ON COMPLETE TOPOLOGICAL SPACES*

BY
JOHN von NEUMANN

INTRODUCTION

1. The notion of “completeness” is usually defined only for metric spaces
(cf. for instance [1], p. 103). This seems reasonable, because this notion
necessarily involves a certain “uniformity of the topology” of the space under
consideration. Indeed, the definition of “completeness” is as follows:

DErINITION L. If M is a space in which there is defined a metric dist (f, g)
satisfying the usual postulates for distance ([1], p. 94), then a sequence F:
i, foy + - - s fundamental if, for every §>0, there exists an ny=n.(8) such that
m, n=ny imply dist (fm, f2) <8; and F is convergent if there exists an f such
that, for every §>0, there exists an ny=mny(8) such that n=n, implies dist
(f, f») <8. M is complete if every fundamental sequence is convergent.

The need of uniformity in M arises from the fact that the elements of a
fundamental sequence are postulated to be “near to each other,” and not
near to any fixed point. As a general topological space (cf. for instance [1],
pp. 226-232) has no property which lends itself to the definition of such a
“uniformity,” it is improbable that a reasonable notion of “completeness”
could be defined in it.

However, linear spaces (cf. [1], pp. 95-97, and Definition 1 in this paper),
even if only topological, afford a possibility of “uniformization” for their
topology : because of their homogeneity everything can be discussed in the
neighborhood of 0. Thus one might introduce

DerinitiOoN I'. If L is a linear space (cf. above) with a topology (cf. [1],
pp. 226-232; of course the “linear” operations of [a a real number] and f+g
are supposed to be continuous), then a sequence fi, fa, - - - is fundamental if,
for every meighborhood U of O (zero), there exists an ni=n(U) such that
m, nZny imply fm—freU;t and convergent if an f can be found so that for every
neighborhood U of 0 there exists an ne=ny(U) such that n=nq implies f—fneU.
L is complete if every fundamental sequence is convergent.

* Presented to the Society, December 28, 1934; received by the editors June 7, 1934.

t The fact that an element x belongs to a set S will be denoted by xS (not by € S), while '€ §
will mean that the set T is a subset of the set S. Other set-theoretical notations will be used: the sum
ofaset (S, 7T, --) of setsis&(S, T, - - - ), the product (that is, the common part of the elements)

of (S,T,---)isP(S, T, - - -),and the complementary set to S is€S. (These are not the notations
of [1].)
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This coincides with the previous definition if one defines, as usual, the
neighborhoods of a point f, in the linear-metric case (in which dist (f, g) =
dist (f—g, 0)=dist (f—g)) as spheres S(fo; 8): dist (f, fo) =dist (f—fo) <9,
6>0.

Another important notion is “total boundedness” (cf. [1], p. 108). We
give the usual definition in the metric case and the generalization for the
linear-topological case:

DEFINITION I1. If M is a space in which a metric dist (f, g) is defined (cf.
above), a set S ¢ M is totally bounded if, for every 8 >0, there exist a finite num-
ber of spheres S(f1;6), - - -, S(fa; 8) (of course m, f1, - - -, fa all depend on 5)
such that M ¢ &(S(f1; ), - - -, S(fa; 9))-

DEeFINITION I1'. If Lis a linear space with a topology (cf. above), a set S ¢ L
is totally bounded if, for every meighborhood U of 0, a finite number of points
fi, -+, faexist (n, fi, - - -, fu all depend on U) such that M c S(fi+U, - - -,
[+ 0)*

Finally, we repeat the well known definition of “compactness” in a form
which is particularly suited for our purposes.

DEerinNiTION IIL. If N is any topological space (cf. above) a set ScN is
compact if every infinite set T €S has a condensation pointt feS. If we require
only feN, this expresses (at least if the countability axiom is satisfied) that S
has a compact closure.

An important fact connecting these notions is that I and II imply III
(with N =M), the proof resulting from a simple application of the diagonal
principle (cf. [1], pp. 108-109). The proof can be transferred immediately to
the non-metric case: I’ and II’ imply IIT (with N =L), provided that the
topology of L fulfills Hausdorff’s first countability axiom (cf. [1], p. 229,
axiom (9); for the proof, cf. Theorem 15 in this paper). That is: if L is com-
plete and fulfills Hausdorff’s first countability axiom, every totally bounded
set S c L has a compact closure.

2. It seems desirable, for various reasons, to get rid of the restriction rep-
resented by the countability axiom. Some important examples of linear spaces
do not fulfill it.} Furthermore, the notions of total boundedness and closure-

* If L is a linear space, we use the following notation: (f, geL; S, TC L; , 8 real numbers):
aS is the set of all af, feS; f+S is the set of all f+g, geS; S+ T is the set of all f1 ¢, feS and geT.
Note that a(S+T)=aS+aT, (@B)S=a(8S), and S+T=T+S, (S+T)+R=S5+(T+R); but only
the weakened conditions aS+B8S2 (a+8)S, (S T)FTD S are valid.

1 f is a condensation point of T if P(7, U) is infinite for every neighborhood U of f.

1 For example, Hilbert space in its “weak” topology (cf. for instance [2], p. 379); the space of

all bounded operators in Hilbert space, in its “strong” and in its “weak” topology (cf. [2], pp. 381-
382; for the discussion of all these topologies, [2], pp. 378-388).
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compactness play an important role in the general theory of almost periodic
functions (cf. the following paper of S. Bochner and J. von Neumann on this
subject), and their equivalence is necessary for the smooth working of this
theory, which makes no other use of the countability axiom, and which there-
fore should be workable without its help. (This has actually been done, loc.
cit., by the use of the results of this paper.) But if we use the definition of
completeness given in I’, then IT’ does not necessarily imply III (that is, total
boundedness does not imply closure-compactness) if the countability axiom
does not hold. Therefore we have to find another definition of completeness
which leads to the desired implication.
The simplest thing is to postulate this directly:

DeriNiTION IV. If L is a linear space with a topology, it is topologically
complete if every totally bounded set S ¢ L has a compact closure.

For metric linear spaces, and even for every linear space satisfying the
countability axiom, this is equivalent to the usual definition of completeness
(Ior I’; cf. Theorem 15). The various spaces mentioned at the beginning of
this chapter are topologically complete (cf. Theorem 23). The most impor-
tant property of this notion is, however, that if L is topologically complete,
the linear space formed by the functions with a given domain D and with a
range cL is (if subjected to certain restrictions, like boundedness, etc.,
cf. Definition 11) topologically complete too. This is rather obvious for the
Definitions I and I’, but not at all for IV; we will prove it in Theorem 18.
All these properties make our notion of topological completeness just as use-
ful for various applications (for instance in the generalized theory of almost
periodic functions, as mentioned above), as the usual notion of (metric)
completeness, while its range of generality is essentially wider.

We now pass on to the exact exposition of the subject.

I. DEFINITIONS

3. We define linear spaces in the usual way (cf. for instance [1], pp.
95-97):

DEFINITION 1. The set L is a linear space, if, for f, geL and any real number
o,* of and f+g are in L and are defined so that

€Y fteg=s¢+/, 2 G+o+r=f+(+n,
3) 1f=1 (4) a(Bf) = (aB)f,
©) (¢ + B)f = of + Bf, (6) of + ¢ = of + ag,

) f4+h=g+ himpliesf = g.

* It would be sufficient to admit only rational o’s.
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By (3) and (5), f+0-f=f; by (1) and (2), (f+g)+0-f=f+g; by inter-
changing f and g, (f+g)+0-g=f+g; by (7), 0-f=0-g. Thus 0-f is independ-
ent of f; and we call it 0 (zero). We have f+0=f. Writing —f for (—1)-f, (5)
gives f+(—f) =0; writing f—g for f+(—g), (1) and (2) give (f—g)+g=f;
and by (7), x=f—g is the only solution of x+g=f. Now all rules of compu-
tation for 0, —f, f—g are easily deduced.

A metric (or an “absolute value”) in L is defined in the usual way (cf.

[1], p. 97):
DErINITION 2a. The linear set L is metric if, for every feL, a real number
Ifll, its “absolute value,” is defined, such that

@ Al >0ifr=0, @ losll =lel-llfll, @ lf+el s IlAl +llel-
The metric is then defined by dist (f, g) =||f—egl|-

This dist (f, g) possesses the characteristic properties of a distance and
can be used to define a topology in L (cf. [1], p. 94; also the end of paragraph
1 of this paper). However, we shall not assume that L is metric, but only that
it has a topology. This is done in the following definition, in which it was
attempted to reduce the strength of the postulates to the necessary minimum.

DerINiTION 2b. The linear set L is topological if a set U of sets U c L is
grven such that

(1) if Uel, then 0eU,

(2) there is a sequence Uy, Us, - - - el such that B(Uy, U,, - - - ) =(0),11
(3) if U, Ve, there is a Well with W cB(U, V),1

(4) if Uell, there is a Vel such that, for every o with —1<a<1,aVecU,§
(5) if Uell, thereis a Vel with V+V =2 U §

(6) if feL, Uell, there is an a with feaU.§

L is “convex” if the further condition
(7) if Uel, then U+ U c2U§

is fulfilled.

t If Hausdorff’s first countability axiom holds, (2) is fulfilled by choosing a complete system of
neighborhoods of 0 for Uy, Uy, - + - (cf. [1], p. 229, axiom (9)), but the converse is not true: (2) is
essentially weaker than the countability axiom. This is shown by the examples of Part IV, Theorem
23; cf. [3], p. 264.

1 (2) and (3) could be replaced by two other postulates (2’) and (3’) which extend (2) and re-
strict (3):

(2’) there is an aleph N* and a set (U, V, - - - )€1l with this aleph N *, such that B(U, V, - - +)
=(0);

(3') for each set (U, V, - - - )€Ul with an aleph <{N* there is a Well with WePB(U, V, - - -).

All our discussions could be carried through, with little change, on this basis. In the present form
of (2) and (3), N*=Ny (the set (U, V, - - - ) is countable).

§ See first footnote on p. 2.
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If L is metric, we consider the spheres (6 >0)
S°(fo; 6): the set of all fwith ||f — fo| <3,
S(fo; 8): the set of all fwith ||f — fol| < 5.

Choosing U as the set of all 5°(0; &) or as the set of all S¢!(0; §) makes L
topological and convex (one easily verifies Definition 2b, (1)-(7)), and the
topology, which we will define with the aid of Il in Definition 4 and Theorem
6, coincides in this case with the usual metric topology of L.

II. GENERAL THEOREMS

4. In the following discussion of Chapters II and III, L is assumed
merely to be a topological space, that is, to fulfill Definition 2b, (1)—(6), ex-
cept where the contrary is expressly stated.

TreoreM 1. If Uell, A >0, n=1, 2, - - -, there is, for each value of n, a
Vel such that, for all sets on, - -, an with —A=o, -, a.=4,
alV+ - - - +a,Vecl.

Increasing A and » strengthens the statement, so we may assume
A=2?n=2¢p¢g=0,1,2, - - - .ItissufficienttoobtainAV+ - - - +4VcU
(n addends), because the W of Definition 2b, 4 (withaW eV for —1<sa=<1)
will then have the desired properties. As AVeV+ - .- +V (4 addends),*
the statement is strengthened if we replace 4, n by 1, An =27+ respectively. -
Thus we may assume A=1, n=27,r=0,1, 2,. - - . We have to find a Vell
with V+ - - - +V e U (27 addends).

For r=0 we may choose V=U; if we have a V for any r=0,1,2, - - -,
we can apply Definition 2b, (S5), to it, and thus obtain a V for r+41. This
completes the proof.

DerINITION 3. If S € L, S; is the set of all f for which a Uell with f+-U c S
exists.t
THEOREM 2. S;;=S;cS.

0eU, fef+U, so that S;cS. Therefore S;; cS;. Now if feS;, that is, if
f+UcS, choose a Vell with V+V eU (Definition 2b, (5)). Then for
gef+V, g+Vef+V+Vef+UcS, and geS;. Thus f4+V cS;, feS:;, and
therefore S; € S;;. This completes the proof.

THEOREM 3. OGU.'; (f+S).=f+S., ifa;éO, (aS);=aS,~; S:+T;c (S+T);.

The first two statements are obvious. If feS; and f+UcS, then
af+aU caS,and if V is chosen by Theorem 1 with V/ac U, of +V caS and

* See first footnote on p. 2.
t S is the set of inner points of S (cf. Theorem 4).
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afe(aS);. Thus aS; c (aS);; substitution of 1/a, aS for «, S leads to the re-
sult that (aS;) caS:, proving the third statement. If feS; and geTy,
fteef+T:=(f+T):c(S+7T);, proving the fourth statement.

DEFINITION 4. S is open if S=3S:; S is closed if €S* is open. This means
that if S is closed, S =Sa, where we define Sa =C€((€S),).1

THEOREM 4. S; is open and the greatest open set c S, S is closed and the
smallest closed set > S.

The statements about S; follow from Theorems 2 and 3; those about S,
result from considering €S.

THEOREM 5. For every S, Sa =B (S+U), where U runs over all elements of 1.

If Uell, there is a Vel with —V eU (Definition 2b, (4)), and thus
Ve —U. For this reason B(S+U)=P(S—V) (U, V run over all II). Now
feB(S—V) means that for every Vell, feg—V for some geS, that is, geS,
gef+ V. But this is equivalent to feSa.

THEOREM 6. In the sense in which Hausdorff defined a topology, using the
open sets as fundamental notions (cf. [1], p. 228), Definition 4 describes a
regular Hausdor{f topology, that is, one which fulfills Hausdorf’s axioms (1)—(3)
and (6) (cf. [1), pp. 228-229; thus all axioms (1)—(6) are fulfilled).

Ad (1): 0 and L are obviously open. Ad (2): If Sy, S. are open, assume
feB(S1, S2). Then f+U,c Sy, f+U:cS,, and so with Vell, Ve B(U,, U,)
(by Definition 2b, (3)) and f+V < B(Sy, S:), proving that feB (S, Sz):. Thus
PB(Sy, S2) is open. Ad (3): If S, T, - - - are open, &(S, T, - - - ) is obviously
open. Ad (6): Let S be closed, f not an element of S. Then €S is open, fe€S,
so that Uell, f+ U c €S. Choosing Vell with V4V c U (by Definition 2b,
(3)) we have (f+V)ac(f+V)acf+V+V (by Theorem 5) cf+U c @S,
that is, for T=f+V,, T is open, feT, and B(Ta, S) is empty.

In the following discussions we shall always consider L as topologized by
the topology of Definition 4 and Theorem 6, except where the contrary is
explicitly stated. Thus we can use the whole topological terminology: we can
speak of open and closed sets, which have already been defined in harmony
with this by Definition 4, of continuous functions, limits of sequences, con-
densation points, etc.

THEOREM 7. of and f+g are continuous functions of a, f and f, g respec-
tively.

* See second footnote on p. 1.
t Se1, the closure of S, is the set of all points and all condensation points of S (cf. Theorem 4).
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Ad f+g: Assume fo+goeS, S open. Choose Uell, fo+go+U cS, Vell,
V+VecU. Then

o+ V)+ @+ Vdcfo+ g+ Vit Vicfot+ g+ V+Vefot g+ UcS,

that is, the sets Ti=fo+V:, T2=go+ V. are open, foeT1, goeTs, T1+T: < S.
Ad of: Due to the continuity of f+¢ (and Definition 1, (5)-(6)) we need
consider only ao=0 or fo=0. Then, in any event, aqfo=0, so that we have
the situation 0eS, S open. Ad ao=0: Choose Uell, U c .S, and Vel by The-
orem 1 with =2, 4 =1. Now choose a 8 with f,e3V (by Definition 2b, (6));
then for

1
lal <max(l, |8])
we have a(fo+V) cafV+aV c U c S, that is, the sets
A: l a I < !

max (1, |;3|)

and T =f,+4V; are open, 0ed, foeT, AT cS. Ad fo=0: Choose Uell, Uc S
and Vell by Theorem 1 with #=1, A=|a,|+1. Then |a—ao| <1 implies
|a| <4, aV eUcsS, that is, the sets A: |a—ao| <1 and T =V, are open,
aoed, 0T, AT cS.

5. We now introduce the notion of boundedness, which is usually con-
sidered as a metric notion. One sees at once, remembering the remarks made
at the end of §3, that our general definition coincides in the case of a metric
L with the usual definition.

DEFINITION S. S is bounded if, for every U ell, there is an o such that S c aU.

Remark. We could replace herein the Uell by the open sets T with 0eT
forif T issuch a set,a Uell, U c T, exists, and for Uell anopen T, 0eT, T c U
exists: I'=U..

THEOREM 8. Every finite set is bounded. If S, - - - , T are a finite number
of bounded sets, &(S, - - -, T) is bounded. If S, T are bounded sets, aS, f+S,
S+T are bounded.

It follows by Definition 2b, (6), that a one-element set (f) is bounded;
therefore every finite set is bounded if the second statement is true. If the
second statement holds for two addends, it holds by induction for any finite
number. Let S, T be bounded, Uell, choose Vell by Definition 2b, (4), and
a, B with S caV, T cBV. Then for y=max (|a|, |8]),

ScaV = 7(1 V)c'yU;
Y
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similarly, T eyU, &(S, T) eyU. Thus the first two statements are proved.

In the last statement the first part (concerning aS) is obvious; the second
follows from the third by putting T =(f), so that we have to prove only the
third part. Assume Uell, choose Vell by Theorem 1 with #=2, 4 =1. Choose
B, v with SeBV, T cyV. Then, for §=max (|8], |v|),

S+ TepV +V = a(g V>+5(—} V)caU.

This completes the proof.

The next definition is a repetition of Definition II’ in §1 (cf. the comment
given there).

DEFINITION 6. S is totally bounded if, for every U ell, there is a finite number
of elements fu, - - -, fa of L, such that ScS(fi+U, - - -, fat+U).

Remark 1. The fi, - - -, f. could be restricted to S. In this form the con-
dition is obviously sufficient; but it is also necessary: Choose Vell by The-
orem 1, with =2, A=1; then V-V cU. Apply Definition 6 to V:
Sec&(@+V, -, g.+V). As the sets g,+V which contain no point of S
can be omitted, we may assume that every g,+V contains a point of S, say
fr-Thengef,—V,ScS(fi—V+V, - - -, fu=V+V)cS(fi+U, - - - fat+U).

Remark 2. For the reasons given in the Remark after Definition 5, we
could replace the Uell by the open sets T with 0eT in all these considerations.

Remark 3. The set of all real numbers is a particularly simple linear space.
It is clear that its customary metric, ||«|| =absolute value of #, is a metric
in the sense of Definition 2a, and a topology in the sense of Definition 2b
(cf. the end of Part I). The boundedness in the sense of Definition 5, and
the total boundedness in the sense of Definition 6, obviously coincide with
the customary notion of boundedness for real numbers in this case.

THEOREM 9. Every finite set is totally bounded. The set of all of, —1=a=1
(f fixed), is totally bounded. If S, T are totally bounded, oS, f+S, S+T are
also totally bounded, and so is &(S, T).

If Ly, - - -, L, L are topological linear spaces, if Scc L, and is totally
bounded, k=1, - - -, k, if F(f1, - - -, fx) is a function with the domain f.€S.,
k=1, - - -, k, uniformly continuous in this domain, and with a range c L,
then the set of all F(fy, - - -, fx), f«€Sx, k=1, - - -, k, is totally bounded.

The statements for finite sets, f+S, &(S, T), are obvious, and the state-
ment for S follows from Theorem 1. The statements concerning the sets
af, —1<=a=<1, and S+T7T are both special cases of the last statement (k=1,
L=set of all real numbers, Li=L, f is to be replaced by «a, §(a) =of; and
k=2, Li=L,=L, §(f, f2) =fi+f respectively; cf. Theorem 7 and Remark
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3 after Definition 6). So our only task is to prove that statement. Denote
the W of Ly,- -+, Ly, L by Uy, - - - , Us, U respectively. If a Uell is given,
the uniform continuity of § means that we can choose Uielly, - - - , Uxells
so that the conditions f,—g.eU,, f., ge€S,, k=1,---, k, imply that
(1, -, f)—F(g, - - -, gu)eU. Now apply Definition 6 and its Re-
mark 1 to S Sc€©(geatUe 5 en,+UD) &ty s LemeSe. If a
system f,eS., k=1, - - - , k, is given, we have f.egc,,+Us, withapy,=1,- - - | n,
for each k=1, .- -, k, and thus F(f1, - - -, fo) F(gur, * - * 5 ) +U. So
if we put n=mn; - - - nx, and arrange the F(gury, © -+, goows) =1, -+,
f, k=1, - - - k) in some order §i, - - -, §a, then our set is contained in
&@E+U, - - -, §tU).
TrEOREM 10. Every totally bounded set S is bounded.

Let S be totally bounded, Uell. Choose Vell by Theorem 1, with n=2,
A=1,andthenfy, - - - ,fawithScS(fi+V, - - ,fa+V).Selectay, - + -, an
with f,ea,V and put B=max (1, |a|, - - -, |a@.]); then

a, 1

H+Vea,V+V= B(ﬁ V>+B(B V) cpU.

THEOREM 11. The boundedness (total boundedness) of S is a necessary and
sufficient condition for that of Sa.

As S cSa, the condition is necessary. If Uell, choose Vell, V+Vell;
then by Theorem 5, Va ¢ V+V c U, and thus ScaV (or SeS(fi+V, - - -,
fa+V)) implies Sa calU (or Sa ¢ &(f1+ U, - - -, fa+U)). Thus the condition
is also sufficient.

We now investigate convexity.

THEOREM 12. If L is convex (Definition 2b, (7)) then, for Uell and
oy -, 0,20, aUa+ - - - +alUa=(+ -+ +an)Ua.

Induction proves this theorem for all =1, 2, - - -, if it holds for » =2.
For ay=a:=0 it is obvious, therefore we may assume a;-+a;>0. Division
by a1+a, then gives

alUag+ (1 —a)Uqg = Uqg <a - y 02 « 1).

a; + a;

IIA
IIA

As > is obvious, we need to prove only c.

Now Definition 2b, (7), states that U+ U ¢ 2U ; iterated » times, this be-
comes U+ - - - +U (2raddends) c 2*U, and, a fortiori, kU + (2" —k) U € 2*U,
k=0,1,-..,2*" ThusaU+(1 —a)U c U if 0 a =<1 with « dyadic-rational;
from this, consideration of continuity leads to aUa+(1 —a)Uq € Uq for all
0=a=1, completing the proof.
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DEFINITION 7. Sconv S the set of all aufi+ - - + +anfa, with n=1,2, - - -,
ay o, an20, 04 - - - Faa=1,fi1, - - -, fa€S.

THEOREM 13. If L is convex, then, for all Uell, (Ua)wnv=Ua.

This follows immediately from Theorem 12.

THEOREM 14. The boundedness (total boundedness) of S is a necessary con-
dition for that of Seonv; if L is convex, it is also sufficient.

As S cSeonv, the condition is necessary. For the sufficiency we have to
assume that L is convex. If Uell, choose Vell, V+V € U; then Veony € (Ve1)oony
=VacV+VecU (by Theorems 5, 13). Thus S caV implies Seonv € @V eony
caU, settling the case for boundedness. S c&(fi+V, - - -, fa+ V) implies
Soonvc@(ﬁlfl'l' e +6nfn+Voonv) c@(ﬂlfl'i' A +ﬁnfn+U), Where the
By, - - -, B run over all combinations with By, - - -, 8,20,81+ - - - +B.=1.
If the set of these Bifi+ - - - +Bafa is totally bounded, then this set is con-
tained in &(@+U, -, g+U), and thus SewwecS(@+U+U, - - -,
2,+U+U). We could replace U by V, and we would then have Senv
cS(@+U, - - -, g+U). This settles the case for total boundedness too,
provided that the set of the Bifi+ - - - +Bafa (n and fi, - - -, fa fixed) is
totally bounded.

This is a subset of the (Bifi+ - - - +Bafa)-set with 0=p:1=1, - - -,
0=<B.=1. This set is disposed of by Theorem 9, if each set 8,f,, 0=8,=1, is
totally bounded, but this again follows from Theorem 9.

Finally we repeat Definition III in §1.

DEFINITION 8. S is compact if every infinite set T €S has a condensation
point feS.

Note that we did not assume that any of Hausdorff’s countability axioms
hold (cf. [1], p. 229, axioms (9) and (10)), and that we still are considering
“compactness” and not the Alexandroff-Urysohn “bicompactness” (cf. [3],
[4], in particular [3], pp. 259-260), although the latter is specially adapted
to these cases. The reason is that for the totally bounded sets S compactness
implies the countability axioms (although they need not hold for L, cf.
Theorem 16) and thus bicompactness.

III. TOPOLOGICAL COMPLETENESS

6. The two definitions of completeness which we discussed in §1, I’, and
IV, are the following:

DEFINITION 9. L is sequentially complete if every “fundamental sequence”
fi, fa, - - - in L (i.e., every sequence such that for each U el there is an my=n.(U),
such that m, n2n, imply fm—faelU) is “convergent” (i.e., an f exists such that
for each U el there is an na=ns(U), such that n=ns implies fo—feU).
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DEeFiNTION 10. L 85 topologically complete if every closed and totally bounded
set S c L is compact.

To characterize the relationship between these two notions, we prove

THEOREM 15. Sequential completeness is a necessary condition for topological
completeness; if L satisfies Hausdorff’s first countability axiom (cf. above), it is
also sufficient.

Assume first that L is topologically complete, and let fy, f2, - - - be a fun-
damental sequence. If Uell, faefy,+U for m2N,=N,(U); thus (fi, fo, - - - )
cS(i+U, - - -, fy,+U).So (fi, fo, - - - ) is totally bounded; (fi, f2, - - - )a
is also totally bounded (by Theorem 11) and closed, and thus compact. If
infinitely many fi, f, - - - are different, (fi, f, - - - ) is an infinite set
c(fy, fo, - - + )a1, and has a condensation point f, that is, an f such that, for
each Uell, there are infinitely many » for which f.ef+U. If only a finite
number of fy, f;, - - - are different, infinitely many f, must coincide, and their
common value f has the above property. So such an f exists in any event.
Corresponding to Uell, choose Vell, V+V e U, n,=n,(V), and the above f
with respect to V. Then f,—feV occurs for some #=n,, and f.—f.€eV for
every m, n2m; thus, for every m=mny, fu—f=(fn—fa) +(fa—f)eV+V cU.
Putting #n:(U) =n.(V) we see that fi, fs, - - - is convergent, and thus L is se-
quentially complete.

Now consider the converse situation. Let L be sequentially complete, let
Ui, U, - - - be a complete system of neighborhoods for 0 (cf. [1], p. 229;
this means that for each Uell some U, c U), and assume S to be totally
bounded and closed. As every infinite 7 c S contains a sequence fi, fs, - - - of
distinct elements, we may assume T=(f,, fa, - - - ). As every fundamental
sequence is convergent and thus has a condensation point f, we need only ex-
hibit a fundamental subsequence f®, f®, . . .in a sequence (fi, fz, - - -) €.
Now we can apply the well known diagonal process.

Choose gn1, = - + , gama With S € (gui+Un, - - -, guma+Us). Some gy, + U,

say v=v;, contains infinitely many elements f,¥, £, . . . of thesequence
fi, fo - - - . Some gy,+Us, say v=y,, contains infinitely many elements
fi®, &2, - - - of the sequence iV, £V, - - - . And so on. Now put f® =fm
FO=f®, ... If Uell, choose Vell, V—V cU (cf. Definition 2b, (4),
(5)) and U,c V. For m=p, f™ =f.™ belongs to (ft™, fotm, - - . ), thus to
(h®, fo®, - - ), and to gn,+U,. Thus, for m, n=p, fm —fmel,—~U,c V
—V cU. Putting m(U) =p we see that f, f®@ ... is fundamental, thus
completing the proof of the topological completeness of L.

As our main interest belongs to the cases in which L violates the count-
ability axiom, and as the equivalence of sequential and of topological com-



12 JOHN von NEUMANN [January

pleteness has not been established for them, we continue by investigating the
properties of topological completeness.

THEOREM 16. If L is topologically complete and S totally bounded, then if
we consider S as a space with the topology of L, this is a normal and separable
Hausdorff topology in S, that is, one whick fulfills Hausdorff’s axioms (1)—(3),
(8), and (10) (cf. [1], pp. 228-229; thus all axioms (1)-(10) are fulfilled).

Remark. For this reason we can replace condensation points in S by
limits of convergent sequences.—

As S e S.1and as S. is also totally bounded, we may consider S.: instead
of S, that is, we can restrict ourselves to closed sets S. Then S is compact.
The topology of L fulfilled axioms (1)-(3), (6) in L, therefore it also fulfills
them in S. Let us therefore consider the other axioms.

Ad (9): Choose Uy, Us, - - - by Definition 2b, (2), with (U, Us, - - - )
=(0). Now choose (by Definition 2b, (3), (5)) V.ell, V,+V.cU, and
Wael, W,cB(Vy, - - -, V,). Let T be an open set, 0e7. Assume that, for
n=1,2,---,BW,, S) is not a subset of B(T, S). Then there exists an f,
with f,eB(W., S), f. not an element of P(7T', S). If infinitely many fi, fo, - - -
are different, (fi, f3, - - - ) is an infinite set < .S, and has a condensation point
f, that is, an f such that, for each Uell, there are infinitely many m for which
fmef+U.If only a finite number of fi, f;, - - - are different, infinitely many f,
must coincide, and their common value f has the above property. So such an
f exists in any event. Choose m=n and fnef+U. fneWnc V,, fne€T, so
that f is a point or a condensation point of V, and of €T'; hence fe(V.)a
cV,+V,.cU, (by Theorem 5), and fe€T (€T is closed). Thus feB (U, Us,

-+ +)=(0), f=0¢T, contradicting the condition that fe€T. This proves that
ann=1,2, - - - with B(W,, S) € B(T, S) must exist, so that (W), (Wy);, - - -
form a complete system of neighborhoods of 0 in S, and f+ (W), f+(W2)s,

- - - form a complete system of neighborhoods of fin S (consider 0in —f+.5).

Ad (10): Take the W), W,, - - - constructed above and choose X,ell,
X.—X.cW, (by Theorem 1, n=2, A=1, and then gu, - : -, gum. with
ScS(gut(Xn)iy + * 5 gamnt+(Xa):). If an open set T and an feB(S, T) are
given, there is an #» for which B(S, f+W,) cB(S, T), and a » with fegn,
+(X.):. Then g, +(X,):cf—(X.)i+(Xn)icf+(X.—X.,): (by Theorem 3)
cf+W., and B(S, gw+(X.):) € B(S, f+W,) c B(S, T). So in the sequence
of open sets gn,+(X,)i, n=1,2, -+ -,v=1,- ., m,, we can find, for every
open set T and every feB(S, T), a T’ with feB(S, T') € B(S, T). Therefore
they form a complete system of neighborhoods in S.

Ad (8): In separable spaces regularity implies normality (cf. [5]), that
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is, (8) follows from (6) and (10).}
7. We are now in a position to formulate and prove the fundamental
Theorem 18.

DEFiNITION 11. If D is an arbitrary set, LP is the set of all functions F(a)
with the domain D and a range < L (that is, aeD, F(a)eL). A function F(a)
is “bounded” if its range (the set of all F(a), aeD) is bounded (see Definition S,
this set being < L). The set of all bounded FeLP is LyP. If Uell, define a set
U’ € LyP as the set of all FeLy® with a range < U. The set of all U’ is 1.

Remark. If L is metric, this boundedness means that the (real-numerical)
function ||F(a)|| should be bounded. Our U’ corresponds to the metric || F]|’
of Ly? defined by || F||’ =Lu.b.||F(a)|.

THEOREM 17. L forms with W’ a topological linear space, that is, it satisfies
Definition 2b, (1)-(6). It is convex, that is, it also satisfies Definition 2b, (7),
provided that L is convex.

All parts of this theorem are obvious.
TrEOREM 18. If L is topologically complete, so is LY.

Remark. It is easily seen that this statement holds for sequential com-
pleteness instead of for topological completeness. But, in view of theap-
plication to the generalized theory of almost periodic functions, and because
we believe that this notion of completeness is the natural one, it is important
to prove our theorem in its present form.—

Let S*c L7 be a closed and totally bounded set; we have to prove that
it is compact. As every infinite 7* ¢ S* contains a sequence 1, F, - - - of
distinct elements, we may assume 7%= (g1, §z, - - - )-

For a fixed aeD denote the set of all F(a), FeS*, by R.. As S*c S(F:i+ U’

-+ +, §a+U’) implies that R, c &(Fi1(a)+ U, - - -, Fa(a) +U), R, is totally
bounded, and, with it, R,— R, and (R,—R,)« (by Theorems 9, 11). The lat-
ter set is also closed, and as it is contained in L, it is compact. Thus Theorem
16 applies to it; and, in particular, the open sets (W1);, (W2);, - - - constructed
in the part “Ad (9)” of its proof form a complete system of neighborhoods of
0 in (Ra—R.)a1. (Note that the (W.,); do not depend on (R.—R.)a, that is,
on a¢; but if we choose for an open set 7" with 0eT the p=p(T, a) with
PB((Ra—Ras) o1, W) €B((Ra—Rs)e1, T) does depend on T and on a.)

Now apply the diagonal process used in the last paragraph of the proof of
Theorem 15 to i, Fs, - - - and Wi, W3, - - - in L} (instead of Ju fe, - - - and

t Tychonoff proves, loc. cit., only normality, that is, Hausdorff’s axiom (7) ([1], p. 229). But
if we replace in his result ([5], p. 140) the closed sets F, ¢ by two sets F, ¢ without common condensa-
tion points, and the space R by F+¢ (in which F, ¢ are relatively closed), (8) obtains. (Hausdorff’s
notations for F, ¢, R are F,, Fy, E.)
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Uy, Uy, - - -in L, which we considered there). As S* is totally bounded (as S
was there) we obtain a subsequence F®, F®, - - -, such that, for each W,
an n{ =n{ (p) exists so that m, n=n!{ imply F™ —F™eW,. Thus F™(a)
— ™ (a) eW,. If any open set T c L with 0T is given, there is a p=p(T, a)
with B((Ra—Rao)et, W,) € B((Ra—Rao)et, T). As Fm(a) —F™(a)eR.—R,
€ (Ra— RJ) o1, we thus have F™ (a) —F™ (a) eT. Putting n,(T’, a) =n{ (p(T,a)),
we see that F®(a), F?(a), - - - is a fundamental sequence (in L) in the
sense of Definition 9 (m, n=n, implying F™ (a) —F™ (a)eT). As L is topolog-
ically complete, it is also sequentially complete (by Theorem 15), and so
FP(a), F?(a), - - - is convergent. Denote its limit by F(a) (we know so far
only that FeL?).

We constructed above an #n{ =u{(p), independent of @, such that, for
m, n2n!, F™—F™eW, . (Note that, for an arbitrary open set T, 0eT, in
the place occupied by W, the corresponding #,=#:(T, a) would have de-
pended on a.) Thus ™ (a) —F™(a) eW,, F™(a) —F(a) e(W})or

Now assume that there exists a U’ell’, such that, for infinitely many #,
§™ —F is not eU’. Then we can select a subsequence F?, FP, - - - from
D, F®, - - - such that, for all #, F —F is not eU’. Now choose Vell,
V4V cU, and repeat the preceding construction with @, F.2, - - - and

V, Wi, Wy, - - - instead of with §i, §2, - - - and Wy, Wy, - - - . We obtain a
subsequence §V, o, - - - of F O, F?, - - - and a @ such that, for every
aeD, ®(a) is the limit of F® (a), F«? (a), - - - . But this is a subsequence of

§(a), ®(a), - - - and therefore has the limit §(a); thus F(e) = G(a) for
all aeD, and §=@. Furthermore, we have, from a certain » on (it is n{’ (1),
if n{’ (p) is the analogue of #{ (p) in the present construction, and thus inde-
pendent of a) F™ (a) —F(@)eVac VA4V U, F™ —FeU’. But as FO,
&, - - - is a subsequence of F®, F®, - - - we should always have F» —F
is not €U’. This is a contradiction. Thus there is an nf =n{ (U’) for every
U’ell’ such that #n=#n{ implies F™ —FeU’. (Remember that the sequence
FO, F® .. .isindependent of U’.) So if FeL?, it is the limit of the sequence
D, 9, - - - and therefore a condensation point of the original sequence
&1, F2, - - - . Thus the compactness of S* would have been established.
Assume U’ell’. We proceed as in the last paragraph of the proof of
Theorem 8. Choose Vell, V4V cU and Well, aW c V if —1<a=<1. There
is an n such that §,—FeW’, that is, all §.(a) —F(a)eW. The set of all

§a(a), aeD, for this #, is bounded, say <BW. Thus, with ¥ = max (1, lﬂ | )s
&(@) = Fa(a) — (n(a) — F(@))eBW — W

7<£W>+7<— —I—W) cy(V+YV)cyU.
Y Y

]
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So the set of all §(a), aeD, is bounded, and §eLy. This completes the proof.

IV. NON-METRIC EXAMPLES

8. Many metric and complete linear spaces are known, so that it is not
necessary to point out such examples. By Theorem 15, our notion of topologi-
cal completeness gives nothing new as long as L satisfies Hausdorff’s first
countability axiom. For this reason those examples will be of particular in-
terest which violate this axiom. We mentioned three such spaces in the last
footnote on page 2, and we shall discuss them now in detail.

DEFINITION 12. Denote Hilbert space by © and the space of all bounded linear
operators in © by B (cf. for instance [6], Chapter 1; [7], Chapter 1, paragraph
2; [2], pp. 372-373). There are various ways to define sets U for L= or B, of
which we shall consider the following. (Cf. [2], pp. 378-388, where the discus-
sion of all these topologies is to be found. The notations ||f||, (f, g), etc. are ex-
plained in each of the above references.)

(a) For any 8>0 define Ui(3) as the set of all feD with ||f]| <8; Uy is the
set of all U(5).

(b) For any "’=17 2;' L, ¢ne©7 6>0) deﬁne U2(¢1) Ty B a)
as the set of all fe© with |(f, ¢,)| <8 for v=1,-- -, n; Uz is the set of all
U2(¢l’ R ¢n; 6)

(c) For any §>0 define Us(8) as the set of all AeB with ||| A ||| <6, where

oy, 101
4l = kod T

(that is, the set of all AeB with ||Af]| <8||f|| identically); Us is the set of all
Us(9).

(d) For any ”=1: 27 Ty P, ¢n€@’ 6>07 deﬁne U4(¢1’ Ty D 5)
as the set of all AeB with ||A¢)|| S8 for v=1,- -, n; Uy is the set of all
U4(¢1; C oy D 6)'

(e) For any ”=17 27 sy Oy '/’ly Cety Dy ‘pne‘b: 6>0) deﬁne U5(¢1)
Y1, "+, Ony Yn; 8) as the set of all AeB with | (A, ¥)| S8 for v=1, - -, u;
Us s the set of all Us(pr, Y1, - - - , @n, ¥nj 0).

W, describes the strong, W, the weak topology of ©; Us describes the uni-
form, Uy the strong, Us the weak topology of B.

THEOREM 19. © and B are convex topological linear spaces (that is, they
Julfill Definition 2b, (1)—(7)) in all five topologies of Definition 11.

The proof is immediate.
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THEOREM 20. §, U, and B, Us are originated by metrics (in the sense of the
remark after Definition 2b), with the absolute values || f || and || A ||| respectively.
Both are sequentially, and thus topologically, complete.

The metric properties are verified immediately. Sequential completeness
is one of the fundamental properties of , U, (cf. [6], pp. 66 and 111), and
extends from it immediately to 8B, Us. Topological completeness follows by
Theorem 15.

We now investigate the non-metric topologies 9, U, and 8B, U, or Us.
Theorem 22 has some independent interest.

THEOREM 21. A set Sc O or B is totally bounded in the topology s or Us
(these are the weak topologies), if and only if the (real-numerical) sets of all

| (f, ), feS, or | (A9, ¥) |, AeS, are bounded for every choice of ¢pe© or ¢, Ye
(no uniformity is required).

Consider §, U.. If S is totally bounded, take U=U,(¢; 1), Sc&S(f;
+U, - -+, fatU). Then each feS is such that |(f—f,, ¢)| <1 for some
v=1, - - ., n, and thus

|¢, )| =, _max [(f9)] +1,

proving the necessity of our condition. To prove its sufficiency, consider a
Uell,, that is, U=Us(¢1, - - -, ¢n; 8). Choose c¢=|(f, ¢,)| for all feS,
y=1,---,n, and choose N=1, 2, - - - with 232%¢/N <4. Consider all N
systems of 2n integers p1, 01, * + -+, pn, On=—N+1, —=N+3,-- -, N—-1. If

for a combination p, o1, * - -, ps, 0n there exists an f with
o, — 1 o+ 1
¢ = R(f, ) = ¢,
N
g —1 a+1

C és((f,‘t’v) é

¢ forally=1,-. - m,

choose one and call it f,4,...p,0s,- The number of these f,,.,...,,0, is finite, say
M < N?; let us denote them by f®, - - - | fO), One easily sees that, for each
feS, there exists some f® with

2 2
Im(f_f(”)’ ¢‘v)| = ﬁc-’ lf}(f—f“‘), ¢7)| = chorallv =1,.--,n,

implying that

23/2

(= 19,00 s — 0.
’ N



1935] ON COMPLETE TOPOLOGICAL SPACES 17

Thus Sc&(fV+U, - - -, f*4TU), proving the total boundedness of our
set S, and the sufficiency of our condition.
B, U; are discussed in the same way.

THEOREM 22. A set S c D or B is totally bounded in the topology U, or Us,
if and only if it is bounded in the topology U, or Us (these are the metric topol-
ogies), that is, if the (real-numerical) set of all ||f||, feS, or ||| 4 |||, 4eS, is
bounded.

Consider §, .. If ||f|| <c, then |(f, ¢)| =|Ifll-|l¢ll =c||¢|l, proving the
total boundedness by Theorem 21, and thus the sufficiency of our condition.
To prove the necessity, assume .S totally bounded and the absolute values
lI]l, feS, not bounded. For each n=1, 2, - - - choose f.eS, ||f.|| =#2. For each
é, | (f, #)| are bounded (by Theorem 21). Thus lim,.., ||f./#|| = © and, for
each ¢, lim,.., (f./n, $) =0, contradicting a basic property of “weak con-
vergence” (cf. [2], p. 380, footnote 32, those considerations being a special
case of a result of S. Banach, cf. [8], Theorem 5, pp. 157-160). Thus our
condition is necessary.

B, Us are discussed in the same way (using [2], p. 382, footnote 35).

THEOREM 23. Each of the three topologies Us, for O, Uy and Us for B violate
both countability axioms of Hausdorff, but all three are topologically complete.

Hausdorff’s first countability axiom is not fulfilled, by [2], p. 380 and
pp- 382-383; hence the second is not fulfilled either. Every U.-totally bounded
set S is a subset of some set Ui(c): ||f]| <c. Now the latter sets are all
compact (cf. [2], p. 381, footnote 34), and S, being a closed subset of a com-
pact set, is also compact. Therefore  with U, is topologically complete.
B with U; is discussed in the same way.

It remains to discuss B with Ul,. We may replace every A8 by its adjoint
A*; then Aelly(¢y, - - -, ¢n, 8) means that ||4*¢,|| <8 forv=1, - - -, un. This
means that, for every fe® with ||f||=1, | (4%}, f)| <& (the sufficiency
follows from Schwarz’s inequality, the necessity from the substitution
f=4%p,/||A%.||), that is, | (4f, ¢.)| <4. The bounded linear operators 4 are
characterized by the properties A(of) =aAdf (o« any complex number),
A(f+g) = Af+Ag within the set B, of all operators 4, subject only to the re-
striction 4 (af) = a4 f(a >0). The boundedness condition | (4f, g)| <¢-||f|| -|lell
(or ||4f]| =c-|Ifll, cf. the remark made above), with some fixed ¢ >0, is re-
quired in any case. If we use the topology analogous to 1, in 8B;, B is a closed
subset of B,, therefore topologically complete if B, is topologically complete.
For the operators 4 of 8B; we may restrict the definition domain to the set
Si: |Ifll =1, as 4(ef) =adf(a>0) then allows a unique extension to . Now
in this interpretation 8B;, U4 coincides exactly with the St of §, Uy, from
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Definition 11, and thus it is topologically complete by Theorem 18. This
completes the proof.

V. THE PSEUDO-METRICS IN CONVEX SPACES

9. If L is topological and convex, that is, if L fulfills Definition 2b,
(1)-(7), we can define a family of notions, each of which is an analogue to the
absolute value, and which together describe the topology of L. In various
applications (for instance, in the theory of almost periodic functions) this
can be used to replace the metric, even when the countability axioms are
violated.

THEOREM 24. If L is topological and convex, (alU)a € (BU); for Uell and
0<a<B.

By Definition 2b, (7), U+ U c2U; repeating this » times, U+ - - - +U
(2~ times) €2*U, and thus, a fortiori, (2»—2)U+U+U € 2*U. Therefore
(27—2)Ua € (2»—2)U+U (by Theorem 5) c(2*U);=2"U;, ((2~—2)/2")Uq
cU;. By Theorem 12, 0<a<1 implies aUg caUa+ (1 —a)Ua="U., and,
upon replacing a by o/8 and multiplying by 8, 0 <a <B, aUs € BU,1. Now for
0<a<p we can find an integer » for which a/8<(2"—2)/2" <1, and then

| Jp—

ala € ﬁ( Ucl) c ﬂU:'-

2»
DEFINITION 13. For feL and Uell consider the set of all a >0 with feaU. Its
g.Lb. is denoted by ||f][3.

THEOREM 25. ||f||7 is finite, 20, and continuous. If « 20, || of |G =<l f |7
furthermore, || f+g |l = FIIT+glls- If|5=0 means that feB (aU over all
a>0)=(+0)U.t

As Bf is continuous, for small 8>0, 8feU, feU/B; thus the a-set is not
empty and || f||§ is finite; it is obviously non-negative. || af||§ =q|| f ||} is obvi-
ous for & >0; for & =0 it states merely that ||0|| =0. If fexU, ge8U, Theorems
12 and 24 imply that f+4ge(a+B)Ua € (@+B+8)U for every §>0; from this
it follows that || f+¢ ||z <||f||g+|l gl|5- The last statement is obvious. It re-
mains to prove the continuity of || f||7-

Assume 0<a<||fol|<B. (If ||fo||7=0 then omit the a.) Choose o, 8’
with a<a’ <||fd|§ <8’ <B. Then foef'U c BU;, fois not ea’U 3 ale, feeBBU:,
C(aUa)). If an f belongs to this set, we have feBU; cBU, fis not e aUy 2 aU,
and thus a<| f||§<B. Furthermore, P(BU;, €(alUa)) is. obviously open,
proving the continuity of || f||3-

t We write (4+0)U in order to distinguish this set from OU, which of course is (0).
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THEOREM 26. The seis ||f—foll§ <8, foeL, Uell, >0, form a complete
system of neighborhoods in L. (It would be sufficient to consider §=1.)

As||f—fi||$ is continuous in f, these sets are all open. If S is an open set,
foeS, there is a Uell with fo+UcS, and ||f—fo|[f<1 implies f—foeU,
fefo+ U €S. Thus the set || f—fo||; <1 contains f, and is contained in S.

We could extend | af||§=al| f||# from the non-negative o’s to all real
o by introducing ||f|lv=max (|f||Z, || =f]|5), but we shall not discuss this
further here.

Note that in metric spaces L (cf. the remark after Definition 2b), the
functions ||f||§ with U =5°(0; 8) or with U = 5°1(0; 3) coincide with each other
and with their ||f|| v, all of them being equal to ||f]|/é. If L is only topological
and if we form L; by Definition 11, then obviously

I8l = Lub. [§@Ifs.

AprpPENDIX I

10. We wish to make two remarks which are useful for some applications.

Remark 1. The linear space L, as defined in Definition 1, may allow
complex numbers « (instead of the real ones alone) as factors. We then call
L complex linear and we change Definition 1 so as to admit in its conditions
(4), (5), (6) also complex a and 8. Then Definition 2a for the metric should be
formulated with complex «’s in its condition (2). But the important change
is the one in Definition 2b for topological L’s: here condition (4) must include
all complex o’s with |a| <1 instead of ohly the real o’s with —1 <a<1. Then
Theorem 7, stating the continuity of af as a function of « and f, can be proved
without any changes. (Note that the definition of convexity, Definition 2b,
(7), is unaffected, and that Definition 7, Theorems 12 and 13 remain restricted
to real coefficients.)

This stronger form of Definitions 2b, (4), which we call (4’), can be re-
placed by the following two conditions:

(47) if Uell, there is a Vell, such that, for every real a with 0=« =1,
aVelU,

(49) if Uell, there is a Vell with iV c U.

(4¢) and (44), with the help of (3) and (5), include (4’): Choose V4V
cU, W withaW eV for 0sa=<1, X with X cW, ¥ with ¥ c X, Z with
iZcY,EcP(W,X,Y,Z), where V,W,X,V,Z, Eareall el. Thusi"EcW
for n=0, 1, 2, 3. Now if a complex « is such that |«| <1, we can write
a=i"3+iry, m=0,2;n=1,3;8, yreal; 0B, y<1. ThusaZ cBinE+vyi* &
cBW++yW e V+V c U, proving (4') as we stated it.
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Remark 2. If Lis convexand S ¢ L, then
((Soonv)ol)oonv = (Seonv)ql.

As the left side obviously o the right side, we need only prove <. And
as (Seonv)oony =Seonv, W€ may write T for Seonv and prove (Teor)oonv € (Toonv)ol-
Assume Uell, choose Vell, V4V cU. Then Vouy € U (cf. the beginning of
the proof of Theorem 14), and Ta € T4V, (Teo1)convy € Toonvy+ Veony = Toonv+ U.
Thus (Tet)eony € P(Teonv+U), where U runs over all elements of . By
Theorem 5, the right side is = (Tsonv)e1, thus (Te1)eonv € (Tsonv)e1, completing the
proof.

ArrENDIX II

11. The coefficients «, which occur in Definition 1, play an important role
in the applications of this theory, but the theory itself could be developed
without them. That is, we could work on the basis of Definition 1, parts (1),
(2), (7) alone; in other words, the theory could be extended from linear spaces
to Abelian groups (except, of course, for the statements about convexity).
Definition 2a has then to be restricted to (1), (3), and Definition 2b to (1),
(2), (3), (4) with a=—1 only, and (5). Note that (1), (2), (3) are general
topological axioms, while (4), (5) express that —f and f+g (that is, the
“group operations”) are continuous.

After these changes are made all our considerations remain almost unal-
tered, except that the notion of “boundedness” must be avoided (because
Definition 2b, (6), on which it is based, has been omitted); it has to be re-
placed by “total boundedness.”
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