GENERALIZED WEIGHT PROPERTIES OF THE
RESULTANT OF n+1 POLYNOMIALS IN
n INDETERMINATES{

BY
OSCAR ZARISKI

1. Introduction. The multiplicity of intersection of two plane algebraic
curves, f(x, y) =0 and g(x, y) =0, at a common point O(a, b), r-fold for f and
s-fold for g, is not less than rs, and is greater than rs if and only if the two curves
have in common a principal tangent at O. The standard proof of this well
known theorem of the theory of higher plane curveg makes use of Puiseux
expansions. If, namely, R(x) = R(f, g) denotes the resultant of f and g, consid-
ered as polynomials in y, and if yy, s, - - - , ¥, and §1, 92, - - - , J= are the roots
of f=0 and g=0 respectively, then, the axes being in generic position, the
intersection multiplicity at O is defined as the multiplicity of the root x=a
of the resultant R(x), and this multiplicity is found by substituting into the
product H;H;:l(y;—yj) the Puiseux expansions of the roots y; and #,. A
less known proof, in which the multiplicity to which the factor x —a occurs in
R(z) is derived in a purely algebraic manner, was given by C. Segre.f Follow-
ing a procedure due to A. Voss,§ Segre uses the Sylvester determinant and
arrives at the required result by a skillful manipulation of the rows and col-
umns.

In the first part of this paper (§§2, 3), we give a new proof of the property
of the resultant R(f, g) (see Theorem 1), which is implicitly contained in the
quoted paper by C. Segre and of which the above intersection theorem is an
immediate corollary. This proof makes use only of the intrinsic properties of
the resultant and so contains the germ of an extension to the case of n+41
polynomials in # variables. In the second part (§§4-9) we extend Theorem 1
to the resultant of #+1 polynomials (Theorem 6). From Theorem 6 follows
as a corollary the analogous intersection theorem for hypersurfaces in Sy
(89).

I. TWO POLYNOMIALS IN ONE VARIABLE

2. A generalized weight property of the resultant. Let

1 Presented to the Society, December 31, 1936; received by the editors June 18, 1936.

1 C. Segre, Le molteplicitd nelle intersezioni delle curve piane algebriche con alcune applicazions ai
principi della teoria di tali curve, Giornale de Matematiche di Battaglini, vol. 36 (1898).

§ A. Voss, Uber einen Fundamentalsatz aus der Theorie der algebraischen Functionen, Mathe-
matische Annalen, vol. 27 (1886).
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f=ay"+ay'+ - +a,
g =boy™+ biy™ + -+ + bm,
be two polynomials, with literal coefficients, and let R(f, g) be their resultant:

R(f, ) = X ao'a’' - - aboby - - - b,
where, by well known properties of R, we have
ot a+--Fin=m, jot i+ - +jm=mn,
i+ 20+ -+ nint i+ 2+ -+ min = mn.

THEOREM 1. Let r and s be two non-negative integers, r <n, s <m. If we give to
each coefficient a; (b;) the weight r—i (s—j) or zero, according as r—i=0
(s—7=0) or r—i=<0 (s—j=0), then the weight of any term in the resultant
R(f, g) is Zrs. The sum of terms of weight rs is given by the following expression:

(_ 1)(m—‘)rR(ff’ g:)R(fn"-t—r, gm*—a) 9
where

fr=ay + - +a, Sl = ay» 4 4 aa;
g = byy* + --- + b, gmes = by™* + - - - + bm.
We consider the polynomials
f = ag'y" + - -+ + gty + gy + - - - + a,,
g =bot'y™ + - - - + bsty™ 1+ byy™ 4 - - - + bm,
where ¢ is a new indeterminate. Let ¢* be the highest power of / which divides
the resultant R(f, g), f and g being considered as polynomials in y:
(1) R(f, ) = t*Ri(as, b, 8),  Ru(as, bj, 0) = 0.

By a well known property of the resultant, we have R(f, g) = Af+ Bz, where
A and B are polynomials in ¥, a;, b;, ¢, with integral coefficients; or using a
familiar notation: R(f, ) =0(f, ). We put f=F*+a.,, g=g*+bn. If we make
the substitution @, = —f*, b, = —z* in the identity R(f, z) = Af+Bg, then f
and g vanish, and therefore also ¢*R,(a;, b;, £) must vanish. Since ¢ is unaltered
by the substitution, we have

Rl(aoy Tty Gneyy _f*; bo, Ty b'w—ly - g*yt) = 0.

If we now order Ri(ai, b;, £) according to the powers of a,+f* and b.+z*,
the constant term vanishes, and hence Ri(a;, b;, t)=0(f, g).t Putting =0,

t This proof that t*R;=0(f, z) implies R;=0(7, ) is taken from van der Waerden, Moderne
Algebra, I1, p. 15 (quoted in the sequel as W.). Further on we shalluse frequently the notion and prop-
erties of snertia forms as given in W., pp. 15-21.
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we find Ryo=Ri(a;, bj, 0)=0(fr_,, gh_.), and hence Ry, vanishes whenever
ﬁ_, and gn_, have a common factor of degree =1 in y. Consequently, by a
well known property of the resultant, Ry, is divisible by R(fn—,, gm_.),provided,
however, that n>r and m>s (inequalities assuring the irreducibility of
R(f2r, g5-2). )

If we now consider the resultant R(f, g) of the following polynomials:

f = aoy" + cte + ary"-' + ta,+1y"-""1 + PR + tn—ra”,
§= bo}’"‘ + ct + b.y"'_‘ + tbﬁ.lym_'—l-l- o + tm—cbm’

or, what is the same, the resultant of the polynomials

a”t»—ryn + .. + a'+ltyr+l + dry' + PPN + ay,
bmtm™ty™ + - - o+ boyaty ™t + byt + - - - + bo,
and if we put R(?, g) =t'Rq(a, b;, t) and Reo=Rs(as, b;, 0), where ¢ is the high-

est power of ¢ which divides R(f, ), we conclude as before that Rz is divisible
by the resultant of the polynomials

@y + aay™t + -0+ a0,
b:y‘ + bt—ly'—1 + .-+ bo,

i.e., Ry is divisible by R(f,, g,), provided r0 and s 0. But since

i) i)

tR(f, g) =t =IR(f, 7),

i.e., R(f, ) and R(f, g) differ only by a factor which is a power of ¢. Hence
Ra=Ry,, and therefore Ry is divisible by both R(fa—., gn-s) and R(f., g.).

Assuming that 70, n, s%0, m, we have that R(f_,, gx_.) and R(f,, g.)
are irreducible and distinct polynomials in the coefficients a;, ;. [ao, for in-
stance, actually occurs in R(f,, g,), but dees not occur in R(f)_., gn—s). ] Hence
Ry is divisible by the product R(f,, g.)- R(fn-., g%-.). Since R(f, ), and hence
also Ry, is of degree m in the coefficients of f and of degree # in the coefficients
of g, we conclude that

we have

Ry = cR(f, 8)R(fEr, gmes),

where ¢ is a numerical factor (an integer).

Assume 7 =0, s>¢m. Then f._.=f andR(fr_., gx_,) is irreducible and of de-
gree n in the coefficients of g, and consequently the quotient Ryo/R(fn_,, gh.)
is independent of the coefficients of g. On the other hand, R(f, ) contains




252 OSCAR ZARISKI [March

the term ag"b,*, so that the exponent % of ¢ in (1) equals 0, and therefore Ry
can vanish only if f and gm_, have a common zero or if ¢, =0. It follows that
also in this case Rio=ca¢*R(f, gn-s) =¢- R(fo, g) R(f, gm—s), where ¢ is an in-
teger.

The case s=0, r #n is treated in a similar manner.

Ry is visibly given by the product a¢b.® =R(fo, g) R(f, g¢) if r=0,
s=m, and a similar remark holds in the case r=n, s=0. Hence we have
proved that in all cases

(2) Ry = ¢- R(f"’ ga) R(fntf) gm’t—c) )

where ¢ is an integer.

The resultant R(f, z) can be obtained from R(f, g) by replacing ao, a1, - - - ,
Ar—1 and bo, bl, o, b,_l by dot', alt'—l, ey, a,_it and bot‘, blt'_l, e, b,_lt
respectively. Every term of R(f, g) acquires then a factor ##, where w is the
weight of this term as specified in the statement of Theorem 1. By (1),
Rio(=Ri(a;, b;, 0)) is the sum of all terms of R(f, g) of lowest weight &, and
since, always according to our definition of the weight, R(f,, g) is isobaric of
weight s, while R(f*_,, gh—,) is of weight zero, it follows that £ =rs. This and
the identity (2) complete the proof of our theorem.

To determine the numerical constant ¢, we take a special case, say
f=0y"+a,, g=b,y"*. Then f.=aoy", g =bs, f¥_r=an, gns=by™*, and

R(f’ g) —_ (_ 1)('"_‘)"00’0”"!_8[73",
R(fr, g‘) = ao"bs’, R(fn*—r, gm*-—a) = (_ 1)(”_')("'_’)(1,,"'_’1)8"_'.

Hence, in this case we have
R(f, ) = (= ) "R(f;, g) R(fir, gmts)

and consequently ¢ = (—1) 0o,

Remark. The resultant of the polynomials f and g coincides, to within the
sign, with the resultant of the polynomials a,y*+ - - - +ao, bmy™+ - - - +bo.
Applying our theorem to the last two polynomials, we see that it is permissible
to interchange, in the statement of Theorem 1, a; with @,_; and b; with b,_;.
This is equivalent to attaching the weightsr,r—1, - - -, 1,s5,s—1,---,1to
Qn, @u_1, " * 5 Gnory1, Omy Omy, * -, bm_sy1 respectively, and the weight O to
the remaining coefficients.

3. The intersection multiplicity of two curves at a common point. The
application of Theorem 1 toward the determination of the intersection
multiplicity of two curves at a common point is immediate. If the coeffi-
cients a; and b; of the polynomials f and g are polynomials in x, and if the
origin O is a common point of the two curves f=f(x, ¥) =0, and g =g(x, ) =0,
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r-fold for f and s-fold for g,> then @., @n_1, - -+, @arn are divisible by x7,
-t ..., x, respectively and bm, bm-y, - - -, bm_sy1 are divisible by
xe, 271 - - - | x, respectively. Hence every term of the resultant R(f, g) = R(x)

is divisible by x, where w is the weight of the term as specified in the remark
at the end of the preceding section. Since w =rs, x7* divides R(x). Let

R(x) = axr* 4 terms of higher degree,

where « is a constant.
Let f=2 cix'yi, g=>_dijx'yi. Then

an—i(x)
Cij = — y
X7 Zms0

for all 7 and j such that ¢+j =r; similarly

bm_j
dij = [ J(x) ] ’
x*? P

if 4+j=s. Moreover, co;=a.,_;(0), j=r, r4+1,-- -, n, and do,;="bm-;(0),
j=s,s+1, - - -, m. Applying Theorem 1, we find

a= *R (fr, gc)R(fnt-n gm*—c) ’

where
fr = o™ + cr102™ Yy + - - o 4 coryT,
8 = deox® + doy 12ty + - - -+ doyy?,

and
fotr = Cor + Corny + - - F Comy™T,

gm*—z = dOs + d0,3+1y + s + do.my'”"‘-

Here R(f., g.) =0 if and only if the curves f and g have at the origin a common
principal tangent. If R(f,, g.) %0, then R(fa—,, gn—s) =0 if and only if the two
curves have a common point on the y-axis outside the origin. Hence if the
y-axis is generic and if there are no common principal tangents at O, then
a#0 and the intersection multiplicity at O equals 7s.

II. THE GENERAL CASE OF #-+1 POLYNOMIALS IN # INDETERMINATES

4. Preliminary remarks on forms of inertia. Let K be an underlying do-
main of integrity, and let fi, f;, - - -, fm be polynomials in x;, %, - - -, %,
with coefficients in a polynomial ring K [¢] =K [t,, &, - - -, ¢,], where 4y, - - -, ¢,
are indeterminates. A polynomial T in K [¢] is an inertia form of the poly-
nomials fi, - - -, fm, if it has the property:

3) 2T = O(flr e ,fm)’
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for i=1, 2, - - -, n and for some integer 7, i.e.,if 7 T belongs to the poly-
nomial ideal generated by fi, - - - , fmin K[ty, - - -, ts; %1, - - -, % ]. It follows
from the definition that the inertia forms of fy, - - - , fm form an ideal T in
K[t].

THEOREM 2. If for a=1, 2, .- -, n each polynomial f; is of the form:
fi=tagliatfid, 0a20, where to,, - - - , ta, are distinct indeterminates in the set
b, - - -, b and where f;¥ is a polynomial independent of t.,, - - - , ta,, then T is
a prime ideal, and (3) holds for i=1, 2, - - - | n if it holds for one value of i.

In order to provet the theorem let, for instance, f;=¢x % +f¥. If (3) holds
for a given ¢ and for a given polynomial T'(t, &, - - - , tm, - - -, &), then it
follows by the substitution ¢; = —f*/x:

* * *
(4) T(— f‘o,—fi,-~.,—f:,--.,:.)=o.
xn X% xm
Conversely, if a polynomial T'(¢,, - - -, ¢,) vanishes identically after the sub-

stitution #;= —f*/x.%, then T satisfies (3) for =1. Under the assumption
made in the above theorem, it follows immediately that (4) is a necessary and
sufficient condition in order that T be a form of inertia. Hence ¥ is a prime
ideal and T is a form of inertia if (3) holds for z=1.

COROLLARY. If o1=02= - - - =a.=0, then any form of inertia T satisfies
(3) with r=0.
If the polynomials fi, f, - - -, fm are homogeneous in z,, - - -, %5, then

it is well known that the vanishing of all the inertia forms for special values
t? of the parameters ¢; is a necessary and sufficient condition that the equa-
tions fi(x:; 82) =0, fa(xs; 82) =0, - - -, fm(x:; 22) =0 have a non-trivial solution
(not all x;=0) (see W., p. 16).

For non-homogeneous polynomials the following theorem holds:

THEOREM 3.1. Let f; contain terms of lowest degree s; in %y, - - - , %n:
ft’ = f:'.n‘(xl; T xn) +f:',n’+l(xl7 oty xn) + -,
where fi i is homogeneous of degreekinx,, - - - | x., and let us consider the homo-

geneous polynomsials:

= li—ss li—si—1
(5) f" = Xo f"li(xl) Tty xn) + X0 fs’,n‘-{-l(xl) Tty xﬂ) + Tty
where %o is an indeterminate and 1; is the degree of fi. The vanishing of all the
inertia forms of fu, fa, - - - , fm for special values of the parameters t;is a sufficient
condition in order that (a) either the equations fi=0, - - - | fu=0 have a non-

t Compare W., p. 15.
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trivial solution different from xo=1, x;= - - - =x,=0; or that (b) the equations
fra@®, - -, %) =0, -+ - | fomun(®1, - - -, Xa) =0 have a non-trivial solution (in
a suitable extension field of K).

The converse holds only under certain restrictions:

THEOREM 3.2. If (a) holds and if the coefficients of x\%, - - -, x,% in f;
(=1,2, - - - , m) are indeterminates which do not occur in other terms of f., then
the inertia forms of f1, - - - | fm all vanish.

THEOREM 3.3. If (b) holds, and if the coefficients of x1%, - - -, 2,% in f;
(=1,2, - - -, m) are indeterminates whick do not occur in other terms of f., then
the inertia forms of fy, - - -, fm all vanish.

fi, - - -, fm, considered as polynomials in x,, possess a resultant system
¢l(xl: ) xﬂ)) vt ’¢h(x1’ ) xﬂ);

where the ¢,’s are homogeneous polynomials. Since ¢;=0(fi, - - -, fm), We
have for every inertia form T of the polynomials ¢;: x7T=0(f, - - - , fm).
7=1,2, .- -, n Putting x,=1, we see that T is also an inertia form of the
polynomials fy, - - -, fm.

Let all the inertia forms of fi, - - - , fm vanish for special values of the
parameters £;. Then for these special values of the #;’s also the inertia forms
of @1, - - -, ¢ all vanish, the homogeneous equations ¢, =0, - - - , ¢»=0 have
a non-trivial solution, and consequently, by known properties of the resultant
system ¢y, - - - , s, the alternatives (a) and (b) of Theorem 3.1 follow.

If T is an inertia form of fi, - - -, fm, then passing to the homogeneous
polynomials fi, - - -, fm, it is found that (xex.)’T=0(f, - -, fn), for
i=1,2, - - -, nand for some o. Under the hypothesis of Theorem 3.2 concern-
ing the coefficients of x,%, - - - , x,%, we can repeat the reasoning of the proof
of Theorem 2, and it follows that x2T=0(fi, - - - ,fm), fori=1,2, - - - ,nand
for some p. Hence if (a) holds, then T=0.

For the proof of Theorem 3.3, let 22, - - - , 2,2 be a non-trivial solution of
the equations f1,,=0, - - - , fm.., =0, and let, for instance, x? 0. We make
the following change of indeterminates:

X1 = Y1, X2 = Y2¥1, * * * , ¥n = Yn)1.
Then
8 8i+1
fi= ylfl.n'(l» Y2y, ° 0 0y yn) + »n fl.u+l(1, Y2, 00, Ya) + -
o5
= 3’1%‘()’1, Tt y’t)’

and if T is an inertia form of f,(x), - - - , fm(x), then y°T=0(1, - - - ,¥m). Un-
der the hypothesis of Theorem 3.3, the constant terms inyy, ¥, - - -, ¥ are in-
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determinates, and hence, by the corollary to Theorem 2, T=0(, - - - , ¥m).
Since for ¢;=t9?, the equations ¥, =0, - - -, ¥,» =0 have the solution y? =0,
¥ =xf/x0, - - -, ya=x2/x0, it follows that T(¢?, - - -, t2)=0.

5. The inertia forms of some special set of #+1 polynomials in # inde-
terminates. The theorems of the preceding section are applicable in the spe-
cial case when m =741 and when each f; is a polynomial with literal coeffi-
cients in which all the terms of degree <s;=I; are missing, /; being the degree

Off.'Z

(6) fi= X Gt e SsS A+ -+ S L.
5

If si=s3= - - - =s5,71=0, then the ideal of the inertia forms is a principal
ideal (R), where R is the resultant of fi, fz, - - - , fat1. R is an irreducible poly-
nomial homogeneous of degree l; - - - l,4, in the coefficients of f;, homogene-
ous of degree lis - - - l.41in the coefficients of f;, etc. Finally, by the corollary
to Theorem 2, R=0(fy, fs, - - -, fas1), and the vanishing of R for special
values of the coefficients a} is a necessary and sufficient condition in order

that the polynomials fi, fo, - - -, fa+41, rendered homogeneous, have a common
non-trivial zero (see W., p. 20).
We prove the following theorems in the case when sy, sz, - - -, S,41 are not

necessarily all zero:

THEOREM 4. Let e; (=al)...0) be the coefficient of x:% in fi. If Sny1<lups,
then any inertia form of fi, fa, - = - ; fayr Which does not vanish identically, must
be of degree >0 in each of the coefficients ey, e, - - - , €n.

COROLLARY. If one at least of the polynomials f1, - - - , fat1 is non-homogene-
ous, the ideal T of their inertia forms is a principal ideal.}

The proof is similar to the one given in W., pp. 1617, in the case
s1= -+ =s,11=0, only with a slightly different specialization of the coeffi-
cients a{}}. Assume that there exists an inertia form T, not identically zero,
which is independent of e;. Putting f;=ex:'+f¥, and applying (4) (where
o; should be replaced by /), we see that T cannot be independent of all the
coefficients ez, - - - , e,41 (since T is not identically zero) and we conclude that

the quotients

l Int1
fz*/xl’, R f,’.'“+1/x1"+

are algebraically dependent in K [a{}], K being the ring of natural integers.
By alemma proved in W, p. 17, these quotients remain algebraically depend-

1 If all the polynomials f; are homogeneous, then T contains the resultant of any n of these
polynomials and is therefore not a principal ideal.
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ent after an arbitrary specialization a¢f)=af}) (af}<K). Let us take for
fi, fa, - -+, fa41 the special set of polynomials x4, x5, - - -, & lw,,
x,'"11-1 observing that the specialization f,1 ="+ is permissible, since, by
hypothesis, f.41 is not homogeneous. The above quotients become

xz/xly ] xﬂ/xlr l/xlr

and since these are evidently algebraically independent, our assumption that
T is independent of ¢, leads to a contradiction.

The corollary now follows in exactly the same manner as in W., p. 19.

Let (D) be the principal ideal of the inertia forms of the polynomials
fi, foy - - -, fapr D, if it is not identically zero, is an irreducible polynomial
in the coefficients a{}). We next prove that indeed D is not identically zero, i.e.,
that there exist inertia forms of fi, - - -, fay1 Which are not identically zero.

If ¢1, - - -, dny1 denote general polynomials in x,, - - -, x, with literal co-
efficients, of degree Iy, ls, - - - , l.41 respectively, we can write ¢; =¢,+f;, where
fi, - - -, fat1 are our given polynomials and where ¢; is of degree s;—1. Let
bi=2 aP. . .;xh- x,dn, 05514+ - - - +j. =l Let ¢ be a parameter, and let
6. be the polynomial obtained from ¢, by replacing each coefficient @}/’ . . .; by
pri=iv= e ing) viny A Si>14 - - - i, e, if o ..., is the coefficient of a
term of the polynomial y;, while the coefficients of f; remain unaltered. Let
R.=R(¢1, - - -, das1) be the resultant of the ¢,t’s considered as polynomials
inx, - - -, %, and let £2, « 20, be the highest power of ¢ which divides R,:

) Ro=t"R@, ain) = "R,

Since each polynomial ¢;* contains the terms %, - - - , x,%, whose coefficients
are indeterminates, it follows by Theorem 2, that the ideal of the inertia forms
of 1!, - - -, dny1is prime. Now,no power of £ is an inertia form of ¢, - - -, 41,
because otherwise, for £=1, it would follow that 1 is an inertia form of
¢1, * * + , Pnt1, and this is impossible. Hence, since 2RV is an inertia form of
$1f, -+ -, ays, it follows that also R is an inertia form. For =0, we have
¢ =f;, and Ry is therefore an inertia form of fi, - - -, f,11 which does not
vanish identically.

6. The resultant R(¢;, - - -, ¢n41) as an isobaric function of the coeffi-
cientsaf). Let ¢, - - -, @1 denote, as in the preceding section, general
polynomials in the » variables xy, - - -, x,, of degree I, - - -, .1 respec-
tively, and let R(¢1, - - -, ¢ns1) =R(al})) be their resultant. It is clear that

R( -, tirk+ing® ;... )is the resultant of ¢\(xif, - - -, Tapul), - - -,

Gnp1(xit, - - -, Xaqat) and is therefore divisible by R(a;®), since the ideal of
the inertia forms of these #+41 polynomials is, by the preceding theorems,
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a principal ideal and since the irreducible polynomlal R(a®) obv1ously belongs
to this ideal. It follows that R( - - -, ivt=-+ing® . . ..) differs from
R(a;®) only by a factor which is a power of ¢, say by #°. Hence R(a;®) is an
isobaric function of the coefficients of a;¥, of weight o, provided that we attach
1o af...;, the weight ji+ - - - +jn.

To find o, we specialize the polynomials ¢; as follows

1, In
¢l =A%y 0, ¢n = Qp¥pn , ¢n+l = Qp41.

The resultant R does not vanish identically, since the equations ¢, =0, - - -,
¢n+1=0 have no common solution if a;, - - - , @n41 are indeterminates. Taking
into account the degree of R in the coefficients of each ¢, we deduce that
R=c-g )2 +tntr . .. an+i" , where ¢ is a numerical factor. Since a4, - - -, a,
are of weight Iy, by, - - - , I, respectively and a..: is of weight zero, it follows
that 0’=ﬂlll2 LR ln+1. -

As an immediate corollary of this last result and of the fact that
R(e, - - -, dayr) is homogeneous of degree J; - - - l;_1lity - - - Lny1 in the coeffi-
cients of ¢, it follows that if we attach to a)) . . .;, the weight l;—ji— - - - —jny1,
then R(py, - * - , Pns1) 15 sobaric of weight Lils - - - lnja.

7. Properties of R based on a more general definition of the weights of
the coefficients a}). We separate in ¢, the terms of degree <s; from those of
degree >s;, and we put ¢;=y.+f;, where ; is of degree s; and f; contains
all the terms of degree >s;. While in §5 we have replaced af...;, by
i e=ing® ; if s;>j1— - -+ —ja, We now instead replace a,(f). ..i, by
pivt-: +'»“xa(" vimy I 1t - +],.>s., ie., if a...;, is the coefficient of a
term in f;, and leave the coeﬁic1ents of o, - - -, ¥ns1 unaltered.

Let @, - - - , ¢as1 be the polynomials obtained in this manner, and let
® R@), -, ) = PR = PRV 03)
be the resultant of the polynomials ¢,'. Here # is the highest power of ¢
which divides R(3y!, - - - , $as1), SO that Ry® =R®(0; ;%) does not vanish
identically. As in the case of the polynomials ¢ of §5, we conclude also here
that R¢® is a form of inertia of the polynomials ¥, - - - , ¥as1, and since these
are general polynomials of degree s1, - - - , sa41 respectively, we deduce that
R® is divisible by R(El, ceey, $n+l)-

Now the polynomials ¢, and ¢t are related in the following way:
Gt =¢(txy, - - -, t¥ay1)/t%. From this it follows, in view of the isobaric prop-
erty of R given in the preceding section, that their resultants differ only by a
factor which is a power of ¢. Hence, by (7) and (8), we have R® (¢, af))
=R®(t, af), and in particular for =0, we have R(® =R¢®. Let Ro=R,®
=R(?. R, is divisible by R, - - -, :P,.J,l) and by D, where D is the base of
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the principal ideal of the inertia forms of fi, - - -, fat1.T Hence Ry is divisible
by the product DXR(®Y1, - - - , ¥ns1), since both factors are irreducible and
distinct polynomials. (R(¥1, - - -, ¥x41) is of degree >0 in each constant
term a{)...,, while, except in the trivial case s;= - - - =s5,4.=0, where
fi, -« +, far1 coincide with @y, - - -, ¢ay1, at least one of the polynomials f,
say f;, and hence also D, is independent of a{...,.)

The precise relationship between Roand D-R({y, - - - , ¥ny1) is given by
the following theorems:

THEOREM 5.1. If two at least of the polynomials f; are non-homogeneous, then

9.1) Roy=¢D-RWn, -, ¥ns1),
where ¢ is a numerical factor (an integer).

THEOREM S5.2. If fo, - - -, fay1 are homogeneous, then
9.2) Ro= D" "Ry, -, ¥asd),

where c is a numerical factor (an integer). In this case D is simply the resultant
off% et :fn+1'

Before proving these theorems, let us first derive an immediate conse-
quence. From the meaning of Ro=R,™ [cf. (7)] it follows that if to each co-
efficient a{...;, in ¢; we attach the weight s;—ji— - - - —ja, if i+ - - - +7a
=<si, and the weight zero if j1+ - - - 4. >s;, then R, is the sum of terms of
owest weight a in the resultant R(¢y, - - - , $ns1). According to this definition
of the weight, each term in D is of weight zero, while R(Y, - - - , ¥ns1), by §6,
is of weight s, - - - s,11. Hence we may state the following theorem:

THEOREM 6. Let ¢y, - - - , Pay1 be general polynomials in x, - - - x,, of degree
by - - -y by respectively, and let sy, - - -, Sa1 be integers such that 0 <s;<1;. If

we attach to each coefficient o ...;, in ¢ the weight s;—ji— - - - —jn or the
weight zero, according as ji+ - - - +jaSsior i+ - - - 45> 5., then each term of
the resultant R(@1, - - - , Pas1) 45 of weight 25152 + - + Suy1. The sum of terms of

lowest weight 5,53 - - - Sny1 15 given by the product cD°R(Yy, - - - , Yny1), where ¢
is & numerical factor. The symbols have the following meaning: ¥ is the sum
of terms of ¢; which are of degree <s; and f; is the sum of terms of ¢: of degree
255 R, - - -, Yay) 3 the resultant of Y, - - - , Ynia; 3f not all s;=1;, then D is
the base of the principal ideal of the inertia forms of fi, - - -, fatr; of all s;=1,,
then D =1; finally, o =1, except when all the integers s; but one, say s, coincide
with the corresponding integers l;, in which case ¢ =1, —s,.

1 In the trivial case when fj, - « - , fas1 are all homogeneous polynomials, D is not defined, but
then R, evidently coincides with R(g1, « * * , ¢n41)-
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Remark. Again from the meaning of Ro(=R,®) it follows that if we attach
to af...;, the weight j1+ - - - +j.—s; or zero, according as ji+ - - - +jn25;
orji+ - - - 4+j.<si, then Rois also the sum of terms of lowest weight, 8, in the
resultant R(¢y, - - - , ¢az1) [cf. (8)]. According to this definition of the weight,
each term of R(Yy, - - - , ¥ns1) is of weight zero, and D- has to be isobaric of
weight 8.

To find 8, we observe that Theorem 5.1 implies that D is homogeneous of
degree lp - - - lpy1—S2 - - - Saqa in the coefficients of fi, homogeneous of de-
gree bls - - - lny1—$153 - -+ Saqa in the coefficients of f, etc. On the other hand,
if ji+ - - +7jais taken as the weight of ¢ . . .;,, then Roand R(Ys, - - - , ¥at1)
are isobaric forms of weight #l, - - - l.41 and ns; - - - s.41 respectively, whence
D is of weight n(ly - - - lny1—S$1 - - - Sa1). It follows that if we replace in the
polynomial D each coefficient a. . .;, by af’...; tn=i=*'~in D acquires the
factor #%, where

B = —”(ll"'lu+1—$1"'$n+1)+31(lz'"ln+1—52"'3u+1)
Fsgllls - by — s153 0 Sap)F o F Sl la — s 0 Sa),
or

11—81+.‘. +ln+1_sn+l

ll ln+l

ﬁ=3152"'5n+1+( —l)lllz"‘l,..H.

If ss=l, -+, Suy1=1lny1, then it is seen that 8=0, and this agrees with
Theorem 5.2, because in this case the coefficients of fs, - - -, fay1 are of
weight zero.

Proof of Theorems 5.1 and 5.2. We begin with Theorem 5.2, whose proof

is simpler. We have in this case ¥:=¢;, ¢=2,---, n+1, and hence
R, - - -, Ynyu) is of degree Iy - - - L,41 in the coefficients of ¥1. Hence, if we
put

Ro = D'R(Y1, b2, - * * , $as1) - P,

then P is independent of the coefficients of ¢;.

Now in the present case =0, and R, is what becomes of the resultant
R, - - -, $up1) if we put £=0, where now ¢! =¢;, i=2,---, n+1, and
St =P +Hfi(tx, - - -, tx,)/t2. It follows that Ro=0 implies that either the
equations Y1 =0, ¢»=0, - - -, ¢.41=0, rendered homogeneous, have a non-
trivial solution, or that the homogeneous equations fo=0, - - - , f.u=0have a
non-trivial solution. Hence R(¥1, ¢s, - - - , dny1) and R(fs, - - -, fas1) are the
only irreducible factors which can occur in R,. Since the srreducible poly-
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nomial R(fs, - - -, fay1) obviously coincides with D, Theorem 5.2 follows by
comparing the degrees of the first and second member of (9.2).

For the proof of Theorem 5.1, it is sufficient to show that D is of degree
bls « « < Lnp1—5383 - - - Spy10m the coefficients of f1, of degree iy - - - L1 —5153 - + -
Snt1 91 the coefficients of f», etc. Since DR(Yn, - - -, Yny1) divides Ry, D cannot
be of higher degree in the coefficients of fi, fs, - - -, fat1, and therefore it re-
mains to show that D is of degree not less than Lls - - - loy1—5253 - * + Sapa ID
the coefficients of f;, etc. We prove this in the following section.

8. The degree of D. We wish to show in this section that if a¢ least
two of the polynomials f, - - -, fays are non-homogeneous, then D is of degree
2l laya—S2 - - - Say1 0 the coefficients of fi, of degree 2hls - - - lny1—s153

*  + Say1 91 the coefficients of fa, etc. Obviously, the condition that at least two
of the polynomials f; be non-homogeneous, is necessary. In fact, if only one
of the polynomials f;, say f..1, is non-homogeneous, then D coincides with the
resultant R(fy, - - -, fa) of the forms fy, - - -, f., and its degree in the coeffi-
cientsof fiisnotly - - - lyyi—s2 - - - Sppr [=ha - - - Ln(bag1—Sns1) |, but & - - - 1,..
If all the polynomials f; are homogeneous, then the ideal of their inertia forms
is not a principal ideal and D is not defined.

If for special values of the coefficients a(}}, one of the polynomials f;, say
fas1, factors into a product gk of two polynomials, then D becomes an inertia
form of both sets of polynomials fi, - - -, fa, g and fy, - - -, fa, k. Hence, as-
suming that the ideals of inertia forms of these two sets of polynomials are
principal ideals, say (D,) and (D) respectively, then for those special values
of the coefficients a{}, D is divisible by both D, and D;. This remark shall be
used in the sequel.

Let f, and f.41 be the non-homogeneous polynomials. We first consider

the case in which fi, - - -, fa_1 are polynomials of degree 1, and in this case
we examine separately three possibilities.

(a) At least two of the polynomials fy, - - - , fu_1 are non-homogeneous (and
hence two at least of the integers sy, - - -, s,_; vanish). We specialize the

coefficients of f, and fu41 in such a manner that f, becomes the product of Z,
general polynomials £, ; of the first degree, of which s, are linear forms, and
that f.,1 becomes similarly the product of /., linear factors, fai1,i. The Loty
(n+1)-row coefficient determinants relative to the sets of polynomials
Sfu oo+, faz, fari, fasa,j are all distinct and irreducible inertia forms, since at
least two of the polynomials of each set are non-homogeneous. Hence D is
divisible by the product of these determinants and is therefore of degree
2l,l.11 in the coefficients of f;, i=1,2,-- -, n—1, and of degree =I,.1(l,)
in the coefficients of f, (fay1).

We observe that this proves that in the present case D coincides with the
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resultant R(fy, - - -, fat1), OF, what is the same, that this resultant is irreduci-
ble.

(b) All but one of the polynomials f, - - -, fa—r are homogeneous. Let, for in-
stance, f; be non-homogeneous. With the same specialization of f, and f.41 as
in the preceding case, let fax, - - -, faen; fot+1.1y * * * 5 fatlen,; D€ the homo-
geneous linear factors of f, and of f..: respectively. The (n+1)-row coeffi-
cient determinants of fi, - - -, fa—1, fa.s, fat1,; remain irreducible, except when
simultaneously 1 <¢<s, and 1 <j=<s,1, in which case the determinant fac-
tors into the constant term of f, and into the n#-row determinant of the coeffi-
cients of @1, - + -, X iD fa, - =+, fac1, fai fnsr,- Hence D is divisible by the
product of llei1—SaSns1 (n+1)-row determinants and s,Sn4+1 #-row determi-
nants, these last ones being independent of the coefficients of fi. Hence D
is of degree 2luai1—SaSnt1 in the coefficients of fi, of degree =1.l,4: in the
coefficients of f;,2=2, - - - ,m—1, and of degree =I/.;1 (/) in the coefficients
Of fn (fn+1)-

(c) All the polynomials fy, - - - , fa_r are homogeneous. Let

(10) f;=ia;,-x,-, i=1,2,---,n—1,
i=
(10") fi=fiut fowr+ o+ fin,  i=m,m+1,
where fi,;4x is homogeneous of degree s;+k. Solving (10) for x., - - - , x. We
get
(11) Az = Ai(fy, fo, - - 5 fa1),
where 4y, - - - , A, are (n—1)-row minors of the matrix (a;;) and hence homo-

geneous of degree 1 in the coefficients of each of the polynomials f, - - - , fa-1.
Substituting (11) into (10’) we get

(12) Ao = 20bu() 1y - -+ fret); AL fr1 = 21 Guia(2) (fr, -+ + 5 fam)

where

In—sn l.-—é,,—
¢n(xl) = Al fﬂ,ln(Al, ct An) + xlAl lfn,c,.+l(Al, MY An) + DR
+ xiﬂ_‘”fn,ln(Al, Sty An);
Iny1—sni1

fn+1‘m+n(Al; Sty An)

Ing1—angr—1
+ x4, i fn+1,...+,+1(A1, Tty A,,) + .-

Intl—-snyl

Ont1(21) = Ay

+ X fn+l,ln+x(A 1y °° Aﬂ)'
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Let R=R(pn, ¢nt1) be the resultant of ¢,(x;) and ¢,4i(x;). We have
R=0(¢n, d»+1) and hence, by (12), #,°R=0(fy, - - - , fai, fa, fn+1), fOr some a.
It follows, by Theorem 2, that R is a form of inertia of the polynomials f;.
From the form of the coefficients of ¢,(x;) and ¢,.,1(x1) and from the fact that
R is an isobaric form of weight (7, —s,)(Jas1—5a41) in these coefficients, it fol-
lows that A, Uat1i—a40) g g factor of R. Let R=A (e (nti—0n0. P, Now
A, is independent of the coefficients of f, and f.1 and hence, by Theorem 4, is
not a form of inertia of fi, - - - , fay1. Consequently P is a form of inertia of
f1, + + , fat1. The coefficients of ¢;(¢=#, n+1) are homogeneous of degree 1
in the coefficients of f; and homogeneous of degree /; in 44, - - - , A,, hence
homogeneous of degree /; in the coefficients of each of the polynomials
fi, -+, fam1. Hence R is homogeneous of degree l.—s, and l,11—Sp1 In
the coefficients of f.,1 and f. respectively, and homogeneous of degree
la(las1—Sns1) Flns1(ln—sa) in the coefficients of f;, i=1, 2, - - -, n—1. It fol-
lows that P is homogeneous of degree l,i1—Sn11 and l,—s, in the coefficients
of fu and fus1 respectively, and homogeneous of degree lol,i1— SaSnt1 in the coeffi-
cients of each of the polynomials fi, - - - , fa.

It remains to prove that P =D, or, what is the same, that P is an irreduci-
ble polynomial in the coefficients of fi, - - - , fat1. We observe that P is the
resultant of the following polynomials

'/’n(xl; Al; Y An) = fn.cn(Aly R An) + xlfﬂ.8n+l(Al’ Tty Aﬂ)
In—sn

+"' +xl fn,ln(Al,"',An),
¢n+1(xl; Al) tt An) = fn+l,m+1(A1, R An) + xlf"+l.lMl+l(Aly Tty An)
+ AR + xll'wl—“,”’l fu+l,ln+1(Al, Tty An)-

For the special polynomials fi=x,, fao=xs, - - -, fa_1=%., we have 4,=1,
A= ... =4,=0, and Y., ¥.+1 become general polynomials with literal co-
efficients in x,, of degree I, —s, and /.1 — sa41 respectively, and their resultant
is irreducible. Hence P cannot be divisible by two factors or by the square
of a factor in which the coefficients of f, or of f,,: actually occur. On the other
hand, for the special polynomials

ln—sn

¢n =% fn.l»(Aly R An)’
Int1—8ni1

Ynp1 = fn+1..,.+1(A1, Tty An) + % fn+l,l,,+|(A1, ctt An)

we get P=+fmntafitn - and hence P cannot have a factor independent
of the coefficients of both f, and f,,:. Hence P is irreducible, P =D.

Passing to the general case where fi, - - -, f._1 are of arbitrary degrees
b, - - -, laoy, while f,, fay1 are non-homogeneous polynomials, we specialize
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each polynomial f;, 2=1, 2, - - - , n—1, into the product of /; linear factors,
of which s; are linear forms: f;=fufa - - - fu,. By the special case consid-
ered above, the irreducible form of inertia D, . . .;,_, of the n+1 polynomials
Sriv f2in * * *  actiinoss fy farr (1 =7:=1,) actually contains the coefficients of
each factor. Hence we get lils - - - I, distinct irreducible forms of inertia and
their product must divide D. Now Dj;,...;,_, is of degree l,J.41 in the coeffi-
cients of fi;,, if the polynomials fs;,, - - -, fa-1,;,_, are not all homogeneous,
and is of degree l.l,i1—SaSa41 in the coefficients of fi;, if all the polyno-
mials f;,, - - -, fa-1.j,_, are homogeneous. It follows that D is of degree
2l -~ lyy1—S2 - - - Spp1 in the coefficients of fi. Similarly D is of degree
2h- o lidign - by —S1 - - - SicaSiq1 - ¢ - Saqa In the coefficients of f;,
i=1,2,---,n—1. Dj ...;_ is of degree l,41 in the coefficients of f,, if
fiiy * * * fa-1.i,_, are not all homogeneous, and is of degree /.11 —Sa41 in the
contrary case. Hence D is of degree ly - - - ln_ilnt1—51 * * * Sa—1Sa41 in the co-
efficients of f,. Similarly, D is of degree J; - - - I,—s1 - - - s, in the coefficients
0ff,,+1.

9. An application to the intersection theory of algebraic hypersurfaces.
Let

¢l(xl7 ctcy Xy xﬂ+l) = 0)

............

¢n+l(xl; oty Xy xn+1) = 0’

be the equations of #+1 hypersurfaces Fy, - - -, Fny1 in the (n+1)-dimen-
sional projective space. Let I; be the order of F,;. Let the origin
0(0, - - -, 0) be a common point of these hypersurfaces, and let it be an
si-fold point of F;. We regard ¢ as a polynomial in x,, - - -, £, and we write
¢i=2 af...; ;i - -xi», where the coefficients af) are polynomials in x4
Since O is an s;-fold point of F;, af...;, is divisible by x,—i—-=in, if
Ji+ -+ - +ja<s:. Hence, by Theorem 6, every term of the resultant
R(¢y, - - -, Pny1) =R(x,41) is divisible by x%; "+, Let

1°°*8n+1

R(%n41) = ax + terms of higher degree,

where « is a constant. Let g; (=1, 2, - - - , #+1) denote the sum of terms of
lowest degree (s;) in ¢;. Then we have, by Theorem 6, a =cD¢R(g, - - -, gns1),
where ¢ is an integer, and Do=[D],,,,—. The homogeneous equation g;=0
represents the tangent hypercone of the hypersurface F; at the point O. Hence
R(gi, - - -, gas1) vanishes, if and only if the #n+41 hypersurfaces F; have a
common principal tangent line at O. Assume that R(gy, - - -, gat1) 0. If f;
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denotes, as in Theorem 6, the sum of terms in ¢; which are of degree =s; in
%1, -+ -, %a, then fi=[g:].,, =0 + terms of degree >s;in x;, - - -, x,. It fol-
lows, by Theorem 3.1, that if R(gi, - - -, gas1) %0, then D=0 implies that
the hypersurfaces F; have a common point on the hyperplane x,.; =0, out-
side the origin; and conversely, by Theorem 3.2. Assuming that the hyper-
surfaces F; meet in a finite number of points, we see that if the coordinate
axes are in generic position and if the hypersurfaces F; have no principal
tangent in common at the point O, then a0. According to the usual defini-
tion of the intersection multiplicity of the hypersurfaces F; at a common
point, it follows that the intersection multiplicity at Ois Z s, - - - S.41 and equals

$1 - - - Sni1 3f and only if the hypersurfaces F; have no common principal tangent
at 0.
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