all quan-
tities u satisfying (8).

If in particular F(y, {) has an abelian group, then F(y, {) =F(x) XF(¢),
where F(x) is cyclic over F. Conversely if F(x) is cyclic over F, then F(x)
XF(£)=F(y, ¢) has an abelian group, e=1, r=¢ and we have

THEOREM 2. Let pu range over all quantities of F(¢) such that
(11) rFE 1wl =t
[¢2] (?)

Then Z=F(x) XF(¢) where F(x) is cyclic of degree p over F. Conversely every
cyclic field F(x) of degree p over F is the uniquely defined sub-field of such an
F(ul», §).

4. We proceed now to the construction of the quantities 4. The condition

pFE1
»

is evidently an irreducibility condition depending intrinsically on F itself and
so must remain in our final conditions. We first prove

LEMMA 2. The integer r satisfies the congruence
(12) rm=1 (mod p).
For

if u = yr then pw=pu™
(9) (¢2]

and hence
umt=1.
*
But then if y»=u the quantity y™—!=X\y* where »"—1=s (mod p), 0Ss<p
and N isin F(¢). But y*7 is then in F({) so that s =0.
We have observed that 0 <r <p so that there exists an integer p such that

(13) pr=1 (mod p).
We define
(14) pr = p¥! (mod p), 1= <p,

for all integer values of k&, where p,.1=p1=1, and p—=, >0, is to be defined
as a corresponding positive power of p. Then

(15) 70k = Pi-1 (mod p).
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We may then prove

LEMMA 3. Let \ be any quantity of F(¢) and define

(16) M= Hx(;k)ﬁk‘
k=1
Then
(17) ™ = u@) = ur.
o)

For the automorphism T carrying ¢ to {* carries each {x to {x41. Hence
(18) p® = [INGe)* = [IAGR)2,
k=1 k=1
while, by (15),
wr = JIAGR)™ = u(s?)

k1 #)

as desired.

Let now
p(9) = pu7 and p = 1.
) »
Then define
19) M = [Tago
where A =u. Then A({:) =u™"so that
20 AGn = po* =y
. ) )
and hence
(21) M =y~

)
But # is not divisible by p so that z=y" generates K(y),

2 =M.
()

Hence F(y, {) =F(w, {) where w»=M is a quantity of the form (16). Con-
versely if u has the form (16) and

pFE1
)
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then F(y, ¢), y» =g, is normal of degree np over F. We have proved
THEOREM 3. Let \ range over all quantities of F() such that

(22) y? = p= [ A@R) = 1.
k1 [¢2)

Then F(y, ¢) is a normal field of Theorem 1. Conversely every normal field of
Theorem 1 is generated by a u defined by (22).

We have now succeeded in giving a formal construction of all the fields
of Theorem 1. In particular we have constructed all cyclic fields of prime
degree over F. For this case we have pf = 1 (mod p), and may state

THEOREM 4. Let p=t7—* (mod p) so that tpy=t—*D=p, , (mod p) and
let \ range over all quantities of F () such that

(23) a = II\Gom
k=1

is not the pth power of any quantity b of F({). Then if
(24) 2? = a,
the field F(z, ¢) is cyclic of degree np over F and

F(z) = F(x) X F({),

where F(x) is cyclic of degree p over F. Conversely every cyclic field F(x) of
degree p over F is generated as the unigquely defined sub-field of such an F(z, ¢).

We have thus given a construction of all cyclic fields of prime degree over
any non-modular field F where the condition ab” is the irreducibility con-
dition.

5. On normal division algebras of degree p. Let Z be a cyclic field of
degree p over F so that every automorphism of Z is a power of an auto-
morphism S given by z¢—2° for every 2 and corresponding 25 of Z. Define an
algebra D whose quantities have the form

—1

(25) 2nyt (2 in Z),
=0

such that

(26) yiz =25y’ y? =4 0inF.

Then D is a cyclic algebra over F and is a normal division algebra if and only
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if v N(2) for any z in Z. Evidently D is uniquely defined by Z, S, v and we
write

(27) D= (Z’ S, ‘/) = (Z) S) 8)) 6= N(C)’Y
for any ¢ of Z. For v is replaced by & when we replace y by cy. Also*
(28) (Z’ S’ ‘Y) X (Z, S:' 8) ~ (Z) S’ 75)'

If D is a cyclic normal division algebra of degree p over F, then D has the
above form and hence contains a sub-field F(y), y»=(y) in F.

Conversely, let D be any normal division algebra of degree p over F with
F(x), x»=8in F as sub-field. Let K =F({) of degree » over F. The algebra

(29) M= (K; T, 1):

a cyclic algebra of degree n over F, is a total matric algebra. We form the
direct product M X D which evidently contains K XD = D, as sub-algebra. Al-
gebra D, is a normal division algebra of degree p over K and has the cyclic
sub-field Z = K(x). Moreover

(30) Do = (Z, S, ),

where v is in K and the automorphism S is given by the transformation

(31) yx = txy, 25 ={x.

Let M have a basis (€¥*) (¢, k=0, 1, - - - , n) such that j»=1. Then in DXM
we have

(32) J(yx)j=t = yra = jExy)j™ = *xyr,

where yr =jyj-! is in DX M. But y is commutative with { since y is in D,.
Also y¢ ={y implies that yr{*={*yr and hence yr is also commutative with
¢. For F(¢*) =F(¢). The algebra of all quantities of D XM commutative with
¢ is evidently Dy so that yz is in D,.

Since yrx ={*xyr while y'x ={txy*, we then have yr =dy* where d is in Z.
Then

(33) (y0)? = jvj~t = () = N@d)",
where N(d) is the norm of the quantity d of the cyclic field Z. But
(34) Dy~ (Z,8,v") = Z,S,1¢Y),

by (33), (27).

* If 4 is any normal simple algebra, then 4 =M X D, where the total matric algebra M and the
normal division algebra D are uniquely determined in the sense of equivalence. If 4 and B are two
normal simple algebras with the same D, we say that 4 and B are similar, and write A ~B.
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By applying (34) we have Do*~(Z, S, v(¢*")), and hence
Dotx ~ (Z, S, v($5),
from which, if =) _puts =n+\p by (25),
Dy* ~ D"~ (Z, S, a),

where

a =IIvGo.
k=1

If D is any normal simple algebra of prime degree p over F, and K is a
field of degree z not divisible by p, then D is a total matric algebra if and
only if DXK over K is a total matric algebra. Moreover, if 7 is prime to p,
then Dr is total matric if and only if D is total matric. Hence, if Dy=D XK
and Dy is a total matric algebra, then so is D.

Algebra D," is a normal division algebra since D is a normal division
algebra. Hence a# N(c) for any ¢ of Z. In particular ab» for any b of K.
Thus D, contains a cyclic field* W of prime degree p over F. But then
D" XW' over W' =Wk, the composite of W and K, is a total matric alge-
bra. Hence Do XW’ is a total matric algebra and.so must be DXW over
W, W =W. But then D has a sub-field equivalent to W and is cyclic.

THEOREM 5. A normal division algebra D of prime degree p over F is cyclic
if and only if D has a sub-field F(x), x» =+ in F.

* The cyclic sub-field of F(«!/?) defined by Theorem 4.
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