ON RINGS OF OPERATORS. II*

BY
F. J. MURRAYt{ AND J. von NEUMANN

Introduction. This paper is a continuation of one by the same authors:
On rings of operators, Annals of Mathematics, (2), vol. 37 (1936), pp. 116-229.
It contains the solution of certain problems which were left open there. We
will prove the general additivity of trace Tru(4), its weak continuity, and
certain isomorphisms between §, M, and M’ (cf. the remarks (i)-(iv) at the
end of the above quoted paper). All these considerations refer to “Case (II)”
for M (cf. Theorem VIII, loc. cit.).

The properties of Try(A4) are established by obtaining for it a represen-
tation

Tru(4) = Z{ (Ags, 85)
(with a fixed, finite m=1, 2, - - -, and fixed g, - - -, gneD). This represen-
tation is remarkable, because it is obviously a close analogue of the repre-
sentation of Trum(A) as a trace, that is, as the arithmetic mean of the diagonal
matrix-elements of 4 in the cases (I,), =1, 2, - - -, when M is essentially
the full matrix ring of an #-(finite-) dimensional Euclidean space.

For certain cases (with the help of which the others are then mastered)
we have even m=1.

In Part I the above representation of T7x(A4) is obtained approximately.
The technically interested reader may find it worth observing that the ex-
haustion method we use there (§§1.2 and 1.3) is analogous to certain pro-
cedures which can be used advantageously in the theories of measures and
integration too. On this basis we establish the main properties of Tru(4) in
Part II, and then obtain the exact representation of Try(A4) in Part III.
Here two maximum-problems, called (A) and (B), which seem to possess
some independent interest too, play a decisive role.

Part IV is devoted to establishing an isomorphism between $, M, and M’.
It turns out that a certain algebraic-topological extension Q(M) of M is
isomorphic to $ and that M and M’ play in it the role of right- and left-
multiplication. This leads to an interesting and entirely new type of infinite
hypercomplex systems, which are at the same time Hilbert spaces. A subse-

"quent paper will be devoted to their independent study.

* Presented to the Society, October 31, 1936; received by the editors July 28, 1936.
t National Research Fellow.

208




ON RINGS OF OPERATORS. II 209

The appendix deals with the possibility of considering M (in the case
(IL,)) as a system of matrices with continuously spread rows and columns.
- We will use the notations, definitions, and results of our paper On rings
of operators, quoted above, throughout this paper. We will quote it, whenever
necessary, as R.O. All other quotations follow the bibliography of R.O.
(pp. 125-126, Nos. (1)-(22)).

The isomorphism problems of different rings M of class (II,) (cf. the
remark (v) at the end of R.0.) are not discussed here. They will be dealt with
in a subsequent publication.

Since the appearance of R.O. the second-named author has succeeded in
finding new representations of case (II,) in terms of infinite direct products,
which throw new light on (II,) as a limiting case of the (I.), n=1,2, - - -,
as well as a way of applying the present theory to quantum-mechanics. These
subjects too will be discussed in papers which will follow soon.
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Appendix. The matrix-aspect of the M of class (II,).

CHAPTER 1. APPROXIMATE FORM OF T7y(A) (FOR a=1)

1.1. We assume that we have given a factor M in case II,. Now we nor-
malize Dy and Dy so that C=1 (cf. R.O., pp. 179-182). This means (R.O.,
loc. cit.) that for every feD, Du(9™’) = Da (™) and that the range of Dy
is the interval 0 =x =<1. Let the range of Dy- be the interval 0 =x <a, where
0 <a = «. In this part, we assume that a2 1.

Now M’ is a factor of class II, or I, by R.O., Theorem X. In the first case
the range of Dy is in the normalization (loc. cit.) the interval, 0<x =<1, and
C=1/a (since Dy»=1/a times its value in the previous paragraph). Since
C=1, we have in both cases by the discussion on page 182 of R.O., that
Ay=A. By R.O., Definition 10.1.1, this implies that there exists an f such
that Dy (MyM’) =1. Since we can pass from the normalization of this para-
graph to that of the previous paragraph by multiplying Dy- by « and leaving
Dy unchanged, we see that this holds even with our previous normalization.

Thus we have an f such that Dy(EM’)=1=Dy(1) or Du(1—EM’)=0
which implies 1 — EM’ =0; that is, E;#’' =1. We now assume that such an f
has been chosen and is held fixed for the following discussion.

1.2. With respect to this fixed f, we now define certain relations concern-
ing a projection EeM.

DEeriniTION 1.2.1. Let E5#0 be a projection, eM, 0 a real number =0. T he
relation E>0 (E20, E<0, E<0) is said to hold if (Ef, f) >0Du(E) ((Ef, f)
2 0Du(E), (Ef, f) <0Du(E), (Ef, f) <0Dy(E) respectively).

The relation E2 )\ (E < ,\) is said to kold for a projection E50 if for every
FeM such that F < E, F#0, we have FZ\ (F<)\).

LemMA 1.2.1. Let {E;} be a sequence of projections (finite or infinite) with
E.eM, E.E;=0;E;. Then if for every i, E;<\ (E;2)\), and if for some i, say
30, Ei, <\ (Ei,>X) we have 3 _;E; <\ (3_:E;>)\).
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We have, for every i, A\D(E.) < (E.f, f), hence \)_ i, D(E) £ ii (Esf, f)
and AD(E;,) <(E.f, f). These imply A\Y :D(E.) <> i(E.f, f) or A\D(O_;E;)
<(X_:Ef, f), which was to be shown.

LeMMa 1.2.2. If E2X (E=S)\), then there exists an F such that EZF,
Fz A (F=,MN).

By Definition 1.2.1 we have E>0. Suppose there is no such F. Then there
must be an E,, such that E=E,, and E; <\. (Otherwise E itself would be
such an F.) Now let 2 be the first ordinal number which belongs to a cardinal
number N>N,. Let a be an ordinal number such that a <Q. Let us suppose
that for all <« an Ej has been defined in such a way that Es=0, E;<E,
Es<\, Es.Es,=085,5,Es,. Now if E—) sc.Fz=0, let E.. be undefined for
o' 2 a. If, however, E—) 4<.E;>0, by hypothesis, E—Y s<.Ep is not =\,
hence there exists an E,, with E;0, E— s<oEs = Eo, Eo<\, EZ E— p<.Es
2 E,. Thus if we let E,=E,, we have, if E—) s<.Es#0, an E, which is
orthogonal to all previous Es and E. <.

Now D(E) 2 s<.D(E;s) for every a. Since D(E) >0, this implies that
there is only denumerably many of the numbers D(E;). Hence for some
a<Q, E—) 4<.Es=0. Inasmuch as a<Q, we can re-index the Ey’s into a
finite or a simply infinite sequence. Now E; <A, E; <\, and since E=E,~E.-,
Lemma 1.1 implies that E <), a contradiction.

LemMa 1.2.3. If E2 )\ (ES,\), then if E2F, F=0, FeM, we have
Fz M (F<,M).

If F, is such that F2F,, F;0 then E2F2F, and hence by Definition
1.2.1, Fy =\. This statement implies that F = ,\.

1.3. Now (1, f) =||fll2=|Ifl|2D(1). Now let 8,=||f||2 which is of course not
zero for MM =9 and this precludes f=0. Thus 1 (the projection, not the
number) is 26,. By Lemma 1.2.2, there exists an EeM, such that E ,6,.
Now let X be the least upper bound of the numbers 6 such that E= 6.
M\ must be less than (Ef, f)/Du(E) and since Dy(E) >0, it must be finite.
Let e be any number >0. E is not = ,A+e¢. Hence there is an E,, such that
EzE, and E;=\+e Lemma 1.2.2 now implies that there is an E; with
E,2E; and E;< A te.

Now if F is such that E2F, FeM, F #0, we have F 20 for all 6 <\, which
means of course that F 2\ and E= ,\. Now since E2 E, 2 E;, Lemma 1.2.3
implies that E; = ,\. Thus for some fixed A >0, given any ¢>0, we can find a
non-zero E,eM, such that for all FeM with the property E;>F, we have

(\ + &Du(F) 2 (Ff, f) 2 A\Du(F).

Now if we let f be A\V?f above, e=\(K —1)E, = E, we see that
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LeMMA 1.3.1. To every K >1 there exists an f and EeM, E>#0, such that
for every FeM with the property E2F,
KDy(F) z (Ff, f) 2 Du(F).
1.4. We can now show

LeMmA 1.4.1. Let K, f, and E be as in Lemma 1.3.1. Let AeM be a positive
definite self-adjoint operator such that EA=AE=A. Then

KTru(A) = (Af, f) = Tru(4).

Let ¢ be the bound of 4, E(\) the resolution of the identity correspond-
ing to 4. Now by R.O., pp. 212-213,

Tru(d) = f NDEN);  (4f, f) = f NENS, 1)

Now since AE=A, E(0)=1—E, and since 4 commutes with E, E com-
mutes with all EQA) (cf. (15), Theorem 8.2). Now EQ\) =E\)E+E\)(1—E).
Since E(\) and E commute, EQA)E=F(\) is a projection and similarly
E(\)(1—E) is a projection. For A\=0, we have EQ\)(1—E) <1—E and also
EQN(1—E)2E(0)(1—E)=(1—E)?=1—E and thus EQA)(1—E)=1—E. So
forA=20, EQA) =F(\)+(1 —E). Now F(\)(1—E) = E(\)E(1 — E) =0, hence by
R.O., Definition 8.2.1, D(E(\)) =D(F(\)) + D(1 — E). Thus we have

Traa(d) = f ‘ND(E(N) = f "MDEMN) + f "\D(1 — E) = f "\DEM))

and

“f, ) = f MENY, f) = f NEN, ) + f (1 = B, f)

- f MENY, ).

But Lemma 1.3.1 now implies that if 0 =a <B=c, then
KDu(F(B) — F(a)) Z ((F(B) — F())f, f) Z Du(F(8) — F(a))
which by the definition of the Riemann-Stieltjes integral yields that
KTru(4) 2 (Af, f) = Tru(4).

LEMMA 1.4.2. For a projection E=0, E= 0 (= ,0) is equivalent to the
statement that for all positive definite AeM such that EA=AE=A,

(41, f) = 0Tru(4) (= 0Tru(4)).
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Since Tru(F) =Dum(F), F a projection, the last statement implies the
first. The converse is shown by a proof similar to that of Lemma 1.4.1.

LeMMA 1.4.3. Let AeM be such that EA=AE=A, then | A*f||2< K| 4f]|?,
ifE, f, K are as in Lemma 1.3.1.

A*4 is positive definite and eM. Furthermore AE=EA=A implies
EA*=A*E=A* and thus EA*4A =A*A =A*AE. Hence Lemma 1.4.1 ap-
plies to A*4 and we have

() KTru(A*4) = (A*Af, f) = Tru(4*4).

Using the canonical decomposition (R.O., Definition 4.4.1) for A* we have
A*=UB, where U may be taken as unitary. (In the finite cases, we see
(cf. R.O., Lemma 16.1.1) that there exists a partially isometric V with initial
set (f; A*/=0) and final set (f; Af=0). Now if W is as in R.O., Definition
4.4.1, for A=A* let U=W+V.) B is self-adjoint and equals (44*)"2. Now
A=BU*=BU! and hence A*4 =UBBU'=UBU-1=UAA*U-'. Hence
8) Tru(A*4) = Trg(UAA*U-Y) = Try(A4*).

Substituting A* for 4 in our previous result we have

() KTrg(AA*) = (A4%f, f) = Tru(44%).
Combining (a), (8), and (¢), we obtain
K(A*Af, f) 2 KTru(A*4) = K Try(AA4*) = (44*/, f).
Since (A*Af, f) = (4f, Af) = || Af]|%, (AA*f, ) = (A*f, A%f) =|| A*]|2; this is the
desired inequality.

1.5. Now if E is as in Lemma 1.3.1, let # be the smallest integer such
that 1/# < Dy(E). Then if E°’<E is such that Dy(E®) =1/n, Lemma 1.3.1
will hold with E° in place of E. Now f was chosen in such a manner that
MM =H. This implies that MM, is the range of E°, because since the set
(A'f; A’eM’) is dense in 9, the set (E°A’f; A’eM’) = (A’E%; A’eM’) must be
dense in the range of E°, or E°=EY, Since C=1, Dy.(EY)=Du(EX)
=DM(E0) = 1/%

Now let E°=E,, E}f;=E!. Since Dy{(E;) =1/n, Dy(1) =1, we can find »

projections {E;}, j=1, - - -, n with the first equal to E; such that E;eM,
Zi=1Ef= 1, E;Ej =0if i;é]., DM(E,) = l/n Since DM'(E{) = l/n, DM'(l)=ag 1,
there exist # projections E/ eM’,j=1, - - - | n, with the first equal to E{ and

such that E/ E} =0if 55 and Dy (E}) =1/n. Since Dy(E,) = Dy(E;), there
is a partially isometric operator W;eM with initial set the range of E; and
final set the range of E; (cf. R.O., Definition 4.3.1). Similarly we have a
W!eM’ with initial set the range of E! and final set E/. The relations
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WIW,=E,WW¥=E; W*W/!=E{! and W/ W/*=E/hold, also W,E, =W,
EW;=W; EW!=W}, WE;=W} W/El =W/, EIW]=W], E{W*
=W}* W/*E! =W }* (cf. R.0., Lemma 4.3.1).
Let W/ W;E\f=f;, Eif=fi. Then Ef;=EW/W;Ef=W/EW;E\f
= W,' WjEJ='fj and E,"f,' =E,’ W," W”,'Elf= W,’ I:.VjE]f=fj. ThusEif,- =f,' = E,’f,
Let g=3_"_.f; then Eg=EQ . fi=E>  _Ef;j=3E.E;fi=E.f;=f.
Similarly E/g=f;. Now for any AeM if either 254 or k5!, then E;AE;g is
orthogonal to E;AE;g. For inasmuch as E;g=f.=E/ g, we have,
(E:AEw, E;AER) = (E;EAEwg, AEg) = 6/ (E:AE:g, AEy)
= 3; (E;AE{g, AE{g) = §;'(EX E;Ag, E{ Ag)
‘ = 8/ (E{ E{ EAg, Ag) = 8,0, (E{ E:Ag, Ag).
These results imply that if AeM, then

gt = | ( §:E)A ( ; 'E,.)g g: g E.-AE,-gl - ; gllEmEigII’

> DNEAEEg| = 3 SN EAES]? = 3 3 | EAEW W if]|2

fm] juul =] juml foml jmel

= 2 D ||W/EAEW ifi||* = )P |W!E!EAEW f)|?
fe=] jeml fm]l ju=l

= X Y ||E{EAEW fi||* = 3D | E:AE;W ;E! fi||2

fml jml tm=l jeml

= S D EAEWf||* = 3 3 |WHEAEW |2

il jul =1 jml
= S D WEEAEW Bt = 3 3 | WrEAEW A2,
fm]l jeml fam=]l jml

remembering that W/ is isometric on the range of E!, W on the range of E;
and W,E,=W . Substituting A* for 4 and interchanging 7 and j we also have

4%gll? = 2 ZNIWrEA*EW | = 3 X ||[(W2EAEW )*[*.
fml jml tml jel
But recalling the properties of W; and W} we have
E1W¢*E.‘AE,‘W,' = W.‘*E,'AE,'W,’ = W,'*E,'AE,‘W,'El.

Thus Lemma 1.4.3 with A=WZXEAEW; yields |(WXE:AE;W)*|?
<K||W*E,AEW f||* and with this, we obtain from the above equations for
| 4¢]|* and || 4*g]|* that | 4*g]|* < K] 4¢][*.

This result may be stated as follows.
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LemMma 1.5.1. If K is any number > 1, there exists a geD, g =0 such that for
every AeM, || A*g||? < K|| Ag||2. Obviously we may assume that ||g|| =1.

1.6. We now have

LemMA 1.6.1. Let K and g be as in Lemma 1.5.1. Then if E and F, eM, are
two projections such that Dy(E) = Dy(F), then K- (Fg,g) < (Eg,g) < K(Fg, g)-

Inasmuch as Dy(E) =Du(F), there exists a partially isometric operator
W such that W*W =F, WW*=E, WeM (cf. R.O., Definition 8.2.1, Definition
6.1.1, and Lemma 4.3.1). Now (Fg, g) =(W*Wg, g) =(Wg, Wg)=||Wgl|?,
(Eg, g) = (WW*g, g) = (W*g, W*g) =||W*g||>. Lemma 1.5.1 with 4 =W im-
plies (Eg, g) =K(Fg, g). With A =W*, the same lemma implies (Fg, g)
<K(Eg, g) or K-'(Fg, g) <(Eg, g). We have now shown our lemma.

Suppose EeM is such that Dy(E)=1/m, where m is an integer. Then
there exist m —1 projections E,, - - - , En, such that when we let E,=E, we
have Z:."_IE,-=1, E.E;=0, for i#j, E;eM, Dy(E;) =1/m. Now returning to
the g of Lemmas 1.5.1 and 1.6.1, we have

1=|glz= (8 = (Zm} Eg g)= f;(Efg, g)-

Let (Eg, g) =a. Then Lemma 1.6.1 implies that Ka=(E;g, g) 2K 'a, for
every 7. Summing over j, gives Kma 212 K-'ma or Ka21/m= K~'a which
is the same as

since Dy(E) =1/m.

Let us study the class = of E’s in M which satisfy the equation (4).
Now if Fy, - - -, F, or Fy, F,, - - - satisfy (4+) and F,F;=0, i54, then

i_1Fjor 2 lF also satisfies (+). But if FeM is such that Dy(F) =q/p,

—E Fi for mutually orthogonal F;s eM with Dy(F;)=1/p and hénce
satlsfymg (+). Thus if Dy(F) =gq/p, F satisfies (+).

Let E be any projection of M, Dy(E) =a. Let {a.}, ;=0 be a sequence
of rational numbers, ) _;_ e =a. Then there exists a set of mutually orthogo-
nal projections {E;} such that E;<E, E;M, Dy(E;) =a;. To show this,
suppose El, -+, E;, have been chosen with these properties. Then
Dy(E E,_, i) Z,_,a,Za, Hence an E; can be chosen in such a way
that E.eM is SE—Z,_,E with Dy(E)=o;. Now Du(E-3_) E.)
=a—) . a;=00r E=); E; Since each E; satisfies (+), E does too. Since
E is arbitrary we have

LEMMA 1.6.2. Let K and g be as in Lemma 1.5.1, then for every EeM

K(Eg, g) = Du(E) =2 K~'(Eg, g).
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1.7. From Lemma 1.6.2 we can conclude, using Lemma 1.4.2, that if
AeM is positive definite, then

K(Ag, g) = Tru(4) 2 K~'(4g, 8).

We can state our result as follows.

THEOREM 1. Let M be a factor in case 11,.. Let M and M’ be such that
when Dy and Dy are normalized in such a way that the range of Dy is the
interval (0, 1) and C=1 (cf. §1.1), then the range of Dy is an interval (0, o)
with 0<a < o, then a=1. Then to every K >1, there exists a geD such that for
every positive definite AeM,

K(Ag, g) = Tru(4) = K~ (Ag, g).

CHAPTER II. IMMEDIATE CONSEQUENCES

2.1. We are now able to show that T has the following two properties
when M is in a finite case (cf. R.O., Theorem VIII); that is, when M isin a
case I, (m=1,2,---)orII,.

ProPERTY 1. For all Hermitian A and BeM
Trm(A + B) = Tryu(A) + Tru(B).

PrOPERTY II. Try(A) is weakly continuous if A is subject to either of these
conditions:

() A is uniformly bounded (that is, ||| A||| <D for some fixed D);

(if) A is definite.

These properties are obviously independent of the normalization of
Dy(E) and Tru(4).

If Misin cases I,, n=1, 2, - - - | these are of course well known results
about Tru(A4) (cf. R.O., p. 220). So we may assume M to be in case II,.

Then we have in the normalization of R.O., Theorem VIII, three possibili-
ties for the factorization M, M’: II,, Il,; I1,, I, with C <1; II,, II, with
C=1. The two first ones correspond to a=1 in the normalization of §1.1,
and since we shall only use Theorem I, from §1.1, we may treat these two
cases together.

We therefore consider first the conditions under which Theorem I holds:
the normalization of §1.1, and a=1. We obtain an equivalent statement of
Theorem I with 4eM, Hermitian and not necessarily definite.

Let K, g be as in Theorem I, then K-!(g, g) =K~|g]|2<Tru(1) =1, or
|lell?< K. Furthermore if 4eM is Hermitian, then 4 = A, — 4,, where 4;and 4,
are both positive definite and 4,4:=0=4,4,. (Take 4,=3(4+]4]),
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A;=1(|A| —A4) (cf. (15), Chapter VI, or (19), p. 203 ff.).) Since 4, and 4.
commute, Trm(A) =Tryu(4:) — Tru(A4s) by R.O., Lemma 15.3.4. It is a con-
sequence of Theorem 1 that, if e=K -1,

| Tra(4s) = (41g, )| S e(41g, 8); | Tru(4s) — (Aag, ) | < (428, ).
These with the above equation for Trx(4) imply
| Tru(4) — (48, 9| < e((4sg, ) + (418, 8))-

But the bounds of 4; and A4, are each not more than that of 4. Also
llell?<1+e. So if 4 has the bound D, we have

| Tru(4) — (4g, g)| < 2¢(1 + €)D.

Let A, B, A+ B have the respective bounds D,, D;, D;. Substituting in
(1) each of these operators, inasmuch as ((4+B)g, g) =(A4g, g) +(Bg, g), we
get

| Tru(4 + B) — Tru(A) — Tru(B)| < 2¢(1 + €)(Dy + D + Dy),

which since € may be taken arbitrarily small, implies Property I.

We turn our attention to Property II, (i). Consider the set = of all
Hermitian AeM, with a bound less than or equal to a fixed D. We will
show that to every A2 and to every 5 >0, there exists a weak neighborhood
of A, U(A4; g; g; n/3) such that for all BeZ and BeU(4; g; g; 7/3) (i.e.,
| (B—A4)g,g)| <n/3) wehave | Try(B) — Tru(A4)| <n. Letting € be such that
e(1+€)D<7/3, as above we can find a’g such that for 4 and every BeZ,
| Tru(4) — (4g, g)| Se(1+€)D=<9/3, | Tru(B)—(Bg, g)| <n/3. In particu-
lar for BeU(4; g; g;n/3) (cf. above) which means that we also have
| (B—A4)g, g)| <n/3, these inequalities imply that | Trax(4) — Tru(B)| <.

Thus we have shown the weak neighborhood continuity of Try(A4) with
of course a restriction. From this the sequential continuity follows immedi-
ately. (If A,—A, then the A, are uniformly bounded and for any >0,
almost all the 4, must be in the above given neighborhood.) In this situation
the two kinds of continuity are equivalent (cf. (18), pp. 383-384), but we
will use only the sequential.

Tru(A) is also weakly continuous when considered only for the positive
definite AeM. For suppose 4 is such and an €¢>0 is given. Let the K of
Theorem I be chosen in such a way that 1 <K <2, and (K—1)Tru(4) <¢/S5,
and let g correspond to this K as there. Let #n be chosen in such a-way
that n<e/5. Then if a positive definite BeM is in U(4; g; g; n), we have
| Tru(A) — Tru(B) | <e (because | (B—A)g, g)| <n<¢€/5, | Tru(4) —(4g, g)|
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<(K—1)Tru(4) <¢/5, and, in addition, | Tru(B) — (Bg, g)| < (K—1)(Bg, g)
=(K—1)((4g, &) +n) = (K—1)(Tru(4) +€/5+n) =3€/5).

Thus we have settled the factorizations II,, IT,, and IT,, IT, with C<1.
But we still must consider the case II;, II, with C>1. Let m be an integer
such that C/m=<1, E, an m-dimensional unitary space. Form E,.®9 (cf.
R.O., Theorem I). Let N be the ring of operators on E,., N’ the corresponding
set of operators on EQ 9 (cf. R.O., Lemma 2.3.1 and Lemma 2.3.2), B the
set of all operators in §, B® the corresponding set in E® .

Under the above correspondence of B and B®, M~M® M'~M'®. The
first and hence each of the others is a full ring isomorphism (R.O., Lemma
2.3.4 and (22), §4). Thus M® and M’® are in case II, (R.O., Theorem IX).
Now let ¢y, - - -, ¢ be a complete orthonormal set in E,, and let us think of
the set up of R.0., §2.4. By R.O., Lemma 2.4.5, we have M®'=R(N®, M'®)
and by R.O., Lemma 11.5.2, R(N®, M’®) is in case II, since as we have
mentioned before, M’® is in this case.

Thus the coupled factorization, M® M®’ is in case II,, I, and M® is
fully ring isomorphic to M. Furthermore such an isomorphism preserves Dy
in the standard normalization (R.O., Theorem IX) and hence the trace. Now
suppose we have shown that for M®®, M®»’ we have C® <1. Then M® has
Properties I and II, by the above and M must have them to be the iso-
morphism. (As m is finite, even weak operator topology is conserved under
the mapping B~B®.)

Therefore it remains to show that C® < 1. Consider the closed linear mani-
fold, (6:®f; feD) = (say) M, in E.® . The correspondence of M and H given
by ¢.®f~fis unitary. Under it, Mg(;g and R(ND, M'®)qp (cf. R.O., Definition
11.3.1) are unitarily equivalent to M and M’ (cf. R.O., §2.4). Thus the C for
M, M’ is the same as that of Mg} and R(N, M’®)gy. Then from the proof
of Lemma 11.4.3, we can conclude that C = (Dy®(9)/Duer(M))CP =mC®
orC@=C/m<1.

2.2. Previously Tru(A4) has only been considered for Hermitian 4 eM. We
now define it for all 4eM.

DEeFINITION 2.2.1. If AeM, then A=B+iC, where B=%(A+A4%),
C=—1i(4 —A4%*) are Hermitian, and we define Trm(A) = Try(B) +iTru(C).

Trm(A) has the following property.

ProPERTY IIL. (%) Try(A) agrees with the previous definition of Trm(A)
if A is Hermitian. ‘

(* *). For uniformly bounded or for definite A’s, Tru(A) is weakly con-
linuous.
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() Tru(1)=1;

(i) Trum(pAd)=pTru(4), p complex;

(iii) Trm(A+B)=Tru(A)+Tru(B);

(iv) Tru(A4) =0, if A is definite;

(iv)" If A is definite and =0, Tru(4) >0;
(V) Tru(4*) =Tru(4);

(vi) Tru(AB)=Tru(BA);

(i)’ Tru(U-'AU) =Tru(A4), if U is unitary.

Now, (%) and (v) are immediate consequences of the definition. (i), (iv),
and (iv)’ follow from (*) and R.O., Theorem XIII. 4* is a weakly con-
tinuous additive function of 4. Thus B and C are too, and we may infer (iii)
and (* %) from Properties I and II respectively. To show (ii) we first note
that if 4 is Hermitian by Definition 2.2.1, Try(:4) =iTry(A) and if a
is real by (%) Tru(ad)=aTry(4). Then (ii) can be shown by a calculation
involving (iii).

To show (vi) suppose A and BeM are Hermitian. Let C=4 +iB,
C*=A —1iB. Then Tru(CC*) =Tru(C*C) (by (*), cf. proof of Lemma 1.4.3,
equation (B)). Substituting for C, expanding the products according to the
distributive law and collecting terms, we get 2:(Try(AB) — Try(BA)) =0 or
Tru(AB) =Tru(BA). From this we can show (vi) in general by using Defini-
tion 2.2.1, (ii) and (iii). (vi)’ follows from (vi) by letting 4 =U-'4, B=U and
using the associative law.

ProPERTY 1V. (i)-(iv), (v), (vi)" of Property 111 characterize Trm(A)
uniquely.

Let Tr'(A) have the listed properties. Then if 4 is Hermitian, T7r’(A4)
is real by (v). This and (i)-(iv), (vi)’ imply that for AeM and Hermitian
Tr'(4) =Tru(4) (R.O., Theorem XIII). By (ii) and (iii), we then have that
for an arbitrary CeM, C=A4 +iB, A and B Hermitian, T7'(C) =Tr'(4 +1B)
=Tr'(A)+Tr' (iB) =Tr'(A) +iTr' (B) = Tru(A) +iTryu(B) = Tru (4 +iB)
=Tru(C) or Tr'(C) =Tru(C).

CHAPTER III. THE EXACT FORM OF Try(A4) (FOR a=1)

3.1. We again assume M in case II,. Some lemmas about families of
projections and spectral forms in M are needed. Of these the two last ones
have some interest of their own.

LeMma 3.1.1. For any two projections E, FeM with EXF, and any
a=Dy(E), <Dy(F), a projection GeM with ESG <F, Dy(G) =« exists.

F—E is a projection, and 0=<a—Du(E) < Du(F) — Du(E) =Du(F —E)
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=<1. Thus a projection G'eM with Dy(G’) =a—Dy(E) exists (because M is
in case II,). So Dy(G") < Du(F—E) and therefore a projection G'’eM with
G''<F—E, Dy(G"") = Dy(G’) =a— Dy(E) exists. G’’ is thus orthogonal to E,
and therefore G’’+E is a projection and Dy(G’’+E) = Dy(G’’) +Du(E) =a.
Besides, G'’+EzE and G''+E<(F—E)+E=F. So G=G'"'+E has the de-
sired properties.

LeEmMA 3.1.2. For any two projections E, FeM with EXF a family of pro-
jections G(a)eM defined for all o with Dy(E) <a < Dy(F) exists, which possesses
the following properties:

(i) G(a)=E or F if a=Du(E) or Dy(F) respectively.

(ii) a=p implies G(a) =G(B).

(i) Du(G()) =cr.

Choose a sequence pi, ps, - - - which lies and is dense in the interval
Dy(E) Lo = Dy(F), with py=Du(E), ps=Du(F).

We will now define a sequence of projections G(p1), G(p2), - - -, €M, so
that (i)—(iii) hold for a=pi, ps, - - - . Put first G(p) =E, G(ps) =F; then
(i)-(iii) hold for a=p;, p:. Assume now that for a j=3, 4, - - - the
G(py, - - -, G(p;—1) are already defined, so that (i)—(iii) holds fora=p,, - - -,
pi—1, we will now define G(p;) without violating (i)-(iii).

Consider the p;,i=1, - - - ,j—1, with p; <p; (they exist: p,=Du(E) <p,);
let p; be the greatest one. Consider the p;, i=1, - - -, j—1, with p; 2 p; (they
exist: p»=Dyu(F)Zp;); let pi» be the smallest one. Thus pi<p;» and so
G(p«) £G(pirr). Besides Du(G(pi)) =pi <p;<pi»=Du(G(pi)). So Lemma
3.1.1 can be applied to E=G(p:), F=G(p:+), a=p;, and we define G(p;) =G.

Thus G(p::) £G(p;) <G(psrr), therefore p;<p; i=1, -, j—1, implies
pi<pi, G(ps) £G(psr) £G(p;) and p;Zpj, i=1, - - -, j—1, implies p;=pi,
G(p:) =G(ps) 2G(p;). Besides Dy(G(p;)) = p;- So (i)—(iii) hold fora=p,, - - -,
pi-1, pj, t0O.

Thus all G(p,), G(p2), - - - are defined. Owing to (ii), lim,;.a,p;z« G(p:)
exists for all @ with Dy(E) =p1 <a =< ps=Du(F). If a is equal to a p;, then this
limit is meant to denote the value at p;. So we can extend the definition of
G(a) to all above a by defining

Gl@) = lim G(ps).

pi—a, piza

Now (i) remains true, and (ii), (iii) extend by continuity to all above a.

LeEMMA 3.1.3. Let AeM be a definite operator with bound =1. Then there
exists a monotonous non-decreasing and right semi-continuous function ¢(a) for
0<a=1 with 0=<¢(a) <1 and a resolution of identity E(a)eM (cf. (16), p. 92,
or R.O., Definition 15.1.1) with the following properties:
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(@) E(0)=0, E(1)=1,
(i) Du(B(@) =,
(i) (4f, g) =J,8()d(E(Q)f, g) for any f, g, or symbolicaily,

A =fo¢(a)dE(a).

Let F(\) be the resolution of identity corresponding to 4. As A4 is def-
inite, so F(0) =0; as the bound of 4 is <1, so F(1)=1.
Consider now the two following functions:

¥Y(\) = Du(F(N)),
¢(a) = l.u.b. A.

0=A=1, YN =

¥(\) is monotonous non-decreasing and right semi-continuous in 0=A=<1,
because F(\) is a resolution of identity, and besides ¢(0) =0, ¥(1) =1. Thus
¢(a) is monotonous non-decreasing and right semi-continuous in 0<a =1,
and its values are all in 0<X <1. One verifies these facts, as well as those
which follow, easily; besides, their discussion may be found in (19) (numbers
in parentheses refer to the bibliography in R.O., pp. 125-126) on p. 193.
(Our ¢(N), ¢(a) corresponds to the ¢(a), Y(b) there, thus they are both
“m-functions,” and ¢(a) is the “measure function” of ¥(\).) The relation
between ¢(a) and Y(N) is symmetric (cf. loc. cit., (\) is the “measure func-
tion” of ¢(a), we must define for the empty set in 0 SA=1 the Lu.b. 0);
that is,

¥(\) = Lu.b. (¢(e) = N).
0Sast

Finally (cf. loc. cit.)
(%) Y(e(M)) = ¥0).

That is, Du(F(¢(¥(N))) =Du(F(\)). But F(e(W(\))2F(\), and therefore
this implies

(%) F(e(W(\)) = F(A).

If ¢(a) <1, then choose u with ¢(a) <u =1, and let p—¢ (). Under these
conditions the definition of ¢ () implies Dy (F (1)) >, s0 Dy(F(¢(«))) 2 . For
¢(a) =1 this holds, too: Dy(F(¢(e))) =Dm(F(1)) =Dm(1) =1 Za. On the other
hand, if ¢(e)>0, then a sequence of p with 0=pu=¢(a), p—¢(a) and
Dy(F(p)) < o exists, s0 Dy (F(¢(e) —0)) . This holds for ¢(0) =0, too, if we
identify F(0—0) with F(0) =0: Dy(F(0—0)) = Dy(0) =0 <. So we have

#) Dy(F(¢(a) — 0)) = a = Du(F(¢(a))).




222 F. J. MURRAY AND J. vox NEUMANN [March

Form now for every 0=A<1, E=F(A—0), F=F(\) and apply Lemma
3.1.2. A family of projections G(a)eM, Dy(F(A—0)) < a < Dy(F(N)), results.
Choose for every 0=SA=<1 such a family, and hold it fixed: G(\, a). (If
F(\—0)=F(\), then necessarily a=Dy(F(\)), and G(\, &) =F(\). So only
the A with F(\ —0) = F(\), the point-proper values of 4, are important. Their
set is finite or enumerably infinite.)

Now define for every 0=a=1

® E(a) = G(¢(a), )

(this expression has a meaning owing to (#)).

We have now by definition Dy(E(a)) =a, so condition (ii) is satisfied.
For a=0, 1, this gives E(0) =0, E(1) =1, so condition (i) is satisfied, too.
If a <8, then ¢(a) <¢(B). The relation ¢(a) =¢(B8) gives

E(a) = G(¢(a), a) = G(¢(B), a) = G(¢(8), B) = E(B),
while ¢(a) <¢(B) gives

E(a) = G(¢(a), @) = F(¢(a)) = F(¢(B) — 0) = G(¢(8), B) = EB).
So we see that
() a =B implies E(a) = E(B).
Furthermore 8>« gives

Du(E(B) — E(a)) = Du(E(B)) — Du(E(a)) =B — «,

s0 limg.q.55>« Du(E(B) — E(a)) =0. But

lim Du(E8) — E(e)) =Du ( lim E(g) - E<a>) — Du(E(a +0) — E(a))
B—a,f>a —a, foa

so Du(E(a+0) — E(a)) =0, E(a+0) = E(a), or
(+*) lim E(B) = E(a).

B—a, f>a

@), (*), (* *) state that E(e) is a resolution of unity.

It remains for us to prove (iii).

Consider the expression [,¢(a)d(|E()f]|)). ¢(a) and || E(a)f]|? areboth
monotonous non-decreasing functions of « if « increases from 0 to 1, then
these functions increase from ¢(0) to ¢(1) =1 and from 0 to ||f]|2 respectively.
Thus our integral is, by partial integration, equal to ||f||2— /.|| E(a)f]|?d¢ ().
We may now introduce a new variable of integration: N =¢(c). Then we
have (cf. loc. cit., p. 198) [||E(«)fl|?dp(e) = /.|| E(@(N)f]|?d\. But by (§)
E@Y(N) =G@{¥M\), ¥(N), and by (%) ¥(6(¥(N)) =Du(F(6(¥(\))). So the
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definition of G(u, ) gives G(@(¥(N\)), ¥(N)) =F(¢(¥(N))). By (* %) this is
F()), s0 we have E(y(\)) =F(\). Thus our original expression is equal to
I f”2 LJIFQ)f]|%dn, and this becomes by another partial integration
SINd||F ()\)f”2 that is, (Af, f). Thus we have proved:

(4f, f) = f (| E@[2.

Replacing herein f by f+g/2, and subtracting, gives the real part of (iii).
Now replacing f, g by if, g gives the imaginary part of (iii). Thus the proof is
completed.

Finally we need the following lemma.

LeMMA 3.1.4. Let E(a)eM be a resolution of unity in a<asb E(a) =0,
E(b)=1. Then abounded Hermitian operator BeM with (Bf, g) = f N(EN), g),
symbolically B= f ME(\), exists. For every botmded Baire function Y(a)
an  operator C=y(B)eM with (Cf, g= f Y(NA(EN)S, g)  symbolically
C=[Y(NAEQ) exists. If 0sy(\) S1, then C is Hermitian, definite, and of
bound 1. For all y(\)

b
Tru(C) = [ yN)aDu(EO)).

The existence of the bounded B is a well known fact about spectral forms,
as all E(\)eM so BeM (see (18), p. 389, Theorem 1). C =y/(B) exists and is
bounded ((19), p. 205), and BeM implies CeM ((19), p. 213, Theorem 6).
0=<y(a) =<1 implies the Hermitian, definite character of C and 1—-C ((19),
p. 205) (C Hermitian: by Property b; C and 1—C definite: by Property e),
with F(x) =¢(x) or 1—y(x) and G(x) = H(x) = (F(x))"2. Thus the bound of
Cis =1. (Alternatively (16), p. 113, Theorem 4* could be used.)

It remains to prove the final formula for the trace. If it holds for
Wi\, ¥2(\), - - -, and the ¢.(\), =1, 2, - - - are uniformly bounded and
everywhere convergent in ¢ A=), then it holds for y(\) =lim...¢¥.(\)
too: y(B) =strong lim,_..¥«(B), the y.(B) being uniformly bounded, by (19),
p. 205, Property h), and Try is continuous for strong (even for weak) con-
vergence by Property III, (* *). Thus our relation holds for all bounded
Baire functions ¥(A) if it holds for all continuous functions ¥(A). And it
holds for these, if it holds for all intervalwise constant functions ¥ (\). But
these are linear aggregates of functions y.,4(\) =1 for ¢ <A =d =0 otherwise,
where ¢ ¢ <d=<b. So it suffices to consider these. Now clearly

¥..a(B) = E(d) — E(c),
Tru(e.a(B)) = Du(E(d) — E(c)) = Du(E(d)) — Du(E(c)),
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and

[ v s@au(E@) = Du(B@) ~ Du(EW),

completing the proof.

3.2. We return now to the normalization of §1.1, and assume that an M
in case II, is given with a2 1.

Consider a g and K which are related as in Theorem I. Our objective is
to prove Theorem II below, but we begin by considering these two maximum
problems.

(A) For a given N with 0=<A=1 consider all projections FeM with
Dy(F) =)\, and the corresponding values of (Fg, g). Prove that these (Fg, g)
possess a maximum m, which they assume for a certain F =F, from the above
class.

(B) For a given N\ with 0=<A=<1 consider all definite operators BeM of
bound =1 with Try(B) =\, and the corresponding values of (Bg, g). Prove
that these (Bg, g) possess a maximum m, which they assume for a certain
B =B, from the above class.

LeMMA 3.2.1. Problem (B) possesses a solution B= By, the maximum my
fulfills NK- Smyp S\K.

For the B of the class described in Problem (B) we have by Theorem I,
MK-1<(Bg, g) =\K. So these (Bg, g) possess a l.u.b. my and A\K-'<m{ <\K.

Select now a sequence By, B, - - - from this class, so that lim,_..(B.g, g)
=my . As the By, By, - - - are uniformly bounded, there exists a subsequence
B,, B,, - - - (m<m< - - -) such that Bo=weak lim B,, exists. As all B,

are eM, definite, and of bound =<1, the same is true for By. As all T7y(B,,) =\,
so Property II or ITI, (* *) gives T7xp(B,) =\. Finally (Bog, g) =lim;..(B..g, g)
=lim,..(B.g, g =m: .

Thus B, belongs to our class, and (Bog, g) =m4 . Therefore the l.u.b. my
is a maximum: my =ms, and AK—! <m, <AK. So the proof is completed.

LemMA 3.2.2. The By of Lemma 3.2.1 can be chosen as a projection.

Consider the B, of Lemma 3.2.1. By Lemmas 3.1.3 and 3.1.4 we have
B,=¢(B), where B= f adE(a) (symbolically), E(a) being a resolution of
unity with E(a)eM, Dy(E(a)) =, and ¢(a) a monotonous non-decreasing and
right semi-continuous function.

Consider any Baire function ¥(a), 0<a=<1, with 0=<y¢(a)<1. Form
Y(B) = f Y(a)dE(a) (symbolically), using Lemma 3.1.4. Then ¥(B) is eM,
definite, and of bound =<1, and
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Tru(¥(B)) = f ¥(c)dDu(E(a)) = f ¥()da.

Thus y¥/(B) belongs to the class of Problem (B) if and only if f Y(a)da=A.
Besides (¥(B)g, §) =/, ¥(@)d(|| E(@)g||).

Apply this to ¥(a)=¢(e), ¥(B)=¢(B)=B. We get [,p(a)da=)\,
J, ¢(a)d(||E(a)g|[2) =ms. And the maximum property of B, gives the follow-
ing. For every Baire function ¢(a), 0=a =1, with 0=y(a) <1 the equa-
tion f ¥(e)da=X\ implies [, \b(a)d]|E(a)gH2<mb

If we had ¢(1 —\) =0, then the monotony of ¢(a) would give ¢(a) =0 for
0sSa=<1-), and the right semi-continuity ¢(a) =3 for 1-A<as1-—-A+¢
for a suitable ¢’ >0. Besides ¢(a) is always <1. Thus

f¢(a)da<0(l—)\)+ I+ AN—€)l=NA—3 <A

contradicting /. ,#(c)da=\. Therefore ¢(1—X) >0.

If we had ¢(1 —A—0) =1, then the monotony of ¢(a) would give ¢(a) =1
for 1-A<a=<1 and the definition of ¢(1—N—0), ¢(a) =3 for 1 —-N—¢
Sa<1-—), for a suitable ¢ >0. Besides ¢(a) is always =0. Thus

’

1 ’
f ¢(a)da 2 (1 —)\—e’)'0+%+)\-1=)\+%>)\
0

contradicting [ :¢(a)da =\. Therefore ¢(1 —A—0) <1,

So we can choose a §, 0<6<1, with ¢(1—N\)>3, ¢(1—A—0)<1—35.
Thus 1-A<a=<1 implies (¢(x)—8)/(1—8)=(¢p(1—N)—8)/(1—8)=0 and
=(1-8)/(1-8)=1, and O0=Sas1-—\ implies ¢(a)/(1—6)20 and
=(1-8)/(1—8)=1. Now put ¢i(e) =1 for 1-A=a=1 and ¢:(a) =0 for
0<a=<1-X\. Then we have 0<¢,(a) <1 for all 0 Sa=<1; and also, for ¢:(c)
=(¢(a) —d¢1())/(1—=8), 0<¢s() <1 for all 0<a =1 (we proved this above
separately for 1 —A<a =1 and for 0=a=1—N\). Besides

(%) ¢(a) = dp1(a) + (1 — 8)¢u().

Now clearly f ¢1(a)da . This and f qS(a)da N and (%) give
{ ct;,(a)da =\. Therefore [, ¢1(a)d|lE(a)g”2$mb, J, ‘$o(c)d|| E()g]|2<ms. But
*) gives

5 f $1(e)d]| E@)g])? + (1 — 9) f d2(e)d]| E(e)g]|? = f o(a)d]| E(@)g]|* = ms.

Therefore necessarily [.¢:()d|| E(@)g||2=ms. In other words, for B,=¢.(B)
which belongs to the class of Problem (B), we have (B.g, g) =




226 F. j. MURRAY AND ]J. voN NEUMANN [March

Thus B, =¢:(B) is a solution of Problem (B), too. But one verifies easily
that B, =¢1(B) =1—E()), and so B, is a projection.
Therefore replacement of By by B, completes the proof.

LEMMA 3.2.3. Problems (A) and (B) possess a common solution Ey= B, and
for the maxima we have m,=ms.

The class of the E in Problem (A) is obviously a subclass of the B in
Problem (B): It consists of all projections of the latter class. (This is so,
because for projections E, Dy(E) =Try(E) (cf. R.O., Lemma 15.3.1).) Now
Lemma 3.2.2 states, that a solution of Problem (B) exists, which is a pro-
jection and thus belongs to the class of Problem (A). Therefore it is a solution
of Problem (A) too, and m,=ms;.

Problems (A) and (B) can be modified, when a projection G = PypeMt is
given, in the following sense: Replace $, M by %, M(y) (cf. R.0O., §11.3).
Then Dy(E) must be replaced by Du(E)/Du(G), in order to conserve the
standard normalization and so the normalization of §1.1 requires replacing
of Dy/(E’) by Dy/(E’)/Du(G). This a is replaced by a/Du(G) and so a=1
remains true. Lemma 3.2.3 is modified, in so far as \ is replaced by \/Du(G)
and M in Problems (A) and (B) is to be replaced by M(q). This means that
projections FeM must be <G, and operators BeM must fulfill BG=GB =B.

Combining this and the corresponding changes in Lemma 3.2.1 (observe
that (Beg, g) = (Eg, §) =||Eogl|?), we have

COROLLARY. Let a projection GeM be given. Replace Problems (A) and (B)
by Problems (Ac) and (Bg), which arise by imposing these further restrictions:
In (Ag) the projections FeM are F<G. In (Bg) the operators BeM fulfill
BG=GB=B. Assume 0 =\ < Du(G). Then Problems (Ag) and (Bg) possess a
common solution E,= By, and we have for the maxima K-Y||Eog||2<m.=m; <
K| Eg]”

3.3. We hold g fixed, and make the following

DEriNITION 3.3.1. Let E, G be two projections eM, EXG. We say that E
reduces g with respect to G if for every AeM with AG=GA=A4

(AEg, g) = (EAgr g)‘

If G may be taken =1, we say that E reduces g.

LeMMA 3.3.1. Let G be a projection eM, E, a solution of Problem (Ag)
(cf. the corollary to Lemma 3.2.3). Then E, reduces g with respect to G.

If U is unitary, eM, and commutes with G, then U~'E,U is a projection
eM, it is =U-'GU =G, and Dy(U-1EU) =Du(E;) =\. So (U'E,Ug, g)
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< (Ew, g). Now (U'E.Ug, g)=(U*E.Ug, g) =(EUg, Ug). So (Ew, g)
_(EOUgy Ug) ;0.

Let A be Hermitian, eM, and commute with G. Put for some ¢20
¢ (@) =(1+iea)/(1 —iea). As |¢.(a)| =1, so U.=.(4) is unitary, and it is
eM and commutes with G along with 4. Further ¢.(a) =142iea+ %Y. (a),
where ¥.(e) = —a?/(1—iea). So |yYe(@)| =D? if |a| =D, and therefore
Il .(4) || = |- 4]j2 (ct., for instance, (16), p. 113, Theorem 4*). Now

0 < (Eo, g — (EoUg, Ug) = (Ew, g
— (Eo(1 + 2ied + e%e(4))g, (1 + 2ied + e¥(4))g)
= 2e(i(AEy — EoA)g, g) + O(é).

So we have
2¢i((AEo — Eod)g, g) + O(e?) 2 0.
As €20, this necessitates ((A4E,—Eod)g, g) =0, that is,
(AEwg, §) = (Eodg, g).

This equation extends from the Hermitian 4 eM to all 4 eM, which commute
with G. Put for such an 4, 4,=%(4+A4%*), A;= —%i(4 — A*), then it holds
for A,, A; and so for A =A,+iA4,. Thus we have established that E, reduces g
with respect to G.

LemMA 3.3.2. If E reduces g relatively to G and G reduces g, then E reduces g.
We must show that for every AeM, (AEg, g) =(EAg, g). Now

(EAg, g) = (GEAg, g) = (G(EA)g, g) = ((EA)Gg, g) = (EGAGy, g)
= (GAGEg, g) = (GAEg, g) = ((AE)Gg, g) = (AEg, ).

Lemma 3.3.3. If { E.} is a sequence of projections E.eM each of which reduce
gand E;-E;=0if i], then), E;reduces g. If E, and E; reduce g and E,= E,
then E,— E; reduces g.

This is immediate for 4eM implies 4 is bounded.

LeMmA 3.3.4. Let { E;} be a sequence with the same properties as in Lemma
3.3.3. Let E=) . E. Then for AeM,

=1
0

(EAg, g) = (AEg, g) = (EAEg, g) = > (E:AEg, g).

=1

Also if E reduces g, EF =0, FeM, then (EAFg, g) =(FAEg, g) =0.

We have (EAg, g) = (E(EA)g, g) = (EAEg, g) = (E(AE)g, g) = ((AE)Eg, g)
=(AEg, g). Hence we have (EAg, g)=((X_,E)Ag, g) =2, (E:dg, g
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=2.7.(E:AEg,g). Also (EAFg, g) = (E(AF)g, g) = ((AF)Eg, g) = (A(FE)g, g)
=0=((EF)Ag, §) =(E(FA)g, g) =((FA)Eg, g) = (FAEg, g).

Lemma 3.3.5. Let {E;} be a sequence of mutually orthogonal projections.
If E=) . E;and A and E;eM,

tm=l

Tru(EAE) = Y Tru(E:AE,).
gl
By Property III, (vi), Trm(EAE)=Tru(AE-E)=Tru(AE). Simi-
larly Tryu(E:AE;)=Tru(AE;). By Property III, (**), and (iii) Tru(4E)
=Tru(Q ;. AE) =2 Tru(AE)). Thus TrM(EAE) =" Tru(E:AE;). Note
that we ha.ve also demonstrated the convergence of Z‘_IT ru(E:AE;).

LemMA 3.3.6. Let { E;} be a sequence of projections each E;= )\ (<)) for g.
Furthermore let us suppose that each E; reduces g and E;-E;=0 if i#4. Then
‘Z.-; iZp ( p)‘)-
Let A be positive definite, eM and such that EA=AE=A. Then by
Lemma 3.3.4

o0

(Agy g) = (EAgy g) = Z (EiAEig’ g)'
t=1
Now E;AE; is positive definite and is unchanged by left- or right-multiplica-
tion with E;. Hence Lemma 1.4.2 yields (E;A E.g, g) 2NTru(E:AE;). Thus by
Lemma 3.2.6

(4g, &) = 2 (EdEg, g) Z 22 Tru(EAE;) = Mru(4).
$=1 t=1
Lemma 1.4.2 now implies E = ,\.
3.4. We still suppose that g is held fixed.

LeEmMA 3.4.1. Let E5~0 be a projection, eM, and such thata < ,E=< ,b. Let a\
with 0 <\ <Dm(E) be given. Then there exists a projection E.e M with the follow-
ing properties: (1) E,< E; (ii) Du(E,) =N\; (iii) Eo reduces g with respect to E;
and (iv) there exists a £ with ¢ < ,E— E < ,£0= ,Eo = 5b.

Consider the solution E, of Problem (As) with G=E, in the corollary to
Lemma 3.2.3. This E, is a projection eM and fulfills (i), (ii) by definition,
and it fulfills (iii) by Lemma 3.3.1. As to (iv), both E, and E—E, are = ,a
and = ,b along with E, by Lemma 1.2.3.

So we must only find a ¢ with E—E,< ,£< ,E,. Let I'’ be the set of all
n’s, for which there exists an F < E, with F <7; and let I'"’ be the set of all
n’s for which there exists an F < E—E, with F>7. I and T'"/ are open in-
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tervals, and clearly every n>b belongs to I'/, and every 7 <a belongs to I'’’.
So there exists either a £, such that every nin I'' is 2, and every nin '’ is
<&, or I and I’’’ have a common element £,.

If the former holds, then F < E, implies F =7 for all <&, and so F =&,
thatis, Eo 2 ,£,. Similarly E — E, < ,£,. So in this case the rest of (iv) is proved,
too.

If the latter holds, then we have even a £, —48 in I and £,46 in I’/ for
some suitable § >0. So an F; < E, with F,<§,— 4 exists, and an F,<E—E,
with Fo>£,+6. By Lemma 1.2 there exist two F; and F, (both 0), with
Fs<F, F,<F, and F;=<,£,—0, F42 ,£,+5. We may assume that Dy(Fs)
= Du(F,), since otherwise we may replace F;, Fy by two F{ <F;, F{ <F,with
Dy(F{) =Dy(F!) =min (Du(Fs), Du(F4)) (remembering Lemma 1.2.3).

Now as Fs < Ey, F4 < E—E,, so E,—F;3;+F,, is a projection <E, and

Dy(Eo — F3 + Fy) = Dy(Eo) — Dy(Fs) + Dy(Fs) = Dy(Eo) = A,
while
((Ey — Fs + Fig, 8)

(Eog, g) — (Fsg,8) + (Fug, 8)

ms — (§1 — 8)Dm(Fs) + (&1 + 8)Du(F o)
ms — (&1 — 8)Du(Fs) + (§1 + 6)Dm(Fs)
= mq + 26Dm(F3) > m,,

v v

contradicting the maximum property of m,. So this case cannot arise.
The proof is therefore completed.

LemMA 3.4.2. We can define for all 0=a =<1 a family of projections E(a)
and a function £(c) with the following properties:

(i) E)=0, E(1)=1, (il) a=pBimplies E(a) <E(B),

(i) £(0) =K, £(1) =K, (iv) a=p implies £(a) 2Z£(B),

(v) Dm(E(a)) =a, (vi) E(a) reduces g,

(vii) a<B implies £(8—0) < ,E(B) — E(e) < ,£(ee+0).

Choose a sequence p;, ps, - - - which lies and is everywhere dense in

0=a=1, with p,=0, p.=1. We will define E(a) and £(a) for a=py, ps, - - -
so that they fulfill (i)—(vi) and

(vi)" E(a) 2 ,%(a), 1 —E(e) < 5£(a),
foralla=p, p2, - - - .

Put first E(0) =0, E(1) =1, £(0) =K, £(1) =K~'. Then a=p,, p; are taken
care of, and (i)—(vi) as well as (vii)’ hold for a=p;, ps. Assume now that for
aj=3,4,- - the E(a), £(o) for a=p,, - - -, p;—1 are already defined, so
that (i)—(vi), (vii)’ hold for a=p,, - - - , p;—_1, we will now define E(p,), £(p;)
without violating (i)—(vi), (vii)’.
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Consider the p;, =1, - - - , j—1 with p;<p; (they exist: p=0=p;); let
pi be the greatest one. Consider the p;, i=1, - - - , j—1, with p;=p; (they
exist: po=12p,); let p;» be the smallest one. As p;/, pi»#p;, SO we have
pir <p;i<pis. So (ii) gives E(p;:) < E(p:-), and (v) gives Du(E(pir) —E(p:i))
=pin—p;>pi—pir>0.

Apply now Lemma 3.4.1 to E=E(p;-) — E(p:i), \=p;— ps» with a=£(ps»),
b=£(ps). Owing to (vii)’ and Lemma 1.2.3 we have E(p;/) — E(p::) < E(psr+)
and therefore = ,£(piv), and E(p:) —E(pi) S1—E(ps) and therefore
= ,¢(ps). That is, a< ,E<,b. An E,<E(p:+)—E(p:») and a &, result, put
E(p;) =E(pss)+E, (this is a projection eM) and #(p;) =%o. Let us now con-
sider (i)—(vi), (vii)’ for a=py, - - -, pj_1, Pj.

(i), (iii) are unaffected.

In (ii), (iv) the only new possibilities are a=p;<p;=8 and a=p;<p:=8,
where 4=1, - - -, j—1. In the first case p;<pi, so E(a)=E(p:) < E(p:)
SE(pi) +Eoc=E(p;) = E(B), and £(ar) =£(ps) Z£(psr) =bZ£0=£(p;) =£(8). In
the second case p;2pi, so E(B)=E(p:) = E(pi) = E(p:) +E(pir) —E(ps)
2 E(p)+Eo=E(p) = (), and £(8) =£(ps) SE(pir) =0 SEo=£(p) =£(@). So
(i), (iv) remain true.

In (V) we need only DM(E(p,)) =pj. Now DM(E(p,)) =DM(E(p.") +Eo)
=Du(E(p:)) +Du(Eo) = pir+(p;—psr) = pi.

In (vi) we need only that E(p;) reduces g. As E(p;) =E(p:)+Eo, and
E(p:) reduces g, we must only show that E, reduces g (use Lemma 3.3.3).
But E, reduces g with respect to E=E(p;») — E(p:) by Lemma 3.4.1, (iii),
and E(p:+) — E(p:-) reduces g because E(p,:+) and E(p;-) do (again use Lemma
3.3.3), therefore E, reduces g by Lemma 3.3.2. So the property (vi) remains
true.

In (vii)’ we need only E(p;)Z,£(p;), 1—E(p;) =< ,£(p;). Now E(p;)
= E(pi) +Eo, and E(ps) 2 5£(pi) 2£(p;), Eo Z pko=£(p;) by Lemma 3.4.1, (iv),
so E(p;) 2 ,£(p;) by Lemma 3.3.6. On the other hand 1—E(p;) =1—E(p:)
+((E(pirr) —E(p:r)) —Es) and by Lemma 3.4.1, (iv), 1—E(p:) < £(ps)
<&(ps), (E(pirr) — E(pir)) — Eo) = E— Eo < ,£0=£(p;) so that 1—E(p;) = ,£(p;)
by Lemma 3.3.6. Therefore (vii)’ remains true.

Thus we have verified (i)-(vi), (vii)’ for a=py, - - :, pj-1, p;- Therefore
all a=py, ps, - - - are taken care of, and (i)—(vi), (vii)’ hold for all of them.
Owing to (ii) and (iv) lim ,,.e,,,>«E(p:) and lim,,.q ,>4E(p:) exist for all o
with 0<a=<1. If « is equal to a p;, then this limit is meant to denote the
value at p;. So we can extend the definitions of E(a) and £(a) to all above a
by defining

E(e) = lim E(py), (@) = lim £(p).

pi—da, pi2a pi—a, piza
s
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The statements (i), (iii) are unaffected by this extension, while (ii),
(iv)-(vi) extend by continuity to all 0 S« <1.
Let us now consider (vii). Assume a<B. Choose a sequence p;,, 72 =0,

+1, +£2,-.., with a< .- <p;_,<pi_;<p;, <p;; <p:i,< + -+ <P and
lm po_wpin=a, lim,..p:;,=B. We have p;_,>p;_,> - - - >a, so that E(p:_,)
2E(pi_,) = - - - 2 E(a). Therefore lim,._.E(p;,) exists, and is = E(e). Now
we have
DM( lim Ep,) - E(a)) = lim Du(E(p)) — Du(E(e)
=lim p;, —a=a—a=0, lim E(p;,) = E(a).
Similarly
lim E(p;,) =E(B).

Therefore

[ n—1

2 (E(pinss) = E(pi) = lim 3 (Epinyr) — Elpsn)

= 1;113 (E(pi,) — Elpi_,)) = E(B) — E(a).

We have E(p;,,,,) —E(p;,) < E(ps,,,,), therefore (vii)’ (for a=p;,,,) and
Lemma 1.2.3 give E(ps,,,,) — E(ps,) = »£(p,, ,,) =2£(8—0). Then Lemma 3.3.6
gives E(B) — E(a) = ,£(8—0). On the other hand we have E(p;,,,,) — E(p:,)
=<1-—E(ps,) therefore (vii)’ (for a=p;,) and Lemma 1.2.3 give E(p;,,,)
—E(p;,) < £(ps,,) SE(e+0). Then Lemma 3.3.6 gives E(8) — E(a) < ,£(a+0).
Thus we have proved

£(8—0) = ,E(B) — E(a) = st(«+0),
that is, (vii).

We have established (i)-(vii) for all 0=« =<1, and so the proof is com-

pleted.

Lemma 3.4.3. Let oy, 2=0, 1,-- -, n be a set of numbers such that
O=ap=a1< - - - SapaSa.=1and let \;, i=1, - - - | n be a set of positive
real numbers. Put (with the E(c), £(c) of Lemma 3.4.2)

¢ = 3 A(E() — Elan)g,

=l

C, = _max AME(ai1+0); Cp= r{lln AE(a; — 0).

Then for all definite AeM
CiTru(A) = (Ag', g') = C:Tru(4).
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We have

(g, ¢) = (Ai ME(@) — E(acs))g, ’_ N(E(a)) — E(a,-_l»g)

fml
n

= 3 2 A (E) — Ean)g, (Ea) — Eai))g)

=1 jml
= Zl Zl AN((E(aj) — E(etj1))A(E(a:) — E(ai-1))g, 8) -

tml o
As every E(ax) — E(ai—1) reduces g (by Lemma 3.4.2, (vi), and Lemma 3.3.3)
and as (E(a;) — E(aj—1))—(E(a;) — E(ai—)) =0 for j ¢, Lemma 3.3.4 permits
us to drop all terms with 7; from the above sum Z:i_l. Therefore it be-
comes Y-, \*((E(ew) — E(cti-1)) 4 (E(ers) — E(ei-1))g, 8)-

Now E(a;) — E(ati-1) < p#(ai—1+0) by Lemma 3.4.2, (vii). Therefore it is

evident from Lemma 1.4.1 that ((E(a;)—E(ei-1))4(E(a:) — E(air))g, £)
SE(0ia+0) Tra((E(as) — E(eti-1)) A (E(exs) — E(@i-1))). So

(Ag, 8) S 3o A2 E(eer + O Trae((Be) — Ees )4 (Eas) — E(i)))

S Y Tru((B() — Ela)A(E(e) ~ Easni)))

= C1Tru(4)

(use Lemma 3.3.5). Similarly E(a;) — E(ai—1) = p£(a;—0) by Lemma 3.4.2,
(vii). Therefore Lemma 1.4.1 gives ((E(a;) — E(eti—1)) 4 (E(as) —E(ati-1))g, )
Z&(ai—0)Trm((E(e:) — E(eti-1)) A (E(as) — E(@i-1)))- So

(4¢,¢) z f) A E(as — 0)Trm((E(as) — E(ai—1))A(E(i) — E(a-1)))

]
2 Co X Tru((E(e) — E(ei-n)A(E(a) — E(ei-1))) = C2Tru(4)
=1
(use Lemma 3.3.5). Thus the proof is completed.
3.5. We can now take the decisive step.

LeMMA 3.5.1. Let g and K be as in Theorem 1. Let K’ be any number such
that 1 <K'=<K. Then there is a g’ which is related to K’ as g is to K in The-
orem 1, and such that

g = ¢l = (K — nKe.

Let # be the smallest positive integer with (K’)»=> K. Put 6=K'/", so
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1<0=<K’. Choose the oy, ¢=0, 1, - -, n with O=aSay< - - - Saza
Sa,=1, so that {(a;+0) <02 <{(a;—0). (For i=0, 6~ 2%=0~=K; for
i=n, O»~2=0—n=K-1) Put \;=0~+/2, Now apply Lemma 3.4.3. We have
)“.25(&‘._1_'_0) <@t 26-D=9< K’ and )‘..25(%._0) = 02— (n4D) . Gn—2i > g1
2(K")!, so C;=K’ and C,=(K’)~!. Therefore the g’ of that lemma
gives for every definite AeM: K'Tru(A) 2 (Ag’, g') 2 (K')"'Tru(A4); that is,
K'(Ag', g")=Tru(4) 2 (K')"1(Ag’, g’). So it is related to K’ as g and K are in
Theorem I.

Compute now ||g’ —g||. The projections E(a;) — E(e:—y), i=1, - - - , n, are
mutually orthogonal, therefore the (E(a;) — E(ai—1))g, i=1, - - -, n are mu-
tually orthogonal too. Now we have

2

> M(E(@) — Blein)g — 3 (E(a) — Elein))g

e’ — > = l 2 2
= || 2 o - DBt — Bawe|
= 3 0 = D (Ble) — Bl
s max (= D72 (B — Bl

Jmax  (\ = 1)2[|g]]2.
Now clearly
~I}l?..x ()“. —_ 1)2 _ ()‘n _ 1)2 = (0(n+1)/2 — 1)2 < (0» —_ 1)2 = (K —_ 1)2

so that [|g’—g|| = (K —1)]g]|.
But 4 =1 in Theorem I gives

llgll>=(g, &) =KTru(1) =K, ||g| =K 2

Therefore ||g’ —g|| < (K —1) K'/2. Thus the proof is completed.

Let Ki=142-6+ =0,1, 2, - - - . We define inductively a sequence of
elements g;,2=0,1,2, - - - . Let go be related to K, as g is to £ in Theorem I.
Suppose g; has been defined and is related to K; as in Theorem I. Then in
Lemma 3.5.1 let g=g;, K=K, K'=K;.;. We then define gy, as g’. Then
gi+1 and Ky, are related as g and K in Theorem I and we also have

1
llgss — gl = (K — DKM = gy K = Py

Then for >0
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1

i+l

n+p—1
lewss — ol = | 3 (g — 89 H " g — gl

i=n t=n

=

l[Vls

1
a 20

This implies that the g.~’s satisfy the Cauchy condition. Let g be their limit,
and let 4 again be definite and eM. Then, since 4 is bounded,

(4g, &) = lim K(Ag:, 8:) = Tru(4) 2 lim K7'(Ags, g:) = (4g, g) -
31— $—>00

Thus, if AeM is definite, (Ag, g) = Tru(A4).

For AeM, Hermitian, we have as in §2.1, under Property II, 4 =A4,—4,,
A, and A4,, eM and positive definite. Property I of §2.1 then yields
(Ag, & =Tru(A4). If A is merely eM, then Definition 2.2.1 now implies that
(4g, g) =Tru(4). We have thus demonstrated

THEOREM II. Let M be a factor in case I, with a2 1. (In the normalization
of §1.1. In the normalization of R.O., Theorem VIII this means M, M’ are
either in case 11,, I1, or in case II,, II, with C <1, standard normalization.)
Then there exists a geD such that

(48, 8) = Tru(4).

We now drop the restriction that a>1. Let M, M’ be in case II,, II,,
a <1, and let m be an integer such that ma =1 or in the standard normaliza-
tion of R.O., Theorem X, C/m=<1. Let E,, E,, - - -, E. be m projections
each of which is eM, Dy(E;) =1/m, E;E;=0if i #j. Let the range of E; be M.
Let us recall R.O., §11.3 using M for M.

Consider the Mgy,=M; and Mgy, =M; of Definition 11.3.1. By
Lemma 11.3.2, these constitute a factorization in ;. Now we can take for
AeM and such that E;A=AE;=A, Dum,(Ar)=Du(4) and for A'eM’,
DM ((4g;) =Du:(A’), Du, and Dy, are dimension functions for M; and
M; respectively (Lemma 11.3.6).

The ranges of Dugy) and Du gy are by Lemma 11.3.7, the intervals
(0, 1/m), (0, @) respectively. So we can obtain the standard normalization of
R.O., Theorem X by multiplying by m and 1/« respectively. But in this
latter normalization, by Lemma 11.4.3, C = (Dy(E;)/Dm-(1))Co=Co/m =1,
where Dy and Dy refer to the standard normalization for M and M’ as in
R.O., Theorem X.

By Theorem II above this implies that there is a gfedt; such that,
if AceM;, then Try(Ao)=(Aog?, g2). But now if AeM is such that
E,A=AE;=A, let Ay=Ag, From the above it will be seen that Try(A4)
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= (1/m)Tru(40) = (1/m)(4eg?, g°) = (1/m)(4g?, g0) = (4g;, g, if
gi=(1/m)'1%g?.
Now if AeM, we have by Lemma 3.2.6

Tru(4) = Zm: Tru(EAE;) = f (E:AE;gs, g:)

t=1 tm=1

= i (4Egi, Eig) = f) (4gi, 3.

=1 =1

If M, M’ is in case I, I.,, m <, we may proceed as follows. By R.O.,
Lemma 8.6.1, $=E,® 9., where E, is an m-dimensional euclidean space.
Let ¢1, - - - , ¢m be a complete orthonormal set in E,, and fe9, with [|f|| =1.
Then if we let g;=¢:®f, we easily verify that the above formula for 77y
holds. Thus we have

THEOREM III. If M is a factor in a finite case, then there exists a finite
number of elements g;eD such that

Tru(4) = 3 (48 8.
t=1

Suppose that AeM is held fixed. Then consider the weak neighborhood
U=U(A;8, " ,8n; 81, ", &m; ¢/m). XeU implies | (X —A4)g;, g)| <e/m
for i=1, - - -, m. Hence if X is also eM, Theorem III implies |7Try(X)
—Tru(A)| <e. This proves

THEOREM IV. If M is a factor in a finite case, Trm(A) is weakly continuous.

CHAPTER IV. THE ISOMORPHISM OF M, M’ AND § (FOR ar=1)

4.1. We assume that M, M’ is in case II,, II, and a=1 or what is the
same thing that C=1 and we have the standard normalization. We know by
the discussion of R.O., §§11.3 and 11.4 how all other cases II can be reduced
to this case.

As a=1, Theorem II holds. We define

DEFINITION 4.1.1. A g which satisfies Theorem 11 is uniformly distributed
with respect to M; abbreviated g u.d.r. M.

LeMMA 4.1.1. If g is ud.r. M, then (i) ||g]| =1, (ii) E¥ =1, (iii)) E¥=1
(cf. R.O., Definition 5.1.1).

To prove (i), in Theorem II take 4 as 1. Then 1="Trxu(1) =(g, g) =||g||2
To prove (ii), in Theorem II take 4 as EM'. Then

1=|lgll? = (EY g, 8) = Tru(EY) = Du(EY)

or Dy(E}’) =1 which in our normalization implies E¥' =1.
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Consider (iii). Since we have the standard normalization and C=1,
Dy:(EM) = Dy(EM’) =1. This implies E¥ =1.

DEFINITION 4.1.2. Let g be €. Let Q,(M) consist of all operators ZeU (M),
i.e., Z is linear closed nM and with a dense domain (cf. R.O., Definition 4.2.1),
for which Zg exists.

Now consider any fe® such that EY'=EY=1. By R.O., Lemma 9.2.1,
if heD, then h=XYf, where X and ¥ are eU(M). But if M is in case II, by
R.O., Theorem XV, Z=[XY] is eU(M), and, since Z2 XV, Zf exists, and
we also have k= XV f=_Zf;i.e., every he$ is in the form Zf, where Z is eU (M).

Furthermore this Z is uniquely determined by 4. For suppose Z; and
Z2€U (M) are such that Z,f=Z,f or (Z,—Z,)f=0. Then [Z,—Z.] is by R.O,,
Theorem XV, eU(M) and since [Z,—Z,] 2 Z,— Z;[Z,— Z.]f exists and is zero.
Let A’ be eM’. Then since A'[Zi—2Z,]€[Z,—2,]4', [Z\—Z.]A'f
=A4'[Z,—2Z,]f=0. Thus [Z,—Z.] is zero on the set of 4’f, A’eM. But since
EM’=1, this latter set is everywhere dense in §. Thus [Z,—Z,] is zero on a
dense set and since it is closed it must be zero. R.0O., Theorem XV, then
yields

Zi=[2,—-0]=[2.—[2:. - 2Z,]) = [[2: — Z.] + Z,] = [0 + Z.] = Z,.

So we have proved

LeEMMA 4.1.2. If f is such that EM’ = EM =1 (in particular, if f is u.d.r. M),
then h=Zf defines a one-to-one correspondence of O and the set of all ZeU (M)
for which Zf exists (i.e., between $ and Q;(M)).

Since our assumptions on f are symmetric in M and M’, we also have

LeMMA 4.1.3. Let f be as in Lemma 4.1.2. Then h=Z2'f defines a one-to-one
correspondence of © and the set of all Z'eU(M’) for which Z'f exists (i.e.,
between  and Q;(M")).

Thus for ke we have three correspondences defined by the equations
Zf=h=2'f, if f is u.d.r. M: (1) the correspondence 3y of $ and Q;(M),
(2) the correspondence 3u- of  and Q(M’), and (3) the correspondence
Su.me of Q;(M) and Q,(M).

4.2. We now investigate these three correspondences. We know that they
are one-to-one. They are obviously linear and of course along with $ the
sets Q;(M) and Q;(M’) are linear. But inasmuch as S, is a correspondence
of operators, we would like to know the algebraic properties of this corre-
spondence as well as certain properties of Q;(M) and Q;(M’). In particular
we would like to know:
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(i) To what extent can the operation [XY] be performed in Q,(M)
(or Qs(M))?

(ii) To what extent can the operation X* be performed in Q;(M) (or
Qs(M))?

(iii) Is the property of being bounded invariant under 3w m; i.e., since
McQ,(M), M’ cQ;(M’), is M mapped on M’ by 3w m-?

(iv) Are the properties of being Hermitian, definite, or unitary invariant
under SM,M'?

LemMA 4.2.1. If f is u.d.r. M, then every Uf, UeM and unitary, is u.d.r. M
also.

If AeM, then
(AUf, Uf) = (U'AUS, f) = Tru(UAU) = Tru(4).

LeMMA 4.2.2. If f and g are each u.d.r. M, then there exists a U'eM’ and
unitary with g=U'f.

If h=Af, AeM, define &* as Ag. The correspondence h=h* is linear, and,
since

|#%]2 = ||4ell? = (4g, Ag) = (4*Ag, §) = Tru(A*4) = (4*4f, f)
= (4f, Af) = ||4fll* = ||#]]*,

it is isometric. Thus the equation Wh=~#* defines a linear isometric and
hence one-valued operator W. Since E; -EM =1, both domain and range of
W are everywhere dense and hence its closure W is unitary.

Now if %4 is in the domain of W, h=Af, AeM. Then, for every BeM,
BWh=Bh*=BAg= WBAf=WBh or BW cWB. This implies that [BW]
c[WB]. But BW =BWW ¢ [BW], while since B is bounded [WB]=WaB.
Hence BW ¢ WB. If in particular B is unitary, R.O., Lemma 4.2.2 now
yields that W is nM’ and R.O., Lemma 4.2.1 implies that W is eM’.

Letting 4 =1 in the definition of W, we get g=Wf=Wf.

LEMMA 4.2.3. If f and g are u.d.r. M, then there exists a UeM and unitary
such that g =Uf.

By Lemma 4.1.2, g=Zf where Z is eU(M). Using the canonical decom-
position for Z, Z = BW, where B is self-adjoint and definite and W is partially
isometric and as indicated in the proof of Lemma 1.4.3 may be taken as
unitary; that is, g = BWf, where W is unitary and B definite and self-adjoint.
We must show that B=1.

By Lemma 4.2.1, fo=W/fis u.d.r. M. Hence we must show that if fo and g
are u.d.r. M and g=Bf,, where B is definite and self-adjoint, then B=1.
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‘Let E(\) be the resolution of the identity corresponding to B. If E(\) =0
for A\<1 and E(\) =1 for A>1, then B=1. Thus if B is not 1, either there
exists a \; <1 for which E(\,)#0 or a A\;>1 for which E(\;)#1. In the
first case we have ||EQ\)fo|2=(EM)fo, EA1)fo) = (EM)fo, fo) =Tru(EM))
= (E(g, o) = [[EM)ell? = [[EQ)BSil|* = [|BEA)S[* = M| EM)fo|? or
(1=N\2)||EQ\)fo|2<0. This implies 0= || E(\)fol|2= (EA)fo, fo) = Tru(ENL))
= Dy(E(\y)) or E(\,) =0, a contradiction. In the second case a similar type of
calculation yields that || (1 — E(\))fo||2= || B(1 — EQ\2))fol| 22 M| (1 — E(\2)) fo|2
which again implies that 1 — E(\;) =0, a contradiction. Thus B must be 1 and
our lemma is proved.

LeMMA 4.2.4. If fisu.d.r. M, and U’eM’ and unitary, then U'f is u.d.r. M.
If Ais eM,
(AU'f, U'f) = (UAUSf, f) = (AU-U'S, f) = (Af, f) = Tru(4).

LeEMMA 4.2.5. Unitary operators correspond to unitary operators under
Sum;ie., if fisudr. M, UeM, U'eM’ and Uf=U'f, then if either U or U’
-1s unitary the other is too.

Let UeM be unitary, then by Lemma 4.2.1 Uf is u.d.r. M. Then Lemma
4.2.2 yields that there is a unitary U’eM, such that U’f=Uf. Thus U~U’

under 3 m. Similarly Lemmas 4.2.4 and 4.2.3 yield that to every unitary
U’eM, there exists a unitary UeM such that U’f=Uj.

LEMMA 4.2.6. f u.d.r. M is equivalent to f u.d.r. M'.

Let f be u.d.r. M and A’eM. Then consider T'o(4") =(4"f, f). It is linear
in A’. By Lemma 4.1.1, (i) To(1) =1. If A’ is definite, then To(A4’) = (4f,, fo)
20. Furthermore we have To(4"*)=(4", f) =(f, A'f) =(4"f, f) =T.(4).
Therefore To(A’) satisfies (i)—(iv) and (v) of Property III with M’ instead
of M.

We would like to verify next (vi)’ of the same property for To(4’). By
Lemma 4.2.5 we have for any unitary U’eM

To(U4'U") = (UA'Uf, f) = (A'U'f, U'f) = (A’Uf, Uf)
= (UA'Uf, f) = (A"(UT0)f, f) = (A4'f, f) = To(4").

Thus (vi)’ holds. Property IV of §2.2 now implies that To(4") =Tra-(4")
and hence fisu.d.r. M’.

Replacing M by M’ in the above argument yields the converse.

We note that the above argument also proves

LEMMA 4.2.7. If fe® is such that (i) ||f]| =1 and (i3) if to every unitary UeM
there exists a unitary U'eM' such that Uf =U'f, then f is u.d.r. M.
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THEOREM V. Let feD be such that ||f|| =1 and let M, M’ be in case II,, II,
with C =1. Then the following statements are equivalent:

(@) fisudr. M.

®) fisudr. M.

(v) If U is unitary and eM, then there exists a unitary U'eM’ such that
Uf=U'f.

(8) If U’ is unitary and eM’, then there exists a unitary UeM such that
U'f=Uf.

Furthermore either (o), (B), (v), or (8) implies EM=EM =1.

(@) is equivalent to (8) by Lemma 4.2.6. (a) and (y) are equivalent by
Lemmas 4.2.5 and ' 4.2.7. Replacing M by M’, the last mentioned lemmas
also show (B) and () to be equivalent. This and Lemma 4.1.1 prove the last
statement of the theorem.

In view of Theorem V, we will say that f is uniformly distributed (abbre-
viated u.d.) if fis u.d.r. M.

COROLLARY. If f is u.d., Su.m> maps M(cQ;(M)) on M'(cQ;(M')); that
is, the property of being bounded is invariant under Sm m-.

By Theorem V, the property of being unitary is invariant under S m-.
This and the linearity of 3um m- imply together that the property of having
theform 4 =Y ,.,a,U, (n=1,2, - - - ; a, complex, U, unitary and in M or M’
along with 4) is invariant under S u.

We will show that 4eQ,;(M) (or Q;(M’)) is bounded if and only if it is in
this form. Now if 4 is in this form, it is obviously bounded so we must only
show that every bounded 4 is in this form. Since 4 =4,4+:4,, 4, and 4,
Hermitian, it will be sufficient if this is shown for Hermitian 4’s. Since if 4
is in this form, ¢4 is also, we may assume that the bound of 4 is <1. Then
1—42 is definite and (1—A4?%)Y? exists. Letting U=A4+i(1—A4%"2 then
U*=4—-i(1—A»Y2% and U is unitary. Furthermore 4 =3(U+U*).

Now since the form Y _,.,a,U, is invariant under Sy u-, boundedness must
be also.

THEOREM VI. Assume that fo is u.d. Then Ju.m is an anti-isomor phism of
M and M'. That is, if A~A’, B~B’, then (i) ad~aA’; (ii) A*~A"*; (iii)
A+B~A"+B’; (iv) AB~B’A’; (v) if A (or A') is Hermitian, then A’ (or A)
is also.

(i) and (iii) are obvious.

Consider (iv). We have ABfo=AB'fo=B’Afy=B’A'f,, so that AB~B’A’.
To prove (v), let U be unitary, U~U’. Then U’ is unitary also by Theorem
V. Similarly inasmuch as U-! is unitary, if U-*~V’, V’ is unitary. As
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UU-'=U-U=1by (iv) we have U'V'=V'U’=1, and hence V'=(U’)~. So
U-'~(U")! and «(U4+U-"Y)~a(U'+(U’)) by (iii). If @ is >0, the right
side is Hermitian and the left side is any Hermitian element of M (cf. the
proof of the corollary of Theorem V). This proves (v).

We now prove (ii). If 4 is eM, then A =B+iC, A*=B—iC, B, C are
Hermitian and eM. If A~A’, B~B’, C~C’, then B’, C’ are Hermitian and
A~B'+iC'=A4"', A¥*~B’'—iC’'=A"* proving (ii).

COROLLARY. Tke properties of being Hermitian, being definite, being a pro-
jection, as well as the numerical quantities ||A ||| (the bound of A) and
Tru(A4) (or Tru.(4")), all within M (or M'), are invariant under Su m .

A Hermitian means 4 =A4*; 4 a projection means 4 =A*=A42%; 4 definite
means that there exists an Hermitian B with 4 = B2 So all these properties
are invariant under Sum . 1 is invariant (1eM and 1eM’, 1fo=1f)). ||| 4 |||
is the smallest « >0 such that a?-1—A4*4 is definite, so ||| 4 ||| is invariant.
If A~A4 ,, then Afo =4 ,fo and TfM(A) = (Afo, fo) = (A ,fo, fo) = TfM(A I) by
Theorem V.

4.3. In what follows f, will always be assumed to be u.d. The discussion
which follows could be based on an extension of the notion of Try(A)
(and of Tru:(4’)) to unbounded AnM (or A’nM’) but we prefer an approach
which avoids this.

THEOREM VII. The sets Q;,(M) and Q;,(M’) are independent of the choice of
of u.d. fo. We will therefore denote them by Q(M) and Q(M’), respectively.
Furthermore the values of || ZfJ||, (Xfo, Yfo), where X, ¥, ZeQ(M), or Q(M’) are
independent of the choice of the u.d. fo. '

Owing to the symmetry between M and M’ it suffices to prove the state-
ments concerning M; i.e., let fo and go be u.d., then for 4eU (M), Af, is de-
fined if and only if Ag, is defined and || 4fJ|| =||4gq||. Owing to the symmetry
in fo and g, it will be sufficient to show that Ag, is defined if Af, is and
[l4foll =l 4gdl.

By Lemma 4.2.2, there exists a unitary U’eM’ such that go=U’f,. Since
Ais eU(M), A=U'-'AU’. Hence since Af, exists Afo=U""1AU'fo=U""1Ag,
exists. This implies that 4g, exists and since 4go=U"Af,, || 4gd| =||4f||- Also
if BGQH(M), then Bgo = U,Bfo and (Ago, Bgo) = (U,Afo, U’Bfo) = (Afo, Bfo).

So we must have these mappings:

¢y) Iu: 9 ~Q(M); Ju: 9 ~ QM) ; Jum: QM) ~ Q(M).

By the corollary to Theorem V, Sy m- maps M on M’. So Sy maps M and
3m- maps M’ on the same subset % of $ and we have the further mappings
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1) Su:A~M; Sy : A~M; Sym:M~M.
(II) is part of (I).

We now prove

LEMMA 4.3.1. A is a linear set, dense in 9.

Inasmuch as M is linear, ¥ is too.
Consider an fe9, f=2Zf,, ZeQ(M). Now Z=BU, B self-adjoint and
definite, BeU(M), U unitary and eM. Write B in its spectral form

B = f ”)\dE()\), EQ\)eM.

Then we have
E(u)B]| = “)\dE VK
[ ) ] j; )

and therefore (i) [E(u)B]eM and (ii) if Bg is defined then we have strong
lim,..[E(u)Blg=Bg. Thus [E(u)B]UeM and strong lim,..[E(u)B]Ufo
=BUf,=Zfy=f. Since [E(u) B]Uf,€¥, f is a condensation point of %. As this
is true for any feD, % is dense in P.

DerINITION 4.3.1. If f=Xfo=X"fo, g=Yfo=Y'fo, X and YeQ(M), X' and
V' Q(M'), let[[X]]=[[X"1]=|Ifll, (X, P)=(X", ¥)=(F, g)-

Theorem VII shows that the values of [[X]], [[X']], (X', Y')), ({X, V))
are independent of the choice of the u.d. fo.

LEMma 4.32. If X and Y are eM, then [[X]]=(Tru(X*X))V?
=(Tru(XX*)V2, (X, V))=Tru(Y*X) =Tru(XY*).

As [[X]]=((X, X))V2, the second statement implies the first. Now
clearly '

(X, ¥)) = (Xfo, Yfo) = (Y*Xfo, fo) = Tru(Y*X)

since f is u.d. We also have Try(¥Y*X) =Try(XY*) by §2.2, Property III,
(vi). So ((X, V))=Tru(Y*X) =Tru(XY™*).

Lemma 4.33. If X', Y'eM', then [[X']] = (Tra (X*X"))V2
= (Trae (X' X™) V2 (X", V")) =Trag (Y*X') = Trag(X' Y '¥).

Replace M by M’ in the proof of Lemma 4.3.2.
TaEOREM VIIL. If we use the definitions

((Xa Y)> = T’M(Y*X) = T’M(XY*)7
[[X]] = (X, XINV2 = (Tra(X*X))V2 = (Tru(X X*))12,
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then M is an incomplete Hilbert space. Its completion in the usual (Cantor)
way gives a Hilbert space M which may be identified with Q(M).

This is clear by the isomorphisms (I) and (II) and Lemmas 4.3.1 and
4.3.2. M and M, that is, Q(M), are isomorphic to ¥ and $ respectively,
using the isomorphism J.

The corresponding facts hold for M’; their formulation is obvious.

THEOREM IX. XeQ(M) implies X*eQ(M) and [[X]]=[[X*]].

Assume XeQ(M), i.e., XeU(M); Xf, is defined. Write X =BU, B self-
adjoint and nM, U unitary and eM. Thus BUf, is defined. Now Uf, is u.d.
(Lemma 4.2.1), hence the existence of BUf, implies BeQ(M) (Theorem VII).
This in turn implies the existence of Bf, and with it X*f,=U"'Bf,. So
X*Q(M).

As fo and Uf, are both u.d. (Lemma 4.2.1) we have by Definition 4.3.1,
[[x1) = | x5l = |BUSl| = [[B]] = |Bfl| = [[U=2Bfol| =[] x*fol| = [[x*]].

COROLLARY. X~X* is an involutory conjugale anti-isomorphism of Q(M)
and isomelric.

X~X* maps Q(M) on part of itself by Theorem IX. This and X**=X
show that X~X* is a one-to-one and involutory mapping of Q() on itself.
It is isometric by Theorem IX; [[X]] = [[X*]] and it is obviously a conjugate
anti-isomorphism.

The corresponding facts hold for M’; the formulation is obvious.

4.4. We next discuss the algebra of Q(M).

ProPERTY I°. A, BeQ(M) imply oA, A*, [A+B1eQ(M). If also either A
or B is eM, then [AB] is eQ(M).

aA, [A+B] are ¢Q(M) since Q(M) is linear (along with ). 4* is eQ(M)
by Theorem IX.

Assume now that AeM, BeQ(M). Then Bf, is defined and so is
ABfy=[AB]fo. Thus [AB]eQ(M). If AeQ(M), BeM, then B*eM, A*eQ(M),
so [B*4*]eQ(M). Since [B*A*]*=[AB] (R.O., Theorem XV), [4B] is
Q(M).

ProperTY IT°. (i) [[2d]]=|al - [[4]], (i) [[4*]]=[[4]], iii) [[4+B]]
= [[41]+[[B]], Gv) [[[4B1)]=|l|4]ll- [(B]] and [[4]]-[||B]I]

(i) and (iii) hold because Q(M) is isomorphic to $. (ii) holds by The-
orem IX.

Consider (iv). We have

[[[4B]]] = [[[4Blsell = [l4Bfll = (Il 4l -[|B7oll =[Il 4 [ll - [[B]s
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proving the first inequality. The second follows from this, by using (ii)
[[4B11] = [[[4B]*]] = [([B*4*1]] < Il B*I[- [[4*]] = [}l Bl - [[4]].
We have §~Q(M). Neither $ nor Q(M) depends on the choice of the

u.d. fo but 3 does. This dependence is as follows.

ProPERTY III. Let us replace the u.d. fo by a u.d. go and let Fu denote the
resulting correspondence. Let U be unitary and eM and such that Ufo=ga
(cf. Lemma 4.2.1). Then if X=YU, X and YeQ(M), we have

m:f~X;  Fu:f~Y
if f=Xfo.
This is clear since f=Xfo= Y Uf,=Yg,.

We can now determine another notion which does not depend on the
choice of the u.d. f,.

PrOPERTY IV°. The linear set A (cf. §4.3, the correspondences (II)) does
not depend on the choice of the u.d. fo.

This follows from the definition of % and the fact that if X=YU, U
unitary and either X or ¥ is bounded, then bath X and ¥ are bounded.

Now Q(M)~Q(M’') under 3u » and while neither Q(M) nor Q(M’) de-
pends on the choice of the u.d. fo yet Ju.m- does. We now obtain this de-
pendence.

PROPERTY V. Let the u.d. f, be replaced by the u.d. go and let the resulting
correspondence between Q(M) and Q(M’) ‘be denoted by Fum. Then if UeM is
unitary and such that go=Ufo, and X =U-'YU, X and YeQ(M), then

Sum: X'~ X; Sum: X' ~Y
if X'fo=Xfo, X'eQ(M').
Let X’fo=Xfo, then X’go=X,Uf0=UX,fo= UXfo= UXU—lgo.

DEFINITION 4.4.1. The isomorphism $~Q(M) makes correspond to every
operator P in © an operator P° in Q(M).

Observe that inasmuch as the elements of Q(M) are operators in 9,
P° is an operator on the operators of $.

THEOREM X. (i) If AeM, then
A°Z = [4z];

(ii) if A’eM’ and A'~AeM under Sy -, then
A'° = [z4].
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P° is defined as follows. If g=Xf,, h=Pg, h=Yfo, X and YVeQ(M), then
P°X =Y. Thus to prove (i), we have (4°2)f,=A(Zf,) = [AZ]f, and to show
(i) (A7°2)fo=A"Zfo=ZA'fo=ZAfo=[ZA]fo.

COROLLARY 1. Let M° be the set of all operators Ly in Q(M), AeM, where
Li.Z=[AZ], and M, the set of all operators R4 in Q(M), AeM, where
RiZ=[ZA]. Then 3u carries M into M° and M’ into M.

This is obvious by Theorem X.

COROLLARY 2. M°, M, are rings and M® =M, (all in Q(M)). They are
factors of class (11, I1,) with C=1.

Since 3w is a spatial isomorphism of $ and Q(M) which takes M, M’ into
M?° M, respectively, these properties hold.

We have now characterized , M, M’ by the situation in Q(M), M°, M,
to which they are spatially isomorphic. The spatial isomorphism is 3 which
depends on an arbitrary u.d. fo, while Q(M), M°, M, themselves do not.
All the influence of the choice of f, is however a further transformation
Ry, X=YU (UeM, U unitary so RyeM,). Su always carries the totality
of u.d. elements g, of § into the totality of unitary elements UeQ(M), fo be-
ing that element which corresponds to 1.

4.5. The following important isomorphism theorem can now be proved.

TueEoOREM X1. Let $1 and D, be two Hilbert spaces and My, M{ and M., M;
respectively be factor pairs in them, both of class (I, II,) and with C=1 in the
standard normalization. Then an algebraic ring isomorphism of My and M. is a
necessary and sufficient condition for the existence of a spatial isomorphism of
D1 and D, which takes My, M{ into M., M .

The necessity is obvious and so we prove the sufficiency. Let § be the
algebraic ring isomorphism of M, and M,. By §2.2, Property IV, Truy,(41)
=Trm,(4s) if A1~A4, under §. So [[4:]]=[[4:]], (4, B1))=((4s, Bs)), if
Ay;~A,, Bo~B; under §. Thus § is an isometric mapping of M; on M; and
therefore extends by .continuity in a unique way to a linear and isometric
mapping of Q(M) on Q(M’) which we call § again. 4;~A4,, Bi~B; under §
imply 4,B;~A:B: under § if 4,, BieM, (and thus 4,, B;eM;). By continuity
this will even hold, if one of 4,, B, is in M, and the other merely in Q(M,)
(and one of 4,, B; in M,, and the other merely in Q(M,)). So § is a spatial
isomorphism of Q(M;) and Q(M;) which carries M, M, into My, M;,
{by Corollary 1 to Theorem XI). Now (by the same corollary) 3um,§3! is a
spatial isomorphism of $; and 9. which carries M;, M/ into M,, M; .

Theorem XI could be extended to cover cases (II;, IT;), where C % 1in the
standard normalization as well as other combinations of II; and II,. In all
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cases a reduction of the spatial-isomorphism questions of $, and 9. to
algebraic-isomorphism questions of §, and 9. (plus the behavior of C) re-
sults. We will discuss these questions in detail in later publications.

APPENDIX

1. Consider a ring M of class II; in . Then M’ is of class II, or IL.,.
Normalize Dy and Dy so as to have Dy(9) =1 and C=1, so Dy () =«
(cf. §1.1). By choosing an n=1, 2, - - - with 1/#<a and then an MM’
with Dy, (M) =1/n, apply R.O., §11.3, to form Mm’), M'@n’) in M’. Then
M is algebraically-ring-isomorphic to M, and Dygp (M) =Dy (H) =1
(cf. R.O., Lemmas 11.3.3 and 11.3.6). So if we are interested in the algebraical
properties of M only, we may assume without any loss in generality that
M, M’ are in case II,, II, and that a=1/#, n=1, 2, - - - . Or, in standard
normalization C=#n,n=1, 2, - - - (cf. R.O., Theorem X).

Now form the direct product of $ with an #-dimensional Euclidean space
E.®9 as in §2.1, for the case C>1, and consider M® in E,® 9. The argu-
ment used in §2.1 shows that M®’'=R(N®, M®') and C®»=C/n=1 and
M® is ring isomorphic to M.

So we have for M®, M®’ in the standard normalization C=1. If we are
therefore interested in the algebraical properties of M only, we may even
assume without any loss in generality that C =1 in standard normalization;
that is, @ =1 in the normalization of §1.1. We will assume this in what follows.

It may be noticed concerning subrings that the metric of Q(M) (cf. Defini-
tion 4.3.1) is determined by the algebra of M (cf. §2.2). A subring demands
closure in the weak operator topology, but it will be shown elsewhere that for
subrings of M weak, relative closure in M for the [[X — ¥']] metric is equiva-
lent to closure in the weak topology.

2. Under these conditions there is an analogy between M and the
matrices of a Euclidean space E,, described by an interesting Lebesgue-
Stieltjes-Radon measure in the plane.

We can use the results of §§4.2-4.4, and thus we may form the Hilbert-
space Q(M) which is isomorphic to 9, and in which M, M’ are located by
Theorem X.

Let EQ\), « <A <b, be a resolution of unity, all EQ\)eM. Put A = [~ \dE(\)
(in the well known symbolic sense). For any Borel-set of real numbers S form

» {lforAeS
é =
§ 0 for A ¢S,

and

E(S) = es(4) = f wes()\)dE(A) = f dE()
S
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(symbolically). As eg(A) =es(\) = (es(N))?, so es(4) =es(A4)* = (es(4))?; that
is, E(S)=eg(4)eM is a projection. (Cf. also Maeda, Journal of Science,
Hiroshima University, Ser. A, vol. 4 (1934), pp. 57-91.)

Consider now point sets in the A, u-plane P and in particular sets of the
form S5:®S;:

(\, weS1 ® S2 means AeSy, ueSs,

S1, S: being two Borel-sets of real numbers. Define for any XeM (or even
XeQ(M)),
Xs,x3, = E(51)XE(S3)
W(X; $1® Sa) = [[Xs,xs,]]? = Tr((Xs,xs,)*Xs,xs,)

= Tr(E(S2) X*E(S)) - E(S1) XE(S3))

= Tr(E(S2)X*- E(S51) XE(S3))
Tr(E(S1) X E(Ss) - E(S2) X*)
= Tr(E(S1) XE(S:)X*).

The first expression for w(X, S1®S:) shows, that it is always =0, the
last one, that it is a totally additive set-function of S, and of S;.
Denote the set of all X by A, then the above facts imply:
W(X;81®S5:) Sw(X;8:10®S52) +o(X;(A—S1) ®S,)

=w(X;AQ®S,)
So(X;A08) +w(X;AQ (A—S3)
= o(X; A ® A) = [[Xaa]]?
= [[1-X-1]]* = [[X]]*.

So we have

LeMMA A. (i) w(X; S1®S:) is defined for all linear Borel-sets Sy, Ss. (ii) It is
totally additive in S\ as well as in S,. (iii) We have always

0 = o(X; 51 ®Ss) = [[X]]2 = Tr(X*X).

3. We can use Lemma A to define a Lebesgue-Stieltjes-Radon measure
u(X; T) for all plane Borel-sets 7'( € P) with the help of w(X; S:®S:).

DEFINITION A. If T is a plane Borel-set (T € P), then consider all sequences
of linear Borel-set S\, S ,i=1,2, - - - (all SV, S&” cA) for which

(*) Tc) S ®S,®.

tm=1
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For every such sequence form the (numerical) sum

L)

(**) > w(X; 51 @ S;).

=1
Denote the g.1.b. of all numbers (* ) by u(X; T).
We prove now
LemuMA B. (i) u(X; T) is defined for all plane Borel-sets T-c P.
(ii) It s totally additive in T.
(iii) We have always

0 < u(X; 7 < [[X]]2 = Tr(X*X).

(iv) In particular

M(X; Sl (024 Sg) = O)(X; Sl ® Si)
and especially
w(X, P) = [[X]]? = Tr(X*X).
(i) is obvious. To prove (ii), observe first that our Definition A makes
pX; T+ Te+ -2 ) Spu(X;T) +u(X;Ty) + - - -
obvious, so we need to prove
wX;Ti+Te+ -2 ) 2w(X;T) +w(X;T) + - - -
only when T;-T; =0 for 7 7.

Even u(X; T1+T:) 2u(X; T,) +u(X; T,) suffices. Then finite induction
givesu(X; 14T+ - - - +To) 2p(X; T) +u(X; Te)+ - - - +u(X; T,), and
sou(X; Th4To+ - - - )ZuX; T4 - - - +T)2p(X; T+ - - - +u(X; T,)
and as this holds for all n=1, 2, - - -, it implies u(X; T1+T2+ - - +)

2p(X; T)+u(X; T+ - - -
We will prove

® wX;T) = w(X; TU) + w(X; T — TU)

for all T, U this gives our above inequality if T=T,4T., U=T). Calla U,
for which (§) holds for all plane Borel-sets T, following Carathéodory
(cf. (4), pp. 246-252), measurable. We must show that all U are measurable.

If U=5.®S;, then TCE;SI(") ®S:® implies TU €2 SIS S,,
T— TU c Z;l&“’ Sl® (Sz(‘) —Sz(‘) Sz) +Z:_1(S1(") —Sl(‘) Sl) ®Sz(") . ThllS our
Definition A gives immediately (§) with = in it, and as < is obvious (cf.

above) it proves (§). So all U =S5,®S: are measurable, and therefore in par-
ticular all plane intervals (=rectangles).
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Now the measurable sets U form a Borel-ring (cf., for instance, (4), loc.
cit.). These considerations apply literally to the present case. Thus every
plane Borel-set U is measurable. This completes the proof.

We now prove (iii). u(X; T) =0 because all expressions (* *) in Defini-
tion A are 0. The relation u(X; 7) < [[X]]?=Tr(X*X) results by putting
S =81 =A and all other §;¥ =859 =0.

To prove (iv), put S;¥ =8§;, S =8, and all other S\® =5, =0. This
gives u(X; $10S:) Sw(X; 51®S:). So we must prove = only; that is,

S1 ® S;c XS @ S implies w(X;8; ® Sa) < D w(X;5:H @ S).
=1 i=1
Considering the properties of w(X; S:®S:) given in Lemma A, this im-
plication follows literally as in the paper of Lomnicki and Ulam (Funda-
menta Mathematicae, vol. 23 (1934), pp. 237-278; cf. also the lecture notes
of the second-named author for the year 1934-1935).
So we have proved u(X; $1®S2) =w(X; 5:1®S3). Put now S;=S:=A; then

wX; P) = w(X;A @A) = o(X; A @A) = [[X]]? = Tr(X*X).

results.

4. The plane measure u(X; T) may be used to “locate” the “position”
of X in the A\, u-plane P. It gives the entire plane a total “measure” or
“weight” [[X]]? (whichis >0if X0), and any part T of it correspondingly
a u(X; T) (20). It plays the same role, as the sum of the absolute-value-
squares of all matrix-elements in a certain area T in the matrix-scheme (which
may be looked at as a region in the plane) for the matrices of a finite-dimen-
sional Euclidean space E, (thatis, M in a case (I,),#n=1,2, - - - ).

We will analyse it more thoroughly in subsequent publications.
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