A CLASSIFICATION OF GENERATING FUNCTIONS*

BY
D. V. WIDDER

Introduction. By a generating function we mean a function f(x) which can
be represented by a Laplace-Stieltjes integral

(1) (@) = [ estaaty

which converges for some value of x. Here a(f) is a function of bounded
variation in the interval (0, R) for every positive R, and by convergence we
mean that

R
lim e~**da(t)
R 0
exists. For most purposes it is convenient to assume that a(z) is “normalized”;
that is,
a(t +) + a(t —)

a(t) = 5 (t>0),

a(0) = 0.

Such normalization has no effect on the function f(x). The representation of
a function f(x) in the form (1), with a(f) normalized, is unique. The function
a(t) is called the “determining” function corresponding to the generating
function f(x). In particular, if

«) = [ sturan,
the integral (1) becomes
@ @ = [ csoa.
Or, if a(?) is a step-function with its jumps at the points A,

0=ko<kl<)\2<"', lim)\k=°°,

k— oo

* Presented to the Society, December 29, 1934; received by the editors February 1, 1935, and, in
revised form, June 27, 1935.
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the integral (1) reduces to the Dirichlet series
A3) (@) = X apee
n=0

which may, in particular, be a power series in e—*. Thus one sees the appro-
priateness of the term generating function.*

It is the purpose of the present paper to obtain characterizations of gen-
erating functions f(x) which will insure that their corresponding determining
functions shall have certain prescribed properties, such as continuity, ab-
solute continuity, etc. We find that these characterizations are most con-
veniently expressed in terms of an inversion operator of E. L. Post which was
discussed in detail in an earlier paper.t For this operator we use the notation

LiuJf(x)] = (_k!l)k f""( k)(i)m (k=1,2,--).

t/\¢
We have proved that for (2)
lim Ly [f(x)] = (&)

for almost all positive values of ¢. In the present paper we also show that for

M ‘
a(t) = a(0 +) = lim | Ly.u[/(x)]du.
—w J

We introduce here one further operator,
Leelf(®)] = #2x/ V2L, [f(2)],
and we are able to show for the integral il) that
beel/(®)] = a(t +) — a(t ) (t>0),
and for the series (3) that
lim L [f(2)] = an (n=1,2---).

* Originally, the generating function of a sequence {¢.} was the function whose Maclaurin de-
velopment had the constants a, for its coefficients.

t In this and subsequent foot-notes we shall use the following abbreviations: I for D. V. Widder,
A generalization of Dirichlet’s series and of Laplace’s integrals by means of a Stieltjes integral, t. ese
Transactions, vol. 31 (1929), pp. 694-743.

II for D. V. Widder, Necessary and sufficient conditions for the representation of a function as a
Laplace integral, these Transactions, vol. 33 (1931), pp. 851-892.

III for D. V. Widder, The inversion of the Laplace integral and the related moment problem, these
Transactions, vol. 36 (1934), pp. 107-200.

The present reference is to III, where a reference to E. L. Post will be found on p. 108.
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This is a determination of the coefficients of a Dirichlet series which is analo-
gous to the determination of the coefficients of a power series in terms of the
derivatives of the sum of the series.

- We summarize the more important results of the paper in the following
table:

(@) a(t) is of bounded variation in (0, «);

fo | L[f(®)]| @t = M (k=1,2,---).
(I1) a(f) is non-decreasing in (0, ©);
Le[f(x)] 2 0 ¢E>0k=1,2,---),
flx) 2 0 (x > 0).
(IID) |¢(t)| <M in (0, »);
| Li [f(®)]]| = M ¢>0,k=1,2,---),
f(0) = 0.
(IV) ¢(2) is of class L? (p>1) in (0, «);
f | Li [f(#)]|?dt = M (k=1,2,---),
° f() = 0.

(V) ¢(2) is of class L in (0, »);
Li.m. L. [f(x)] exists,
f(o) =0.
(VI) ¢() is of bounded variation in (0, ©);

f | LLdf(x)] | dt < M (k=1,2,---), f(=)=0.
(VII) ¢™ () is of bounded variation in (0, ©);
[l y@llasuy k=012, =) =0,
0

(VIID) |a(®)| =M in (0, ©);

fRLk,g[f(x)]dtléN R>0k=1,2,--.),
0

fRILk,,[f(x)]ldth(R) (R>0k=1,2,---).
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(IX) () is such that (1) converges for x>0;

f RLk,,[f(x + €)]dt
0

I\

N(’

fRILk,,[f<x+e>]|dthe<R> R>0;k=1,2---),

Jor every ¢>0.
(X) a(?) is of bounded variation and continuous in (0, ©);

f“ILk,t[f(x)]ldt§M (k=1,2,---),
f(®)=0
lim 4 [f(#)] = 0 (t > 0).
k—o

(XI) ¢() is completely monotonic in (0, »);
(= D*[anf(2)]=+0 = 0 (x>0;n,k=0,1,2,---).

(XII) «(2) is a step-function making (1) converge;
same as (IX) and

lim Ly [f(x)] = 0
k=00

uniformly in every sub-interval of an interval in which a(8) is to be constant.

In each of these cases the condition on f(x) is merely abbreviated. For the
exact statement the reader is referred to the corresponding theorem in the
text. In each case the condition is necessary and sufficient. In (VI) and (VII)
the upper index on the operator L indicates differentiation with respect to Z.
In (V), Li.m. means limit in the mean of order one,

limf | Li.[f(x)] = Li.:[f(%)]]| d¢t = 0.

k—roo
>

We note that the result (II) is due to S. Bernstein, the present statement
being new only in form. The proof given in the present paper is new. The
results (I) and (III) were proved earlier in a different form and with a differ-
ent method by the author. All remaining results are new.

We call special attention to the results (IX), (XI), (XII). In (IX) we have
for the first time a necessary and sufficient condition for the representation
of a function f(x) in the most general convergent Laplace-Stieltjes integral.
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In (XII) we have a characterization of functions which can be represented
in the most general convergent Dirichlet series.*
The result (XI) really has to do with the Stieltjes integral equation of

the type da(t)
* daft
sa = [ =5,

and gives for the first time a necessary and sufficient condition that it shall
have a bounded non-decreasing solution «(%).

Throughout the paper the determining function is thought of as real. It
should be pointed out here, however, that most of the results of the paper
also hold for complex determining functions. Thus all the results cited in
the foregoing table except those under (II), (XI), and (XII) hold without
any change whatever in the complex case. The proof in each case is made by
breaking the complex function in question into real and imaginary parts.
Thus if the function f(x+4y) is to have the form

L

St i) = [ emifan) + iaa)]
0

where o (£) +ias(2) is to be of bounded variation in (0, «) it is necessary and
sufficient that

fw|Lk.t[f(x)]|dt§M (k=1,2--).

To obtain this result from the corresponding real case one has only to use
the relations

f(x) = f1(x) + ifa(x),
| Lec[fi(®)]] = | Le.c S]],
| Li.[fo() || = | Lac[f()]],
| Luilf@]] S | Lol i@]] + | Lealfa(®)]].

The author wishes to express his indebtedness to Professor J. D. Tamarkin,
who read the original manuscript, for many valuable suggestions. In particu-
lar, the proof of Lemma 1 of §12 is his. The author’s original proof was longer,
less ingenious.

1. Some preliminary results. In this section we will establish certain re-
sults of a general nature which will be of fundamental importance for later
parts of the paper.

* Compare Th. Kaluza, Entwickelbarkeit von Funktionen in Dirichlelsche Reihen, Mathematische
Zeitschrift, vol. 28 (1928), p. 203, where Dirichlet series with positive coeflicients are treated. Com-
pare also 11, p. 876.
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TrEOREM 1.1. If
f(x) = f e~*tda(t),
0

where o(t) is a normalized function of bounded variation in 0=t =R for every
positive R and the integral converges for some value of x, then

a(t) = f(o) + }im f‘Lk,u[f(x)]du 0<t< o),

To prove this we note first that the change of variable k2 =uv gives us

fo‘Lk,u[f(x)]du = .1),‘ f® (—) (—)Hldu

B 1B (p)p*-1dy
- S

The operator Si,.[f(x)] defined earlier* is closely related to this latter in-
tegral. In fact

(_ )H—l
Skelf(®)] = f() + —F— f"‘“’(v)v"dv-

kit

An integration by parts gives

k -1 k o
Skt [f(x)] = f() +( b f“”( )( )""(i—_'—)l? k“f(")(v)v"“dv.

Hence

s+ Lz,u[f(x)]du—Skz[f(x)]"'(_ . f""( )( )

But we proved in III that
lim St [f(#)] = a(?) (0<t< ).
k— oo

Consequently our result will be established if we can prove that

Jim — f<k><k><i)k= 0 (0<t< o).
ke B! t 4

F(z) = f(2)/x.

Set

* 111, p. 116.
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Then

=E ()3 -5 ()
—_— k—1 k
- Ek _1)1)1 F(k—l)(é)(?le') ’

0 2 o B) () o - G2 ()3

We proved earlier* that

lim Ly [F(x)] = a().
koo

It will now be sufficient to show that second term on the right-hand side
of (1.1) approaches —a(f). Simple computation gives

(_ l)k—l _ k k k_ i k © kst uk—l
TR D<7>(7) = ( z) fo e

k¥ ®
= f e Frpr—la(ty)dy.
(k=11 J,
On the other hand
hm Li1.:[F(x)] = —(;12 f X e~ (k—Dogk—lg(tp)dy = aft).
k—m (k — 1)!
If we replace a(v) by a(v)e=*/* in this equation we have
lim u f we‘("‘"”v"‘le"’a(tv)dv = at)e!.
e (8 — D1,
Hence
lim _(:_l)_k_. FUe—1) (i) (i)k
b (B — 1)! t )\t
= lim( k )k (k — l)kfwe‘k”v""‘a(tv)dv = aft) @t >0).
e \E—1) & — 11J,

The theorem is then completely established.
We turn next to

* 111, p. 119.
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THEOREM 1.2. Let
1@ = [ ewaats),
[1]
where a(t) is a normalized function of bounded variation in (0, R) for every
R >0, the integral converging for some value of x. If V() is the total variation
of a(t) in the interval 0 <t < x, then
R
VR = | f)| + lim [ 7| Luals) | & (R > 0).
w Jo

Let S be an arbitrary number greater than R. Set

S
() = f e=tda(),

falw) = fs =tdall).
Then

R R R
[ndr@las [ nda@]la+ [ L)) .
0 0 0

Simple computation shows that

| Lalr@]| 5 2ud[ [ emav )
foRI Lei[fi(®)]]| dt = j;RLk,c Tj;se‘“dV(u)]dt,

By Theorem 1.1 we have

3 8 1
lim Lk,t[f e=dV(u) | dt = V(R) — V(0 +).
0 0 .

k—>o0
On the other hand it may be seen that
(1.2) :im L [fo(x)] =0

uniformly in 0<¢<R. For

fal#) = f =1dB(s),

B(®) = () (S=t< ),
B(®) = a(S) 0=:=9).
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Hence by an earlier result* (1.2) is established.
Consequently

hmsupf | Lic[f(x)]] dt < V(R) — V(0 +).

But
VO+) =|a@0+)| =|f(=)],
so that
R
(1.3) | 10) |+t sup [ 7] Zus@] | @t 5 VR,
Next set

alt) = j; Leulf(2))du

Thken by Theorem 1.1
lim ax(f) = a(t) — f(©) = a(t) — «(0 +)

k—w»

Let
0=t <Hu, <+ <t,=R.
Then

n

S| et — )| 5 [ | Leali@]| as

t=0

Let & become infinite in this inequality:

[March

0=st< o),

0<t< ).

R
| a(t) — (0 +) | + > | eltir) = ()| < lim inf f | e [f(x)]) dt.
0

=1

The left-hand side of this inequality can be brought as close as desired to
V(R)—V(0+) by a suitable choice of the number and position of the

points #;. Hence

V(R) — V(0 +) < lim inf f R] Ly [f(x)]] dt,
ke 0

R
V(R) S lim inff | Li. [f(x)]] de + | f(0) .

* I11, Theorem 13, p. 137. An examination of the proof of Theorem 13 will show that the con-
vergence is uniform since a(t) is constant in0 <¢<R.
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Combining this last inequality with (1.3) the theorem is proved.
We now introduce the following

DEFINITION. The operator ... [f(x)] is defined by the equation
r\ 1/2 — k
o= 1= 5 () 2
¢>0,k>0).

By means of this operator we shall be able to discuss the saltus of the
determining function «(#). In fact we shall prove

THEOREM 1.3. If the function f(x) has the representation
(1.4 1@ = [ eetdats,
0

where a(t) is of bounded variation in (0, R) for every positive R, the integral con-
verging for some value of x, then

lim half(®)] = att +) — a(t —) (¢ >0).

Let us suppose that the integral (1.4) converges for x >0.. Simple com-
putations give

2 k 1/2 k k ®
Lilf(x)] = ( Wk') (7) f e kultykdo(u) (k > ta.).
: 0
We first discuss the case ¢=1,
2mk)U? -
lk,l[j(x)] = ( Tk') k"f e~ *sukda(u) (k> o).
. 0
Integration by parts gives
2w b)1/2 ©
Lalf(®)] = ( rk,) Rkt f e Fut~Y(u — a(u)du,
. 0
or, by Stirling’s formula,
Lea[f(x)] ~ ke"f ek uk—1(u — 1a(u)du (k— o).
0
Set
B(x) = a(1 —) 0=x<1),
B(1) = (1),
B(x) = a(1 +) (1< x< ),

é(x) = a(x) — B(x) (0= %< ).
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Then

lk,l [f(x)] ~ ke"f
0

L] ©0

e ruyt—1(y — 1)B(u)du + ke* f e *uyr1l(u — 1)¢p(u)du

0

(k— ).
Since
x f °°e""‘du = ¢* (x>0),
1
we have by successive differentiation
e = fwe"“u"“[xu — k]du (x> 0),
1

ek = kf ervuk—1[y — 1]du,
1

1
— et = kf ekuyr-1[y — 1]du.
0
Hence it is clear that
ke"f eFu 1y — 1)B(u)du = a(14) — a(1-).
0

To prove that
(1.5) iim half(®)] = a1 +) — a(1 =)

it will be sufficient to show that

lim ke"f e *uyk—1(y — 1)¢p(u)du = 0.
k— o 0

But ¢ (%) is continuous and has the value zero at » =1. Hence to an arbitrary
positive e there corresponds a positive § such that

| ¢(u)| < e (|1 — %] <.

By writing the integral (1.5) as the sum of three integrals over the intervals
(0,1—19),(1—5,148), (1449, =) we easily arrive at the following inequality:

)

ke"f e Fuyk—1l(y — 1)¢(u)du
0

S Mke[e*(1 — 8)]%1 + 2 + kek[e=+D(1 + 8) "N
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Here
[o(w)| = M O=susx1),

n is a positive integer greater than o., and

N = f we""‘u"l o(u) | du.
Since l
el —8).<1 (6> 0),
(149 <1 (6>0),
the first and third terms on the right-hand side of the above inequality ap-

proach zero as k becomes infinite, so that (1.5) is established.
Returning to the general case we have by an obvious change of variable

(2w k)12

half(2)] = 2l

k"f”e""‘u"da(tu) = lk,l[g(x)],
where
= —2ug) , = a(tu).
¢(®) f edB),  B(u) = alm)

Applying the previous result, we obtain
lim 2, ([f(+)] = lim La[g(x)] = B(1 +) = B(1 =) = alt+) —at =) (> 0).

k=

The theorem is thus completely established.
CoROLLARY 1. Under the conditions of the theorem
—e\* k
lim (T) f(") (7) = a(t +) - a(l —) (t > 0).

k—oo

This follows by an application of Stirling’s formula.
COROLLARY 2. If f(x) can be expressed in terms of a Dirichlet series

(%) = 3 ane ™=,

n=0

=R <A< A < - - (liln)\n=°°):

n—>0

convergent for some value of x, then

:im b lf(x)] =6, (n=1,2,---), limf(x) = a,.

z— 0
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2. Determining function of bounded variation. In this section we shall dis-
cuss generating functions f(x) for which the corresponding determining func-
tion is of bounded variation in the interval (0, «). We introduce

CoNDITION A. A function f(x) satisfies Condition A in the interval (0, ) if
(a) f(x) is of class C* in the interval 0 <x < 0,
(b) a constant M exists such that

fwlLk.:[f(x)]ldtéM (k=1,2,---).
0

By use of this condition we may state the fundamental result concern-
ing functions of the class under discussion in

THEOREM 2.1. Condition A is necessary and sufficient that f(x) can be ex-
pressed in the form

f(x) = fo e~ *da(t) (x> 0)

where a(t) is of bounded variation in (0, «).

This result was proved earlier by the author* in a slightly different form.
In the earlier form Condition A (b) was replaced by

[ Zlrewplasu k=012 ).
0o R!

The equivalence of these two forms follows immediately from an obvious

change of the variable of integration. In a later section of the present paper

we shall give a new proof of the theorem and a new form of the condition.
We turn next to

THEOREM 2.2. If .
f(x) = f e=1da(t),

where a(t) is a normalized function of bounded variation V in the interval (0, »),
then

V =]|f(»)| + lim f | Le.o[f(x)]] at
(2.1) e

= |f(oo)[ + ,!_",2 ﬁw’;‘;!lf"‘“)(t)l dt.

*1I, p. 866.
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Moreover, the integral
[ 1zl a
0

s a non-decreasing function of the integer k.

This result is an extension of Theorem 1.2 to the case of an infinite in-
terval and can be easily derived from that theorem. First suppose that
f(®)=a(0+)=0.

By Theorem 2.1 we have

(2.2) f:I Ly f(x)|dt < M (k=1,2,---).
Since
fo | Ll @ s fo °°l Li[f(=)]| at = M,
we have by Theorem 1.2
V(R) = m:: inf j; w| L [f(x)]]| at = M,
whence
V= m:: inf fo nl Ly [f(2)]] at.

On the other hand,
© ® 7 B\ 1 © uk
f | La.[1(%)]| at éf (—) dtf ekt —dV(u) =V,
0 0 ¢ 0 k!
limsup | |Li.[f(x)]|dt< V.
koo 0

Hence

}_I{EL | Lio[f(x)]| dt = V.

If «(0+) is different from zero, we apply the result just established to the
function f(x) —f(«) whose normalized determining function will have total
variation equal to that of «(f) increased by |f(«)|. Hence (2.1) is completely
established.
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Finally, to prove the last assertion of the theorem we note that

100 == [ pemaan,

| 7@ < f | foe ) | du.

These integrals clearly converge by virtue of (2.2). It follows that

0 tk
j; T |f(k)(t)|d;<f (k dtf |f(’°+1)(u)|du

f lf(k+1)(t)ldtf = du —f | Feo(s) | —dt

This concludes the proof.
This result enables us to prove at once

THEOREM 2.3. Let
2.3 = —zld ,
2.3) 1) f e-=tda(t)

where a(l) is a normalized function of bounded variation V(R) in the interval
0 <t=R for every positive R, the integral converging absolutely for x>aq. Then

f e=dV(t) = | f(o)| + hm f ———-| fEDO() | du (x> 0a).
For x>0, we have
flu+ x) = f °ne"“tz“‘daz(t) (v > 0)
0
=f e‘“‘dﬂ(t),
0
where ‘
8) = [ eda(w) ¢>0), B0)=0.
0

The total variation of 8(¢) in the interval 0<¢< = is

L

f e~ =dV (u),
0

an integral that converges for x>0, since (2.3) converges absolutely there.
Now applying Theorem 2.2 to f(x+u) considered as a function of » we have
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© .k
lim % | f#+D(x + 2) | du = lim f f("’“)(“) | du
0 : ko

k—w

- f e=aV (D) — | f()],

and the theorem is established.
3. Determining function monotonic. The results of the previous section
may be applied to completely monotonic functions. We recall the following

DEFINITION. 4 function f(x) is completely monotonic in the interval ¢ <x <
if
(= D*P(x) 20 (c<2<0;k=0,1,2,:--);
f(x) is completely monotonic in the interval c<x < if, in addition, it ap-
proaches a limit as x approaches ¢ from the right.

We can easily show that if f(x) is completely monotonic in 0 <x < then
Condition A is satisfied. It is a familiar fact that such a function is analytic
in the interval 0 <x < « so that A(a) is satisfied. Furthermore,

J el a= [ s - Dy = ) - s,
Hence A(b) is also fulfilled. By Theorem 2.1
(3.1) 1@ = [ eotdaty (0= x< ),

where a(#) is of bounded variation in the interval (0, ). Appealing to
Theorem 1.1 we have

a(t) = f(o) + :im ‘Lk,u[/’(x)]du 0<t< ™).

Since L. [f(x)] is non-negative, the function «(f) is non-decreasing.

Conversely, any function f(x) of the form (3.1) with «(f) non-decreasing
and bounded is clearly completely monotonic in 0 <x < . Hence we have
proved

THEOREM 3.1. 4 necessary and sufficient condition that f(x) can be expressed
in the form

o

f(x) = f e=da(t),
0

where a(t) is non-decreasing and bounded, is that f(x) should be completely
monotonicin 0 <x < o,
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4. Determining function the integral of a function of class L?, p>1. In
this section we discuss generating functions f(x) of the form

(4.1) f(x) =f e~*'¢(¢)dt,
0

where the function ¢(¢) is of class L® in the interval (0, «); that is, the in-
tegral

f | 6(2) | »dt (»>1)

is finite. We first introduce

CoNDITION B. 4 function f(x) satisfies Condition B, if and only if
(a) tisof class C*in 0<x <o,
(b) @ constant M exists such that

fwl Li.[f(x)]|rdt = M (k=1,2,---),

(© .
lim f(x) = 0.

x— 0

We now prove

THEOREM 4.1. 4 necessary and sufficient condition that f(x) can be repre-
sented in the form

f(z) = f e=tp(t)ds

with ¢(£) of class L? in the interval (0, ) is that Condition B should hold.

We note first that Condition B (b) is meaningless for % =0 since ¢(#) need
not belong to L. That is, f(0) need not exist, as the following example shows:

f(x) = j;”e‘z%(t)dt = Lwe"‘t“dt.

Here the function ¢(¢) belongs to the class L? for any p>1. But f(0) = .

We prove first the necessity of Condition B. If f(x) has the representation
(4.1) with ¢(¥) of class L#(p>1), then that integral converges absolutely for
x2>0. For, by use of the Holder inequality,

0 o 1/]) 1 1
f e—ztl o) | dt = [f | o(2) [rdt] [xq]-1/e (_ +—=1,z> o),
0 0 ? g

and the dominant integral converges by hypothesis.
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Another application of the Holder inequality gives

g kg B\ k1
| L] |» = f e-'m"%(T) o(u)du

© uk / B\ Ld uk f B\ K+ rla
e ) st e ()]
0 k! t 0 k! ¢

This last factor is equal to unity, so that

j; wl Ly [f(x)]]?dt < j; i d j; ”e""‘“%:<§>k+l| o(u) |2du.

By use of the Fubini theorem we may interchange the order of integration
in the iterated integral, since the resulting iterated integral,

® © 1/ B\
f | &(n) IPu”duf e"‘“"-—-(——-) dat,
0 0 kIN\ ¢

converges and has the value

14

fo | 6(a) [oa.

If we denote the value of this integral by M we have Condition B (b). Con-
ditions B (a) and B (c) are known consequences* of the representation (4.1)

regardless of the class of ¢ ().
We turn next to the sufficiency of the condition. Let ¢ be an arbitrary

positive constant. Then
© 1 d ) B\ k+1
(4.2) f | L [f(x+&)]| dt = —-f I <_ + e) <—> dt.
0 k1J ¢ ¢

That the integral converges follows as a result of subsequent operations. First
set

k k
—de=—-

4 u

k k k—1 k2
f(k) (——) (— - é) —2du.
u u u

Again applying Hélder’s inequality we see that the integrals (4.2) and (4.3)
are not greater than

Then (4.2) becomes
1 kle

®J,

4.3)

* 1, p. 702, and II, p. 864.
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i (-5

The second integral of the product can be evaluated and has the value
k

e(gk — g+ 1)
But by B (b)

[j:)khl Lk"[f(x)] |pdt]”p = [Lwl Li[f(=)] |Pdt:|1/p < MUz,

so that (4.2) certainly converges and
[zl + 9l ars 2t g 22
Ly lf(x+¢e]|dt = =< E=23,---).
, [ Eralll gk—g+1) " ¢ ( )

Hence the function f(x+e¢) satisfies Condition A, and by Theorem 2.1

L

f(x+¢€ = f e='dB.(t),

0

the integral converging absolutely for x=0. By the uniqueness theorem} we
see that

*n 0O

f(x) = fo °°e"‘e“dﬁe(t) = j; e='da*(1),
the integral converging absolutely for x >0. Here
a*(t) = j; ‘e‘“dﬁe(u) .
If we set
a*(t +) + a*(t =)

a(0) =0, at) = 2 (t>0),

we have finally
1@ = [ eerdatn,
0

the determining function being now normalized.
It remains to show that «(f) is the integral of a function of class L». Set

t I, p. 705.
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ax(t) =f‘Lk.u[f(x)]du.
0

Then by Theorem 1.1
lim ax(t) = a(f) 0=t< >).

k-

By Condition B (b) we see that there exists a subsequence of functions
Ly [f(x)] (k=Fy, ks, - - - ) which converges weakly to a function ¢ () of class
L7in (0, «). That is,

lim Li;u[f(2) W (w)du = f ()Y (u)du
jow Jg 0

for every function ¥(u) of class L¢ in (0, ). By choosing y(%) as a step-
function we have

¢
a(t) = lim ay;(8) = f o(u)du,
Joew 0
so that «(f) is the integral of a function which is of class L? in (0, «). Our

theorem is completely established.
Our next result is

THEOREM 4.2. If f(x) can be represented in the form
(4.4 f®) = j; we""d’(t)dt
with ¢(1) of class L*(p>1) in the interval 0 <t < o, then
tim [ | Lulf)] e = 1) "o 2ar,

the integral on the left-hand side constantly increasing with k.
We prove this last statement first. Make the change of variable x¢=% in

the above integral. Then
k 1 k k+1
w(=Y—(=
(3)a()

[ s a= [
>k

=f —dx.
0 x?

4

dt

(4.5)

xk"‘l

k!

fo@

Sincet f® (% )=0, we have

1 11, p. 864.
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@) = — [,

or

(B + 1)xk+1fd(g) = [ k+2f(k+l)(u)]du

f (B + l)x"'“
Since
xkH f (& + Du*du = 1,
we have by Holder’s inequality
(B 4+ 1)xtr
4.6) | (B + Dartifd(z)|» < f B DE | yesagaen(u |odu,
u

By Theorem 4.1 we know that f(x) satisfies Condition B. This fact enables
us to conclude that the integral (4.6) converges. For,

|
fz ey |f(k+1)(u)uk+2lrdu = -—f —If(H—l)(u)“k+zlpdu

the dominant integral converging by (4.5) and Condition B.
Consequently we have

0 L] k
fo|Lk,,[f(x)]|Pdt§j; 2] xakrtr—2p(x)dx,

1
(k + 1)pxkrte

g(x) = f (k+ 1)xk+1ukp+2p—k—2lf(k+l)(u) |7du.

If it is permissible to interchange the order of integration, this iterated in-
tegral becomes

If(k+l)( )Ip ukrri i duf“xk-ldx
[k'] (k+ 1)7! 0

= k1
o [(B+ D)7

(k+1) (u)uk'l-2

(+ 1)!

*(k+1) i

%2

| 74D (0) |Putrt2r—2dy =

The change of variable #=k-1 in this last integral gives us the inequality

fo | LuoLf(x)] |2de = f | Lua.oLf()]|7dt.

The above interchange in the order of integration was permissible since the
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integrand was positive and since the resulting iterated integral is seen to con-
verge.

We now prove the first statement of the theorem. Since f(x) has the repre-
sentation (4.4) we know* that

lim | Lu[f(2)]]7 = |7
for almost all values of ¢ in (0, = ). It follows by Fatou’s Lemma that
f:| é(u) |?du = lilziinf f:| Ly u[f(%)]|?du.
This inequality, combined with the inequality
fo”| Liu[f(x)]|7du < j;”| ¢(u) [2du

proved in Theorem 4.1, establishes our result.
5. Determining function the integral of a bounded function. By letting p
become infinite in the results of the previous section we are led to introduce

ConbpitioN C. A function f(x) satisfies Condition C if and only if
(a) itisof classC*in0<x< oo,
(b) a constant M exists such that

| i [f(»)]]| = M (k=1,2,---;0St< ),

(©
lim f(x) = 0.

x— 0

We can now prove

THEOREM 5.1. A necessary and sufficient condition that f(x) can be repre-
sented in the form

f(x) = f ”e“"qb(t)dt,
where '
o) = M (0 =t< ),
is that it should satisfy Condition C.

If f(x) has the above representation, it is clear that it is of class C* in
0<x< o and that f(«)=0. Condition C (b) follows from the inequality

* I, p. 122.
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| L [f(2)]| < MLy [1/2] = M (k=1,2,---).

For the sufficiency let € be an arbitrary positive constant. Then by use
of the same transformation as that applied to (4.2) we have

j;wl Li.[f(x + ¢)]| d j;"/el LiJf(®)]] (1 _ ﬁkf)k-xdu

kle ue\ F-1 M
Mf ( ) du = —-
€

1) = f e-*1da()

IIA

Hence, as in §4, we have

where «(f) is a normalized function of bounded variation in (0, ). Now de-
fining ax(¢) as in §4 we have by Theorem 1.1

lim ax(t) = a(t) 0=t< o).

koo

To show that a(f) is the integral of a bounded function it is sufficient to
show that its difference quotient is bounded.*

But
a(ts) — a(ty) _ ax(ts) — ax(ty)
_t:———r_k_.., T _k—'wtg— f ILku[f(x)]Idu<M

0O=Hu<t).

Hence Theorem II is completely established.

6. Determining function the integral of a function of class L. Theorem 4.1
was proved only for the case in which p is greater than unity. We can easily
see that it is no longer valid if p is equal to unity. For, in that case Condition
B reduces to Condition A. But a generating function satisfying the latter
condition gives rise to a determining function which is merely of bounded
variation and hence not necessarily the integral of any function. For the dis-
cussion of the case when p is equal to unity we introduce

ConpITION D. 4 function f(x) satisfies Condition D if and only if

(a) 4t is of class C* in 0<x< o,

(b) the function Ly,.[f(x)] converges in the mean of order unity as k becomes
infinite:

* E. W. Hobson, The Theory of Functions of a Real Variable and the Theory of Fourier’s Series,
2d edition, vol. 1, 1921, p. 549.




1936] A CLASSIFICATION OF GENERATING FUNCTIONS 267

tim [ ] Lulf2)] - Luli@]] dt = o,
yoo o

(0)

lim f(x) = 0.

The proof of the main result of this section depends on the following

LEMMA. If the function ¢(8) is of class L in the interval (0, ), then the func-
tion

(6.1) g(w) = fo | o(ut) — ¢(2) | dt

is continuous for u=1 and a constant A exists such that
(6.2) | gw)| < Aut + 4 (0<u< o).

To prove this result set #=¢* and w =e¢v in the integral (6.1). It thus be-
comes

8@) = [ |8 = (9| ez,

The transformation shows that the function ¥(x) =¢(e®)e* is integrable in
(— o, ). Furthermore,

@] s [ {14+ 9w = v@e |+ v@er — ¥ o

= [ vt —y@lds v —1] [ v o,

By appealing to a known result* we see that the right-hand side of this
inequality approaches zero as y approaches zero. That is,

lim g(u) = 0.
u—l

If we set
= [ o) au,
0
the inequality (6.2) follows at once since

Ig(u)|§f l¢(ut)|dt+f | 6(2) d2| = A(1 + w ).
0 0

* See, for example, N. Wiener, The Fourier Integral and Certain of its Applications, p. 14.
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We are now able to prove

THEOREM 6.1. Condition D is necessary and sufficient that a function f(x)
can be represented in the form

f(5) = f e-=1(t)dt,

where ¢(t) is of class L in the interval (0, «).

Suppose that f(x) has the above representation. Then simple computation
shows that

B\ k
|Lk,,[f(x)]—¢(t>|§(7) fo e 2| g(u) = 60| du

Bl o
= f e""‘u"l o(ut) — ¢(t)l du.
k! Jy
Hence
©0 0 kk+l L
f lL,,,,[f(x)]—¢(t)|dt§f dt o f e ruk | (tu) — (8) | du
0 0 . 0

if the iterated integral converges. We see that it does by an interchange in the

order of integration. If we define g(%) as in the Lemma it may be seen by use of

(6.2) that the resulting iterated integral converges for £2>0. It follows that
le-l

S i) - o0l ar s = [ erutgan.

Corresponding to an arbitrary positive constant ¢ we now determine a posi-
tive number § less than unity such that

| gw)| < ¢/3 (|u—1] <.
We then have

BEHL 148 € hH1L p* €
f e ruykg(u)du < — —— e kuykdy = —.
k! J s 3 k!l Jy 3

Furthermore, since e~*» is an increasing function of # in the interval (0, 1),

pEHL - k1 1-3 ¢
—_ e ruukg(u)du < e (F-DAa=8(1 — 6)""1f e vA(u + 1)du < —
k! 0 k! 0 3
(k> ko).
The last inequality holds for &, sufficiently large since
k+1
lim e RI-0(1 — §)kF =0 0<s<).

k>




1936] A CLASSIFICATION OF GENERATING FUNCTIONS 269

In a similar way we have

kE+1 ®

k!

Bk+1

f e ruukg(u)du < e~ (DD (] 4 3)k—1f
1438 k!

evA(u + 1)du < £
1+ 3

(k> k1)

for k, sufficiently large. Combining these results it follows that

f lLk,g[f(x)] — ¢(2) I dt <e (k> koy b > k).
0
Hence the necessity of Condition D is established.

To prove the sufficiency we note first that the convergence in the mean

of Ly.[f(x)] as & becomes infinite implies the existence of a function y¥(#)
of class L in (0, ) such that

(6.3) tim [ ] Lulf2)] — v |t = 0
k—w J g
and
i [ |zl = [ v
Hence
[nbelas [ 1vola+1=mu k2 k)
0 0

for some integer k, sufficiently large. Hence Condition A is satisfied by f(z),
and by Theorem 2.1 we see that

f(x) = fo e=1da(l),

where a(f) is a normalized function of bounded variation in the interval
(0, «). It remains to show that «a(#) is an integral. Set

ast) = [ Lelf()Jdu.
0

Then by Theorem 1.1
lim ax(¢) = a(?) O0=st< >).
k—w

But it is known that if the sequence L;,.[f(x) ] converges in mean to y(x) then
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tim [ Zali)an = [ v

Hence

alt) = fo Yw)du,
and

() = f ()i,

with ¢(#) of class L in (0, «).
CoroLLARY 1. If

1@ = [ e
0
where ¢(8) belongs to the class L in (0, «), then

i [zl a= [ o]

This is a known result of the mean convergence of the sequence L. [f(x) ]
to¢(t).
CoRrOLLARY 2. If
Lim. L. [f(x)] = ¢@),
then

lim L [f(x)] = ¢@®)

almost everywhere.

This follows at once from an earlier result* of the author.
We can also prove

COROLLARY 3. A necessarv and sufficient condition that
6.9) 1@ = [ emsva,
L]
where ¢(8) is of class L in the interval (0, R) for every R >0, the integral converg-

ing absolutely for x>0, is that f(x+e€) should satisfy Condition D for every
positive e.

* III, p. 122.
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For, suppose that f(x) has the representation (6.4). Then the integral

f e=t| ¢(2) | de
0

converges and e—*¢(#) is of class L in (0, «). Hence f(x+¢) has the repre-
sentation of Theorem 6.1 with ¢(#) of that theorem replaced by the function
e*'¢(t). It follows that f(x+e¢) satisfies Condition D.

Conversely, if f(x+¢) satisfies Condition D we have

L]

(6.5) fa+ e = f eo)dt,

0

where ¢.(f) belongs to the class L in (0, ) for each ¢>0. Then

. = | e,
6.6) 1) f ep(0)ds
(t) =-e6.().

The uniqueness theorem shows that ¢(¢) is independent of e. It is clear from
the definition of ¢(#) that it belongs to the class L in (0, R) for each R>0.
By Theorem 6.1, (6.5) converges absolutely for =0. Hence (6.6) converges
absolutely for x= ¢ for each ¢>0, that is, for £>0.

This corollary enables us to treat such familiar integrals as

T'(a+1 °
_(____). = f e—ztadt (a > — 1)’
xa+1 0
x 0
= f €%t cos tdt,
x?+ 1 0
1

= f e~*t sin tdt.
22+ 1 0

COROLLARY 4. A necessary and sufficient condition that
1@ = [ s,
0

where ¢(8) is absolutely continuous and of bounded variation in (0, ©) and
vanishes at =0, is that the function xf(x) should satisfy Condition D.

The proof may easily be supplied.

7. The general Laplace-Stieltjes integral. In this section we shall ob-
tain necessary and sufficient conditions for the representation of a function
f(z) in the form
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1@ = [ eosdats,

where «(f) is of bounded variation in 0<¢<R for every R>0, the integral
converging for x sufficiently large. It will be sufficient to restrict attention
to convergence for >0, since a suitable change of variable reduces the gen-
eral problem to this case. We first introduce

ConvortioN E. 4 function f(x) satisfies Condition E if and only if
(a) 4t is of class C* in 0<x < o,
(b) a constant M exists such that

R
f Ly [f(x)]de

(c) a positive function N (1), defined for t >0, exists such that

=M (R>0,k=1,2,'-~),

fnl Lei[f(x)]|dt = NR) (R>0;k=1,2,---).
0

We can now prove
THEOREM 7.1. Condition E is necessary and sufficient that f(x) can be repre-
senled in the form

f(x) = fo e*da(t),

where a(t) is a normalized function of bounded variation in 0 St=R for every
positive R and is bounded in 0 <t < .

In the definition of Condition E it is to be understood that for each posi-
tive value of ¢, N(¢) is defined as a finite number. To prove the necessity of
the condition we note first that if f(x) has the representation described in the
theorem, we may also write

f(x) = xfwe“"a(t)dt (x > 0).
0

Moreover, since a(t) is of bounded variation in the neighborhood of ¢=0, we
have

1 3
lim — a(u)du = a(0 +).
-0+ ¢t J o

Hence we are in a position to apply a known result* to be assured of the
existence of a constant M such that

* III, Theorem 21, p. 152.
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© yk-1
f mf"‘)(u)du =M

By the change of variable » =%/ this becomes

al ()

Since x was an arbitrary positive number in (7.1) we have

R
f Lua[f(x)]dt

for an arbitrary R. Hence f(x) satisfies Condition E (b). That it satisfies Con-
dition E (a) is obvious. To show that it also satisfies Condition E (c) we make
use of Theorem 1.2. Assuming «(#) normalized we have

(7.1) (>0, k=1,2,---).

klz

Lk,:[f(x)]dt| =M.

0

<M (R>0,k=1,2---)

R
lim f | Lii[f(2)]] dt = V(R) — | f()].
— 00 0
It follows that for each positive R we can determine a number N(R) such that

le L. [f(x)]]| dt = N(R) (k=1,2,---),
0

so that the necessity of Condition E is completely established.
To prove the sufficiency we note first that Condition E (b) implies* the
existence of a function a(f) bounded in (0, «) and such that

1 ¢
lim — | a(u)du
= 0

exists, and that

f(x) = xf”e"“a(t)dt‘ (x> 0).
[]

It remains to show that «(#) is of bounded variation in (0, R) for every posi-
tive R to be assured that

(7.2) f(=) =f e~ =da(t) (x> 0).
0

To show this we recall{ first that

* III, Theorem 21, p. 152.
t III, Theorem 4, p. 122.
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lim Ly, [f ix):l = (1)

k—oo

for almost all values of £ in (0, ). Set

ai(t) = Li,.[f(x)/x] (t>0),
ak(O) = 0.

Then

lim a;,(t) = a(t)
koo

when ¢ lies in a set of points E of the interval (0, ) whose complement with
respect to that interval is of measure zero. But we are at once able to con-
clude* that

Lk,g[f(x)/x] = f(®) + mfmukf(ﬁn(u)d%
k/t

k!

By the change of variable # = (k1) /v this equation becomes

(k+1)t/ &
Li[f(5)/5] = f() + fo Liao[f(®)1do,
whence
R 2R
Sl =11+ [ 7] Luni@] a0 5 | 102 | + NGB,

That is, the set of functions ax(¢) is of uniformly bounded variation in the
interval (0, R). As k becomes infinite ax(f) approaches a(¢) on the set E, so
that «(?) is of bounded variation on that part of E which lies in the interval
(0, R). By a result{ from the theory of functions of a real variable we con-
clude that a(f) coincides on E with a function a(f) which is of bounded varia-
tion on (0, R) for every positive R. Hence, if we redefine a(f) on the set com-
plementary to E as &(f), a process which may be carried out without chang-
ing the value of f(x), it becomes a function of bounded variation on (0, R) for
every positive R. In particular we may define a(#) so as to be normalized.
Then

xj;Re—”'a(t)dt = ¢ *Ba(R) + j; Re"‘da(t).

* II1, Theorem 14, Corollary 1, p. 140.
t See, for example, S. Saks, Théorie de ' Intégrale, Warsaw, 1933, p. 149, Theorem 1.
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Now let R become infinite. Since «(f) is bounded in (0, =)

lim e~*Ra(R) = 0 (& > 0).
R
Hence the integral (7.2) converges for >0 and our theorem is proved.
This theorem fails of complete generality in that the function «(f) is as-
sumed uniformly bounded in (0, ). Complete generality is attained in

THEOREM 7.2. A necessary and sufficient condition that f(x) should have the
representation

(7.3) f(2) = f e=tda(l),

where o(t) is of bounded variation in (0, R) for every positive R, the integral
converging for x>0, is that for each positive e the function f(x+¢) should satisfy
Condition E.

For, if f(x) has the representation (7.3) then

L]

(7.4) ot o= [ g, 8= [ e,
0 0

But, since (7.3) converges for x>0, to each positive e corresponds* a con-
stant K, such that

| a() | < Keet (0=t< o).

By means of this inequality it is easily shown that B.(f) is uniformly
bounded in (0, ). Hence Theorem 7.1 is applicable and f(x+¢) satisfies Con-
dition E. Conversely, if f(x+e¢) satisfies E, (7.4) holds with 8.(f) bounded.
That s,

0

(7.3) 1@ = [ eetdaty (x> o),

alt) = f edf(u).

By the uniqueness theorem «(f) is independent of ¢, and, since e is arbitrary,
the integral (7.3) converges for x >0.

We can give Theorem 7.2 a different form which may be more useful in
the application of the condition. We state the result in the

* I, Lemma 2 of §3, p. 703.
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COROLLARY. A necessary and sufficient condition that f(x) should have the
representation

f(5) = fo etda(l),

the integral converging for x>0, is that for each positive e there should exist a
constant M. and a function N.(1), defined for 0=t < o, such that

R te \k+1
lf Lk.:[f(x)](l——k-) dtl =M, (k21,0 < R < E/e),

f R
0
The proof of this follows from Theorem 7.2 by a change of variable. If
k k

—+te=—)
t u

Lk,tU(x)](l - %)Hlldl = N(R) (=2 1,0< R < k/e).

we have
R kR/(k+eR) we\ F+1
[ et o= [ L) (1- ) T,
0 0

and, since R is an arbitrary positive constant,

kR k

—_—

0< <
k + ¢R €

We are now able to improve on the generality of Corollary 3 of Theorem
6.1. It failed of complete generality in that it had to do with absolutely con-
vergent integrals. The general case is treated in

THEOREM 7.3. A necessary and sufficient condition that f(x) should have the
representation

f(x) = f e=1(1)ds,

where ¢(t) is a function of class L in (0, R) for every positive R, is that for every
positive € the function f(x+e¢) should satisfy Condition E and that the limit

¢
lim Ly [f(%) ]du,
0

koo

which will then exist for every positive t, should be absolutely continuous.
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The result follows at once from Theorem 7.2, and the proof is omitted.

8. Determining function possessing derivatives. In this section we are
able to discuss the case in which the determining function «(#) has a deriva-
tive of order » which is itself of bounded variation in the interval (0, «).
A necessary and sufficient condition on the generating function will be ob-

tained. As a preliminary to the main result we prove the
LemMA. If f(x) is of class C+! in the interval (0, ), and if

-] u”
f - | f+D(u) | du
0 .

converges, then the constants Ao, Ay, - - - , A, in the function
x? x"
F(x) =f(z) —4g—Aix — Ay —— -+ —A,—
2! n!
can be so determined that the integrals
f — | FO+D(u) | due (k=0,1,--.
o k!

converge.
If the constants A4 ; are arbitrary,

F1(g) = flmt1)(g),

so that the integral
© u“
f _ l F(n+l)(u) | du
0 n!

converges by hypothesis. Also we have
F(n)(x) = f(n)(x) —4,.
But
fwl F+0 (1) | du < fwu" | Fo+D () | du,
1 1

so that the integral

f F(n+l)(u)du
1

converges absolutely, and
lim F™(x) = lim f(x) — 4,

x—0 Eand
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exists regardless of the manner in which 4, is determined. We now determine

it so that
A, = lim f™(x).
x—r0

Then
lim F™(x) = 0.

Under these circumstances we have

F™(x) = —f F&+D(y)du,

f“( 1)'|F(")(x)|dx sf o dxf | Fo(u) | du
0
=f | Foto () | ——du.
0 n!

We will now show that the constants 4; can be determined by the recursion
formula

A”xn—k A”_lxn—k—l :I
- — = i
(n— k! (n—k—1)!
(k=0,1,---,n—1).

(8.1) A; = lim [f(")(x) -

Assume that we have proved the existence of the above limits for k=n,
n—1,--.,p+1, and that we have shown the convergence of the integrals

© k
f%|F"‘+’)(u)|du G=mn—1,---,p).
0 4

Then the previous argument shows that

Apx™
lim F®®(x) = lim I:f“’)(x) —Ap—Appx— - — ——]
x>0 x—® (" - ?)!
exists regardless of the manner in which 4,, 4,, - - -, 4, are determined.

Here the limit (8.1) exists for 2= p, and if we define 4 , by (8.1) with 2 =p we
have
lim F®(x) = 0.

x—o

Then applying the earlier argument we see that

m___“p_l ]Fm [d
fo(p—l)! () | du
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also converges. We are now in a position to complete the proof of the lemma
by induction.
As an immediate consequence we see that the limits

lim f(k)(x)/xn—k (k = 03 1) 2; ) n)

exist under the hypothesis of the lemma.
We make use of this Lemma to prove

THEOREM 8.1. A necessary and sufficient condition that f(x) can be repre-
sented in the form

xk

f(=)= EAk—k—! +j; e~=tda(t),

where Ao, Ay, - - - , An are constants and (%) is of bounded variation in (0, ),
is that
(8.2) f ;lf(ﬂn(u)ldugM (B=nn+1,--:).
0 H
To prove the necessity of the condition apply Theorem 2.1 to the function
n xk
(8.3) F(x) = f() = 2 ds—-
k=0 k-
Since
F®(p) = f&40(x)  (h=mn+1,---),

the necessity of (8.2) is established.
For the sufficiency we first determine a function F(x) in the form (8.3) de-
termining the constants 4; as in the lemma in such a way that the integrals

(8.4) f ;;lF"‘“’(u)ldu (k=0,1,--+,m)
0 .

all converge. If we choose M’ greater than M and greater than each of the
integrals (8.4) we have

f ;lptk+l>(u)| du < M’ (k=0,1,---).
0 H

Hence, by another application of Theorem 2.1, we have

F(x) = f“e“'da(t),
0
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where a(f) is of bounded variation in the interval (0, ). The result leads
at once to the

COROLLARY. A necessary and sufficient condition that f(x) can be repre-
sented in the form

R
where a(t) is of bounded variation in the interval (0, ), is that
f()wlLk,,[[(x)”dtéM (k=n+1,n+4+2---).
We come now to the principal result of the present section. For conven-

ience in stating the result let us extend the definition of Ls,[f(x)] to the case
k=0 in such a way that
| dnt
“ |
0

j; dirtl

Then the result may be stated as follows:

dantl

Loi[f(x)]

" ig)] | L.

din+1

THEOREM 8.2. A necessary and sufficient condition that f(x) can be repre-
sented in the form

8.5) 1@ = [ eom,

where (&) has a derivative of order n which is of bounded variation in the in-
terval (0, «), is that there should exist a constant M such that

(8.6) f:

To prove the necessity let f(x) have the representation (8.5). Then in-
tegration by parts gives

danrt+1

dint1

Ly [f(x)]

d=M (k=0,1,2,---).

H@) = 60 + [ o,
0
provided
lim ¢’'(f)e—=t =

{— 00

But since ¢ (¢) is of bounded variation in (0, «) the integral

L

H(x) = f e=tdg ™ (f)
0
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converges for 20 and has the value
H(x) = — ¢™(0) + xf =™ (8)dt (= > 0).
0

Another integration by parts gives

H(x) = — ¢(u)(0) - x¢(u—l)(0) + xzf e—zcd,(n—l)(;)d; (x > 0).
0

That
(8.7) lim e~=¢ =D (¢) = 0 (x> 0)
o0
follows from the fact that ¢(™(¢) is bounded. For, since
™) = 0(1) (t— =),
then
]
#00) = [ 4®@au + 6-0(0) = 0() (t— ),
0

and this result is sufficient to insure (8.7). In a similar way we see that

¢®(2) = O(t~*) (t— ©,k=0,1,---, n),

so that
lime=*p® () =0 (k=0,1,---,n;2>0).
o0
Hence
B@) = Z o0+ zh [ emeyar
$=0 0
or
aHf(x) = D ¢P(O)xmi+ | e=tdp™(z).
S==0 0
Hence if

F(x) = x*f(x) — f: ¢ (0)xn*,
=0

we see that F(x) must satisfy Condition A. Consequently a constant M’
exists such that

f |F<k+l>(u)|§du§M' (k=0,1,2,---).
0 .
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For k =n this becomes
® k
(8.8) f | [xm+1f(x) ] Ce+D | %dx =M (k=nn4+1,--.).
Y0 .

Now consider the integral

|
f | Ly, [(xm+1f(2)) 4D ] | de (k=1,2,---).
0

ntl

By definition of the operator L;,.[f(x)] it has the value

© yntk
f | [wn+if(u) ]t i1 | g,

kok!
Since |
n + k)!
m R
k—w klkn

we see by (8.8) for k=n+1, n+2, - - - that there exists a constant M’/ such
that

®1
f — | Ly, [x*+1f(x)] | dt < M (k=1,2,---).

0 tn+1

By a previous result* this becomes

J.
Setting k= in (8.8) and making use of the convention established concern-
ing Ly, [f(x) ] we see that for a suitable constant M

J,
The necessity of the condition is thus established.
Conversely, if inequalities (8.6) hold, then inequalities (8.8) are also satis-

fied. By Theorem 8.1 constants Ao, 4;,---, 4, and a function «(f) of
bounded variation in the interval (0, «) exist such that

drtt

dignt1

Lk,t[f(x)]

dt <= M" (k=1,2,---).

drt1

dint+1

Ly [f(x)]|dt = M (k=0,1,2,---).

X

amtif(x) = D A, S+ ) eda(s).
1. 0

=0
No loss of generality results from assuming a(0) = 4,.
Integration by parts gives

* III, p. 135, Lemma.
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0

atif(x) = f;As’if:+ * f e=a(t)dt.
te=1 i 0
Set
t
() = 4, +f a(u)du,
0

A ¢
a(t) = 2—,’ + fo 1(u)du,

A, ¢
o) = ¢au(2) = = + f Gn-1(t)du.
n 0
Then successive integration by parts gives

xn+lf(x) =

A;,x" A,.x
!

- 4o+ + xkf e=tr_1(t)dt (k = 2,3,---,n),
[/}

n!
Hf(x) = xmH! f e=g(t)ds.
0

But ¢ (%) is of class C*1in (0, «). In fact it has an nth derivative
M) = a(t)

which is of bounded variation in (0, =), so that the sufficiency of our condi-
tion is also established.

9. Continuous determining function. By use of the operator /i, [f(x) ] de-
fined in §1 we now deduce

THEOREM 9.1. If f(x) has the representation

f(2) = f e=da(l),

where a(t) is a normalized function of bounded variation in (0, R) for every posi-
tive R, the integral converging for some x, then a necessary and sufficient condition
that a(t) should be continuous for t>0 is that

9.1) :im Lelf(x)] =0 (t>0).

The proof follows at once from Theorem 1.3. We also point out that (9.1)
may be replaced by

:im (e)f ) (kt) = 0 (t>0).
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CoROLLARY. Under the conditions of the theorem o(t) is continuous for
0=t< o if and only if

lim (ef)*f®)(kt) = 0 t>0),
k—oo

lim f(x) = 0.

koo

This follows since
a0 +) = f().
As an example of the type of result that can now be proved we state

THEOREM 9.2. A necessary and sufficient condition that f(x) can be repre-
sented in the form

f(x) = f °oe‘"‘da(l) («(0) = 0),
0

where a(t) is of bounded variation in (0, ©) and is continuous in 0=t <, is
that Condition A should be satisfied and that

}im Lf(x)] =0 @¢>0),
lim f(x) = 0.

10. The Stieltjes integral equation. In this section we shall discuss the
class of generating functions whose determining functions have first deriva-
tives which are completely monotonic. Since a completely monotonic func-
tion is a Laplace integral we are treating generating functions whose deter-
mining functions are themselves generating functions. We have shown that
such functions f(x) can be represented in the form

R0
f(x)—fo ——t

and such an equation is known as an integral equation of Stieltjes. We shall
obtain a necessary and sufficient condition that it shall have a non-decreasing
solution a(#). The result is contained in

THEOREM 10.1. A necessary and sufficient condition that f(x) can be ex-
pressed in the form

® da
(10.1) fa) = [ 2D

H
x4+t
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where a(t) is uniformly bounded and non-decreasing in (0, ), is that
(10-2) (_ l)k[xnf(x)](n+k) 20 (x > 0; n, k=0, 2. ),

(10.3) lim zf(x) exists.
x— o
To prove the necessity of the condition we note first that if «(¢) is uni-
formly bounded and non-decreasing, then the integral (10.1) converges for
2>0. For such x we have

® an x"

a
@l = [ daly
=l ©_trdat) (n=0,1,2---)
e (@t TSRS
and
(- l)k[xnf(x)](n+k) = M__ (n,k=0,1,2,--.).

0 (x + t)n+k+l

Differentiation under the integral sign is easily justified for £ >0. One sees by
inspection of this integral that it is non-negative for positive x so that (10.2)
is established. To establish (10.3) we have

< R R) + [a(w R)]
_x+Ra()+ a() — a(R)

#f(x) — f da()

for every positive R. From this it is clear that

x— 0

lim zf(x) = fwda(t) = a(x).

Conversely, we see that (10.2) implies that for each fixed non-negative
integer » the function [x"f(x)]™ is completely monotonic for x>0. Hence
by Theorem 3.1

0

(10.4) [y = [ eig ) (&> 0;,n=0,1,2,--),

0

where each B,(f) is a normalized non-decreasing function and the integral
converges for £>0. Since

[em17(@) ]+ = wlanf(@)] o+ + (1 + D [en() ],

we have by differentiating (10.4)
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LEW%mhuwﬁlwmm+w+nL3%mw
This becomes, after integration by parts,
[ ernai= = [ g+ o0 [
The uniqueness theorem for Laplace* integrals now shows that
S bt = = [ uiss + @+ [ a0
or, again integrating by parts, that
8.0 = o+ [ oo~ oz =012,

This equation shows at once that all of the (8.(f) are continuous for £>0.
Hence the equation may be differentiated, showing that all 8,/ (¢) exist and
are continuous for ¢>0. Thus,

tﬁn, (t) = (” + I)Bn(t) - ﬁn+l(t)-

Since all 8.(#) are now known to be of class C’, we see that the B, () exist
and are continuous for >0 and that

(10.5) 18 (8) = nBd (8) — Bu'a(?).

Thus, we can show by induction that the 8.(¢) are of class C= for £>0.
We now rewrite equation (10.5) as follows:

d
Biya(t) [ttt = — d—t[ﬁ,{ @®/t"] (t>0).

Repeated application of this formula to itself yields

/ n+1
Bn+1(t) - (_ 1)n+l d
ntl dtn-H

[ﬁo,(t)] (n=0’ 1, 2)"')'

Since all B,(¢) are known to be non-decreasing, the left-hand side is non-
negative for positive ¢. Hence f¢ (f) is completely monotonic for £>0. A
further application of Theorem 3.1 shows that

80 ) = [ edatw >0,
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where (%) is non-decreasing and the integral converges for £>0.
We show next that a(«) is bounded in (0, ). By (10.3) we see that
Bo(0 +) = lim f(x) = 0,

so that B,(¢) is continuous in the interval 0 << «. Moreover, since B,(¢) is
non-decreasing, a familiar Tauberian theorem* is applicable, and we have

(10.6) lim P2
-0+ ¢

= A4 = lim zf(x).

Now B¢ (), being completely monotonic, is a decreasing function of ¢ in
(0, ). Then (10.6) shows that

a(®) = #(0 +) = lim 2.
-0+ ¢
Hence (%) is bounded in (0, «). That is,

f(x) = f e~*tdt f e tuda(u)
0 0
= f da(u)f e—(z—f u)tdt
0 0
_ f“ da(u)
h 0o X + u
This completes the proof of the theorem.
CoroLLARY. Condition (10.2) may be replaced by

n_ (n)

(10.7) (= 1) L [f(x)] =20 >0,k=1,2,---;n=0,1,2,---),
[t"f(t)](")g_o ¢t>072=0,1,2,---).

The upper index (n) in (10.7) indicates the nth derivative of Ly, [f(x)]
with respect to . The equivalence of this condition with (10.2) is established
by use of the identityt

Lid[{zf(2)} ®] = (= DL [1(0)].

This form of the theorem suggests the following result:

* See, for example, J. Karamata, Neuer Beweis und Verallgemeinerung der Tauberschen Sdtze,
welche die Laplacesche und Stieltjessche Transformation betreffen, Journal fiir die Reine und Ange-
wandte Mathematik, vol. 164 (1931), p. 29.

t II1, p. 135.
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THEOREM 10.2. If f(x) has the representation

® da
f@) = fo : f)t

where a(l) is bounded and non-decreasing in the interval (0, =), then there exist
non-decreasing functions v1(y), v2(y), - - - such that

L]

Lli@] = [ vt =120,

0

the integrals converging for x>0. In fact
(10.8) v (y) = f Liu[e=v]da(u).
0
In the operation Ly, [e~=7] the function e~* is regarded as a function of
%, v being a parameter. The existence of the functions v:(y) follows at once

from Theorem 3.1 since (10.7) implies that L;,[f(x)] is a completely mono-
tonic function of ¢. To determine the v:(y) explicitly we show first that

[, eaidemlay = [ ernaalemor.
0 0

The first of these integrals is equal to

1 k k+1 «©
';—' (7) f e we kvl ty kq y.
. 0

Make the change of variable #y =1z, and it becomes

1/ k\e N
\Nu 0 0

Now returning to the computation of v:(y) we have

Lii[f(®)] = L”Lk.:[xj_

:| do(u).

u

In view of

1 ©
= f e~ Ve uudy,
x+u 0

this becomes

Lilf(2)] = f

0

da(u)f Ly, [ev]dy.
0
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Interchanging the order of integration, we have
@] = [ ey [ Luslemldaw),
0 0

so that the uniqueness theorem for Laplace integrals yields (10.8).

The integral (10.1) is of use in the theory of continued fractions. It is of
particular interest there when the function «(f) is non-decreasing and of such
a nature that the integrals

fnt"da(t) rn=012--:)
0

all converge. In this connection we establish
THEOREM 10.3. A necessary and sufficient condition that f(x) should have

the representation
“ da(t)
1o = [ ==,

where a(t) is non-decreasing and of such a nature that the integrals

(10.9) f ) (n=01,2-)
]
all converge, is that
(— l)k[x”f(x)](”+k) 20 (x >0;nk=0,12,--- )

and that f(x) should have an asympiotic development
A A A

(10.10) fa)~=2 =220 (x— ®).
x xr a

To prove the necessity of the condition it remains only to show the neces-
sity of (10.10). To prove this it is sufficient to show that

£ dat)
hmf =0 (n=1’2""),
2w J x+¢

a result which is established under the hypothesis (10.9) in much the same
way as was done for the case # =1 in the proof of Theorem 10.1.

For the sufficiency of the condition we have as in the proof of Theorem
10.1

(10.11) f(x) = f ® _ f =84 (£)dt.
0 0

x+t_
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Moreover, 8¢ (0+) =A4:. Hence integration by parts gives

A, ®
(10.12) f(x) = = + f e~='8¢’ (t)dt.
0
By (10.10)
lim x2? [f(x) —é] = A,.
z—>00 x

Applying the same arguments to the integral (10.12) as were applied to the
integral (10.11) we find that

0/ (0+4) = 4..

It is now clear how we can prove by iriduction that

Bo(")(0+)=A,. (n=112"")'
But
(n) 1) = —utd ,
Bs™ (9) f iy (u)
20) = f (= w)ndafu),
0
and

B 0 +) = v() = (= * [ rdatt),

0

so that the sufficiency of the condition is established.

11. Dirichlet series. The methods of the present paper are well adapted
to the discussion of what functions can be represented in Dirichlet series. We
prove

THEOREM 11.1. A necessary and sufficient condition that f(x) can be repre-
sented in a Dirichlet series

(11.1) @) = 3 anetne

convergent for x>0 is that for each positive number € the function f(x+e)
should satisfy Condition E and that

li’m Lk,;[/(x)] =0
k-

in a set of intervals
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0=)\o<t<kl,

M <t <A,
(11.2) ! ?

.....

the approach being uniform in any closed sub-interval.

For, if f(x) has the representation (11.1) it also has the form
(11.3) f(x) = f =da(l),
0

where a(?) is constant in each of the intervals (11.2). Hence f(x+e¢) satisfies
Condition E for each positive ¢ by Theorem 7.2. By use of an earlier result*

lim Le[f(x)] =0
in each of the intervals (11.2).
To prove the approach uniform in the interval a <¢<b, where
An<a<b<xn+ly

we have by simple computations

Ly [f(x)] = %(é—)kﬂﬁwe"‘““u"da(u) (—ii > 0)
_ 1 ( k )H-2 j;we_""/‘u"‘l(u — 8)[a(u) — aft)|du.

TR\t
Since a(#) is constant in the interval (A,, Aa41), we have for ¢ in (a, b)
Llc.t[f(x)] =1+ I,

I = %G)Mfoxne-*"“uk-l(u — Do) — at)]du,

But

1 k k+2 A
| 1.| = ;(7) [e2/n, ]2 f (b — w)(| «(w) | + M)du,

where M is an upper bound of |a(#)| in (a, b). Since e=*/*(\,/?) is a decreasing
function of ¢in (a, b), we have

* III, p. 137, Theorem 13.
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1 /7k\ An
| 11| = —];](—) [ke"‘"/"()\,‘/a)]"“lﬁ = u)(I a(u) | + M)du.

a

It is easily seen that the right-hand member of this inequality tends to zero
with 1/k. Since it is independent of ¢, I; approaches zero uniformly with 1/k.
By a similar argument, I, does likewise. Hence the necessity of the condition
is established.

Conversely, if the conditions of the theorem are satisfied, f(x) has the
form (11.3) by Theorem 7.2. It remains to show that «(#) is a step-function.
By the lemma of §5 we have for any two positive numbers ¢, and &

(11.4) alts) — a(t) = ’}im ’Lk,u[f(x)]du.

'~ 00 ty

Since Ly,:[f(x)] approaches zero uniformly in any closed sub-interval of the
interval A\, <# <An41, it follows that for any fixed points # and # of that in-
terval we may take the limit under the sign of integration in (11.4), so that

a(t) = a(t).

This proves that a(f) is a step-function of the type required to make (11.3)
a Dirichlet series, so that the theorem is proved.
In a similar way we could prove the result stated in

THEOREM 11.2. A necessary and sufficient condition that f(x) can be ex-
pressed as a Dirichlet series

f(x) = 2 ane ™=
n=0
absolutely convergent for =0 is that f(x) should satisfy Condition A and that
lim L [f(x)] = 0
k—o

in a set of intervals
0= xo <t < )\1,
A <t <Ay,

lim A, = o,

7n— 0

the approach being uniform in any closed sub-interval.

12. Determining function of bounded variation. We give here the proof
of Theorem 2.1 omitted in §2. A preliminary result we state as
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LEMMA 1. As x approaches zero the function
H(z,y) == — (1 — x)¥

approaches zero uniformly in the inlerval 0<y< o,
The function H(x, y) can clearly be expressed as an integral as follows:

—log(1—2)
H(z,y) = f e vyds.

Since
0= ecmuse 0= u< ),
we have
~—log(1—z) dit —1lo 1—
0= H(x: y) = e-lf —t_ = ¢! lOg(__g(_._x)).
z x

The right-hand side of this inequality is independent of y and approaches
zero with x, so that the lemma is proved.
An immediate consequence is

LeMMA 2. For each non-negative value of x

2\*
lim [(1 - ——) - —»m] =0
a—o a

uniformly for all non-negative integers n.
We next introduce

ConpiTioN A’. A function f(x) satisfies Condition A’ in the interval (0, =) if
(a) f(x) is of class C* in the interval 0 <x < o,
(b) a constant M exists such that

ilf("’(x)lx”/kléM 0< x < o).
k=0

We now prove
THEOREM 12.1. A function f(x) which satisfies Condition A’ in (0, ) is
analytic for 0 <x < o, and
(— a)*
k!

lim f(x) = i J®(a)
20+ k=0

for every positive number a.

For the Taylor expansion of f(x) about the point x=a>0,
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had (k)
o= 0 G o,

clearly converges absolutely as a result of Condition A’ in the interval
0<x<2a. That it converges to f(x) one sees by an investigation of the re-
mainder, noting that Condition A’ implies that

The above series is also seen to converge absolutely for x =0. Hence by Abel’s
theorem f(x) is continuous on the right at =0 if we define f(0) as

(= a)"

0< x < ).

f(0) = E f*(a)

k=0

In the remainder of this section we shall take this as the definition of £(0).
We turn next to the proof of

THEOREM 12.2. If f(x) satisfies Condition A’ in (0, ), then for each non-
negative x the series

(12.1) o) = T L2 (= oo (@ > 0)
converges and
(12.2) lim ¢a(x) = f().

a—x

The series (12.1) is clearly dominated by the convergent series
Z |/ ""(a)| o
k=0

so that its convergence is assured. By Theorem 12.1

(- a)*
k!

J(x) = 2 f®(a) (|x— el = 0.
k=0

Hence

1) — oul) = 3 0 )kf"”(a)[( _%)*_ e_,u..]

k=0

for |x—a| <@, a>0. Then by Lemma 2 of the present section we have

lim [f(x) - ¢a(x)] =0

a—+®
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for each fixed value of x greater than zero. This completes the proof of the
theorem.
By use of this result we are able to prove

THEOREM 12.3. Condition A’ is necessary and sufficient that f(x) can be ex-
pressed in the form

(12.3) f(x) = f we“‘da(t) (x> 0),
0

where (1) is of bounded variation in the interval (0, «).

We first prove the necessity of the condition. Let f(x) have the form (12.3).
Then the integral converges for =0 and f(x) is analytic* in 0 <x < «, so that
A’ (a) is satisfied.

It remains to prove A’ (b). We have at once

Slow Ls S [ e
k=0 k! o k!
where V(x) is the total variation of a(f) in the interval 0<¢<=x. Applying

any one of several familiar tests, we see that it is permissible to integrate
the series

i ezt (tx)k

k=0

term by term with respect to V(t) and obtain
Elf(")(x)l — S f av(t) = V(o) =
k=0

so that Condition A’ (c) is satisfied.
To prove the sufficiency of the condition we note first that the function
¢a(x) of Theorem 12.2 can be expressed as a Laplace-Stieltjes integral

8u2) = [ eotia,

where
a,(0) = 0,
(- )"

(t>0).

(12.4) a.(t) = 25 f®(a)

k<at
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The total variation of this function in (0, «) is clearly equal to
>l ro@] o
k=0 k!

and this by hypothesis is not greater than M. By Theorem 12.2
f(x) = lim e~tda,(t).
a—o 0
By a theorem of E. Helly* we can pick from the set of functions a.(f)
(a=0, 1, 2,...), all of variation not greater than M, a sub-set a,,(?)
(:=0,1, 2, - - - ), which approaches a limit «(f), also of variation not greater
than M in (0, «). Then

L]

f(#) = lim e~ *tdag,(t).
$—> 0
By the Helly-Bray Theoremt we may take the limit under the sign of integra-
tion and obtain

]

f(x) = j; e~ **da(t)

as stated in the theorem. The proof of the theorem shows that the smallest
possible value of M in Condition A’ is the total variation of a(¢) in (0, ).

In addition to giving a new proof of Theorem 2.1 the present methods
give a new proof of Theorem 3.1. For, if f(x) is completely monotonic in
0 <x <« we see at once by Taylor’s series that

© k
Elf""(a)l%=f(0+) ©<a<w),
0 !

so that Condition A’ is satisfied. Hence f(x) has the form (12.3). By (12.4)
a,(f) is non-decreasing and
a.() = f(0).

The same must therefore be true of the limit function a(¢) so that the proof
of Theorem 3.1 is complete.
Finally, we prove

THEOREM 12.4. Condition A and A’ are equivalent.

* E. Helly, Uber lineare Funktionaloperationen, Wiener Sitzungsberichte, vol. 121 (1921), p. 265.

t See, for example, G. C. Evans, The Logarithmic Potential, Discontinuous Dirichlet and Neu-
mann Problems, Colloquium Publications of the American Mathematical Society, vol. 6, 1927,
p. 15.
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Let us first show that A’ implies A. Assuming that A’ is satisfied we have
from Theorem 12.1

f(k+1)(u) = if(H”H)(a)(u——'a)" (0 <uZ a).
oo n
Hence ’
BslOED |f<k+»+1)(a)|(i;'—u)" 0<us=a),
and " .

ayk had (k+n+1) a
fe %|f(k+1)(u)|du =X ——'—If n!k!(")l j: (a — u)ru*du

n=0

for any positive e less than a. The inequality is strengthened if e is replaced
by 0 on the right-hand side, and the series continues to converge, for its
value is
d a
2/®@| —

k
ne=k41 k!

This series converges by virtue of A’. Hence we have

auk ) a"
f —-If(k-o-x)(u)l du < E,f(k)(a)| — =M,
o k! par) k!
so that
] uk
[ 21 em6) au s b,
o k!

and A is satisfied.
We show conversely that A implies A’. Supposing that A is satisfied, we
see* that

lim x*f®)(x) = 0 (k=0,1,2,.--),

X—00
and hence that

¢-

a)*
S EWE (k=0,1,2,-00).

1@ = f(=) = (= p#n [

Further we see by differentiation p times, or by applying the above formula
to f»(a), that

* 11, p. 139.
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f®(a) = (— 1)k+p+1f %)_'_’f(kﬂ)(t)dt (p S B).
Consequently
P ® (t — g)k—rqgr
Slrels [ ((—k_a—)p)—,;,—lf"‘*”(t)ldt (b=1,2-, b,

and

Zk: :_’;lf(m(a)l = j;wl i(:) (R a)""”a",f‘H"(‘)ldt""If(w)l

p=0 k! p=0

= [ Sl at] )| s o+ f)].

Hence

X Zlo@| s w+| e,

so that the theorem is proved.
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