THE EQUIVALENCE OF PAIRS OF HERMITIAN
MATRICES*

BY
M. H. INGRAHAM anxp K. W. WEGNER

Two pairs of n-ary Hermitian forms with #» X#» matrices 4, B and C, D
with elements in the complex field are equivalent if there exists a non-
singular matrix T such that 7’AT =C and T'BT =D, where T is the conju-
gate-transpose of 7'.

As is usual in the study of equivalence of pairs of matrices the work
divides itself into the consideration of the non-singular and singular cases.
These two cases are taken up in Parts IT and I respectively.

In the non-singular case the rank of p4 +0B is # except for special values
of p and ¢. It has frequently been pointed out that in this case no generality
is lost by assuming B is of rank #.

In the singular case the rank 7 of pA +0oB is less than # for all values of
p and g, but as above no generality is lost in assuming that the rank r of B
is the maximum rank of p4 +oB.

By the elementary divisors of a pair of matrices 4, B is meant the ele-
mentary divisors of A —A\B when B is non-singular, and the elementary di-
visors of pA +oB when B is singular but the determinant |p4 +¢B)| is not
identically zero in p and ¢. In the non-singular case, the well known necessary
and sufficient condition for the equivalence in any field of pairs of bilinear
forms, or of their corresponding matrices, and for the equivalence in the field
of complex numbers of pairs of symmetric matrices is that the pairs have
the same elementary divisors. This condition is known to be not sufficient

* Presented to the Society, April 7, 1934; received by the editors June 27, 1934. Part II is in
essence a dissertation of Dr. Wegner, written at the University of Wisconsin. Part I is in general the
work of Professor Ingraham.

The subject of this paper has been the source of a considerable amount of current investigation
some of which has led to results which in part are equivalent to some of those arrived at here. Dr.
Wegner presented a paper containing his results at the April, 1934, meeting of the Society, the
abstract appearing in the Bulletin of the American Mathematical Society, vol. 40, No. 1, January,
1934, as abstract No. 103. Simultaneously Dr. G. R. Trott obtained by somewhat analogous methods
results which were equivalent to those of Dr. Wegner. These along with the proof of their equiva-
lence are given in the American Journal of Mathematics, vol. 56, July, 1934, pp. 359 fi.: On the
canonical form of a non-singular pencil of Hermitian matrices. Since preparing this paper it has been
brought to the attention of the authors that Professor Turnbull had considered this problem and
would soon publish a paper on the subject. The authors immediately submitted a copy of this paper
to Professor Turnbull and in reply received word that the treatments were totally different, his
treatment following the analogous classical treatment for the case of real quadratic forms.

145



146 M. H. INGRAHAM AND K. W. WEGNER [July

for the equivalence in the field of real numbers of pairs of real symmetric
matrices. This is illustrated by the pairs of one-by-one matrices

which have the same elementary divisor (A —1), but for which there obviously
exists no real P=(p) such that P’AP =p?*= —1. In 1905 Muth* gave the
necessary and sufficient conditions for the real equivalence of real symmetric
matrices.

It has sometimes been stated that for the non-singular case the coincidence
of the elementary divisors of the pairs is also a sufficient condition for the
equivalence in the complex field of pairs of Hermitian matrices. That this is
not the case is illustrated by the above pair considered as Hermitian matrices,
there existing no P = (p) such that P’AP = pp= —1. The present paper gives
the necessary and sufficient conditions for the equivalence of pairs of Her-
mitian matrices. Although the method of proof is much simpler, the con-
ditions for the non-singular case are the same as those arrived at by Muth
for the real symmetric case, a result which is entirely reasonable when one
considers that Hermitian matrices should be thought of as a generalization
of real symmetric matrices. Also, when one remembers that the necessary
and sufficient conditions for the real equivalence of two real symmetric
matrices or for the equivalence in the complex field of two Hermitian
matrices is that they have the same rank and the same index, the results of
Part II of this paper seem quite reasonable when stated in the following
form:

THEOREM. Two pairs of Hermitian matrices A, B and C, D, where | B| 0
and | D| 0, are equivalent if and only if

(1) they have the same elementary divisors,
and

(2) the matrices B(B—'A —\I)" and D(D~*C —\I)* have the same index for
all positive integral n and real \.

Dickson’st treatment of the singular case is reduced to the above men-
tioned erroneous treatment of the non-singular case. A direct reduction to
the non-singular case, leading to a canonical form and using the Hermitian
properties of the matrices involved, has been found. This is given in Part I.
Part II, which treats the non-singular case, may be read independently of
Part 1.

* Muth, P., Uber reelle Aquivalenz von Scharen reeller quadratischer Formen, in Journal fiir die
reine und angewandte Mathematik, vol. 128 (1905), pp. 302-321.

t Dickson, L. E., Singular case of pairs of bilinear, quadratic, or Hermitian forms, these Transac-
tions, vol. 29 (1927), pp. 239-253.
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I. SINGULAR CASE

In this section the finding of a canonical form for a pair 4, B of Hermitian
matrices is reduced to the treatment of a pair of lower order. By successive
reductions the problem is completely solved or is finally reduced to the treat-
ment of the non-singular case.

Consider a pair of X7 Hermitian matrices 4, B such that the rank of
pA +aB never exceeds r, the rank of B. Without loss of generality we may
assume that B is of the form

I, 0“

By
0-—-1,

(1) 0

0
0 where B =

I, is the £ Xk identity matrix, the 0’s stand for 0 matrices, and r =s+4¢.

Let
A 11 A 12

A1z Ags

)

where A5; is an 7 X7 Hermitian matrix, 45, is an 7 X (% —7) matrix, and 4,
is an (#—r)X (n—r) Hermitian matrix. Since the rank of 4 +0¢B never ex-
ceeds r, A5, =0, for if that were not the case there would be a minor of order
r+1 the determinant of which would have +ko" for the leading term in o,
where % is a non-zero element of 4,,, and hence this determinant is not identi-
cally zero.

Thus
A+ oBu A

—

412 0

b

A+o'B=“

where A11+0By is non-singular, i.e., of rank » except for a finite number of
values of ¢, and the rank of A 4+0¢B never exceeds r. Clearly,

(A1 4 0By)(An + oBy) M1 = Ay

and from above the same relation must hold between the columns of the last
n—r rows of A +¢B and hence

(2) Ziz(Au + ¢Bu) 4, = 0.

Since By = Bii, for sufficiently large values of ¢ we have the expansion
1 1 1

(Adu+ oBu)?' = — By — — BuduBu + — Bu(4uBu)? + - - -,
o a? ad

and therefore from equation (2) we see that

(3) ZizBuA 12=0
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and in general

4) A12B1i(A1nBu)*4:, = 0 (k=1,2,3,---).
If we let
A
Ay = l 121
Az

where A1 is an s X (#n—7) matrix and A1 is a ¢ X (#n—7) matrix, condition (3)
becomes

(5) Zl,zlA 121 = ZlizzA 122,

and hence the ranks of 415 and A1z can not exceed the smallest of the three
numbers s, ¢, and n—r.

We shall specify that in our canonical form for the pair 4,B, B as defined
in equation (1) be left invariant.

Let T be a non-singular matrix

Tu T
Toa To

with the same conventions as above for the dimensions of the sub-matrices
and satisfying the condition

(6) T'BT = B.

This condition is equivalent to the following three conditions:

(7) TixBuTu = Bu, T;lBllle = 0, TllzBuTu = 0.

From the first of these conditions it follows that 7', must be non-singular
and hence from the second condition we see that T3,=0. Since T is non-
singular, T';» must be non-singular.

If F=T'AT, we have, using the same conventions as above,

®) Fu = TuduTu + Tad 2Ty + ThdinTa,
(9) F 12 = T{1A12T22 = E'x,
(10) Fzz = 0.

As a special case we may take

Tn=

Su O ‘
0 S22
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where Sy is an s X s unitary orthogonal matrix and Ss. is a £ X ¢ unitary orthog-
onal matrix, and for this case

Fi5 = §;1A121T22, and Fiz = 3;2A122T22-

Let the rank of Az be /. It is readily shown that, by a proper choice of Su,
S1141: may be taken as a matrix in which all the elements below the /th row
are zero. This being the case, it is readily seen that T, may be so chosen that

Fig = ’

I, 0”
o ol

Although T,; may have been determined, S;; may be so chosen that all
but the last / rows of Fs, are zero, where [ is the rank of A1, and such that
in these last / rows, if for the 7th and (:4-1)st rows a;; and a.;1,% are the first
non-zero elements, then j <k. We may also pick Sy, such that these first non-

zero elements are positive real numbers. From these conditions and the fact
that according to (5)

Fi29F 192 = FiaiF 101,
we see that
Py, o
I, O

and that /; is the rank of 4. In order not to accumulate notations we will
assume from now on that

I, O
(11) Ay = |0 0 ’
I, 0

where, of course, if /; =z —r the second column of zeros is absent. Call /, the
first invariant sub-rank of 4.

We will now use only such transformations T as will leave B and the 4;,
invariant. Let

T11=S

and
S=(S.'j) (1:= 1, 2, 3;j= 1, 2, 3),

Su and Ss; being /X1, matrices and Sz an (» —21,) X (r —2J,) matrix except
where 7 —2/,=0, in which case the second row and column of S are deleted.
Let
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I, 0 0
(¢)]
Bu = ||0 Bu 0 N
0 0 -1,

where B isan (r— 20)) X (r — 21,) matrix of structure similar to By with s—1
plus ones and ¢{—/; minus ones on the main diagonal and elsewhere zero.
From (9), we see that S’A1sTs=Ap, and from this and the fact that Ts, is
non-singular, it follows that

K’ 0
4. = |0 ol
K’ 0

where K is an /, X/; non-singular matrix. Hence, remembering the form (11)
for A,, we see that

(12) S31 = K— Su,
(13) Sls =K — S83;
(14) S3 = — Si2.

Making these substitutions in the form for S, we see that the conditions that
S,BuS =Bu are

(15) S3BSy +5uK — K'K + K'Sy = I,
(16) SuBY Su 4+ K'Su = 0,

(17) SHK + SoBos S — K'Sss = 0,

(18) 5B Su = BY,

(19) 512K + SseBoy Ses = 0,

(20) K'K — K'Sss — 533K + S0sBy1 Ses = — I,

Subtracting the conjugate-transpose of (16) from (19) we get

32,23511) (S2s — S21) =0
and since BY is non-singular and, by (18), S is non-singular, we see that
(21) Sar = Sas.
Since K is non-singular, from (16) we see that
(22) Sz = — K'-541B}; Sas.
Using (21) and subtracting (17) from (15) we see that

K'Su+ K'Ss3s — K'K =1,
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that is,
(23) Su + Szs — K = KL,

Since subtracting (17) from (20) also yields (23) we see that conditions (17),
(18), (21), (22) and (23) are equivalent to conditions (15) to (20). Moreover,
it may be seen that S»; may be chosen arbitrarily, that S,; need only satisfy
(18), and that Si; and S3; may be determined so as to satisfy (17) and (23).
Let us now turn our attention to equation (8) for Fi; and, in particular,
study the last two terms T A 1371+ 1114 12T which we will call M.
If
Ton Ta1e T3

T214 Tas T216

’

we see that ,
KT+ TsuK KTz K'Tus+ Touk
M = ||Ts:K 0 T1.:K ,
K'Tou+ TosK  K'Tas K Tas+ TasK
and we see, since K is non-singular, that My, = K'Ts+ T2 K may be taken
as an arbitrary /; X/, Hermitian matrix and that M1, =K'Tzsand M=K 'Tas
+T5uK may be chosen as arbitrary matrices of the correct dimensions; that
May=Myu=M12=M s, and that Mss= M+ Ms— My,. If now we write
Gu G2 Gis
Au = G = 61,2 622 G28 ’
C-IIS aés 633
we see that condition (4) with £ =1, namely, that 41,B;GB1Ad =0, reduces
to

Gss = Gz + Gis — Gu.

Hence M may be so chosen that

Fy = Tl,lAllTll + M
will be of the form

0 0 0
(24) 0 4% 4%
0 AD” 0

12

We may consider 4y to be in this form from now on. We must now study
transformations T which leave B and By invariant and which leave Fy in
form (24). Letting H=S5"41S, we see that
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Hyy = 524D Sy + K'AD 'Syg — SHAD 'Spp — 554D S,
(25)  Hu = Snd®Sn — SHAD Sy — 53240 1,

Hy = 342‘4%’521 - §1’zATl;) "Sa1 + géz«‘lg) Sss.

If M is so chosen that
0 0 0
A4+ M=o FO Fu ||,
0 FD’ FM
then 12 22
(26) Fa=0, Fo=Hy,,
and

(¢}

Fip = Hys — Fllz = 3;2‘4(1)

12(S3s + Su — K),
and by (23),
@7) Fi = Spdn K.
If in (26) and (27) we replace
F3, Fiy) Fiy, A5, and A5 by Fu, Fus, Fas, 411, and A,
and replace
S22 by Ty, S12 by — Ty, and K'~2 by T,

we arrive at conditions (8), (9) and (10), and if in addition B}’ be replaced
by By, (18) becomes (7). A® +¢B, which is equal to

aly, 0 0 I, 0
0 4% 4B . A% 0 0
0 ADT — oIy, I, 0jf,
I, 0 I, 0 0
0 0 0 0 0

has the same rank as

oIy, 0 0 ()} 0
0 4%+ 0B A5 0 0
0 @" 0 0 olf,
0 (] 0 —Ii/e 0
0 0 0 0 0
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and hence, since 4 ¥ 4¢B must have the same rank as B except for a finite
number of values of ¢, the matrix

[¢)] eV} 1)
”Au + oBn A1,

A7 0
11

must have the same rank as B{Y. This completes the reduction of the prob-

lem to the consideration of a pair of matrices of order 7. Let /; be the first
invariant sub-rank for 4 ), B etc. Finally at some stage /; is zero and then
A% Vs zero and (8) reduces to the consideration of the non-singular case
of the reduction of 4 ¥, Bt This completes the proof of the sufficiency of
the conditions of Theorem 1. The necessity may be readily checked from
the above considerations.

THEOREM 1. Two pairs of Hermitian matrices A, B and C, D where the
rank of B is maximal for pA +aB are equivalent if and only if

(1) B is equivalent to D;

(2) the invariant sub-ranks are equal;

(3) the non-singular pair A®, BX® is equivalent to the pair C», D®),

I1I. NON-SINGULAR CASE

1. Preliminary reduction of pair. Consider any pair of Hermitian mat-
rices 4, B with complex elements and such that the determinant |p4 +¢B|
is not identically zero in p and o. As stated above, no generality is lost in as-
suming that | B| 0. Calling G the classical canonical form (described below)
of B-14, we know there exists a matrix T such that

G = T7'B7'AT = T'B-'T''T'AT = Bi'4,,

where B;=T'BT and 4,=T'AT. Therefore we lose no generality in allowing
the pair 4, B to be such that B-14 =G is in canonical form.

We shall call a matrix whose elements are all zero except for square blocks
along the main diagonal a diagonal block matrix. It shall be shown that there
exists a diagonal block matrix E determined by G such that E=E' =E-!
and such that B must be of the form ES;, where S; is a matrix commutative
with the canonical form G. A canonical pair 4., B. for A, B will then be ob-
tained by showing that it is always possible to find a non-singular matrix S
commutative with G such that

B. = S'BS and 4, = §'AS = B.G.

Let the elementary divisors of A —X\B be (A —X\;)%. Call J, the square matrix
of order e; having ones in the diagonal above the main diagonal and other-
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wise zeros. Call J0 the identity matrix of order ¢;. We may then describe the
canonical form G as a diagonal block matrix having a block (\;J? +J,) corre-
sponding to each elementary divisor (A—N\;)¢. We may assume that blocks
of G which correspond to conjugate imaginary pairs of elementary divisors
are adjacent blocks. Call E; the square matrix of order e; with ones along its
secondary diagonal and otherwise zeros, i.e., having elements (c;i) where
cix=1 for j+k=e;+1, and ¢;; =0 for j+k=e;+1. Define E as a diagonal
block matrix such that a block (\;,J .2 +J;) of C corresponds to a block E; of
E when \; is real, and two blocks (\.J? +J,) and (\;J# +J,) of G correspond
to one block ‘

of E when X\; is not real. (In this paper the symbol 0 used in this way repre-
sents a matrix all of whose elements are zero.) This E is such that E=E' = E-?
and EGE =G’, whence, since we are assuming B~'4 =G,

A4 =7'= BG = G'B = EGEB,

5 ol
E; 0

and therefore
EBG = GEB.

Hence B must be of the form ES;, where S; is a matrix commutative with G.

The form of any matrix S commutative with the canonical form G will
now be described. To facilitate this description, we may assume that the
blocks of G are arranged so that those corresponding to elementary divisors
involving the same root appear in non-increasing order with respect to size.

Call Iy, e;=ey, the e;X e, matrix made up of J2 augmented below by
e;—e;, rows of zeros. S is a block matrix of the following form: To the block
(NJ2+J.,) of G corresponds a block S;:(J:) of S, where S;; is a polynomial
with complex coefficients. When \; =\, e; = ¢, there is also an e; X e block of
the form 1,:S:(Jx) in the columns of Six(Jx) and the rows of S::(J:), and an
e Xe; block of the form Si;(Ji) ExliE: in the rows of Ski(J:) and the col-
umns of S;:(J,).

B=ES will then be a block matrix of the following form: Considering
first the blocks related to elementary divisors involving real roots we find
that to the block Si;(J:) of S corresponds a block E;B;;(J;) of B, to the block
I,‘kS;k(Jk) Of S the block E,’IikB,'k(Jk) Of B, and tO~ the blOCk Sk.(Jk)EkI:kE,
of S the block Biw(J¥)I:E; of B. Considering then double blocks related to
conjugate imaginary pairs of elementary divisors we find that to

HS.-u(J 0 0
0 Si'i?(-’i)
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of S corresponds

” 0 E;B:n(Js) I
B:u(J!)E; 0
of B; to
“Iibgikl(-,k) 0
0 IiwSike(JTx)
of S corresponds
0 E.IBirs(Jx)
EJBiii(Jw) 0
of B; and to
Sk (1) Exl v E; 0 ,
0 Skis(Jx) Exl i E:
of S corresponds
, 0 Bin(Ji)IiE; ’
Bio(J 2 ) E; 0
of B.

2. Reduction of pair to canonical form. The canonical pair 4,,B, that we
shall obtain has the following form: B. is a diagonal block matrix with blocks
of the same dimensions as those of E, a block E; of E corresponding to a block
¢;E; of B, where ¢;= +1, and a block"

0 E;

[z o]
of E corresponding to a block

0 E;

le o

of B.. 4.=B.G is also a diagonal block matrix with blocks of the same dimen-
sions as those of E, a block E; of E corresponding to a block &;E;(\;.J?+J,)
of 4., and a block

0 E;
= ol
of E corresponding to a block
0 E(JO + 7))
ENJS + T)) 0 ”

of 4..
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Suppose the real elementary divisors (A —\,)¢ of 4,B divide into m classes
of equal elementary divisors (i.e., involving the same root and the same ex-
ponent). For each class define a o as the sum of the €’s corresponding to the
elementary divisors of that class. It will be shown in §3 that these m o, are
invariants of the pair 4,B.

To reduce to this canonical pair we shall show that it is always possible
to choose a non-singular matrix S commutative with the canonical form
G =B"'4 so that $’BS =B.. It follows that

(1) A4, =S5'AS = $'BSS-'GS = S'BSG = B.G.

Because of the block form of B and S it is evidently necessary to consider
elementary divisors involving but a single real root, or a pair of conjugate
imaginary roots. The reduction is divided into eight cases. In Case I the
canonical form is obtained for a pair of matrices having but one real elemen-
tary divisor, and in Case II for a pair of matrices having but one pair of con-
jugate imaginary elementary divisors. Every other situation is shown to de-
pend essentially on Cases I and II. In Cases IIT and IV induction is used to
obtain the canonical forms where there are any number of distinct (i.e., with
distinct exponents, but involving the same characteristic root) and no re-
peated, elementary divisors (III) and any number of distinct, but no re-
peated, pairs of conjugate imaginary elementary divisors (IV). In Cases V
and VI the situations of a cluster of equal real elementary divisors and a
cluster of equal pairs of conjugate imaginary elementary divisors are reduced
so as to be handled by the methods of Cases IIT and IV. Finally, in Cases VII
and VIII, induction on Cases V and VI is used to cover the situation of any
number of clusters of equal real elementary divisors and of any number of
clusters of equal pairs of conjugate imaginary elementary divisors.

Before taking up these cases, it will be well to list some relations that shall
be used repeatedly in the reductions:

2) ].-j =0 when j = e;;

3) P(J!)E; = E;P(J,), P a polynomial;

4) Py )i = IiPe(Jw), P, and P, polynomials;
©) Epl i E;l ji = J)fi—ek;

(6) Liil jx = L.

Also, it will be found convenient in some of the reductions to use for refer-
ences the following multiplications, in which § ;;, B:;, and R;; are themselves
matrices, square if 2=7.

If
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B B
S=”Su 812" and B=“ 1 12
0 I

‘Bi, Bys ||
then
) $BS = ‘§1,IBIIS u S11(B:S 12+ Bo) ”
(S12 Bi1 + Bi)Su S12(BuS1z + Biz) +BieS12 + Bae
If
I 0 B B
R=” a.ndB=‘_l,1 u,

0 Re Bis B

then
- B B
(8) RBR=|_" _, “* |.
Biz ReeBnRo

In some of the cases below, manipulative details have been omitted. Those
interested may refer to the doctor’s thesis, University of Wisconsin, 1934, by
K. W. Wegner.
Case I. A single elementary divisor (A —\;)*:.
€1

e1
S =8, = ZSJl"_l, B = E\By(J,) = E;- Z bJ 1

t=1 fu=]
S'BS = 5:1(J{)E1B\(J1)S1(J1) = ESi(J1)Bi(J1)S:(J1) by (3)
= E, [512b1J1° + (2515201 + 5:202)T1 + (25153b1 + $2b1 + 25152bs + 512bs)J 2
+ (25154b1 + 25058b1 + 25158b2 + $Pby + 25152bs + $2ba) 2+ - - -
+ (2515001 + 2598 opiby + - - - )],
using (2) and choosing the s; to be real. The element b, is real since B is
Hermitian and 4,540 since | B| 0. Hence we may choose s, = ( +5;)~V* and
$i,7=2,3, - -, e, so that the coefficient of J,7~! in the last expression for
S'BS above is zero. Then S'BS=S'BS =t EJ{ = + E: = &.E,=B..
Case II. Elementary divisors: A=A, A=Ay, M=

S=’s,(Jl) 0 “’ B=“_ 0 ElBl(Jx)”,

0 Sa(J1) B.(J{)E, 0

o 0 S,(J{)EIBI(JI)SZ(JI)“.
S2(J1{)Bi(J1 ) ErS:1(J1) 0

Choose Si(J1) =J?° and call

el e1
Bi(Jy) = Do bJit,  So(Jy) = D st
=1 =1

Then
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31(-71' )EIBI(JI)S2(J1) = E, [belflo + (Szbl + s1b9)J1 + (83171 + s9bs + 51b3)T
F oA (Sedr A Sebe - - - sabet F sibe ).

Since | B| %0, we know b;0. Hence we may choose s;=1/b, and s;, =2,

3, - - -, e, so that the coefficient of J,7!in the above expression is zero. Then
- E;
S'BS = = B..
E, 0

Case III. Elementary divisors:
()\ el )\1)"1, ()\ ot )\1)”, (X - )\1)9’, cre ()\ - )\1)°", e > e > - > k.

In (7) we may take

Su of the form described for § in §1 with £—1 diagonal blocks and
3(k—1)(k—2) blocks above the diagonal. The (¥ —1) (£ —2) blocks below the
diagonal are taken to be zero;

S12 a matrix of dimensions (e;+ex+ - - - +ex_1) Xex made up of matrices,
each above the next, of the form I';4S:x(Jr),2=1,2, - - -, (k—1);

B of the form described for B in §1 with £—1 diagonal blocks and
2(k—1)(k—2) blocks above and also below the diagonal;

B a matrix of dimensions (e;+e:+ - - - +ex_1) Xer made up of matrices,
each above the next, of the form E.J;Bx(J1),i=1,2, - - -, (k—1);

(B22 —Echkk(Jk)

We know that |Bu| =0 and |Ba| =0 since |B| #0 and e;>e;. Let us
assume that S1 can be chosen so that §1,BuSy is of the desired form, i.e.,
a matrix of £—1 diagonal blocks of the form e;E.. (See Case I for start of
induction.) Since ByS 12 is of the same form as Bz, we may choose S 12 so that
BuSi12+Bi=0.

k-1 k—1
B12S1 = D, BT uEIuSaTr) =2 ExBa(T)J i~ *Su(Jx) = ExP1(Jx),
=1 i=1
where P; has no constant term. Since By + EP1(J ;) is therefore non-singu-
lar, we employ a further transformation R of form (8) in which we may, ac-
cording to Case I, choose R, so that

‘Rz [Bae + ExP1(J1) | Ree = €xEi.

Calling S:=SR, we have S{ BS;=B..

Evidently this method would cover the situation with e;=e.= - - - 2 e
if it were known that |Buy| %0, | Bs| =0, and that By, involved only poly-
nomials without constant terms.
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Case IV. Elementary divisors:
(k - xl)“’; ()‘ - X1)81’ ()‘ - )‘1)62’ ()‘ - X1)"’ ) ()‘ - )‘l)eky ()‘ _7‘1)*’
ey > 69t >6k, X17£—X1.

This case may be handled by exactly the same method as that used in Case
III, double blocks being dealt with in place of single ones. The note at the
end of Case III is also valid here.

Case V. Elementary divisors:

()\ - )\1)“, (k - )\1)“, Tty ()\ b )\1)”", € = €3 = -+ = 6.

S contains k2 blocks of form

el
Sii(J1) = 20 sijnl ! (4,7=1,2,---, k).
Na=l

B contains k2 blocks of form
el
E7Bii(J1) = E1) sijn ™ (G,j=1,2,---,k).
n=l

Hence S’BS contains k2 blocks of form E,P;;(J,) in which the coefficients of
J? in the polynomials P;; involve only s;;, and b;;, with »=1. Since
bir bigr v v - baga [
L Ty
1B1er Baka + - - i
we may choose s;; so that
S Sourc - - Sknn blllv bigr v - - bagaf) ||S11 S121 0 ¢ ¢ Sima 1

Si21 Seer - - - Skar|| ||Di2r basn v ¢ - bakal| ||Saun Sear - - Sama P

0

Sier Sokar v v ¢ Skeall Ub1er bagr - - - Drrall USkar  Skor -+ - Skma O

where §;= +1. Choosing s;;, =0 for n>%1, we then apply the method of Case
III to 5'BS = B, the latter being such that | By| %0, | Bx| %0, and By in-
volves polynomials in J, without constant terms. (See the remark at the end
of Case III.)

Case VI. Elementary divisors:

(x - )‘1)") ()‘ _3‘1)“) ()‘ - x1)”) ()‘ - X1)", ] ()‘ - xl)“" (x - _Xl)ek;

€1=62="‘=8k;)\1¢)\1.
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S contains %2 blocks of form

B contains &2 blocks of form
IEIB:I(JI) E’B;"’(J‘) ‘ Gyj=1,2--+,k),
where
Sim(J1) = i Sijmnd 1" (m =1, 2),
and =

e1
Bin(J1) = Bin(J{) = D bijant ™ 1.

n=1

Then S’BS contains £2 blocks of form

0 E\P;j5(Jv)

’ (i’j=1)2,""k),

in which the coefficients of J{ in the polynomials P;;» involve only s;;m» and
biimn with #=1. Choose s;;mn =0, n1. Using the fact that | B I #0, it can be
shown by a method similar to that used in Case V that we may choose
Si;u=S;m in such a way that §’BS =S, can be handled by the method of
Case IV. (See remark at end of Case IV.)

Case VII. Elementary divisors: A\ —X\;)7,and

Case VIII. Elementary divisors: (A —A\1)7, A —=\1)7, A5\,

in which, for both cases, j takes on the values e, és, - - - , €5, Where
€1 =€ = €3 =" =€ > €841 = €g42 = * ' = €8, > €811
= e e =eﬁ]>eﬂs+l='°' >eﬁk_1+l="' =eﬁk'

These cases may be handled as were Cases IIT and IV, they being made to
depend on V and VI as IIT and IV depended on I and II. Clusters of blocks
are dealt with in place of single blocks.

3. Conditions for equivalence. Consider the pair of Hermitian matrices
A, B, where'| B| #0. The matrix B(B—'4 —\I)* is Hermitian for any real A
and positive integral # since it is a sum of matrices of the form B(B-14)/,
which is easily shown to be Hermitian for any positive integral ;.

Referring to the o; defined at the beginning of §2, the following theorem
may be stated:
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THEOREM 2. In the non-singular case, two pairs of Hermitian matrices are
equivalent if and only if they have the same elementary divisors and also the
same o;.

We shall prove this theorem in a more illuminating form already stated
above:

THEOREM 2a. Two pairs of Hermitian matrices A, B and C, D, where
| B| #0 and | D| %0, are equivalent if and only if

(1) they have the same elementary divisors,
and

(2) the matrices B(B~*A —\I)* and D(D~'C —\I)™ have the same index for
all positive integral n and real \. '

Necessity. The necessity of (1) is known from classical theory.
Suppose there exists a non-singular P so that P’AP=C and P’'BP =D.
Then

D(D-'C — \)*» = P'BP(P-'B-'P'-1P'AP — \)*
= P'BP[P-'(B~'A — \)P]~
= P'BP[P-Y(B~'4 — M)"P]
= P'[B(B-'4 — \)"]P,

whence the necessity of (2) follows.

Sufficiency. We may assume the two pairs are in their canonical forms.

Because of (1), these canonical pairs are the same except possibly in their e;.
The coincidence of the o is a sufficient condition for equivalence since equal
¢; could be made to correspond by a proper interchange of blocks. We have
then merely to prove that for any variation in the o; of the canonical pairs
there will exist a real X\ and a positive integral # such that the indices of
B(B—*4A —\I)» and D(D~'C —\I)™ are not the same.
g] Since 4 and B are in canonical form, B(B—'4 —\I)* is a diagonal block
matrix like 4 and B, the real block €;E;(\;.J? +J;) of A corresponding to the
block &EJ{(\:—NJ+J]* of B(B-'A—N)". Obviously, the index of
B(B-'A—\I)» will be the sum of the indices of its blocks.

Consider first the case in which all the elementary divisors involve the
same real root A;, the exponents being

el=e2="'=eﬂ1>eﬂ1+1=eﬂl+2="'=eﬂg>eﬂg+l
=...=ep.>eﬂr‘_l=...>...=eﬂ'.

Let es, be the largest exponent such that
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Bs
Os = E €
i'ﬂz-l"‘l

of one pair is different from
8s

F=fy—1+1

of the other pair. Choose A =\, and # =e¢s,— 1. Blocks ¢;E;J ;6! will have the
same indices in each pair when ¢ <p,, since we are assuming o;=0;, j<s.
Also blocks €;E;J 4! will have the same indices in each pair when ¢ > 3,, for
then the blocks are entirely zeros. However block ez Eg,J,°%! has index o, in
one pair and ¢, #0, in the other.

Since the index of block €E;[(\;—\)J2#+J;]" for ;%\ depends on the
sign of €;(\;—X\)", it is the same for any even #, and the same for any odd ».
Consider any general set of elementary divisors, and call \; a root such that
the o; connected with the set of elementary divisors involving A, are different
in the two pairs. Choose A =\, and choose » as above so that the total indices
of the corresponding blocks of the two pairs are different. If the remaining
blocks have the same total indices for each pair for this A and #, we are done.
If not, increase # by 2, whence the difference of the indices of blocks involving
A1 disappears since the blocks causing the difference become entirely zeros, but
the difference of the indices of blocks not involving A\; remains unchanged.

This proof shows that condition (2) in the above theorem could be re-
placed by the following condition (2") which is more easily applied but less
easily stated:

(2') the matrices B(B-'A —\I)" and D(D-'C —\I)" have the same index for
all positive integral n which are less than or equal to the order of the matrices in-
volved and of the form e; + 1, where the e are the exponents of the real elementary
divisors of the pairs, and for all N which are real roots \; involved in these ele-
mentary divisors.
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