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1. Introduction. In recent papersj by Adams and Clarkson and by Adams

and Lewy the notions of convergence in variation and convergence in length

have been examined. In AC it has been shown that if a sequence converges

in variation and satisfies certain further restrictions which are clearly needed,

the sequence of reciprocals converges in variation. The central purpose of the

present paper is to determine so far as we are able the transformations which

when applied to sequences of functions, preserve various types of conver-

gence, such as convergence in variation or length and other types which we

shall introduce. This paper also leads us to certain generalizations of results

in AC and AL, such as Theorem 5.4 wherein convergence in length is seen

to be invariant under addition and multiplication when only one of the limit

functions is absolutely continuous.

In §2 we assemble certain preliminary definitions, notations, and conven-

tions. §3 is devoted to preliminary theorems and lemmas, among them being

Theorems 3.1 and 3.2 which might be of interest in themselves, their full

power, in fact, not being used in this paper. Theorem 3.2 is a substitution

theorem for Lebesgue integrals which is more general than other theorems

of this type known to us in literature. Certain results in §3 are, however, ob-

vious analogues of results in AC. Transforms of sequences are discussed in §4,

wherein Theorems 4.1 and 4.2 form the kernel of the paper. The remainder

of the paper consists largely of various applications of these two theorems,

convergence in length being discussed in §5 together with convergence almost

in the mean, uniform convergence in length in §6, and strong convergence

in §7. Certain miscellaneous applications are made in §8; these include Theo-

rem 8.1 which points out a necessary and sufficient condition for convergence

in the mean, and Theorems 8.3 and 8.4 which are generalizations of a theorem

of Plessner.

2. Notation; preliminary definitions and conventions. In this paper we

shall consistently use x, y, / to denote real numbers or variables, and use the

t Presented to the Society, October 31, 1936; received by the editors May 22, 1936.

% Adams and Clarkson, On convergence in variation, Bulletin of the American Mathematical

Society, vol. 40 (1934), pp. 413-417. Adams and Lewy, On convergence in length, Duke Mathematical

Journal, vol. 1 (1935), pp. 19-26. Hereinafter these papers will be referred to as AC and AL, respec-

tively.
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letters X, Y, |, \p, "$?, r¡, u, v, U, V with or without subscripts to denote real-

valued functions. All other functions are to be regarded as complex functions

of a real variable unless the contrary is expressly stated. We shall also em-

ploy a and b with or without subscripts to designate real numbers with a < b.

If Q is a condition involving x, then E [Q ] is a set defined as follows : A

point x belongs to E[Q] it x satisfies the condition Q. We use the notation

[xi, x2] to denote a closed interval.

If / is a function and if [a, b ] is included in its domain, then the symbol

Tah(J) (read the total variation from a to b of /) will be used to denote the

least upper bound (finite or infinite) of numbers of the form

è\f(t)-f(h-i)\,
/-i

where a = t0<h<t2< ■ • ■ <k = b. We define Tba(f) =-Tab(f) and Ta"(f)=0.

If Tab(f) < oo, then/is said to be of b.v. (bounded variation) on [a, b]. Since

it will sometimes be necessary to display .the variable with respect to which

the total variation is taken, we employ the notation TtLafit) as an alternate

for Ta»(f).

We shall use a.c. as an abbreviation for absolute continuity and employ

p.p. to denote almost everywhere (presque partout), and designate the outer

measure of a set R by | R \. It will also be convenient to refer to Euclidean

space of n dimensions as simply «-space. Furthermore, a function will be said

to be increasing on a set if it is strictly increasing there, a function will be said

to be monotone on a set if it is either non-increasing or non-decreasing there.

The following convention, will be used throughout the paper. If / is de-

fined on [a, b], then the function/' is defined on [a, b] by the following rela-

tions :

fit) =the derivative of /at t wherever it exists finite,

fit) =0 for all other t on [a,b].

We also agree: If [a, b] is the domain of /and if limh~o+fit+h) exists for

a^t<b and if limh^0+fit —h) exists for a<t^b, then/(/+) and/(< —) are de-

fined for / on [a, b] as follows:

f(a-)=f(a);f(b+)=f(b);    f(t+) = lim f(t + h),    a g t< b;
A-»0+

f(t -) = lim f(t - h),    a < t ^ b.
*-»o+

We shall denote by CR the set of all finite-valued complex functions whose

domain is [0, 1]. If/ and g are any points in CR and if a is any complex

number, then by f+g is meant that point G in CR such thatC7(0 =f(t) +g(t) for

t on [0,1 ], by/• g is meant that point G in CR such that G(t) =f(t) ■ g(t) for t on
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[0, 1 ], by a/ is meant that point G in CR such that C7(/) = (a) •/(/) for / on

[0, 1 ] ; and, provided / does not vanish on [0, 1 ], by a/f is meant that point

G in CR such that G(t) =a/f(t) for ton [0, 1 ]. We denote by 7 and 0 the ele-

ments of CR defined respectively by

7(0 = /,        0(/) = 0;       0¿ *¿ 1.

If /is in CR, then ||/||, read norm of/, is defined as |/(0)| +T01(f). The space

BV is a subspace of C72 defined by BV = (CR)-E[\\f\\ < oo ] and the subspace

RBV is defined by RBV = (BV) E [fis real].
Totally distinct from these spaces and used merely for convenience is the

space CC defined as the space of continuous functions on the finite complex

plane to the finite complex plane.

In concluding this section we lay down the following definitions.

Definition 2.1. If / is a point in CR and </> is a function whose domain in-

cludes the range of / and whose range is included in the set of finite complex

numbers (finite complex plane), then p'.f is defined to be that point G in CR

for which G(t)=p {/(/)}, 0 g / g 1.
Definition 2.2. If F is a real point in CR and « is a function on a part

of two-space to one-space and if u(t, Y(t)) is defined for / on [0, 1], then by

(u| F) is meant the real point ^ in CR such that ^(0 = u(t, Y(t)), O^t^l.

Definition 2.3. Convergence in variation. By/„ — v—+/0, read/„ converges

in variation to/o, is meant this:/n is in BV for ra = 0, 1, 2, - • • ;/»(0—t/o(0

for/on[0,l];||/„H|/„||.
Definition 2.4. Uniform convergence in variation. By/n — uv—>f0 is meant

this:/„—v—*/o with/n(0—>/o(0 uniformly for ton [0,1].

Definition 2.5. Convergence in length. By Yn—l—*Yo is meant this: Fn is

inic5Fforra = 0, 1, 2, • • • ; (7+íF„)-i>->(7+íF0).

Definition 2.6. Uniform convergence in length. By Y„ — ul^>Y is meant

this: Fn-7->F0; Fn(/)->To(0 uniformly for / on [0, 1].

Definition 2.7. Strong convergence. By/n—s—>fo is meant this:/„ is in

BViorn = 0, 1, 2, ■■■ ; ||/„-/o|Ho.
Definition 2.8. If a is a point in rai-space with a = (au a2, • • ■ , «„,)

and ß a point in «2-space with ß = ißi, ß2, ■ ■ ■ , ß„,), then a o ß is the point

(«i, a2, ■ ■ ■ , an„ ßi, ß2, ■ ■ ■ , ß„i) in (rai+w2)-space.

3. Preliminary results. In this section certain preliminary results will be

actually proved while others which are quite simple or well known will simply

be stated both for completeness and for use later.

From the definition of total variation it is clear that if a^c^b with /

defined on [a, b], then Tahif) = Ta<!ij) + Tchif). Another corollary is the fol-
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lowing semi-continuity property: the relation/„(0^/o(0 Ior Ion [a> °] implies

lim mín^x,Tab(fn)^Tc¡'ifo). It is likewise easily verified that the relation

fn—v-^fo with/o continuous implies/« — uv—>fo (see AC, Theorem 2 and corol-

lary to Theorem 4).

Of considerable use is the following

Lemma 3.1. The relations fn—v^>fo and f„—uv^>f0 imply respectively the

relations^ Sn(i)^>Sa(t) for t on [0,1]; Sn(t)—*So(t), uniformly for t on [0, l]

where 5„(0 = 7Y(/„) for ton [0, 1 ].

Several properties of the norm in CR are now set forth in the following

lemma.

Lemma 3.2. Iff and g are in CR and a is a complex number, then

ii/+sii = ii/ii + y, ikii = i«Hi/ii> iwi = ii/ii-y.
The first two relations are quite simple. We sketch a proof of the last

which is seen to reduce to proving

/   N \    /   N \ tr

(   XIo»-   a--l | )•(   2 I °n  —   bn-1 | )   S.S I a"b" ~  «n-lín-1 | ,
\ n-0 /    \ n-0 / "n-0

where an and bn are complex numbers (n = 0, 1, • ■ -, TV) and | a_i | +1 b-i \ = 0 •

Suppose the above relation, which is obviously true if TV is replaced by 0, to

be true for N replaced by an integer k with 0 ¿ k < N. Then it follows that

( | a*+i — a* | + X) I a* — a"-i | ) ■ ( | bk+i — bk\ + YL\ bn — bn-i \ )
\ n-0 /    \ n-0 /

k

= | ai+i — a* | • I bk+i — bk \ + \ ak+i — ak\ • ¿2 | b„ — 6n-i |
n—0

+ |   bk+1   —   bk | • X I  an  —   a"-l |   + (    Z) I  a"  —   «"-I I ) ■ (    2Z |  bn   —   bn-1 | )
n=0 \ n-0 /    \ n—0 /

^ | (a*+i — ak)(bk+i — bk) + (au+i — ak)bk + (bk+i — bk)ak \

k k+l

+ ¿2 I a„6„ — a„_i6„_i | = ¿2 I anbn — an_iô„_i |.
n=0 n—0

This induction completes the proof.

The following two lemmas are particular cases of Minkowski's inequality.

t AC, corollaries to Theorems 2 and 5. The proof given there holds equally well for the functions

considered here.
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Lemma 3.3. If0^a,^bj (forj = l, 2, ■ ■ ■ , k), then

k r /     k \2 /     k \ü-|l/2S<"-"'),n *[(£")-(g")] •

Lemma 3.4. If X and Y are summable on [a, b], then

f{\ X(t) | + | F(/)'| }dt ̂  j\{ X(t)]2+ {Yit)\*)"*dt

= {(jb\ zw I dtJ+ ( /1 no I <fc)2}1/2-

Lemma 3.5. If X is a function defined on [a, b], then X' is measurable on

[a, b].

This is a corollary of a theorem found in Saks, Théorie de l'Intégrale

(Chapter 3, p. 47, Theorem 1).

Lemma 3.6. Let [a, b] be the domain of the function X and denote

£[|X'(/)| >0] by P. If D is a set of measure 0, then the set P-E[Xit)zD]

is likewise of measure 0.

Let Q = E[Xit)tD] and suppose \PQ\ >0. Define Pi = E[X'it) >0]. There

is no loss of generality in assuming | PiQ\ >0. Pi being measurable, it is easily

established that there exist positive numbers tt, e2, and a closed set C such

that
. ill      Xih) - Xiti)

CcPi,     |Pi-C| <|PiQ|,    -^-— èii
t2 — /i

if titC, htC, and 0 < | /2 — h \ < e2. Thus | CQ \ > 0, so that there exists an inter-

val [a0, bo] of length <«2 for which |CQ[a0, b0]\ >0. Defining C* = C- [a0, b0]

and Q* = C* • Q we observe | Q* \ > 0 and C* is closed, so that if Xx is defined

on C* so as to coincide with X and defined on the remainder of [aa, b0], which

is made up of a set of non-overlapping intervals, by linear interpolation then

it appears thatXx is continuous and increasing on [a0, bo] with

\Xiit2) - Xih) | à *i| h - h\, («o ¿ tx, t2 ^ bo); Xxit) = Xit), ittC*).

The continuity of Xx follows from the existence of the derivative of X at all

points of C*. Let t be defined on the interval [Xiiai), Xxibo)] by the rela-

tion t{XxÍí)} =t iao^t^bi). Clearly t satisfies a Lipschitz condition on

[Xiiai), Xiibi)], and thus transforms the set D- [Xi(a0), Xxibi)] which is

of measure 0, into a set D* of measure 0. But

O* = C*Q = C*E[Xit)tD] = C*£[A'i(/)e7?] = C*D*.

Hence the contradiction \Q*\ =0.
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Corollary 3.1. Let [a, b] be the domain of X and let [a, ß] include its

range. If i/a and \p2 are finite-valued functions defined on [a, ß ] and equal p.p.

there, then for almost all t on [a, b], \pi{X(t) )X'(t)=\p2{X(t)}X'(t).

Theorem 3.1. Let [a, b] be the domain of the function X; let [a, ß] include

its range; let ^ be ax. on [a, ß] and denote ^f {X(t) ] by G(t) for t on [a, b].

If X has a derivative p.p. on [a, b], then

G'(t)-*'{X(t)}X'it)

for almost all ton [a,b].

Let it first be noted that the theorem does not answer the question as to

whether or not G is differentiate p.p.j We now proceed with the proof of the

theorem.

Let R = E[X'it) =0]. If \R\ =0 the next paragraph by itself furnishes a

proof. However, in case |2?| >0, it may be noted first that corresponding to

«(>0) there exist positive numbers M, ei and a closed subset C, of R, such

that |2v-C| <ewith | X(¿2) -XiQ | ^M|/2-/i| if txzC, ktC, and \k-ti\ <ex.
Likewise readily verified is the existence of a function Xx satisfying a Lip-

schitz condition on [a, b ] (the constant involved may be > M), and in addi-

tion fulfilling: Xi(0 =X(t) for ttC. Now Xi and X both transform C into a

measurable (closed) set C" with

| C | ¿  f \Xi(t)\dt =  f \ X'(t) \dt = 0.
J c J c

But "F being a.c. on [a, ß], transforms C into a set C" likewise of measure 0.

Hence G transforms C into C", a set of measure 0, so that G'(t) =0 for almost

all t in C; for supposing the contrary leads immediately to a contradiction of

Lemma 3.6. Hence, since e was arbitrary, we conclude G'(l)=0 for almost

all t in 2c. Thus G'(i) =*' {X(t)} X'it) for almost all t in R.

However, upon denoting E[\ X'it) | >0] by P, it is seen from Lemma 3.6

that

r     *{*«+*)} -*{*(0}      Jlfv(Mhm- = y'  X(t)
h^o        X(t + h) - X(t) ' '

t In fact, from the work of N. Bary, Mathematische Annalen, vol. 103 (1930), p. 611, a definite

answer to this question can be given. Let F be a continuous function nowhere differentiable on [O, 1 ].

There then exist functions &, Gi, G¡ and a.c. functions *i, *2, *3, <t>i, <¡n, <t>¡ such that

F(t) = Gi(t)+G,(t)+G3(t),   GM-*i{*M) 0'=l,2,3;0á<al).

Thus at least one of the functions Gx, Gi, Gz fails to have a derivative on a set of measure >0
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for almost all t in P. Hence G'(/) =*'{X(0 }X'(/) for almost all / on [a, b].f

Corollary 3.2. Let [a, b] be the domain of X whereon it is a.c. and let

[a, ß] include its range. If SF satisfies a Lipschitz condition on [a, ß] or if ty

is a.c. on [a, ß] with X monotone on [a, b], then the function G defined by

Git)=*[Xit)} ia^t^b), is a.c. on [a, b] with G'it) =*'{X(/)} X'it) for

almost all t on [a, b].

Corollary 3.3. Let [a, b] be the domain of X; let [a, ß] include its range;

let SF be a.c. on [at, ß]; and denote SF{X(/) } by Git) for t on [a, b]. If X has a

vanishing derivative p.p. on [a, b], then a necessary and sufficient condition that

G is a.c. on [a, b] is that SF is constant on the range of X.

Now combining Theorem 3.1 with Corollary 3.1 we obtain

Theorem 3.2. Let X be defined on [a, b] and differentiable p.p. there; let

[a, ß] include the range of X; letty be defined, finite-valued, and summable on

[a, ß] and denote f'\pis)ds by S^(x) for x on [a, ß]; finally let Git) =^{Xit)}

for ton [a, b]. Under these circumstances

/•X(l) çt
Pix)dx =   I    p[Xis)}X'is)ds ia^t^b)

X(a) da

if and only if Gis a.c. on [a, i]. J

Lemma 3.7. If fis defined on [a, b] then

TbaiJ)^f\f'it)\dt,

the sign of equality holding if f is a.c. on [a, b].

t A slight modification in proof establishes :

//* satisfies Lusin's condition N on [a, ß] (i.e., transforms sets of measure 0 into sets of measure 0)

and if X is continuous on [a, b] in addition to being differentiable p.p. there, then G'{t)—'<Si' {X(l)\ X'(t)

for almost all t on [a,b].

It may also be noted that a slight simplification in proof may be achieved by use of a theorem

of N. Bary, loc. cit., p. 190.

t This theorem is a generalization of results previously obtained by de la Vallée Poussin, these

Transactions, vol. 16 (1915), p. 466, and by Fichtenholz, Bulletin de l'Académie Royale de Belgique,

Classe des Sciences, ser. 5, vol. 8 (1922), p. 441. In the notation of the present theorem it was shown

by de la Vallée Poussin that absolute continuity of X implies the equivalence of the following three

statements:

0) ft"#(*Vfa-/.V{X(s)}X'(s)ds;
(ii) G is a.c;

(iii) fÍí{X(s)\X'(s)ds exists.
On the other hand Fichtenholz showed that absolute continuity of C together with monotonicity and

continuity of X implies (i).
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Lemma 3.8. Let a be monotone and continuous on [a, b]. If f is defined on

\o(d), o-(b)], then

Tlaf{«it)}=\T'™if)\-

Lemma 3.9. If f is a.c. on [a, b] with fit) =ß iconstant) for almost all t on

[a, b], then

f  | fit) - AS"' | dt i£ (u2ô2 - | A \2)x'2 + 2(uS - | A |),
•7 a

where 8 = b — a and A =f(b) —fa).

The lemma is clearly true in case A = 0. In the alternative case we define

F(0 = | A | iff) - /(a))A-i = £(t) + iv(t) (a£t£b).

Now (Lemma 3.4)

uS=  f"\f'(t)\dt=  f\F'(t)\dt=  f\{ï'(t)}2+ W(t)}2)x'2dt
•J a J a J a

-({/*'m 'dt}2+ {/ *' "'w ' *} y

^({/Wf+{/j,'(ouf)1/2

=(ki2- {j)r>,^\dt}y2

whence (u282- \ A\2) ^ {/o*| v'(t) |dt}2, so that from the relations

f   11 A | f'(t)A~x - f'(0 I dt =   f   \v'(t)\dt,

f   | Ç'(0 - u\dt =   f   {u - £(t))dt = ai - I A|,

/»6l IU - I A | S-1   a7 = tf - | A |,

follows the relation

f  | /(*) - Aö-i \dt=  pi | a | /'(0A-' - | A | S-
•/  n •/  „

<i<

á (m252 - | A|2)1'2 + 2(y.b - | A | ).
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Theorem 3.3. Iffn is an a.c. function in BV with \fi (/) | =pnfor almost all

t on [0, l] (ra = 0, 1, 2, ■ • • ), then the relation/„—î>—>/o implies \\f„— /0||—>0.

From

*.-   f  \fi(t)\dt= To(fn)
J 0

(ra = 0, 1, 2, • • . )

we conclude p„-^po- Let e be any positive number. There exists a partition

(0 = to<tx<ti< ■ ■ ■ <tk = l) suchthatO^juo^i-il/»^)-/"^-1)! <e- Lu-

ting AB,y =/„(/,) -fnitj-i) and 8, = /,— /,_i, (ra = 0, 1, 2, ■ ■ • ;j = l, 2, ■ ■ ■ , k),

we have the obvious relation

k       * tj k

£ I       lA^-Sf1- Ao.^r1!^ = ZlAn.í- Ao.il (ra = 0, 1, 2, •••).
/=i » tj-i ,-i

Use of Lemma 3.9 and Lemma 3.3 yields (for ra = 0, 1, 2, • • • )

¿    f''    |/n'(0   -A..,!,"1!*  =   E (*W   -  | A„, ,•!')>'*
i-l J tj-l j-1

+ Z2(Mn0í-|AB,,l) áJST»,
J-l

where

2\   l/2

Kn=    |Mn2    -   (Z|A„,í|)|I2+2|íln-   E | A.., | j" .

Combining these last two relations with the relation obtained by setting ra = 0

in the last relation we conclude

V\fi it) - h (o \dt = ¿ f *' I fi (o - n (o I dt
Jo i-lJ tj-,

k

^ Kn + Ko+ ElAn.i- Ao.,-1 (ra = 0, 1, 2, ■ •• ).

Hence

lim sup   f | /„' (/) - fi it) | dt
n—»oo       J o

^ 2*o = 2J(mo-ZI Ao.y|Vmo+ ¿|Ao,,|j|     +4U- ¿|AM|j

á2(f2Mo)l/í + 4€,

the theorem following from the arbitrariness of «.

4. Transforms of sequences in BV. We prove the following lemma.
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Lemma 4.1. If {Xn} is a sequence of functions in RBV satisfying the condi-

tion

| Xn(t2) - Xn(h) | á M [h - h\ (0 fg h, h g 1; n = 0, 1, 2, • • • ),

and if ^ is a real function which satisfies a Lipschitz condition on every finite

interval, then the relation \\Xn—X0|| —>0 implies the relation U^Xn —1F:.X'q||—»0.

Let [a, b]be such that Xn(0 is in [a, b] for O^/^l; »=0, 1, 2, • • • . Let

M,(>0)dominate^'(x)foraáx^o;letPn=F;[Xn'(0>0],2?» = 2í;[Xn'(0 = 0],

7V„ =E [Xn' (t) <0] for n = 0, 1, 2, • • • and denote by P* 2c*, TV* those points

on [0, 1 ] at which the metric density of F0, Ro, TVo respectively is 1 ; let {\pp}

be a sequence of functions continuous on [a, b] and dominated there by Mi,

such that fHp(x)dx—>0, where Hp(x) = ^'(x) — ipPix) | for x on [a, b]. Since

^ : Xn satisfies a Lipschitz condition, it becomes clear in the light of Corollary

3.2 that the truth of the theorem is equivalent to showing Fn(t)—»0 for t on

[0, 1], where F„ is defined by

F„(0 =  f | *' {Xnis)} X„' is) - *' {Xois) ] X0' is) | ds.
Jo

To establish this relation we shall prove the following: If {F*} is any sub-

sequence of {Fn}, then a subsequence {G„} of {F*} exists such that G„(0—>0

for ton [0,1].

Since the sequence {Fn} is comprised of non-decreasing functions which

uniformly satisfy a Lipschitz condition, it appears as a corollary of Helly's

theorem that there exists a subsequence {G„} of {F*\ and a function Go

satisfying a Lipschitz condition such that G„(0—>-C7o(0 for t on [0, 1].

Now let to be any point of P* and denote [t0, s]by Qaior O^s^l. From

Theorem 3.2 follows the relation

I    f 1 *' { Xn(0 } X„' it)  - *p { Xn«) } X„' (0 | A I   =  I    f   ff, { X„(0 }   | X„' (/) | dt
\ *J t V   /

= I f 77p {X„(/)} X„' (0*   + 2 f     23, {X„(0} | X„' it) \ dt
I J i„ 1-7 <j,jv„

^   f H,(x)dx + 4A/W | Q.Nn I
J a

?£   f Hvix)dx + 4MiM{ | Q.P0Nn \ + \ Q,iNo + Ro)\)
J a

(n = 0,1,2, ■■■ ;p = 1,2, 3, ••• ;0gs^ 1).
Thus
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f | PP {Xoit)} Xi it) - *' {Xoit)} Xi it) | dt I

g  f 7Jp(x)dx + MiM | Q.iNo + Ri) \
d a

for p = l, 2, 3,- ■ ; O^s^l; furthermore, since Xi converges in measure to

Xi, it may easily be seen that | QSP0N„ \ —>0 as ra—» °o and hence that

lim sup I f *| *' {X„it)} Xi it) - pp {X„it)} Xi it) | dt

^ J   77„(x)dx + 417iil71 Q,iN0 + Ri) |

for p = l, 2, 3, ■ ■ ■ ; O^s^l. By combining these two relations with the ob-

vious relation

lim sup I f '| pp {X„it)} Xi it) - pp {Xoit)} Xi it) | dt
H->«        | J t.

= 0

we obtain

lim sup | F„is) - Fniti)

(í-l,2,3,...;0á*Sl),

= lim sup I f * *' {X„it)} Xi (/)-*{ X¿ it) ] Xi it) dt
n->»      I J |0

g 2 I   HPix)dx + 8M1M |Q,(7Vo + £0) |    (f - 1, 2, 3, • • • ; 0 ¡S * £ 1)

so that upon letting p—>oo we conclude

| Go(s) - Goik) | = lim | Gnis) - G„(/0) |

^ lim sup | Fnis) - Fnih) I ^ 8M1M | Q,(iVo + Ri) |
n—»w

for 5 on [0, 1 ]. Thus, since Z0 is a point at which the metric density of P0 is 1,

| Q.iNo + Tí») |
lim-j-j- = 0
s-><o |   S   —  /o |

which implies Gi (/o) =0.

If t0 is a point of N*, a similar proof establishes Gi (/0) =0; if /0eP*, then

the relation Gi (/0) = 0 is a consequence of the easily proved inequality

lim sup | Fnis) - Fnito) | ^ 2MiM | Q.iNo + Pi) |    (0 Ú s ^ 1).
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Thus G»' (0 =0 for almost all ton [0, 1 ], and hence G0(0 =0 for / on [0, 1 ].

This completes the proof.

The following is now readily established.

Lemma 4.2. If {X„} is a sequence of monotone functions in RBV satisfying

the condition

\Xnit2) - Xniti) | £ M| h - h\        (0 á h, h á l;» - o, l, 2, • • • ),

and if ^ is a real function which is a.c. on every finite interval, then the relation

||Xn-Zo|HO implies ||*:X.-*:X,||->0.

To show this, approximate SF' in the mean with bounded measurable func-

tions and apply Lemma 4.1 and Theorem 3.2. It is of some interest to note

that some of the functions which comprise [Xn] may be increasing while

others are decreasing.

Definition 4.1. Let « be a function on two-space to one-space. If there

is a function A on one-space to rai-space, a function B on one-space to n2-

space, and a function U on (»i+ra2) -space to one-space such that

(i) A(x) = (Ai(x), A2(x), ■ ■ ■ rAn,(x)), B(y) = (Bi(y), B2(y), ■■■, Bn,(y))

(-co <x, y<oo);

(ii) all first partial derivatives of U(ai, a2, ■ ■ • , a„„ ßi, ß2, ■ ■ ■ , ßn,) with

respect to these arguments are continuous functions on (rai+w2)-space;

(iii) u(x,y) = U(A(x)oB(y)) = U(Aiix), ■ ■ ■ , An,(x),Bi(y), ■ ■ ■ ,Bn,(y))

for — oo <x, y<oo ;

(iv) on every finite interval either

A and B are a.c, or

A satisfies a Lipschitzf condition and B is a.c, or

A is a.c. and B satisfies a Lipschitz condition, or

A and B satisfy a Lipschitz condition ;

then u is said to be respectively either Í? or fii or $2 or $i2.

Definition 4.2. Let p he a function in CC with pix+iy) = u(x, y) +iv(x, y)

for — oo <x, y < oo ; let/ be a point in BV with f=X+iY. If the functions

u and v are Ä with X and Y monotone, or $i with F monotone, or Ë2 with X

monotone, or $i2, then p is said to be applicable to/.

Definition 4.3. Let F be a point in RBV and let u be Ä. If F is monotone

or if u is S2, then u is said to be applicable (R) to F.

Definition 4.4. If p is applicable to/and if

| p:f(t ±) - p:f(t) | = tLo[P[ (1 - X)/(0 + A/(Z ±)} ]      (0 ̂  / ^ 1),

then p is strictly applicable to /.

f Throughout the paper we shall consider definitions which involve purely metric properties of

a function on [a, 6] to one-space to be generalized in the customary manner to functions on [a, b]

to «-space.
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Definition 4.5. If u is applicable (2?) to F and if for each t on [0, l]

it is true that u{t, (1— X)F(0+XF(¿ + )} is monotone in X for t on [0, 1],

then u is said to be strictly applicable (2?) to F.

Definitions 4.2 and 4.4 are formulated to facilitate the discussion Of the

following problem : Suppose /„ = (X„+¿F„)—d—>(X0+¿Fo) =/o and suppose 0

in CC with <f>ix+iy) =u(x, y) +iv(x, y) for — oo <x, y < oo. What conditions

on <j> will imply 4>:f„ — v—xf>:fo? This is equivalent to asking what condition

on <p will imply

T\^o[u{Xnit),  F„(0}   +  iv{Xnit), Yn(t)}]

-> 7\_o[M{X0(0, Fo(/)} + iv{Xoit), Yo(t)} ].

Definitions 4.3 and 4.5 will be used in connection with convergence in length.

Lemma 4.3. Let a and g be in CR with a real and non-decreasing and <r(0) = 0,

o(l)=l.If'f=g:owith f(t±)=g{a(t±)} for ton [0, 1], then

\k\\ = 11/11+ r„ (A),
where

A(t) = 288n '"-"{Tl^ig) - | f(t) -ft-) | - | ft +) - ft) 1}     (0 S t á 1).

Let/o and o-0 be defined on [ — 2, 2] as follows:

foil) = ft), oo(t)=c(t) (O^t^l),

fo(t)=fl), <ro(0=o-(l) (Kt^2),

fit) = /(0), o-o(0 = <r(0) (- 2 £ t < 0),
and let

Ao(0 = 2"1 {iCjiïîd) - | /o(0 - foil -) | - | /o« +) - /o(0 |} (- 2 è tú 2).

The truth of the lemma is clearly equivalent to showing

Tlig) = r!2(/o) + rl2(A0).

To do this let S= i0 = s0<si<s2< ■ ■ ■ <sk = 1) be any partition of [0, 1 ] and

let H is', s") be defined for 0ús'ús"úí by

His',s") = ilgip) -g(pi-i)\,
i-l

where po = s', pq = s", and q is one more than the number of points of 5 on

2£[s'<i <j"] and pi<p2< ■ ■ ■ <pq~i are these points (if any). Consider the

set

E = E[H(0, croit)) Ú rU(fo) + rl,(A0)]
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and denote by E' the set of those points which are left-hand limit pointsf

of E. Noting that — ItE' let P = sup E' and suppose P<2 in an attempt to

show that P — 2. Since PtE' there is a point Pi ( > — 2) of E which is less than

Pbut sufficiently close toPso that £[o-0(Pi) <i<o-0(P — )] contains no point

of S. It is likewise clear that there exists a point P2 (>P and <2) such that

E[o"o(P+) <s <oo(Pi) ] contains no point of 5. Now PicE implies

(1) 77(0, o-o(Pi)) ̂  T-Hfo) + T-2iAo)

and from the fact that A0 vanishes everywhere on [ — 2, 2] except for a de-

numerable set it follows that

Tllr-Ág) - | foiP) - MP -) | - | MP +) - MP) | è 7\(A0) (P < R < P2)

which implies

77(«r„(P -), aoiP +)) = T°S+-]ig)

^ I MP) - /o(P -) | + | /o(P +) - /o(P) | + 7p,(Ao)     (P < R < P2).

Furthermore the fact that £[o-0(Pi) <5<o-o(P-)]+£[o-0(P+) <i<<r0(P2)|

contains no point of S combines with the hypothesis of the lemma to yield

77(o-o(Pi), o-o(P -)) + 77(o-0(P +), o-oiR))

= I MP -) - MPi) | + | MR) - MP +) |     iP <R<P2),

so that upon adding (1), (2), and (3) we obtain, for P<R<P2,

77(0, o-o(Tv)) S 77(0, aoiPx)) + 77(o-0(Pi), o-0(P -))

+ 77(o-o(P -), o-o(P +)) + '77(<ro(P +), o-0(7v))

g T-\ifi) + | /o(P -) - /o(Pi) | + | MP) - MP -) |

+ | MP +) - MP) | + | MR) - MP +) | + T^Í(Ao) + Tp,iAo)

g r!2(/0) + t!2(a„) .

This establishes P2 as a point of E' which is a contradiction proving 2 = sup E'

and hence that

¿ | gis,) - gisi-i) | = 77(0, 1) ^ TUfo) + 7l2(A„),
¿=i

which implies

Toig) = Tl2ifo) + rl2(Ao)
since S was arbitrary.

t We define x0 as a left-hand limit point of E if every interval [x, x<¡], where x<x0, contains

a point of £ as an inner point.
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Now let ti, t2, t3, ■ ■ ■ be a denumerable set of points on [0, 1 ] which in-

clude all points of discontinuity of A0 and define An(0 =AO(0 for/ = ti,tt, • • • ,tn

and A„(0 = 0 for all other ton [-2,2]. Clearly A„(0->Ao(0 for all t on [ - 2, 2 ]

and inasmuch as

iVÏÏfo) ̂ TÏ'ifo) i-2^t'^t"ú2),
it follows by induction that

Tlllnig) è Tr'ifo) + TÍ'(A„)

for t'^t" with t' and t" both in the set obtained by deleting the points

k, k, h, ■ ■ ■  from [ — 2, 2]. This of course implies

Toig) 1 TÍtifo) + F_22(A„)

whence, by semi-continuity

T](g) ̂  TÍt(ft) + rls(A0)

and the proof of the lemma is complete.

Lemma 4.4. Letf=X+iY be in BV and denote To1 (J) by u. Let a be a non-

decreasing function in RBV such that cr(0) =0, a(l) = 1 and ¡xcrit) = T0'if) for t

on [0, 1]. There exists a function g in BV having the following properties:

(i)   f=g:<r with 11/11 -y;

(ii)    | gis2) — gisi) \ ^ ¡i I s2 — si |, (0s=Si, s2-¿ 1), the sign of equality holding

if <rit-)gst, Stgerit) or <r(0áíi, 52á«r(í+), where Ogígl;

(iii)   if <t> is any function in CC which is applicable to g, then

U-iW = lk-/ll + ToW,
where

A(0 = 2«° •<*-» |tÍ_0[*{X/(< -) + (1 - X)/(0 } ] - | f.ft) - f-ft - 1) |

+ 7Í_o[0{x/(0 + (l-A)/(¿+)}]- |*:/«+)-*:/(0|}   (0£t£l).

Define g = ^+it\ as follows. Let s0 be any point on [0, 1] and let

io = inf E [o-(0 ^5o]- Now a(to—) ÚSoúo(to+) and we define

g(*o) = fto)     if    So = <r(to) ;

fto-){*ito) - so} +fto){s0- o-ito-)}
g(s0) = -—-     if   <r(to -) á so < cr(t0) ;

<r(to) — c(to —)

.   v fto){<r(to+)-s} +f(to+){so-a(t0)}
g(so) =-—-—-   if   <r(/o) < sou <r(to +) .

<r(t0 +) - aik)
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As a consequence of

(1) I fit") - fit') | á M | *it") - «r(0 | (0 g /', /" g 1),

it is easily verified that g {(rit)} =/(/) and g{<r(/±)} =/(/±) for ton [0, 1].

Combining these last two relations with the definition of g and the relation

I fit +) - M I = M | <r(t ±) - a(t) | (0 g / g 1),

we obtain

(2) | g(si) - g(si) | = p'\ s2 - sx |

if o-(i-) gii, s2go-(0 or o-(Z) g*i, s2go-(/+), where 0g/g 1. Hence

Ata) = M | o-it) -a(t-)\+p\ ait +) - ait) \

= I fit) - fit -) | + | /(* +) - fit) | (0 g / g 1)

while, on the other hand, from Lemma 3.8 it follows that

A(/) = 2™ '^[TlïUp-.g) - | p:f(t) - p:f(t -) |

+ T'MViP-g) - | P:f(t +) - p:f(t) | ]

= ̂ '"^[Tltlip-.g) - | *:/(0 - *:/(* -) | - | *:/(i +) - p:f(t) \ ]•

Viewing the last two relations in the light of Lemma 4.3 establishes ||g|| =||/||

and ||0:g|| =||0:/||+7Y (A). It also follows that monotonicity of X or F

implies monotonicity of £ or r¡ respectively so that from Definition 4.2 we

conclude p is applicable to g.

To complete the proof of (ii) let */ g s2 be any two numbers on [0, 1 ]

and let U ='mi $[<r(t)£s{ ] and ti =sup £[<r(0 gss']. Now tí g/2'. If ti =ti

then <r(/i' —) gii' gi2 go-(/i' +), so that the relation (2) implies the inequality

\g(si)~g(si)\ ^p\si-s{\. However, if ti <ti then

a(ti-) g S/  g <r(/i'+) g a(ti-) g si  g cr(/2'+),

so that (1) and (2) yield

\g(si)-gisi)\ gU{o-(/i'+)}  -gisi)\+\g[aili-)} -g{ait{+)}\

+ \g(si)~ g[a(ti-)}\

g p[a(ti +)-s{} +\ fiti -) - fit! +)\+p[si - aiti -)}

^p[aiti+) -si] +p[aiti-) -o-(/i'+)|

+ p[si -aiti-)} = pisi -si).

The truth of (ii) is now apparent and the proof of the lemma is complete.
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We introduce here the notion of pseudo-absolute continuity.

Definition 4.6. A function / defined on [a, b] is said to be pseudo-

absolutely continuous there if corresponding to every e(>0) there exists a

5(>0) and a finite point set E such that if { [an, bn]\ is any denumerable set

of non-overlapping intervals on [a, b] with E■ 231-1 ta"> &„] empty and

Zli\bn-an\<b, then 231-1 \f(b«) -/(«») I <«•
We observe that a pseudo-a.c function is of b.v. and is expressible as

the sum of an a.c. function and a singular function of the saltus type (see

Definition 6.2 below).

Lemma 4.5. If f is a pseudo-absolutely continuous point in BV and if p is

any function in CC which is applicable to f, then p:g is a pseudo-absolutely

continuous point in B V.

There is no loss in generality in assuming p to be real valued.

Let X+iY=f. From Definitions 4.1 and 4.2 there exist functions A and B

on one-space to «i- and ra2-spaces respectively which are a.c. on every finite

interval and a function U on ra3-space (ra3 = ra!+ra2) to one-space, all of whose

first partial derivatives are continuous, such that

P(x+ iy) = U[Aix) oBiy)}        (- oo  < x, y < oo)

with A satisfying a Lipschitz condition on every finite interval if X is not

monotone and B satisfying a Lipschitz condition on every finite interval if F

is not monotone. Let

C(t) =A{x(t)}oB{Y(t)} (Og/gl).

Readily seen is the pseudo-absolute continuity! of C. Let 5 be a sphere in

ra3-space which includes the range of C. Now U satisfies a Lipschitz condition

on S; i.e., there exists a constant A7(>0) such that if y and y' are any two

points of S, then

| ¡7(7') — Uiy) I g A7{ Euclidean distance between 7 and 7'},

so that, since </>:/(/) = £7{C(0 } for ton [0, 1 ], the pseudo-absolute continuity

of p :f becomes apparent.

Since a continuous pseudo-absolutely continuous function is a.c. we have

Corollary 4.1. If f is an a.c. point in BV and if p is any function in CC

which is applicable tof, then p:g is an a.c. point in BV.

Lemma 4.6. If {gn} is a sequence of points in B V satisfying the relation

I gnih) - gnih) I g M i t, - h | (0 g tx, t2 g 1; ra = 0, 1, 2, • ■ • ).

t See footnote on page 59.
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and if <¡> is any function in CC which is applicable to g„ for n = 0, 1, 2, ■ • ■ ,

then the relation \\gn—go||—>0 implies ||</>:g„—0:go||—»0.

There is no loss in generality in assuming r/> real valued. Let {gn,x} be any

subsequence of {gn} wherein go.x=go- To prove ||0:gn—</>:go||—>0 it is merely

necessary to establish the existence of a sequence {gn,2} which is a subse-

quence of {gn.i}, such that ||$:gn,2—<¿>»go||—>0. First we note that of the

sequence {gn,i} there exists a subsequence {gn,2} wherein go,2=go and

X„+iYn=gn.2 for n = 0, 1, 2, • ■ • , which enjoys one of the following four

properties:

(i) Xi and Yx are both not monotone ;

(ii) X„ is monotone (n = 0, 1, 2, • • • ) and Fi is not;

(iii) X„ and F„ are monotone (n = 0, 1, 2, ■ ■ ■);

(iv) Xi is not monotone and F„ is monotone (w = 0, 1, 2, • • • ).

Now since (j> is applicable to {gi,2}, there exist functions A and B on one-

space to nx- and «¡¡-spaces respectively and a real function U defined on

«3-space (n3 = ni+n2), all of whose first partial derivatives are continuous,

such that

4>(x+ iy) = U{A(x) oB(y)}        (- =o < x, y < oo)

and such that C„ defined by C„(0 = A {X„(0 } o B { Yn(t)} (0 g t ̂  1) , is an a.c-

function on [0, l] to w3-space not only for w = l, but for n=0, 1, 2, • • • .

Thus upon defining

(C„,i(/), Cn.2(t), ■■■ , Cn.n,(t)) = Cn(t) and Hn(t) = U{Cn(t)}

(0á*gl,*-0,l,2,-..),

we conclude 27„ is an a.c. point in RBV with 27„=0:g„l2 for n = 0, 1, 2, • ■ • .

Also follows the existence of continuous functions 27i, D2, ■ • ■ , Dn, on n3-

space to one-space such that (for n = 0, 1, 2, • • • )

nä

#n'(0 = Z Dp{Cn(t)}Cn.P(t) (almost all t on [0, l]).
p=i

Since go is continuous, we conclude (Xn+iYn)— uv-+(X0+iYo) and hence

Cn(t)—*Co(t) uniformly for t on [0, l], so that

lim Dp[Cnit)} = Dp{Coit)} ip = 1, 2, ■ ■ ■ , n3)
n—»oo

uniformly for ¿on [0, 1 ]. Combining this with the relation

lim   J   | C'n.S) - Co.p(t) | dt = 0    (p = 1, 2, • • ■ ,«,),
rt-*oo    •/ 0
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which is a corollary of Lemma 4.1 and Lemma 4.2, yields

T»1 (77B - 77o) =  f \ Hi it) - Hi it) | dt -* 0.
J o

Hence, since 77„(0)—>770(0), we conclude ||</>:gn,2—<£:go[|—>0. This completes

the proof.

With this background we now turn to the proofs of the following two

theorems.

Theorem 4.1. If p is applicable tofnfor ra = 0, 1, 2, • ■ • and in addition if p

is strictly applicable tofo, then the relation fn — v^>fo implies

p:fn — v—>p:fo.

Theorem 4.2. If p is applicable tofnfor ra = 0, 1, 2, • • • , then the relation

fn — uv—*fo implies

p:f„ — «a—></>:/o.

~Letpn = To1ifn), (ra = 0, 1,2, ■• ■ ). From Lemma 4.4 we conclude the exist-

ence (for ra = 0, 1, 2, • ■ • ) of functions gn and <r„ in CR having the following

properties :

(i) a„ is a non-decreasing function with <r„(0)=0, o-n(l) = l and pnan(t)

= r0i(/„)for0g/gl;

(Ü)   fn=gn-On With  ||/„||= ||g„|| J

(iii)  |gn(s2)-gn(si)| gM»|*2-si|, (Ogii, s2gl), the sign of equality hold-

ing if o-„(/ — )gsi, s2go-„(0 or o-B(0gsi, i2go-„(/+), where OgZgl;

(iv) <p is applicable to gn and

ll*:«-|| =ll*:/-|| + ^(Aj,
where

A„(0 = 2^ '«-»UÍ-olpfrMt -) + (1 - \)f»(t)}] - | p:fn(t) - p:fn(t -) |

+  TLo[p[\fn(t)  +  (1   -  \)fn(t +)}]-| P:fnit +)   -  P:fnit) ||

(0 g t g 1).

We divide the remainder of the proof of Theorems 4.1 and 4.2 into three

parts.

Part I. p:gn is a.c. for each ra = 0, 1, 2, • • •  and ||0:g„—0:go||—»0.

From (i) and Lemma 3.1 follows the relation, pno-„it)—>/¿0o"o(0 Ior t on

[0, 1 ] so that

I gnWnit))   -  gn(o-oW) |   g  | M»<T«(fl   ~  M»^/) |  -» 0



1937] CONVERGENCE IN VARIATION 67

since Mn-^Mo- From (ii) follows the relation g„ {<rn(0 } —>go {co(0 } for / on [0, 1 ],

so that upon combining the above relations we conclude

*.{to(0}->*o{.to(0} (Oá<ál).

Now let So be any point on [0, 1 ] and note that there exists a point to

on [0, 1] for which o-0(/o —) ^So^o-0(io+), so that either ío=o-0(ío), or

(Toito — ) ^So<o-oito), or o-o(Zo) <Soficroito+)- If $0 = 0-0(20) then follows immedi-

ately the conclusion gn(so)—»goC^o). Supposing now that o-0(/o — ) ^So<o-0(Zo),

let 0<Zi<¿2<¿3< • • • with /p—>/o and denote by P any limit point of the se-

quence {gn(so)}- AlsoleW =o-0(/o — ) andso" =croito),Pó =goisó),Po = goiso),

andPo"=gois0"). Thus

I gniSo)   —   gn{(To(tj)}   |   ^   Pn { S0  ~   ffoitp) } ,

I gniso") - gn(so) I Ú un{s0" - s0}      (» - 0, 1, 2, • • • ; p - 1, 2, 3, • • • ).

Letting «—>oo and then p—>oo and then using (iii) establishes

\P- Pi | úno{so- si}  =\Po- Pi I

\Pi' - P\ú Mo{so" - so}  = I Po" -Po|»

Adding and using (iii) again yields

| Po" - Po' I  Ú I P - Po' I + I Po" - P\ Ú MoW - Si) = | Po" - Po' |

which implies equality in the last three relations which in turn implies P0 = P.

Thus gn(so)—>go(so) if o-0(/o —) ^So <oo(to). A similar proof of this relation holds

if o-0(¿o) <s0úo-o(to+), so that finally it is established that gn(s)-+go(s) for s

on [0, 1].

From   (iii)   we   conclude  gn  is  a.c.   with   |gn(s)| á¡u„,   for  O^sgl;

« = 0, 1,2, • • • . Hence (for» = 0, 1, 2, • • ■ )

/\ßn  ~\  gn(s)\     ds   =    j       {fin  —  \  gn (s) \   } ds  =   0,
o  I "7 o

so that un = |gñ (s) I for almost all s on [0, 1 ]. Applying Theorem 3.3 yields

||gn—go||—*0. Letting M(>0) be such that nn<M for « = 0, 1, 2, • • • we see

from (iii) that

I gn(s2) — gn(si) | Ú M | s2 — Si | (0 ^ Si, s2S l;n = 0,1,2, ■ ■ ■ ),

so that Lemma 4.6 and Corollary 4.1 complete the proof of Part I.

Part II. (Proof of Theorem 4.1.) Since <p is strictly applicable to/0 it is

apparent from (iv) that A0(0 =0, (O^tf^l), and hence

Ik-Snll ê ||*:/„|| («=-0,1,2,...),
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the equality holding if ra = 0. Thus p:fn is in BV for ra = 0, 1, 2, • • •  and fur-

ther, since p:fn(t)—*<p'.fo(t) for Z on [0,1], we have

0 = lim sup||<í>:g„ - p:go\\ è lim sup||tf>:g„|| - ||<í>:go||
n—* « n—* »

^ lim sup||</»:/„|| - ||*:/o|| è lim inf ||«:/n|| - ||*:/0|| ^ 0
n—»oo »—»«

by the semi-continuity property of total variation.

The proof of Part II is now complete.

Part III. (Proof of Theorem 4.2.) Since ||0.gB|| ^||0:/n|| we conclude as

before that p:f„ is a point of BV for each ra = 0, 1, 2, ■ • • . Since, however,

/„ — uv-+fo it becomes clear that in this case

fn(t +) ->/o(/ ±)    uniformly for * on [0, l],

which used in connection with Lemma 4.6 readily establishes

A„(Z)-+Ao(0 (Og/gl),

so that lim inf „„»TV (A„) — TV (A0) ̂ 0. Hence

0 = lim sup||<¿>:gn — p:go\\ ^ lim sup||0:g„|| — ||<¿>:go||
«-+ « n—* oo

^ lim sup||<i.:/„|| - ||<Z.:/o|| + lim inf t\(A„) - tI(A0)
n—»oo n—♦«

^ lim sup||tf>:/„|| - \\p:f0\\ è lim inf \\p:fn\\ - ||*./0|| 2: 0.
n—»oo n—»oo

Since p:fn(t)—*p:fo(t) uniformly for / on [0, 1], the proof of Part III is now

complete.

As a corollary we have

Corollary 4.2. If the function p is in CC with p(x+iy) =u(x, y) +iv(x, y)

for — oo < x, y < oo, where u, v have continuous first partial derivatives, then the

relation /„—z>—>/o with f o continuous implies

p:fn - v-*p:fo.

If the transformation is that of raising to a positive integer power, Theo-

rems 4.1 and 4.2 lead to

Corollary 4.3. Let kbea positive integer. Iffn—v^>fo and if corresponding

to each t on [0, 1 ] there is a ray through the origin (of the complex plane) on

which lie the points fo(t), fo(t+), andf0(t—), then

M-v^fo".

Corollary 4.4. Iffn — uv-*fo, thenfX — uv—>/0*.
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Before concluding this section the following remark seems in order. If <p

is in CC and satisfies a Lipschitz condition on every bounded set in the com-

plex plane, then ftBV implies <p:fzBV. Hence it is natural to inquire into the

truth of the following statement.

If ptCC and satisfies a Lipschitz condition on every finite set and if fn is

continuous, then the relation fn—v^>fo implies p:fn—v—xp:fo.

That the statement is not true is illustrated by the following example. Let

f„(t)=t+i/n for OgZgl; ra = l, 2, 3, • ■ • . Let f0(t)=t. It is clear that

/„—v—>/o. Define

sin ra47rx
«(*, y) = —:—

ra47r

/sin (ra — l)Vx      sin ra4irx1     .       (wn(n — 1) / 1 \)

+ I    (ra - 1)V raV    ) Sm2 I        2        V ~ ~~)) '

if 1/ragy<l/(ra —1), where ra^2;

sin xx
u(x, y) =-   if    y è 1;       m(x, y) = 0    if    y g 0;

and let <j>(x+iy) =u(x, y) for — oo <x, y < oo. Since the first partial deriva-

tives of u exist everywhere and are dominated by 3, it follows that p satisfies

a Lipschitz condition on the complex plane. But

lk:/"ll =   I   I cos «4tx| dx ^   I   cos2 n4TTxdx = \ (ra = 1, 2, 3, • • • )
•7 o »7 o

with ||0:/o|| =0 so that it is not true that p:fn—v-^p'.fo- As a rough appraisal

of the generality of Theorems 4.1 and 4.2 it is interesting to note that a func-

tion in CC may be applicable to/„ for ra = 0, 1, 2, without satisfying a Lip-

schitz condition on every bounded set in the complex plane.

5. Convergence in length. As our first application of preceding results we

have the following theorem, which is a result obtained in a different way in

AL.

Theorem 5.1. The relation Yn—l—+Yo implies F„ — p—>F0.

Let p(x+iy) =y, (— oo <x, y < oo). Now p is strictly applicable to I+iYn

for ra = 0, 1, 2, • • • and since (I+iYn) — v—>(I+iY0) we conclude that

p:(I+iYn) —v^Hp:(I+iYi). Hence the theorem is established.

Corollary 5.1. The relation F„ — m/~—>F0 implies Yn—uv—*Y0.

We introduce here the notion of a singular function.
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Definition 5.1. If / is of b.v. on [a, b] with f(t) =0 for almost all t on

[a, b] then/is said to be singular on [a, b].

A well known property of singular functions is this : Let / be a singular

function in BV and assume g an a.c. function in BV. Then

To(f+g) = T0(f) + Tl(g),

so that if either./(0) =0 or g(0) =0, it is clear that ||/+g|| =||/|| +||g||. We are

now prepared to prove the following

Theorem 5.2. 2/ Y0 is a singular function in RBV, then the relations

F„ — I—>F0 and F„ —1>—>F0 are equivalent.

Supposing Yn—k—>Fo we deduce the relation

||7 + ¿Fou g lim inf \\l + iF„|| ^ lim sup||7 + íT„|| ^ lim sup||F„|| + ||/||

-IWI + INI -Ml + II*F°II = Ik + ̂ oli,
which proves F„ —i—>F0.

Application of Theorem 5.1 completes the proof.

Theorem 5.3. If uis applicable (R) to Ynfor n = 0, 1, 2, • • • and in addi-

tion if u is strictly applicable (R) to Y0, then the relation Y„ — l—>Y0 implies

(u\Yn) -*-*(«|F0).

Define <b(x+iy) =x+iu(x, y) for — oo <x, y< oo. Now <¡> is applicable to

(I+iYn) for » = 0, 1, 2, ■.■. It is also strictly applicable to (I+iY0). Hence

0:(/+¿F„)-z,^:(/+¿Fo) or {l+i(u\Yn)}-v-*{l+i(u\Yo)}.

Theorem 5.4. 2/ X0 is a.c, then the relations X„ — I—>X0 and Yn — l^>Yo

imply the relations]

(Xn + Yn) - / -> (Xo + Fo) ,

X„F„-/.^X0F0.

Let'F be a.c. on£[— oo <x< oo ] with-i'(x) =X0(x) for x on [0, 1]. Define

Ui(x, y) =y—*Sr(x), u2(x, y) =y+1F(x); — oo <x, y<°o. Thus by Theorem 5.3

we have (ui\Xn)—l—*8, which implies (Theorem 5.2) that ||X„ —X0|j—»0 (see

§2 for definition of 6). Hence

||7 + i(Yn + Xn- Xo)\\ 5£ ||/ + »TJI + ||X„ - Xo|| -» ||7 + iYa\\,

whence, by using the semi-continuity property of total variation, we deduce

_ (F„ +  Xn  -   Xo)   -  I -»■ Fo.

t This is a generalization of Theorem 6 in AL.

If the assumption that Xo is a.c. is deleted the theorem ceases to be true. See AL, page 23.
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This gives, in view of Theorem 5.3,

[u2\iYn + Xn-Xi)]-l~^iu2\Yi)    or    iYn + Xn) - Z-> (F0 + Xi).

Now by Lemma 3.2 we have

||F, •  (X„-X0)|| g||Fn||  • ||X„-Xo||^0,

so that upon defining ra3(x, y) =yF(x), — oo <x, y < oo, it is seen by Theorem

5.3 that

(ra31 Yn) - I -* («. | F0)    or    X0Y„ - / -> X0F0

and since (Theorem 5.2)

iXnYn  -  XoYn)   -   [F,  •   (X„ - *o)]  " I ~* 9,

we conclude upon adding, 6 being a.c, that XnYn—1^>X0Y0.

Lemma 5.1. Let X be an a.c. point in the space RBV. The relation

icI+Y„)-v^id+Yo) for all real c implies iX+Y„)-v^>iX+Y0).

Let [a, b] he a subinterval of [0, 1]. From Lemma 3.1 it follows that

rlaici + C2t +   Ynit)) -» TtaiCl +  C2t +   Yoit))

for all real ci and c2, whence we conclude

iß+Yn) -v-±iß+ Yo),

where ß is any polygonal function in RBV.

Let [ßp} be a sequence of polygonal functions in RBV such that as />—>«>

ßp—l^>X. From Theorems 5.4 and 5.1 follow the relations \\ßp — X\\—>0 and

ißp+Yo)-v^iX+Y0) as p^oo. Hence

ll-X" + Fo|| g lim inf ||JK" + F„|| g lim sup \\X + F„||
n—► oo n—* °o

g lim sup||j3„ + F„|| + lim \\X - ßp\\
n—* « n—* «

= |i/3P+F0|| + H*-0,11 .-»||X+7o||    as    #-> »

and the lemma is proved.

Theorem 5.5. The relation] (c7+F„)[— v—>(c7+F0) for all real numbers c

and the relation Fn —Z—»F0 are equivalent.

Let ait) =/0'F0' is)ds and 0(0 = F0(0 -«(/) for / on [0, 1]. From the pre-

ceding lemma follows

t We are indebted to Professor E. J. McShane for raising the question as to whether the rela-

tion (cI+Yn)— v—>(cI+Y¡¡) for all real numbers c implies F„—I—»Fo.
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(Yn-a) -V-*ß.

Since ß is singular we deduce from Theorems 5.2 and 5.4 that

(Yn-a)-l^ß    and    F. - /-» (a + ß) - F0.

From Theorem 5.4 the converse follows immediately.

If Fo is a.c. then it appears, as a consequence of Theorems 5.1 and 5.4,

that the relation Yn—l—>Yo implies

f | YiiO- Yi(t)\dt->Q.
J 0

However, if F0 is not a.c, this conclusion need not be true. It is true, never-

theless, that F„' converges to Y i in a manner intermediate between con-

vergence in the mean and convergence in measure. To characterize this type

of convergence we introduce the following definitions which may have some

intrinsic interest.

Definition 5.2. If/„ is measurable on a set E for n = 1, 2, 3, ■ ■ ■ and if

corresponding to every « > 0 there exists a measurable set Ei c E of measure

> | E | — e such that

lim      f | fit) - fit) \dt = 0,
m,n—»oo    J g

then {/„} is said to be convergent almost in the mean on E.

Definition 5.3. If/„ is measurable on a set E for » = 0, 1, 2, • ■ • and if

corresponding to every «>0 there exists a measurable set Ei c E oí measure

> | E | — e such that

f |/-(0-/o(0|*-0,
Je,

then/„ is said to converge almost in the mean tofo on E.

If {/„} is convergent almost in the mean on E then it is easily seen that

there exists a function /0 defined on E such that /„ converges almost in the

mean to/o on E.

Definition 5.4. By/„—/¿—»/o is meant this:/„ is in CR for n = 0, 1, 2, • • •

and/„ converges almost in the mean to/0 on [0, 1 ].

Theorem 5.6. The relation Yn—l-+Yo implies and is implied by the two

relations Yn—v—*Y0 and F„' — /i—>F0'.

We have already seen (Theorem 5.1) that Yn—l^>Ya implies Y„ — v—>F0.

We now propose to show that Fn —(,—>F0 implies Fn' — u^-Yi.

Define
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ait) =   I    Yois)ds, 0(0 = Fo(Z) - ait) for / on [0, l],
•7 o

and let e be any positive number. The singularity of 0 implies, as is well

known, the existence for each m = l, 2, 3, ■ ■ ■  of non-overlapping intervals

[am,i, bm.i], [am,2, bm,2], ■ ■ ■ , [am,Nm, bm.Nm] contained in [0, 1] such that

23 2t:;03) <->        \Am\ >!--*-,
,=i m 2m

where Am=^j^l[am¡j, bm,,]. The absolute continuity of the function a

implies that (Yn — a) — I—>0 which in turn implies (Y„—a)— v—*ß. Letting

A=AiA2A3 ■ • ■ we conclude from Lemmas 3.1 and 3.7 that

lim sup   f | Y i it) - Y i it) I dt = lim sup   f | Y i it) - a'it) \ dt
n—* oo        J a «—* °°        ** A

/Nm       /» bm  ■

| Y i it) - a'(t) | dt = lim sup 23 I       I Yi (t) - a' it) | dt

g lim sup£ T'ZíiYn - a) = ¿ TbZ'(ß) <- (m = 1, 2, 3, • • • )
n-»oo     j=ï ,_1 m

which implies fA \ Yi it) - Yi it) \ dZ->0. Clearly \A\ > 1 - e so that from Defi-

nition 5.4 follows the relation Y i —p^>Yi.

Let us assume now that Fn—v—>F0 and F„' — p-^Yi. Define

anit) =   f Ynis)ds,   ßnit) = Fn(/) - «„(/)     for   0 g Z g 1 ; n = 0, 1, 2, • • •,
J 0

and let e>0. There exists a set Ec [0, 1 ] such that \E\ > 1 — e and

f | ai it) - «o' it)\dt=   f\ Yi it) - Yi it) \dt-^0.
Je Je

Denoting by E' the complement of E with respect to [0, 1 ] it is seen that^the

last relation combines with

f | ai it)\dt+   f \ ai it) | dt + Tlißn) -    Í\ai it) | dt
Je J e' Je

-   f \ai it) | dt - Toißo) = { TliYn) - ToiYo) } -> 0
J E'

to yield

|J  | ai it) I dt + Toißn) -  J I ai it) | dt - Toißo) j -> 0.
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Thus from the relation

pLo{/+ iYn(t)} - tLo{i+ iYoit)}

= T\._o{t + ianit)} + To(ßn) - T),o{t + iao(t)} - T0\ßo)

=   f\l + ia/(t)\dt +   f | 1 + «n' (0 | dt + Tl(ßn)
Je J e'

- f\l + iaiit)\dt-   f | 1 + ai it) | dt - Tlißo)
Je Je'

ú   f I «»' (0 - ai it)\dt+  f \ a/i it) I dt + Toißn)
J E JE'

- f \aiit)\dt- Po(0o) + 2|E'|,
J E'

which holds for n = l, 2, 3, ■ ■ ■  we conclude

0 g lim inf rU{¿ + iYnit)} - tLoU + iYo(t)}
n—♦»

glimsupPÎ-o{/+ iYnit)} - r!-o{¿+ iFo(0} £ 2| E'\ < 2e.
n—"*>

The arbitrariness of e completes the proof.

Corollary 5.2. The relation Y„—l^>Yo implies and is implied by the two

relations Y„ — v—>Y0 and F„' converges in measure to Y ó on [0, 1].

Convergence in measure implies almost convergence in the mean of a

subsequence.

An immediate consequence is

Theorem 5.7. Let X„—I—>X0 and F„ — /—>F0. Then a necessary and suffi-

cient condition for (X„+F„) — /—>(X0+F0) is that (X„+F„)— v—>(X0 + F0);

furthermore, a necessary and sufficient condition for X„F„—/—»X0F0 is that

XnYn-V^XoYo.

Theorem 5.8. Let F„ be in RBV with P„(0 and 7V„(0 denoting the positive

and negative variations of F„ on [0, 1], (n = 0, 1, 2, ■ • • ; Orit^l). Then the

relation F„—I—>F0 implies the relations P„—/,—»Po and N„—l—>No-

To prove this theorem verify first the relationsf Pn—v^>Po, Nn—v—>iV0,

and

§(P„ - 7V„) - Z -» i(P0 - TV«),        i(Pn + TV.) - / -* è(Po + No).

The desired conclusions are now immediate consequences of Theorem 5.7.

t AC, Theorem 1; AL, Corollary to Theorem 1.
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6. Uniform convergence in length. Theorem 4.2 combined with the meth-

ods used in proving Theorem 5.3 yields

Theorem 6.1. If u is applicable (R) to Y„ for ra = 0, 1, 2, • • ■ , then the

relation Fn —raZ—>F0 implies

(u\Yn)   -  «Z->(m|F0).

We now recall the concept of an elementary step-function and of a singu-

lar function of the saltus type.

Definition 6.1. A function/defined on [a, b] is said to be an elementary

step-function there if there exists a real number c on [a, b] and complex

numbers 71, y2, y3, such that

/(/) =71, if 0 g / < c; fie) = 72; /(/) = 73 if c < t g b.

Definition 6.2. A function/of b.v. on [a, b] is said to be a singular func-

tion of the saltus type on [a, b] if there exist elementary step-functions

/i,/2,/3, • • • defined on [a, b] such that
do 00

fit) = 23 Mt),    a g / g b;        TJJ) = 23 Tlifn).
n=l n=l

It is readily seen that a singular function of the saltus type is singular,

though we shall not make explicit use of this property. From the definition

of pseudo-absolute continuity it follows that if /is a pseudo-absolutely con-

tinuous function in BV, then there exists an a.c. function a in BV and a singu-

lar function 0 of the saltus type in BV such that/=a+0.

Lemma 6.1. 7/0 is an elementary step-function in BV, then the relation

/„ — uv—>/o implies the relation

ifn + ß) - uv -> (/o + ß).

There exist a real number c on [0, 1 ] and complex numbers 71, 72, y3,

such that 0(0 =7i if Og/<c, 0(c) =72, and 0(/)=73 if e</;Sl, so that as a

consequence of Lemma 3.1 it may be deduced that

TTifn + ß)   =   Tto[fnit)   + 7l}    =   TTifn) -> TTifo)

= TCZo[foit) + 11]  = Tlifo + ß),

I fn(c)   + 72  - f„iC -)   -  71 I   + I fnic +)   + 73  - fn(c)   ~  72 |

—> I Mc) + 72 - foic -) - 7i | + | foic +) + 7s - /o(c) - 72 | ,

Tl+ifn +ß)   =   Tt=c+[fnit)  + 73}    =   Tc+ifn) ~> T^ifo)

= TL+[foit) + 73}  = Tl+ifo + ß).

Combining these three relations establishes the lemma.
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Lemma 6.2. If ß (in BV) is a singular function of the saltus type, then

the relation f — uv-^fo implies the relation (fn+ß)—uv-*(fo+ß).

There exist elementary step-functions ßi, ß2, ßz, • ■ ■ such that ß(t)

-LlACO for ton [0, 1] with 27(0) =Z7=1?7(&). Hence 2V (5,-/3)^0,
where 23,(0 =S<-_iß.'(0- From the preceding lemma we conclude (by induc-

tion) that

lim ||/„ + 23,|| = ||/o + 23,|| (p= 1,2,3,-■■).
»—»00

Thus follows

||/0 + 0|| g lim inf ||/„ + j9|| g lim sup ||/„ + jS||
n—► « n—*»

= lim sup ||/n + i3p|| + \\ß - 73,|| = ||/o + 23,|| + ||/3 - 23,||
n—► »

^ ||/o + ß|| + 2\\ß - 73,11-» ||/o + |S||    as    #-*•,

and the proof is completed.

Lemma 6.3. 7/X0 is an a.c. function in RBV, then the relations X„—Z—>X0

a«d F„ — Z—»F0 imply the relation (Xn+iY„)—v-^(X0+iYo).

Define a(t) = F0(0) +f¡Y'(s)ds, ß(t) = Y(t) -a(t) for í on [0,1 ] noting that

/3 is singular with ß(0) =0. From Theorems 5.1 and 5.4 wehave||F„—a||—>||/3||

and since ||X„—X0||—»0 we deduce ||X„+¿a||—>||X0+¿a||, so that

||X„ + iFn|| = ||X« + i(Yn -a + a)\\

á ¡jX. + ¿a|| + \\i(Yn - a)\\ -+ ||Xo + ¿a|| + ||$||

= ||X0+f(« + j8)|| = ||X0+¿F0||,

and the proof is complete (by semi-continuity).

Theorem 6.2. If Xo is a pseudo-absolutely continuous function in RBV,

then the relations X„—ul—»X0 and Yn—ul—+Yo imply the relations

(Xn + Yn) -ul-* (Xo + Fo)    and   X„F„ - id-* X0F„.

Since Xo is pseudo-absolutely continuous we conclude the existence of an

a.c. function a in RB V and a singular function ß of the saltus type likewise in

RBV for which XQ=a+ß. As a corollary of Lemma 6.2, (X„—ß) —ul—>a, and

since F„ — ul—»F0 it is seen from Lemma 6.3 that

(Xn - ß + iYn) - uv -> (a + ¿F0),

so that using Lemma 6.2 again, yields

(X, + iYn) -uv~^(a + ß+ ¿Fo) = (X0 + ¿F0).



1937] CONVERGENCE IN VARIATION 77

Letting piix+iy) =x+y and p2(x+iy) =xy for — oo <x, y < oo we conclude

from Theorem 4.2 that

Px. (Xn + iYn) -uv-Kpi: iX0 + iY0),

p2:iXn + iYn) - uv-+p2:iXo + iY0).

That is,

iX„ + Yn) -uv-* iXo + Yi)    and    X„Yn - uv-* X0Y0.

Application of Theorem 5.7 completes the proof.

7. Strong convergence. It is at once apparent that strong convergence im-

plies every other type considered in this paper, and also that it is invariant

under addition and multiplication. It is natural to ask if Theorem 6.1 like-

wise holds for strong convergence. The answer is yes, but before proving this

we state as an obvious corollary of Lemma 4.5 the following

Lemma 7.1. If Y is a pseudo-absolutely continuous function in RBV and u

is applicable (P) to Y, then (u\ Y) is likewise pseudo-absolutely continuous.

We are now prepared to prove

Theorem 7.1. If u is applicable (P) to Y „for ra=0, 1, 2, • • • , then the

relation Yn — s—>Y0 implies

iu\Y„)-s^iu\Y0).

Since F0 is in RBV there exist a continuous function a in RBV and a

singular function 0 of the saltus type likewise in RBV for which Y0=a+ß.

Defining

Z + To\a)
SU) -   .   ,   T( \ (Og/gl),

1 + Tiia)

it is seen that 5 is a continuous increasing function in RB V. Clearly there exists

an increasing function ^ satisfying a Lipschitz condition on £[— oo <x<oo]

for which *{S(0}=Z, OgZgl. Let A is) = a [* is)}, £(j)=/3{*(j)}, ij,(s)

= F„{*(i)}, (Ogjgl; ra = 0, 1, 2, • • • ). FinaUy let «i(x, y) =«(*(*), y),
— oo <x, y< oo.

First notice that

\Aisi) - Aisx) | g TV¿%) < M>(52) - *(*) + Z*£îk«)

= (1 + ro(«))(S{*(i,)} - S{*(Sl)}) - (1 + ïi M)(s2-sx)

if 0giigs2g 1, which implies absolute continuity of A. Since 0 is a singular

function of the saltus type, it may be seen from Lemma 3.8 that B is likewise
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a singular function of the saltus type so that noting r¡Q = A+B establishes

the pseudo-absolute continuity of r/0. Now from the definitions involved and

the fact that SF is increasing and absolutely continuous it becomes apparent

that if u is $, then Ui is $; if u is $2, then «i is it2; and since monotonicity of

F„ implies monotonicity of r¡„ for n = 0, 1, 2, ■ ■ ■ , we conclude that Ui is ap-

plicable (2?) to r\n for n = 0, 1, 2, • • • . Another application of Lemma 3.8

yields the relation

lk-Uo|| = IIFn- Fo||-»0,

so that, since strong convergence implies uniform convergence in length, we

may deduce successively (with the help of Lemma 7.1, Theorems 6.1 and 6.2)

the following relations,

r/n — ul —> i/o,      (ui\r¡n) — «Z —» («i|i7o) ,      { (tti|j?„) — («i|)?o) }  — wZ —> 0,

||(«i|i?.) - («i|i?o)||-»0.

Thus (Lemma 3.8)

T\=o{u(t, Yn(t)) - u(t, Yo(t))} = tIo{u[*(s), Yn(*(s))] - u[*(s),Y0(*(s))]}

= Tl=o{u(*(s),Vn(s)) - u(fr(s),Vo(s))} = Tl=o{ui(s,Vn(s)) - Ui(s, Vo(s))}

^   || («l|-7n)   -   («l|-7o)||  -^0,

which implies immediately

||(«|F„) - (M|Fo)||->0

as was to be proved.

Theorem 7.2. 7//0 is an a.c. function in BV, then a necessary and sufficient

condition thatf — s—>fo is that

(ci +/„)-„-> (d + fo) ,

for all real numbers c.

The necessity being obvious we turn to the sufficiency. Let Xn+¿F„=/„

for n = 0, 1, 2, • • ■ , and define

<t>i(x+iy) =x, d>2(x+iy) =x+y, for - oo <x, y< oo.

Since fa and <£2 are applicable to (c7+/„) for n = 0, 1, 2, • ■ • and strictly

applicable to (cl+fo) whatever real number c may be, we conclude

(d +  Xn)   -  V -» (d +  Xo) ,     (Ci +  Xn +   Yn)   ~  V -» (d +  X0 +   F„)

for all real numbers c. Whence, with the help of Theorems 5.5 and 5.4 follow

successively the relations
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Xn-l^Xo,       iXn+Yn)   -l^iXo+Yo),       Fn  ~  / ^ F0 ,

||-X»-.Yo[|->0,    Il F»- F„||->0,    ||/,-/0||_>o

and the proof is complete.

8. Applications; generalizations of a theorem of Plessner and its converse.

It is well known that if p > 1 then the two relations

and

o

imply and are implied by the relation

/f„is)ds^> I   Ms)ds
o J o

fí/»(flf*- fl/oWf*
J a Jo

(0 g / g 1)

f i/n(o -/owr*->o.
J 0

It is likewise well known that the theorem is not true for p = 1. The following

theorem would therefore seem of some interest.

Theorem 8.1. 7//n is a summable function in CRfor ra = 0, 1, 2, • • • , then

the two relations

f   fnis)ds ->   f   fois)ds (0  g   /  g   1) ,
Jo 'J o

/l c + /„(/) I dt —* I   \ c + /o(0 I dt for all real numbers c,
o J o

imply and are implied by the relation

f   \fnit)-foit)\dt^O.
J 0

Obviously the last relation implies the first two. Assuming the first

two relations to be true and defining Fn(t)=f0fn(s)ds (for OgZgl;

ra = 0, 1, 2, • ■ ■ ), we note from the first relation that (c/+Pn(/))->(cZ+Po(z))

for Z on [0, 1 ], and from the second relation that

rLo{cZ + F ¿t)}   =   f \c+ /„(/) | dt -> f | c + fo(t) | dt = rJ_o{d + F oit)}
Jo Jo

for all real numbers c. Hence

(c7 + Fn) — v —> id + Fo) for all real numbers c,
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so that Theorem 7.2 implies

i j

I /„CO - /o(0 | dt = To(Fn - Fo) -» 0
•r n

which completes the proof.

A result of Ursell combined with a theorem of Plessner establishes the

following theorem:!

Letf be a finite, real-valued, measurable function with period 1. If

lim TÏ.o{ft + h) -ft)} =0,
A-»0

then f is a.c. on [0, 1].

We now propose to generalize this theorem. First, however, it is con-

venient to prove the following

Theorem 8.2. Let f be a finite, real-valued, function with period 1 which

is measurable on a set of positive measure. If there exists a non-vanishing func-

tion g in RBV such that

lim T).o{ft) + hg(t)} =0,
A-»0

then f is continuous on [0, 1].

Clearly there exists a closed set D on [0, 1 ] of positive measure relative

to which / is continuous. Let ß be the characteristic function of this set and

denote f"ß(x)dx by 23(y) for — oo <y < oo. Now B satisfies a Lipschitz con-

dition so that use of Theorems 7.1 and 3.1, Lemma 3.7, and Corollary 3.1 es-

tablishes the relation

0 = lim rLo{23(/ + hg(t)) - 73(0}
A-.0

^ lim sup   f | B'(t + hg(t))(l + hg'(t)) - B'(t) | dt
A->0       J0

= lim sup   f | ß(t + hg(t))(l + hg'it)) - ß(t) | dt.
A-»0       J o

Hence there exists a 50>0 such that \h\ <ô0 implies

f \ß(t+ hg(t))(l + hg'it)) - ß(t) \dt< f  |/5(0 \dt,
Jo Jo

t An elementary proof was given by N. Dunford, Bulletin of the American Mathematical So-

ciety, vol. 41 (1935), pp. 356-358.
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so that corresponding to each h* for which |à*| <ô"0 there exists a point Z*

in D, such that t*+h*g(t*) is likewise in D; for assuming the contrary leads

immediately to a contradiction of the above relation.

Let e be any positive number. Since D is closed there exists a 5i > 0 such

that, | à | < bi implies

\f(t+hg(t))-f(t)\ <y

for all Z on [0, 1 ] for which Z and t+hg(t) are both in D. By hypothesis there

exists a 52>0 such that \h\ <b2 implies

Tlo[f(t + kg(t)) -/(/)} <~

Let 5 be the least of the numbers <50, 5i, b2, and let h0 he any number < 5 in

absolute value. As we have seen, there exists a point Z0 in D such that

Zo+Âog(Zo) is likewise in D. Hence

| fih + hogiti)) - fiti) | g | fih + hogih)) - /(/,) - /(/„ + Äog(Z„)) + /(/„) |

+ | fih + Âog(Zo)) - fih) |

< Tlo[fit + hogit)) - fit)} + J < y + j = £

for Zi on [0, 1]. Hence/is continuous on [0, l] and the proof is complete.

It should be noted that the only place in the proof where a result of this

paper is used is in proving

lim   f | 0(Z + hgit))H + hg'it)) - 0(Z) | dt = 0.
*-»o J0

However if git) = 1 for Z on [0, 1 ], this relation is an immediate consequence

of a well known theorem of Lebesgue, which in connection with the method

used in proving Theorem 8.3 leads to a proof of the Plessner theorem which

is independent of the preceding results in this paper.

We now turn to

Theorem 8.3. Let f be a finite, real-valued function with period 1 which is

measurable on a set of positive measure. If there exist a function g in RBV and a

positive number r such that

lim tIo{fit + hg(t)) - fit)} =0
A->0

with |git) | >r for I on [0, 1 ], thenf is a.c. on [0, 1 ].
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Let ô>0 be such that Ttx=0U(t, h) < 1 for \h\^5, where U(t, h)

= {f{t + hg(t))-ft)]g(t) for Ogíál, hub; let a(0=l/g(0, (0=S*aD; let
r0=r~x and note that ||a|| < », | «(01 <r0 for Z on [0, 1 ] ; let V(h) = 77_oC(Z, h)

for | À| ^5. Since V is bounded on [ — 5, 8] and/is continuous by the previous

theorem, the semi-continuity property of total variation shows that V is

lower semi-continuous and hence summable on [ — 5, 5]. Let

M(h) =      sup      U(t,s) (OáHS)
OS'S1.1« I SA

remarking that M is monotone on [0, ô] and M (h)—»0 as h—>0 + . Define

J       /» f+A

F*(0 = — f(s)ds      (0 á * á 1, 0 á * á rx),
« «7 »

where ri = Sr, and let 5 be any partition of  [0, 1] with 5=(0 = Z0<Zi <Z2

< <tN = l).

From the relation

Fh(t) - ft) - — f  {f(t + s)- ft)}ds
h J0

--f    " {ñt + sg(t))-f(t)}g(t)ds
h Jo

l      l'hait)

= — 1 U(t, s)ds (0i/íl,0áHn)
h Jo

and the relation

NJV    I    J      />Aa(t,') J       /»Aa(i,-1)

,--i I « «7 o « «7 o I

= Et #(*>•. i) - V(tf-t, s)ds + — I U(ti-i, s)ds
j=l\   h  J o h   J ha{tj-i) \

= Z i -I       I tf(í/, i) - ^«#-i, *) I ds + — \ M(hrQ)ds  }
,_1 l h  J -Kt„ h   l«'Ao(íJ._1) I"

=  "T f  r" Z I ̂ /, 0 - Uiti-t, s) | ds + £ M(Âro) I «(/,) - a(Zj_i) |
»  •'-Ar,, í-1 j-1

^ — f rV(i)a-s + If(Ar0)||a|| (0 á A £ n),
h   J-hrt

we deduce (since 5 was arbitrary) the relation

PoVa - /) Ú — f r°V(s)ds + Jf(*r0)||a||        (OSHrJ,
h  J-hr,
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Now, Lemma 3.2 yields the relation

Vis) g [ | fisgiO)) - /(0) | + Tloifit + sgit)) - fit)} ]\\g\\      i | s | g ri),

so that F(s)—>0 as s—>0. Hence

lim T\[Fh- f} = 0,
*->o+

where Fh is a.c. for Ogragri which implies, as is well known, the absolute

continuity of /on [0, 1]. This completes the proof.

From the results in §7 it is clear that a variety of theorems concerning the

behavior of 77_o {/(Z+%(0)-/(Z)} as h->0 (or as h^0 + , A->0-) can be

readily proved. Among these is one which can be proved directly without

great difficulty, and which forms the necessity part of the next and concluding

theorem. This theorem is a simultaneous extension of Plessner's theorem and

its converse.

Theorem 8.4. Let f be a finite, real-valued function with period 1 which is

measurable on set of positive measure. Let g be a non-vanishing function in

RBV which satisfies a Lipschitz condition. Then a necessary and sufficient con-

dition that f be a.c. on [0, 1 ] is that

lim Tlo[fit + hgit)) -fit)} =0.
*->o

Simply note that t+hgit) increases with Z for h sufficiently small and apply

Theorem 7.1.
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