ON CERTAIN INEQUALITIES AND CHARACTERISTIC
VALUE PROBLEMS FOR ANALYTIC FUNCTIONS
AND FOR FUNCTIONS OF TWO VARIABLES*

BY
KURT FRIEDRICHS

ParT I. THE CASE OF ANALYTIC FUNCTIONS
1. INTRODUCTION

In this first part I investigate some properties of the manifold § of all
analytic functions %+4v =w(z) defined in a bounded open connected domain
D of the (z=x+14y)-plane for which the integral

ff]dexdy
D
is finite.t

First I establish the following inequality. There exists a positive constant
6 <1 such that, for all functions w(z) which satisfy the additional condition

f f wdxdy = 0,
the inequality

(1.1) lfj;uﬂdxdy‘ é()fj;lwl%xdy

is valid.
It will be seen that this inequality is equivalent to

1.2) ff uldxdy < I‘ff v2dxdy
D D

under the additional condition

ff udxdy = 0,
D

the constant I'=(1+46)/(1 —6) being greater than 1.

* Presented to the Society, October 31, 1936; received by the editors December 6, 1935, and
January 27, 1936.

t The same space was investigated in regard to different properties by St. Bergman, Mathe-
matische Annalen, vol. 86 (1922), p. 238, and Berliner Sitzungsberichte, 1927, p. 178; and S. Bochner,
Mathematische Zeitschrift, vol. 14(1922), p. 180).
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Secondly, I deal with the characteristic value problem for the quadratic

form
ff widxdy
D
fflwl“‘dxdy.
D

with respect to the unit-form

I prove the existence of a sequence of characteristic values ui, ps, p3, - - -, un 0,
and corresponding characteristic functions w,(z), ws(z), - - - satisfying the
conditions
[[ = {1' T
Wm\2)Wal2)aX =
D Y 0, n Z m,

and thus being orthonormal, such that each function w(z) in § can be de-
veloped in a series

w(z) = cwi(2) + cawa(2) + caws(z) + - - -

converging uniformly in every closed subdomain of D, while the expansions
[[1wlaziy =1 al+lal+lal+ -
D

ff widxdy = picl + pacd + pscd + - - -
D

hold.

The largest characteristic value u, is equal to 1 and the corresponding
characteristic function w,(z) is constant. The inequality stated above ex-
presses nothing but the fact that the second characteristic value p. is less
than 1.

The validity of these theorems depends essentially on the nature of the
boundary of the domain D. My assumption is that this boundary B consists
of a finite number of closed curves having a continuous tangent except at a
finite number of corners. Then the inequality holds; but the expansion theo-
rem is valid if and only if there are no corners (except internal cusps). In
the case of corners the extreme points of the limit spectrum can be deter-
mined.

Let each closed curve of the boundary be represented by a continuous
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periodic function z=z(s) of a parameter s. Except at a finite number of
corners this function shall have a continuous derivative

dz
—=3(s
Z=i09),
which, at each corner, is continuous on both sides. We can assume
. dz
l zl = —_— = y
ds

so that s is the arc length of the curve, and further that the normal ¢3 is di-
rected into the interior of D.

At a corner the argument of # has the jump (1 —w)w, where wr is the inner
angle of the corner.

We assume 0 <w = 2. Thus we exclude external cusps (w=0); in this case
it can happen that not even the inequality holds as we shall show at the end
of this part.

2. A BASIC LEMMA

We set

sin wm

M = max

w

wT

Since the case w=0 has been excluded we have M <1, and M =0 if there are
no corners (except internal cusps).

LEMMA 1. Let € be an arbitrary positive number. T hen there exists a boundary
strip S in D, bounded by the exterior boundary B and an interior boundary B’
which consists of a finite number of rectifiable closed curves, such that for every
function w(z) =u(z)+9v(z) in F the inequality

ff'w’dxdy g(M+e)ff|w|2dxdy+'yf | wl?] dz]
s s B

holds, v being a suitable positive constant depending on e. T his inequality implies

(2.2) (1 — M-—e)ffsuzdxdy§(l+ M+e vazdxdy+'yL,lw|2|dz|.

2.1)

Without loss of generality we may confine ourselves to the case of a do-
main D bounded by only one closed curve B.

First we discuss the case of no corners. We may assume e <1. We choose a
constant ¢ in such a way that

2(s") = 2(s) €

4

(2.3) —3(s) | = as |s’—s| <o.
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We set
Az(s) = M, As(s) = M.
Then we have
(2.3) lAz(s) _ z(s)l < %’
—z-élAz(s)l §%

We choose a number p>0 in such a way that
ls’—s| = o as |z(s’)—z(s)| <o,

and a number 7 >0 in such a way that

T = 2
=
and
Az(s’) — Az(s
(2.4) p| 25D — ) | e |5 —s| <.
s’ —s 40

Consequently we have

J— €
2.4)’ T|AzA3| & —-
(2.4) I | 32

Now we introduce a new parameter ¢, 0<¢<T, and set
z = 3z(s) + utAz(s).

The strip 0<#<T corresponds in a one-to-one way to a certain boundary
strip S in D, bounded by the boundary B and an inner curve B’ which corre-
spond to =0 and ¢=T respectively. To show this we first prove the relation

2.5 | —z=[(s' =)+ il —as)| = —z—el ' = 5) + it — )],

as |s'—s| <o.
In fact, in view of (2.3), (2.4), we have
|2 = 2= [(s' = 8) + i(t' = 9](5) |
= [[2(s") = a(s) = (' = ()] + i’ [As(s") — Ba(s)]
+ i’ — )[Az(s) — 2(s)]_|




1937] ANALYTIC FUNCTIONS 325

Now let 2’ =z. Then we have

| 2(s") — z(s)| = | t'Az(s’) — tAz(s) |
< | As(s’) | + 2| As(s) |

=2T > =
= L =F

Therefore | s’ —s| <o and relation (2.5) leads to | (s" —s)+i(¢' —#)| (1 —}e) <O.
Hence s’ =s, ¢’ =t. Thus the one-to-one correspondence of 0<¢<T and S is
proved.

We calculate the Jacobian

a(x, ¥) —
= = RAz(3 itA3);
3.0 RAz(z + tAz)
from (2.3)’, (2.4)’ we find
1
(2.6) Jzl-——S3—.
4 32 2

In the strip S the parameters s and ¢ can be expressed in terms of z, ¥,
hence in terms of z=x+34y, 2=x—3y; and a simple calculation yields the rela-
tion

2Ji —m2_ i(z + A7) 2.
93 as ot
We now introduce the function
(2, 2) = 2(s) — itAs(s)
and find

Jz—] = i(343) + t3(A243).
Z

From (2.3)’, (2.4)’, (2.6) we get

9j

93

<e.
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By a simple calculation, we obtain the identity

9 a
ff 1 — — ) widxdy ff — [@ = j)w?]dxdy
r<t<T 9z r<t<T 0%
7

= — | (z— j)wdsz
5 )

B
if R
- z — j)waz
> ) e

2

for 0<7<T. Since [ [|w|%dsdr <2f[s|w|%dxdy is finite, there exists a
sequence 7—0 for which [.—.|w|2ds is bounded. If we let = tend to zero in
this way, we have

‘ if (z — j)widz
2 t=7

=‘ f tAzw?(2 + tAz)ds
t=t1

= ‘r(l +i) f | w|2ds — 0
2 t=1
and therefore the identity

EYi _
ff (1 — —J> widxdy = Tf w?Azdz.
s 9z B

It yields immediately the inequality

‘fj;'w’dxdy é%Tj;,] wl|dz| + efj;l‘wI”dxdy.

3. CASE OF CORNERS
We now pass on to the case of boundary B having corners z, with the
anglesw,m (v=1, - - -, n). We map the domain D conformally on a domain D*
of the z*-plane such that the boundary B* of D* has a continuous tangent.
There exists such a mapping, regular in D+B except at the corners, which
behaves at the corners as follows: there is an analytic function

A=) with A(z,) =0, XN(z) =0,

regular in the neighborhood of z=z,, and an analytic function

M = A(z%) with M(2¥) =0, NGB =0

(where z* corresponds to the corner 2,), regular in the neighborhood of z* =2,
such that
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A= k*‘”.T
We shall make use of the fact that there is a constant x >0 such that

d dz
3.1) (z* —z,)—log—+(1—w,) Sx|z"‘—z*l+x|z —z*|“’

in a certain neighborhood U of 2*. We see this by a simple calculation:
dz* A N

i e M
R P N S Y K .
e e - A
o ViaL R R VI TR UT

Since
z* —_— z* dz*
—_— = 1 + (z* — % )0*(2*))

A A
where 94 (z*) is bounded at z* =2z, we get
d d L ] 2
(z* — z.)—log—l-i—-— 1 —w) =1 — w,)(z* — z)%,(z*) — (z* — z,)——

+ w,(z* *) (z* - zf)l'"' ) WD N
(2% — ) —— _—
@ W N N

Since A&/ (2* —2*) =N’ (0) 0 as z*—z* and \'(0) =0, there is a number x >0
and a neighborhood U}* of z.*, where
‘ ‘ X/I

II Z* — Z* 1—w»

1= w0 + |35 —

= X Wy

and, thus, (3.1) holds in U ,*. We introduce the function

dz dz

t We can construct such a mapping, e.g., in the following way. We choose a number g, in the
exterior of D+ B such that the function

- I
z(l) = (Z Z])l “
Z —Q
maps the domain D+B in a one-to-one way on a domain D'+ B! of the z(V-plane; D'4-B! has no
corner at the point 3=z, @ In the same way we choose a;*’ in the exterior of D'4-B! and form

(1) — g,(\ 1/92
o= (T2
2 — g, !

z* = gl

and so on. Then we set

and take A« =2z® for the corner z=3,.
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We observe that relation (3.1) is equivalent to
an
3.2 @ =)+ (e Sx|t - s+ x|t - s,
Z
where 7 is considered as a function of z* andz* . On setting
dz

w*(z*) = w(z) =

fflwl’dxdy =ff | w* [2da*dy*
D D*

ff widxdy =ff (w*)2qdx*dy*.
D D*

4. CONTINUATION

we have

In what follows we omit the sign * and write 2, z,, D, B, S, U,, w instead
of z*, 2%, D*, B* S* U}, w*.

Let the boundary B be represented by z=23(s), and let s, be that value of s
for which z(s,) =3,; we set #(s,) =%,. We introduce the parameters s and ¢ in
the boundary strip as before (§2) and define the function j(z, 2).

z = z(s) + ithz(s);  j = 3(s) — itAs(s).

Let S, and B, be the domain of all points of .S and B respectively for which
|s—s,| <7, except z=2,. We assume ¢ <} and at the same time so small that
B,+S, is contained within the neighborhood U, of z=3,. From (3.2) we get

a
4.1) (z—z.)a—z-+(l—w.)n _S_xlz—z.|+x|z-z,|“' in S, + B,.

We take note of the relations
3
|G = =5+ sl s els =+l

4.2 3

B
which holds for |s—s,| <o and, therefore, in S,+ B,. They can be derived in

the same way as relation (2.5).
We define the functions

|G—2)— (s—s —it)s,| < —e|s—s, — it

£—3,j—3

K,(Z, 2) = -

2, Z,
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Z2—2,2—2

H,(2,23) = — — -
2y Zy
in S,+ B; we have
@ || =1,
(ii) 1—e<|K(|=1+e,
(i) |H,— K| e
In view of (4.2) relation (iii) follows from

2—32 J—32

P
|8, - K| = . < <e.
]‘—‘Z
1=

The relations (iii) and (i) lead to (ii).
The function K, has the value 1 on the lines s =s,, 0 <¢<T, and the value
—1 on the boundary =0, s>s,. Therefore log K, is defined; we have

logK, =0 on §=s,, 0<t<T;
logK, = Fir on t=0, sSs,.

In view of (4.2) we get
3

4 t+ s —s,
|log K,| £ —— + log—.(-—) et
3 t—i(s—s)
1 — —e
8

We can define log H, in such a way that |log H,| <3e/2 on the line s=s, and
we set

K = exp w, log K,, H,» = exp log H,.

From (iii) we obtain
(iv) |Ker—Her| <3e.
We consider the function
1 cos w,r  Sin w,r
P,(3,2) = —K» — - log K,,

W, Wy W,T

defined in S,+ B, ; it vanishes on the boundary £=0, s#s,, and it is bounded.
Therefore we have

(4.3) (2 = )Pz ) =0 ast—0
(z — 2,)P,(2,3) — 0
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uniformly in s. We calculate the derivative of P, with respect to z and find

aP, sin w,r a5
(Z - zr) = Kv”' - ] 1 + Ky — 1.
az i)

W, T Z

According to (ii), (iv) and

(4.9) Y s
. — | =€
9z
we get
JaP, sin w,r
(4.5) (3 — 2z) —He | = + 6e.
a9z W,

We choose non-negative functions p,(s) which have continuous derivatives,
which vanish outside of B,, which are equal to 1 for |s—s,| <¢/2 and for
which

2: pr(s) S 1.

Here the summation ), is extended over all points z=2,. We consider the
function

Q(z, 2) = 2 p()H;*(z — 3,)9P, + [1 -2 p.(s)] 7(z — 7).
Since
(4.6) 0(s)(z — 2,)P,— 0, z2—j—>0 as t—>0,

we have
Q(z,2) >0 as t—0.

We investigate the derivative d2/9z. First we observe that dp,/9z=p, (3s/92)
is bounded in S and that d3/9z is bounded in S —)_S,. Further we calculate
an

a3
— H;(z — 2,)n = (1 — w)H;*n + Hy*(z — 2,) —-
az az .

We now use relation (4.1); because of | H,| =1 we get

7]
EH,‘"’(Z—zy)n éxlz—z.l-l—xlz—z.]“"

in S,. Thus, on account of (4.3) and (4.6) we find

d d
.7) EP-—p-H.“‘"(z—Z.)n+(z—j)—[l—Zm]n—*o
dz 9z >

14

as ¢—0, uniformly in s.
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Consequently we can choose a positive number 7:<T such that for
0<isT,

- Bt [ - Z (- ) e

According to (4.4) and (4.5) this relation leads to

a0
(4.8) a__"’SZ”'

sin w,T

+7¢= M+ q,

w,T

where e, =7e.
Let S; be the strip 0<¢<T; and B/ the curve ¢=T}; since 2—0 as {—0

we have the identity
i _
ff w?— dxdy w? Qdz.
Sy 2 By’

From this and relation (4.8) we deduce

[/ -w2ﬁdxdy§'ylf |w|2]dz|+(M+el)ffIw[’dxdy
Sy By’ S

where v, =2 max | ©| on B . Since ¢ is arbitrarily small we thus have proved
Lemma 1 also for the case where the boundary has corners.

5. ADDITIONAL LEMMAS

In proving our theorems we further make use of the following elementary
lemmas.

LEMMA 2. Let D' be a closed domain within D. Then for all functions w(z)
in § and all 3’ in D’ we have

- (5.1) | w(z') |2 = C¢ ffD |w |2dxdy

, .
=Cf fflwlzdxdy,
D

dw
(5.2) | @)

Cd, C! being positive constants depending on D’.
We omit the proof of this well known lemma, which is an immediate con-
sequence of the mean-value theorem and the Schwarz inequality.

LeEMMA 3. Let D' be a closed subdomain within D and 2o a point of D'. Then
for all functions w(z) =u(z) +1v(z) for which
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u(z0) = 0
the inequality

| w(z')|? < C’ ff v2dxdy, 2 inD,
D

is valid, C’ being a positive constant depending on D' and z,.

We choose a finite number of points 2o, 21, 22, - - -, 2;, - - -+ , % in D’ and
a positive number R such that |z;—z,_,| <R, that every point z’ of D’ be-
longs to one of the circles |3—3;| <R and that the circles |z—2z;| <3R are
in the interior of D. Now we take the relation

1 2+3 — 23; dz
w(@) — wla) = o(3) -

T |z—gj|mr z — z' Z — %

which holds for |2’ —z;| <7. We multiply by rdr and integrate with respect
to r from r=2R to r=3R and apply the Schwarz inequality assuming
|3’ —z;| <R. Thus we obtain

o) = utei | 5 4 (o [ aniy) = o ([ [ vasa)”
w(z’) — u(z)| £ 4(—— viax, == viax
! SR J Jarc)imsjicar ’ R D g

Since %(z,) =0 and Izi—zi_1| <R, we get for every point 2z’ of D’

| 'w(z’)| S(+1) %(fj;vzdxdy>”2

Herewith we have proved Lemma 3.

6. FUNDAMENTAL INEQUALITIES
We now are ready for the proof of

THEOREM 1. There exists a positive number T such that the inequality

ff utdxdy = I‘ff vidxdy
D D

holds for all functions w=u-+1iv in § whick salisfy the condition

ff udxdy = 0.
D

We first observe that it is sufficient to prove the inequality for all func-
tions w=w%-%v in § which vanish at a certain point 2, in D; this fact follows
from the relation
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fj;u’(z)dxdy = fj;[u(z) — u(zo) Jdxdy,

which is an immediate consequence of [/pudxdy=0. Now we choose a posi-
tive number e such that M+e<1; this is possible since M<1. By (2.2) of
Lemma 1 we have

1 - M—e)ffuzdxdyéff uldxdy + (1 + M+e)ffv2dxdy
D D-8 s
+v [ Julasl.
BI

We choose a point 2o of D—S and assume %(z,) =0. Then we apply Lemma 3
to the closed domain D’ =D —S and get

1—-—M=—-¢ fj;uzdxdy
g[C'fj;_sdxdy+(2+e)+C’j;, ]dzl]fj;v’dxdy;

thus Theorem 1 is proved.
The inequality of Theorem 1 is equivalent to

(I‘+1)‘2Rfj;w2dxdy§ T — 1)ffp| w|*dxdy,

and the additional condition is the same as

E)?ffwdxdy = 0.

Now let w be a function in § which satisfies the relation

ff wdxdy = 0;
D

then we can choose a number 5 of absolute value 1 such that

ERfj;(nw)’dxdy = | fj;wzdxdy

since R[[pnwdxdy=0 we can apply Theorem 1 to nw. On setting
6=(I'—1)/(I'+1) we thus obtain

.
b
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THEOREM 2. There exists a constant 0 <1 suck that the inequality

ff widxdy | < G_fflwl?dxdy
D D

holds for all functions in T satisfying the condition

ff wdxdy = 0.
D

7. SPACE § AS A HILBERT SPACE

To prove our expansion theorem we start with the observation that the
manifold § of all functions w(z) for which

ffledxdy
D

is finite constitutes a linear metric space. This space is either complex or real
depending on whether we allow multiplication by complex or real numbers
and define an inner product either by

(w1, wy) = ff'z—ulwgdxdy'
D

(wl; w2) = SR ff ‘t—vlwzdxdy.
D

or by

In either case the modulus

(w, w)1/? = (fj;l 'wlzdaucdy)”2

has the same value. In order that

R ff w wedxdy
D

become a symmetric bilinear form we choose the second definition of (w;, w,)
and thus assume § to be a real space. In this case, 7w belongs to the space §
together with w,; but this function sw is orthogonal to w:

(w, iw) = ?Rff wiwdxdy = Sszf | w|2dxdy = 0.
D D

Now we establish

LEMMA 4. The space § of functions w(z) is a Hilbert space.
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First we prove that § is complete. Let w"(2) be a sequence in § such that
(w™ — w*, w™ — w") = ff [ wm — 'w"|2dxdy—>0 as m,n— oo,
D

From the inequality (1) of Lemma 2 we deduce that w™(z) —w"(z) con-
verges to zero uniformly in every closed subdomain D’ of D. From this fact
it follows by a well known procedure that (i) f/o|w|?dxdy < and there-
fore w(z) belongs to the space §; and (ii)

fflw"— w|tdxdy -0 as n— o,
D

& is a subspace of the linear spacet of all complex-valued functions
k(x, ), continuous in D, for which

(k|k)=ff|k|2dxdy<oo;
D

since, obviously, this space is separable § has a like property. Therefore §
is a Hilbert space.

A sequence of functions w'(2), w*(2), - - - , w"(z), - - - in § is called weakly
convergent to a function w(z) in §,

w™(z) = w(3),

if it has the following two properties:
(i) there is a constant M,>0 such that

ff | wn |2dzdy < Mo;
D

(ii) ff W(w* — w)dxdy —0 as n— o
D
for each function W(z2) in §.
We have the
LeEMMA 5. Let w'(z), w%(z), - - - , w"(2) be a sequence of functions in § for
which

fflw"l’dxdy < M,
D

and which converges to a function wo(2) uniformly in the interior. Then w(z)
belongs to § and w"(z) converges weakly to wo(z).

t CE. Part I, §2.
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1. From [[p:|w"|%dxdy <M, we get [[p.|w,|?dxdy<M, and therefore
wo(z) belongs to §.

2. Let W(2) be a function of §. Without loss of generality, we may as-
sume wo(z) =0. To a given number ¢ >0 we choose a subdomain D’ such that
J/p_p'| W|2dxdy < €* and a number 7, such that.|w*(s)| <e in D’ for n=n..
Then we have for #n =n,

fj;Ww"dxdyl éez[fj;dxdyffDlWdedy-i-M]

and therefore [[pWwrdxdy—0 as n—o.

LEMMA 6. A sequence S of functions w'(z), w*(z), - - - in § which converges
weakly to zero converges to zero uniformly in the interior of D.

The sequence & is equicontinuous in the interior of D; this fact follows
from (2) of Lemma 2 and f/p|w"|%dxdy < M,. Therefore it is sufficient to
show that the sequence & converges to zero at every point of D, the uniform-
ity being a consequence of the equicontinuity.

Let z, be a point of D; let &’ be a subsequence of & which at z, converges
to a certain value w. Since &’ is also equicontinuous, it contains a subse-
quence &'’ which converges uniformly in the interior to a certain function
wo(2). According to Lemma 5, wo(z) belongs to § and &'’ converges weakly
to we(z). As &’/ also converges weakly to zero, we have wy(z) =0. Therefore
w=wy(20) =0. Thus & converges to zero in every point of D and Lemma 6 is
proved.

8. A CHARACTERISTIC VALUE PROBLEM

" In the present paragraph we discuss the form

‘le‘lD2 = ?Rff wlwgdxdy
D

where w(z) and w.(z) are functions in {; we observe that this form is
(i) symmetric,

w,Vw, = w.Vw,;
(ii) bilinear,
wV(a1w; + asws) = ay(wVwy) + a(wVws), (ay, a: real);

(iii) bounded,

|wVw| =< (w, w).
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Such a form is called completely continuous, if, as n— o , w*Vw»—0 for every
sequence w™(2) of functions in § which converges weakly to zero.
An immediate consequence of Lemmas 4 and 5 is

THEOREM 3. The form R [ [pw?dxdy is completely continuous if the boundary
has no corners except internal cusps (w=2).

Let w*(z) be a sequence which converges weakly to zero. To prove the
theorem it is sufficient to show that for every number € >0 we can determine
a number 7, such that |R[/p(w")2dxdy| <3Moe for n=n.. To do this, we
refer to Lemma 1 and the notation there used. Let S be the boundary strip
of Lemma 1 corresponding to the given number ¢, let B’ be the inner bound-
ary of S. Then, according to Lemma 6, there is a number #, such that

ff | wr|?dxdy < eM, and v | |w"|?|dz| < eM, for n = n,.
D—S BI

Now, if we note that M =0, in (2.1) of Lemma 1, we have
‘ER ff(w")’dxdyl =< f (w™)2dxdy ff (w™)dxdy
D-S S

é GMo + 2€Mo = 3€Mo.

Now we can apply the general theory of completely continuous forms in
Hilbert spaces. This theory shows that there exist two sequences of character-
istic values 1 Zpe2ps= - - - —0 and p1Sp_< - - - —0 and of correspond-
ing characteristic functions ,(2), ws(2), ws(2), - - - , w_1(2), w_2(2), - - - satis-
fying the relations

+

1, m=mn,
(wm; w") = {
0, m = n,

with the following properties: Let w(z) be an arbitrary function of §. On
setting

aﬁ:('wmw)’ "=i1,iz,i3,"‘
we have the relation

wntn = (w,Vw)

and the developments
(w,w) =af +af + - +ali+atat -
(wVw) = pad + peas® + - - - + paeii + psels + - - - .

If for any value us a function w(z) =0 in § satisfies the characteristic
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relation Vws =pusx(w, ws) for all w of §, then ux is contained among the
values u, and the function w«(z) is a linear combination of the characteristic
functions belonging to all u, = px.

We observe that, simultaneously with u, and w,.(3), —u. and 4w,(3) also
satisfy the characteristic relation. For that reason we can set

MBen = = Mln and w—n(z) = iwn(z)-

1, n=m,
Wa(2) Wm(z)dxdy =
[ e

Then

and, on setting

Cn = Gpn — 1G_py = fj;zr(z)w(z)dxdy,

we obtain

ff|w|wxdy=.cl|z+|c,i=+---

ERff widzdy = R[uwc? + pacd - .
If we take ei*/* w(z) instead of w(z), we get
sff widzdy = $[med + wct + -+ |.
We further observe the relation
f n‘ W— QW — CaWg — * + + — cnw,.|2dxdy
=fj;| wl|dxdy — | |2 —|c|?— - —|ca|2>0 and #n—> oo,

and we deduce from it, according to Lemma 2, that c,u(2) +cows(z)+ - - -
converges to w(z) uniformly in the interior. We may record these results by
formulating

THEOREM 4. I, 'f the boundary B has no corners except internal cusps, then
there is a sequence of non-negative characteristic values

mpZppZps = --—0

and a sequence of characteristic functions in §
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wi(3), wa(2), - - -
orthonormal in the sense

- 1, n=m,
ffw,.w,,.dxdy = {
D 0 n;ém,

K

which satisfy the characteristic relation

f f w,wdxdy = p, f f w,wdxdy
D D

for every function w(z) in F. For each function w(z) in § we have an expansion
w(z) = c1wi(2) + cawa(z) + - - -

converging uniformly in the interior of D and for the corresponding quadratic
forms A

[ [[1wbindy =l fal+ Ll -
D

ff wzdxdy = e + poc? + pacd + - - -,
D

where
Cn = ff wawdxdy.
D
Since
‘ff wzdxdyl §ffvl'w|2dxdy
D D
and the equality

fj;wzdxdy = fj;l w|2dxdy

actually holds if and only if w is a real constant, we may state

REMARK 1. The first characteristic value uy=1, and the first characteristic
Sfunction w(z) is a real constant.

REMARK 2. The second characteristic value is less than 1, us <1.

This inequality and the developments of [/p|w|2dxdy and [/pw?dxdy con-
firm Theorem 2, since relation [fpwdxdy=0 is equivalent to ¢;,=0 and
MaSpe=0 for n=2, 3, 4,

9. CASES OF CIRCLE AND ELLIPSE

For the circle and the ellipse the characteristic values and functions can
be given explicitly.
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THEOREM 5. If D is the circle | 3| <1, then py=ps= - - - =0.

For every analytic function W(z) which is regular in |z| <1 the mean
value theorem gives

fj;W(z)dxdy = W(0).

Since together with w(z) also w?(2) is analytic in D, we have

fj; wdxdy = w(0),
f j; wdxdy = w*0).

Consequently ¢, =0 is equivalent to w(0) =0 and for all functions with ¢, =0

we have
ff widxdy = 0.
D

THEOREM 6. Let D be the ellipse

e y?
: <1,
cosh?e¢  sinh?¢
then
n sinh 2¢ 123
- — n 3 o o 0
fn sinh 2no ’ e

and the characteristic functions are the derivatives of the T chebycheff polynomsials,

® sinh (# arc cosh 2) 271 ! ()
Wq = Pn = Pn n
z P sinh (arc cosh 2z) P n s
where
2\
(o)
x sinh 2n¢
These functions w:(z), w.(3), ws(z), - are polynomials of degrees
0,1, 2,---. The set of such polynomials is complete in the sense that

every function w(z) in § can be approximated by a polynomial

Pa(3) = clPwi(z) + cPwa(z) + - - - + cPwa(2),

so that
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fj;l w(z) — pa(3) [2dxdy

becomes arbitrarily small.} It remains to prove the orthogonality relation
and the characteristic relation. To simplify the calculations we transform the
ellipse D into a rectangular domain A of the (¢=£+4n)-plane. We set
z=cosh { and A: 0=5£(<o, —r<n<w. Then we have

f f WaWnd2dy = pppm f f cosh n{ cosh m{didny =
D a

if n=m. Also
f | wa |2dzdy
D

P f I cosh n¢ |“’d£dn

f f — cosh 2n¢dtdn

piim — smh 2ne = 1,

sinh n¢ sinh m¢ _
PrPm f f sinh {dtdn

smh

I

ff W Wndxdy
D

=D f f sinh of sinh ¢d¢dy,
A
where o runs through
a=m—n+1, m—n+3,--- , m4+n—1, if m=n.

The integral [/[asinh af sinh { dédn vanishes except when a =1, in which case
its value is pi?; this case occurs only, if m =#; therefore we have

0, n = m,
W Wmdxdy =
D Pnz/Pl2 = HMn, n=m.

10. GENERAL CASE OF BOUNDARY WITH CORNERS

Since the form R [[pw?dxdy is symmetric and bounded, the general theory
of spectra} is applicable also when this form is not completely continuous,

t L. Bieberbach, Zur Theorie und Praxis der konformen Abbildung, Rendiconti del Circolo Mate-
matico di Palermo, vol. 38 (1914), p. 98.

T. Carleman, Uber die A pproximation analytischer Funktionen durch lineare Aggregate von vorge-
gebenen Potenzen, Arkiv fér Matematik, Astronomi och Fysik, vol. 17, No. 9 (1922).

For a more detailed reference, see J. L. Walsh, 4 pproximation by Polynomials in the Complex
Domain, Mémorial des Sciences Mathématiques, No. 73, 1935, p. 61.

} Cf. M. H. Stone, Linear Transformations in Hilbert Space and their Applications to Analysis,
American Mathematical Society Colloquium Publications, vol. 15, 1932.
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in which case it has a continuous spectrum. We use the notion of limit spec-
trum (H&dufungsspektrum) in the sense of Weyl;t this closed set of values u
consists of all points of the continuous spectrum, of the limit points of the
characteristic values and of all characteristic values of infinite order. In every
closed interval outside of the limit spectrum there are only a finite number
of characteristic values and these have a finite order. The limit spectrum
consists of the single point x =0 if and only if the form is completely continu-
ous. Now we can prove

THEOREM 7. The l.u.b. g and the g.l.b. u of the limit spectrum of the form
R [[pwdxdy are precisely M and — M respectively. Therefore Theorem 4 is valid,
if and only if M =0; that is to say, if the boundary has no corner except interior
cusps.

First we show that the limit spectrum is contained in the interval
—M=u=M. From Lemma 1 we derive the inequality

SRffw’dxdy—ff |w|2dxdy—'7f | wl|?| dz|
D D-8 B’

s+ [ [ | wlanty

which shows that the l.u.b. of the whole spectrum and therefore also the
Lu.b. of the limit spectrum of the form of the left-hand member is not greater
than M+e. Now we refer to the fundamental theorem of Weyl? to the effect
that the limit spectrum of a form remains unaltered whenever the form is
changed by adding a completely continuous form. Now, according to Lemma
6, the forms [fp_s|w|?dxdy and v [s-| w|?|dz| are completely continuous and
therefore the Lu.b. of the limit spectrum of % [ [pw?dxdy is not greater than M,
since e is arbitrarily small. The same reasoning shows that the g.l.b. is not
less than —M. Thus we have proved that —M=u<g=<M.

We now prove that z= M. According to a remark of H. Weyl{ this value
has the following property: Whenever there is a sequence of functions w(z)
in § weakly convergent to zero for which

%ff widxdy: ff|w|2dxdy—>p,
D D

r=g.

then

t H. Weyl, Uber beschrinkie quadratische Formen, deren Differens vollstdig ist, Rendiconti del
Circolo Matematico di Palermo, vol. 27 (1909), pp. 373-392.
1 Loc. cit.
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Let 2=0 be a corner of the boundary B with an angle w and with
|sin wr/wr| =M. We set z=re?. We represent the two branches of B in the
neighborhood of 2=0 by # =4,(r) and 9 =8_(r) and choose a number R>0
such that the domain

Dg: 0_(r) <8 <9.(r), 0<r<R,

is contained in D.
We may assume ¢.(0)=wmr/2, 9_(0)=—wr/2. Then we set n=1 if
sin wr >0, n =1 if sin wr <0 and choose the sequence

wa(z) = 7(2a)1/221, a—0.
We calculate [/p|w.|2?dxdy and [[/pwl2dxdy. On setting

34(r) — 9_(r) = wr + 10(r),

94(r)
f e(2e—2)ivdy = sin wr + r¢(r),
9 (r)

we find that |6(r)| and | ¢(r)| are bounded for 0 <r < R. Hence, as a—0, we
have

R
ff I We I’dxdy = wrR2> 4+ Zaf r229(r)dr + 2« ff r2e=2dxdy — o,
D 0 D

_DR

R
ffwo?dxdy= |sinw1r|R2°‘+2an2f r2"¢(r)dr+2aff g2 2dxdy — [sinanrl,
D 0 D-Dp

and therefore

sin wmr
= M.

f f wedxdy: f f | wa |2dxdy —
D D

According to Lemma 5, the sequence w,(z) converges weakly to zero, as a—0.
Thus we obtain M <. If we take the sequence w.(z) =47 (2a)/%22~! we get
—~M =u. So we have proved Theorem 7.

Remark. In the case where the boundary B has an external cusp which
was excluded hitherto it can happen that the limit spectrum reaches the
points =1 and p = —1 and that, consequently, the inequality theorem does
not hold.

We assume that the boundary B has an internal cusp at the point 2=0. On
introducing the functions ¢ =d.(r), # =9_(r) and the domain Dy as before
we assume that

wmT
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8,(r) = %r F 0.0, o) = — 7 + 120_(r),

where k=0 and ., 6_ are bounded for 0 <r <R. Then we choose the sequence
wa(z) = (2a)t/2%g3/2,
On setting |
3.(r) — 3_(r) = xr + 126(r),

94(r)
f eta=Sisdd = xr + r29(r),
?.

—(r)

we find that 6(r) and ¢(r) are bounded for 0 <7 <R. Hence, as a—0, we have

R
f f | wa|2dxdy = kR? + 2a f r229(r)dr + 2a f f r2e=3dxdy — k,
D 0 D

_DR

R .
f f | w|2dxdy = kR? + 2a f r2eg(r)dr + 2a f f r2e=3dxdy — x,
D 0 D

_DR

ffw,’dxdy: ff|wa|2dxdy—>l.
D D

Since w. tends weakly to zero this relation yields g=1.

and, therefore,

PART II. THE CASE OF TWO FUNCTIONS OF TWO VARIABLES

This second part is concerned with complex-valued functions k(x, y) of
two variables x, y, defined in an open domain D. The manifold of all such
functions k(x, y) for which the integral

2
}dxdy

o=t

is finite forms a Hilbert space f.

I consider several subspaces of & and investigate their relations. By means
of the projectors of these subspaces I can represent the operator which corre-
sponds to the quadratic form treated in Part I.

The inequality and the expansion theorem which I have established for
this form can be employed here. Under the same assumption regarding the
boundary, I obtain an inequality and expansions for the functions % of the
space . This inequality statement is that there exists a positive number
o =o0p such that

ak|?
— |+
dx

ok
dy
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a(klk)<ff< )dxdy+ff

for all functions k in R which satisfy the relation 3/[p(dk/dz)dxdy=0.
Finally I show that this inequalityt plays a decisive part in the theory of
equilibrium and vibration of an elastic plate.

dxdy

1. THE RELATIVE SPECTRUM OF TWO SUBSPACES

1.1. The smallest angle between two spaces. At first we make some re-
marks on the relative spectrum of two subspaces of a Hilbert space which we
will apply to our question in functional spaces.

Let $ be a real Hilbert space of elements % with the inner product (%, 4s).
Let § and Q be two closed (linear) subspaces of § with the projectors F
and Q; the spaces of all elements in § which are orthogonal to § and Q re-
spectively are denoted by ® and P with projectors G and P, So we have

F+G=1, FG=0, P+Q=1, PQ=0.

We denote by &', §’, @', B’, T’ the subspaces of §, F, ©, B, Q which
are orthogonal to the four section spaces QF, BF, OO, BY; so we have
O =POQ =F 00, $=9'dQFOPFO QGO PG.

We introduce the largest non-negative number 7o </2 such that for all
elements f in §, ¢ in Q which both are orthogonal to the section Qg the rela-
tion

(1.1) (9% = cos? 7olf, f)(q, 9)

is valid, and we call it the “smallest angle between the spaces Q and §.”
The inequality (1.1) is equivalent to each of the following four inequalities:

(1.2)q (Qf, Qf) = cos? ro(f, f);
(1.2)p (Pf, Pf) 2 sin? 7o(f, f);
(1.2)r (Fg, Fq) = cos? 7o(g, 9);
(1.2)¢ (Gq,Ggq) = sin? 74(q, q).

We show this for (1.2)¢: from (1.1) we get

Qf, 0N = (f, 0f)? = cos® 7o(f, /)QF, Of)
and thus (1.2)¢; and from (1.2)¢ we get

t Tt is the analogue of the inequality of A. Korn for functions of three variables. The expapsion
theorem is related to those of E. and F. Cosserat.
Cf. A. Korn, Uber einige Ungleichungen, welche in der Theorie der elastischen und elektrischen
Schwingungen eine Rolle spielen, Bulletin de ’Académie des Sciences de Cracovie, 1909, vol. 2, pp.
705-724, and literature indicated therein.
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(f’ Q)z = (Qf’ 9)2 = (Qf: Qf)(q’ Q) = cos? To(f) f)(% 9)

and thus (1.1).

Remark. Every subspace of finite dimension has a positive smallest angle
with respect to every other space in which it is not contained.

We have the following

THEOREM 1,1. If the smallest angle 7, between the spaces Q. and 3 is positive,
then there is a constant p such that
p(h, k) = (h, Ph) + (k,Gh)

for all elements h in © which are orthogonal to QF.
For every such element % can be written in the form
h=f+q+7,
where the elements fin §, ¢ in Q, 7 in PO are orthogonal to QF. Then we
have
(byB) =, N+2(fi9 + (g9 + G, J)
S (L) + 2cos nol(f, Ng, 12 + (g, ) + (o 7)
S A+ cos)[(f, N+ (g D]+ G, 7

and

(k, Pk) + (h,Gh) = (f, Pf) + (¢,Gg) + 2(j, /)
2 sin? 70[(f’f) + (g, q)] + 237, 7).

Thus Theorem 1.1 is true with p=1—cos 7,.

1.2. The spectrum of the operator FQF. Now we discuss the symmetric
operator FQF. It transforms every element f in § into an element FQFf in §
and we have

0 < (f, FOFf) < (f, /).

The operator FQF, considered an operator in §, has a spectral resolution.
For the sake of simplicity we assume that the spectrum is a pure point spec-
trum. A characteristic value « is a real number to which there are elements
f«#0in § such that

FQFf, = kf..

The space of all such characteristic elements f, may be designated by {f5
the characteristic spaces {f.} for different values x are orthogonal and all
these spaces span the whole space §: > .{f.} =§. The characteristic values «




1937] ANALYTIC FUNCTIONS 347

satisfy the relation 0 =« =1. The characteristic spaces of k=1 and k=0 are
the sections of Q and P respectively with §:

in} =98%, {5} =93

If we wish to exclude the values k=0 and k=1 we write >’ instead of J_.
So we have >, {f.} =§'. Let f. be such a characteristic element. Then the
element ¢.=Qf, has the properties

(9 g0 = (g0 ) = «(fu, £).
Therefore, if 7 is the angle between ¢, and f, we have
k = cos?r.

The g.1.b. of all such numbers 70 is the smallest angle 7, between the spaces
L and § and if 7, is the Lu.b. of all such numbers 77/2, then v/2 —1, is
smallest angle between the spaces P and §. The manifold which is spanned
by the characteristic elements f, and by.¢.=0Qf., provided that x>0 and
k%1, may be denoted by {f., ¢.}. The dimension of {f., g.} is twice the multi-
plicity of {f.}. The subspaces {f., ¢.} for different values x are orthogonal
to each other, to PF, and to QF. This fact follows from

(fo fe) = (fo @) = (o, @) = (g, fo) = k(f, fer) -

These spaces are also orthogonal to the sections Q® and PY; and we have

TrEOREM 1.2. The spaces {f., q.} belonging to all characteristic values
k=0, =1 of the operator FQF in § span the whole space ©': D' =D {fe ¢}

Let & be an element of $’ which is orthogonal to all manifolds {f., ¢},
(k#0, #1). Then % is orthogonal to all {f.}. Since these elements f, span the
whole space §, the element % is orthogonal to §; that means /4 belongs to @’.
Further, the element # is orthogonal to all elements ¢, =Qf, and, consequently,
the element Q% of Q' is orthogonal to §'; that means: Q% belongs to @’ and,
since Q’®’ =0 we have Q% =0. Therefore % belongs to B’; but, since '@’ =0,
we have 2=0. Thus Theorem 1.2 is proved.

1.3. The spectrum of the operator aP +bG. We investigate the operator

aP + G,

where a0 and b0 are given numbers. Since this operator is symmetric
and bounded it has a spectral resolution. We can express the characteristic
values \ of this operator by the characteristic values k =cos? 7 of the operator
FQF in §. To every such value we determine the solutions A, of the quadratic
equation
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A — a)(A\c — b) = abx,

namely,

b — Bh\? 1/2 b \?2 1/2
= () ]| = 2 [(B2) - absine ]
2 2 2 2

b — b 2 1/2 b b 2 1/2
=a+ _[(a >+abx:| =a+ _[(a-l- )—absinzf].
2 2 2 2
If k=0 we have A¢* =max(a, b), N\¢ =min(a, d); if k=1, A\ =max(a+b, 0),

A =min(a+b, 0). We have the

THEOREM 1.3. The values A =\E, for every k%0, #1, are characteristic val-
ues of the operator aP +bG ; their characteristic functions are

hxi = ()‘xi - b)f‘ = G¢k.

The characteristic spaces of the values N\=a and A =>b are PF and QO respec-
tively and the characteristic spaces of the values \=a+b and A=0 are PO and
QF respectively. The other characteristic functions span the whole space o

(1.3) ® = 2{m} + 2 (.

&

A simple calculation shows that the elements 4% and the four section
spaces are characteristic. Since

M—=A#0if «x# 0,1, we have
bt — b~ 1 N =d)hd — W\ — b)he

BEY I A A — Ar

L3

and
(bt} @ (k) = {foa}, k=051,

Therefore relation (1.3) follows from Theorem 1.2 and Theorem 1.3 is proved

We remark that the spectrum is contained within the two closed intervals
[A&, Ar'] and [Aé, Ait], which have a common point only if a+b=0 or a=b.
Every limit point «, of the k-spectrum corresponds to two limit points A\
and \; of the A-spectrum (except when a=b, k, =0 or a+b=0, k,=1).

If the spaces Q and § have a positive smallest angle 7, >0, then there is a
constant p>0 such that p(k, k) <a(k, Ph)+b(k, Qh), if a>0, 6>0 for all
k LQF. (The largest possible number p is exactly

a+b [fa—b\ 12
L (L.
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ab sin? 1y

a+b a — b\? vz
5 +|:( 3 )-l—abcos?-ro]

Ci. Theorem 1.1 where a=b=1, py=1—cos 7,.)
In the same way we can treat the spectral problem of the operator
aP+bG with respect to a different unit-form, for example,

a(hl, th) ‘+' ﬁ(hl, Ghz), a g 0, ﬁ g 0.

In this case also every « corresponds to two characteristic values \, the solu-
tions of the quadratic equation

(Aa —a)(M8 — 8) + (\(B — @) — blax = 0,
and the characteristic elements
he = (M8 — b)fe — age.
The section spaces BF, QO, PO, QOF belong to the characteristic values
a b a+d ’

« B B
2. THE SPACE &

2.1. The space R in general. Let D be an open domain in the z-plane. Let
k=k.+1ik, be a complex-valued function of x and y defined in D and having
derivatives

ok Ok
ax’ dy

with respect to x# and y which are L"—integrable over any subdomain D* of D

o= L2

Considering k as a function of z=x-+417y and £=x —iy we have the relation

¢loo = [ [ {1Z[+]2

2

2
}dxdy < o,

ox

}dxdy,

because of
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In case of a multiply-connected domain D we admit many-valued functions
provided that they have singled-valued derivatives dk/dx, dk/dy.
We denote by i the manifold of all functions k(x, ¥) of this kind for which

the integral
(k| B) = ff{ 2}alxdy

is finite; ® is a linear space. Two functions k, k* of ® are “equivalent” if
(k*—k|¥*—k) =0.1 The manifold of all functions of ® which are equivalent
to each other corresponds to one element of the space f. So, e.g., the function
k(x, y) =const. corresponds to the element zero.

In the space & we define the inner product

Ok, Ok ok, ok
(ka| k) = mff {——‘ 9% % —’}dxdy
dz 0z dz 02

With respect to this metric the space f is a real one; but to every element
k=k,+ik, of & the operations Rk =k, Jk=Fk,, ik=Fk,—ik,, k=Fk,—ik, are
feasible. Corresponding to Fischer’s form of the theorem of F. Riesz and
E. Fischer we have the important fact:

THEOREM 2.1. The space R is complete.}

2.2. The subspace . We introduce the subspace § of all elements f in R
for which [/p|df/dz|?dxdy=0; to these elements there correspond functions
f with continuous derivatives for which df/dz=0, that is to say, which are
analytic functions of z. In the following we assume the function f in § to be
analytic. Every function f of this space § can also be represented by the
derivative w =df/dz and we have

(2.1) (fil f2) =R f j; wiwadxdy.

Therefore the space § can be identified with the space of analytic functions
w(z) dealt with in Part I. As we proved there, we have

1 For further application we need the obvious
LeMMa 2.1. Two functions k, k* are equivalent if

ffik*-k|’dxdy=o.
D

1 For the proof use, e.g., the methods of G. Fubini, Il principio di minimo e i teoremi di esistenza
per i problemi al contorno relativi alle equazioni alle derivate parziali di ordine pari, Rendiconti del
Circolo Matematico di Palermo, vol. 23 (1907), pp. 9-11.
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THEOREM 2.2. The space § is complete.

The space § of all functions fin & for which
of
=

consists of the conjugates of all functions f in §. We have

(2.2) <f1|fz)—mffbﬁi’ﬁdd

From Theorem 2.2 we get:
THEOREM 2.3. The space § is complete.}

Since for every function f; in §, fzin §

(Ll f) =0,

we have
THEOREM 2.4. The spaces § and F are orthogonal to each other.

A function k(x, ) is called a potential function if it has continuous second
derivatives satisfying the relation 92k/d29z=0. Such a function k(x, y) can
be written in the form k(x, y) =£(3) +f*(z), where f(3), /*(z) are analytic in z;
together with % also f and f* belong to §. Thus we get

THEOREM 2.5. The space F®F consists of the potential functions in R.

2.3. The subspace &. We introduce the subspace ® of elements g in &
which are equivalent to functions g in & which vanish identically in a bound-
ary strip. We denote by ® the closure of . That is to say, ® consists of all
functions g in ® for which there are functions g in & such that (¢ —g|g—g) is
arbitrarily small.} This definition contains the

THEOREM 2.6. The space ® is complete.
We establish the following basic identity:

3% 9 ok 9
(2.3) (k] g —29tff gdxdy-szf —a—gdxdy
dz 02
forallkin ®, gin ©.

t This theorem is related to that of S. Zaremba. Cf. S. Zaremba, Sur un probléme toujours
possible, comprenant, d titre de cas particulier, le probléme de Dirichlet et celui de Neumann, Journal
de Mathématiques, sér. 9, vol. 6 (1927), pp. 127-163; O. Nikodym, Sur un théoréme de M. S. Zaremba
concernant les fonctions harmoniques, Journal de Mathématiques, sér. 9, vol. 12 (1933), pp. 95-109,
and Sur le principe du minimum, Mathematica Cluj, vol. 9 (1936), p. 123.

1 Under simple assumptions regarding the boundary it would be possible to give a direct defini-
tion of & by a boundary condition.
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To prove it let g be a function of @ which vanishes in a boundary strip S.
In D we take a subdomain D* with rectifiable boundary B* contained in S.
If k is in R, there exists a function £*(x, y) which is defined in D*+ B*| has
continuous second derivatives, and approximates %k in the sense that
(k* —k| k* —k)p* is small. The equations

ak* 9g ak* 9z
ff dxy—ff——dxdy
p* 0z 02 p* 0z 02

i ﬁ¥d+i ak_*,d_
= — —_— —_— —— z=
2 Bazg 2 B‘azg

imply that, for all functions £ in &,

6kag dk 88
ff dxy—ff——dxdy
dz 9z p 0z 9z
% 9 ok 9
ff gdxy—ff——£dxdy=0.
p* 9z 9z *9Jz 9z

Since @ is dense in ® we conclude that (2.3) also holds.
From this identity we immediately get

THEOREM 2.7. The space ® is orthogonal to § and to F: O L F, ©® L §.
Further we prove the decisive
THEOREM 2.8. The spaces F, §, © span the whole space R: FOFOG =9.

We constructt the following function §in &:
Let |2—32,| <R be a circle within D, z’ a point within this circle and
Iz—z'l <r a circle in the interior of lz—zol =<R. Then we put

(0 for |z — 20| = R;
R(z — 2)

(x, %) — log R =) ) for |z — z| = R,

X, v) = — (2 —20)(z— 2

8 " ’ ’ but |z —2'| =7
1 Rr
— log — for |z — 3’| < 7.
T R? — (3" — 20)(z — 20)

Let k be a function orthogonal to ®. Then from (ig| k) =0 and (g| k) =0 we

t For the following reasoning cf. G. Fubini, loc. cit., p. 10, §§6, 7, and R. Courant, Uber direkte
Methoden, bei Variations- und Randwertproblemen, Jahresbericht der Deutschen mathematiker
vereinigung, vol. 34 (1925), pp. 107, 108.
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have [[p(dk/dz)(dg/dz)dxdy =0, according to (2.3). Hence we obtain by in-
tegration by parts
1 dz 1 R:— |3 — 2|* dz

— k(x = — k(x :
27w |z—z’ |=r ( ’ y)z—z’ 27t |z—z4|=R ( ’ y) lz d Z,lz zZ— 2

Consequently the mean’ value at the left-hand side is independent of » and
is a potential function k(x’, y") in ', ¥’. The function k*(x, y) —k(x, y) has the
property that
1 dz
— (k* — k) =0

2w |2—2|=r z— 2

ff (k* — E)dxdy = 0.
z—z'|Sr

Thereforet [[p|#* —k|2dxdy=0 and k is equivalent to the potential function
k* (cf. Lemma 2.1). According-to Theorem 2.5 the element %k belongs to
§0F. Thus R=FOFO® as we wished to prove.

We denote by F, F, G the orthogonal projectors which belong to the closed
subspaces §, §, ®; the projections of a function & of ® on these spaces are
Fk, Fk, Gk respectively. Theorem 2.8 gives the relation

F4+F+G=1.

and, consequently,

3. THE SPACE 9

3.1. The metric (,). In this section we deal with the space
$=F+6

consisting of all elements % of & which are orthogonal to §. We employ the
abbreviation '
k1 ks
(ky, k2) = fRff — — dxdy
9z 0z

ok Ok,
(ky; k2) —?Rff ———dxdy

for all £ in R, so that

t We make use of the

LEMMA 2.2, Whenever an L2- integrable Sfunction $(x, y) kas the property that

= ff ¢(x', y")dx'dy’ =20
r'm 2'—z|Sr
for every circle | 3—2'| <r within D, then [p|¢|*dxdy=0
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(B, B2) + (ka; b2) = (Ba| Ba).

The inner product (k, ks) defines a new metric (,) in the space 9, since the
form (h, k) is positive definite and vanishes for % in § only if #=0. An immedi-
ate consequence of identities (2.1) and (2.3) is

THEOREM 3.1. The spaces § and © are orthogonal with respect to the metric

().
Further we use
LeMMA 3.1. For elements h in O the inequality
1
7(h| K) < (h, b) < (k| k)
is valid.

From the identities (2.2) and (2.3), on writing #=Fh+Gh=f+g, we get
in fact the relation

1 1 1 1
Sl =—0ln+56lo=5UN+Ge
SU N+ (89 = b B) < (b B)+ (h; ) = (| B).

From this inequality we deduce

LEMMA 3.2. A subspace of © is complete with respect to the metric (|) if
and only if it is complete with respect to the metric (,).

Thus we obtain
THEOREM 3.2. The spaces § and ® are closed with respect to (,).

In the following part of §3 the terms “orthogonal” and “closed” refer to
the metric (,) only.
The projectors F and G for the spaces § and © satisfy the relation

F+G=1 in $.
They belong to the form (,) —(;) and (;) in the sense that
(k*,Fh) = (k*, b) — (h*; h), (K*,Gh) = (h*; k)

for #*, hin $, in accordance with (2.3).
3.2. The spaces B and Q. We introduce the symmetric forms

ok, ok ok ok
hlPh2-_ff< ! 1)(:2+Zh2)dxdy—-f f)t—lm—zdxdy
2 2
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Ohy ok Ak EYR Ak ok
hlghz__ff (_*__:) (_az_z_a_;)dxdy _ffg_ls_uxdy

defined for %, k» in $. We have
0= hPh = (b, h), 0= h@Qk = (b, b)

and
P4+ @= (;)‘

The forms P and @ correspond to bounded symmetric operators P, Q such
that
W*Ph = (k*, Ph);  h*@h = (h*, Qh)

for #*, k in . P and Q satisfy the relation
P+Q=1.

By B and Q we denote the subspaces of all the elements p and ¢ in § for
which

Qp=0 and Pq=0,
respectively..
The functions

p=p:+ip,inP and ¢ =g+ ig, in Q

can be characterized as well by

sor = [ (4o = [ (%2~ Yo o
qPq—ff( )dxdy-—ff(aq' ag,, dady = 0

respectively. We have
THEOREM 3.3. The spaces P and Q. are closed.
Since pin B, ¢in Q
($,9) = pPq+ p@q = (p, Pg) + (Qp,9) =0

and

we have
TaEOREM 3.4. The spaces P and Q are orthogonal: P L Q.
We now prove the basic
THEOREM 3.5. The spaces P and Q span the whole space H: PO L= 9.
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Let % be a function in $ which is orthogonal to B. Then we have
(3.1) pPh = pPh + p@Qh = (p, k) = 0.
We take the function
z— 2o in Iz—zol < R,
k(x,y) = { R*

Z— 2

in |z—2z|2R,

which belongs to & and has the property
ok

— =1 in |z— 32| <R, =0 in [z—3|>R.
9z

The projection of this function on the space $: p = £ — Fk also has the
property

= in |z— 2| <R, =0 in |z—2]|>R

and, therefore, belongs to P. By inserting this function p into the relation

(3.1) we get
ERff —dxdy = 0.
le~zql<k 02

Since the circle |z2—32,| <R was arbitrary within D, we deduce (cf. Lemma

| ff( )dxdy-o

Hence 7 belongs to Q and consequently & Q =9.

From Theorem 3.5 we see that the elements Q% belong to Q because they
are orthogonal to B: (p, Qk) =(Qp, k) =0. Thus we have PQ=0 or Q?=0Q;
in the same way we find P?=P. Therefore we have

THEOREM 3.6. The operators P and Q are the projectors of the spaces B and
Q respectively.

Hence we see that the theory of §1 is applicable.

3.3. The section spaces. Before going into detail we investigate the section
spaces PF, Q. F, PG, Q6.

We have

B = {2}, ©OF = {i},
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for f=2z+const. and f =72+ const. are the only functions of § for which df/dz
is real and imaginary respectively. The spaces B® and QO consist of all
functions of P and L, respectively, which are constant at the boundary in
the approximate sense of the definition of ® (cf. §2). Let §’, ®’, ', Q' be
the subspaces of all functions in §, @, P, £ which are orthogonal to the sec-
tion spaces; then we have ' =F ' ®®’ =P’ ®Q’. We establish the following
theorem, but we shall not make use of it.

THEOREM 3.7. The elements h of ' are equivalent to functions of the form

k= 2$1(z) + ¢2(2) + $0(2),
where ¢1(z), $2(2), and ¢o(2) are analytic in 2.

To prove this we take a circle | 3—2o| <2R in D; we choose a real function
¢(x, y) which is four times continuously differentiable and which is =1 in
|2—20] <R, =0in |z—2| Z2R. Then we choose a number 7 <R and a point
3’ of |2’ —20| <R—r and set

(3 — 2’

; in |z—2|=r,
r

ho

]

9
—¢log |z—2'|? in |z3—2|2r.
0z

This function %° belongs to PG and 74° belongs to Q&. Therefore (h°4)
= (¢h°, k) =0. This implies

ff —dxdy———f —¢log|z-—-z|2—dxdy
rir 2—z'|sr O RS|2-24|52R 0202

The integral on the right is a potential function in x’, y ._Whlch is independent
of r and can be written in the form ¢,(z’) +¢¢ (2'), where ¢1(2) and ¢.(2) are
analytic in z. On setting

= 2¢1(2) + ¢2(2)

9
ff — (b — ¢*)dxdy = 0
[PRPRPIN

a(h —¢*) |

we get

and (cf. Lemma 2.2)

dxdy = 0.
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Therefore #—¢* is equivalent to an analytic function ¢o(z), and # itself is

equivalent to z ¢1(2) +¢2(2) +o(2).
3.4. The operator M. In §1 we investigated the operator FQF in §. In
its place, we now consider the bounded symmetric operator

M =F(P — Q)F = F — 2FQF,

which takes every element f of § into the element Mf in §. This operator M
in §§ belongs to the form

fiMfs = [iPfs — 1Qfs = R f LN
in the sense that
1Mf2 = (fl, Mfg)

Now, this form M is exactly the form dealt with in Part I if w=df/dz; and
thus we obtain a very simple representation of the operator of this form. On
the other hand we can use the properties of this form established in Part I
to investigate the new forms P and @.

4. THE ForM E

4.1. Theinequality. In this section we assume, as in Part I, that the
boundary B of the domain D consists of a finite number of curves z=3(s)
with continuous tangent z(s) except at a finite number of corners where (s)
is continuous on each side and arc z(s) jumps by less than =. Then we get
(in the sense of §1)

THEOREM 4.1. The spaces § and Q (or PB) have a positive smallest angle.

Under our assumption on the boundary we can deduce from Theorem 1,
Part I that there is a constant 6 <1 such that for all functions f in § satisfying

the relation
d
)4 f f —fdxdy =0
D dz
the inequality

IMf = R f j; (j—ﬁ)iz:m <90

is valid. Since the form M at the left-hand side belongs to the operator
M =1-2FQF in § we get, on setting if instead of f, the inequality

d 2
—f dxdy

=N +250) =604, )
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1 7]
mwg{}mn

for all functions f in § which satisfy the relation
(iz, /) = 0

and which are therefore orthogonal to QF = {iz}. (In the same way we get
(f, Pf) = (146)/2 (f, f) under (2, f) =0.) Therefore cos? 7= (1+6)/2<1 and
the smallest angle 7o <w/2 is positive as we stated in Theorem 4.1.

We introduce the form

mEh; = d(hl, th) + b(hl, Ghz) = a(hlth) + b(hl, hz)

ohy Ok, ahlam
ff?ﬁ ?R——dxdy+b§Rff———xy
p 0z 0%

for 2 in . We assume @ and b to be positive. Applying Theorem 1.1 of §1
we deduce immediately from Theorem 4.1 the

THEOREM 4.2. There is a positive constant p such that
p(k, k) < (hER)

Ak |?

JILIs

for all functions h in ® which satisfy the condition

(is, h)=3‘fj; Z—:’dxdy=0.

We now consider the form

ok, Ak dky Ok
klEk2=aff2R SR—dxdy+b§Rff————— xdy
D dz 02

for kin R; >0, b>0. On setting &t = (F+G)k+Fk=h-+f, we get
k\Eks = mEhs + b(f1| f2)
(kxl ko) = (hll he) + (fllf-Z)
< 2(kyy he) + (1| F2)

dxdy < a

dxdy

(cf. Lemma 3.1), and

(iz| k) = (i3, h).

Therefore we obtain from Theorem 4.2
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THEOREM 4.3. There is a positive constant o such that

o(k| k) < (kEFk),

ff 2dxdy+afj; afj;)(ﬁti—:)+bfj;

for all functions k in R which satisfy the condition

(iz] #) =s<ffD Z—fdxdy=0.

4.2. The spectral resolution. It is very simple to give the spectral resolu-
tion of the form E with respect to the unit-form (,) or (|) if we assume that
the boundary B has no corners.

First we remark that, according to Theorem 4 of Part I, the operator
M =1-2FQF in §§ has a pure point spectrum of values

2 2
dxdy dxdy,

A

ok ok
9z 0z

ak
9z

m=1>p2p2- >0, p,=—
Therefore the operator FQF in § also has a pure point spectrum of values

l_l-‘n 1
Kn = —— n=+1,+2 +3,---
2 2

The characteristic functions of FQF and M are the same f.(2); f—.(2) =fA(2).
fi(z) =az, f_1(z) =iaz; a =real constant.

We now observe that the form E in $ belongs to the operator aP +bG
with respect to the unit-form (,). Therefore we can apply Theorem 1.3 of
§1. We find that this operator has a pure point spectrum of values \;5, Ai,
n=41, £2, - - - , which are the solutions of the quadratic equation

O — ) — B) = ab P

For n= +1 we get the characteristic values A =0, a, b, a+b; their character-
istic spaces are

QF = {iz}, BF=1{s}, 06, 6.
The characteristic functions of N\, forn=+2, +3,--- are

hy = ()\n - b)fn - ann-
They belong to the space $’ and span it.
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The set of the characteristic values N\, A, has the two limit points

+o 1 - a+b 1
>\+=a2 +—2—[a2+b2]1/2, )\,‘,=a2 —7[a2+b2]1/2.

00

To give the spectral resolution of the form &, Ek; with respect to the unit-
form (|) we observe the relations

k;Ekz = hlEhz + b(fl l f_2)7
(k| k) = (B, Fhy) + 2(h1, Ghs) + (Ju| o).

Therefore the space § is characteristic with value . The other character-
istic functions belong to §; to find them we apply the remarks at the end
of §1 and get the following:

The values A=0, a, b/2, (a+b)/2, b are characteristic with spaces
QF = {4z}, PF= {2}, OO, PO, §. The other characteristic values A+, A,
n==+2 +3, - -, are the solutions of the equation

1 — u,
M — a)(2N, — B) + (X, — D)a S

they have two limit points A, A\, solutions of
a

Their characteristic functions belong to the space $’ and span it.

5. APPLICATION TO THE THEORY OF THE ELASTIC PLATE

Finally we outline the application of the inequality of Theorem 4.2 to
the theory of an elastic plate. Let us imagine an elastic plate spread out over
the domain D. We assume that the boundary B of D consists of a finite num-
ber of curves with a continuous tangent except at a finite number of corners
as in §4. Let k(x, y) be the displacement transforming every point z of D
into the point z+k. Then the potential energy arising from this deformationt
is

t The theory of transversal displacements also depends on the form kEk provided that k is the
gradient k=9j/0z of a real function j(x, ¥). The equilibrium problem has been treated several times
with the help of variational methods. For the first time by G. Fubini, loc. cit., and by W. Ritz, Jour-
nal fiir die reine und angewandte Mathematik, vol. 135 (1909). For the vibrations see W. Ritz,
Annalen der Physik (1909). For both see K. Friedrichs, Mathematische Annalen, vol. 98 (1927),
pp. 206-247. For these problems, where £=4;/ds belongs to B-+F, our inequality (Theorem 4.2)
need not be used if 570.
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dk\?
kEk=aff (ER—)dxdy-I—bff
D 9z D

where a and b are positive constants.}
We restrict & to the subspace R, of one-valued functions in &. In £, we

introduce the form
kHkEy = R f f krkodxdy.
D

Then the kinetic energy arising from the vibration ket is proportional to

ka=ff|k|2dxdy.
D

Let the complex-valued function ¢(x, y) be the density of a force applied
over the interior of D; the potential energy of this force is

— kH¢ = —snffzwxdy.
D

There are different cases according as the displacement £ has to satisfy
boundary conditions or not.

First we take the case (1) of no displacement at the boundary B. Then the
displacement g belongs to the subspace ®.

The problem of equilibrium (1) is: to find a displacement g in @ such that

2¢'Eg — g¢Hp = 0

ok 2d "
— | dxdy,
9z 4

forallg’in ®.

The theory of vibrations (1) requires the simultaneous spectral resolution
of the forms g Eg and gHg.

Now, for g in ® we have the relation

oz [
D

Since the form H in ® is bounded and completely continuous with respect
to (|), it has like properties with respect to E. Therefore no difficulty arises
in solving the two problems.

In case (2) there is no boundary condition for the displacement (and no
force working at the boundary).

%8 aray = 2 (51 9)
08 gy = 2 .
P y > gl 8

tItis +1 )
=Pt 2" g o=

m—1 m—1"" m—1

where E, G, m are the moduls of elasticity.
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The question of equilibrium (2) is: to find a displacement & in &, such that
2K'Ek — ¥'Hp = 0
for all " in ®'. Here we must assume 1H¢ =0, iHp =0, that is, [ ¢dx=0
and izH¢ =3 [[, 2pdxdy =0 as we shall see.
The theory of vibrations (2) requires the simultaneous spectral resolution
of the forms kEk and kHE for k in R,.

In the case (2) the energy kEk vanishes for a pure translation k= const.
and a pure rotation £ =4z. To exclude this we take the accessory conditions

(5.1) 1Hk = 0, iHk = 0 or ff kdxdy = 0
D

(5.2) izHk = 0 or S‘ff Zkdxdy = 0.
D

By f: or & we denote the space of all functions % in , satisfying (5.1)
or (5.1) and (5.2) respectively. In & and f: we use the unit-form (|).
We employ the inequality of Poincaré:f

There is a positive constant w such that for all k in R,
kHE < w(k| k).

So the form H is bounded in R;. Therefore the spaces & and R, are closed
with respect to (|).
Further we notet

The form H is completely continuous in 81, with respect to (|).
Now we prove

THEOREM 5.1. There is a positive constant e such that for all functions k in K,
(k| k) < (REF).

Since the space {1z} has the dimension 1 it has a positive smallest angle
To=<m/2 with respect to the space ®: and the section {iz} R, =0. Let asiz be
the projection of £ into {iz}; then we have (cf. (1.2)p) for £ in 8,

(k — aiz| k — aiz) = sin? ro(k| ).

Now, k—aiz being orthogonal to {4z}, Theorem 4.3 gives a constant o >0
such that

t Cf. eg. K. Friedrichs, Spektraltheorie halbbeschrinkter Operatoren und Anwendung auf die
spektral Zerlegung von Differentialoperatoren. I1. Mathematische Annalen, vol. 109 (1934), pp. 705-
707.
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o(k — aiz| k — aiz) < (k — aiz) E(k — aiz).
But we have
(k — aiz) E(k — aiz) = (REE).

Thus Theorem 5.1 is proved.

In consequence of Theorem 5.1 we can take E as unit-form in the space
., and we are sure that every subspace of &; which is complete with respect
to (|) is complete with respect to Ej; especially ® itself is closed as to (|);
further that every form in &; which is bounded or completely continuous with
respect to (|) has a like property with respect to E.

Now, since kH¢ is a bounded linear form, it is a well known fact that
there is a function & in R such that

2'Ek — F'Hp = 0

for all " in R.; but since we have assumed (a+ib)Hp =0, izHp =0, this rela-
tion holds for all £ in R,. This function k is the solution of the equilibrium
problem (2).

The form H is completely continuous with respect to E. From this we
get the solution of the vibration problem (2):

There is a sequence of values m=nm<ms=< ---— and of functions
ky, ks, ks, - - - in Ry orthogonal with respect to H and E such that every fumc-
tion k in Ry can be developed into a series

k= a1k + azks + azks + - - -
by real coefficients a,, as, as, - - - in the sense that
kHE = a2 + a2 + a2 + - - -
REEk = maf + naas® + nsad + - - - .

It is beyond our purpose to discuss the nature of the function %k and of
these characteristic functions in detail.

BRAUNSCHWEIG, GERMANY




