CONCERNING UNIQUENESS-BASES OF FINITE
GROUPS WITH APPLICATIONS TO
p-GROUPS OF CLASS 2*

BY
CHARLES HOPKINSY

A uniqueness-basis (U-basis) of a finite group G has been defined as “an
ordered set of elements Qy, Qq, - - - , Q, such that every element of G can be
expressed uniquely in the form Q1% Q.* - - - Q,%, where each x; is a least posi-
tive residue modulo the order of Q;.”{ In the case of the abelian groups the
notion of U-basis is of undisputed importance: the theorem that every finite
abelian group 4 has a U-basis may fairly be regarded as the cornerstone of
the theory of abelian groups.

In the case of most non-abelian groups, however, the concept of U-basis
is of doubtful advantage, especially in the general form above. Of greater
usefulness, naturally, would be a “simplest type” of U-basis for the group
under consideration. But the problem of constructing a definition of a “nor-
mal form” which shall be significant for reasonably general categories—the
non-abelian p-groups, say—is an exceedingly difficult one. We offer a tenta-
tive definition in the case of the regular p-groups§ (§§2-3), which have, in
common with the abelian p-groups, the property that the orders of the ele-
ments in every U-basis constitute a set of invariants of the group. In §4 we
shall show how a “normal” U-basis may be used in constructing for every
regular p-group G of class 2 a simply-isomorphic representation by /-matrices§
—matrices whose coordinates are residue classes modulo certain powers of p.
These representations of G are of interest in that they usually involve a
much smaller number of rows than do the matrix-representations whose co-
ordinates are in a field. (The /-matrices are by no means novel; they have long
been used for representing automorphisms of abelian p-groups.) In §5 we
shall discuss the representation by /-matrices of the group of isomorphisms
of G, and in §§6-7 we shall describe, very briefly, a representation of G as a
multiplicative group in a finite ring.

1. In this section we shall state—for the most part without proof—several
theorems which afford a set of criteria for the existence of a U-basis in a
finite group G.

* Presented to the Society, September 5, 1936; received by the editors June 19, 1936.

1 Corinna Borden Keen Research Fellow of Brown University.

t P. Hall, Proceedings of the London Mathematical Society, (2), vol. 36 (1934), p. 90.
§ Defined in §3.
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THEOREM 1. For the ordered set of elements Qv, Qq, - - -, Q, lo constitute a
U-basis for G it is necessary and sufficient that (a) each element of G be repre-
sentable in the form Q1 Qo - - - Q,%0; (b) the product of the orders of Q1, Qs - - -,
Q, equal the order of G.*

Let Py, P, - - -, P,denoten operations of G whose ordersare g1, gs, - - - , ga
respectively. Let P, and P, denote the products P#P.= - .- P, and
PPy - - - P, respectively, 0=<x;<g;, 0=y:<g:;. We shall say that P,
and P, are formally distinct if at least one x; is not equal to yx; we shall call
them effectively distinct if they do not represent the same operation of G.

THEOREM II. For the ordered set of elements Py, Py, - -.- , P, to constitute
a U-basis for G it is necessary and sufficient that (a) the product gigs - - - ga
equal the order of G; (b) any two formally distinct products P, and P, be effec-
tively distinct.

The following result is often useful:

TuaeOREM III. If @ finite group G, of order g, contains a set of subgroups
G=G15Gy> - - - DGn, each Gy being a proper subgroup of index g; in G;,

and if
(@) Gn contains a U-basis Q1, Qz, - - -, Qn;
(b) Gi—Gina, 2=1,2, - -, m—1, contains an element P; of order g; such

that P g is the lowest power of P; which is in Giy; then the ordered set of ele-
ments Py, Py, - -+, Pn1, Q1, -+, Qu (and Q, - - -, Qu, Py, - - -, Py, P1as
well) constitute a U-basis for G.

By writing G in cosets with respect to G,
Gm—l = Gm + Pm—l 'm + A + P::—Il—le;

we see from Theorem I that P, ., Oy, - - -, O, form a U-basis for G,,_1. The
proof may be completed by induction.

THEOREM 1IV. If a group G of order g contains two subgroups H, and H,,
of orders by and hy respectively; and if

(a) mha=g;

(b) the cross-cut Hy\Hy is the identity;

(c) Hyand Hy contain the U-bases Py, - - - ,P,and Qy, - - -, Q,, respectively;
then the ordered set of elements Py, - - -, P, Qi -+, Qs (0or Qu,-- -, Q,,
Py, - - -, P,) constitute a U-basis for G.

This theorem is easily proved by writing G in cosets with respect to H,
(or H,) and applying Theorem I.

* This rather obvious condition is mentioned by Hall for the case of a regular p-group; loc. cit.,
p- 95.
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THEOREM V. If G is the direct product of the subgroups Gy, G, - - -, Gn,
and if each subgroup G; has the U-basis Qu, - - -, Qins, then a U-basis for G is
given by the ordered set Qu, - - -, Qinyy Qa1y  * + , Qony, - - -, elc.

The wording of the theorem obviously implies that in this ordered ar-
rangement the sets (Qu, - - -, Qin;) may be permuted at will, provided that
the sequence of the elements within the sets is undisturbed. For m =2 this
theorem is a corollary of Theorem IV; by induction it can be proved for any m.

We conclude this section by giving several examples of groups which have
uniqueness-bases.

A. All dihedral groups. For the dihedral group of order 2m (which is gen-
erated by two operations P and Q which satisfy the relations P?2=Qm=E,
QP =PQ™) the ordered set P, Q (and Q, P, as well) constitute a U-basis.

B. Every symmetric group. By Theorem III we may prove that the ordered
set of cycles @182, 410203, - - -, 4102 - - - @, constitute a U-basis for the sym-
metric group of degree n.

C. Every alternating group <A,. The theorem is obvious for the alternating
groups of degrees 2 and 3. We outline a proof by induction, assuming that
the alternating group <4, of degree n—1 has a U-basis. There are three
cases to consider: (a) when # is odd; (b) when # is divisible by 4; (c) when »
is divisible by 2 and not by 4. In case (a) we know that <4, —cA,_, contains
the cycle aaz - - - a@.. In case (b) it is easy to see that <4, contains the di-
hedral group of order » as a regular permutation group. In either case (a)
or case (b), then, the proof may be completed by using Theorem IV. For
case (c) we select from 4, the two permutations s=(aa,)(a:a;) and
t=(a102 - - - @ns2)(@nj241 - - - @s). Now case (c) cannot arise for # <6, and it
is easy to see that when # 2 6 all formally distinct products ¢2s* are effectively
distinct, 0<x<n/2; 0<y=<1; except for x =0 and y =0 the product ¢=sv will
permute the letter a,, and hence will not be a permutation in c4,_;. One may
now complete the proof by using Theorem II and the induction-hypothesis.

D. The Sylow p-group Y ,.. of the general n-ary linear homogeneous group
modulo p. It is well known that D _,.. can be represented by the group of
matrices

1 a12--- ain
0 1 --- a
(i) = |- - K

where the n(n—1)/2 coordinates a.; above the main diagonal are arbitrary
elements of the Galois field of p elements. If we put ¢;,=0,7=1,2, - - - ,n—1,
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we obtain a representation of _,,._1; this group has only the identity in com-
mon with the abelian group defined by a:;=0, j#n. By using Theorem IV
and induction over » we may show that a U-basis for the group (a;) is given
by the ordered set

E+312,E+els,E+ezx,E+814,‘",E+eln,E+ezn,"' ,E+en—1.n,

where E is the n-rowed identity matrix and the e;; are the usual basis-units
of the n-ary matrix ring.

In conclusion, we offer the quaternion group as the simplest example of a
group which has no U-basis.

2. In this section we introduce the notion of a normal U-basis. A U-basis
01, Qs, - - -, Q, of a finite group G is said to be normal with respect to G (in
short, a normal U-basis) if for i<j;1=1,2,---,p;7=2,3,-- -, p, the ele-
ments Q, satisfy the p(o—1)/2 equations

) 0.0 = 07 QT - g >

As examples of groups having a normal U-basis we mention the dihedral
groups and the groups Y.,.. above. Groups which contain a normal U-
basis evidently constitute an exceptional category, as the restrictions
imposed by the definition are relatively strong; for instance, each subgroup
{Qi, Qi+, - - -, Q»} must be invariant in G, and G must be solvable.

An advantageous property of a normal U-basis is the following:

THEOREM 1. If a finite group G has a normal U-basis Qu, - - - , Q,, the order
of Q; being g;, then G is completely defined by the equations

(2) 0 =E
and the permutability relations (1) above.

Let Py, P, - - -, P, be a set of operations; i.e., elements which generate
some group, and suppose that these elements are defined by equations (1)
and (2) (assuming, of course, that we replace Q; by P;). Let G denote the
group generated by Py, - - -, P,. Since G and G are homomorphic under the
correspondence defined by P;~Q;,T our theorem will follow if we can show
that G and G have the same order; that is, if we can show that every product
M =P, vePgvs - - - P,*= - - - of powers of P,, Py, - - -, P, can be brought into
the normal form P,=P,*P,= - - - P, by a finite number of reductions, each

* These equations define the commutators(Q;, Q:),? <j. From Theorem I below and the equation
(05, 07) = (0i, @)t follows that (Q;, Q;) must have the form Q;4% - - - Q.
1 Burnside, Theory of Groups of Kinite Order, 2d ed., p. 374.
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reduction consisting of an interchange of two adjacent P’s, using (1), followed
by a reduction of exponents by means of (2). This is obviously possible when
II contains only P,_; and P, as factors. The proof may be completed by induc-
tion: it is not difficult to show that a product II involving no subscripts less
than % can be brought into the normal form by a finite number of reductions,
provided that this is true for all products containing subscripts greater than &.

Later we shall need the following generalization of the term “normal
U-basis.” Let G be a finite group and let ¥ be a group in which each element
is an operator of G; suppose, further, that ¥ contains operators* which effect
each of the inner isomorphisms of G. A U-basis Py, P,, - - - , P, of G is said
to be normal with respect to ¥ provided that

3) Py = PP P, i=1,2,-,p,
where Y is a variable operator in ¥.

If for ¥ we take the group G itself, then this definition is equivalent to
our earlier definition of a U-basis normal with respect to G. For in this case
equations (3) contain the p(p—1)/2 equations

(a) P PP, =PYY... Pl i<
THEOREM II. If ¥ is of order p* and if every element of G satisfies the equa-
tion s»=E, then G contains a U-basis normal with respect to V.

By taking ¥ =G we have, as a corollary,

THEOREM III. A finite p-group whose elements are of order p (identity ex-
cepted) contains a normal U-basis.

In connection with Theorem IIT we observe that each exponent 83;;; in (4)
must be 1 modulo p; otherwise, the number of conjugates of P; under P;
would contain a factor prime to p. Obviously Theorem III is not valid for
p-groups in general.

Proof of Theorem II. We write s’ for sy, where s and ¢ are any elements
of G and ¥ respectively. Let G, denote the subgroup of G which is generated
by the totality of elements ¢;=s's’. We define inductively the subgroup
Gi41. Suppose that G; has already been defined, and suppose that ¢; represents
any element of G:. Let ¢/ and ¢,,1 denote ¢;y¥ and ¢;'¢/! respectively, where ¢
is any operator of ¥. Then G, is defined as the group generated by the total-
ity of elements ¢;;.

* For a treatment of groups with operators see van der Waerden, Moderne Algebra, vol. 1, p. 132.

As concerns its effect on G, each operator ¢ is equivalent to an operation T in the holomorph of G
(Psy and T—'P;T are the same element of G). It is hardly necessary to point out that ¥ need not be
simply isomorphic with a subgroup of the holomorph of G.
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Since each ¢ effects a p-automorphism of G, we know that there is asso-
ciated with a fixed operator ¥ a series of subgroups G2G'>2G"'> - - - > E,
each of index p in the preceding one, such that sy, s( being any element of
G@, is equal to s multiplied by an element from G+).* From this we see
at once that Gi;, is a proper subgroup of G;, =1, 2, - - - ; consequently,
the seriesG=G, > G1 > G;> - - - must terminate in the identity E. Suppose that
G;=E, but G;_,#E. We shall say that G is of class f with respect to ¥. (By
hypothesis, ¥ contains operators which bring about each of the inner iso-
morphisms of G. Hence G, contains the commutator subgroup of G. And if ¥
is G itself, then our definition of class coincides with the usual one.)

Now the group G;_, of order p™-, say, is abelian and of type 1,1, - - - , 1.
For G;_; we can construct a U-basis P;_1,1, Psr_1, - - -, and this U-basis will
be normal with respect to ¥, since every element of G,_, satisfies the equation
op=c.}

If G is of class 1 with respect to ¥, then our construction is at an end.
Otherwise, we proceed by induction over G;. Suppose that for Gi1 we have
already constructed a U-basis normal with respect to ¥. Now each quotient-
group G;/Gi,., of order p=, is abelian and of type 1, 1, - - - , 1. Hence we may
construct for Gx/Gry1 a U-basis uy, us, - - -, #.,. From each of those cosets
of G, (with respect to Giy1) which correspond to ui, us, - - - we select an ele-
ment as a representative, obtaining thereby 7 elements Piy,A\=1,2, - - - , #;.
The ordered set Py, - - - , Pin, followed by the elements of the U-basis for
Gi41 (in the proper sequence) will constitute a U-basis for G which is normal
with respect to . This assertion can readily be proved by using Theorem I of
§1, together with the fact that the order of Gy is P, where 7, equals S .

The construction which we have just given leads to a U-basis containing
exactly m elements, where p™ is the order of G. It may be pointed out that
every U-basis of G, normal or not, must contain exactly m elements. This
follows from two considerations: every finite group whose elements are of
order p, identity excepted, is a regular p-group;} the number of elements in a
U-basis for a regular p-group is an invariant of the group.

3. In the introduction we mentioned an important category of p-groups,
which resemble the abelian p-groups in that any two U-bases have the same
number of elements of a given order. These are the regular p-groups, which
have been defined in the following way:§ the p-group G will be called regular

* Miller, Blichfeldt, and Dickson, Finite Groups, p. 136.

1 The proof of Theorem II depends mainly upon familiar properties of abelian groups 4 of order
pmandtypel, 1, --,1: 4 hasa U-basis, and the number of elements in every U-basis is exactly .

1 Hall, loc. cit., p. 74.

§ Hall, loc: cit., p. 73.
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if, given any positive integer o and a pair of elements P and Q of G, it is al-
ways possible to find elements S;, Sy, - - - , .5, all belonging to the commutator
subgroup of {P, Q} and satisfying the equation (PQ)?* =P?*Q#*53#° 5" - - -
S,

For an understanding of what follows, one must keep well in mind certain
definitive properties of a regular p-group:

(a) The p=th powers of the elements of G constitute a characteristic sub-
group U.(G).

(b) Those elements in G whose orders divide p? constitute a characteristic
subgroup 24(G).

(c) The group G is conformal with an abelian group 4.

(d) The orders of the elements in any U-basis of G are the same as the

invariants p4, p4, - - - | pe of A. (These orders have been called the type-
invariants of G.)
(e) If Q. is an element Q,%Qy - - - Q,*, written in the normal form with

respect to the U-basis Qi, Qs, - - -, Qr, then the order of Q, is equal to the
order of its constituent Q\», of highest order.

(f) If P and Q are any two elements of G, then the order of every element
in the commutator subgroup of {P, Q} divides the order of P (and of Q)
relative to the central of G.

From (a) and (b) it is clear that G contains two series of characteristic
subgroups: G=0¢20,2 + -+ 20;=E; E=QecQc - - - cQ;=E, where p?
is the order of an element of highest order in G. From (c) it follows that § is
equal to the largest one of the ¢’s in (d).

(g) The order pv= of Q./Q._; equals the order of B,—1/Bay, =1,2, - - -, 8.
In particular, G/U, is of order w;.. The w’s satisfy the inequalities
wiZweZ - - - 2w Furthermore, w, equals 7, the number of type-invariants
of G.

(h) For the €'s and w’s we have the relation >, e =Z;_lw,~=m, where
p™ is the order of G (and of 4).

() Ba(G) and 2(G) are conformal with U,(4) and Qs(4) respectively,
a,ﬂ=0, 1) e )6'

Let Vi(G) denote the cross-cut U:(G)AQ:(G), 2=0, 1,---, §, and let
W (G) denote the group {V:(G), 2(G)}.

(j) The groups Vi(G), Wi(G), 2:(G)/Vi(G), and Q:(G)/Wi(G) are con-
formal respectively with the groups which are obtained by replacing G
with 4.

(k) If the exponents of the invariants of 4, arranged in descending order
of magnitude, are given by 6,=8,= - - - 234,, and if in this arrangement the
d’s constitute s sets, the jth set consisting of %; equal §’s having the common
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value e;, then the order of Qe;(4)/We;j(4) is p*. Obviously m=Z:_16.~
=E:._1h,~e,~.

Items (a) through (i) are given explicitly in the paper of Hall to which
reference has already been made (see pp. 73-81); item (j) is contained im-
plicitly in Hall’s results; item (k) is a familiar result from the theory of abelian
p-groups.

DEFINITION. A U-basis Py, Py, - - - , P, for a regular p-group G, the order
of P; being p%, is said to be w-normal provided that

(1) 8,282 - 24,

(2) when (Pj, P;),* i<j, is expressed in the normal form

(PJ”'Pi)=P:“lP:i“"‘P:ﬁr) i=1,2,"‘,f;j=2,3,"’,f,

each aj;y is divisible by p for k<j.

We state without proof two implications of this definition:

(3) for k<7, ajir=0 mod p®—3% (see (e) and (f));

(4) if the normal form of (P;, P;), i<j, is given by Py - - - Pir, then
the highest power of p that divides as;x also divides a;:x, and conversely.
Moreover, (2) is clearly a consequence of (1) when no two of the §’s dre equal.

For the abelian group 4 conformal with G any U-basis for which (1) is
satisfied may be regarded as a “normal form,” since all such U-bases are
equivalent under the holomorph of 4. In defining a normal form for a U-basis
of G we must obviously demand more, and (2) seems to be the most natural
additional requirement which can be satisfied in the case of ewvery regular
p-group. The qualifying phrase “w-normal” is suggested by the fact that
P,, P,, - - -, P, regarded as representatives of a U-basis for G/U,, constitute
a normal U-basis for this quotient group; i.e.,

P,P;= P,P;P;i™ ... P/ mod U;.
As an attempt at defining a normal form for a U-basis, our definition
above is obviously of no value unless we can prove the following theorem:

Every regular p-group G contains an w-normal U-basis.

First, we explain a method for constructing a set of elements which satisfy
requirements (1) and (2) above. To avoid repeated explanations, the symbols
G, Q(), m, h;, e;, etc., will have the same significance as in (a) through (k)
above.

* This is the familiar notation for the commutator P;j 1P P;P;.
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Let Q.(G) be the first term in the series E=Qc Q¢ - - - € Q;=G for
which W, is a proper subgroup of Q,;i.e.,

(5) Wi= Q; j=0,l,---,a—1; Wa.cQ,.

From (j) and (k) we see that the order of Q,/W, is exactly p*. Further-
more, every element of this quotient-group is of order p, except for the iden-
tity. Since Q, and W, are characteristic subgroups of G, and since each ele-
ment of G effects an automorphism of Q,/W,, we can construct for this quo-
tient-group a U-basis, 1, %s, - - - , %a,, say, which is normal with respect to G
(see Theorem II of §2). From the coset of 2, which corresponds to «; we select
any element Q; as a representative, obtaining thereby the %, elements
Qb sz T 1Qh.'

(6) Each Q;,7=1,2, - - -, h,, is of order p°.

Otherwise, contrary to (5), we could find a k<a for which Wi# Q..

It is easy to see that every element of Q, can be expressed in the form
01:Q2% - - - Qy,*hew, ., where w, . is an element in W,. And since the Qs are
representatives of a U-basis for Q,/W, which is normal with respect to G,
it is clear that for a variable element X in G we have the congruences

N XTx=QM O med W,  i=1,2, k.
From (i), (j), and (k) we also have the equality
(8) a = e,.
If Q, is G itself, then our construction is at an end. If not, let @, be the
first term in the series Q,41, Q442, - - - for which
9) WeeQ; Wori = Qayi, l=0,1,---,b—a—1.

As above, we construct for Q,/W,, which is necessarily of order p*-1, a
U-basis normal with respect to G, and from each coset of @, which corre-
sponds to one of these basis-elements we choose an element, obtaining the
k.1 elements Ry, Ry, - - - , Ry, .

(10) Each of the R’s is of order p?.

Suppose that one of them, R,, say, were of order less than p®. Then R,
would necessarily occur among the elements of a certain set Q;—W; where
k<b. From (5) and (9) we know that a is the only value of 2 <b for which
Wi € Q. And certainly R, cannot be an element in {31, Q.}, since @, is con-
tained in W,. As in (8) above, we have the equality b =e,;.

From the manner of their construction it follows that the R’s satisfy con-
gruences of the type
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(1) X TRX = RREY - Roimod Wa,  i=1,2,+, ke,
when X is any element of G.
Since W, is a subgroup of {T:, 2.}, we may replace (11) by

(12) X 'RX = RRiY - ROV - - - Onmod By

If Q is not equal to G, then we continue the construction; and at this
point it is reasonably clear how the construction advances. The final (the sth)
stage will consist of selecting 4, elements Py, Py, - - - , Pj of ;=G which cor-
respond to a U-basis of G/W, this U-basis being, of course, normal with re-
spect to G. Thus we obtain an ordered set of =) _:_1%; elements

(13) Pll:Pl‘h""PlthM;""Pt—ll""’Pcl""’Pl’ln

where P,_; ; and P,; denote the elements R; and Q; above.
For our purpose the significant properties of these elements are the two
following: 6, 262> - - - =9,,and

(14) X'Px= PPN . Prmod0:G), j=1,2,---,1.

(For the sake of a simpler notation we have replaced Py by Py, Pio by P, - - -,
P,., by P..) It is clear, therefore, that if the elements Py, Py, - - - , P, form a
U-basis for G, then this U-basis will be w-normal.

To prove that Py, P,, - - - , P, constitute a U-basis, it is sufficient to show
that they form a canonical basis for G, since it is known that every canonical
basis of a regular p-group is necessarily a U-basis.*

A canonical-basis of a regular p-group has been defined* as a set of
w(=w) elements Qy, Qs, - - - , Q. (w being the order of G/8:(G)) which satisfy
the following conditions:

(c) there exists a set of w subgroups G=K;2K;> - -+ 2K,2K,1=0y,
each being invariant in G and a proper subgroup of the preceding, such that
each of the w sets K;— K;,, contains exactly one of the Q;’s;

(8) the product of the orders of the Q/’s is as small as possible, consistent
with (o).

It is known that

(v) the product of the orders of the elements in and canonical basis must
equal the order of G.t

To show that the elements P, - - - , P, above form a canonical-basis,
it is therefore sufficient to show that they satisfy requirements () and (v).

* Hall, loc. cit., p. 91.
T Hall, loc. cit., p. 92.
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Now (v) is satisfied, since the elements (13) constitute s sets, the jth set
containing %; elements each of order % [see (k) and (8) above].
To prove that (a) is also satisfied, we observe from (14) that the group

F;={P;, P, ---, P, 0.} is an invariant subgroup of G; moreover F; is
a proper subgroup of index p in F;_,, and 7 is equal to w. Hence the series
G=F,>F;> - - - o>F,>{; has the properties of the K-series in («); and since

F;—F,;, contains P; and no other one of the P’s, it follows that requirement
(@) is satisfied by the r elements Py, P,, - - - , P,.

Whenever an w-normal U-basis is normal with respect to G, that is, when-
ever the congruences (P;,P;)=P%+ ... P% mod 3, i<j, can be re-
placed by equalities

(15) (PP) =Py - P,
then, from Theorem I of §2, we know that G is completely defined by the
orders p%, - - -, p% and the exponents in (15). The existence of a G-normal

U-basis is clearly exceptional and it is an open question whether the data
provided by an w-normal U-basis, namely, the orders of the elements and
the r(r—1)/2 equations (2), are always sufficient to define the regular p-group
from which they are derived.

A Note on l-Matrices.* Let (£;;) be an r-rowed square matrix whose coordi-
nates are arbitrary rational integers, and let 8y, 8,, - - -, 8, be a sequence of
fixed positive integers satisfying the inequalities 6,=68,= - - - 24,. The I-
matrix (x;;) we shall define as the matrix formed by replacing each £;; by the
set of integers having the form £;; +\;;p%; that is, (x;;) is the matrix whose jth
column is composed of residue classes [£;;] modulo p%. The class [£;;] is char-
acterized by the least positive residue of £&;; modulo p?%; accordingly, we shall
usually assume that the coordinate x,; in the /-matrix (x;;) is a least positive
residue rather than a class [£;;]. Two /-matrices are naturally to be regarded
as distinct unless their corresponding coordinates are identical. The totality of
distinct /-matrices constitute a set, which we shall designate by the expression
L,(8,, 8, - - -, 5,). The sum of two J-matrices (x;;) and (y;;) we shall define
as the /-matrix (z;;) for which z;; is the least positive residue of x;;+y;;
modulo p%,7=1,2, - - - | r; the product (x;;)(v;) is the I-matrix (w;;) in which
w,; is the least positive residue of Y ,_1%iYs; modulo p%. Those l-matrices
for which the conditions

() x:;=0mod p%~% 7>,
and

(B) | #:i| £0 mod p

* These l-matrices were first defined, in a slightly different form, by A. Ranum, these Transac-
tions, vol. 8 (1907), pp. 71-91.
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hold constitute under multiplication a group, which we shall refer to as “the
group of /-matrices.”* This group, which we shall denote by the expression
GL,(8y, &, - - -, 8,), is simply isomorphic with the group of isomorphisms of
the abelian p-group of type 8, 8, - - -, 6..*

Multiplication is not, in general, assoc’ative for any three matrices of the
set L,(8,, - - -, 8,). For I-matrices (x;;) which satisfy («), however, multipli-
cation is associative and distributive, and these /-matrices constitute a ring.
Thus any expression (a(x:;)4+b0(yi))+ - - - )*(c(uip) +d@wi)+ - - - )™ - -,
where a, b, m, n are positive integers, defines a unique /-matrix, and this
consideration is the justification for our later notation. In particular, the
l-matrix defined by the expression a(x.;), where (x.;) satisfies condition (a),
may be regardod as (x:;)+(xij)+ - - - +(x:;), where there are a terms,
as (ai;)(xi;), or as (xi;)(ci;), where (ai;) is the l-matrix whose diagonal
elements are the least positive residues of @ modulis p%, p%, - - - | etc., the
remaining elements being zeros.

4. This section is concerned with applying the data furnished by an w-
normal U-basis to the problem of constructing a one-to-one representation
by l-matricest for a special category of regular p-groups; that is, the regular
p-groups of class 2.1 The theory of representations of a group of order g by
means of matrices with coefficients in a field of characteristic prime to g has
been rather thoroughly exploited. Little is known, however, about represen-
tations of p-groups by matrices with coefficients in a field of characteristic p;
and it is fair to say that the problem of representing a given p-group by /-mat-
rices has received almost no attention.§

Since the group GL,(d,, - - -, 8.)—the group of /-matrices—is simply
isomorphic with the group of automorphisms of the abelian p-group of type
81, 8, - - -, 6., we can easily construct a representation of a p-group G, if we
can find an abelian p-group 4, which is transformed into itself by G,. Thus
we can always construct a multiply-isomorphic representation by /-matrices
for any p-group G,, whether regular or not, since G, always contains invariant
abelian subgroups. The real difficulty arises when we demand a 1-1 represen-
tation of G, (that is, a representation which is simply isomorphic with G,).

* Ranum, pp. 84-85.

T These I-matrices are defined in §3.

1 Groups of class 2 (metabelian groups, in the terminology of American mathematicians) were
originally defined as groups having abelian central quotient-groups (W. B. Fite, Proceedings of the
American Association for the Advancement of Science, vol. 49 (1901), p. 41). They have also been
defined as groups having abelian commutator subgroups. The two definitions are obviously equiva-
lent.

§ The reciprocal problem, namely, the investigation of the subgroups of the group
GLy(51,02, « « + , 8;) has been widely discussed.
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It is precisely these 1-1 representations which are of most interest, and in the
case of regular p-groups of class 2 a method for constructing them may be
developed from the theory of regular permutation groups.

Let G be a regular p-group of class 2 and of order p™, p>2,* which is
represented as a regularf permutation group on its p™ elements. Let K(G)
denote the holomorph of G, and let H denote that representation in K(G)
of the group of inner isomorphisms of G whose permutations omit the symbol
for the identity of G. Let sy, 5o, - - -, s,m» denote the permutations of G, and
let S; denote that permutation of H which transforms G according to s;.
Since G is of class 2, its commutator subgroup C(G) is contained in its central
I'(G); furthermore, H is abelian, since it is simply isomorphic with G/T'. From
this we see that G is multiply isomorphic with H under the correspondence
defined by s;~S2,2=1, 2, - - -, p™, where X is any fixed integer.

At this point we introduce several useful formulas, which one may readily
verify:

(1) (siy 57) = (578 570 = (577, ) = (s, 570 = (54, 87,
(2) (S:, S’J’) = (S,', si)‘”’
3) (i, 59) = (S, 85) = (5:,57); (55, 8;) = E.

Let p* be the order of the element of highest order in H. Since # is an odd
prime (p*—1)/2 is a positive integer; and we denote this integer by the let-
ter a.

We shall need the following results:§

(4) The p™ products Ss; constitute a regular permutation group G, which
is abelian and conformal with G.

(5) The cross-cut GAG, is the permutation group TI'.

(6) The group G, is transformed into itself by G, and conversely.

Let K(G,) denote the holomorph of G,, written as a permutation group
on the letters of G, and let I(G,) be that representation in K(G,) of the group
of isomorphisms of G, which omits the symbol for the identity of G. Corre-
spondingly, we define I(G) as that representation in K(G) of the group of
isomorphisms of G which omits the symbol for the identity of G.

(7) The permutation group /(G) is a subgroup of I(G,).

(8) Between the permutations #, f, - - -+ of G, and those of G there is a

* The assumption $>>2 is pertinent, since a group of order 2~ is regular only when it is abelian.

1 The simultaneous occurrence of “regular” in two distinct and unrelated meanings is unfor-
tunate; both usages, however, are already established in the literature. To avoid confusing repetitions
of the adjective “regular”, we agree that throughout the remainder of this section the symbol G shall
be used precisely in the sense above.

1 These Transactions, vol. 37 (1935), pp. 163-171. This paper will be referred to as H.
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1-1 correspondence, which is defined by the equations ¢; =Ss; and s, =S7¢.
When, in the future, we speak of an element of G (or of G,) as the “corre-
sponding element” of an element in G, (or in G), we shall have in mind the
correspondence defined by the equations in (8).
Let Py, Py, - - -, P,, of orders p%, p%, - - . | p* be the permutations of an
w-normal U-basis for G; i.e., a set of permutations satisfying the conditions

©  PM=E, az&hz-o-zé;
(10) (P;, P;) = Py Py PP i<jii=1,2,---,rj=2,3--,1;
a;ir=0mod p, for k <j.
Let S;,2=1,2, - - -, r denote the permutation of H which transforms G

according to P;.

Of fundamental importance for our method of attack is the following re-
sult :*

(11) The permutations 4,=3S2P,, A;=38P,, - - - , A,=82P,, which are

necessarily of orders p%, %, - - -, p¥ respectively, constitute a U-basis for G..
In what follows we shall usually write T'; for S—. From the equation
(12) P; = TA;

it follows that each basis-element P; may be regarded as a product of a basis-
element of G, by an automorphism of G,, and this is a point of view which we
shall constantly emphasize.

From (1), (2), and (3) it is easy to establish the following formulas:

—_a at1l
(13) (A, T)) = (A, P)) = (SiPj, Ps) = (P, Py)
(14) (Aiy Tl) = (Af) Tt’)_l; (Aiy Ti) = E.
Now each T,, =1, 2, - - -, r, is a permutation in the group of isomor-

phisms of G, (see (7) above). Regarded as an automorphism of G., each T
is equivalent to a change of basis for G,, defined by » equations of the form

(15)

................

1+7161 ,Y1dis Y14
{Al—)All =Ay Ay 4.7

Tril , Vri2 47,4
A, —m A = A4, -4, "

where v;:: is a least positive residue modulo p*.
If we denote the matrix of the exponents in (15) by E,+ M, E, being the
identity matrix of GL,(8,, 3, - - - , §,), then the » matrices E,+ M; generate
*H, p. 177.
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a 1-1 representation of H (and consequently a p”-1 representation of G,
where p7 is the order of the central I'(G)). We know that each «;: in (15) is
uniquely determined by the permutations T'; and A,, 4s, - - -, A,. What is
of equal interest, perhaps, is the fact that the v;:; are uniquely determined by
equations (9) and (10) together with the equations

(16) (Pj,Pi)Pk=Pk(Pj,P,’), i,j,k:l’ 2,...’,-’

for the reason that any » operations which satisfy (9), (10), and (16) generate
a group which is simply isomorphic with G.*

We indicate a method for computing the v;;x from the data in (9), (10),
and (16). If T# =E, k=1, 2, - - - | r, where x ranges over all the exponents
a;i in (10), that is, if each constituent P;** of (P;, P;) is in T, then it follows
from (12) and (13) that v;:x is equal to the least positive residue of (a+1)a;ix
modulo p%*. In general, however, it is impossible to find for G an w-normal
U-basis for which this favorable situation arises. The following procedure is
always valid. In (13) we replace each P; by TA, obtaining thereby a first
approximation for (4;, Ts) in terms-of the basis elements of Ga:

(A7) (4, T:) = (P .. pony!
— (T;'i-'l ‘l'i-'sz"J'“A‘;'jiz L. T:’jirA:iir)d+l — T:HAZHCZH,
where
To=Ty" - T:“';Aa = A7 .. : A‘:i-‘v; am H (4s, Tl)ajik“jil’
k1

E<lLik=1,2,---,r1=2,3,---,r.

Since (P;, P;) isin the central of G, we know that T, must be the identity of
H. We observe, in addition, that for k <7 the order of (A4, T;)s is less than
the order of (A&, T1), since a;;x is divisible by p for 2 <j; and for & >j, the first
constituent of (4, T;) =Py - - - P2 whose exponent is prime to p must
have a subscript greater than /. Hence a finite number of reductions of the
type (17) will suffice to bring (4, T:) into the form Ay - - - A vier,

We have outlined a method for constructing, from the data of an w-normal
U-basis, a representation of G by a subgroup of the group GL,(8y, 8, - - - , 8:)
of r-rowed l-matrices. Presently we shall extend this p7-1 representation of
G to a 1-1 representation by imbedding each matrix E,+M; in an (r+1)-

* The proof of this assertion is similar to the proof of Theorem I in §2. In interchanging the P’s
we make use of the formula Pg¥ Po®= P,*Pg¥(Pg, Pa)*¥, 8> a, which can be derived from (16); a basis
for induction is provided by the fact that the exponent of each constituent Py in the normal form of
(P, Po) is divisible by p for A =8.
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rowed J-matrix. First, however, we list several interesting properties of the
matrices M;:

(18) The highest power of p which divides v;i divides e, and con-
versely.

(19) Every element in and below the main diagonal of each M is divisi-
ble by .

(20) For j >k, v;u is divisible by p¥—?.

The truth of (18) follows from the details of (17) and from the fact that
this reduction is reversible; i.e., we may reduce (4% - - - 4,7r)9~1 to the
form Pja - - - Poier if we replace A by Ti'P;. Obviously (19) and (20) fol-
low directly from (18), or we may derive (20) from the fact that the order of
(44, T;) must divide the order of 4;.

Since (4, T;) =(A4;, T:)™*, we have the relation

(21) Yiik = p¥% — vijk.
For 7 =j, this gives
(22) viik = 0,

where this zero is the residue 0 modulo p%.

Let M, denote the r-rowed /-matrix in which each element in the jth
column is the residue 0 modulo p%,j=1,2, - - -, r. Let R;; denote the r-rowed
l-matrix whose Ith row is ¥u1, Yus, - - -, Yur and whose remaining rows con-
tain only zeros. Now the least positive residues of the /th row in the product
Ri;M ; are the exponents of the commutator ((4,, T;), T;) (written, of course,
in the normal form AMAz - - - 4™). Since this commutator is the identity
of G,, we see that R;;M ; must equal M,. But M;=Ry;+Rz;+ - - - +R,i.* This
establishes an important property of the matrices M;, namely,

(23) MM;= M,, ,j=1, 2:"’)'*T
For i=j, this gives
(24) M.”E M,.

Let Hy denote the group generated by the matrices E,+M,,i=1,2, - - -,r.
As we have seen above, Hy is a 1-1 representation of H and a p”-1 repre-
sentation of G. The element of Hy which corresponds to the “general” element
Py5Py% - - - Pz of G is the l-matrix derived from (E,+ M,)=(E,+ Ms)=s - - -

* See note on /-matrices in §3. The matrices M;, R;; are elements of a ring.
1 We wish to emphasize the fact that MM is to be regarded not as the product of M;and M;in
the ordinary sense, but as the /-matrix defined by this product.
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(E,+M,)*; and from (23) we see that this product can be represented in
the simple form*

(25) (B, + M= - - - (E,+ M)*= E, + 3 x:M:.
k=1

We shall now construct a 1-1 representation of G as a subgroup of the
group GL,(3, 81, 82, - - -, §,), where §, is any fixed integer not less than ;.
First, we define M| as the (r+1)-rowed /-matrix

0 O 0o -.---0
0 Y1 Yz Y

0 Yril  Yri2z © ° ° VYrir

where the elements in the first column are the residues 0 modulo p%. In order
to avoid altering much of our earlier notation, we shall number the rows (and
columns) in M/! (and in the other (r+1)-rowed matrices which we shall pres-
ently define) by the sequence 0, 1,2, - - - , 7. Let E’ be the identity matrixt of
GL,(80, 8y, - - -, &-). It is at once evident that the matrices E’+ M/ generate
a group Gy which is simply isomorphic with H .

We denote by L/ the (r+1)-rowed J-matrix which has in row 0 and col-
umn ¢ the residue 1 modulo p% and zeros elsewhere. We shall denote the sum
M!+L! by the symbol N/.

The main result of this section is the following:

THEOREM 1. The r matrices E'+ N/ generate a group Gy which is simply iso-
morphic with G under the correspondence defined by Pi~E'+N!,i=1,2,---,r.

In proving this theorem we shall make use of the following known result:
If By, B,, - - -, B,, of orders p%, p?s - - . | p¥ respectively, constitute a U-
basis for an abelian group of order p™, and if ©,, ©,, - - - , O, are a set of
automorphisms of this group, each being defined by the » equations

(a) (Bi; 90) = B‘ly‘“l v B;’i‘f’
where the &’s and the v;i; are the same as in (9) and (15) above, then the p™
products ©;B;, ¢=1, 2, - - - | r, generate a group which is simply isomorphic

with G under the correspondence P;~@;B;.}

* That is, both sides of this equation define the same /-matrix of Hp.

1 At this point we shall drop the subscripts from the identity matrices.

1 This result is contained implicitly in the paper on metabelian groups which has been quoted
above (see H, p. 193). It is proved there that the p™ products ©y%: - - - 8,7rBy*1 - - - B,?r, 0<xs< p%,
constitute a group simply isomorphic with G; and it is easy to see that one may bring into this form
any product (0,Bq)Va - - - (€gBg)¥s - - - .
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To prove Theorem I it is therefore sufficient to show that

(i) E’+N/ equals U;V;, where U, and V; denote E'4+M/! and E'+L/,
respectively;

(i) Vi, Vo, - - -, V, are of orders p%, p’:, - - -, p% respectively, generate
an abelian group, and constitute a U-basis for this group;

(iii) the U, and V; satisfy the equations

B (Vi U)=vit vl Pi<fii=1, 0,5 =2,,1.

First, we write several useful formulas, which can be verified from the
rules for multiplying /-matrices:*

(26) LiL;= Mo;M;:M;= M, ((23) above); M;L;= My;
Lth'E'Yit'lLl'*'"' + viirLe, i)j= L,2,---,r.

oy U B MY = B s VY= (B4 L) = Byl

Ut UT=E4+ Y mMy; VI V= E+ Yyl
k=1 k=1
To prove (i) we have

UVi=(E+M)E+L)=E+ M+ L+ ML=E+M;+L=E+N:.

(By definition, N;=L;+ M;; from (26), M:L.:=M,.)

We now prove (ii). The equation V¥ = E requires E+y;L;=E. Since p%
is the smallest value of y; for which y;L;=M,, it follows that the order of V;
is exactly p%. The permutability of V; and V; follows from (26). For
Vi, Vs, - - -, V., to constitute a U-basis for the abelian group which they gen-
erate, it is sufficient that the equation Viyv: - - - V% =E be satisfied only by
y:=0 mod p%. That this is the case follows directly from (27) and the linear
independence of the L’s.

Finally we prove (iii). From (26) and (27) we derive the equalities}

(Vi U) = ViWUrWUs = (E — L)(E — M) (E + L)(E + M,)
=(E—-Lj— M;+LM)(E+ L; + M: + L;My)
=E+ > vials

k=1

= I‘I (E + Lk)‘th'k — V'lh"lV;iﬂ - V;le’r.

k=1

* We shall drop all primes, since from this point on we shall deal exclusively with (r+1)-rowed
matrices. Note that Mo is now the (r+1)-rowed null-matrix of the set Lp(8o, 81, * * * , 8r).
1 It is understood, of course, that the notation E—L; is merely a convenient substitute for

E4(phi—-1)L;.
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This completes the determination of our 1-1 representation of G by means
of J-matrices. As we have seen, this particular representation Gy is completely
defined by the orders of the basis elements P, P,, - - -, P, of G, the ex-
ponents «;;; in the »(r—1)/2 equations (10), and the permutability relation
(Pi, P;)Pyx=P(P;, P;). In respect to the totality of possible representations
of G by l-matrices L,(8,, 8, - - -, §,), the representation Gy may be regarded
as a normal form, in that for every matrix in Gy the elements in and below the
main diagonal are congruent modulo p to 1 and O respectively.

We observe that the matrices E+Y ;oi:Ls, 0<x:<p%, define a 1-1
representation of the abelian group G, and the corresponding elements of Gy
are the /-matrices derived from the products (E+) rx: M) (E+Y ioixiLy)
=E+Y r-1x:N (see (8) and (25) above). Thus we obtain all the elements of
Gy from a “general” matrix, whose coordinates are linear functions of r pa-
rameters, by specializing these parameters and taking least positive residues.
We shall see, later, that the N’s combine under multiplication according to
the linear formula N;N;=> _rv:i+Nx.

5. The notation which we shall use in this section is that of the preceding.
Our objective is to characterize those matrices of the group GL,(8,, 02, - - -, 8,)
which represent automorphisms* of G. We know, of course, that the group of
isomorphisms of G, is simply isomorphic with GL,(5i, 8, - - - , §,); and from
(7) of §4 it follows that I(G) is simply isomorphic with a certain subgroup of
GL,(61, - - -, 8,). Now every matrix X = (x;;) in GL,(8,, - - -, d,) is charac-
terized by two conditions on the coordinates x;;, namely,

(1) xij = 0mod p%% for ¢ > j;
(2) | 5] 5 0mod 2.

Our problem, therefore, is to determine the additional restrictions which
must be imposed on the coordinates x;; in order that x shall define an auto-
morphism of G. It is possible to determine these additional conditions as con-
gruences involving the a;:x by regarding X as the coefficient-matrix in the
correspondence

.......

It is much easier, however, to determine them in terms of the v;;x, and thisis

* Throughout this article the term “automorphism” of G denotes a 1-1 isomorphism of G with
itself.
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the procedure which we shall adopt. First, we regard X as the coefficient-
matrix of the “general” automorphism of G,, defined by the correspondence

............

3)

the x;; being least positive residues.

Let 7, denote that permutation of I(G,) which is defined by X. Now =,
transforms G either into itself or a conjugate permutation group in K(G,);
furthermore, G is generated by the r permutations P;=T;, i=1,..-, 7
(see (11) and (12) of §4). Hence, for X to define an automorphism of G it is
necessary and sufficient that #;'T;Am,, x=1,2, - - -, r, be a permutation of
G. Now the permutation of ‘G which corresponds to the permutation
A,=Ay - - - A of G, is the product T.4,, where T, is Ty - - - T, (see (8)
of §4). Consequently, for X to define an automorphism of G it is necessary
and sufficient that

4 72 Tiwsbe equalto T7' - - - T.", i=1,2---,7.

The sufficiency of this condition is obvious. That it is necessary, as well, fol-
lows from the fact that if we multiply a given permutation 4,=4,% - - - 4.,
0=2z;<p%, on the left by all the permutations of H, then only one of these
products will be a permutation in G; that is, the multiplying permutation T, is
unique, although its representation in the form Ty - - - T/» 0=z,<p¥, is
never unique.

We seek a more explicit form for condition (5). As in the preceding section,
each T is equivalent to a substitution

47101

Al-—)Al’ = Al
(5) {

Yril Tri
A,-‘—)A,, =A1" ...A"i"

whose matrix we have already denoted by E+M,. Similarly, the product
Ty# - - . T,%r is equivalent to a substitution on the 4’s whose matrix is given
by E+4) %M, (see (25) of §4). And the matrix of that substitution (on
the A’s) which is equivalent to the permutation 7;1Tr, is clearly equal to
X-(E+M,)X. Hence (5) is equivalent to the equations

(6) E+Zx:‘kMkE XY E+ M)X, i=1,--,r;
k=1

.
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-and these, in turn, are equivalent to the set
(7) E xaMi= XM X.
k=1
The main result of this section may be expressed by the theorem:

The group of isomorphisms of G is simply isomorphic with the group gen-

erated by those I-matrices L,(8,, - - -, 8,) for which the following conditions are

satisfied:

(a) x;;= Omod %% for i > j;

(b) | %:;] # Omod p;

(c) > xaMy= X"'M.X, i=1,2,---,r.
k=1

In conclusion, we state a useful relation, namely,
(8) E'YiikMkEMo, 1=1,2,---,r,
k=1

which can be derived by substituting E+ M, for X in (7) above.

6. In this section we shall investigate the abstract structure of the repre-
sentation Gn, and we shall see that the matrices E, N,, - - - , N, may be re-
garded as basis-units in a certain finite ring.

We have already pointed out that the general element of Gy is obtained
by reducing the matrix J,=E+) ;_1xxN;, where each x; ranges from 0 to
p*—1. Since the product J,=J.J, must occur in the form J,=E+Y z;N;,
each of the 72 products N;N; must obviously be equivalent to a linear function
of the matrices E, Ny, - - -, N,. This linear relation is given by the formula

(1) NiN;= 3 vinle.

k=1

In deriving this formula we replace N; by L;+M.* From (26) of §4 and
(8) of §5 we have the chain of equations

NN;j=Li+M)L;i+M)=LM;= D vipLe =2 vijske + > viinMy
ko1 P ¥

= > viplls + M) = > viirlNi.
P

k=1

* Observe that Mj is the (r+1)-rowed matrix M/ of §4. It is evident that (8) above is valid if
we replace M; by M.
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Since v;ix= —v:jx» mod p% and v =0 mod p% (see (21) and (22) of §4),
we have for the N’s the further relations

(2) N:N;j= — N;N;
(the interpretation of this congruence is obvious);
(3) NZ = No,

where N, is the (r+1)-rowed null matrix.
From (1) and (2) it is easy to show that the product of any three of the N’s
is the null matrix; that is,

4) N;N;Nr= N,, i,j,k=1,2,---r.

At this point it is fairly evident that with the group G there is associated
a finite ring having as basis-units the matrices E, Ny, - - - , N,. We wish to
show that this ring can be constructed without assuming the existence of Gy.

We start with a system § of double composition in which all the ring
postulates are satisfied except (possibly) associativity of multiplication. We
designate a set of -1 linearly independent basis-units for§ by v., v, - - -, v,
and we assume that every element of § can be represented uniquely in the
form v,=xov.+z:_lx.~‘v.~, where the x; are arbitrary rational integers.

We assume that multiplication for the basis-units (and accordingly for
every element of §) is defined by the equations

2 =,

VUi = V¥, = Vs, t1=1,2,---,r,

O]

r
V= D Viikde,*
k=1

where the v;;; have the same values as in (1) above. We recall that each v.;:
is a positive integer less than p?, and that these 7 integers satisfy

(6) Yiik = — vYjie mod pi [§4, (21)]
(7) Yiik = 0 mod pa‘-’_a‘ for : > k&
Yiik=0 mod %% for j > k} (54, 20) and 21]
(8) D ViiaYarr = 0 mod p% [§4, (23)]
a=l
9) > YikaYiat = 0 mod p [§5, (8)].
=1

* It is known, of course, that the various assumptions above are always consistent. In fact, a
system of the typeS exists if we replace the v:;x in (5) by 7® arbitrary integers; and if multiplication
is associative (which is generally not the case), then this system is a ring of rank 41, having the ring
of integers as its coefficient-domain.
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Now those elements v. for which x; is divisible by %, k=0,1, .-, r*
constitute under addition a modulus (. We wish to show that the ele-
ments of this modulus constitute an invariant ideal in §. Since they form
a modulus, it is sufficient to show that v.a, and o,v, are each of the form
)\op‘ov,+Z:_l)\.~p‘*v.-, where v, and «, are any elements of § and 27 respec-
tively.

From (5) we havet

( invs)( 2 yii""’i) = Z[ 2 x.~< 2 yiP’f'Yiik)] Vk.
=l =1 k=1 =1 =1

Since 6,=8:= - - - 24, it is obvious that when £ is at least equal to both 2
and 7, then the coefficient of v, is divisible by p?:. From (7), however, we know
that +:; has the form vi;p®% (or 'y:;,‘p"‘—si) for k<i (for k<j). In every
case then, the coefficient of v, is divisible by p%, k=0, 1, - - -, r. Similarly,
we may show that «,v. is an element of 2. We denote this invariant ideal by
the letter 3.

From a familiar result in the theory of ideals we know that the residue
classes of § with respect to 3 form a system § which is homomorphic with S .
If we denote by ., 41, - - - , u. the elements of § to which v, v, - - - , v, cor-
respond respectively in this homomorphism, then it is easy to see that the u’s
constitute a basis for §, and that every element of § can be represented in
the form u,= [xo]u.+> . , [#:]u:, where [x] is the symbol for the class of
integers congruent to x; modulo p%. In view of the homomorphism above, we
know that the sum u,+u, is represented by [xo+yo]uo+D_:[x:+v:]u:, while
the multiplication table for the #’s is given by

ul = u,,

Ul = Uihe = U; i1=1,2,---,7r
(10) b ) ) b

r
Uh; = E YiikUk.
k=1

The condition for associativity of multiplication in § is given by

l:az;:l [’Yeia]a[‘)‘«kl]t]l = [..iﬂ [’Yika]a[’Yial]z]z.I

But from (8) and (9) we know that both sides of this equation are equal to
the residue class 0 modulo p%. Hence S is a ring, since it is homomorphic

* These % are the type-invariants of G [see §4].

t Obviously - yopb, is in NC.

1 The symbeol [£]) denotes the class of integers having the form £+ np**. We need consider only
elements in g of the formZ:._l [26Jus, since (wsz)24y is obviously equal to ue(uzuy).
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with a system § which satisfies every ring postulate except associativity of
multiplication.

From (6), which implies that [y:;x ]s = [—7iix |+, we may easily show that
those elements in § which have the form u,’ =Z:=l [#:]u; constitute a nilpo-
tent* ring R of index 3 in which the square of every element is the zero element.
It is clear that R is an invariant subring of § ; furthermore, the elements of R
constitute under addition an abelian group A which is simply isomorphic
with G, of §4. One may also show that the elements of § having the form
ul’ = [1]u.+u. constitute under multiplication a group Gz of order pm
and class 2. That they form a group is obv10us since #;'u,’ can be
brought into the form [1]u.+u!, while every .’ has an inverse, namely,
[1 ]“o‘FZ, [—x:]u;. The commutator (u{’, u}’), where u!' =u.+u, is
ue+za_12'y.,au.,, and by using (8) and (9) one readily computes for
(! ,u}")ui’ and u’ (w!’,u}’) the common value %, +u,+ Ea_127,1aua Since
Gr is generated by the u{’’s, its commutator subgroup must be contained in
its central; hence G is of class 2.

Since S contains a principal unit #., we can construct a 1-1 matrix-repre-
sentation of § by the familiar process of post-multiplication. We denote the
products #.(u,+us), wi(u.+us), - - -, u.(u.4u;) by 4., 4, - -, 4 respec-
tively. Then the matrix-representation of the element %, +u; is the coefficient-
matrix of the linear transformation

Ue = U, +

A+ yudur + - - -+ viou,

§l
I

Uy = Yty + - -+ (1 + vrir) tr.

And this matrix is exactly the I-matrix E4- NV, of Gy. Since G is generated by
the » elements ., +u;,2=1,2, - - - , 7, it follows that the group Gz( ) is simply
isomorphic with Gy, and consequently with G (of §4).

This representation of G as a multiplicative group of elements in a finite
ring which are congruent to the principal unit modulo a nil ring has con-
spicuous advantages for the study of the structure of G.f For instance, if
R’ is an invariant subring of R, then the elements of Gr which have the form

* A nilpotent ring of index % is a ring in which the product of any % elements is 0; a nil ring is
one in which some power of every element is 0. A nil ring containing a finite basis is necessarily nil-
potent.

1 This method of “Strahlbildung” has been used to advantage by K. Shoda (Mathematische
Annalen, vol. 100 (1928), pp. 674-686) for determining two important series of characteristic sub-
groups of GLy(81, 82, * +'+ , 8).
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[1]u.+p, p in R’, constitute an invariant subgroup of Gz. Thus the subgroup
B«(Gr) corresponds to the subring >, _, [%:p=]u. of R.

From the representation Gr we can derive a second set of conditions on
the coordinates of those matrices in L,(8y, 8, - - - , §,) which define automor-
phisms of G. Now any automorphism of the additive group in R is defined by
a linear transformation ’

il = yuur+ - - + yuth
0:
Uy = Yathy + o0t Yelhy,
in which the y;; are least positive residues satisfying the conditions
(11) | yiil # O0mod p; y;;= O0mod ¢% % for i > j.

But O defines a correspondence of the elements of Gg, and for this corre-
spondence to define an automorphism of Gg, it is clearly necessary and suffi-
cient that the multiplication table of the #/’s be the same as that of the u,’s.
By substituting the #/’s in equations (10) and taking account of the relations
u2=0 and uu;=—um; we find that © will define an automorphism of Gr
if, and only if, the y’s satisfy the »2(r —1)/2 congruences

r
E Dii—uw'Y‘wk = z YiiaYak mod p‘k,
B awal

where 2 = 1,,f,i<j;1:=l,',‘f;j= 2,"',’;ﬂ<v;ﬂ=1"",
r;9=2, - --,r, and where D;;_,, denotes the determinant

Yiu Yiv

Yiu Viv

As one would expect, these congruences are equivalent to the matrix-
equations (7) in §5.

The representation Gz above was derived (although indirectly) from a
particular w-normal U-basis of G, and our method is probably the simplest
one for obtaining a ring-representation for G. But the existence of a U-basis
is by no means necessary* for the existence of a representation of a finite
p-group G as the multiplicative group of those elements in a ring which are
congruent to the principal unit modulo a subring whose elements are ex-
pressible uniquely in the form Zi_l&wi’ the £; being least positive residues

* The quaternion group, which has no U-basis, is the multiplicative group of elements p+&u
+&a+ £3us, 5=0, 1, in the ring of 16 elements whose multiplication is defined by the equations e?=e;
eUs= e =14; td=Usd=Ugtty = U3; Urths=1Ugthy=Uylly = Uglls= Ugtia=Us?=0.
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modulo certain powers of p. Nor is it necessary, when G is the group G above,
that #, the number of linearly independent basis units of R, be equal to 7,
the number of type-invariants of G. For 7>, however, the ring R must con-
tain elements whose square is not zero, and although it is always nilpotent,
it need not be of index 3.

In conclusion, we point out that if the group G is a direct product of
groups G’ XG’'X - - -, then for each factor G we can find an w-normal
U-basis, and by the method given in §§4 and 6 we can construct for each
factor a ring-representation Gr®. Then for G itself we obtain a ring-represen-
tation if we replace R in §6 by the direct sum of the rings R’"4+R’’+ - - - .
And from this representation we obtain, by post-multiplication, a representa-
tion of G as the direct sum of matrix-representations Gy’ +G»'’ + - - - .

7. In the preceding section we proved that every metabelian group of
prime-power order can be exhibited as a multiplicative group in a finite ring.
And since every metabelian group is the direct product of its Sylow sub-
groups, one may construct for any metabelian group G of odd order a repre-
sentation of this sort in which the ring R is replaced by the direct sum of nil
rings R,,, Ry, - - -, €ach R,, corresponding to a Sylow subgroup of G. We
wish to show that there is, in a crude sense, a reciprocal relationship between
nil rings and metabelian groups.

If S is a ring which contains a principal unit e and a subring = such that
(a) the square of every element in = is the zero element, and
(b) the number of elements in Z is an odd integer n,
then those elements in S which are of the form e+, o in Z, constitute under
multiplication a group of order n whose class does not exceed 2.

It is easy to show that the elements'e+4o constitute under multiplication
a group F; of order #, having e as the identical operation. We therefore give
only the proof that F; is either abelian or metabelian.

Let o and 8 denote any two elements of =. From (a) we have

(1) ¢% = 0, where ¢ is any element of 2.

By substituting a+8 for ¢ in this equation, we obtain

(2) aB + Ba = 0.

Two cases arise:

Case A. ofs=Ba for every pair of elements in Z;

Case B. Z contains two elements o, and o4 such that .05 0s0..

In Case A equation (2) reduces to 2a8=0. Since = contains a finite num-
ber of elements, with each element o; there is associated a smallest positive
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integer m; such that m,s; =0. Now the elements of 2 constitute under addi-
tion an abelian group of order #, and since m; is clearly the order of o; with
respect to this group, we see that m;, being a divisor of #, is necessarily odd.
Hence the equation 2aB=0 is possible only if af=0. In Case A, therefore,
any two elements e+« and e+ are commutative, and F is of class 1.

For Case B we first prove that the product of any three elements of X is
zero. By using (2) and the associativity postulate, we obtain the equations
(3) (a'aaﬁ)o"v = o'a(o'ﬁo'v) = - ('-"'ﬂ”"r)o'a = - 0',3(61aa) = (07aa)aﬁ

= 04(0a08) = — (0a05)0y.
That is, 20,050, =0;and as in Case A, we infer that ¢.040, is zero. To prove
that F3 is of class 2 it is sufficient to show that the commutator (¢+0., e+a;5)
of any two elements in Fz is commutative with any third element e+¢,. From
(1) we find that the inverse of e+o. is e—o,.. By making use of (3), it is a
simple matter to show that the commutator (e+o., e40s) is given by
e+0,08—0s0, and is commutative with e+o,.

Finally, we observe that the theorem above is valid if we replace (a) by
the assumption that 2 is nilpotent and of index 3; that is, the product of any
three elements in = is the zero-element. (In this case, the commutator
(e+0a, e+05) equals e+0.05—050.—02 —04.)
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