METABELIAN GROUPS OF ORDER p~, p >2*

BY
CHARLES HOPKINS

INTRODUCTION

A metabelian group is defined as one whose central quotient-group is
abelian.t Since the central quotient-group of any group G is simply isomor-
phic with the group of inner isomorphisms of G, a metabelian group may also
be defined as a group whose group of inner isomorphisms is abelian.}

Any metabelian group G of order p1p#2 - - - p,#nis the direct product of
its Sylow subgroups of order p;*. In developing a theory of metabelian
groups, it is accordingly reasonable to center the attention upon those of order
™. In view of the fact that many results which are valid for groups of order
p™, p>2, do not hold for p=2, it seems advantageous to treat separately
the cases p =2 and p >2. In this article we are concerned exclusively with the
case p>2.

In §§2-5 we develop, by aid of the theory of regular permutation groups,
certain general properties of a metabelian group G of order p™, p >2. We men-
tion the following:

(1) Gis conformal with an abelian group 4 ;

(2) the operations of any metabelian group which is conformal with 4
can be derived by making 4 isomorphic with a certain subgroup of its group
of isomorphisms and multiplying together corresponding operations;

(3) the group of isomorphisms of G is a subgroup of the group of iso-
morphisms of 4.

In §§7-9 we define four different types of bases for G and prove that each
of these types occurs in every G. (Any set of elements which generate G is
said to constitute a basis for G.) Two of these types, the M B-bases and the
U-bases, are of fundamental importance in the theory of metabelian groups.
In §§10-11 we exhibit certain relationships between these two types of bases
and, furthermore, between the U-bases of G and those of 4.

In §§12-14 we discuss the topic of abstract defining relations for G: with
reference to a U-basis (§12), an M B-basis (§13), and a U-basis for 4 (§14).

* Presented to the Society, December 27, 1933; received by the editors March 22, 1934.

1 W. B. Fite, Proceedings of the American Association for the Advancement of Science, vol. 49
(1901), p. 41.

1 The term “metabelsche Gruppe,” as used by Furtwingler and other German mathematicians,
denotes a group whose commutator subgroup is abelian.
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Two of the fundamental results of this paper—that G is conformal with an
abelian group, and that G possesses a U-basis—have been published in a
recent article by P. Hall, entitled A contribution to the theory of groups of prime
power order.* The author, however, feels it desirable to present his original
proofs of these two results, as the methods involved are of frequent occur-
rence throughout this paper.

NOTATION, ELEMENTARY RESULTS

1. In order to avoid repeated explanations, the symbols employed in this
article will usually preserve their significance throughout, and accordingly
will ordinarily be defined only at their initial appearance.

The letter G will always denote a metabelian group of order p=, p>2.
The central and the commutator subgroup of G will be designated by T' and
C respectively. The operations of G will usually be denoted by small letters
(s, o etc.); for the automorphisms of G we shall always use capital letters.

The symbol c¢;; shall denote the commutator si's;s;sit (or o7lojo:07Y).
Since each commutator is invariant in G, of the eight formally distinct com-
mutators which arise from any two operations of G, only two, namely ¢;; and
¢ii, will be effectively distinct. Obviously ¢;; equals ¢t

We now mention certain elementary results, which we shall tacitly as-
sume throughout this paper.

(a) If g, g, - - -, g are any set of independent generating operations
(I.G.0.) for G,t then C is generated by cia=gi'gagigi, 13, * * *  Ciny C23, = * *

Cony * * * y Ca—l,ne

(b) Every operation of G can be expressed in the form g&ig*2 - - - g#»
. €120y s - - - c:"_';’l;:‘

(c) If o, and o, are of orders p™ and p™ respectively, m, =m,, then the
order of g.0, divides pme.f From this we see that every set of I1.G.O. for G
must include operations of highest order in G.

(d) The product of any two pth powers in G is itself a pth power in G.§

DEFINITION. Any operation of a given prime-power group which is not a
pth power of an operation in this group is said to be a “principal element” of this
given group.

* Proceedings of the London Mathematical Society, (2), vol. 36, parts 1 and 2, pp. 29-95. The
results presented in the author’s paper were obtained prior to the appearance of Hall’s article.

t That the number of elements in any set of I.G.O. for a prime power group is an invariant of
the group was proved by G. A. Miller, these Transactions, vol. 16 (1915), p. 21.

1 W. B. Fite, these Transactions, vol. 3 (1902), p. 338.

§ P. Hall, loc. cit., p. 75.
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RESULTS DERIVED FROM THE REPRESENTATION OF G AS A REGULAR PER-
MUTATION GROUP

2. Let G denote any metabelian group of order p™, p>2. Regarding G
as an abstract group, we denote its operations by the symbols ¢y, 03, - - -,
oiy -

We denote any permutation s; of G (in the regular representation derived
from post-multiplication) by the symbol (,,). We may think of s; as a rep-
resentation of o;. A representation, as a permutation on the p™ symbols
gy, 03, - + -, of any inner isomorphism S; of G is afforded by the symbol
(o 126)-* Clearly S; transforms the operations of G according to the per-
mutation s;. The totality of distinct symbols .S constitutes a representation
H of the group of inner isomorphisms of G. Any element of I(G), the group
of isomorphisms of G, can be represented as a permutation on the letters of
G by the symbol (5-).

We may identify I(G) with that subgroup of the holomorph K(G) of G
whose permutations omit the symbol for the identity of G.t Under G, I(G) is
transformed into p¢ conjugates, where p¢ equals p™ divided by the number
of characteristic operations of G. The totality of distinct permutations in
these p¢ conjugates coincides with the totality of distinct products (,,7) (),
where (,,;) is any permutation in the conjoint of G, while (J/) is any permu-
tation of I(G). ‘

Let p» denote the order of H. One readily sees that H has under G exactly
p* conjugates.

Now J ={G, H} is a metabelian group of order pm+». Its central is T, its
commutator subgroup is C; the central quotient-group J/T is the direct
product of two simply-isomorphic groups, each of which is simply-isomorphic
with H. The chief interest in J attaches to the fact that it contains a remark-
able set of subgroups, each of which is conformal with G.

Since H is simply-isomorphic with G/T, we obtain an isomorphism of G
with H by making each operation s of G correspond to that operation S of H
which transforms G according to s. Let 6 be defined as the operation of making
G isomorphic with H in this manner and then multiplying together corre-
sponding operations. That is, 6s =sS. Similarly, we define 6, by the equation
0.s =5S%. (Since H is abelian, s;~S¢#, s;~S#, - - - etc. defines an isomorphism
of G with H.) Let p” be the order of the operation of highest order in H. If

* This notation is fully explained in Speiser, Theorie der Gruppen von endlicher Ordnung, 2d edi-
tion, p. 25, p. 121; and in Burnside, Tkeory of Groups, 2d edition, pp. 81 ff.

t We agree that all the permutations of G shall begin with the symbol o, for the identity of G.
We may define I(G) as that subgroup of K(G) generated by its permutations which omit the initial
letter in the permutations of G.
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we let x range over all positive integral values, it is clear that not more than
p7” of the operations 6.s will be distinct.

By the symbol 6.G we designate the set of p™ operations which we obtain
by applying to each operation of G the operator §. We note that I' is common
to G and to 6,G. If we assume for the moment (we shall prove it below) that
0.G is a group for which 6.G/T is simply isomorphic with H, then we may
define the symbol 6,0, by the equation 6,0,5s=0,(sS*)Sv. Then 6,0.=0.0,
=0.4,. Hence we may write 0,= 6+, regarding 0 as an operator of period p’.

THEOREM 1. The permutations 0.G constitute a group which is conformal
with G.

That they constitute a group follows from the equation (6%s)(6s;)
=¢i7%0% (s:5;) =07 (ci7= s:5;). That this group is conformal with G is evident
from the fact that 65 and s have the same order. (For s and .S are commuta-
tive and have only the identity in common, since s permutes all the letters
of G while S omits o,. The order of S divides the order of s, since s and S
transform the operations of G in the same way.)

THEOREM I1. Eack G. is an invariant subgroup of the holomorph of G.

Clearly G is commutative with G., since G is commutative with T' and
transforms every coset I'sS= into itself. To show that I(G) transforms G. into
itself, we proceed as follows.

Let (;-) denote any permutation of I(G). The operation s,5# of G. may
be represented as

v g g
( )( ), which equals ( )
go;/ \oi%c0f o %00 ft!
Now

(a,)< . )(d ) ( f )(a‘_’p . ) ( . )
—_ = —_— - = — !
o o3 ’0’0’;""1 a o3 ’0‘0’,"“ o.‘! zo./a.‘,'z+l a‘.’ "’0”0’.' z+1
_ 2 _ o [ _ '5’3
- fez tz+1) ’ f—z te ] Siod®
0i %g0o;* 00 o %00;

where S/ transforms the operations of G according to s/. Since s/ is an opera-
tion of G, s!S!=is an operation of G.. This demonstrates our theorem, since
K is generated by G and I(G).

TrEOREM III. Each G, is a regular group.

Since G is a regular group on the symbols a3, 03, - - -, 0y, - - -, while
every permutation of H omits o3, it is obvious that every permutation of G
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other than the identity must permute o;. Suppose that some permutation ¢
of G, distinct from the identity, omits the symbol ¢.. Now G contains a per-
mutation § which replaces g; by ¢;. But §-%5 is a permutation of G, which
omits o, (see Theorem IT). This proves that each permutation of G, other than
the identity permutes all the symbols o4, 03, - - - , 0pm. Since G, is conformal
with G, it must be a regular group on these symbols.

3. These p’ conformal groups Gy, Ge, - - -, G, - - -, Gy»=G constitute
a set which we shall refer to as D. As permutation groups in K(G), they are
all distinct. We shall prove shortly that regarded as abstract groups exactly
v+1 of them are distinct.

Let t;=5:5¢7 and¢;=5,57 be any two operations of G.. Now {71, =¢,¢;,22H,
where ¢;;=s71s;5:572.* If 2241 is prime to p, then the commutator subgroup
of G, coincides with the commutator subgroup C of G. If 2x+1 is divisible by
2 but not by p?%, then the commutator subgroup of G. is composed of the pth
powers of the elements of C. By means of the relation y=2x+41 (mod p”),
we may associate with each member of D a value of y as a subscript. The
2”~1(p —1) members of D for which y is prime to p constitute a subset which
we call Dy; the p7~%(p — 1) members of D for which y is divisible by p, but not
by p?, we shall put into a set D,, etc. Set D,» consists of a single group,
namely that G, for which 2x+1 is divisible by p*. This group, which is
abelian, we shall designate by the letter 4. Its permutations &, &, - - -, &,

- - - are connected with those of G by the equation #;=6°s;, where ¢ is the
smallest positive root of 2¢+1=0 (mod p”). That G, is abelian is sufficiently
important to state as a theorem.

THEOREM I. The p™ products t;=0°s;,1=1,2, - - - | p™, constitute a regular
abelian group A which is conformal with G.

The conjoint of each group in a given set Dye, =0, 1, -+ -, v, is a member
of the same set. If y has the value % for a given group G., then y will be con-
gruent to —k modulo p” for the conjoint of G.. (It is easy to prove that the
conjoint of G is Gpr—z—1.)

THEOREM II. The groups in any given set Dy, =0, 1, - - -, v, are simply
isomor phic.

Let \ be an integer prime to p. If we replace each operation of G. by its
Ath power, then we shall obtain all the operations of G, in some order. Let

()

* Itisa simple task to verify the relations s;'Sjs¢=Sicsjand S; 's;Ss=sjci;. Of course S715;:5;=Sj.
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be the permutation on the symbols o1, a2, - - - derived from associating each
operation of G with its Ath power. Since T defines an automorphism of the
abelian group T, in determining how T\ transforms the operations of G. we
shall be concerned only with the non-invariant operations of G..

Let #;=s5:S# be any non-invariant operation of G.. We may write

(coeeer)
t; = .
Ll
15405 = (N o) = (o)
R orzoer i N\ [e720et /"

[,ﬁzw‘;ﬂlx - a)‘,[d—za.o.:g])‘c%()&l)m’

Then

Now

where c;, is o700 .0~!. Moreover,
[e72002 P = o7%c0z .
Hence

[ors0at1]} = Parsedor)ch*+01s,

Since 2 is prime to p, the congruence 2z=1 (mod °) always admits a unique
solution z. Therefore, we are justified in using the symbol (A\+1)/2, even when
A+1 is an odd integer. Now

AcAOHDI2 = GT O/ OHDI2 = 7 O+DI2(gT2grgT) g MHD/2,

Hence one may write

[672002 1 = o7 N2 (g520a8 )g; 0N IH = g7 (1-M22) 200 (120 136 0

Then

g

T = ( ) = sAS, U222

a.;—(l—)+2z) /20-0..,(1—X+2z) /za.,x

Let us put 1 —A+2x=2\¢ (mod p’). Then s»S2¢ is an operation of G;. If
we write the congruence above in the form 1+42x=\(1+42£) (mod »”), it is
clear that the same power of p divides both 14 2x and 1+2¢. This demon-
strates our theorem. If G, is the abelian group 4, then 142z (and conse-
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quently 1+42¢£) is divisible by p”. We can, therefore, identify the permutation
T with that automorphism of 4 which transforms each operation of 4 into
its Ath power.

If we restrict the values of \ to the p”~!(p —1) positive integers which are
less than p” and prime to p, then the permutations 73 constitute a cyclic
group of order p*~!(p—1). We may identify each T, with the linear substitu-
tion X, on the subscripts of Gy, Gy, - - -, Gs, - - - , where X, is 2’ = a[1—
M (2x+1)] (mod p*), while @ and N’ are defined by the congruences 2a+1=0
(mod ”) and A\'=1 (mod 7). Or we can represent T as the linear substi-
tution Yi:y’=N\’y (mod p”). The order of T\ is obviously the period of A
with respect to p”. When A is p”—1, then T represents a substitution of order
2 in the double holomorph of G which transforms each G, into its conjoint.

4. At this point we review certain results from §§2-3, which will be of
service to us in what follows. Commencing with a representation of G as a
regular permutation group, whose permutations s, ss, - - - all begin with the
same letter o1, we designate the holomorph of G (on these letters) by K(G).
We let I(G) denote that representation in K(G) of the group of isomorphisms
of G whose permutations all omit ¢;. The subgroup of I(G) which gives the
inner isomorphisms of G we shall denote by H. We let Sy, S, - - - denote the
permutations of H, where S; transforms G according to s;. Furthermore, p*
denotes the order of the element of highest order in H, while a is the least
positive root of 2a+1=0 (mod p”). Theorem I of §3 states that (a) the p™
elements ¢;=6%;=s5,5:® constitute a regular abelian group 4 on the letters
of G. Let K(4) denote the holomorph of 4 (on these same letters), and let
I(A) denote that representation in K(A4) of the group of isomorphisms of 4
whose permutations omit ;. Since I(G) is a subgroup of I(4),* H is in I(4).
Throughout the remainder of this article the symbols defined above will pre-
serve their significance.

We know that there is only one permutation in I(G) which transforms
the permutations of G in a prescribed manner. Hence, given s; in the equa-
tion ¢; = 6°s;, we see that #; is uniquely determined. Conversely, given ¢; in this
equation, s; is uniquely given by #,S;:¢. We recall that Si*is in I(4). We
may, therefore, state that (b) the permutations in a given regular represen-
tation of G may be obtained from those of 4 by making A isomorphic with
a certain subgroup of I(4) and multiplying together corresponding opera-
tions. This result is clearly trivial in the sense that we cannot determine the
“certain subgroup” unless we already know the permutations of G. The real
point of (b) is expressed in the following theorem.

* See Theorem II of §2.
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THEOREM 1. Let by, ta, - - - denote the permutations of A and let Ry, R,, - - -
denote the permutations of a subgroup R of I(A). Let v; denote the commuitator
R Y%;Rt;71, and (c) let every product vyt be invariant under R. If the cor-
respondence T~E, - - -, Tt;~R;, - - - defines an isomorphism 7 of A with R
for which (d) T contains every v.;, then the p™ products

(1) FE, . ,Tt.-R.-, e
constitute a metabelian subgroup G of K(A) which is conformal with A.*

From (d) we know that the product of any two elements in the set (1)
is itself in the set. That the p™ products (1) are all distinct follows from the
fact that 4 and R have only the identity in common. That these products
constitute a metabelian group is a consequence of (c). From the existence of
7 we know that the order of R; divides the order of #;. Although R; and ¢; are
not necessarily commutative, a simple computation will show that #:R; and
¢; have the same order. From this it will follow that G is conformal with 4.}

To show that we obtain every regular metabelian group in K(4) which is
conformal with 4 by employing, in the procedure of Theorem I, every
“permissible” subgroup R of I(4), it is clearly sufficient to show that Gis a
regular permutation group. For we know that the permutations of a given
regular permutation group G in K(4) can be derived from those of 4 by the
equation s;=#:57° In §5 we shall prove that every G is a regular group.

That a representation as a regular permutation group of each of the
abstractly distinct metabelian groups which are conformal with G may be
obtained by the process of Theorem I, is a direct consequence of the following:

THEOREM II. The holomorph K(A) contains a regular representation of each
of those abstractly distinct metabelian groups which are conformal with A.

* The identical operation of any group is denoted by the letter E.

1 We observe that ¢ and R; need not be commutative; moreover, the v;; need not be separately
invariant under G. But it is obvious that every commutator Rilys; Riy:;! must be invariant under
G, and hence under R. That is, the class of {4, R} cannot exceed 2.

This derivation of G from 4 and R is a special example of a more general “composition” of two
groups. We refer to the following theorem:

Let Q and Q' be two finite groups of orders m and m' respectively, for which the following conditions
hold: (a) the cross-cut of Q and Q' is the uienhly, (b) Q' transforms Q into_itself; (c) Q and Q' are iso-

morphzc under the correspondmce O~E, - -, Qq~g, " -, where Q contains oll commutators
¢i"\qag! ¢, qr and q, being any two elements of Q and Q' respectively. Then the m products
(1) Q,"',Qq.q.,'“

constitute a group Q' of order m.

From (c) it is clear thatgs! gig/ can be brought into the form ¢:ig:9:9¢ ¢f , where g;; is in 0.
That is, the product of any two elements in (1) isin the set (1). From (a) we see that these m products
are distinct, since gigf =gjq! leads to g7lgi=g/ gi'=E.

Of course, Q’” and Q are usually not conformal. The simplest additional restriction which will
ensure their beirg conformal is probably that given by gq! =qf g:.
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Let G and G’ be any two such groups, each being represented as a regular
permutation group. Then K(4) on the letters of G and K(4) on the letters of
G’ are conjugate under some permutation. Hence G’ occurs as a regular
group in the holomorph K(4) (on the letters of G).

5. In this section we develop several theorems which, in the main, are
generalizations of theorems in §§2-3. The symbol G is the same as in The-
orem I of §4.

THEOREM 1. Each G is transformed into itself by the permutations of A*
and conversely.

We regard the elements of G as a certain p™ products #;R; (see Theorem I
of §4). We write G in cosets with respect to T', where T is the subgroup of
G (and of 4) composed of those products for which R; is the identity. Then
the permutations of 4 transform each of these cosets into itself. This proves
the first part of our theorem. The converse is obvious.

THEOREM I1. Each G is a regular group.

As above, we regard the elements of G as the products #;R;. Since each
permutation of /(A4) omits o, the initial letter in the permutations of 4, we
see that every permutation in G permutes ;. If a certain permutation, say
7, of G should omit the letter o4, then we could find a permutation ¢ in 4 such
that #~1it would omit ¢;. From Theorem I of this section we know that this
transform is in G. Hence each permutation of G permutes all the letters of 4;
G is accordingly regular, since it is conformal with 4.

THEOREM III. All simply-isomorphic regular metabelian groups G' in
K (A) which are conformal with A constitute a complete set of conjugates under
I(4).

Let G’ and G”’ be any two of these simply-isomorphic regular groups in
K(A). Since G" and G’’ are both regular, they are conjugate under some per-
mutation on the letters of 4. Our objective is to show that one such permuta-
tion occurs in I(4).

We denote the group of inner isomorphisms of G’ by H’, and that of G'’
by H"'. Of course we regard H’ and H'’ as subgroups of I(4). Let I’ and T’
denote the centrals of G’ and G’/ respectively. Obviously I'’ and I’ are
simply-isomorphic subgroups in 4. We denote the permutations of G’ by
s{, s¢, - - - and those of H' by S{, S/, - - -, where S/ transforms G’ ac-
cording to s/. We adopt a corresponding notation for G’’ and H'’.

To each permutation of 4 we assign two symbols, ¢ and ¢/, in such a

* Of course, we regard 4 as derived from a regular representation of a given metabelian group G..
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way that the permutations of G’ and 4 (G’’ and 4) are connected by the
equation ¢! =s!/S!e (¢!’ =s!'S!’*). We write S! for S!—* and 5!’ for S!'-e.
Then the permutations of G’ and of G’’ are derivable from those of 4 by the
equations

(1) si =4S8!
and

(2) si’ =1t'S{!
respectively.

We may choose our notation so that a simple isomorphism between G’
and G”’ is defined by the correspondence
(3) T/ ~T", .- TSl ~T"t)'S, -, 1"t}S] ~T"}'SV, - -
Now (3) requires that H' and H'’ be isomorphic under the correspondence
“) TPV ZEY T RS T
Since the product s/s/ corresponds to s!’s/’, we obtain v./t!t} S!S ~v:!’

-t'¢1' 5’5, where v/ =85!t} 5!-%!-! and v}’ =3¢}’ S!' -1}’ 1. Since
i/ must correspond to v/’ under (3), we get

) (#4)(SIS]) ~ @'4]")(SI'S{").

From (4) and (5) we see that (3) involves an automorphism of 4, defined by
the correspondence

(6) I~ T T T T STV

Let T be the permutation in 7(4) which brings about the automorphism
(6). Now II transforms G’ into a simply-isomorphic group TI-!G'TI, and one
readily sees that the permutations of these two groups correspond according
to

Q) I’ ~T", -+, T S! ~T' 115!, -

Since II-Yy;! I equals v.}’, it follows that -5/ and 5!’ transform the
permutations of 4 in the same way. But there is only one permuta.tlon m
I(A4) which transforms 4 _in a prescribed manner. Hence S{’ is o-5/o
and G" coincides with II-!G'II. This completes the demonstration of

Theorem III.
As a direct consequence of Theorem III we have

THEOREM IV. A representation I(G”) of the group of isomorphisms of every
G’ occurs as a subgroup of I1(A4).
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From Theorem III and Theorem IV follows

THEOREM V. The number of distinct representatwns of G’ in K(A) equals
the index of I(G') in I(4).

THEOREM VI. Those conjugates of G’ (under I(A)) which are in the holo-
morph K(G') of G’ are commutative, each with each, and conversely.

The proof is elementary. Equally obvious is

THEOREM VII. The holomorph K(G’) is invariant in K(A) if, and only if,
the commutator subgroup of G’ is a characteristic subgroup of A.

In retrospect: Theorem I of §4 provides, theoretically at least, a means of
constructing a regular representation of each of the abstractly distinct meta-
belian groups which are conformal with a given one G. By using every sub-
group R of I(4) which satisfies the conditions laid down in this theorem, we
obtain the totality of regular metabelian groups in K(4) which are conformal
with 4. Obviously we obtain this same totality of groups by subjecting the
elements of R to the following additional restrictions: each 1v,; is invariant
under R; v;;=";7! (whence follows v;;=E).

The process of Theorem I in §4 does not, in general, yield all the meta-
belian groups in K(4) which are conformal with 4. In fact, when 4 has
more than 2 I1.G.O., then K(4) always contains non-regular metabelian
groups which are conformal with 4. We shall not prove this statement; the
demonstration is fairly obvious. Instead, we present the following example.

Let A be a representation as a regular permutation group of the abelian
group of order 27 and type 1, 1, 1. We begin all the permutations of 4 with
letter a,; we denote by 7(4) the subgroup of K(4) composed of the permuta-
tions of K(4) which omit a;. Now we can find in 4 three permutations
A,, Az, A5 which generate 4. Also, we can find in I(4) a permutation = of
order 3 which is commutative with 4, and 4; and transforms A4, into A.4,.
We see that 7 permutes exactly 18 letters. Since 7 transforms {4, 4,} into
itself, it follows that {4, A,, 7} is a metabelian group of order 27, each of
whose operations is of order 3. This group is clearly not a regular group.
It is of course simply isomorphic with the regular permutation group
G={4,, A,, Ayr}, since all metabelian groups conformal with this given 4
are abstractly identical.

ARITHMETICAL INVARIANTS OF G

6. Associated with every given metabelian group G are the following
uniquely-determined abelian groups: 4, C, T, G/C, G/T (which is simply
isomorphic with H). From each of these groups there arises a set of arith-



172 CHARLES HOPKINS [January

metical invariants of G. We enumerate the following:

(1) the r invariants p%, p%, - - -, p¥ of 4;
(2) the / invariants pa, - - -, puof C;

(3) the invariants p7, p*, p*s, - - -, p"» of G/T;
(4) the invariants of T';

(5) the invariants of G/C.

To these we add

(6) the number 7 of 1.G.O. for G. We may assume that for each set the in-
variants are arranged in descending order of magnitude.

We shall not go into the question of relationships between these six in-
-variants other than to note that ¢; equals v, while G/T' must clearly have at
least two invariants of highest order.

There are two additional invariants of G which are of considerable im-
portance for the development of our theory. These we now proceed to define.
Following the notation of Hall, we denote by U . the subgroup composed of
the poth powers of the elements of G. These groups U, constitute a series of
characteristic subgroups U1, O, - - -, 85, =E of G, each being contained in
those which precede it.* For C we define the series Cy, Cy, - - - , C, = E, where
C. is the subgroup composed of the p=th powers of the elements of C. Finally
we have a third series Cy, Cs, - - - , C,=E, where C. is the subgroup composed
of those elements of C which are in U .. Obviously C. contains C,. In what
follows we shall be concerned exclusively with the case a=1, i.e. with the
first term in each of these three series.

The two additional invariants of G, to which we referred above, are the
following:

(7) the number , of invariants of C/Cy;
(8) the number J; of invariants of C,/C..t
Since C/C, and C/C,+C,/C, are simply-isomorphic, we have /4l =1.
For the case where C/C, is the identity there arise so many important
simplifications of the general theory that it is desirable to assign a name to
those groups G for which C=C;. Such groups we shall call w-groups. An im-
mediate illustration of their significance is provided by

THEOREM 1. The quotient group G/0:1(G) is abelian if, and only if, G is an
w-group.
The proof follows from the fact that C/C; is the commutator subgroup of

* Hall, loc. cit., p. 78. _ _
t Obviously the two quotient-groups C/C: and Ci/Ci are of type 1, 1, - - -,
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G/U.(G).*

For certain small values of m (for m=3 and m =4, in particular) these
eight invariants characterize G. It would be an interesting problem to deter-
mine whether for every order of G there exists a set of arithmetical invariants
which completely characterize G: that is, determine G to within an iso-
morphism.

At this point we mention several useful properties of the ¢-subgroup
®(G) of G. That (a) ®(G) is the cross-cut of all subgroups of index p in G,
and that (b) G/ ®is of order p~and type 1, 1, - - -, 1, are two familiar results
in the theory of prime-power groups. From (b) it follows that ®(G) is gener-
ated by 0,(G) and C.

Now ®(4), the ¢-subgroup of 4, coincides with U,(4). Obviously U,(4)
is 6°0,1(G). Since 6°C is C itself, we have

THEOREM I1. The quotient-group 0°®(G)/ (A) coincides with C/Cy, and is
accordingly of type 1, 1, - - - | 1 to I, factors.

From Theorem II follows

THEOREM III. For G to be an w-group it is necessary and sufficient that r
equal n. If G is not an w-group, then r —n must equal .

We mention here two rather obvious results, which will be of use to us in
what follows. The first is the following:if gy, - - - , g, are a set of 1.G.O. for
G, then no product gi*igs** - - - g.*» in which an exponent is prime to p can
be in ®(G). The second is

THEOREM IV. If G is an w-group, then every operation of G can be ex-
pressed in the form g, =gi®'gs - - - gan.

To prove this, we note that every operation ¢ in G can be expressed in
the form g,c, where g, is gi¥1g¥2 - - - g,¥» and ¢ is some element in C. Since C
is in 8,(G), ¢ can be expressed as (g.c’)?. Then o can be brought into the form
gugs*c’? =gy,¢’’. Since the order of ¢’/ is less than the order of ¢, we can eventu-
ally bring ¢ into the form g, above.

BASES FOR G

7. Any set of elements g;, gs, - - - which generate G we shall call a basis
for G. In the classical theory of abelian groups the term basis for Q, where
Q is an abelian group, is used to designate a set of elements ¢y, ¢z, - - - of Q
such that Q is the direct product of the cyclic subgroups {g¢:}, {¢:}, - - - . To

* From a theorem of Hall (loc. cit., p. 83) it results that 8,/U,41 is abelian for a> 1. More gen-
erally, 8,/Uq,p is abelian for a>1 and a28.
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avoid confusion, a basis for Q of this sort we shall refer to as a U-basis for Q.
The fact that every abelian group has a U-basis constitutes the so-called
fundamental theorem in the theory of abelian groups.

We now define four different types of bases for G. For the first three types
we start with a set of I.G.O. for G, namely g;, g2, - - - , gn. Let g, be any
product gigs - - - g#» in which the g; occur, without repetitions, in the
normal order g, g, - - - etc.*

(1) If g is an element in C only when each factor g% is in C, then
&, - - -, gn are said to constitute a C-basis for G.

(2) If g. is in T only when each factor g+ is in T, then the g’s are said to
constitute a I'-basis for G.

(3) If g, is the identity only when each g#¢ is the identity, the g’s are
said to constitute a B-basis for G.

A set of elements Py, P,, - - - , P, is said to constitute a uniqueness-basis
(U-basis) for G provided that each operation of G can be represented uniquely
in the form Py#1P,* - - - P,%, where each exponent is a least positive residue
modulo the order of the P to which it belongs.

In what follows we shall prove that each of these four types of bases oc-
curs in any given metabelian group G. To prove the existence of a C-basis
is a simple task. We write G in cosets with respect to C and select from every
coset which corresponds to an element of a given U-basis for G/C an opera-
tion v;. Now 9,7wy%s - - - is clearly in C only if each v%1, 9,7, etc., is in C. It
remains only to show that these ’s constitute a set of I.G.O. for G. That
they do is readily apparent from the relation G/®(G)=G/C+®(G)/C.

To construct a I'-basis for G we first write G in cosets with respect to T';
then, from each of those cosets which correspond to the elements of a U-basis
for G/T', we select an operation of G, obtaining thereby the % operations

ul,uz,. ..’uh.
If h=n, then u,, u,, - - - , us will constitute a set of I.G.O. for G. For
Wz =1U"Ws® - - - U3 is non-invariant in G unless each x; is divisible by p7;

we know that ®(G) is {0:(G), C}; hence . cannot be in $(G) unless each »
is divisible by p.

If % is less than », we can extend u,, - - - , %5 to a set of I.G.O. for G by
adding a certain #n—#h elements %41, -+ -, %a. To show that these n—4
elements may be chosen from T, we observe that G/{u} and I'/T are
simply-isomorphic, where {#} is the group generated by u,, - - - , s, and T
is the cross-cut of {#} and I'. Consequently G= {T', {«} }; hence #s41, - - -,%n
may be taken from I'.

* Throughout this paper it is assumed that in any indicated product, such as 4, - - - 4,7,
Py® - - - P,%r etc. no subscript is repeated.
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We shall make no further use of these two types of bases. It is, perhaps,
worthwhile to point out that for a given G it is usually impossible to construct
a basis whose elements satisfy any two of the conditions (1), (2), (3) above.
But there are large and important categories of groups G for which every
C-basis is a U-basis. We mention, in particular, those groups G for which
h=nand G/T is of type @, @, - - - , a. Those groups G in which every element
(except the identity) is of order p provide a trivial illustration of the case
where every C-basis is simultaneously a I'-basis and a B-basis.

8. We shall now prove that every metabelian group G contains a B-basis.
That is, we shall show that there always existsa setof # 1.G.O., 81,8, : *  ,Ba
with the property that B*8*s - - - B, is the identity only when each B
is the identity.*

We first prove the theorem for groups having two I.G.O. Every set of
I1.G.O. must include at least one operation of highest order in G. Let 8, be
such an operation, and let 8, be an operation in G of lowest possible order
such that 8, and B8, generate G. We shall now prove that {8} and {8:} can
have only the identity in common.

Suppose that B; 7 =p»% where B;»* is not the identity. Since B, is of
highest order in G, we may put e, =e;+e;, where ¢;20. Now

[B:807% |7 = BB, 8,807 BB 02" | 014D /2,

(Since p is an odd prime, (p%=+1)/2 is an integer; since 3" is commutative
with B,, the order of the element in the brackets divides p*.) Clearly 8 and
B:8:?** generate G. But the order of this second operation is less than the
order of B;, contrary to assumption. Our theorem, then, is true when G has
two I.G.O.

We proceed by induction, assuming the validity of the theorem for all
groups which have less than #» I.G.O. Suppose, now, that G has » 1.G.O.
Among the operations of G which can occur in a set of I.G.O., let 5 be one of
the smallest possible order. We consider the totality of sets of I.G.O. in
which § occurs. For any one of these sets, say 5y, S, - - -, Sn—1, 5 the first n—1
elements generate a metabelian (or abelian) subgroup H of G. Since G is
{H, 5}, it is clear that H has exactly n—1 1.G.O. Hence for H we can find a
B-basis, say Bi, B2, - * - , Ba1. We now show that 8y, - - - , Ba—1, §=B. must
constitute a B-basis for G. Let us assume the contrary; that is, let 3*18*s - -

- BB =E, where at least one of the N’s is not divisible by the order of the 8
to which it belongs. Certainly one of these N\’s must be A, since 8y, - - -, Ba1

* This result, in a slightly different form, was proved earlier by the author: Annals of Mathe-
matics, vol. 29 (1928), pp. 6-9.
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are a B-basis for H. We have, then, 8,*» =8, where f§ is some element of H.
If G contains an element o such that ¢*»=pg;7= then 3, will be of order A\,
(which is less than the order of 3). Since G is {8y, - - - , Ba—y, 9B.}, this will
contradict our assumption concerning 5. From this assumption we know that
the order of each of the elements 8, - - - , B.—1 is at least equal to the order
of 5. Hence each constituent 8¢ in 8 can be regarded as [B#]*.

Now [8218: - - - B—1]* can be brought into the form 1 - - - B n—1ckM,
where ¢ is some element, in the commutator subgroup of H. If ¢¥» is the
identity, then Bp: - - - @ will serve as the operation ¢. If not, then we can
find an element ¢’ in the commutator subgroup of G such that Bp:- - -
- B ¢’ * raised to the power N, will equal B;*».* We are led, then, to the con-
clusion that no relation B1B*:- - - B»=E can exist unless each A is di-
visible by the order of its 8. This demonstrates our theorem.

One naturally asks whether for a certain permutation of the subscripts
1, - - -, n there can exist a relation 8,8, - - - B,» = E, where at least one ex-
ponent is less than the order of its 8. This we can answer in the negative.
Such a relation could be brought into the form

@) - - B gty = (B)(e) = E.

Since (8) could not be the identity, we should have (8) =(c)~* E. Since ()
and (¢) would be of the same order, at least two of the N’s would necessarily
be prime to p. But (8) could then occur in a set of I.G.O. for G, while (c)
obviously cannot have this property.

9. That every metabelian group G possesses a U-basis follows from the
recent work of Hall in the field of prime-power groups.} The author, however,
wishes to present his original proof, since the details are widely applicable in
the following sections.

From the definition, it is clear that either (A) and (B) or (A) and (C)
below provide a set of necessary and sufficient conditions for the elements
P, Py, - - -, P, to constitute a U-basis for G:

(A) P,=P,*:Py*s--- P,% and Py=Py:--- Py% represent the same
operation of G only when each x;—y; is divisible by the order of P;;

(B) the product of the orders of Py, Py, - - -, P, equals the order of G;

(C) every operation of G is representable in the form P..

Although it is not essential, we shall nevertheless find it convenient to

* Cf. (d) of §1.

1 Hall, loc. cit., pp. 90-95. Hall proved (a) that every regular p-group is conformal with an
abelian group; (b) that every regular p-group has a U-basis; (c) that the orders of the elementsin a
U-basis are the invariants of the conformal abelian group.
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regard G as a regular permutation group. We shall, therefore, assume that
the symbols which we employ have the meanings given in the first paragraph
of §4. For the permutation of H which transforms G according to P; we shall
use the letter S;. For convenience, we shall usually write T'; in place of S;a.

Before demonstrating the existence of a U-basis for G, we shall prove the
following result:

TrEOREM 1. If Py, Py, - - -, P, constitute a U-basis for G, then P.S:*,
PySp, - - -, P,S,% will constitute a U-basis for A.

For the elements A4,, 4., - - - to constitute a U-basis for 4 the following
conditions are clearly sufficient:

(i) the product of the orders of A4;, 4, - - - equals the order of 4;

(ii) the product A,=A,"14,- - - can be the identity only when each
factor 4,™, 4,7, - - - is the identity.

Now the orders of P; and P;S¢ are the same. Since the product of the
orders of Py, P,, - - - must equal p™, we see that (i) is satisfied for the ele-
ments P.Ss.

We proceed to show that (ii) is also satisfied. We know that P, =P, re-
quires that x;—y; be divisible by the order of P;. Now P,=P, is equivalent
to P.P;1=E, and this latter equation may be brought into the form
(1) P;P,,_l = Pmun... P,,’P_"P H C.'j_”‘(’i—”i) =E,* where Cij = P.‘_lPinP,'—l.

i<i
In (1) we write z; in place of x;—1v;, obtaining
@ PyruPit = PPy - Pl civini = E.
Now the product
Ay = (P1S19)“1(PyS3%) 2 - + - (P,S,%)w
can be reduced to the form
3) Ay = Pyt . Pw]] cireveni [T Seous.

Let us suppose that A4, is the identity. Since G and H are isomorphic under
the correspondence P; ~S#2, we see that 4,=E requires ILS;*» =E.

Since the P; are a U-basis for G, we know that equation (2) holds only
when z; is divisible by the order of P;. By taking y: equal to au; and z; equal
to u;, we see from (3) that 4, can be the identity only when the order of
PS# divides ;. This completes our proof.

* Since the elements ¢¢; are commutative, we may use the product sign II. It is nevertheless

desirable to think of the subscripts as occurring in a definite order, preferably the order 12,13, - - -,
1,23, -+, 2+, p—1 p.
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Since the orders of the elements in any U-basis for 4 are an invariant of
A, we have, as a corollary,

THEOREM II. The orders of the elements in any U-basis for G are the in-
variants Pﬁl’ pal’ ey, Psr of A.*

We now state two theorems which assert the existence of a U-basis for
any G.

TrEOREM III. If G is an w-group and A, - - - , A, are the elements of any
U-basis for A, then A\T\, AsTs, - - - , A, T, will constitute a U-basis for G.

TeEOREM IV. If G is any metabelian group of order p™, p>2, and
Ay, - - -, A, constitute a primary U-basis for A, then a U-basis for G is given
by the elements A\T1, AT, - - - , A,T,.

First we state what is meant by the term primary U-basis for A.

The U-basis 4,4, - - -, A, is said to be a primary U-basis for A provided
that for the associated automorphisms T, - --- , T, (arising from the equa-
tion s;=0-°4;=A;T;) any product T.=T,"Ty" - - - T,” can be the identity
only when the exponent of each T'; which is a principal element of H is di-
visible by p. For the present we shall assume that 4 possesses at least one
primary U-basis; the proof will be given in the following section.

If Ay, - - - , A, are any given U-basis for 4, then the elements 4,T}, - - -,
A,T, have the property mentioned in (B) above. In determining whether
the A.;T; constitute a U-basis for G, the investigation, therefore, centers
upon the equation

@ (A1T1)*(4sTy)*2 - - - (4,T))*r = (AT - - - (4,T)v.
This equation we may bring into the form

(5) AeyysyTey = E,

where

r
A',_v = HA:.'—y." ¥ = H ,y(z.'+w)(=i—w)’

fe=1 =V i M

vi; being
TATTATY, Tay =] T#mvs.
1

For convenience we shall write 2; in place of #;—y; and «; in place of x;+y..
One easily sees that equation (5) requires 7, = E. Hence (5) reduces to

* Cf. Hall, loc. cit., p. 90.
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(6) An, = E.

If (6) is satisfied only by 4,=E, then the 4,T; will constitute a U-basis
for G, since 4, = E requires z;=0 (mod $%). (The A4; constitute a U-basis for
A.) Our objective is to show that when the 4 are selected according to the
hypothesis of Theorem III or of Theorem IV, then (6) can be satisfied only
by 4,=E.

(i) We assume that there exist certain values for the z; and #%; such that
A, equals v;!, where 4, is not the identity. Then 4, and v, must be of the
same order.

(ia) If G is an w-group, then C must be a subgroup of 8,(4). We observe
that each commutator v,;“# in v, arises from T and the constituent 45
of A4,. Since no element of a U-basis for 4 can be in 8,(4), one readily sees
that A, and v, cannot be of the same order. For an w-group, therefore, any
U-basis of A leads to a U-basis for G.

(ib) Suppose that G is not an w-group. We now assume that 4,, - - -, 4,
are the elements of a primary U-basis for A. We wish to show that the as-
sumption

Q) A, =7 4. # E,

is an impossible one.

Asanelement of 4, each v;; can be expressed in the form 42142 - - - 4,%.
If the exponent of every v;; in %, is divisible by p= (but not by p=*1), then
each exponent z; in 4, must be divisible by p=. In this case there must exist
an element 4, in 4, whose order does not exceed p=, such that 4,4, equals
v.7!, where 2; is p2z/, while 4., and «.. are derived from A4, and 7, respec-
tively by substituting z/ for z;, leaving #; unchanged. Then at least one of the
exponents in 4, will be prime to p. As we shall see, the argument is unaf-
fected by the presence of the factor 4, since 4, is of lower order than 4,..
We shall, therefore, assume that in equation (7) the exponent of one of the
vij, say of vgp¥e®, is prime to p. Then 4,;% must be a principal element of 4.
Since A% occurs in v;7!, some constituent of v, say v.q%*d, must contain A;,x,
where A is some exponent prime to p. Obviously #.zs must be prime to p,
and vy.¢ must be a principal element of 4. Consequently 7 must be a
principal element of H.

We recall that equation (5) is possible only when

T,=T\"T,*- - .T4%--- T, is the identity.

But the assumption that 4,, - - - , A, are a primary U-basis and the con-
clusion above that z, must be prime to p are clearly incompatible. In the case
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of a primary U-basis 4,, - - - , 4,, the assumption (i) can never be realized.
This completes our demonstration of Theorem IV.

10. Theorem IV of §9 is clearly of little value unless we prove that 4
contains a primary U-basis. We indicate a method for constructing a pri-
mary U-basis, starting with any U-basis 4,, - - - , 4, of A. The order of 4;

is of course p%i; we assume the inequalities §,=68:= - - - 24,.
It is a well known fact that the r elements
(1) Al = Apgirdpir. . . 48ir t=12,---,1

will constitute a U-basis for 4, provided that the a;; are any integers for
which (a) the determinant |a;| is prime to p, and (b) ay; is divisible by
pti~% for i>7. We propose to determine the a;; so that A/, - - -, 4/ will be
a primary U-basis for 4.

If the T/s satisfy no relation of the form

(2) TMTdr. .. T =E

in which a X is prime to p, then the initial U-basis 4,, - - - , 4, will be a pri-
mary U-basis. In the contrary case, let A\, be the first A in the sequence
A1, Ag, ¢ - - which is prime to p, taking into account the totality of relations
of type (2). If T, is the identity, we eliminate T, from every relation of
type (2) and proceed to the next X which is prime to p. If not, we replace 4.
(in the set 4,, - - - , 4,) by

Ag=Ad AWH - - - A,

Then for the permutation 7', of H which is associated with 4. we shall have
the equation

@) To= TMTs™ - - - TN,

where A, - - -, Aoy are all divisible by p. From the remaining relations of
type (2) we eliminate T, by means of the equation T, =T - - - T ™),
arranging, of course, the elements in each new relation according to the se-
quence Ty, T, -+ - -, Tacyy Tay, - - - . If none of the exponents in these new
relations is prime to p, our process is at an end; otherwise, we proceed as
before until we eventually determine a set of elements A/, .-, 4/ for
which a certain % of the T"’s, say T./, T.],-- -, T.,/, constitute a set of
I1.G.O. for H, while each of the remaining T'’s is of the form

T':lhp [P T::M’.

That A/, - - -, A} constitute a U-basis for 4 is obvious from the fact that
|aij| equals NS - - -, while Ao, AJ, - - - are all prime to p. (See (a) above;
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the elements below the main diagonal in |a.~,| are all zeros.)

From Theorems I and III of §9, in connection with the equation #; = 6°s;,
we know that for every w-group the elements of a U-basis for G correspond
to the elements of a U-basis for 4, and conversely. That this correspondence
is not necessarily a reciprocal one when G is not an w-group is clear from the
following example.

Let G be the metabelian group defined by the relations

sP = sP = s = E, sylse51 = $250, S150 = SoS1, S2S0 = SoSz.

Let a be the smallest positive root of the congruence 2¢+1=0 (mod p). By
an easy computation we can show that 4,=55%, A:=55,%, As=Ai*Ai'sqe
constitute a U-basis for 4. But 4,7y, 42T, A3Ts do not constitute a U-basis
for G, since A,=(4:1T1)"(4sT5)*(4sTs)™ is the identity for x=x=x,
(mod p). In fact, for xy=xy=x5=1 (mod p), A, reduces to s;5s57 si s,
which is clearly the identity.

PROPERTIES ASSOCIATED WITH A GIVEN BASIS

11. Having demonstrated the occurrence in G of each of the four types
of bases, we now propose to develop certain “non-invariant” properties
which are associated with a particular choice of a basis for G. From this
point on, the letters 8y, B, - - - , B shall represent a special kind of B-basis,
namely an M B-basis, which we define in the following manner: With every
B-basis of G there is associated a number x, which equals the sum of the orders
of the elements in this B-basis. Those B-bases for which x is a minimum in
G we shall call M B-bases.

Let the elements of any M B-basis be denoted by 8, Bz, - - - , B, of orders
pm, « - -, p respectively, where m =792 - - - 27,. We know that every
operation of G can be represented in the form B. =f.c, where . equals
B1#B2= - - - Ba7, while ¢ is some element of C. Furthermore, we know that
the order of 3, is the order of its constituent ;% of highest order. We now prove
a result which is of great importance in the following development of the
theory.

THEOREM 1. If B, is a principal element of G, then the order of B. is the
order of that one of its constituents B1*, Be%, - - -, Bus, ¢ Which is of highest order.

The theorem is clearly true when §. and ¢ are of unequal orders. So we
assume that 8, and c¢ are both of order p°, while B/ is of order p*, b<a. For
the purpose of demonstrating the impossibility of the inequality b <g, it is
permissible to assume that (a) among all the products 8/ =Buc of a principal
element of G into an element of C where 84 is of lower order than Sy, there is
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none whose order is less than #?.

Let x, be the first one of the exponents x;, %, - - - , %, in B, which is prime
to p. We wish to show that by replacing in our given M B-basis the element
B. by B., we shall obtain a B-basis. Since the sum of the orders of the ele-
ments in this new basis will be less than Zpw, ¢=1, 2, - - . , #, we shall
arrive at a contradiction, since Zp% is a minimum in G.

Now B1, - * +, Ba1, B4, Bes1, * - - , Bn Will generate G. Hence we have only
to prove that 8 = E, where By is B - - - Ba=iB 2 - - - B0, requires that each
\ be divisible by the order of the element to which it belongs. If A, is divisible
by #*, then there is nothing to prove. So we assume that p2, the highest power
of p which divides A, is less than 5.

In B\ we replace 8./ by B.c and bring the result into the form 8\ =g} 1+

Bora®a - -+ Bratratncre¢, where ¢ is a product of commutators, each of whose
exponents is divisible by \,. Let p* be the highest power of p that divides
every exponent in (8. Clearly e is not greater than d.

Now we can find in G an operation B; =p.c¢’, where f, is a principal ele-
ment 8718z - - - B, in G, such that B/#° equals B (see (d) of §1). The order
of B, is clearly greater than p¢; the order of B8; is ¢, since By is the identity.
This, however, involves a contradiction of assumption (a), since e is less
than 5. We conclude, therefore, that d must equal b. This completes the
demonstration of Theorem 1.

THEOREM II. If an operation s of G can be represented in the form B., where
each exponent x; is a least positive residue modulo p*i, then the x.'s are uniquely
determined.

Suppose that s is given by 8. and also by By, where By is B1¥18¥s - - - Bn¥n.
Then 8, =8, leads to 8,8,~!=E. This latter equation can be reduced to the
form B,_yCs—y = E, where 8,_, is By#rv1 - - - Bz»vm and ¢,y is [ [icicivileivs,
ci; being BrB;8:87L. Our theorem will follow if we can show that 8,_, must
be the identity, since 8,—, = E requires x; —y;=0 (mod p").

Suppose that 8, is not the identity. Then each exponent in §,_, must
be divisible by p; otherwise, 8,—, could not be in the ¢-subgroup of G. Let p=
be the highest power of p that divides every «;—y.. Since every exponent in
¢.—y contains one of the x;—y;, we can find in G an operation B; =B’
=B#18:5: - - - Ba*¢’, such that B, is a principal element of G, and such that
N 7 is B,_yc.—y. Since the order of 8, exceeds p*, this leads to a contradiction
of Theorem I. Hence 3,—, must be the identity.

TrEOREM IIL. If G is an w-group, then every B-basis is a U-basis, and con-
versely.
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To prove the “conversely” we need only to show that the elements
Py, Py, - - -, P, of a U-basis constitute a set of I.G.O. for G. The ¢-subgroup
of an w-group is 8;(G) Clearly a product PP1Pg: - - - P> can be a pth power
in G only when each \ is divisible by p.

To prove the first part of our theorem we make use of Theorem IV of §6.
Knowing that we can express every operation s of G in the form
B.=B"B.* - - - B.*», where By, B, - - -, Ba are a B-basis for G, we have only
to show that s is uniquely represented by ., whenever the exponents x; are
least positive residues.

In the proof of Theorem IT above we use the assumption that 8y, 8s, - - -, Ba
are an M B-basis in order to show that 8, =8, requires 8,_,=E. But if G is
an w-group, we can prove this without requiring that the 8’s constitute an
MB-basis. If Bi, Bs, - - -, Bn are simply a B-basis, then 8,_, = E will hold only
when each x;—y; is divisible by the order of the 8; to which it belongs. In the
case of an w-group every commutator can be expressed in the form
BréwByiw - - - B9, From this we see that 8,_, and ¢,_, (in Theorem II) can
never be of the same order unless each is the identity. That is, if G is an
w-group, then in Theorem II we may replace our assumption that
B1, Bs, - - - , B are an M B-basis by the weaker assumption that they are a
B-basis.

From this modified form of Theorem II we see that the elements
B1, Bs, - - -, B satisfy the requirements (A) and (C) of §9 and accordingly
constitute a U-basis for G.

THEOREM IV. If G is an w-group, then every B-basis is an M B-basis.

This follows directly from Theorem III, since the orders of the elements
of a U-basis are an invariant of G..

THEOREM V. The orders of the elements in any M B-basis for G are an in-
variant of G.

When G is an w-group, this follows directly from Theorem III. We let
B, Be, - - -, By of orders AN A A respeCtively’ and Bl,: ﬁz’) ] B,
of orders pm, pm, - - -, p"™, be any two MB-bases for G. We may assume
the inequalities 71 =7,= - - - 279, and #{ 29/ = - - - 27.. Now 7 and »{
must be equal. Let 5/ be the first one of the 5”’s which differs from its cor-
responding 7, and let 5. be less than 5,. Now the elements 8/, - - -, 8/
can be expressed in terms of the 8’s by means of the equations
(1) Bl = Beapsn - - vy G=1,2-,m
where ¢y, - - -, ¢, are elements of C. Since the 8”’s are a set of I.G.O. for G, it
is obvious that the determinant |a:;| must be prime to p. Since the order of
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B is pra’, either (b) @a1, Gaz, - - + , Gaq are divisible by pr—re’) pra—1a’, - - - | pla—ia’
respectively, or (c) the order of BiiBs®a - - - B,%n exceeds the order of ..
In case (b), the determinant | a;;| would be divisible by p, while in case (c),
we should have a contradiction of Theorem I. Consequently, 5/ must equal
i, for 2=1,2,-- - n.

To our list of invariants in §6 we may add the invariants pry, p7s, - - - pn,
Obviously n equals 8;. That these invariants coincide with a certain # of the
invariants p?:, p?s, - - .| p¥ is a consequence of the following result.

THEOREM VI. By the addition of a certain r—n terms every M B-basis can
be extended to a U-basis for G.

For w-groups the theorem is trivial. We therefore assume that G is not
an w-group.

(i) We first show that A4;=0°8;, A2=60B,, - - - , A,=0°8. constitute a
U-basis for the subgroup 4’ of A which they generate.

(ii) Next we show that we can select from A a certain r—# elements
Aap, - -+, Ar-such that 4,, - - - | A, will constitute a U-basis for 4.

(iii) Finally, we prove that 6—24,, - - -, 6—°A4, constitute a U-basis for G.

Proof of (i). We have only to show that the equation

) AMAQ ... AM=E

holds only for A; divisible by p7i. Now 6°B; equals B.S;%, where S; transforms
G according to 8;. In (2) we replace each 4; by 8:5:* and bring the result into
the form

3) BMpR - - - Bn)‘"n Gyt = E,
i<i
where ¢;; is S78;5:8;71.

Now BBz - - - B2» cannot be in ®(G) unless each \; is divisible by p.
Consequently, every exponent al\)\; must be divisible by p2. Evidently
B - - - B2 must be the identity, if equation (3) is to hold. Since the §’s are
an M B-basis, each A\; must be divisible by p7. Since the order of 4; is pm,
we see that A’ is the direct product of {4,}, {4.}, etc.

Proof of (ii). We write 4 in cosets with respect to A’. Let Qy, Qs, - - -, Oy,
of orders pi, pha, - - -, phi,, be any U-basis for A/4’.* We wish to show that
the coset of 4 which corresponds to Q;,7=1, 2, - - -, 1, contains an operation
of order pti.

* One sees that 4/4’ and C/C; have the same number of invariants. Furthermore, J; equals
r—n (see §6).
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Now this coset contains an element ¢; of C which is a principal element of
C and is not in 8y(4). If ¢; is of order i, then we denote it by the letter

A.,;and add it to the set Ay, - - -, A,. If not, then there must exist an equa-
tion
(4) e = (ApdApr - - . A7

where the element in the parenthesis is a principal element of 4’. We propose
to show that £ must exceed {;. We replace, in (4), each 4; by B.5:*>. We may
then bring (4) into the form

(5) (B2 - - - B»"")"£= C"’Ec,"’r’.

(It is clear that ($;®: - - - S,%»)»' must be the identity.) If £ is not greater
than ¢ ;, we can determine an element ¢’ in C such that 81 - - - Bng—1¢’c#5i™
will be of order pt. Since B135: - - - B.» is a principal element of G whose
order exceeds pt, we have a contradiction of Theorem I. For the element
A.i; we may therefore take cj(Ap1dbr- - A -t Obviously the r
elements Ay, - - -, An, Any1, + + + , Any1=r constitute a U-basis for 4.

Proof of (iii). Let T, Ts, - - -, T» be the permutations of H which corre-
spond by means of the equation s;=6-%%; to A, - - -, A, as determined in
(i) and (ii) above. From the manner of selection for A,, Ay, - - -, 4, it is
clear that no T',;; can be a principal element of H (observe the inequality
£>{;above). Again, every product A;»# 4%+ . . . A% must be in $(G).

Now the equation

(6) (41T - - - (A4,T,)7 =-(A T)vr - - - (A, Ty)vr
can be brought into the form
(7) BEr V1. .. BEn—Un = B,

where B4 is in ®(G). We know that (7) can exist only if each x;—y;,
i=1,. .., n,is divisible by p. We also know that (6) requires that the T’s
satisfy the equation

(8) T:ln—n ce T:n—llan::ll-ml ce Tfr—w=E.

Consequently, in the particular equation (8) which arises from a given equa-
tion (6) the exponent of every T which is a principal element in H must be
divisible by p.* Hence the proof of Theorem IV in §9 is applicable to the
U-basis 4y, - - -, 4,, as determined in (i) and (ii) above. Having proved that

* In the hypothesis of Theorem IV in §9 we demanded this property of every equation

Ty# - - - T,tr=E. Obviously it is sufficient to require it only for that particular equation which arises
from equation (5) of §9.
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ATy, - - -, A,T, constitute a U-basis for G, our demonstration of Theorem VI
is at an end. It is, of course, obvious that the orders of the 4T, viz.,
pny P, - - -, P PEa - - - P do not, in this sequence, necessarily coincide
with pb:) p?s . . . | pbr respectively.

We now mention two theorems, which are rather obvious consequences
of the definition of a U-basis.

THEOREM VIL. If Py, Py, - - - , P, are any U-basis for G, then the order of
P,=P\2Py= - - - P} is the order of its constituent P} of highest order.

TreoreM VIIL If P,, P,,, - - -, P, are the elements Py, P, - - - , P, above
writlen in any arbitrary sequence, then each element of G can be expressed uniquely
in the form P, *P,7* - - - P,> where each exponent is a least positive residue
modulo the order of the element to which it belongs.

The proofs are easily supplied.

We now prove the complement to Theorem VI.

THEOREM IX. Let Py, Py, - - - , P, be any U-basis for G. Any n elements
P,, P, -, P, (of this U-basis) whichk generate G will constitute an MB-
basis for G.

Since Py, - - -, P, generate G, it is obvious that a certain # of them, say
P,, - --,P,,will constitute a set of I.G.O. for G. Let the orders of these be
pn, PW, v, PW, mZnd =z - - - Z9d. Let By, Bi, - - -, B, of orders
PUy Py - - -, P, MmN - - - =7a, be any M B-basis for G. Our theorem
will follow if we can show that !/ must equal %, 2=2, 3, - - -, n, since
P,, - .-, P, constitute at least a B-basis.

Now each 8;, ¢=1, 2,---, n, can be expressed in the form
Bi=P, %P, % - - - P, %nc;, where c; is some element of C. Suppose that 5/
is the first of the ”’s, in the sequence 77, 74, - - -, 74, which differs from
its corresponding 7. Since 7. cannot be less than 7,, we take 7J >7n.. Now
| ai;| must be prime to p (see proof of Theorem V). Hence at least one of the
exponents @i, @i, - - -, Gi» in every B; must be prime to p. So we take aa
prime to p. As an element of G, ¢; can be expressed uniquely in the form
P,aP,= - .. P, =P, %+ - - - (see Theorem VIII). In this expression each
x;, =1, - - - , n, is divisible by p, since no product P, P, % - - - P, ¥ can be
in C unless each y; is divisible by . We can therefore express $; in the form

B‘ = P‘::H-bilp o e P‘G;')ﬁb“)\P ce Pc::n+bcnpp‘b’:r{+| e,
From this we see that the order of B; is at least equal to the order of P,,,

which is #¢ (see Theorem VII). Consequently, for ¢ >7, a;; must be divisible
by pu'—%. Taking i=a, we.see that @a, Gaz, - * -, Ga. must be divisible by
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PU %, P, - - -, pta’~%a respectively. But for 5 >7n., this would lead to
| a:;| =0 (mod p). Hence the assumption 7. >7, is impossible, and the ele-
ments P,,, P,, - - -, P,, must constitute an M B-basis for G.

DEFINING RELATIONS FOR G

12. In this section we shall develop a compact set of abstract defining re-
lations for G which arise from the elements Py, P,, - - -, P, of a given U-basis
for G.

As before, we denote the orders of Py, P,, - - - by p4&, p4, - - - . We de-
fine the symbol R,¢(¢) to be the least positive residue of ¢ modulo p¢. Again,
by the symbol R[P,= - - - P,>r]—in short, R[P.]—we mean the result ob-

tained by replacing each exponent x; by its least positive residue modulo p?.
That is,

1) R[Pfl e P'l‘r]

is the product of r terms P&, where R;=R,5;(x:). Let P;; be defined by the
equation P;;=P;1P;P;P;!, and let p%i denote the order of P;;. We know that
each P;; can be represented uniquely in the form

(2) P;; = PpriiPprii . .. Pprii

where the exponents are least positive residues. Although every P;; is invari-
ant in G, the constituents P,ii need not be separately invariant under G.
We know, however, that the order of Py PlaiiP Py bii, 4,5, k=1,2, - - - |7,
is less than the order of P;;. From this fact we see that by using equations
(2) we can ultimately bring any product P,P, (where the x’s and y’s are arbi-
trary integers) into the form P, =P;»'P,» - - . P2, For instance, the first
step in this reduction is to bring P.P, into the form
Patur. .. P:rleH Pzivs,
<j

Now P, and P, are operations of G, whether or not we regard the z’s
and ¥’s as least positive residues. But if we wish to obtain a unique represen-
tation for each operation of G, we must obviously replace P, by R[P.]. In
view of the inequalities 8;; < é;, 8;;<9;, it is clearly a matter of indifference,
in bringing Psz into the form R[P..], whether we reduce exponents after
each step (after adding together x, and y,, for instance) or whether we make
only a single reduction,—on the exponents of P... Let us adopt this latter
point of view with the proviso that in the course of bringing P P into the
form P, we drop out all elements P> for which the exponent \; is for-
mally divisible by p%, ¢=1, 2, - - - | ». This, of course, amounts to treating
the #’s and y’s as unknowns during the process of constructing P... We see,
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therefore, that the exponents of P, can be given in terms of the ’s and ¥’s
by the equations x! =x;+yi+fi(x, - - -, %r, Y1, * -+, W), 2=1,2,-- -, 1,
where f; is either identically zero or a rational integral function of the #’s
and y’s, each term of which is at least of the first degree in both x and y. In
view of the congruence x*" @D =1 (mod %), we may assume that the
exponent of each x or y in f; does not exceed p%'(p—1). Let us write P,
for R[P./]. Then the exponents of P, are given by the equations

(3) w; = R,,Js(x; + ¥ +f,) (’L = 1, 2, ety f).*

Now each of the p™ operations R[P.] of G is completely characterized by

the exponents

Rﬁ'i(xi) (j =12---, 7).
Consequently, G is completely defined by the » numbers p%, %, - - -, p¥
and the equations (3) above. One readily sees that the form of the functions
fi depends, in general, upon the particular U-basis Py, P,, - - -, P, which we
select.

If each component x; in the vector v, = (21, x3, - - - , %) is a least positive
residue modulo p%, then v, has p~ distinct values. Now equations (3) associ-
ate with any two vectors v, and v, a unique product v, =v,9y. It is clear that
under the law of multiplication defined by (3) those p™ vectors constitute a
representation of G. Under the multiplication defined by

w; = Rya(x; + i)
they constitute a representation of 4. The “divergence” of G from its con-
formal abelian group is measured, so to speak, by the r functions f.

It is worthwhile to mention two other representations of G which arise
from equations (3). If in (3) we hold the y’s fixed and let the x’s range over
all permissible values (i.e., least positive residues), then there is defined a
regular permutation (3%) of the p™ vectors. So we may regard (3) as defining
a representation of G as a regular permutation group G,.

If in (3) we regard the #’s as unknowns and the y’s as residues, then for a
given set of values y,, - - -, ¥, there is defined a transformation 74, which is
not necessarily linear. That is, (3) gives rise to a representation of G as a
congruence group G,. It is a simple task to verify the fact that G, and G, are
simply isomorphic under the correspondence

v
~7Tyt
20,

* The «’s and y’s in equations (3) are to be regarded as unknowns; this point of view is essential
for certain interpretations of (3) which we shall mention later. Of course in the computation above
we are concerned only with values of the x’s and y’s which are least positive residues.
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13. In §12 we indicated a means for constructing a set of defining rela-
tions for G, starting from a given U-basis for G. In §13 we set ourselves a
similar task, with reference to the operations of a given M B-basis. First,
however, we shall prove the following “existence” theorem.

THEOREM I. Let By, Bs, - - - , B, be n operations which satisfy the following
conditions and no others:

(1) the order of B; is pn,i=1,2, - - - , m;

(2) the order of B;; is pnii, where B;; is By'B;B;Bj!;

(3 ni=mi, niiSnj;

(4) B:Bjx=B;xB;, 1,7, k=1,2, - - -, n; the symbols* n, 7;, n;x are arbitrary,
but fixed, positive integers. Then By, B,, - - - , B, will generate a metabelian
(or abelian) group F, whose order is pZritnir,

It is, of course, permissible to assume 7, >0. If F exists, then the B; plus
those Bj; which are not the identity will surely constitute a U-basis for F.
This suggests the introduction of the vector

Vo = (%1, X2, - = * 5 Xn, F12, B13, - * * 5 X1n, X238, * * 5 Xomy * * * 5 Tne1,n),

where the x; and the x;, j <k, are least positive residues modulis p* and
prik respectively.f The symbol v, has #+n(%z—1)/2 components (each com-
ponent for which 7, is zero is represented by a zero); two symbols are to be
regarded as distinct unless their components are identical. We readily see
that v, has p®nt+n distinct values. We propose to show that the symbols v,
constitute a group of this order, under the law of multiplication given by
%, =1,0,, Where the components of v, are defined by
) w; = Ryn(x; + ;) (i=1,2---,m);
Wik = Rpnp(xje + yix + ®y:) G=1,---,nk=2,---,n;7 <k).
We outline a method for proving that the four group-postulates are satis-
fied. Obviously (5) associates with any two symbols v, and v, a unique prod-
uct ,; from (3) it is easy to show that multiplication is associative. The
element v, for which every component is a zero, has the characteristic prop-
erty of an identity: i.e., v¢0,=v,20=v,. By computation, we find that the
components of (v,)* are given by

, , , A — 1)
(6) x!{ =Rpm(\xi), i =1, -+ ,n; xif = Rpma| Mo + Ty )

* We justify this choice of symbols on the grounds that the By’s will ultimately be identified
with the elements of an M B-basis for a given G.

t From (2) and (4) it follows that B;; must equal B;;’!; consequently 7;; equals 5;;. For xji, ac-
cordingly, we are justified in assuming j<k.
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From (6) we see that (v.)"= equals v,, where #. is the smallest positive integer
satisfying the simultaneous congruences #,x;=0 (mod $%); #,x5%=0 (mod
pnik). The results of this paragraph show that the symbols v, constitute a
group.

To show that this group is metabelian (or abelian) we construct
v, =v;'9,9,9;7 . Its components are given by

(7) % = 0’ i= 1: 2: oty Bj = RP"”‘(xiyk - x"yi)-

By referring to (5) we readily see that the commutator v, is commutative with
every ..

It remains to associate the symbols B; and B with the symbols v,. We
define v;, =1, 2, - - -, n, to be that vector for which the component #; is
1 while the remaining components are zeros. We define v;; as that vector for
which the component x; is 1 while the remaining components are zeros. From
(6) it follows that the order of each v; is p%, while the order of each vy is
priv. From (7) we observe that v, and 79,9951 are the same. As symbols,
therefore, v; and B; are interchangeable; the same is true of v;, and Bj;. This
completes the proof of Theorem I.

Let us now assume that the numbers #, 7;, ;. are no longer arbitrary,
but represent respectively the number of I.G.O., the order of 3;, the order of
ci(=B7B8xB8;B8i ), where Bi, Bs, - - -, B are the elements of a given MB-
basis for a given metabelian group G. We construct the group F, as in The-
orem I above. Each of its operations is given uniquely by the symbol

Bz = B;uB;z e B:n H B“,';'i,
<i

where the exponents are least positive residues.* Let ¢ be defined as the opera-
tion of replacing in B, each B; by 3; and each B;; by c;x. That is, ¢(B.) =B.,
where 8. is

ﬁlzl [ B”Z"H (7:;’.

i<k

We know that every operation of G is representable (although not necessarily
uniquely) in the form 8..

We state without proof two results, whose verification presents no diffi-
culty: (a) the number of formally distinct representations of a given element
o of G in the form B, equals the number of formally distinct representations
of the identity of G; (b) the operation y defines an isomorphism of F with G.
Let F; denote that subgroup of F which corresponds to the identity of G in

* We agree always to write the factors of I1B;;%i in the same order, although the particular

order which we adopt is clearly a matter of indifference; we furthermore agree that those B for
which ;i is zero shall not occur in I1B;;%si.
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this isomorphism. Of course, G is simply isomorphic with F/F;.
Let Ny, N, - - -, N,, denote an M B-basis for F,. Of course, each N; is
representable uniquely in the form

) N, =B". .. B B (=1, m).
i<k

By applying the operation ¢ to every element of F; we obviously get all the
formally distinct representations 3.(E) of the identity of G. We readily see
that every relation 8. =E in G can be derived from the #, relations

£ £in 7] .
©) BB I =E (=1, m)."
i

Now the data given by (1), - - -, (4), (9) were determined from the ele-
ments of a particular M B-basis for G. With these data at hand we are able
to identify any product of powers of the symbols 8; and c;; with a definite ele-
ment of G. In this sense, therefore, we may regard (1), - - -, (4) and (9) as
constituting a set of abstract defining relations for G.

14. In this section we shall outline a third method for defining G, which
amounts to a specialization of the procedure developed in §§3—4. The nota-
tion which we shall employ is the same as that given in §4 and in §9, assum-
ing, of course, that G is represented as a regular permutation group.

Let Ay, - - -, A,, of orders p%, - - -, p*, be the elements of any U-basis
for 4, and let A;; be defined by the equation A;=T7'4:T;A:?, 7,
=1,2,---,r Asan element in 4, 4,x may be represented in the form

(1) Ajp = Achdgh - - Afk

(the letter j in aj; is a superscript, not an exponent). Since each operation

T; replaces A, by A4 ;x, we may represent T; by the substitution
A, > A! = A 400 - - - A8,

(2) e

i i
A, > A] = AfndAfn - - - AfHL

The matrix of the exponents in (2) we shall call M.

We know that the operation 6—¢ (see §3) when applied in turn to each
element of 4 yields all the operations of G. In particular,

084 Z1472 - - - A2 is (Alzl e Ar«‘tr)(lel - Tpn).

* In connection with the various representations 8;(E) of the identity of G, which we may de-
note by 8,c,”, where
By =B - - - Ba¥n and cv'= e ik,
itis of some interest to note that the order of 8,’ cannot exceed the order of ¢,”. If 8,’c,” is one of the
n elementsy(N;),i=1,2, - - -, m, then either 8, is the identity or 8,’ and .," are of the same order.
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Since each T'; is completely characterized by its matrix M, it follows that G
is defined by the orders of A4,, A, - - -, 4,, the exponents in the v matrices
M, M,, - - -, M,, and the operation 6-<.*
From the known properties of G we may state certain necessary condi-
tions which the elements of M; must fulfill. Since
(3") the order of T; divides the order of 4;,
(3) each aj is divisible by p%—% for i >k;
since
(4") every A;xis commutative with every T,
(4) 2 a}0;; must be a multiple of % where j, &, I, , v range independently
from 1 to r. From the equality
(5) An=43"
we obtain
(5) a:,+a’,f,50 (mOd Pal)’ %, v, 1=1, 2’ R
As a special case of (5) we have
(6) ai;:EO (mOd Ps")) i’j=17 T,
which may be derived immediately from the fact that
(6’) T;is commutative with 4;,1=1,2, - - -, r.
From the conclusions of the paragraph above we derive two additional
results:
(7) the matrix of the exponents in T;* is given by

H i )
anx + 1 a12% * * * Q12X

i i i
a x 3% -+ Qrex + 1

(8) the matrix for T\»T,® - - - T,* is given by

L Tk
Zauxk+ 1... Zalrxk

k=1 k=1
r r
k k
> an%k cee D G+ 1
k=1 kw1

The foregoing results, as well as the symbols involved, are based on the
assumption that we are given a regular permutation group G. The operations
0 and T, as originally defined, have a meaning only when every permutation

* For this method of defining G it is clearly a matter of indifference whether or not the elements
094:=A;T; (i= 1, 2, Tty f)
constitute a U-basis for G.
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of G is regarded as known. We wish to reinterpret the operations T'; quite
apart from the assumed existence of G, under the sole assumption that
Ay, - - -, A, are a U-basis for a given abstract abelian group 4. (We do not
think of 4 as having any particular concrete representation.) As above, we
shall denote the orders of 4y, - - -, 4, by p%, - - -, p* respectively.

We now define T, j=1, - - -, r, to be the substitution 4,—4/, - - -,
A,— A/, which is given by (2) above. For this substitution to define an auto-
morphism of 4, it is necessary and sufficient that the 72 elements @, be in-
tegers which satisfy the following two conditions: (a) the determinant | M|
of M ;is prime to p; (b) for i >k, a}; is divisible by p%—%, Let us assume that
the elements of M; have any integral values which satisfy (3), (4), and (5)
above. Since (3) and (b) are identical, in order to show that 7'; now defines
an automorphism of 4, it is sufficient to prove that | M;| is prime to p. This
we can derive as a consequence of (4). Or, from (7), which was derived from
(4), we see that some power of M is the identity matrix, whence | M;| must
surely be prime to p. As a consequence of these restrictions which we have
imposed on the elements of M, it follows that the operations Ty, - - -, T,
may be interpreted as automorphisms of 4.

In the course of verifying that (3) follows from (3’), (4) from (4'), (5)
from (5’) it becomes evident that these three statements are reversible, in
the sense that (3’), (4’), (5) as a whole follow from (3), (4), (5). Therefore,

the r automorphisms T, T%, - - -, T, generate an abelian group, and 4 is
isomorphic with this abelian group under the correspondence defined by
9) A; ~T; (G=1,2,--,7.

By applying the theorem in the second footnote to §4, we conclude that the
products 4.7 ., where

A.is AptAgr - - - Afr and T, is T e - - - T,

constitute a group G of order p™. That this group is metabelian follows from
(4") and the fact that the commutator subgroup of G is generated by the 4 ;3.
That G is conformal with 4 follows from (3’), (6"), and (8).

We append a rough summary of this section. In the first part we showed
that for a given G and a given U-basis for A there is determined a set of
elements for each of the r matrices M;, the elements being uniquely deter-
mined if we require that each aj, be a least positive residue modulo .
These matrices, together with the orders of 4, - - - , 4, define G, since each
element of G can be given in the form 4.T,. We enumerated certain neces-
sary conditions which the elements of these matrices must satisfy. In the
second part of this section we proved that these “necessary conditions” are
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“sufficient,” in the sense that any choice of elements for M; which is consist-
ent with these conditions will give rise to an automorphism T'; of 4, while the
totality of distinct products 4.7, will constitute a metabelian group con-
formal with 4. This latter part of §14 represents a refinement of the pro-
cedure given in §4. The problem of constructing all metabelian groups which
are conformal with a given abelian group 4 is therefore reduced to the prob-
lem of determining all possible sets of elements a}, which satisfy conditions
(3), (4), and (5) above.*

15. In this section we shall outline a method for constructing a repre-
sentation of G as a linear congruence group. No proofs will be given, since the
demonstrations in every instance follow obvious and familiar lines. We as-
sume that G is given as a regular permutation group, and we assume that
A4, - - -, A, are any primary U-basis for 4. Then the elements in the 7
matrices M; (see §14) are determined; with no loss of generality, we may as-
sume that each a; is a least positive residue modulo p.

Now the permutation 4; may be represented by the symbol

An Af - A3
(Aluﬂ A - - - A'lr).
Since T, is commutative with 4,, we may designate T by the symbol
Ap Ao Apfr
(A f Aga A,'»)’
where A4, - - -, A/ are defined by (2) of §14. The product 4,7} is given by
o (in, An e any

A1z1+1 Az'lg e A":

In (1) we replace A7, - - -, A/ by their equivalents from (2) of §14 and bring
the result into the form

Ap A - - ApFr
‘(2) ’ ’ )]
Al“ A232 o e Arlr

Now the permutation 4,7 is completely characterized by the exponents in
(2) above. Hence A,T, is defined by the linear substitution

2{ =2+ anzs + amzs + - - + anze + 1 (mod p?1),

@z Tt b e

2] = a;,.22 + 013,-23 R (a:-r + l)Z,. (mOd P‘s')'

* We naturally restrict our choice of the a{k to those which are least positive residues modulo p3%.
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By an analogous procedure we may construct the linear substitutions
Zy, - - -, Z, which define A.T,, - - -, A,T, respectively. Since 4,7y, - - -,
A,T, generate G (see Theorem IV of §9), Z,, Z,, - - - , Z, will generate a repre-
sentation of G as a linear congruence group.
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