SOME ARITHMETIC MEANS CONNECTED
WITH FOURIER SERIES*

BY
L. S. BOSANQUET

1. Introduction. It is known that if a seriesY_a, is bounded (C, v),v= —1,
then it is either summable (C, v+ ), for every >0, or not summable (4).}
Further a necessary and sufficient condition for it to be bounded (C, ) is
that it should be bounded (4) and the sequence na, bounded (C, y+1).%
Conditions have been obtained§ under which a Fourier series ) 4, cos nf or
an allied series Y B, cos n¢ should be bounded (C) for £=0 and, in the case of
the allied series, conditions under which the sequence #B, should be bounded
(C). But the problem of the boundedness (C) of the sequence n4, has appar-
ently not been considered directly.||

We suppose that f(?) is integrable L, and periodic with period 2=. We write

o) = 2{f(x+ 0 + f(x — D},
V() = 3{f(x + 1) — f(x — 1)},

and suppose that the Fourier series of ¢(¢) and ¥/(#) are respectively

- 0
> A, cosnt and Y, B, sin nt.

n=0 n=1

Then the Fourier series and allied series of f(¢) at the point ¢=x are respec-
tively

> 4, and 2 B,.Y

n=0 ne=l

We write, for >0,

* Presented to the Society, September 13, 1935; received by the editors March 5, 1935.

t Proved by Littlewood, 17, for =1 and y=integer, and completed by Andersen, 1. See also
Hardy and Littlewood, 13a, Kogbetliantz, 15, p. 38. Numbers in heavy type refer to the list of ref-
erences at the end of this paper.

1 Hardy and Littlewood, 13a, p. 283. Kogbetliantz, 15, p. 38.

§ The first systematic results of this type were given by Hardy and Littlewood, 11, 12.

|| Sufficient conditions for the existence of the Cesdro limits of 74, and #B, have been given by
Young, 24, 25, and the limits of the arithmetic and logarithmic means of 7B, have been considered by
other writers. See Zygmund, 27, where references are given.

€ In the usual notation 4¢=4%ao, An=2a. cos nx+b, sin nx and B,=b, cos nx—a, sin nx, n>0.

189




190 L. S. BOSANQUET [March
oy = 2 f Yo

®,() = m (t — u)*1¢(u)du, a>0,

(1) = ¢(0),
d
®,() = 7 Do1(2), —1<a<0,
$a(t) = T'(a + 1)t =®a(2), a>-—1,
t) = 4 {t6(t)}
¢—1() = d_t t¢( )

and we define ¥,(f), ¥a(£), ©a(t), 0.() in a similar way. We call ¢.(f) the
mean value of order a of ¢(f).

We also write s, §¢&, 72, 72 for the Cesiro means of order a of
S,,=A0+A1+ st +Am* §n=Bl+Bz+ cte +Bm Tn=”Au and —n=”Ba
respectively. Finally we write, for a 20,

Ra(w) = Z (w — n)24,, —Ra(‘*’) = 2 (w — n)eB,,

nlw n<lw
and
r4(0) = w0 *R,(w), Fa(w) = wRa(w). T

It is known} that if |¢.(f)| =0O(1) (C, 1), 1i.e.,
1 t
M +J 1o au = 00y

in an interval (0, ), then s# =0(1) for 8>«, where o 20. The Cesiro summa-
bility and boundedness of a Fourier series for negative orders is not a “local”
property of the function, since we usually only know that A4,=o0(1),
but the above result remains true when —1=<a<0 if we take n=m,

* Thus
a=1
Sn = — Z Any Sy,
" v-o

where

a_ TltntD
T(a+ 1)I(n+ 1)

t Thus 74(w), 7«(w) are the Rieszian arithmetic means of order « of the Fourier series and allied
series respectively.
1 See Bosanquet, 6, where references to previously known special cases are given.
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provided ®.,.(f) is absolutely continuous and ®.,.:(+0)=0, in the case
a> —1,* and ¢(¢) is absolutely continuous except at £=0 in the case = —1.
Dr. A. C. Offord and I have recently shown that for the class of Fourier series
for which 4,=0(n"), y> —1, summability (C, v) at the point ¢=x does in
fact depend only on the local properties of the function, and there is an
analogous result for boundedness (C). It follows from our conditions that,
if we restrict ourselves to series for which 4,=0(%#), the above result re-
mains true, with the condition in its localized form, when o = — 1.1 Condition
(1) may also be replaced by the more general form

1 t
@ . f w2 | dBups(u) | = O(1)
whena> —1, or

1 t
3) + [ 1atww} | = ow

when a= —1.§ There are also “converse” results,|| in which summability or
boundedness of the Fourier series is given as an hypothesis. It follows in par-
ticular from these results that a necessary and sufficient condition that
s# =0(1) for some (3 is that (1) should hold for some «, or, what is the same
thing, that ¢.(f) =0(1) for some k.

The investigations of this paper arise out of certain identities which play
an important role in the theory of Cesiro means. If >0, we have

4 a(set — s#) = n(sf — s&) = 78,9
and**
) af{pai(t) — da(t)} = tbd (&) = xa(?),

* In these circumstances ®u41(f) = [, ®a(u)du. The last condition is necessary in order to exclude
a function like f(f) = | t—xl —a-1' —1<a<0, whose Fourier series diverges for t=x. If ¢(¢)= l t[ -1
we have ®q41(f) =T(—a), and hence ¢o(#) =0 for every ¢>0.

t See Bosanquet, 8, Bosanquet and Offord, 9.

1 Anintegrallike (2) is to be interpreted in the first instance as lim,_.of¢, where it is assumed that
®,.41() is of bounded variation in every interval (e, £). But when condition (2) is satisfied it may be
shown that &, 41(«) is of bounded variation in (0, ),and so the integral exists as an ordinary Lebesgue-
Stieltjes integral. See Bosanquet, 8.

§ Condition (3) is Young’s well known condition. Young, 26, stated that it was sufficient for
boundedness (C, —14-5), for >0, and this was proved by Hardy and Littlewood, 13, in the case

n=m.
|| See Theorem 6, p. 201, where further references are given.
¢ Kogbetliantz, 15, and 16, pp. 23 and 30.
** For (5) and (6) see Bosanquet, 6 and 7. The analogy between these and (4) is obvious.
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where x.(t) is the mean value of order « of 4’ () whenever #$(¢) is an integral
vanishing at £=0. We also have

2
(6) {0 1(t) — 6.(8)} = 182 (1) = — - Va(t).
It will be shown here that, if

1 ¢
™ - f | $a®) = $ass(®) | du = O(1)

in an interval (0, %), then

(8 sf — £t =0(1)

for B>a, i.e., nd,=0(1) (C, B+1). This is true with any 7, 0 <y <, when
a=0, and with n=7 when o= —1, provided ¢.41 is absolutely continuous
except at ¢=0. For the class of Fourier series for which 4,=0(»#) there is a
corresponding “localization” problem, but that belongs to a rather different
line of ideas and will not be discussed in this paper. It is clear from (4) and
(5) that the results just stated are covered by Theorems 1 and 2. It has been
shown elsewhere that (7) is sufficient for the summability (C, 8), 8>a, of
the Fourier series whenever it is summable (C). This result appears again
(Theorem 3) as a corollary of Theorem 1, but for the more general class of
Fourier series summable (4). There are “converse” results in which bounded-
ness (C) of the sequence #4,, or a more general condition, may be taken as
hypothesis (Theorem 4), and the problem of the boundedness (C) of #4 , may
also be solved in a “necessary and sufficient” form (Theorem 5). Finally this
problem and the corresponding one for allied series may be regarded as the
starting point of a sequence of more delicate problems of the same nature
(Theorems 7 and 8).

2. Before proving the theorems of this section we state as lemmas some
results which help to explain the hypotheses.*

LeMMA 1. If a> —1, necessary and sufficient conditions that (2) should hold
and ®.,,(+0) =0 are that

1t
©) ~ f 4] dgar(w)| = O()t

and ¢(t) =0(1) for some k =0.

* These have been given elsewhere, Bosanquet, 8.
t Thisintegralis to be interpreted in the sense lim.o /.
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LEMMA 2. Necessary and sufficient conditions that (3) should hold are that
(9) should hold with o= —1 and ¢x(t) =0(1) for some k20.

LemMA 3. If a2 —1, and (9) kolds, then it still holds if o is replaced by 3 >a.

There are analogous results with series in place of functions. We also re-
quire the following lemma.

LemuMa 4. If B>a> —1, and (i) Puy1(2) is of bounded variation in an inter-
val (0, 1), (ii) ®at1(+0) =0, then Bs(t) exists for almost all t in (0, 7), and satis-
fies the relation

1 t
(10) Be(t) = mﬁ @ — u)po1ddoy1(u).
TeEOREM 1. If 220, and
1 t
(1) - fo 4| dpa() | = OQ1)

in the interval (0, m), then nA,=0(1) (C, a+39), for every 6>0.}
There is an analogous theorem with o in place of O, and, more generally,
we have the following result.}

THEOREM la. If 20, (11) kolds in the interval (0, w) and
l t
(12) Tf | udgpo(u) + sdu| = o(1)
0

as t—+0, then nA —s (C, a+3), for every §>0.

When a =1 it is enough to consider the analogous theorem for Rieszian
means. We therefore begin by proving the following theorem, which is the
same in principle, but rather simpler in detail.

* It is easily seen, by integration by parts, that (11)is equivalent to f, 4| déa(x)| =0(¢?),0>0, or
L3
f w| dba(u) | = OG*), p > 0.
B

1t When a+ 521 the conclusion is still true if (11) holds in some interval (0, 7).
1 If we observe that

. =2 L
log | 4 cosec 3| ~ conﬁ;
1

we easily seie tlllat Theorem 1a may be reduced to the o analogue of Theorem 1 by replacing ¢(¢) by
o(t)—slog|17Y|.
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THEOREM 2. If a =1 and

1 t
(13) —~ [ wloi@ian=ow
0
in an interval (0, n), then
(14) > nd, =0(w) (C,a—1+5)*
nlw

as w—o , for every 6>0.
Proof of Theorem 2. We have

Bw‘ﬂz (w — n)f-1nd, = Bw™F E (0 — n)ﬂ—l{w — (0w — n) }An

nlw n<w
= B{rs_1(w) — rs(w)}
= w'B’ (w);
and so we have to show that wrf (w) =0(1) as w—, for 8>a. There is no

loss of generality in supposing that 3<a-+1. Now it has been shown else-
wheret that

brra(@) = o f 60T (wt)dt = f %(i)mu)du,
0 0 w
where

(_ 1)h+1xh+1

« _ ® gy D
49 5@ = gt [ = 0

k being the greatest integer not greater than «, and v,45(x) being given by

1
(16) Y148(%) = f (1 — )8 cos xudu.t
0
It has also been shown§ that, for x>0,

=4
an e {0 .

By differentiation under the integral sign we obtain||

* This is equivalent to #4,=0(1) (C, «+8). Cf. Hobson, 14, pp. 90-98.

t Bosanquet, 6. The formula is valid for 82 a20.

1 Ya(x) =T(a)x~*C,(x), where Co(x) is Young’s generalization of the cosine function. Young,
23.

§ See Bosanquet, 3 and 6. Here and elsewhere 4 denotes some number independent of the vari-
able, or variables, under consideration, and is not necessarily the same at each occurrence.

|| It will be seen that the resulting integral converges uniformly for w= e>0, when 3>a.
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1 ® u °
wrd () = — — J1—)J du = — o ()T dt.
mord (o) wfo u (w) £ (u)du wﬁw )¢ (wt)dt

Now write, for w>n"},

—%wwrp’(co)=wfm=wfw +wf' +wf =I,4+ I, + Is.
0 0 w1 r

Then we have, by (13) and (17),

0=l
| .| éAwf |t (2) | dt = O(1)
0
and, integrating by parts in the usual manner,
L
|| < Aw=s f |tod (8) | to—t-1d2 = O(1)
w1

for 8> a. Finally, if we write

) o+ r )
L=Yof[ =%,
y==1 w

y==1

we can show from the periodicity of ¢(f) that I3 =0(w>#y>—#-1), uniformly
in », and hence I3 =0(w=#), for 8 >a. This completes the proof.

Proof of Theorem 1. In what follows we need only consider the case
0<a<pB=1. The case a=0 follows from Lemma 3, with « in place of a+1,
but a direct proof proceeds along similar lines.

We first observe that ®,(¢) is of bounded variation in (0, 7), and ®,(+40)
=0. For, if 0 <¢<m, we have by (11), writing ®*(¢) = fiu| dpa(4)|,

j:TI dda(u)| = f:%l udpa(u) |

B o] [0

=0(1) +0 (log 1;-)
It follows that

2r
balt) = O(IogT),

and hence ®,(40) =0. Hence also, for 0 <t <,
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ra+ 1) [lae| = [7|afusuw} |
t )
s [Turlds| + e [ Tu| g | au
t ¢

=0(Q1) + O(t" log 271)
= 0(1).

Now, if x*(n, t) +ik=(n, t) denotes the Cesiro mean of order « of the se-
quence

(18) — + Z e,
T =l
the Cesdro mean of order 8 of (2 /m) sin nt is B(n+B)~x#~(n, t). Since
= — f ¢(t) — (sm nt)dt

we now have, by Lemma 4, with 0 in place of 8 and « in place of a+1,

T =

oy f ¢(t) — x"‘l(n t)dt

= 0(%) j:) 'E W1(n, t)dt fo ¢t — u)~*d®.(u)
- o(%) fo 4. () f - u)""% #-1(, 1)t

o(= ) teatwsts, i +0(~) S e = s, Wy,

where

T d _
(19) J(n, u) = f @t — u)-= 7 ¥~ 1(n, t)dt,

provided the last two steps be justified.
We next show that, for 0 <% <,

Anita

< Anlte—By—8,

(20) | J(n, w)| {

Now, for 0<¢<m, 0<B=1, we have*

* Cf. Zygmund, 27, and Gergen, 10. Both these papers are concerned with ¥#~(», £), but contain
enough analysis to show how (21) and (22) are obtained.
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21) |1, | {547
s < Anth8
and
(22) | d B-1(n, £) I{§ An’
dt " < An* 848,

Hence writing, for u+n-1<w*

-1

utn L
J(n,u)=f + =J1+ Jy

u+n—1

we have, by (22),

ut+n"t
| J1| = An*s f (¢t — )~ min (##, t-*)dt

utn~!
< An*>f min (nf, u=h) f (¢ — u)~—=dt
= O(n'*te=$) min (nf, u=*),

and, by the second mean-value theorem,

Jy = (%)-“ f“ ;_l %E"“(n, $)dtt

= ne0(n'~8) min (7P, u—F)

by (21). This establishes (20).

Returning now to the main theme of the proof, we see that the inversion
of the repeated integral is justified, the resulting integral being absolutely
convergent,} and we obtain

* When #7712 the second integral does not occur, and the argument is simpler.
1 Where u+n"1<¢ <.
1 Since, by (22),

fofldcb,(u)l f:(t— u)'“l dit’,ﬁ-l(n, t)|dt
< An? L'w@,,(u)l f:(z — Wy

< An’f [d®a(w)],
[

fora <1. We use the analogue for Stieltjes integrals of Fubini’s theorem; see Bosanquet, 8.
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8 =0n8) + 0O (—:7) j; T¢,(u)u°‘ %‘ J(n, u)du

= O(ne—) + 0(%) [¢¢(u) j; “,,ag;f (n, v)dv];r

+ 0(%)];'&1:,(14) j;uv“div.f(n, v)dy.

It will be enough now to show that, for 0 <u =,

{ é Anl-l-aua

(2 3) é A nl+a—ﬂuc—ﬁ .

v d
f ¢ — J(n, v)dv
0 dv

For, if this be established, it will follow that the integrated term is
1 r 4
o (—') $a(m) f v*— J(n, v)dv = O(n="),
n o dv

and, writing

1 r u d 1 n”t 1 x
_f d¢“(u)f va_J("’) ‘v)dv = '—f +—f = Kl + Kz:
n Jo 0 dv n J, n Jaa

we shall have, from (11), integrating by parts in the usual way,

| Kll = An“f” u“‘1| ud¢a(u)| =0(1)
0

and
| Kol 5 e [ et = o)

for B>a. The theorem will therefore be proved.
To establish (23), we first observe that

f v i J(n, v)dv = uJ(n, u) — af ve~L (n, v)dy,

0 dv 0

and the first inequality follows from the first inequality (20). We next ob-
serve that, if ¢(f) =1, then ¢.(f)=1 for all ¢ and 7,6=0 for all ». Hence,
following through our previous reasoning with this special value of ¢(¢), we
find that

B8 T d
0=O a—f ._f a___ , .
(n )+n 5 ov dvj(n v)dv

If we now write
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u d x T
f v“—](n,v)=f —f =J =-J",
0 d'l) 0 u

we have J'=0(n'+=-8), and finally, observing that

x d - [ 4
f v :i—J(n, v)dv = [v2T(n, v) ], — af ve=17(n, v)dv,
u v u

we obtain, from the second inequality (20), J'' =0 (n'+2—8)4+O(n'+a—by-5),
The second inequality (23) now follows, for 0 <u <.

This completes the proof.

We have as a corollary of Theorem 1, after our remarks in the introduc-

tion, the following theorem.

THEOREM 3. If =0 and (11) holds in the interval (0, w), then the Fourier
series of f(t) is summable (C, o.—1-+-8) at the point t =z, for every §>0, if it is
summable (A).

3. The next theorem shows that a condition of the type (11) is also

necessary for the boundedness (C) of the sequence.
We confine ourselves to the Rieszian form of the theorem.

THEOREM 4. If a =0 and
1 w
(24) - f u| dra(u) | = O(1)*
w Jo

as w— o, then tpd (8) =O(1) in the interval (0, ), for 8 >a-+1.

There is an analogous result with o in place of O.

It follows from (24) that r.(w) =0(log w) as w—. If then B>a+1,
t>0,and %is the greatest integer not greater than «, we have, by an argument
used elsewhere,{ since 4,=0(1),

* The condition is satisfied in particular if «= 1 and wrq () =0(1), i.e.,
Z nAn = O(“’) (Cy «— 1)’

n<w
or, what is equivalent, 74,=0(1)(C, &). When a=0 (24) becomes
2 n| 4a | = O@w).
n<w

t See Bosanquet, 3 and 4. The argument was previously used with the hypothesis R, (w) = 0(w®).

In the present case we have
Ry(w) = o(wft?), 0=p=a-1,

= O(w* log w), a—1<p=Sa,
= O(w’ log w), p2a,
as w— . Also

7P (2) = O(x?) + O(xF)
as 2— o0, and v5(x) =0(1) for £>>0. The inversion of the repeated integral remains valid in the
present case.
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B 1ps(t) = — f vs ((u)Ro(u)du
0

T8 (=1, 6 -
- [g o )R,(u)]

(— 1)m+oght2

I(k+2)

(— 1)mtoph2

- ® ms) v _ b
T T(1+ h— @) T(at1) (tu)du f (% — v)  Ra(v)dv
(— 1)ht2ht2

h—a (h+2)
TTa+ h—a)r(a+1)f R“(”)d"f (v =) (tu)du

= tﬁwra(v)lp"(tv)dv -j; rd ( >Ip (w)dw,

(_ 1)h+2xh+l h-a (h+2)
If(x) = I‘(1+h—a)I‘(a+l)f (y — (zy)dy.

It has also been shown* that, for x>0, B>a+1 =1,

(25) | 17()]| {

" () R (W)

where

< A xa‘ﬂ

It follows, by differentiation under the integral sign,} that
1 ® w 0
Blpd () = — " f I(w)wdr, (7) =—t f I'y(to)vdra(v).
0 0
Therefore, writing

-1 ®
— B8 ) =tfo' +if =L+,
we have o
A §Atf‘ | 9doa() | = O(1)
and '
| Lgl S Apitas f‘:v‘"l vdva(v)| = 0(1)

for 8>a+1. This proves the theorem.

* Bosanquet, 3.
t The resulting integral converges uniformly for = ¢>0, when 8> a+-1.
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Combining Theorems 1 and 4 together we now have the following theo-
rem.

THEOREM 5. A necessary and sufficient condition that nd.=0(1) (C) is
that, for some k=0, ¢.(t) should be absolutely continuous except at t=0 and
¢! (t) =0(1) in the interval (0, 7).

There is an analogous result with o in place of O.
We also add the following theorem.

THEOREM 6. If @20 and
1 W
26) — [“Iru@ | = 0w
w Jo

as w— o, then ¢s(t) =0(1) in the interval (0, ), for B>a+1.

There is an analogous result with o in place of O.*

It follows from (26), by the analogue of Lemma 1, that (24) is satisfied,
with a+1 in place of @, and D_4. is bounded (C). Hence #p4..1(£) =O(1) for
B>a+1, by Theorem 4, and ¢(!) =0(1) (C).t The result may now be ob-
tained from (5).

4. Finally we can generalize the Rieszian form of Theorem 5 as follows.

THEOREM 7. If N is a non-negative integer, a necessary and sufficient condi-
tion that '

d\M
(w —) rs(w) = O(1) as w — o,
dw
for some BN\, is that
d A
(t 7‘) oc(t) = O(1) in the interval (0, w)

for some k2N, where ¢.(t) is a Nth integral except at t=0.

Suppose that for some a 2\ we have

d A
(t;t) da(t) =0(1) for 0 < ¢t < .

Then if 0 <u =<\, we have

* For the case a=0 see Bosanquet, 4. The hypothesis is satisfied in particular when }_4, is
summable (C, a). See Hardy and Littlewood, 11, Paley, 18, Verblunsky, 19, Wiener, 21, 22, Bosan-
quet, 3.

t Hardy and Littlewood, 11.
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() o offc )} 1

and it is easily shown by induction that

d A © d by
27) ir (w ;l;) rg(w) = (— l)ij; (tz) ¢¢(t)J;(wt)dt
for B> . If, on the other hand, for some a =\ we have

d\*
(w 5) ra(w) = 0(1) as w— o,
then

d\ -
(o 5) “rete) = Oftog ar} as w s o,
and we obtain, for §>a+1,
d\ ©f d\
(28) gt (t—d—t) os(t) = (— l)xtj; (u ;i;) r,(u)I‘;(tu)du.
The result follows from (27) and (28) by arguments analogous to those of

Theorems 2 and 4.
The analogue of Theorem 7 for conjugate series is as follows.*

THEOREM 8. If \ is a non-negative integer, a necessary and sufficient condi-
tion that

d A
<w E) 7s(w) = O(1) as w — o,
for some BN, is that
d\
(tz) 0x(t) = O(1) in the interval (O, w)

for some k 2\, where 0,(2) is a Ntk integral except at t=0.
It is interesting to note that, by (6), if k=1,}

d 0 _ 2
tz () = "';"I’k(t)

and so, when A2 1, the condition in Theorem 8 takes the form

* The previously known cases were A=0 or 1. Hardy and Littlewood, 12.
t When 0<%<1 this is true except possibly in a set of measure zero.
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d\M1
t— t) = 0(1).
( P t) Yi(?) ¢))
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