CONVERGENCE IN VARIATION AND RELATED TOPICS}

BY
ANTHONY P. MORSE

1. Introduction. In recent papers} by Adams and Clarkson and by Adams
and Lewy the notions of convergence in variation and convergence in length
have been examined. In AC it has been shown that if a sequence converges
in variation and satisfies certain further restrictions which are clearly needed,
the sequence of reciprocals converges in variation. The central purpose of the
present paper is to determine so far as we are able the transformations which
when applied to sequences of functions, preserve various types of conver-
gence, such as convergence in variation or length and other types which we
shall introduce. This paper also leads us to certain generalizations of results
in AC and AL, such as Theorem 5.4 wherein convergence in length is seen
to be invariant under addition and multiplication when only one of the limit
functions is absolutely continuous.

In §2 we assemble certain preliminary definitions, notations, and conven-
tions. §3 is devoted to preliminary theorems and lemmas, among them being
Theorems 3.1 and 3.2 which might be of interest in themselves, their full
power, in fact, not being used in this paper. Theorem 3.2 is a substitution
theorem for Lebesgue integrals which is more general than other theorems
of this type known to us in literature. Certain results in §3 are, however, ob-
vious analogues of results in AC. Transforms of sequences are discussed in §4,
wherein Theorems 4.1 and 4.2 form the kernel of the paper. The remainder
of the paper consists largely of various applications of these two theorems,
convergence in length being discussed in §5 together with convergence almost
in the mean, uniform convergence in length in §6, and strong convergence
in §7. Certain miscellaneous applications are made in §8; these include Theo-
rem 8.1 which points out a necessary and sufficient condition for convergence
in the mean, and Theorems 8.3 and 8.4 which are generalizations of a theorem
of Plessner.

2. Notation; preliminary definitions and conventions. In this paper we
shall consistently use #, ¥, ¢ to denote real numbers or variables, and use the

t Presented to the Society, October 31, 1936; received by the editors May 22, 1936.

t Adams and Clarkson, On convergence in variation, Bulletin of the American Mathematical
Society, vol. 40 (1934), pp. 413-417. Adams and Lewy, On convergence in length, Duke Mathematical
Journal, vol. 1 (1935), pp. 19-26. Hereinafter these papers will be referred to as AC and AL, respec-
tively.
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letters X, Y, £, ¢, ¥, 9, u, v, U, V with or without subscripts to denote real-
valued functions. All other functions are to be regarded as complex functions
of a real variable unless the contrary is expressly stated. We shall also em-
ploy a and b with or without subscripts to designate real numbers with a <b.

If Q is a condition involving x, then E[Q] is a set defined as follows: A
point x belongs to E[Q] if « satisfies the condition Q. We use the notation
[x1, x2] to denote a closed interval.

If f is a function and if [a, 4] is included in its domain, then the symbol
T2(f) (read the total variation from a to b of f) will be used to denote the
least upper bound (finite or infinite) of numbers of the form

k

1) = 0,

i
where a=t<th <t < - - - <t =b. We define To*(f) = — T>(f) and T.°(f) =0.
If T2(f) < 0, then f is said to be of b.v. (bounded variation) on [a, b]. Since
it will sometimes be necessary to display .the variable with respect to which
the total variation is taken, we employ the notation T:2,f(f) as an alternate
for T.(f).

We shall use a.c. as an abbreviation for absolute continuity and employ
p-p. to denote almost everywhere (presque partout), and designate the outer
measure of a set R by |R|. It will also be convenient to refer to Euclidean
space of n dimensions as simply n-space. Furthermore, a function will be said
to be increasing on a set if it is strictly increasing there, a function will be said
to be monotone on a set if it is either non-increasing or non-decreasing there.

The following convention, will be used throughout the paper. If f is de-
fined on [a, ], then the function f is defined on [a, b] by the following rela-
tions:

f'(¢) =the derivative of f at ¢ wherever it exists finite,

f'(¢) =0 for all other £ on [a, b].

We also agree: If [a, b] is the domain of f and if lim,_.o.f(t+%) exists for
a=t<b and if limp.of(t— %) exists for a <¢<b, then f(¢!+) and f(¢—) are de-
fined for £ on [a, b] as follows:

fla =) =fla); fb+)=f0); f(¢t+)=1mft+h), a=t<b;
h—04

ft=)=lmft— k), a<t=b.
h—0+

We shall denote by CR the set of all finite-valued complex functions whose
domain is [0, 1]. If f and g are any points in CR and if a is any complex
number, then by f+g is meant that point G in CR such thatG(¢) =f(¢) +g(#) for
ton [0, 1], by f- g is meant that point G in CR such that G(f) =f(¢) - g(¢) for t on
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[0, 1], by of is meant that point G in CR such that G(f) =(a)-f(¢) for ¢ on
[0, 1]; and, provided f does not vanish on [0, 1], by /f is meant that point
G in CR such that G(¢) =a/f(¢) for t on [0, 1]. We denote by I and 6 the ele-
ments of CR defined respectively by

)=t 6)=0; O0=<t=<I1.

If f is in CR, then ||f||, read norm of f, is defined as |f(0)| +7To!(f). The space
BYV is a subspace of CR defined by BV =(CR)- E[H fll < ] and the subspace
RBYV is defined by RBV =(BV)-E [f is real].

Totally distinct from these spa.ces and used merely for convenience is the
space CC defined as the space of continuous functions on the finite complex
plane to the finite complex plane.

In concluding this section we lay down the following definitions.

DEermNITION 2.1. If fis a point in CR and ¢ is a function whose domain in-
cludes the range of f and whose range is included in the set of finite complex
numbers (finite complex plane), then ¢:f is defined to be that point G in CR
for which G(t) =¢ {f(H) }, 0=t=1.

DEFINITION 2.2. If V is a real point in CR and  is a function on a part
of two-space to one-space and if %(¢, ¥ (¢)) is defined for ¢ on [0, 1], then by
(u| ¥) is meant the real point ¥ in CR such that ¥(¢) =%(Z, ¥ (), 0<¢=<1.

DEerNITION 2.3. Convergence in variation. By f.—v—f,, read f. converges
in variation to fo, is meant this: f, is in BV for =0, 1, 2, - - - ; fa(£) >/fo(?)
for ton [0, 1]; [|f+l|—|lfall-

DEFINITION 2.4. Uniform convergence in variation. By f,—uv—fo is meant
this: o —v—fo with f.(£)—fo(f) uniformly for £ on [0, 1].

DeFINITION 2.5. Convergence in length. By ¥, —1—Y,is meant this: ¥, is
in RBV forn=0, 1,2, - - - ; I43Y.,)—v—I +i¥,).

DEFINITION 2.6. Uniform convergence in length. By Y,—ul—Y is meant
this: ¥,—I—Y,; ¥Y,(t)—>Yo(?) uniformly for £on [0, 1].

DEFINITION 2.7. Strong convergence. By f,—s—fo is meant this: f, is in
BV forn=0,1,2, - - - ; |[fa=1fd|—0.

DerFiNITION 2.8. If @ is a point in #;-space with a=(a, a3, - - -, an,)
and 8 a point in #s-space with 8=(Bi, Bz, - - - , B»,), then a o B is the point
(al; Qg, * ° Oy, 6ly ﬂzy ) Bn,) in (n1+nz)-spa.ce.

3. Preliminary results. In this section certain preliminary results will be
actually proved while others which are quite simple or well known will simply
be stated both for completeness and for use later.

From the definition of total variation it is clear that if a<c=<b with f
defined on [a, b], then T2(f) =T.(f) +T&(f). Another corollary is the fol-




1937] CONVERGENCE IN VARIATION 51

lowing semi-continuity property: the relation f..(£) —fo(¢) for f on [a, b] implies
lim infa.oTa(f.) =T&(fo). It is likewise easily verified that the relation
f»—v—fo with f, continuous implies f, — uv—fo (see AC, Theorem 2 and corol-
lary to Theorem 4).

Of considerable use is the following

LeMMmA 3.1. The relations f.—v—fo and f.—uv—fo imply respectively the
relationst S.(8)—So(t) for t on [0, 1]; S.(£)—So(t), uniformly for ¢t on [0, 1]
where S,(t) =Tt (fn) for t on [0, 1].

Several properties of the norm in CR are now set forth in the following
lemma.

LeMMA 3.2. If f and g are in CR and o is a complex number, then
I+ el = A+ llell, Mot =1Tel -llAl lsell = llAl-llell-

The first two relations are quite simple. We sketch a proof of the last
which is seen to reduce to proving

N N N
(Zl ay — an—ll)'( El by — bn—ll) g_z' apb, — an—lbu—lly
na=0 N

n=0

where a, and b, are complex numbers (=0, 1, - - -, N) and |a_,| +|b_| =0-
Suppose the above relation, which is obviously true if N is replaced by 0, to
be true for N replaced by an integer 2 with 0 <k <N. Then it follows that

k k
(|ak+1— o] + 3| an — a,._1|)-(|bw—b,,| + 3| b - b“_,|)
n=0 ne=0
k
= | arer — @i - [ brrr — b| + | @r1 — ax| - 20| b — ba |
N
k k k
] B = ] X | 0 — a,._1|+(z|an- a,,ll)-(zu,. - bﬂl)
n=0 n=0 n=0

2 | (arr1 — @) (brr1 — be) + (ars1 — a)bx + (brs1 — bi)ax |

k k+1
+ Z I anbn - an—lbn—ll = Zl aubn - an—lbn—l l .
n=0 n=0

This induction completes the proof.
The following two lemmas are particular cases of Minkowski’s inequality.

t AC, corollaries to Theorems 2 and S. The proof given there holds equally well for the functions
considered here.
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LeMMA 3.3. If0=<a;<b; (forj=1,2, - - - | k), then

; 67 - oy s [( gb,-)z— (g:a)z]'

LeMMA 3.4. If X and Y are summable on [d, b), then

[txol+ivollaz [ | xo)+ Fo}yma

a g{( f b| X(t)ldt)2+ ( fa b| Y(t)]dt)z} ”2.

LeEMumA 3.5. If X is a function defined on [a, b], then X' is measurable on
[a, B].

This is a corollary of a theorem found in Saks, Théorie de I'Intégrale
(Chapter 3, p. 47, Theorem 1).

LemMMA 3.6. Let [a, b] be the domain of the function X and denote
E[|X’(t)| >0] by P. If D is a set of measure O, then the set P- E[X(t)eD]
is likewise of measure 0.

LetQ=E [X(#)eD] and suppose | PQ| >0. Define P, =E [X'(¢) >0]. There
is no loss of generahty in assuming | P,Q| >0. P, being measurable, itis easily

established that there exist positive numbers e, €, and a closed set C such

that
: X(2) — X(¢
CePy, |Pi—cC|<|PQ], —(—2)—(12%61
to— 4

if £:eC, 12¢C, and 0< |t,—#| <e2. Thus |CQ| >0, so that there exists an inter-
val [ao, bo] of length < e for which |CQ[ao, bo]| >0. Defining C*=C- [a,, b, ]
and Q*=C*-Q we observe | Q*| >0 and C* is closed, so that if X; is defined
on C* so as to coincide with X and defined on the remainder of [aq, b0], which
is made up of a set of non-overlapping intervals, by linear interpolation then
it appears that-X, is continuous and increasing on [ao, bo] with

|X1(t2) - X(tl)l = €1| by — tll; (a0 = t1, 82 < bo); Xa(2) = X(8), (2eC*).

The continuity of X, follows from the existence of the derivative of X at all
points of C*. Let 7 be defined on the interval [X,(ao), Xi(bo)] by the rela-
tion 7{X:(§)} =¢ (a0<t=<bo). Clearly r satisfies a Lipschitz condition on
[X1(ao), X1(bo)], and thus transforms the set D-[X1(ao), X1(bo)] which is
of measure 0, into a set D* of measure 0. But

Q* = C*Q = C*E[X(t)eD] = C*E[X,(t)eD] = C*D*.

Hence the contradiction |Q*| =
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COROLLARY 3.1. Let [a, b] be the domain of X and let [a, B) include its
range. If Y, and s are finite-valued functions defined on [, B] and equal p.p.
there, then for almost all t on [a, b], Y1 { X (£) } X' (£) =y { X () } X' (¢).

THEOREM 3.1. Let [a, b] be the domain of the function X ; let [, 8] include
its range; let ¥ be a.c. on [a, B] and denote W{X ()} by G(t) for ¢t on [a, b].
If X has a derivative p.p. on [a, b), then

G'(t) = v{X®)} X'
for almost all t on [a,b].

Let it first be noted that the theorem does not answer the question as to
whether or not G is differentiable p.p.} We now proceed with the proof of the
theorem.

Let R=E[X'(t)=0]. If | R| =0 the next paragraph by itself furnishes a
proof. However, in case | R| >0, it may be noted first that corresponding to
¢(>0) there exist positive numbers M, ¢ and a closed subset C, of R, such
that |R—C| <ewith | X(t) — X (t) | SM|ta—t,] if 41¢C, £,C, and |a—t:| <er.
Likewise readily verified is the existence of a function X, satisfying a Lip-
schitz condition on [a, b] (the constant involved may be >M), and in addi-
tion fulfilling: X,(¢) =X (¢) for teC. Now X, and X both transform C into a
measurable (closed) set C’ with

|’ éfch{(t)Idt=fc|X’(t)|dt=0.

But ¥ being a.c. on [a, 8], transforms C’ into a set C’/ likewise of measure 0.
Hence G transforms C into C’’, a set of measure 0, so that G’(f) =0 for almost
all ¢ in C; for supposing the contrary leads immediately to a contradiction of
Lemma 3.6. Hence, since ¢ was arbitrary, we conclude G’(f) =0 for almost
alltin R. Thus G'(¢) =¥’ {X(¢) } X'(#) for almost all £ in R.

However, upon denoting E [|X'(t)| >0] by P, it is seen from Lemma 3.6
that

- V{Xt+ h} —v{xX@)}
=0 Xt+ h — X

= v{X0)}

t In fact, from the work of N. Bary, Mathematische Annalen, vol. 103 (1930), p. 611, a definite
answer to this question can be given. Let F be a continuous function nowhere differentiable on [0, 1].
There then exist functions Gy, G2, Gs and a.c. functions ¥y, ¥, W3, ¢1, ¢2, ¢ such that

FO)=Gi(+G:(8)+Gs(1), Gi(t)=¥;{$:i(®)} (j=1,2,3;0st<1).

Thus at least one of the functions Gi, Gz, G; fails to have a derivative on a set of measure >0.
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for almost all ¢ in P. Hence G'(¢) =¥’ {X(¢) } X' (¢) for almest all ¢ on [a, b].}

COROLLARY 3.2. Let [a, b] be the domain of X whereon it is a.c. and let
[, B] include its range. If ¥ satisfies a Lipschitz condition on [a, B] or if ¥
is a.c. on [a, B] with X monotone on [a, b, then the function G defined by
GO =Y{X()} (a=t=b), is ac. on [a, b] with G'()) =¥ {X(t)} X'(t) for
almost all t on [a, b).

COROLLARY 3.3. Let [a, b] be the domain of X; let |, B] include its range;
let ¥ be a.c. on [, B); and denote ¥{X(£)} by G(¢) for t on [a,b]. If X has a
vanishing derivative p.p. on [a, b], then a necessary and sufficient condition that
Gis a.c. on [a, b] is that ¥ is constant on the range of X.

Now combining Theorem 3.1 with Corollary 3.1 we obtain

THEOREM 3.2. Let X be defined on [a, b] and differentiable p.p. there; let
[, B] include the range of X; let Y be defined, finite-valued, and summable on
[, B] and denote [JY(s)ds by ¥(x) for x on [a, B]; finally let G(8) =¥ {X(z) }
for ton [a, b). Under these circumstances

X(¢) t
[ v@ax = [ “yixoxs (est=b)

X (a)
if and only if Gis a.c. on [a, b].1
LeMMA 3.7. If f is defined on [a, b] then

b
rnz [ 170l
the sign of equality holding if f is a.c. on [a, b].

t A slight modification in proof establishes:

If  satisfies Lusin’s condition N on [a, 8] (i.c., transforms sets of measure O ino sels of measure 0)
and if X is continuous on [a, b] in addition to being differentiable p.p. there, then G'(8) =¥’ { X (1)} X' (f)
for almost all t on [a, b].

It may also be noted that a slight simplification in proof may be achieved by use of a theorem
of N. Bary, loc. cit., p. 190.

1 This theorem is a generalization of results previously obtained by de la Vallée Poussin, these
Transactions, vol. 16 (1915), p. 466, and by Fichtenholz, Bulletin de ’Académie Royale de Belgique,
Classe des Sciences, ser. 5, vol. 8 (1922), p. 441. In the notation of the present theorem it was shown
by de la Vallée Poussin that absolute continuity of X implies the equivalence of the following three
statements:

@) SEow@dr={2{X(s)} X (s)ds;

(ii) Gisa.c.;

(iii) f.b-ﬁ {X(s)} X(s)ds exists.

On the other hand Fichtenholz showed that absolute continuity of G together with monotonicity and
continuity of X implies (i).
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LeEMMA 3.8. Let o be monotone and continuous on [a, b). If f is defined on

[0(a), o(b) ], then

o(d)

T:_af{d’(t)} = l Ta(a)(f) I‘

LeEMMA 3.9. If f is a.c. on [a, b] with f'(t) =u (constant) for almost all ¢ on
[a, b], then

13
[ 170 - sm1) @t s G = | a0+ 26 — | A,

where 6=b—a and A=f(b) —f(a).
The lemma is clearly true in case A=0. In the alternative case we define

F@) = | A] (f¢) — f(@))At = E(t) + in(2) (e <t=b).
Now (Lemma 3.4)

1] b 1
u6=f |f'(t)ldt=f IF'(t)ldt=f g}z + (v} »12a

a

= <{ f,bl 201 dt}2+, { f.,b' o dt} 1>1/z
([ s {01} )
= (IAlz— {j;bl ”'(t)ldt}z)l-/z

whence (u232— |A|®) 2 { /| n’($)|dt}?, so that from the relations

fb
b b

f [ £0) — u| dt =f {p—&@®}dt =pws —|a[,

&

follows the relation

b
|a| @At — @ | dt = f | 2'(2)] dt,

p—|A|B‘1|dt=p,8—|A|,

b b
f|f’(t)—A6—1|dt=f ‘IA[f’(t)A—l—IAH'I dt
< (Wt — Ay 4 2(u8 — | A]).
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THEOREM 3.3. If f, is an a.c. function in BV with |f.! ()| = u. for almost all
ton [0,1] (n=0,1,2,- ), then the relation fo—v—f, implies ||fa—fo|—0.

From

1
=f|fn’(t)ldt=T:)(fn) (”=0’1’2»"')

we conclude u,—uo. Let € be any positive number There exists a partition
O=ti<ti<ha< - - <h= 1) such that 0=y, —Zl-l |fo(t,) fo(t,_l) I <e. Let-
ting Aﬂ-f=fﬁ(ti) fn(tz—l) and 6 =ti—tj, (n' O 2 T s] 1 2 k):
we have the obvious relation

k tj k
E IAn.iai_l"AO,z'aj_lldt': EIAn.i_AO.iI (”=0’ 112)"')-

=1V t;q i=1

Use of Lemma 3.9 and Lemma 3.3 yields (for »=0,1,2, - - - )

k 171
Ifﬂl(t) An ;6 l|(lt$ Z(“'?&z —-IA l2)1/2

tji—1

+22(n,.6,-—|A,..,-|)§K

il

K, = {y,? - (glAn,il)z}mH{un - gIA".,-I}-

Combining these last two relations with the relation obtained by setting n =0
in the last relation we conclude

[1ro-rola=%[" 150 =m0l

where

gKn+Ko+ZlAn,i—Ao,f| (n=0,1,2,--+).
jone 1
Hence !

lim sup Ifn &) — )] at

7— 0

e TS ) RIARS %)

j=1

=< 2(e- 2uo) V2 + A4e,

the theorem following from the arbitrariness of e.
4. Transforms of sequences in BV. We prove the following lemma.




1937] CONVERGENCE IN VARIATION 57

LemuMA 4.1. If {X.} is a sequence of functions in RBV satisfying the condi-
tion
| Xa(ts) — Xa(t) | = M| t: — 1] O0=<tyt=<1;7n=0,1,2,---),

and if Y is a real function which satisfies a Lipschitz condition on every finite
interval, then the relation || X, — X || —0 implies the relation | ¥ : X, —¥ : X || -0.

Let [a, b] be such that X,(¢) is in [a, b] for0<¢<1;7#=0,1,2, - - - . Let
M;(>0) dominate¥’(x) fora Sz <b;let P, =E[X,! () >0], R.= E [X,! () =0],
N,=E[X, (1) <0]forn=0,1,2, - - - and denote by P* R*, N* those points
on [0, 1] at which the metric density of P, Ro, N, respectively is 1; let {y,}
be a sequence of functions continuous on [, ] and dominated there by M;,
such that f H,(x)dz—0, where H,(x) = |¥'(x) —¥,(x)| for x on [a, b]. Since
W¥: X, satisfies a Lipschitz condition, it becomes clear in the light of Corollary
3.2 that the truth of the theorem is equivalent to showing F,(#)—0 for ¢ on
[0, 1], where F, is defined by

F.(t) = f | ¥/ {Xu(5)} X2 (s) — ' { Xo(s)} X (5) | ds.

To establish this relation we shall prove the fellowing: If {F*} is any sub-
sequence of { F,}, then a subsequence {G.} of {F*} exists such that G,(f)—0
forton [0, 1].

Since the sequence {F,} is comprised of non-decreasing functions which
uniformly satisfy a Lipschitz condition, it appears as a corollary of Helly’s
theorem that there exists a subsequencé {G.} of {F.*} and a function G,
satisfying a Lipschitz condition such that G.(#)— G(¢) forton [0, 1].

Now let ¢ be any point of P* and denote [t,, s] by Q, for 0<s=<1. From -
Theorem 3.2 follows the relation

U::I VX0 X (@) —wp{Xn(t)}Xn'(t)Idtl =‘j::H,{X,.(t)}IX,.'(t)|dt|
= ’ f H{ X0} X (t)dtl +2  H{X.0} XI0)]a
to QsNn

b
< f H,(x)dx + 4M,M | Q,N, |

b
< f Hy(2)dz + 4MM{ | QuPoN. | + | Ou(Wo + Ro) | }

(n=0,1,2,---;$p=1,2,3---;0s=1).




58 A. P. MORSE [January

f‘ 10X} X4 () — W { Xo(t)} X4 8) | |
< f bH,,(x)dx + 4MM | Qu(No + Ro) |

for p=1, 2, 3,---; 0=<s=1; furthermore, since X,/ converges in measure to
X{, it may easily be seen that |Q,PoN.| —0 as n—c and hence that

lim sup

71— 0

,.' V(X)X () — ¥ { X)) X 0) |
=< fbH,(x)dx + 4M.M | Qu(No + Ro) |

for p=1,2,3, - - - ; 0<s=<1. By combining these two relations with the ob-
vious relation

lim sup
7%—> 00

S 100 - bixm)xi0 || = o
(=123 ;0555 ),

we obtain

lim sup IFn(s) — F,(t) |

7— 00

= lim sup

7n—> 00

[ vixoixo - sixolxioal

to

b
§2f H,(x)dx + 8M M |[Q.(No+ Ro)| (p=1,2,3,---;0Ss=1)

so that upon letting p— o we conclude
| Go(s) = Golto) | = lim | Ga(s) — Galt0) |

7n—>0

< lim sup | Foa(s) — Fat) | < 8M:1M | Qu(No + Ro) |

for s on [0, 1]. Thus, since £ is a point at which the metric density of Pois 1,

. | 0o + Ro)|
lim ——————— =

0
s—to l S — tol

which implies G¢ (%) =0.
If 4 is a point of N*, a similar proof establishes G{ (f) =0; if #eR*, then
the relation G{ (f;) =0 is a consequence of the easily proved inequality

lim sup | Fo(s) — Falto) | < 2MiM | Qu(No + Po)| (0= s <1).




1937] CONVERGENCE IN VARIATION 59

Thus G{ (£) =0 for almost all ¢ on [0, 1], and hence Go(f) =0 for ¢ on [0, 1].
This completes the proof. ’
The following is now readily established.

Lemma 4.2. If { X.} is a sequence of monotone functions in RBV satisfying

the condition

| Xn(ts) — Xa(t) | < M| 82 — 1] 0=tts1;2=0,1,2,--.),
and if V¥ is a real function whick is a.c. on every finite interval, then the relation
| X = Xo|| =0 smplies | ¥: Xo—¥: X || —0.

To show this, approximate ¥’ in the mean with bounded measurable func-
tions and apply Lemma 4.1 and Theorem 3.2. It is of some interest to note
that some of the functions which comprise {X,} may be increasing while
others are decreasing.

DEeFINITION 4.1. Let # be a function on two-space to one-space. If there
is a function 4 on one-space to m;-space, a function B on one-space to 7s-
space, and a function U on (n,+ns)-space .to one-space such that

(i) A®)=(41(x), 42(x), - - - ; An,(x)), B(y) =(Bi(y), Ba(y), - - -, Bay())
(= <x,y<®);

(ii) all first partial derivatives of U(ou, @z, - - - , @tay, B1, Be, + -+, Ba,) With
respect to these arguments are continuous functions on (#,+ns)-space;

(ii}) u(x,y)=U(A(x) 0 By)=U(4:(#), - - -, Aa,(*), Bi(9), - - - , Ba,(¥))
for —o <%, y<oo;

(iv) on every finite interval either

A and B are a.c., or

A satisfies a Lipschitz{ condition and B is a.c., or

A is a.c. and B satisfies a Lipschitz condition, or

A and B satisfy a Lipschitz condition;
then » is said to be respectively either £ or & or & or Ru.

DEFINITION 4.2. Let ¢ be a function in CC with ¢(x+2y) =u(x, y) +iv(x, y)
for — o <%, y<o; let f be a point in BV with f=X-+4:Y. If the functions
u and v are ® with X and ¥ monotone, or & with ¥ monotone, or ® with X
monotone, or K1, then ¢ is said to be applicable to f.

DEFINITION 4.3. Let ¥ be a point in RBV and let # be ®. If ¥ is monotone
or if  is 8, then % is said to be applicable (R) to Y.

DEriNiTION 4.4. If ¢ is applicable to f and if

|67 +) — ¢:/®) | = Tamolo{(1 = NFO + M £)}] ©O=:=1),
then ¢ is strictly applicable to f.
t Throughout the paper we shall consider definitions which involve purely metric properties of

a function on [a, b] to one-space to be generalized in the customary manner to functions on [e, 8]
to n-space.
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DerFINITION 4.5. If % is applicable (R) to ¥ and if for each ¢ on [0, 1]
it is true that #{¢, (1—\)Y (/) +\V(¢+)} is monotone in X for ¢ on [0, 1],
then # is said to be strictly applicable (R) to Y.

Definitions 4.2 and 4.4 are formulated to facilitate the discussion of the
following problem: Suppose f, = (X.+:V,) —v—(Xo+2¥ ) =fo and suppose ¢
in CC with ¢(x+1y) =u(x, y) +iv(x, y) for — o <x, y <. What conditions
on ¢ will imply ¢:f,—v—¢:fo? This is equivalent to asking what condition
on ¢ will imply

Timo[#{ Xa(®), Ya())} + iv{ Xa(2), Va()}]
- Temo[u{ Xo®), Vo®)} + i0{ Xo(®), Zo(®)}].
Definitions 4.3 and 4.5 will be used in connection with convergence in length.

LeMmMA 4.3. Let o and g be in CR with o real and non-decreasing and ¢(0) =0,
c()=1.Iff=g:owithf(t+) =g{a(t+)} for ton [0, 1], then

gl = Al + To (),
where
AQ = 2T S @ — 1 — e =) | = | feH) — 50|} 0=t ).
Let fo and o, be defined on [—2, 2] as follows:
fol®) = f(), ao(t) = o(f) 0=t=1),
fo®) = f(1),  oo(®) = o(1) (1<t=2),
fo®) = f(0),  ao(®) = a(0) (—2=21<0),

and let
go(t+)

Ao(®) = 2 TS0 (8) = | fol®) = folt =) | = | folt +) = fo®) |} (—2=¢=2).

The truth of the lemma is clearly equivalent to showing

T; (@ = Tiz(fo) + Tiz(Ao)-

To do this let S=(0=s5,<5;<s5;< - - - <s=1) be any partition of [0, 1] and
let H(s’, s’") be defined for 0<s’'<s"’ <1 by

q
H(s, s") = 2| g(p) — g(pi-1) |,
i=1
where po=s’, p,=s'’, and ¢ is one more than the number of points of S on
E[s’<s<s'"]and p1<p2< - - - <po-1 are these points (if any). Consider the
set

E = E[H(©, 00®) S Tia(fo) + Ta(A0)]
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and denote by E’ the set of those points which are left-hand limit points{
of E. Noting that —1¢E’ let P=sup E’ and suppose P <2 in an attempt to
show that P =2. Since PeE’ there is a point P; (> —2) of E which is less than
P but sufficiently close to P so that E [00(P1) <5 <ao(P—)] contains no point
of S. It is likewise clear that there exists a point P, (>P and <2) such that
E[oo(P+) <s<ao(Ps)] contains no point of S. Now PieE implies

(1) H(0, 0o(Py) S Toa(fo) + Toa(Ao)
and from the fact that A, vanishes everywhere on [—2, 2] except for a de-

numerable set it follows that

o (P+)

T595(8) — | fo(P) — fo(P =) | — | fo(P +) — fo(P)| < Th,(A)) (P <R < Py)

which implies

H(oo(P —), 0o(P +)) < Torei(g)

< | /oP) = JoP =) | + | fo(P +) = fo(P) | + Tr,(A) (P < R < Py).
Furthermore the fact that E[oo(P:) <s<ao(P—)]4+E[oo(P+) <s<ao(P2)]
contains no point of S combines with the hypothesis of the lemma to yield
H(oo(P1), 0o(P —)) + H(oo(P +), 00(R)) -
=[fo(P =) = fo(P) | + | fo(R) = foP +)| (P < R < Py),

so that upon adding (1), (2), and (3) we obtain, for P <R < Ps,
H(0, 0o(R)) = H(0, ao(P1)) + H(oo(P1), oo(P —))

+ H(oo(P =), oo(P +)) + H(ao(P +), a0(R))
< T5(0) + | /(P =) = fo(P) | + | fo(P) — fo(P =) |

[ foP +) = fo(P) | + ] Jo(R) = fo(P +) | + Ta(A0) +T7,(A0)
=T fz(fo) + sz(Ao)-

This establishes P; as a point of E’ which is a contradiction proving 2 =sup E’
and hence that

()

3)

k
2| glsi) — glsimn) | = H(0, 1) = To(fo) + T1a(Ad),
ot

which implies

To(g) < T2a(fo) + T2o(A0)
since S was arbitrary.

t We define x, as a left-hand limit point of E if every interval [, o], where £ <, contains
a point of E as an inner point.




62 A. P. MORSE [January

Now let ¢, 8, t3, - - - be a denumerable set of points on [0, 1] which in-
clude all points of discontinuity of Ao and define A.(§) = Ao(¢) fort=t1,ts, - - -, s
and A, (#) =0 for all other fon [—2, 2]. Clearly A,.(f)—A(#) forall fon [—2, 2]
and inasmuch as

Tovin(e) 2 T4 (/o) (—2s¢<1"=2),
it follows by induction that

ao(t’")

Tooen () = Te (fa) + Ter (An)

for #'<¢"" with ¢’ and ¢’ both in the set obtained by deleting the points
by, by, b, - - - from [—2, 2]. This of course implies

To(g) Z Toa(fo) + T 2(An)
whence, by semi-continuity

To(@) Z Toal(fo) + Toa(Ao)
and the proof of the lemma is complete.

LEMMA 4.4. Let f=X+1Y be in BV and denote T (f) by p. Let o be a non-
decreasing function in RBV such that 0(0) =0, 0(1) =1 and po(t) =T (f) for ¢
on [0, 1]. There exists a function g in BV having the following properties:

@ 1= g0 with ||f]| = lell;

() | g(ss) — glsa) | < m| 52 — 51|, (051, 52 =1), the sign of equality holding
if o(b—)Ss1, 5250(8) or a(8) <51, s250(t+), where 0<t<1;
(i) #f ¢ s any function in CC whick is applicable to g, then

l:gll = l¢:/]] + To(a),
where

A)) = 200 =<'-1>{Ti-o[¢{>~f<t =)+ A =00} — | e:/0) — :/(t — 1) |
+ Thaold MO + (1 = NfE )} = |97 +) — 6:70) l} Ost=<1).
Define g=£+in as follows. Let s, be any point on [0, 1] and let
to=inf E [¢(t) Zs50]. Now o(fo—) <so=<a(fo+) and we define
g(s0) = f(t)) if so = a(t0);
St —){U(to) - So} +f(to){30 — a(to —)}
a(t)) — alto —)
S {alte +) — s} + flto +) {50 — o(to) }

if a(to —) = 50 < 0o(to) ;

g(so) =

if o(te) <so=oalto+).

g(s0) =

ot +) — o(t)
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As a consequence of
M [1¢") = f&) | S u| o) —o)| (O, =1),

it is easily verified that g{o(f)} =f(¢) and g{o(t+)} =f(¢+) for ¢ on [0, 1].
Combining these last two relations with the definition of g and the relation

|72 £) — f&) | = p] ot £) — o)) | O0=:=1),
we obtain
(2) | g(s2) — g(s1) | = u] s2 — 1]
ifo(t—) <s1,52=<0(t) oro(t) <s1,52=<0(¢+), where 0=<¢=<1. Hence

o ()

Touy(@) = p|o@) — ot =) | + u| ot +) — o(®) |
=|f® — fe =)+ +) — &) ] 0=<t=<1)

while, on the other hand, from Lemma 3.8 it follows that

sgn t(t—l)[ o(t)

Tooy(9:8) — | #:f(t) — ¢:f(t —) |

o (t+)

+ Tow (:0) — | 61/ +) — ¢:/®) | ]
LD @ — | 6170 — 631G =) | = | 611 +) — 170 1.
Viewing the last two relations in the light of Lemma 4.3 establishes ||g| =]|1]|
and ||¢:g|| =||¢:f|| + Tt (A). It also follows that monotonicity of X or ¥
implies monotonicity of £ or 5 respectively so that from Definition 4.2 we
conclude ¢ is applicable to g.

To complete the proof of (ii) let s{ <s/ be any two numbers on [0, 1]
and let ¢/ =inf E[o(¢) 25/ ] and & =sup E[c()) <s{ ]. Now #/ <#{. If ¢/ =]
then a(t/ —) <s/ <s{ <o(t/ +), so that the relation (2) implies the inequality
|g(ss)—g(s?)| Sm|sf —si|. However, if ¢/ <t/ then

o(t{ =) < s{ Sot{+) S ot =) = s S oltd +),
so that (1) and (2) yield
| g(s4) — ()| < | gfolti +)} — gGs) | + | glotd =)} — glot! )} |
+ | g(sd) — glots =)} |
< plo@l+) — st} + |16 =) — f@! +) | + ul{sd — ot =)}
< plol+) — sl } + ulolti =) — at{ +)}
+ ufs! — ot =)} = ulss — si).

A@) =2

=2

The truth of (ii) is now apparent and the proof of the lemma is complete.
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We introduce here the notion of pseudo-absolute continuity.

DEeFINITION 4.6. A function f defined on [a, b] is said to be pseudo-
absolutely continuous there if corresponding to every e(>0) there exists a
8(>0) and a finite point set E such that if { [a,, b.]} is any denumerable set
of non-overlapping intervals on [a, ] with E-) . _ [a., b.] empty and
Domilba—a.| <8, then > |f(8a) —f(an)| <e.

We observe that a pseudo-a.c. function is of b.v. and is expressible as
the sum of an a.c. function and a singular function of the saltus type (see
Definition 6.2 below).

LeMMA 4.5. If f is a pseudo-absolutely continuous point in BV and if ¢ is
any function in CC which is applicable to f, then ¢:g is a pseudo-absolutely
continuous point in BV.

There is no loss in generality in assuming ¢ to be real valued.

Let X +4Y =f. From Definitions 4.1 and 4.2 there exist functions 4 and B
on one-space to #;- and n,-spaces respectively which are a.c. on every finite
interval and a function U on #s-space (n3=n:+n,) to one-space, all of whose
first partial derivatives are continuous, such that

é(x + iy) = U{d(x) 0 B(y)] (— ® <z, y<»)

with A satisfying a Lipschitz condition on every finite interval if X is not
monotone and B satisfying a Lipschitz condition on every finite interval if ¥
is not monotone. Let

CH) = A{X(®)} o B{Y ()} O=<:=<1).

Readily seen is the pseudo-absolute continuityt of C. Let S be a sphere in
ns-space which includes the range of C. Now U satisfies a Lipschitz condition
on S; i.e., there exists a constant M (>0) such that if v and 4’ are any two
points of .S, then

| U — Uly) | =M { Euclidean distance between vy and 7'} s
so that, since ¢:f(t) = U {C(#) } for t on [0, 1], the pseudo-absolute continuity

of ¢:f becomes apparent.
Since a continuous pseudo-absolutely continuous function is a.c. we have

COROLLARY 4.1. If f is an a.c. point in BV and if ¢ is any function in CC
which is applicable to f, then ¢: g is an a.c. point in BV

LemwMA 4.6. If {g.} is a sequence of points in BV satisfying the relation
| galt2) — ga(ty) | < M| 82 — 1] O=<t,t:<1;n=0,1,2,---),

t See footnote on page 59.
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and if ¢ is any function in CC which is applicable to g, for n=0,1,2, - - -,
then the relation ||g.— go|| =0 implies ||¢: gn—¢:go|| —0.

There is no loss in generality in assuming ¢ real valued. Let {g...} be any
subsequence of {g.} wherein go,,=go. To prove ||¢:g.—¢:go| >0 it is merely
necessary to establish the existence of a sequence {g..2} which is a subse-
quence of {ga.}, such that ||¢:ga2—:gd|—0. First we note that of the
sequence {g..} there exists a subsequence {g.:} wherein go:=go and
X.4iV,=g.2 for =0, 1, 2, - - - | which enjoys one of the following four
properties:

(i) X1and ¥, are both not monotone;

(ii) X, is monotone (#=0,1,2, ---) and ¥, is not;

(iii)) X, and ¥, are monotone (=0, 1,2, --);

(iv) X, is not monotone and ¥, is monotone (n=0,1,2, - - - ).

Now since ¢ is applicable to {g:2}, there exist functions 4 and B on one-
space to #;- and #ms-spaces respectively and a real function U defined on
ns-space (ns=mn1-+n,), all of whose first partial derivatives are continuous,
such that

¢(x+ iy) = U{A(x) 0 B(y)} (— o <2x,y< )

and such that C, defined by C.(f) =4 {X.(§) } o B{V.(t)} (0=<t<1),isana.c.
function on [0, 1] to ns-space not only for n=1, but for n=0,1, 2, - - - .
Thus upon defining

(Cn,l(t): Cn,z(t)’ Ty Cn.m(t)) = C"(t) and H"(t) = U{C“(t)}
0=t=1,72=0,1,2,---),

we conclude H, is an a.c. point in RBV with H,=¢:g,sforn=0,1,2, - -,
Also follows the existence of continuous functions Dy, Dy, - - -, D,, on ns-
space to one-space such that (forn=0,1,2, - - -)

H! @) = i D, {Cu(8) }Cn.5(2) (almost all £ on [0, 1]).

Since go is continuous, we conclude (X,+%Y¥,) —uv—(Xo+:¥,) and hence
C.()—Co(#) uniformly for ¢ on [0, 1], so that

lim DP{C"(t)} = DP{CO(t)} (P = 1’ 2, ) ”3)

uniformly for  on [0, 1]. Combining this with the relation

1
tim [ [CLo0) = Cio®)|dt=0 (6=1,2,--,m),
0

n—ro0
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which is a corollary of Lemma 4.1 and Lemma 4.2, yields
1
Ty (H, — Ho) =f | B! () — HS ()| dt— 0.
0

Hence, since H,(0)—H,(0), we conclude ||¢:g.2—¢:gol| 0. This completes
the proof.

With this background we now turn to the proofs of the following two
theorems.

THEOREM 4.1. If ¢ is applicable to f. for n=0,1,2, - - - and in addition if ¢
is strictly applicable to fo, then the relation f,—v—f, implies

¢ fn — v @ fo.

THEOREM 4.2. If ¢ is applicable to f. for n=0,1, 2, - - -, then the relation
fn—uv—fo implies

¢ifn — v — & fo.

Let u,=To'(fs), (r=0,1,2, - - - ). From Lemma 4.4 we conclude the exist-
ence (for n=0,1, 2, - - - ) of functions g, and ¢, in CR having the following
properties:

() ¢, is a non-decreasing function with ¢,(0) =0, ¢,(1) =1 and p.o.(?)
=T (fa) for 0=¢=<1;

(i) fa=gaion with [|f.]|=lgal;

(iii) | gn(s2) —ga(s1)| Spn|s2—s1|, (0=s1, 52=1), the sign of equality hold-
ing if 6.(t—) <51, 52Z04(f) OF 0a(t) £ 51, 52=Z0.(t+), where 0=¢=<1;

(iv) ¢ is applicable to g, and

”¢:g"” = ”d’:f"“ + T:)(An)7

where

An(t) = 282 t(t_l){T;-0[¢{)\fn(t =)+ A =NLO = | 6:fa(t) = ¢/t )|

+ Taco[d {Mald) + (1 = Nfalt £)}] = | 92120 +) — d:fa®) I}
o0O=t=1).

We divide the remainder of the proof of Theorems 4.1 and 4.2 into three
parts.

PArT L. ¢:g, is a.c. for eachn=0,1,2, - - - and ”¢:g,.—¢:go”—>0.

From (i) and Lemma 3.1 follows the relation, p.o.(t)—pooo(t) for ¢ on
[0, 1] so that

| 8n(0a(®) T ga(00(®) | S | Haoa(t) = maoo(t) | — 0
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since p,—po. From (ii) follows the relation g, {o.(¢) } —go{o0(¢) } forzon [0, 1],
so that upon combining the above relations we conclude

gnioo®)} — goloo(®)} 0=t=1).
Now let so be any point on [0, 1] and note that there exists a point &,
on [0, 1] for which ao(fo—) <s¢<oo(to+), so that either so=a,(t,), or
do(to—') =$o <0’o(to), or Uo(to) <$o éa'o(to""). If s =0'o(to) then follows immedi-
ately the conclusion g,(so)—go(so). Supposing now that oo(fo—) <s0<ao(to),
let 0<t <t <t3< - - - with #,—¢, and denote by P any limit point of the se-
quence {g.(so) }. Also let s¢ =ao(to—) and s¢’ =a4(to), P¢ =go(sd), Po=go(s0),
and Po'" =go(so’"). Thus

I ga(s0) — gn{a'o(tp)} I = I‘n{SO - Uo(tp)} ’
Ign(sol’) - gn(so)l = l‘n{sﬂu - 80} (n = 0) 17 2) ey = 1; 27 37 cet )'
Letting #— and then p— and then using (iii) establishes
| P = P{| < mofso—si} =|Po— P{|
I Py — P| = #o{so” — So} = I Py’ — Pol-
Adding and using (iii) again yields
| P{' = P{| S|P~ P | +| Py — P| S molsd’ —s§) =| P¢" — P |
which implies equality in the last three relations which in turn implies Po= P.
Thus g.(s0) —go(s0) if 0o(fo—) = 50 <ao(to). A similar proof of this relation holds
if oo(2)) <so=oo(to+), so that finally it is established that g,(s)—g.(s) for s
on [0, 1].

From (iii) we conclude g, is a.c. with |g/(s)| <., for 0=<s=<1;
7n=0,1,2,---.Hence forn=0,1,2,--.)

fl
0
so that u,=|g. (s)| for almost all s on [0, 1]. Applying Theorem 3.3 yields

|lgn—gol| —0. Letting M(>0) be such that u, <M for n=0,1, 2, - - - we see
from (iii) that

Ign(52)_gn(sl)IéMls2_sll (O§81,52§1;n=0,1,2,"'),

1
M»—Ig,.'(s‘)l ds=f {un—lg,.'(s)l }ds = 0,

so that Lemma 4.6 and Corollary 4.1 complete the proof of Part I.
Parr II. (Proof of Theorem 4.1.) Since ¢ is strictly applicable to f, it is
apparent from (iv) that A.(¢) =0, (0=<¢=<1), and hence

16: il = llo:7.] (n=0,1,2,---),
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the equality holding if #=0. Thus ¢:f, is in BV for n=0, 1, 2, - - - and fur-
ther, since ¢:f.(f) —¢:fo(¢) for t on [0, 1], we have

0 = lim sup |¢:g. — ¢:gl] Z lim sup||#:g.]| — [|¢: g

2 lim suplg:£uf| — [l6:/0l] 2 tim inf [lg:£a]] = [lo:/l] 2 0

by the semi-continuity property of total variation.

The proof of Part II is now complete.

ParT ITI. (Proof of Theorem 4.2.) Since ||¢:g.|| Z|¢:f.| we conclude as
before that ¢:f, is a point of BV for each =0, 1, 2, - - - . Since, however,
fn—uv—fo it becomes clear that in this case

falt £) = fo(t ) uniformly for ¢ on [0, 1],
which used in connection with Lemma 4.6 readily establishes
Aa(®) = Ao(®) (0=:t=1),
so that lim inf, .7 ¢! (A,) — To! (Ao) =0. Hence
0 = lim supllg:ga — o] 2 tim sup 38| ~ l4:6d

2 lim sup||¢:£]| — [|6:/d] + lim inf Th(An) — To(Ao)
2 lim sup [|g:£ol] — [l¢:/l] 2 lim inf [|o:£]| = [l6:£o]] = 0.

Since ¢:fa(f)—¢:fo(f) uniformly for ¢ on [0, 1], the proof of Part III is now
complete.

As a corollary we have

COROLLARY 4.2. If the function ¢ is in CC with ¢(x+1iy) =u(x, y) +iv(x, y)
for — o <x,y< o, where u, v have continuous first partial derivatives, then the
relation f.—v—fo with fo continuous implies

O fa —v— o f0.

If the transformation is that of raising to a positive integer power, Theo-
rems 4.1 and 4.2 lead to

COROLLARY 4.3. Let k be a positive integer. If f,—v—fo and if corresponding
to each t on [0, 1] there is a ray through the origin (of the complex plane) on
which lie the points fo(D), fo(t+), and fo(t—), then

fnk - v—>fo’°.

COROLLARY 4.4. If f,—uv—fo, then f¥ —uv—fs.
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Before concluding this section the following remark seems in order. If ¢
is in CC and satisfies a Lipschitz condition on every bounded set in the com-
plex plane, then feBV implies ¢:feBV. Hence it is natural to inquire into the
truth of the following statement.

If ¢eCC and satisfies a Lipschitz condition on every finite set and if fo is
continuous, then the relation f,—v—fo implies ¢:f,—v—p:fo.

That the statement is not true is illustrated by the following example. Let
fa(® =t+i/n for 0st=<1; n=1, 2, 3,---. Let fo(t)=¢ It is clear that
Jfn—v—fo. Define

sin nirx

u(x: y) = i

sin (n — 1)*rx  sin nfrx) | mn(n — 1) 1
1 i e A () §
(n — 1)*x nir 2 ”n

if1/n<y<1/(n—1), where n=2;

sin 7%

u(x, y) = if y21; u(xy)=0if y=0;

and let ¢(x+32y) =u(x, y) for — o <x, y <. Since the first partial deriva-
tives of u exist everywhere and are dominated by 3, it follows that ¢ satisfies
a Lipschitz condition on the complex plane. But

1 1
||¢:fn|| = f I cos n‘rxl dx = f cos? nirx dx = % rn=1,2,3---)
0 0

with ||¢:fo| =0 so that it is not true that ¢:f, —v—¢:fo. As a rough appraisal
of the generality of Theorems 4.1 and 4.2 it is interesting to note that a func-
tion in CC may be applicable to f, for »=0, 1, 2, without satisfying a Lip-
schitz condition on every bounded set in the complex plane.

5. Convergence in length. As our first application of preceding results we
have the following theorem, which is a result obtained in a different way in
AL.

THEOREM 5.1. The relation V,—1—Y, implies V,—v—Y,.

Let ¢(x+3y) =y, (— o <x, y< ). Now ¢ is strictly applicable to I +iY¥,
for n=0, 1, 2,--. and since (I+:¥,)—v—({T+1¥Y,) we conclude that
¢:(I+1Y.) —v—¢:(I+i¥,). Hence the theorem is established.

COROLLARY 5.1. The relation ¥V,—ul—Y o implies ¥V, —uv—Y,.

We introduce here the notion of a singular function.
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DEeFINITION 5.1. If f is of b.v. on [a, &] with f/(¢) =0 for almost all ¢ on
[a, 8] then f is said to be singular on [a, b].

A well known property of singular functions is this: Let f be a singular
function in BV and assume g an a.c. function in BV. Then

To(f + &) = To(f) + Ta(e),
so that if either f(0) =0 or g(0) =0, it is clear that ||f+g|| =]|f]| +||¢||- We are
now prepared to prove the following

THEOREM 5.2. If YV, is a singular function in RBYV, then the relations
Y,—1-Yyand YV,—v—Y, are equivalent.
Supposing ¥,—v—Y, we deduce the relation

|1 + ivy|| < lim inf ||I 4+ iV.|| < lim sup||T + V.|| < lim sup| Y./ + |/Z]]
7%—>00 7n—r0 n—>0

= (12l + ¥l = [I12l] + %ol = |7 + 3%,
which proves ¥V,—I—Y,.

Application of Theorem 5.1 completes the proof.

THEOREM 5.3. If u is applicable (R) to Y, for n=0,1,2, - - - and in addi-
tion if w is sirictly applicable (R) to Yo, then the relation Y,—1—Y, implies
(u|¥,) — I — (u|V0).

Define ¢(x+iy) =x+iu(x, y) for — o <z, y< . Now ¢ is applicable to
(I+:Y,) forn=0,1, 2, - - - . It is also strictly applicable to (/+:¥,). Hence
¢:(I+iV,) —v—¢p: (I +i¥0) or {I+i(u|V.)} —v—{T+i(u|V0)}.

THEOREM 5.4. If X, is a.c., then the relations X,—1—X, and V,—1-Y,
imply the relationst

(Xn + Yn) —-l- (XO + YO);
X,.Y,. - l—-) XoYo.

Let ¥ be a.c. on é‘[— o <x< o | with ¥(x) = Xo(x) for x on [0, 1]. Define
wi(x, y) =y—¥(x), us(x, y) =y+¥(x); — o <=, y<o.Thus by Theorem 5.3
we have (u:/X,) —I—6, which implies (Theorem 5.2) that || X,— X —0 (see
§2 for definition of 6). Hence

T+ i(¥a + Xo — Xo)|| S ||I + iV + || Xa — Xol| = |7 + 7],

whence, by using the semi-continuity property of total variation, we deduce

(Yn+Xn— Xo) —l—>Yo.

t This is a generalization of Theorem 6 in AL.
If the assumption that X is a.c. is deleted the theorem ceases to be true. See AL, page 23.
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This gives, in view of Theorem 5.3,
[4a| (¥ + X = Xo)] = 1= (we|V0) or (Yu+ Xa) = 1> (Yo + Xo).
Now by Lemma 3.2 we have

17, - (Xu = X9l £ [|Va]] - [[Xa = Xol| 0,
so that upon defining us(x, y) =y¥(x), —  <x,y <, it is seen by Theorem
5.3 that

(us|Va) — 1 — (us|Vo) or Xo¥Vn —I— Xo¥o
and since (Theorem 5.2)

(XoVn — XoV,) = [Va- (Xa— Xo)] —1—0,

we conclude upon adding, 6 being a.c., that X, ¥,—I—X,V,.

LEMMA 5.1. Let X be an a.c. point in the space RBV. The relation
(cI+Y,)—v—(cI+Y) for all real ¢ implies (X+V,) —v—(X+Y,).

Let [a, b] be a subinterval of [0, 1]. From Lemma 3.1 it follows that

Ti_o(er + cat + Va(8) > Timaler + cat + Vo(0)
for all real ¢, and c., whence we conclude
(ﬁ+ Yn) - 7)_)03"" YO)’

where $ is any polygonal function in RBV.

Let {B8,} be a sequence of polygonal functions in RBV such that as p— o
8,—Il—X. From Theorems 5.4 and 5.1 follow the relations ||8,— X||—0 and
Bp+Yo) —v—(X+Y,) as p—o. Hence

| X + V| < liminf || X + V.|| < limsup || X + V.|
< lim sup||8, + V| + lim [| X — 85|

=18, + Yol + X = 8l| 2 |X + V| a5 p—
and the lemma is proved.

THEOREM 5.5. The relationt (cI+Y.) —v—(cI+Yo) for all real numbers c
and the relation Y ,—1—Y, are equivalent.

Let a(f) = f, V¢ (s)ds and B(£) = Yo(t) —e(t) for ¢ on [0, 1]. From the pre-
ceding lemma follows

t We are indebted to Professor E. J. McShane for raising the question as to whether the rela-
tion (cI+4Y,) —v—(cI+ Y,) for all real numbers ¢ implies Yo—I—Yo.
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Yp—a) —ov—>8.
Since 8 is singular we deduce from Theorems 5.2 and 5.4 that
¥Y,.—a)—1—>p8 and Y,—Il—>(a+p8) =7Y,.

From Theorem 5.4 the converse follows immediately.
If ¥, is a.c. then it appears, as a consequence of Theorems 5.1 and 5.4,
that the relation ¥,—I—Y, implies

fll Y.i(t) — Y{@)|dt— 0.
0

However, if ¥, is not a.c., this conclusion need not be true. It is true, never-
theless, that ¥,/ converges to ¥{ in a manner intermediate between con-
vergence in the mean and convergence in measure. To characterize this type
of convergence we introduce the following definitions which may have some
intrinsic interest.

DEeFInITION 5.2. If f, is measurable on a set E forn=1, 2, 3, - - - and if
corresponding to every ¢>0 there exists a measurable set E, ¢ E of measure
>| E| —e such that

mn—sw

lim i | fm(®) = fa(®) | dt = 0,

then {f.} is said to be convergent almost in the mean on E.

DEFINITION 5.3. If f, is measurable on a set E for n=0, 1, 2, - - - and if
corresponding to every ¢>0 there exists a measurable set E, c E of measure
>| E| — e such that

j; lfn(t) - fo(t) | dt—-)(),

then f, is said to converge almost in the mean to fo on E.

If {f.} is convergent almost in the mean on E then it is easily seen that
there exists a function f, defined on E such that f, converges almost in the
mean to foon E.

DEFINITION 5.4. By f, —p—fo is meant this: f, isin CR for n=0,1, 2, - - -
and f, converges almost in the mean to fo on [0, 1].

THEOREM 5.6. The relation V,—1—Y, implies and is implied by the two
relations Y,—v—Yo and Y, —u—Yy.

We have already seen (Theorem 5.1) that ¥, —Il—Y¥, implies ¥V,—v—Y,.
We now propose to show that ¥, —I—Y,implies V,) —u—Y{.
Define
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a(t) = f‘Yo(s)ds, B(t) = Yo(t) — a(f) forzon [0, 1],

and let ¢ be any positive number. The singularity of B8 implies, as is well
known, the existence for each m=1, 2, 3, - - - of non-overlapping intervals
[@m.1, bmal, [@mi2, Bmi2], -+, [GmNpy Dmov,] contained in [0, 1] such that

Nm 1
> TB) < —» IA,.|>1——°—,
m 2m

i=1

where An=2_%[an;, bm,;]. The absolute continuity of the function «

implies that (¥,—a)—I—f which in turn implies (¥,—a)—v—pB. Letting
A=A,A:45 - - - we conclude from Lemmas 3.1 and 3.7 that

lim sup f | vl — Y@ | dt = lim sup | v/ @) — o'(t)| dt
A A

7%—> 0 7%—> 0

Nm bm,'
< lim sup f | v/ (t) — (8| d¢t = limsup, Tvie) — o )| de
A

n— oo [l . | Cpm, §

Nm | — Nm bm, 5 1
= lim sup>_ Ty (Ve — @) = 2. Topj(8) < — (m=1,2,3---)
n—eo ] o1

which implies [, | ¥/ (¢) — ¥¢ (£) | d¢—0. Clearly | 4| >1—eso that from Defi-
nition 5.4 follows the relation ¥, —u—Y/.

Let us assume now that ¥,—v—Y,and ¥, —u—Y{. Define

t
a,(2) =f Y.(s)ds, Bu(t) =YV.() —a,(t) for 0Z2t=1;,n=0,1,2,---,
0
and let ¢>0. There exists a set Ec [0, 1] such that | E| >1—eand
f]a,,’(t) —ad (8| dt =f| Yi(@) —Y{@®|dt—o.
E E

Denoting by E’ the complement of E with respect to [0, 1] it is seen that the
last relation combines with

[lai@la+ [ at@)a+ Tie) - [lasw]a
E E’ E

— | |l @)]dt — To(Bs) = {To(¥s) — To(¥e)} >0
El
to yield

{fEJ al @) a+7h6) — [ |ad®]di— T } —0.
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Thus from the relation
Timo{t + i¥a(d)} — Tizo{t + i¥o(®))}
= Tioo{t + ion(t)} + To(Bn) — Timo{t + iao(t)} — To(B0)

= [l1tiai@la+ [ [14al®]d+ 136
E E’
~ [I1+iat@la= [ |1+ai®]d = This0
E E’
ngla,:(z)-a;(;)uHLI al ()] dt + To(8a)

_-f | ad ()| &t — To(8e) + 2| E'],
E'

which holds for n=1, 2, 3, - - - we conclude
0 < lim inf Teo{t + i¥Va(®)} — Tico{t + iVo(t)}

7—>00

< lim sup Tio{t + i¥a(8)} — Tecolt + iVo(d)} < 2| E| < 2e.

7—>00

The arbitrariness of e completes the proof.

COROLLARY 5.2. The relation Y ,—1—Y( implies and is implied by the two
relations Y,—v—Yoand ¥,! converges in measure to Y on [0, 1].

Convergence in measure implies almost convergence in the mean of a
subsequence.
An immediate consequence is

THEOREM 5.7. Let X,—1—X, and Y,—1—Y,. Then a necessary and suffi-
cient condition for (X,+Y,)—1—(Xo+Y,) is that (X,+Y,)—v—(Xo+Y0);
furthermore, a necessary and sufficient condition for X,¥Y,—1—X Y, is that
X,.Y“""Z'—)X()Yo.

THEOREM 5.8. Let ¥V, be in RBV with P,(t) and N ,(t) denoting the positive
and negative variations of ¥, on [0, 1], (n=0,1,2,---;0=<t<1). Then the
relation Y ,—1—>Y, implies the relations P,—I1—Py and N,—I—N,.

To prove this theorem verify first the relationst P,—v—Po, No,—v—N,,
and

3(Pn— No) = 1> 5(Po— No),  $(Pa+ Na) — 1> 3(Po + No).

The desired conclusions are now immediate consequences of Theorem 5.7.

t AC, Theorem 1; AL, Corollary to Theorem 1.
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6. Uniform convergence in length. Theorem 4.2 combined with the meth-
ods used in proving Theorem 5.3 yields

THEOREM 6.1. If u is applicable (R) to YV, for n=0, 1, 2, - - - | then the
relation Y, —ul—Y , implies
(u|¥,) — ul — (u|¥o).
We now recall the concept of an elementary step-function and of a singu-
lar function of the saltus type.
DEFINITION 6.1. A function f defined on [a, b] is said to be an elementary

step-function there if there exists a real number ¢ on [¢, ] and complex
numbers 71, vz, s, such that

@) =v1, H 02t <c; flc) =v2; f() = vsif c <t =b.

DEFINITION 6.2. A function f of b.v. on [a, b] is said to be a singular func-
tion of the saltus type on [a, b] if there exist elementary step-functions
fi,f2, f3, - - - defined on [a, ] such that

[ =30, astsh T = > 7).

n=1
It is readily seen that a singular function of the saltus type is singular,
though we shall not make explicit use of this property. From the definition
of pseudo-absolute continuity it follows that if f is a pseudo-absolutely con-
tinuous function in BV, then there exists an a.c. function «in BV and a singu-
lar function S of the saltus type in BV such that f=a+8.

LemmMA 6.1. If B is an elementary step-function in BV, then the relation
fo—uv—fo implies the relation

(fa + B) — uv— (fo+ B).
There exist a real number ¢ on [0, 1] and complex numbers v1, vz, Vs,

such that B(f) = if 0=t <c, B(c) =7, and B(f) =7; if ¢c<t=1, so that as a
consequence of Lemma 3.1 it may be deduced that

To (fa+ B8) = Tezo{falt) + v1} = To (fa) = To (fo)

= T'oo{fo® + 71} = To(fo+ 8),
[ 1a(0) + v2 — falc =) — v1| + | fale +) + 75 — fule) — 72|
=] fole) + 72 — fole =) — 11| + | fole +) + s — fol©) — 7],
Tc1+<fn +8) = T:-=c+{fn(t) + ’Ys} = Tt+(fn) - T:+(fo)
= Toeei {folt) + vs} = Tiu(fo + B)-

Combining these three relations establishes the lemma.
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LemMA 6.2. If B (in BV) is a singular function of the saltus type, then
the relation f,—uv—fo implies the relation (fo+B) —uv—(fo+8).

There exist elementary step-functions Bi, Bs, Bs, - - - such that B(¢)
=2, Bi(®) for t on [0, 1] with T(8) =X_7_ ,T'(8)). Hence T(B,—B)—0,
where B,() =2, ;-1Bi(?). From the preceding lemma we conclude (by induc-
tion) that

lim [|f. + B,|| = [|fo + Byl (#=1,23--).

Thus follows
lfo + ]| < liminf ||f. + 8]| < lim sup||fa + 8]

< lim sup [|fn + Byl| + (16 — Byl = [lfo + Bil| + 16 - B

< llso+ 8l + 218 = Bof| 2 llfo+ 8 as 2o,
and the proof is completed.

LemMA 6.3. If X, is an a.c. function in RBV, then the relations X, —1—X,
and Y,—1—Y o imply the relation (X.+1iY¥.) —v—(Xo+:¥,).

Define a(t) = ¥,(0)+/, : Y'(s)ds, B(t) = Y (t) —a(t) for ton [0, 1] noting that
B is singular with 8(0) =0. From Theorems 5.1 and 5.4 we have || ¥, —of|—]|8]|
and since || X, — X || —0 we deduce || X, +ia]|—|| Xo+ia||, so that
| Xa + i¥a|| = || X0 + i(¥s — a + o]
= || X + daf| + [[i(¥n = @] [ X0 + daf| +[|1]
= [ Xo + il + B)|| = [| X0 + ¥4,
and the proof is complete (by semi-continuity).
THEOREM 6.2. If X, is a pseudo-absolutely continuous function in RBV,
then the relations X, —ul—Xo and ¥V, —ul—Y o imply the relations
(X,. + Y,.) —ul— (Xo + Yo) and XnY" —ul— XoYo.

Since X, is pseudo-absolutely continuous we conclude the existence of an
a.c. function @ in RBV and a singular function § of the saltus type likewise in
RBYV for which Xo=a+8. As a corollary of Lemma 6.2, (X, —8) —ul—«, and
since ¥, —ul—Y it is seen from Lemma 6.3 that

(Xn_ﬂ'l' 'iYn) - uv—»(a+ iYO);

so that using Lemma 6.2 again, yields
(Xo+ iY,) —wv— (a+ B+ i¥o) = (Xo + i¥y).
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Letting ¢:(x+2y) =x+7y and ¢s(x+iy) =2y for — o <x, y< o we conclude
from Theorem 4.2 that

¢1:(Xn + i¥,) — uv — ¢1:(Xo + i¥o),
¢2: (X + i¥,) — uv — ¢2: (X0 + i¥).
That is,
Xa4+V,) —uww—(Xo+Yy) and X,¥V,— uv— X,¥,.

Application of Theorem 5.7 completes the proof.

7. Strong convergence. It is at once apparent that strong convergence im-
plies every other type considered in this paper, and also that it is invariant
under addition and multiplication. It is natural to ask if Theorem 6.1 like-
wise holds for strong convergence. The answer is yes, but before proving this
we state as an obvious corollary of Lemma 4.5 the following

LeMMA 7.1. If Y is a pseudo-absolutely continuous funciion in RBV and u
is applicable (R) to ¥, then (u|Y) is likewise pseudo-absolutely continuous.

We are now prepared to prove

THEOREM 7.1. If u is applicable (R) to Yn for n=0, 1, 2, - - - | then the
relation Y, —s—Y o implies

@|¥) = s— (u]¥o).

Since Y, is in RBV there exist a continuous function « in RBV and a
singular function B of the saltus type likewise in RBV for which YVo=a+8.
Defining

t + To(a)

S@) = 1+ The) o0=t=1),
itis seen that S'is a continuous increasing function in RBV. Clearly there exists
an increasing function ¥ satisfying a Lipschitz condition on E [—oo<x<oo]
for which W{S(#)} =¢t, 0<t=<1. Let A(s)=a{¥(s)}, B(s) =B{¥(s)}, na(s)
=Y. {¥(s)}, 0<s<1; n=0, 1, 2,---). Finally let w(x, y) =u(¥(x), ¥),
—oo <y, y<oo,

First notice that

| A(ss) — A(s1) | < TYu5(a) < W(ss) — ¥(s1) + T (@)

= (14 To@)(S{¥(s0)} — S{¥E)}) = (1 + To (o)) (s2.—s1)

if 0=s5,<s5.=<1, which implies absolute continuity of 4. Since 8 is a singular
function of the saltus type, it may be seen from Lemma 3.8 that B is likewise
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a singular function of the saltus type so that noting 5o=4 -+ B establishes
the pseudo-absolute continuity of 7,. Now from the definitions involved and
the fact that ¥ is increasing and absolutely continuous it becomes apparent
that if % is &, then u, is ®; if » is K, then #; is &; and since monotonicity of
Y, implies monotonicity of 5, for n=0, 1, 2, - - - | we conclude that #, is ap-
plicable (R) to 7, for n=0, 1, 2, - - - . Another application of Lemma 3.8
yields the relation

[[92 = 2ol =[]¥a — ¥d[ >0,
so that, since strong convergence implies uniform convergence in length, we
may deduce successively (with the help of Lemma 7.1, Theorems 6.1 and 6.2)
the following relations,
tw— Wl > mo, (wi|na) — wl— (uilno), {(wi|na) — (walno)} — ul—9,
”(“1[%) - (“1"'70)” —0.
Thus (Lemma 3.8)
Tico{u(t, Va®) — u(t, ¥o(®)} = Tomo{w[¥(s), Va(¥(s))] — w[¥(5),¥o(¥(5))]}
To{ #(¥(5), 1a(5)) — #(¥(s), n0())} = Tumo{t0a(s, 1a()) — wa(s, mo(s)) }
| (ualna) — (a|mo)|| — 0,

which implies immediately
[|(u[¥2) = (u[¥o)| -0

I\

as was to be proved.
THEOREM 7.2. If fo is an a.c. function in BV, then a necessary and sufficient
condition that f,—s—fo is that
(eI + fu) = v—> (I + fo),

for all real numbers c.
The necessity being obvious we turn to the sufficiency. Let X,+i¥V.=f,
for n=0,1, 2, - - -, ahd define
¢1(x+1y) =%, ¢o(x+1y) =x+Yy, for — 0 <x, y<oo.
Since ¢; and ¢, are applicable to (cI+f.) for n=0,1,2, .- and strictly
applicable to (¢I +fo) whatever real number ¢ may be, we conclude

(cI + Xa) —v— (I + Xo), (I + Xu+Ya) —v—(c]+ Xo+ Vo)

for all real numbers c. Whence, with the help of Theorems 5.5 and 5.4 follow
successively the relations




1937] CONVERGENCE IN VARIATION 79

Xo— 1> Xo, (XadV.) =l (Xo+Vs), Va—loV,,
[ X2 = Xd| =0, [[¥a—Yd[ >0, [lfa—fll—0

and the proof is complete.
8. Applications; generalizations of a theorem of Plessner and its converse.
It is well known that if p>1 then the two relations

[ sas— [ s Osts
0 0
and

1 1
[lnora—fluora
0 0
imply and are implied by the relation
1
[ 110 = s Pa—o.
0

It is likewise well known that the theorem is not true for p =1. The following
theorem would therefore seem of some interest.

THEOREM 8.1. If f, is a summable function in CR for n=0,1,2, - - - | then
the two relations

) fu(s)ds — I fa(s)ds Osi=),
(] 0

1 1
f | ¢ + fal®) | dt-*f | ¢ + fo(®) | dt for all real numbers c,
0 0

imply and are implied by the relation

1
f [ fa®) — fo(®) | dt — 0.
0
Obviously the last relation implies the first tW?. Assuming the first
two relations to be true and defining F.(f) =/[,fa(s)ds (for 0=t<1;

n=0,1,2,---), we note from the first relation that (ct+F.(f)) —(ct+Fo(t))
for ton [0, 1], and from the second relation that

Toofct + Fa(t)} = fl] ¢ +f”(t)ldt—>f [ ¢+ folt) | dt = Timo{ct + Fo(t)}
0 [1]

for all real numbers ¢. Hence

(I + F,) — v— (cI + F,) for all real numbers c,
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so that Theorem 7.2 implies
1
f | 7a()) — fo(t) | 42 = To(Fn — Fg) > 0
0

which completes the proof.
A result of Ursell combined with a theorem of Plessner establishes the
following theorem:}

Let f be a finite, real-valued, measurable function with period 1. If

lim TimolfGt+ B) — f®} =0,
then f is a.c. on [0, 1].

We now propose to generalize this theorem. First, however, it is con-
venient to prove the following

THEOREM 8.2. Let f be a finite, real-valued, function with period 1 which
is measurable on a set of positive measure. If there exists a non-vanishing func-
tion g in RBV such that

lim Timo{f()) + hg(t)} =0,
h—0

then f is continuous on [0, 1].

Clearly there exists a closed set D on [0, 1] of positive measure relative
to which f is continuous. Let 3 be the characteristic function of this set and
denote [,B(x)dx by B(y) for — o <y<eo. Now B satisfies a Lipschitz con-
dition so that use of Theorems 7.1 and 3.1, Lemma 3.7, and Corollary 3.1 es-
tablishes the relation

0 = lim Tio{B( + hg(t)) — B()}
h—0
> lim sup f 1[ B'(t + hg®))(1 + hg'(t)) — B'(t) | dt
h—0 0

1
= timswp [ ] 66+ hO)(1 + @) — 60| &
0
Hence there exists a §,>0 such that | k| <3, implies

fo | Bt + hg@®)(1 + hg'®) — B() | dt < f |B(2) |at,
0

t An elementary proof was given by N. Dunford, Bulletin of the American Mathematical So-
ciety, vol. 41 (1935), pp. 356-358.
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so that corresponding to each #* for which |#*| <3, there exists a point #*
in D, such that #*+ k*g(#*) is likewise in D; for assuming the contrary leads
immediately to a contradiction of the above relation.

Let € be any positive number. Since D is closed there exists a 8, >0 such
that, | | <8, implies

| 16+ b @) = 10| <

for all ¢ on [0, 1] for which ¢ and ¢+ kg(¢) are both in D. By hypothesis there
exists a 8,>0 such that | 4| <& implies

1 €
Teo{f(t + hg(®) — f®)} < ’R

Let 6 be the least of the numbers &y, 81, 62, and let %, be any number <4 in
absolute value. As we have seen, there exists a point ¢ in D such that
to+hog (o) is likewise in D. Hence

[ f(01 + hog(t)) — f(81) | < | St + hog(tr)) — f(t1) — f(bo + hoglto)) + f(20) |
+ | f(to + hog(ta)) — f(20) |

1 € € €
< Tiolft+ hg®) = fO) + 5 <+ =
for 4 on [0, 1]. Hence f is continuous on [0, 1] and the proof is complete.
It should be noted that the only place in the proof where a result of this
paper is used is in proving

1
lim | |66+ k@)1 + k@) — 60| &t = 0.

However if g(¢) =1 for ¢ on [0, 1], this relation is an immediate consequence
of a well known theorem of Lebesgue, which in connection with the method
used in proving Theorem 8.3 leads to a proof of the Plessner theorem which
is independent of the preceding results in this paper.

We now turn to

THEOREM 8.3. Let f be a finite, real-valued function with period 1 which is
measurable on a set of positive measure. If there exist a function g in RBV and a
positive number r such that

lim Tio{f(t + hg(®)) — ()} =0
-0

with |g()| >7 for ton [0, 1], then f is a.c. on [0, 1].
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Let >0 be such that TZ.,U(f, k) <1 for |k| <$, where U(t, k)
= [f(+hg(®)) —f(#)1g(®) for 0=t<1, h=3; let a(t)=1/g(t), (0=t<1); let
ro=r-1and note that ||af| <, |a(f)| <roforton [0, 1];let V (k) =T2oU(¢, k)
for | | <. Since V is bounded on [—8, 8] and fis continuous by the previous
theorem, the semi-continuity property of total variation shows that V is
lower semi-continuous and hence summable on [—§, §]. Let

M) = sup Ut s) 0=h=))
0stsl,lslsh

remarking that M is monotone on [0, 8] and M (k)—0 as /—0+. Define

1 t+h
Fa(t) = 7f fs)ds (0=t<1,0=<h=<r),

where 7,=0r, and let S be any partition of [0, 1] with S=(0=¢<t, <f»
< . <tN=1)-
From the relation

1 h
RO — 1) = — f {ft+ ) — f©))ds
1 hraw)
== [ s+ ) = g0} 00

1 ha(t)
=-;f UQ, s)ds 0=t=21,0=h=n)
0

and the relation

N 1 ha(tj) 1 ha(tj-1)
> —f U(tj, s)ds — ——f U(ti, 5)ds
=1l B Jo kJy
N 1 ha(t;) 1 ha(t;)
= —f Ui, s) — Utjr, s)ds + — U(t;-, s)ds
=1l B J ha(t;—1)
N (1 hry 1 ha(tf)
=< Z{—f | Ut;ys) — Ut s) | ds + — f M (hro)ds }
=1 Uk J gy b1 hace;_y
1 hry N N
= 2| UG, 8) = Uiy, 9) | ds + 25 M(hro) | alty) — a(tiz) |
~hry j=1 J=1
1 hrgy
s — V(s)ds + M(hro)||o| 0= h=r),
—hr,y

we deduce (since S was arbitrary) the relation

1 hry
T;(F» -f) = n V(s)ds + M(hro)||<|| O=hsr).

—hr,
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Now, Lemma 3.2 yields the relation

V(s) < [| f(sg(0)) — £0) | + Temo{f (¢t + sg®) — f@O}ligll  (|'s] = 7o),
so that V(s)—0 as s—0. Hence

lim To{Fy — f} =0,
h—0+

where F, is a.c. for 0 <k =<r, which implies, as is well known, the absolute
continuity of f on [0, 1]. This completes the proof.

From the results in §7 it is clear that a variety of theorems concerning the
behavior of Ti.o{f(¢+hg(t))—f(¢)} as =—0 (or as k—0+, ~—0—) can be
readily proved. Among these is one which can be proved directly without
great difficulty, and which forms the necessity part of the next and concluding
theorem. This theorem is a simultaneous extension of Plessner’s theorem and
its converse.

THEOREM 8.4. Let f be a finite, real-valued function with period 1 which is
measurable on set of positive measure. Let g be a non-vanishing function in
RBYV whick satisfies a Lipschitz condition. Then a necessary and sufficient con-
dition that f be a.c. on [0, 1] is that

lim To—o{f(t + hg(®)) — (&)} = 0.
P

Simply note that ¢+ Ag(?) increases with ¢ for % sufficiently small and apply
Theorem 7.1.
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