ON THE THEOREM OF JORDAN-HOLDER*

BY
OYSTEIN ORE

In a group we have the well known theorem on principal series, that any
two principal maximal series have the same length and the quotient groups
in the two series are isomorphic in some order. In a paper entitled Uber die
von drei Moduln erzeugte Dualgruppe, Dedekindf analyzed the axiomatic
foundation of this theorem, particularly the fact that the length of two maxi-
mal principal series is the same. He showed that this theorem can be con-
sidered as a theorem on structures (Dualgruppen), i.e., systems with two
operations called union and cross-cut. In order that the theorem shall hold
in such a structure it is necessary that it satisfy a further condition which I
have called the Dedekind axiom. Similar considerations have been made by
G. Birkhoff.1 In a recent paper§ I have shown that in Dedekind structures
one can prove a genera] theorem corresponding to the theorem of Schreier-
Zassenhaus|| for principal series in groups. This theorem contains the ana-
logue of the theorem of Jordan-Holder for Dedekind structures and yields
also the fact that the quotients are isomorphic in some order.

All these investigations apply only to Dedekind structures, and give the
analogues to the theorems on principal series, i.e., series of sub-groups where
each group is a normal sub-group of the full group. They do »ot apply to com-
position series where one only supposes that each term is normal under the
preceding. In this paper we shall investigate the possibility of deriving a
theory applicable to arbitrary structures and giving an analogue to the theo-
rem of Jordan-Hélder for composition series. The first step is to examine the
validity of the analogue to the second theorem of isomorphism (Theorem 1).
Next we have to introduce some notion of normality and normal elements.
It turns out that two suitable types of normality, a- and B-normality may be
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defined, each corresponding to some particular property of the decomposition
theorem. For normal sub-groups both properties are always satisfied. The
main theorem is then Theorem 7, which gives the analogue of the Schreier-
Zassenhaus theorem for composition series. In the last part I discuss the dif-
ference between the theorems in structures and the corresponding theorems
for groups.

1. Structures and quotients. We shall in the following consider an arbi-
trary structure Z, i.e., an algebraic system consisting of elements 4, B, - - -
with an inclusion relation 4 >B holding for certain pairs of elements. Fur-
thermore, we suppose that to any two elements A and B there exists a union
[4, B] which is a minimal element of = containing 4 and B and a cross-cut
(4, B) which is a maximal element contained in 4 and B. For these symbols
we have the ordinary axioms

(4, B) = (B, 4), [4, B] = [B, 4],
(4,4) = 4, [4,4] = 4,
(4, (B,C)) = ((4, B),0), [4, [B,C]] = [[4, B],C],
[4, 4, B)] = 4, (4, [4,B]) = 4.

We shall say X has a unit element E, and an all-element O, if these elements
satisfy the relations

[A,Oo] = Oo, (A, Eo) = Eo

forall 4 in 2.

The structures = and =’ shall be said to be structure isomorphic if there
exists a one-to-one correspondence A=24’ between the elements of the two
structures such that if

A— A, B— B
then
(4,B)—> (4, B"), [A4,B]— [4’, B'].
To any two elements 4 > B it is convenient to associate a symbol, the

quotient A=A /B. These quotients may themselves be made into a structure
by defining that for

A = Al/Bl, A = Az/Bz

we shall have

[, %] = [44, 4,]/[By, Bs], Ay, As) = (41, 45)/(By, Bs).
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We shall usually apply these operations only in the case where %, and %; have
the same denominator or the same numerator. Furthermore if

A =A4/B; ¢ = B/C
we define the product
AXL=A/BX B/C=A4/C.
The existence of a chain
Ar2 422 -+ Z 41
may then also be expressed by saying that the quotient
A =A1/Au1
has a factorization
A=A XA X -+ - XU, Wi = Ai/Ain.

Furthermore we associate with each quotient X=A/B a quotient structure
consisting of all elements S in Z satisfying the condition

A4A=S2zB.

We have formerly studied in detail the so-called Dedekind structures, i.e.,
structures satisfying the

DEDEKIND AXIOM. For any three elemenis A, B, C in 2 such that C>A
we have

@, [4, B]) = [4, (C, B].

In the following we shall not suppose that the Dedekind axiom is satis-
fied. In Dedekind structures important considerations were based upon the
notion of transformation. A large part of this theory may also be developed in
structures not satisfying the Dedekind axiom. We define for any two quo-
tients with the same denominator

6)) A=4/B, T=C/B
the (right-hand) transform of A by T to be the quotient
(2) U =TAT = [U, T X T = [4,C]/C.

We mention without proof that most of the theorems established for trans-
formations in Dedekind structures will also hold in general structures.

As before we shall call (2) an extension of A by T if A and T in (1) are
relatively prime, i.e., if in (1) we have (4, C) =B. Conversely, we shall call
A in (2) a contraction of A’. A series of extensions and contractions shall be
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called a similarity transformation of A, and A and B are said to be similar
when one can be obtained from the other by a similarity transformation.

2. The second law of isomorphism. A fundamental result for Dedekind
structures was the result that similar quotients were associated with iso-
morphic quotient structures. The proof for this fact was based upon the
fundamental theorem that the two quotient structures

) % =[4,B]/A, B =B/4,B)

were isomorphic. This is the analogue of the so-called second law of isomor-
phism for groups and ideals.

Let us now determine some condition for the two quotients (3) to be
isomorphic even when the Dedekind axiom is not satisfied in Z. We denote
by 4 and B arbitrary elements such that

(4) [4,B]z4=4, B=Bz(4,B).

One can then easily obtain a correspondence between the two quotients I
and B by putting

(5) A— (4, B), B[4, B].

We shall call (5) the regular correspondence between A and B. We can then
prove:

THEOREM 1. The necessary and sufficient condition for the regular corre-
spondence to establish a structure isomorphism between the quotients (3) is that
for every 4 and B defined by (4) we have

(6) 4=1[4,(8,D], B=(5[4,B).

The conditions (6) are obviously necessary and sufficient in order that the
regular correspondence be a one-to-one correspondence, one correspondence
(5) being the inverse of the other. To prove that it also establishes an iso-
morphism let

Then obviously
[B, B:] — [4, [By, B:]] = [4}, 4].

In the same way
(ﬁl, §2) - [A, (El’ 32)] = [A: (Zl: "—4-2’ B)] = (Zl, Z2)-

Let us observe that this proof also simplifies the demonstration of Theorem 1
in the case of Dedekind structures.
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3. Types of normality. In order to obtain for arbitrary structures an ana-
logue to the theorem of Jordan-Holder it is necessary to introduce some no-
tion of normality and normal element. 1t is of interest that this may be done in
several ways and that each such condition of normality has some particular
meaning for the theorem of Jordan-Hélder. We shall begin by defining:

a. An element Ao contained in M shall be said to be a-normal in M if it
satisfies the condition:
For any B=C contained in M we have

(7 (B, [40,C)) = [C, (B, 40)].

This condition for a-normality may be formulated in various equivalent
ways obtainable from (7) by a suitable choice of B and C. We mention only:

a’. For every B and C contained in M we have

([B,C], [40,C]) = [C, (4o, [B,CD],
(8) (B, [4, (B,C)]) = [(B,0), (4o, B)],
([B,C], [40, (B,O)]) = [(B, ), (4o, [B,CD].
Furthermore:
a'’. If B2C are contained in M and
[40,C] = [40, B],  (40,C) = (40, B),

then we can conclude B=C.

We may also define a-normality of 4, with respect to elements not con-
taining 4, in the following manner:

An element A, is said to be a-normal with respect to B if A, is a-normal in
[B, 4,].

Obviously if 4, is a-normal with respect to B it is a-normal with respect
to any element contained in B. We can now prove

THEOREM 2. If A, is a-normal with respect to B, i.e., Ao is a-normal in
[Ao, B], then (Ao, B) is a-normal in B.

Let B, and B; be any elements such that
B = B, = B,.

We find then
(Bl, [32) (-ByAO)]) = (Bl’ [Bﬁ, Ao]) = [B'h (Bly Ao)] = I.B2) (Bl’ (B’ AO))]

and our theorem is proved.
A second type of normality may be introduced as follows:
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B. An element A, contained in M shall be said to be B-normal in M when it
satisfies the condition:
For any B and C contained in M such that B= A, we shall have

(9) (B) [AO’ C]) = [AO’ (B’ C)]'
This condition for B-normality may again be stated in other equivalent
forms, for instance: ‘

B'. For any B and C contained in M we have
([B’ AO]: [Cy AO]) = [Ao, (B; [AU, C])] = [AO’ (C’ [AO, B])]'

Also here we can define normality of 4, with respect to an arbitrary ele-
ment.

THEOREM 3. If A and A, are both B-normal in M then [Ao, A.] has the
same property.

If, namely, B> [A4,, 4] then

(B, [AU) Al’ C]) = [A07 (-B: [Aly C])] = [Ao, Al: (B: C)]’

4. Semi-normality. We shall now join the two notions of a-normality and
B-normality and define:

Semi-normality. An element A, is semi-normal in M if it is both a-normal
and B-normal in M.

We say further that A4, is semi-normal with respect to B if it is semi-
normal in [B, 4,].

THEOREM 4. The necessary and sufficient condition for A, to be semi-normal
in M is that for any B and C in M we have

(10) [(AO’ [B) C])’ (C’ [B} Ao])] = ([AO) B]r [AO: C]’ [B7 C])'
We obtain namely by supposing B>A4,
(B’ [Ao, C]) = [AO) (B’ C)]
and by supposing B>C
(B, [AO’ C]) = [C’ (B, AO)]!
and conversely these relations suffice to derive (10).
The principal theorem on semi-normality is:

THEOREM 5. When A, is semi-normal with respect to B; i.e., Ao is semi-
normal in [B, A,], then (B, Ao) is semi-normal in B and the two quotients

(11) A = [Ao, B]/AO’ L= B/(AO) B)y

are siructure isomor phic.
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It follows from Theorem 2 that (4, B) is a-normal in B. The f-normality
implies that for any B, and B; in B such that B, = (4,, B) we shall have

(12) (By, [(40, B), B:]) = [(40, B), (By, By)].

To prove this relation we observe that on account of the a-normality of 4,
we have

B, = (B, [40, B1])
and hence
[(40, B), (B, B)] = [(4o, B), (Bs, [4o, B:])] = (B, [40, (Bs, [40, BiD D).
The B-normality shows that this last expression is identical with
(B, [40, B1], [40, B:]) = (By, [4o, B:]) = (By, [(4e, B), Ba))

and (12) is proved.
The structure isomorphism between the two quotients (11) follows from
Theorem 1. For any 4, such that

[40, B] 2 41 2 4,
we have, namely,
[40, (41, B)] = (41, [40, B]) = 44,
and similarly for any B, such that
B = B, = (4o, B)
we have
(B, [40, B:]) = [By, (B, 40)] = B.
5. The theorem of Schreier-Zassenhaus. We shall now consider the pos-
sibility of extending the theorem of Jordan-Holder, or rather its gene-

ralization by Schreier-Zassenhaus, to an arbitrary structure Z. Let us

suppose that we have two descending chains between two elements 4 and B,
4>B,>--->B,1> B,

(13)
A>C>--->Cia> B,

or in the terminology of §1, that the quotient A=A /B has two product repre-
sentations

(14) A=B XIB: X -+ XB,=C XEC X ---XE,

where
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%i = Bi_l/B.') @j = Cj_.]/Cj'
We can now prove

THEOREM 6. Let there exist two sequences (13) between A and B where each
term is a-normal under the preceding. In the corresponding factorizations (14)
of the quotient A=A /B it is then possible to decompose the factors further

(15)  Bi=Bint X Bi2 X -+ X B, C,=C; i XCjs X+ XGECj,

such that the two factors B;,; and €; ; correspond in the manner that they may
both be obtained by extension from the same quotient R; ;.

We put
(16) Bi,; = [Bs, (Bioy, Ci1)]/[Bs, (Biy, C)) |,
€ = [Ci, (Cimyy Bi)]/[C;, (Ciyy BY)]
and write
L = [B;, (B, C))], M = (Biy, Cimy).
We then find

[L, M] = [Bi, (Biy, Ci1)],  ®us= [L, M]/L
and on account of the a-normality of B;in B;_; we have
(L, M) = (Bi_y, Ciy, [Bi, (Bioy, C)]) = [(Biy, C3), (Bi, Cio) |
This shows that 8;,; may be obtained by extension from
Rii = M/(L, M) = (Biy, C;-1)/[(Biey, C1), (Bi, Civ)],

and since similar considerations show that €; ; may be obtained by extension
from R;,;, our theorem is proved.

We also mention without proof that, when a-normality is assumed in the
sequences (13), repeated applications of the decompositions (16) yield no new
factorizations.

Under the assumption of semi-normality we can prove the more exact
theorem:

THEOREM 7. Let there exist two chains (13) between A and B such that each
term is semi-normal under the preceding. The corresponding factorizations (14)
of U=A/B may then be factored further into (15) such that the new factors B ;
and G; ; have isomorphic quotient structures.

Since we have
®B.; = [L, M]/L, Rij=M/(M, L),
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it follows from Theorem 5 that B, ; and R,,; are structure isomorphic. Since
the same holds for R;,; and €;,; our theorem is proved. We can obtain the
explicit correspondence between B;,;and €, ;in the following way: Let B and
C be arbitrary elements such that

[Bi, (Biy, Cin)] 2 B 2 [Bi, (Biy, C))],
[Ci, (Cit, Be)] 2T 2 [Cy, (Cioa, BY)].
We obtain the correspondence by putting
B— [Ch (Ci—ly E)] ’ E - [Bt" (Bi—ly E)]'

6. Comparison with normal sub-groups. In the preceding we have tried
to derive results similar to those known in the case of normal sub-groups.
The main theorem, 7, is almost identical with the theorem of Schreier-Zassen-
haus for groups.

Let us now take the opposite view of the matter and consider the differ-
ence of our results from the group theorems. To any two semi-normal chains
(13) in a structure we have constructed new chains by intercalation such that
the quotients in the two new chains are structure isomorphic in pairs. Due to
our weak condition of semi-normality we can not, however, prove that in the
new decompositions each term is semi-normal under the preceding.

In the case of groups this deficiency is easily remedied. To show that the

group
D;, i1 = [Bi, (Bio1, Ciz1)]

contains the normal sub-group
D;,; = [Bi, (Biey, C))]

when B; is normal in B;_, and C; normal in C;_,, it is only necessary to show
that B; and (B;_;, C;) are transformed into themselves by transformation
with elements in B; and (B;_;, C;). This follows directly from the definition
of normality in groups.

On account of this difference Theorem 7 may not be specialized into the
analogue of the theorem of Jordan-Holder by supposing that in the chains
(13) each term is maximal semi-normal under the preceding. Let us try to
determine however some conditions under which the theorem of Jordan-
Holder is valid for structures.

In order to do this, let us consider the structure formed by all sub-groups
of a given group ®. We then have:

I. The set of normal sub-groups of a given sub-group M forms a Dedekind
structure.
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II. For a given sub-group 4 those sub-groups M in which 4 is normal
form a structure.
III. Let 4 be normal in [4, B]. The structure isomorphism

[4, B]/A ~ B/(4, B)

is also a one-to-one correspondence between the normal sub-groups of [4, B]
containing 4 and the normal sub-groups of B containing (4, B).

None of these properties is ordinarily satisfied for semi-normal elements in
structures. For instance, the set of semi-normal elements in M usually does
not even form a structure. With regard to III one can prove that every semi-
normal element in [4, B]/A corresponds to a semi-normal element in
B/(4, B) but not conversely.

For the proof of an analogue to the theorem of Jordan-Holder one needs
IIT and a part of I, namely, that the union of two semi-normal elements in M
is again semi-normal. If one then has two series (13) in which each term is
maximal semi-normal in the preceding, the ordinary inductional proof car-
ries through without difficulty. It is an interesting fact that one does not need
all the properties of the normal sub-groups and I shall use this fact to prove
in a following paper a new theorem of Jordan-Hélder which is valid also for
certain classes of non-normal sub-groups.
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