ON THE SOLUTIONS OF QUASI-LINEAR ELLIPTIC
PARTIAL DIFFERENTIAL EQUATIONS*

BY
CHARLES B. MORREY, ]JR.

In this paper, we are concerned with the existence and differentiability
properties of the solutions of “quasi-linear” elliptic partial differential equa-
tions in two variables, i.e., equations of the form

A(x’ y’ z’ p’ q)r+ 2B(x, y’ z’ ?) q)s + C(x7 y’ z, p’ q)t = D(x’ y) z, p’ q)
9z 9z 9% 9%z 622>

AC—B2>O,A>O(p=—:q=—,f=—7$= y b= —).
ox oy ax? dxdy ay?

These equations are special cases of the general elliptic equation
¢’(x) Wb s, ) = 0, ¢:6: — o2 >0, ¢, > 0.

The literature concerning these equations being very extensive, we shall
not attempt to give a complete list of references. The starting point for many
more modern researches has been the work of S. Bernstein,} who was the
first to prove the analyticity of the solutions of the general equation with ¢
analytic and who was able to obtain a priori bounds for the second and higher
derivatives of z in the quasi-linear type in terms of the bounds of |z|, | |, |g|
and the derivatives of the coefficients. He was also able to prove the existence
of the solution of the quasi-linear equation in some very general cases. He
assumed that all the data were analytic. However, his papers are very compli-
cated and certain details require modification. On account of the results of
J. Horn, L. Lichtenstein, and many others,} the restriction of analyticity has
been removed. Some very interesting modern work has been done by Leray
and Schauder§ in a paper in which they develop a general theory of non-
linear functional equations and apply their results to quasi-linear equations,

* Presented to the Society, April 11, 1936; received by the editors February 9, 1937.

t Particularly the papers: Sur la nature analytique des solutions des équations aux dérivées par-
tielles du second ordre, Mathematische Annalen, vol. 59 (1904), pp. 20-76 and Sur la généralization
du probléme de Dirichlet, Mathematische Annalen, vol. 69 (1910), pp. 82-136.

t For an account of some of these results, see the article by L. Lichtenstein on the theory of
elliptic partial differential equations in the Encyklopidie der Mathematischen Wissenschaften, vol.
11 32, pp. 1280-1334.

§ Jean Leray and Jules Schauder, Topologie et équations fonctionelles, Annales Scientifiques de
’Ecole Normale Supérieure, vol. 51 (1934), pp. 45-78.
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Schauder* has also obtained good a priori bounds for the solutions (and their
derivatives) of linear elliptic equations in any number of variables.

In the present paper, an elliptic pair of linear partial differential equations
of the form

1) vo= — (batsz + ctuy + €), vy = au, + by, + d, 4ac — (b1 + b2)2 = m > 0,

is studied. We assume merely that the coefficients are uniformly bounded
and measurable. In such a general case, of course, the functions # and v do
not possess continuous derivatives but are absolutely continuous in the sense
of Tonelli with their derivatives summable with their squares (over interior
closed sets). However, certain uniqueness, existence, and compactness theo-
rems are demonstrated and the functions # and v are seen also to satisfy
Hélder conditions. These results are immediately used to show that if z(x, y)
is a function which minimizes

ffkf(x: ¥, %, b, ¢)dxdy, (foafaa — jiq >0, frp > 0)

among all functions (for which the integral may be defined) which take on
the same boundary values as z(x, y) and if z(x, y) satisfies a Lipschitz condi-
tion on R, its first partial derivatives satisfy Holder conditions. E. Hopft has
already shown that if p and ¢ satisfy Hélder conditions, then the second
derivatives satisfy Holder conditions. In proving this fact, Hopf shows that
if the coefficientsin (1) satisfy Holder conditions, the first partial derivatives
of » and v satisfy Hélder conditions. The results of this paper concerning the
system (1) together with Hopf’s result yield very simple proofs of the exist-
ence of a solution of the quasi-linear equation in certain cases, a few of which
are presented in §6.

The developments of this paper are entirely straightforward, being, for
the most part, generalizations of known elementary results analogous to the
step from Riemann to Lebesgue integration. The main tools by means of
which the Hélder conditions of # and v in (1) are demonstrated are Theorems
1 and 2 of §2 which state roughly that: if £=£(x, y), n=n(x, y) is a 1-1 differ-
entiable transformation of a Jordan region R into another Jordan region =
in which the ratio of the maximum to the minimum magnification is uni-
formly bounded, then the functions £ and » and the functions x(&, 7) and
y(£, n) of the inverse satisfy Holder conditions. Since these Holder conditions

* J. Schauder, Uber lineare elliptische Differentialgleichungen sweiter Ordnung, Mathematische
Zeitschrift, vol. 38 (1933-34), pp. 257-282.

t E. Hopf, Zum analytischen Charakter der Losungen regulirer zweidimensionaler Variationspro-
bleme, Mathematische Zeitschrift, vol. 30, pp. 404413.
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are so important in the modern theory of elliptic equations, these two theo-
rems may prove to be an important tool in this field.

We use the following notation: A function ¢(x, y) is said to be of class
C® if it is continuous together with its partial derivatives of the first »
orders. If E is a point set, E denotes its closure and E* its boundary points.
If E and F are point sets, the symbol E-F denotes their product, E+4F de-
notes their sum (E and F need not be mutually exclusive), and E c F means
that E is a subset of F. The symbol C(P, ) denotes the open circular disc
with center at P and radius 7.

1. Preliminary definitions and lemmas. Most of the definitions and lem-
mas of this section are either found in the literature or are easily deducible
from known results. We include the material of this section for completeness.

DEFINITION 1. A function «%(x, y) is said to be strictly absolutely continuous
in the sense of Tonellit (A.C.T.) on a closed rectangle (g, ¢; b, d) if it is con-
tinuous there and

(i) for almost all X, a<X <b, (X, y) is absolutely continuous in y on
the interval (¢, d), and for almost all ¥, c< Y =d, u(x, ¥) is absolutely con-
tinuous in x on the interval (e, b) and

(i) V.w4[u(X, v)] and V,**[u(x, V)] are summable functions of X and
Y, respectively, V.@4¢[u(X, y)], for instance, denoting the variation on (c, d)
of (X, y) considered as a function of y alone. It is clear that these variations
are lower semicontinuous in the large lettered variables.

DEFINITION 2. A function u(x, y) is said to be 4.C.T. on a region R (or R)
if it is continuous there and strictly 4.C.T. on each closed interior rectangle.

Remark. Evans} has shown that every continuous “potential function of
its generalized derivatives”§ is A.C.T. and conversely, so that his theorems
concerning the former functions are applicable to the latter. Thus

LemMa 1.§ If u(x, y) is A.C.T. on R, then du/dx =u. and du/dy =u, exist
almost everywhere in R and are summable over every closed subregion of R.

LemMA 2.§ If x=2x(s, t) and y=1y(s, §) is a 1-1 continuous transformation
of class C’ of a region R of the (x, y)-plane into a region Z of the (s, t)-plane,
and if u(x, y) is A.C.T. on R, then the function u[x(s, t), y(s,t))is A.C.T.on =
and

1 L. Tonelli, Sulla quadratura delle superficie, Atti della Reale Accademia dei Lincei, (6), vol. 3
(1926), pp. 357-362, 445450, 633-638, 714-719.

t G. C. Evans, Complements of potential theory, 11, American Journal of Mathematics, vol. 55
(1933), pp. 29-49.

§ G. C. Evans, Fundamental points of potential theory, Rice Institute Pamphlets, vol. 7, No. 4
(1920), pp. 252-329.



1938] ELLIPTIC DIFFERENTIAL EQUATIONS 129

Ug = UKy + UyYs, U = UX, + UyYt
almost everywhere.

DEerFNITION 3. Let D be a region. By the expression almost all rectangles
of D we mean the totality of rectangles a<x<b, c<y=<d in D for which a
and b do not belong to some set of measure zero of values of x, and ¢ and d
do not belong to some set of measure zero of values of y. Naturally either or
both sets of measure zero may be vacuous.

DeriniTION 4. Let ¢(D) be a function defined on almost all rectangles D
of a region R such that whenever D = D+ D,, where D, and D, are admissible
rectangles having only an edge in common, we have that ¢(D)=¢(D,)
+¢(D;). We say that ¢(D) is absolutely continuous on R if for every >0,
there exists a § >0 such that for every sequence of non-overlapping admissi-
ble rectangles {D,} with 3 [meas (D,)] <8, we have X |¢(D,)| <e.

LeMMA 3.1 Let f(x, y) be summable on R, let D denote a rectangle (a, c; b, d)
on which f(x, y) is summable (this being almost all rectangles of R) and define

d
o0) = [ "6, = sta, Nty = [ ga,

b
) = [ (s, ) = sz, 9z = — [ fax.
a D+

Then a necessary and sufficient condition that f(x, y) be A.C.T. on R is that
f(x, y) be continuous and ¢(D) and (D) be absolutely continuous on each sub-
region A for which A ¢ R. When this is true,

(D) = ffD %dxdy, ¥(D) = ffD %dxdy

for each rectangle in R.

DerFiNITION 5. We say that a function ¢(x, y) is of class L, on a region
Rif |¢| ? is summable over R.

DeriNITION 6. We say that a function u(x, y) is of class D, on R or R if
itis A.C.T. there and |u.|= and |u,| = are summable over every closed sub-
region of R.

LemuMA 4. Let {¢a(x, ¥)}, n=1,2,- - -, and ¢(x, ) be of class L, on a
rectangle (a, c; b, d) with

t A summable function f(x, y) for which ¢(D) and ¥/(D) are absolutely continuous on each sub-
region A of R for which AC R is said to be a “potential function of its generalized derivatives” and
this lemma is essentially the theorem of Evans mentioned above (Complements of potential theory,
loc. cit.).
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b d
[ [1ownlbasiyse,  p>1,
where G is independent of n. Let

Bz, 9) = f . f “oult, Mdtdn,  (z, y) = f | f "o(¢, n)ddn

and suppose that the sequence {®,(x, )} converges uniformly to ®(x, y). Sup-
pose also that {A.(x,y)}, n=1,2, - -, and A(x, y) are of class L, on (a, c;
b, d), 9=P/(1’—1)’ and that

b d
limf f | 4, — 4 |wdzdy = 0.
Then T

b d b d
) f f | ¢ |?dxdy < lim inf f f | ¢n |Pdxdy,
a c n—® a c
b d b d
(ii) lim f f Anpndzdy = f f Agdzdy.
n—wo a P a c

Proof. The first conclusion is well known.}
To prove (ii), choose ¢>0. For > N,, we see from the Hélder inequality
that

b d
b d 1/g 3 d 1/p €
é[ff[A,.—Alvdxdy] [ff|¢,,|rdxdy] <5

Now, let {Bx(x, y)} be a sequence of step functions} such that

b d
limf le,,—A|«dxdy=0.
L a ¢

Then, for k>K (independent of #),

b d
[ [ @~ typuazay

t For instance, this result may be obtained by the method of proof used in Theorem 7, §1 of
the author’s paper, 4 class of representations of manifolds, I, American Journal of Mathematics, vol. 5§
(1933), p. 693.

1 To form these, let Gi, denote the grating formed by all lines of the form x=27%;, y=27%. We
then define B; to be a properly chosen constant on the part of each square of G which contains a
point of the rectangle.
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b pd 1/q b pd ip €

§|:f f |B;,—-A|9dxdy] [f f]%'”dxdy] <-4—;

b d .
[ [ @~ yga2ay
b pd g b rd 1/p ¢
g[flek—Alqudy] Lfflqslpdxdy] <5

Now, let k> K. Then, for n> N,,

b d
[ [ 80— w00y | s 2 B

[ @ = srasay
R¢

€
< —)
4

the R; being the rectangular subregions of R over each of which By, is con-
stant and Bz, being the value of By, on R;.
Finally, if we let N be the larger of N, and N., we see that

1 d
f f <A,.¢n-'A¢)dxdy|

b d
f f (An - A)d’ndxdy‘ +

b d
f f(A — Bi,)¢padxdy
b d
+‘ [ [ Butos — #rizay

b d
f f (B, — A)¢dxdy' < e.
This proves the lemma.

LEMMA 5. Let ¢(x, y) be of class L, on R, p=1, and let Ry, be that subset of
points (2o, o) of R such that all points (x, y) with |x—xo| <k, |y—0| <k are
in R. Let

=

+

z+h yt+h

1
yY) = —— , n)dtdn, h>0,
ou(® 9) = o $(&, m)dtdn

be defined in Ry. Then ¢i(x, y) is continuous and of class L, on Ry and

o [ laliziys [[ |slasay,
Ry, R
1im[ff I¢;.l"dxdy-—ff|¢|"dxdy]
'i) h—0 Ry R

1
=limff | én — ¢ |?dzdy = 0, ho > 0.
h—0 Ry,
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Proof. This lemma is well known.}

DEFINITION 7. Let #(x, y) be defined on R or R. If u is of class Dy on R
or R with |u.|? and | %, |? summable over the whole of R, we define

D(u) = ffn(u,’ + u?)dxdy.

Otherwise we define D(%) =+ .

LemMA 6. Let {ua(x, v)} and {v.(x, v)} each be of class D, on R with
D(u,) -and D(v,) =G independent of n, and suppose that {u.(x, y)} and
{va(x,y) } converge uniformly on R to functions u(z, y) and v(x, y), respectively.

Let the sequences {an(x, )}, {ba}, {ca}, {dn}, {€a}, {fa}, {gn}, {Ba}, {Ba},
and {1.} be measurable and uniformly bounded and suppose the sequences con-
verge almost everywhere on R1to a, b, ¢, d, e, f, g, b, k, and l respectively. Then

(i) u(x, y) and v(x, y) are of class D, on R,
(ii) D(u) £ lim inf D(%,), D(v) < lim inf D(v,),

7n— 0 n— o

(iii) f [(at+buy,+cv.+dv,+e) 2+ (fu .+ guy+ hv .+ kv, +1)2|dxdy
R
<lim inf f [(@nthn 2 buthnytCanzt dutny+en)?
" ? +(fnunz+gnunﬂ+hnvnz+knvny+ln)2]dxdy.

Proof. Conclusions (i) and (ii) are well known.}
To prove (iii), let M be the uniform bounds for a., etc., and let

Pn = Qplin: + bnunu + Calnz + dnvny + €n, ¢ = au, + buy + v, + dvy + e,
'l’n = fnunz + EnUny + hnvnz + kn‘vny + ln, l// = f'uz "+‘ Uy + h‘l)z + kv,,-i- l.

Then, for each £>0, we see that ¢.®, ¢.®, ¢®» and y*» are uniformly
bounded on R,, the proof for ¢.™, for instance, employing the Hélder in-

equality as follows:
y+h
wls [ f an(E, Wtns(é, 1)

:+h v+h
+ l f bnunndgdﬂ I + ’ f CcnVnddn I
y— y—

z+h z+h
+ ‘ f f dnvn,didy endsdn { ]

t See Lemma 1, §1 of the author’s paper, loc. cit.
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Sl T ]

2MGH?
+*+*+*+4Mh2}_ P + M,

each * denoting a term similar to the first term. By Lemma 4, ¢.x and ¢
converge at each point to ¢ and ¥ respectively. Hence,

f @'+ vdedy = lim [ [ (6% + viodady
Ry

n— o

< lim inf f f (@2 + v)dxdy,
R

n—ro

using Lemma 5. The statement (iii) follows from Lemma 5 by letting £2—0.

LeEMMA 7. Let f and ¢ be of class Dz on R, let D be a Jordan subregion of R
such that D¥* is a rectifiable curve interior to R on which ¢ is of bounded varia-
tion. Then 9(f, ¢)/3(x, v) is summable on D and

f”’ fpa((f:j))d ¥

the line integral being the ordinary Stieltjes integral.

Proof. That the Jacobian is summable follows from the Schwarz inequal-
ity, since f2 +f2 +¢2 +¢2 is summable over D.

Let fi and ¢ have their usual significance as average functions. If |k| ,
| k| <a, f» and ¢ are defined on D and moreover f; is of class C’ if >0 and
¢ is of class C’ if £>0. Hence, by Green’s theorem

Sudey = f (fncbry — faydrz)dxdy = — &idfn.
D+ D D*

Letting % tend to zero, and using Lemmas 4 and 5 and well known theorems
on the Stieltjes integral, we see that

pao == [ oth= [ [ (b= pupranay.

The result follows by letting % tend to zero.
2. Fundamental theorems on transformations. We state first

DerINITION 1. We say that u(x, y) satisfies a condition 4 [\; M(a, d)]
on R if it is of class D; on R and
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A
ff (v2 + u?)dxdy < M(a,d) (L) , 0=sr=a,
C(P,r) a
P = (x, y)eR, A>0,
where >0, d >0, and a+d is the distance of (x, y) from R*, M (a, d) depend-
ing on ¢ and d and not on (x, ).
DerINITION 2. We say that u(x, y) satisfies a condition B[u; N(a, d)] on
Rif
r \#
|t 3 = e, 39| 5 W, D (Z), 05 v <o,

r= [(xz — 2)? + (32 — y)?]',
provided that every point on the segment joining (21, y1) to (x2, ¥:) is at a
distance =a/24d from R*.

LemuMA 1. Let u(x, y) satisfy a condition A[N; M(a, d)] on R. Then it also

satisfies a condition B[\/2; N(a, d) ], where
N(a, d) = 8-3712.x"1.[M(a/2, &) ]'1.

Proof. First assume that #(x, y) is of class C’ on R. Let P;:(x;, y:) and
P;: (x5, y2) be two points of R which are such that every point on the segment
joining them is at a distance =a/2+d from R*. Next, choose axes so that P,
is the origin, and P, is the point (2-1/2.7, 2-12.y), Then each square of the
form

0<x=<2'p, 0Zy=<2'p or
7y (1 — ) Sx <27y, 2ty (1—f) S y< 2ty

is in a circle of radius 7¢/2 whose center is at a distance 2a/2+d from R*,
Let a=2-12¢; then

at at
f f (wd + up)dxdy < M(a/2, d)(rt/a)*, 0st=s1,
0 0

f f (u2 + u?)dxdy < M(a/2, d)(rt/a)*, 0st=s1.
a—at a—at B

Now, for each (x, y) with 0Sx <o, 0<y=<a, we have

1 1
u(a, a) — u(0,0) = x f u.(xt, yt)dt + y f u,(xt, yb)dt
0 0

— (2 — a)f e + t(x — a), a + t(y — a)]dt
0
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1
— (- “)fo wyla+ Kz — ), a+ Ky — o) Jdr.

Integrating both sides of this equation with respect to x and y, we obtain

@) = 0,0) = = [ [[{ [ "ot s} ady +
_ %fo"fﬂ{f (= @l + K — @)y a0+ 1y — a)]dt}dxdy —
e A {f f fug(k, n)dtdn + »

- [ - f " € eyl e — *}dt,

the last being obtained by suitable changes of variable; the * denotes the
term in y or n which is similar to the term preceding it. Using Schwarz’s in-
equality on the interior terms, we obtain

=002 f el [ o] 7]
sot[ [T e oan] [T [ wean] s Ya

< 4-37Y2[M(a/2, d)]”’-(r/a)"/’f P2-1gg
Yo

= 8\"13-12[M(a/2, d)]V'2- (r/a)*2.

If u(x, y) is merely of class D,, us(x, y) is of class C’ and we obtain the
general result by letting 4 tend to zero.

DEFINITION 3. Let T: £=£(x, v), n=n(x, y) be a 1-1 continuous trans-
formation of a closed region R into a closed region =, which is of class C’ in
R with £79,—£,2.70. Let (xo, ¥0) be a point of R, x=x(s), y=9y(s) (o arc
length) be a regular curve such that x(ao) =, ¥(d0) =%, *'(c0)=cos 0,
y'(00) =sin 0. If (&, 7o) is the point of = corresponding to (%o, yo) and if ds is
the differential of arc length of the curve in 2 corfresponding to the above, we
define the magnification of T at (xo, o) in the direction 0 by |ds/df|.

Remarks. Clearly this magnification depends only on (o, ) and 8 and
not on thé curve chosen. It is given by
ds |?

y = Eg cos? § + 2F, sin @ cos 0 + Gy sin? 6, Eqy = E(%o, ¥0), etc.
a
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The square of its maximum and minimum (with respect to 6) at P, are given
by
HEo + Go + [(Eo + Go)* — 4(EGn — F?) ]2},

H{Eo + Go — [(Eo + Go)? — 4(EGo — Fi2) |12},

respectively, so that the ratio of the maximum to the minimum magnifica-
tion is
Eo + Go

2 _ 1)1/2 -
Mo + (Mo 1) ) Mo Z(EoGo —Foz)W

at P,. If this ratio is uniformly bounded in R, it is clear that the inverse trans-
formation has the same property. In the foregoing remarks, E, F, and G have
their usual differential-geometric significance:

E=Ezz+7lzzx F = §8,+ namy, G=$yz+77v2-

THEOREM 1. Let R and T be two Jordan regions, a, b, and ¢ be three distinct
points of R*, and a, B, and v be three distinct points of Z*. Let {T} be a family
of 1-1 continuous transformations of the form

T:t = &(x, ), n = n(x, y)

which carry R into Z, which carry a, b, and ¢ into o, B, and v respectively, and
which satisfy the following hypotheses:

(1) each T is of class C' within R with £.m,— E,n.7%0, and

(2) the ratio of the maximum to the minimum magnification of each trans-
formation at each point (x, y) is < K, which is independent of x, y, and T. Then
there exist functions M (a), N(a), P(a), and m(a) which depend only on K, the
regions R and =, and the distribution of the points a, b, ¢, a, B, and v; and there
exists a number X\ >0 which depends only on K such that

(i) M(a), N(a), m(a) >0 for a>0, lim,.,M(a) =lim,.,N(a) =lim,.,P(a)
=lim,_om(a) =0,

(ii) all points of R or Z which are at a distance = p>0 from R* or =* corre-
spond to points of the other region at a distance Zm(p) from its boundary, and

(iii) the functions £(x, v), n(x, y), x(£, n), and y(&, 1) all satisfy conditions of
the form A[2\; M(a, d)] and B[\; N(a, d)] with M(a, d)=M(a), N(a, d)
= N(a), and the equicontinuity condition

| (e, Br) — (e, B2) | < Poa), [(ez — an)? + (B2 — B1)?]V2 = a,
(a; ﬂ) = (.’C, y) or (E: 77); o=£&mx0ry.
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Proof. Since the ratio of maximum to minimum magnification is =K, it
follows that

ff 2 + &+l + mf)dxd}' =< ZKm(Z);
R

f f (w¢ + 52 + 3¢ + 92)didn < 2Em(R).
z

From this,T follows the existence of the functions P(e) and m(a) satisfying
the desired conditions.

Now, let P, belong to R, for example, being at a distance a from R*.
The circle (x—=xo)2+ (y—o)2<a? is carried into a Jordan subregion of =
which is surely a subset of the circle (§—&0)24(n—n0)2< [P(a) 12, (o, n0) be-
ing the correspondent of (xo, ¥o). Let

r 2r
A(r) = ff J(x, y)dxdy = f f pJ (%0 + p cos 6, yo + p sin 6)dpds,
C(Pyr) 0 0
0<r=a, J(x, 9) = | £amy — Ena.
Then
dA 2% r 2r
A'=—=17| J(xo+ rsin8, yo+ r cos6)df = I (&} + 0i)do

0 0

dr

1 2%r oxr .
=“f (z.2+n.2)dsz(2Kﬂ>“(f [ +n.2]wds>

K J, .

= Q2K=r)I(C) ]2 = —g—-A(r), 0<r<a
Kr

here, s denotes arc length on the circle (x—xo)2+ (y—y0)2=72 and C, is the
curve in 2 into which this circle is carried. Thus

A'/4 z 2/(Kn),  A(e) £ «[P(@)]?

and hence
AQ) S 7[P@¢/a)HE, 0sr<a.
Since
J(x, 9) = (1/2K)-(£2 + & + 02 +0t),
we find that

f f (€2 + £ + 12 + n2)dxdy < 2Kx[P(a) X(r/a)*IK.
C(Pov")

t See the author’s paper, A7 analytic characterization of surfaces of finite Lebesgue area, I, Ameri-
can Journal of Mathematics, vol. 57 (1935), Theorem 1, §2, p. 699.
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Hence, we see that (iii) is satisfied (remembering Lemma 1) if we choose
N =1/K, M(a) = 2Kx[P(a)]?, N(a) = 8-21/2.3-1/271/12K3I2. P(g/2).

DEerFINITION 4. We say that a Jordan region R and three distinct points
a, b, and ¢ of R* satisfy a condition D(L, d,) if (1) the distances ab, ac, and b¢
are all =2d,>0, (2) R* is rectifiable, and (3) if P; and P, are any two points
of R*, the ratio P,Py+ PP, <L, where P,P, is an arc of R* joining P, and P,
which contains at most one of the points @, , or ¢ in its interior.

THEOREM 2. Let the regions R and Z, the points a, b, ¢, o, B, and v, and the
family {T} of transformations satisfy the kypotheses of Theorem 1 and suppose
(R; a, b, ¢) and (Z; a, B, v) satisfy a condition D(L, dy), do>0. Then the con-
clusions of Theorem 1 hold and, in addition, there exists a number M depending
only on K, L, do and the areas m(Z) and m(R), and a number u>0 depending
only on K and L such that

ff (2 + &2+ 02 + n2)dxdy < Mre,
C(Por) R

[[ e+ w4+ yriean s mm,
C(Pg,r):-2

for any point P, in the plane.

Proof. We need to prove only the last statement. Let P, be a point in
the plane and let 0 <7 <do/2. Then the set C(P,, 7) - R is vacuous or consists
of a finite or denumerable number of Jordan regions 7., the boundary of each
of which consists of (1) a finite or denumerable set of arcs of C*(P,, 7)- R,
(2) a finite or denumerable number of arcs of R*, and (3) points of R* which
are limit points of all of these arcs. All the points of (2) and (3) are on one
of the arcs afb\c, bea, or cab of R*, say abe. Clearly 7.* and r,* have at most
one point in common if #>n’. Let E,,, be the set (1) above for each r,, let
E,=YE,,, let ¢, be the region of = corresponding to 7., let o= oy, let
C,n=0¥1let C,=) Cr.n,let T, . be the totality of arcs corresponding to E, .,
and let T,=) I, ,. Clearly C, . C, . is at most one point if #sn’. Let
1C,)=2_I(C,.»), let I(T,.,) be the sum of the lengths of all the arcs of T, .
and let I(T,) =>_I(T,,.). It is clear that

[icn ]2 = 4am(o).

Consider an 7,,, and the closed set R*-7.*. Proceeding along the arc (abc),
there is a first point P, and a last point Q, of this set. Then, there is an arc
of E,,, joining P, to Q.. Hence if II, and K, are the corresponding points
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of Z*, they are on the arc a?'y and there is an arc of I',,, joining them. Now

I(Il,., K,) (arc of a,[é:y) <L times the length of this arc of I',,.. Hence it is
easy to see that

I(Tyn) 2 I ! I(Crm), UT») = IC,).

+1 L+1

Any of the above sets may be null and for a set of measure zero of values of 7,
I(C,) and I(T',) may be infinite.
We may now proceed as in Theorem 1. Let

A(r) = ff J(x, y)dxdy = f I:pf J(xo + pcos@, yo+ psin 0)d0:| dp,
C(Pyr) R 0 E,
0=r=dy/2, J(x9) =|tm — &msl,

(the integral being zero if the field of integration is null). Then

1
A'(r) =r | J(xo+ rcosb, yo+ rsin6)do = X (82 + n2)ds
E, E,

= (2K1rr)“[ N & + n.’)"’ds] = (2K=n)~' (1) ]?
= (2Kxr)~Y(L + 1)2[I(C)H ]2 = 2K-1(L + 1)~2r1-A(r).

Also A(do/2) =m(Z). Hence as before
A(r) < m(2)-(2r/do)2/EEAD?

[[ @2+ e+ 2+ nddindy < 2Kmie) 2r/domass’,
C(Py,r)

Since 4 (r) =m(Z) for all values of 7, the theorem follows.

LeEMMA 2. Let a, by, by, ¢, d, and e be measurable functions defined on a
bounded region R with |a|, |bi, |be|, |¢|, |d], |e] =M =1 on R. Then there
exist sequences {a.}, {bin}, {ban}, {¢a}, {da}, and {e.} which are analytic
on R and uniformly bounded and which converge almost everywhere on R to
a, by, bs, ¢, d, and e respectively. If by=bs, we may choose by, ="bs,s for each n.
If by=b;=b and ac—b*=m >0 on R, we may choose the sequences so that there
exist numbers M and # >0 such that

|a”|’ Ib”l’ |C'EI’ ldﬂly Ieuléﬂ, a,.a,.—b,.’gﬁ.

Further, if ac—b%=1, the sequences may be chosen so that an.c,—b,2=1.

Proof. Let D be a region containing R in its interior and define e=c=1,
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by=b:=d=e=0 in D—R. For k sufficiently small, as, b1, bas, cs, ds, and ey
are defined and continuous in a region containing R and all are numerically
=M.

Now suppose by =by=b, ac—b?=m >0. We know that ac—b? is the prod-
uct of the maximum by the minimum (for 0 <6 <2, (%, y) fixed) of

f(x, y;6) = a cos? 6 4 2b sin 6 cos 8 + ¢ sin? 6
= 1[(a + ¢) + (a — ¢) cos 26 + 25 sin 26].

Clearly |f(z, y; 6)| <2M so that the minimum above =m/2M. Thus
apCp — bhz g ”1«2/411{2 > 0
for each £>0 and all (x, y) in D;. The remainder of the proof is obvious.

LeEMMA 3. Let a, b, and ¢ be analytic in a region G which contains the Jordan
region R in its interior and suppose |a|, |b|, |¢c| <M, ac—b%=1, a>0; let Z
be another Jordan region. Then there exists a unique 1-1 analytic map
£=(x, v), n=n(x, v) of R on = which carries three given distinct points p, q,
and r on R* into three given distinct points m, k, p (arranged in the same order)
on =¥, and which satisfies

ne = — (b€ + cty), Ny = afz + bE,.
The Jacobian does not vanish and the ratio of the maximum to the minimum
magnification of the transformation is <M at each point.

Proof. Let D be a Jordan region contained in G and containing R whose
boundary is a regular, analytic, simple, closed curve. It is knownt that there
exists a solution X(x, y) of the equation

i} d
—(@X,+ X))+ —(bX:+c¢X,) =0
dx dy

which takes on the values X =x on D¥*, which is analytic on D, and whose
first derivatives do not vanish simultaneously. Clearly there exists an analytic
conjugate function ¥ (x, y) which satisfies the same equation and the relations

V.= — (bX.+ ¢X,), Y,=aX.+bX,.

The equations X =X(x, y), ¥ =¥ (%, y) yield a 1-1 analytic map of (D and
hence) R onto a region A which carries p, ¢, and 7 into three points 7', «’,
and p’ arranged on A* in the same order, and for which X.¥,—X,¥,50. If
¢=E5(X, Y), n=H(X, ¥) is the conformal map of A on T which carries
7', k', and p’ into 7, «, and p (respectively), it is easily seen that

"+ See Lichtenstein, loc. cit.
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£E= E(x, y) = E[X(x) 3’), Y(x, y)]’ n= ﬂ(x’ y) = H[X(x’ 3’), Y(x) :V)]

is a mapping of the desired type. That this mapping is unique follows from
the fact that if £=¢'(x, ), =1'(z, ) is another such map, then (¢’, ') are
related to (£, 7) by a conformal transformation with =, «, and p fixed; thus
g'=t9'=n.

LEMMA 4. Let £=£(x, y), n=n(x, v) be a transformation defined on a re-
gion R in which the functions & and n are of class Dy. Suppose also that

N = — &y, ny = &2

almost everywhere in R. Then the above map is conformal, i.e., £ and n are con-
Jugate harmonic functions.

Proof. Let D be a rectangle on the boundary of which 5(x, y) is absolutely
continuous, such rectangles being almost all rectangles in R. Then, from
Lemma 7, §1, it follows that

1
L(Sp) = ff (EG — F)V2dxdy = 7ff (2 + &2 + 12 + n,dxdy
D D

= ff (my — Emz)dxdy = &dn,
D D* .

Sp being the surface £=£(x, v), n=n(x, v), (x, y)eD, L(Sp) meaning its
Lebesgue area. Since the Gedcze areat G(S) of any surface with this boundary
curve must be at least as great as L(Sp), and since L(S) 2G(S) for every
surface, we see that Sp is a surface of minimum area bounded by its boundary
curve. Hence £(x, y) and 5(x, y) must be harmonic, since otherwise they
could be replaced by the harmonic functions having the same boundary val-
ues to form a surface of smaller area bounded by the boundary of Sp.

THEOREM 3. Let R and T be Jordan regions, let p, q, and r be distinct points
on R* and let 7, k, and p be distinct points arranged in the same order on Z*.
Let a, b, and ¢ be bounded, measurable functions defined on R:

Ial»lbl,lcléM, ac— b2 =1.

Then there exists a 1-1 continuous transformation £=%(x, y), n=n(x, v) of R
into =

(1) which carries p, q, and r into 7, k, and p respectively,

(ii) which is such that £(x, v), n(x, ), (£, 1), and y(§, 1) are of class D.
on Rand Z, x=x(§, 1), y=2(, n) being the inverse transformation,

(ili) ¢n which the conclusions of Theorem 1 apply to the functions £(x, y),

t See the author’s paper, loc. cit., pp. 696, 698.



142 C. B. MORREY [January

7(%, ¥), x(§, 1), and y(§, n) and in which those of Theorem 2 also apply if
(R; p,q,7) and (Z; =, , p) satisfy a condition D(L, d,), and
(iv) in which the functions £(x, y) and n(x, y) satisfy

ne = — (b2 + c&y), ny = aé; + by
almost everywhere on R.

Proof. Let {a.}—a, {b.}—b, {c.} —c almost everywhere on R, the a,, b.,
and ¢, being analytic on R and satisfying

laﬂl’.lbnl, lea| = X, GnCn — b2 = 1.

Let Tn: £=£.(x, ¥), n=n.(x, y) be the unique analytic transformations of R
into 2 which carry p, ¢, and r into 7, «, and p respectively and which satisfy

NMnz = — (bngnz + Cngny)) Ny = Gufnz + bnEMI'

Let x=x.(£, 1), y=7y.(£, n) denote the inverses. These transformations satisfy
the conditions of Theorem 1 and hence the conclusions of Theorem 1 and
also of Theorem 2 if (R; p, ¢, ) and (Z; =, «, p) satisfy a condition D(L, do);
it is easily seen that the ratio of maximum to minimum magnification of 7,
is <N+ A2—=1)¥2 N\, =(a.+c.)/2, and is therefore <2M. Hence a subse-
quence {n:} of the integers {#} may be chosen so that {£.,}, {#a.}, {#a.},
and {y.,} all converge uniformly on R and = to functions £(x, ¥), n(x, ¥),
x2(%, n), and y(&, n) respectively and x=x(¢, 1), y=y(¢, n) is the inverse of
T:t=E&(x, y), n=n(x,y). Clearly T is a 1-1 continuous transformation of R
into T in which p, ¢, and » correspond to , k, and p respectively.

Also, since the ratio of maximum to minimum magnification <2M, we
have

f f (tre + Eny + Mz + my)dady < 4Mm(Z),
R
[f (et a3l o+ si)dedn 5 4TIm(R),
so that it follows from Lemma 6, §1 that £(x, y), n(x, ¥), (£, n), and y(&, )

are all of class D, on R and Z. Using the same lemma, we see that (iii) also
holds and that

0= [ (et b+ k) + (o = ot — b6 )dndy
R
é lim inf ff [(‘ﬂnz + bnsnz + Cnfnv)z + (ﬂnv - 0»5»: - bngnv)z]dxdy = 0’
n— o R

so that (iv) is demonstrated.
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THEOREM 4. Let (R; p, q,7), (Z; 7, &, p), a, b, and ¢ satisfy the hypotheses
of Theorem 3 and let T: £=£(x, ), n=n(x, y) be the transformation derived in
that theorem. Then T enjoys the following further properties:

(i) sets of measure zero and hence measurable sets of R and = correspond,
and (E:my—Ems) and (xey,—x,y:) are defined and =0 except possibly on a set
of measure zero in R and Z respectively;

(i) if ¢(x, y) and Y (&, 1) are summable on measurable subsets DS R and

Ag E, the f“”ction’s ¢[x(£’ 77), y(’é, n)]'(xiyﬂ_xvyf) and 'P[E(x, y)’ ﬂ(x, 3')]
- (&2my — Eyns) are summable on T(D) and T-2(A) respectively, and

f 1, 36 0] (e — 90dsan = f qusdxdy,

f fT ¥ (Eme = En)dudy = f f,, Jdtdn;

(iii) if ¢(x, y) and Y(&, 1) are of class D: on R and = respectively, then

¢ [x(& 7), ¥(& )] and Y [E(x, 9), n(x, )] are of class D, on = and R respec-
tively and

bt = 2%t + DuYe, Pn = b2yt SyVa, Pz = Gikz + iz, Dy = Sefy + Dy,
Ve =¥ T ¥yt Yo = ¥ty + VoV Vo= Vs + ¥ane, ¥y = Veby + ¥y,

almost everywhere;
(iv) T is uniquely determined by (i), (ii), and (iv) of Theorem 3.

Proof. Let O be an open set in R, let 0= _;_, R; where the R; are closed
non-overlapping rectangles on each of which 5(x, y) is absolutely continuous,
and let S; be the surface Si: £=£(x, y), n=n(x, v), (x, y)eR;. Clearly L(S:)
is merely the measure of the closed or open region ; or Z;into which R; or R;
is carried, =¥ being a rectifiable curve. From Lemma 7, §1, it follows that

L(S:) =m(Z;) = | &dn = f tdn = f (Eany — Emz)dxdy.
Z;* Rg* R;
Thus &1, — £,1-20, and if 2=7T(0), then
m(@) = [ [ Gany— e ddndy.
o
It follows very easily that a measurable set E in R is carried into one in Z and

m[T(E)] = f fg(&nu — Emz)dxdy.
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The same proof establishes the fact that a measurable set A in X is carried
into a measurable set D in R and that

m(D) = f (a9, = w39ddn.

Hence the rest of (i) follows easily and we have proved (ii) for the case
¢p=y=1

Suppose ¢, for instance, is bounded. Let {¢.(x, y)} be a sequence of
step functions which are uniformly bounded and converge to ¢ almost
everywhere. It is clear that the functions ¢.[%(%, 7), ¥(§, 7)]- (xey, —2,¢)
and ¢[x(&, 1), y(§, 7)) (xey,—%,y:) are all summable and dominated by a
summable function, and, for each #, it is clear from the above that

f ®a(%, y)dxdy = f ba[x(E, 1), ¥(&, 1) [(xeyy — ®,y0)dEdn.
D T(D)

The result (ii) for ¢ follows by a passage to the limit, since ¢. [x(£, 1), y(£, 1) ]
converges almost everywhere on = to ¢ [x(£, 1), ¥(£, #)] and the latter func-
tion is certainly measurable. If ¢ is merely summable, let ¢; =¢ where ¢ 20,
¢1=0 elsewhere, o= —¢ where ¢ <0, and ¢=0 elsewhere, let ¢ x=¢: if
&1 =N, ¢1xn=N elsewhere, ¢p2.xy =¢2 if p <N, ¢~ =0 elsewhere. Then it fol-
lows that the functions

1.8 (XeYy — %4Y0), G2.n(%eYy — %y

form monotone non-decreasing sequences of non-negative summable func-
tions converging almost everywhere to ¢ (xgy, — %,ye) and ¢z (xgy, —xyye) re-
spectively, their integrals remaining bounded. Hence (ii) follows.

To prove (iii), let ¢(x, y) be of class D, on R, let G be a subregion of R
for which G c R, and let I" be the corresponding subregion of Z(T' € = clearly).
Now, let A be a rectangle of T along which x(¢, 1) and y(¢, n) are absolutely
continuous. Then, using Lemma 7, §1, we see that

s 1)y ’ dn = ) dn = Zv_uzdd’
olstem, selan = [ o nin= [ [ @ = oindasay

- f olx(t, m), (&, m]dk = — f o(x, Y)dE= — f (puby = bk ddsdy.
A De

Clearly these relations follow for any rectangle A of G so that ¢ is A.C.T.
as a function of £ and 5 by Lemma 3, §1. Using the same lemma, it follows
that

ffn — dédy = f o 6£ (Ez"lv Evﬂz)dxdy = ff (Pzny — dynz)dxdy,
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do do
ff — dtdy = ff —-(Emy — Eno)dady = ff (— ¢ty + duto)dady,
e 97 o 97 0

for every open set  in = with Q¢ =. Hence, almost everywhere in R and Z,

bMy — Pz = ¢E'($z771/ - EWZ):
— ¢y + Pk = ¢ﬂ'(£z77u — Ena).

Since &1, —£&,n.70 except on a set of measure zero, it follows that

Oz = ¢tz + o2, by = oiky + dyny,

almost everywhere on R and 2. Setting ¢ =x and y in turn, we obtain the
relations

xefz+ =1, xfy+ 2y =0, v+ ym.=0, yeby + ymy=1

almost everywhere, from which it follows that

b = da%r + dyYs, by = da%y + DYy

almost everywhere on R and Z; the relations for y are proved similarly. It
follows that

(E:’?u - Svﬂz)'(xiy'l - xn}’&) =1

almost everywhere on R and Z.
To show that ¢ is of class D, in (£, n) we see that

(¢‘22 + ¢n2)'($z’7u - gu’?:) = apl + 2b¢ .0y + cpf = 2ﬁ(¢zz + ¢y2),

using the relations above and the relations 7.= — (b¢.+ct,), n,=af,+bE,,
ac—b%=1. The fact for ¢ as a function of (x, y) can be obtained from the
above and the fact that

1
22 zb 2 ”2 g.__ zz y2 .
awd + 20, + op 2M(¢ +¥7)

To show (iv), let £=¢'(x, y), n=7"(x, ¥) be another map of R into =
satisfying (i), (ii), and (iv) of Theorem 3. Then ¢’ and %’ are of class Dy in £
and 7 and all the rules for differentiation apply. We see that 5; =£{ and
n{ = —&, almost everywhere on = so the map & =¢£(¢, 1), n'=n'(¢, n) is
conformal by Lemma 4. Hence §'=£, '=1.

3. A special elliptic system of partial differential equations of the first
order. We prove first

THEOREM 1. Let D(x, y) and E(x, y) be of class Ly on Z,=C(0, 0; a) such
that
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ff D*dxdy = Mp*, ff E*dxdy = Mp*, A>0.
C(P,p)2a C(P.) 3,

T hen the function
Uls, 5) = f (& — x)D(&, 1) + (n — y)E(, n)
! 2, E— o+ -9
is defined and continuous over the whole space, and satisfies a uniform Hélder
condition of the form
| Uxs, y1) — Uz, y2) | = N2, N = 122 M)12[(2 — M) + XA + 1)],
r= [(x2 — 2)2 + (32 — y0?]V2:

dtdy

and
| Uz, 9)| = 2(1 + XD Q@xM)12- (222, (2, y)e2.

Proof. Define D(x, y) =0 for 22+y%=a? and let
Uiz, y) = f f €==D .
x’
i _ﬂ.(e—x)2+(n—y)2 ¥

Jf R
z«(E—x)2+(n—y)2 "

27
h(x, y; 1) = r”’f lD(x + r cos 6, y + r sin 6) - cos 0[ df.
0

Let

‘Then

27 2
h’(x,y;r)=r[f |Dcoso|d0].
0

By the Hélder inequality 4%(x, y; r) is summable on any interval 0=r=<h,
since

A por A 27
2r f f D%tdn = 2x« f f rD2%drd = 2x f r[ D2 cos? ada] dr
C(z.yh) - ) ] 0

.3
éf h(x, y; r)dr.
0
Thus

h
f h¥(x, y; dr < 2xM B>,
0
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If we let H (%, y; ) = [, k(x, y; p)dp, we find by the Hélder inequality that
H(x, y; .r) é (2.,M)1/2,(1+)\)/2.

If N is so large that =, is in the circle C(x, y; N), then H(x, y;7) < (2rM Na*)V2
forr= N. Hence

i (¢ — x)D
dtd:
ff = F =

1 4
= p~'2H (%, y; p) — € ?H(x, y;¢) + 7] r32H(x, y; r)dr

P
= f =1 2h(x, y; r)dr

< (1 + N e

for every €>0, and every p>0. Hence U,(#, y) is defined.

Now, let P, and P, be any two points and let P be the midpoint of the
segment P,P;. Let p=P,P, /2 and let a circle o(kp) of radius kp, #>1, be de-
scribed about P as center. Let « be the inclination of the segment P1Ps. Then

- (€ = =)D(E, )
R R N e e

B f f (¢ — x)D(, ) dtdn
otkp) ( — %) + (9 — y1)?

+ f [ f fw—'(kp) cos (260 —2a)D(£, )] dfdﬂ] is,

where

r2=(t—%—s-cos a)’+(n §—s-sin a)?, f=tan-!

Thus

(k+1)p . (k+1)p
|02y = 0@ | s [ ke, a4 [ G, 50 ar
0

+f [f(k-l)p r=312h[x(s), y(s); r]dr] ds

<201+ )\—l)(z.u.M)llz(k + 1)M2pr/2

f f r32H [2(s), y(s); r]drds
(k=1)p

< 6(2xM)12(1 + X1 4 [2 — A])pr2.
(B=2,%(s) =Z+ scosa, y(s) = 5+ ssin a).
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The result follows by using the similar result for U —U,.
LemuMA 1. Let D(x, y) and E(x, ) be of class Ly on Z, with

ff Dxdy < Mp, ff Eddzdy < Mp, A>0, p>0.
C(P.p)-Z, C(P.,p) 3,

Then there exist sequences {D.(x, y)} and {E.(x, y)} of functions analytic
on 2, satisfying the above condition with the same M and \, and such that

n—owo

lim ff [(D. — D) + (E, — E)*]dxdy = 0.

Proof. Define D(x, y) = E(x, y) =0 for x2+y%=a? and let D, and E, be
the usual average functions. Then D, and E, are continuous on 2, and

f [(Dx — D)2 + (B, — E)*]dxdy = 0,
h—uo

by Lemma S, §1. Moreover for each 2>0

Didxdy = f f [ f f Ddsdn] dxdy
ffc(% Yoip) C(z¢1¥0iP) 164*
D2d£dn:| dxdy
4h2ffc(z° Yoip) I:fz—h fy
Dzdxdy] dtdn
4h2 f._;. f—h [ ffcmﬂ Votmin)

the same being true for E. The lemma follows easily from this.

LeMMA 2. Suppose that D,, E., D, and E are all of class Ly on Z., satisfy
the condition of Lemma 1, M and \ being independent of n, and the condition

ff [(D. — D)2 + (E. — E)*]dxdy = 0.

n—wo

Then the functions

(£ = ©)Du+ (1 = DEs
U 2) = f f G-t =

converge uniformly on any bounded plane region to the Sfunction

((— 2D+ (n— »E
v = —ff =2+ (0 —9) s




1938] ELLIPTIC DIFFERENTIAL EQUATIONS 149

Proof. Since the U.(x, y) are equicontinuous on any bounded set (in fact
the whole plane) it is sufficient to prove the convergence at each point

Py: (20, o).
Choose €>0, and choose py so small that

1 ff (E - xO)Dn + (’7 - yO)En l
il dtdn
27 CPopy (E— %0)2 4+ (n — y0)?

1 (¢ — %)D + (n — y0)E ‘ €
— ddn | < — -
Zﬂffcm.po) (& — %)+ (n — 30)? sn 2

+

Then there exists an N, such that for » > N,,

1 (6 — %)(Dn— D) + (n — yo)(En — E)
erfza—z¢-0(P..p.)

dtd:
& — %) F (1 — y0)? E”‘

<
2

—[f (00— D)t (B = Byl
< Guaa | [ [ (00- D+ B - Bl ] <<

This proves the lemma.

DEFINITION 1. Let D and E be functions of class L; on Z,. Then if »
and v are functions of class D, on Z,, we define

K9 = [ f {002 + D) + vs(uy + E)|dndy,

s = [ f [ + D)* + (uy + E)*dxdy.

If the functions D and E have subscripts, we shall denote the integrals formed
by using the new functions by putting the same subscripts on J and K.

Remarks. It is clear that J(u+{) =J(u) +2K(u, $) +D(¢). Also
J(u) < 2D(u) + 2 ff (D? + E®dxdy,
20

D(w) < 2J(%) + 2 f f (D? + E?)dxdy.
zd

Accordingly, if H is the harmonic function which takes on the same boundary
values as %, we see that
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J(w) S J(H) < 2D(H) + 2 f f (D* + E?)daxdy;
20
D(w) < 4D(H) + 6 f f (D* + E?)dxdy.
20

THEOREM 2. Let D and E satisfy the conditions of Lemma 1, and let w*
be a continuous function defined on = for which D(H*) is finite, H* being the
harmonic function which takes on the given boundary values. Then there exists a
unique function u of class D; on Za which takes on these boundary values and
minimizes J(u) among all such functions. The function u(x, y) is given by

u(x, y) = Hau(x, y) + Ud(z, 3),
1 (¢(— 2D+ (n— y)E
Ui = [ 2 dtn,
2w Jzs (E— 2P+ (n— )

H,(x,y) being the harmonic function which takes on the boundary values w* — U,.

Proof. Let {D.} and {E.} be sequences of functions, analytic on Z, and
satisfying the conditions of Lemma 2 with respect to D and E. Let U(x, y)
be any function of class D on Z, taking on the given boundary values and
let u.(x, y) be the unique solution, for each #, of

Aun+Dnz+Env=0 (AU:Uzz+ Uyu)
which takes on the given boundary values; each %, is the minimizing function

for J.(u). Then Jo(U)—J(U), Jo(U) ZJ w(#4). Thus J(U) 2 1im Supn.J n(#x).
On the other hand, the functions #.(x, ) are given by

(2, y) = Hyn(%, 9) + Usin(x, 9),
Ua,n(xy 3’) = wafza (E — x)2 + (1’ _ y)z dfdﬂ,

where U...(%, y) tends uniformly to U.(x, y) so that H,,.(x, ¥) tends uniformly
to H.(x, y) and hence u.(x, ¥) tends uniformly to the above u(x, y). Since
D(uy) is uniformly bounded, %(x, y) is of class D; and J (%) <lim infa . »(%4)
by Lemma 6, §1. Hence %(x, y) minimizes J ().

Let ¢ be of class D; on 2, and zero on Z;. Then

J(u 4+ N) = J(u) + 2\K (%, §) + ND({).
Since %(x, y) gives J a minimum, the middle term must vanish. Thus
J(u+¢) =J(w) + D) > J(u)

unless ¢{=0.
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Remarks. If we let #%,.(x, y) be the minimizing function which is zero
on ZJF, we see that it is of class D,. If D, and E, are as in Lemma 2, it is
clear that #p.,. converges uniformly to #,. and D(u#,.,.) is uniformly
bounded.

THEOREM 3. Let D and E satisfy the conditions of Lemma 1 and let u be
the minimizing function for J(u) which takes on given continuous boundary val-
ues for which J(u) is finite. Then there exists a unique function v(x, y) which
is of class D, on 2., vanishes at the origin, and satisfies

v, = — (uy + E), vy =1%u,+ D

almost everywhere. Any other function V(x, y) which is of class D, and satisfies
these relations, differs from v by a constant. The function v(x, y) is given by

v(x, y) = Ka(x, 9) + Vi, 3),
1 ((—x)E— (n— 3D
Va(x) y) = 2 dtdy,
2rJJz (E— 2)24 (n — y)?
where K.(x, y) is the conjugate of the H.(x, v) of Theorem 2.
Proof. Choose {D.} and {E.} asin Lemma 2, let u.(x, y) be the minimiz-
ing function for J,,(U) with the given boundary values, and let v,(x, ) satisfy

Vnz = — (uny + En), Uny = Upz + Dn-

Then
(2, 9) = Kan(x, 3) + Va:n(x; ¥,

1 (£ — %)E, — (n — 9)D,
Van(x, y) = — f f dtdy.
R =S N My rpmp s TR
It is seen by well known methods of differentiating the functions U,,, and
V... that

Va,n,z = - (Ua.n.v + E., ) Va.u,y = Ua,n.z + D,

on Z,. Thus it is clear that K, .(x, y) is the conjugate of H,,.(x, y) for each ».
Since we saw that H,,.(», y) converged uniformly to H,(x, ) in Theorem 2,
and since V,,.(%, y) obviously tends uniformly to V,(x, y), it is clear that
K. .a(x, ) tends uniformly to K,(x, y) and v.(x, ¥) tends uniformly to the
above v(x, y) on each closed subregion of Z,. Also D(v.) =J(%,) and hence
D(,) is uniformly bounded.

Now, let R be a closed subregion of Z,. Then (x, y) is of class D; on R
with D(v) £lim inf,..D(v,) which are uniformly bounded. Hence, by Lemma
6, §1,
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0= ff [(v: + uy + E)2 + (v, — u, — D)?]dxdy
R

< lim inf ff [(Wne + thny + En)? + (0ny — t4az — D,)%]dxdy = 0.
R

n—oo

Hence v(x, y) satisfies the desired relations almost everywhere. Now if V is of
class D and satisfies the same relations almost everywhere, Ve—0.=Vy—0,
=0 almost everywhere so that V' —v is a constant.

THEOREM 4. If D and E satisfy the conditions of Lemma 1 and u(x, v) and
v(x, v) are of class Ds on Z, and satisfy

v, = — (4, + E), vy =%, + D
almost everywhere, then
w(x, y) = Ha(x, 3) + Ud(x, ),  v(, 3) = Ka(%, 3) + Vi, 9),

where U, and V, have their previous significance and H, and K, are conjugate
harmonic functions.

Proof. Let b<a so that v is absolutely continuous on =y, this being true
for all values of b <a excepting those in a certain set of measure zero (using
Lemma 2, §1). Then if { is of class D, on Z;, we have

f (£ ¥y — $vz)dady = f ¢dy.
Z, ;;;

Hence if { is also zero on =i, we see that
[ [ 1wt Dsot o+ Bty = [ [ @ = riodany = 0.
Zb Zb

Thus # is the minimizing function for J (%) on Z; with J (%) finite, and v(x, y)
is its “conjugate” as in Theorem 3. Hence
((—x)D+ (n— y)E

1
= H)} — d
u(w, ) = B3+ [ Gy Y

= Hb(x’ y) + Ua(x: }’),
1 (£ — x)E — (n— y)D
o(x, v) = K; (%, )+—f dtd:
R i Y S ey T
= Kb(x; 3’) + Va(xy y)'
Clearly H, and K are independent of b, and, since Hy and K are conjugate
harmonic functions, it is easily seen that H; and K are.
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4. A more general linear elliptic pair of partial differential equations. In
this section, we consider the pair of equations

(1) v, = — (bt + cuy + ), vy = U, + buy + d,

where we assume that a, by, bs, ¢, d, and e are measurable on a bounded
Jordan region R with

) |al, |b1], | 82], | ¢|, | 2], | ] = M, 4ac — (b1 + b)2 = m >0, a > 0.

THEOREM 1. Let R be a bounded Jordan region and H* a function continu-
ous on R and harmonic on R for which D(H¥) is finite, and suppose d=e=0
on R. Then there exists a unique pair of functions u(x, y) and v(x, y)

(i) which are of class Dy on R and R respectively,

(ii) which satisfy (1) almost everywhere on R, and

(iii) for which u(x, y) =H*(x, y) on R* and v(xo, yo) =0. These functions
also satisfy

(iv) conditions A[2\, M'(e, 8)] and B[\, N'(a, )] on R where \ depends
only on M and m, and M'(a, 8), N'(a, 8) depend only on M, m, R, and the
maximum of | H*| on R, and the maximum of |u| depends only on the bound
for | H*| on R*.

Proof. Approximate to a, by, bs, ¢, d, and e by sequences {@.}, {di.n},
{b2.n}, {ca}, of functions analytic on R for which

l anl, ’ blm': I b2m|7 I cnl =M, 4a,0n — (b1n + b2n)2 =7 >0,

and approximate to H* by harmonic functions H* for which D(H,¥) =G and
such that the solution %, of

9 i)
(3) - (anunz + bl,nunﬂ) + - (b2,nun:p + cnuny) = 0

ox ay
which coincides with H* on R* is analytic on Rt for each #; M, m, and G are
independent of #. For each #, there exists a unique function v,(x, y), with
v.(%0, ¥0) =0, which satisfies

Unz = — (bz.nunz + Gnuny)’
Uny = Gnlinz + D1nliny.
Define 4.(x, v), Ba(x, ), Ca(x, ) by

t This can be done by taking a sequence of regions Ra, each bounded by analytic curves, which
closes down on R and then assigning proper analytic boundary values on R.*. That the solutions of (3)
exist under these conditions follows from the results stated in the article by L. Lichtenstein on the
theory of elliptic partial differential equations in the Encyklopddie der Mathematischen Wissen-
schaften, vol. IT 32, pp. 1280-1334.

4)
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_ Gattns F 20ub1athnstiny + (1 F bin)thng

4, =20 :
Qplhnz + (bl,n + bz.n)unzuny + Cnu?w

Gabs,ntins + (@ntn + bimbain — 1)thnsthng + binCating
anth® s + (bi,n + bo,n)thnsthny + Cathny ’
(1 + by thns + 2bs,nCatinsting + Cathy
T Tt A+ (brm + bon)thnsting + Catheg

where these expressions are defined; otherwise, let 4,=Cr=1, B,=0. It is
easily verified that 4,, B,, C. are measurable for each » and that

(5) B, =

n

A,Co— B.=1, | 4a], | Ba|, | Ca| = K(H, m),

©6) (U 4 UD S AUL+ 2BUU, + Cullmy < L-(Us + Uy,
0<I=EL< o,

where K, I, and L depend only on M and (U is any function of class D,
on R).

Let p, ¢, and 7 be three distinct points on R* and , «, and p be three dis-
tinct points arranged in the same order on Z*, the boundary of the unit
circle. Map R on Z by functions §=£.(, ¥), 1="7.(x, y) where p, ¢, and r
correspond respectively to , «, and p and where

(7) Mz = — (-Bngnz + Cnfnv)’ Nny = Anknz + anny-'l'

Using the relations (4), (5), and (7) and Theorem 4, §2 we find that u.(£, )
and v,(£, 1) are of class D; on Z and satisfy v.¢= —%ny, Uy =%n; almost every-
where. They are therefore conjugate harmonic functions (in case %n, = #%,,=0,
it is clear that v,.=v.,=0 at almost all of these points; hence at almost all
corresponding points, Vn;==n, =% =u%n,=0; this takes care of points for
which 4,=C,=1, B,=0). Since the transformations (7) are equicontinuous
both ways, a subsequence {#;} of the integers may be chosen so that the
corresponding transformations and their inverses converge uniformly to a
certain 1-1 continuous transformation of R into Z and its inverse. Thus the
sequences {#,,(£, )} and hence {u.,(x, y)} converge uniformly to certain
functions %(£, 1) and u(x, v) respectively, u(x, y) coinciding with H* on R*
and %(&, n) being harmonic; and the functions v,,(£, ) converge uniformly
on each closed subregion of 2 to »(£, ), the conjugate of #(£, ), and so

t It may be shown that #=1u4(x, y), v=1a(, y) carries R into a region on a finite sheeted Riemann

surface. The transformation (7) merely amounts to mapping this Riemann region conformally on the
unit circle £ in a (£, 7) plane. We shall use this transformation in the proof of Theorem 2 where this

interpretation is not valid.
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,,(¥, ¥) converge uniformly on each closed subregion of R to a certain func-
tion v(x, ).
It is easily verified that (see the proof of Theorem 4, §2)

ff (4.U2 + 2B U, Uy + C U })dxdy = ff (U2 4+ U2)dtdny
D An

for any function U of class D, (in either (x, y) or (£, 1)), D and A, being cor-
responding regions of R and Z. Since each #, is harmonic, it follows that

[ [ et wivazan s [ f (H2 + Bdtdn < LG,
z

where L is the constant in (6) (using relations (6) and (8)). Hence, by (6)
and (8), D(u.) <L-G/! (independent of #). Thus %(x, y) and »(x, y) are of
class D, on R and R respectively. Furthermore, by Lemma 6, §1, it follows
easily that

ff [(vz + bots + cu,)? + (v, — awy — byu,)?]dxdy = 0.
R

Thus the existence and properties (i), (ii), and (iii) are established.

To show (iv), define 4, B, and C by (5) in terms of a, by, bs, ¢, and u,
and perform the transformation (7). The relations (6) hold with M and m
replacing M and i, and #(x, ¥), v(x, y) are carried into conjugate harmonic
functions. By Theorem 4, §2, the functions £(x, y) and 5(x, y) satisfy condi-
tions 4 [2\, M ()] and B[\, N(a)] where A depends only on M and m and
M(e) and N(e) depend only on R, (p, ¢, 1), (m, «, p), M, and m. Thus it is
easy to see how to complete the proof of (iv).

Now, suppose U, V is another pair of functions obeying the conclusions
(i), (ii), and (iii). Then U and V, where U=U —u, V =V —v, satisfy these
conditions with H*=0. By defining 4, B, and C by (5) in terms of U, a, by, b.,
and ¢, and performing the transforma,tion (7), we see that U(¢, ) and V(£, 7)
are conjugate harmonic functions for which U(&, ) =0 on Z* and V (%, 7o)
=0. Thus U=V=0.

THEOREM 2. Let R be a Jordan region and p, q, and r be distinct points
on R*; we assume that (R; p, q, r) satisfies a D(A, dy) condition. Let H* be con-
tinuous on R and harmonic on R with D(H¥) finite. Suppose a, by, bs, ¢, d, and e.
satisfy (2) where d and e are not necessarily zero. Then the conclusions of T heo-
rem 1 hold except that (iv) is replaced by

(iv)a % and v satisfy a condition B[\, N'(a, 8)] on R and |u| <P on R,

(iv)n ffp(uf + u2)dzdy £ N
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for each closed subregion D of R; here N depends only on M, m, A, and d,,
N'(e, 8) and P depend only on these, on (R; p, q,7; 7, k, p), and on the maximum
of | H*| on R*, and N depends only on these and on the distance of D from R*.

Proof. Approximate as in Theorem 1 to a, by, by, ¢, d, and e by sequences
of analytic functions {a.}, {b1.n}, {b2.n}, {ca}, {da}, and {e.} and to H*
by harmonic functions H, in such a way that if #, is the solution of

d d
- (anunz + bl,nunu + dn) + - (bz,nunz + CnlUhny + en) =0
dx dy

which coincides on R* with H}¥, then u, is analytic on R and D(H.*) <G,
independent of #. Define A,, B., and C, by (5) and perform the transforma-
tion (7). We find as in Theorem 1 that u, and v, are of class D; in (£, 1) on =
and satisfy

9) Ung = — (thny+ En),  Ung =t + D
almost everywhere, where

(10) D, = dnYny — €n%ny,  Ea = — (dnYnt — €nnr).
Also

A.Co— B2 =1, | 44|, | Bal, | Cu| = K(H, m),
(U2 4+ UP) s 4.U2 + 2B, U, U, +C.U sL- (U2 +UYP),
0<ISL< o,
ff (D + E)dtdn = Nl(ﬁ_l’m: A, do)-p™ N > 0, = )\(H,‘h_'l, A),
C(P,p)-2
(11)
(A4,U2 + 2B, U, U, + C,U?)dxdy =f (U2 + U2)dtdn,
D -

where U stands for any function of class D;, and D and A, denote correspond-
ing regions of R and 2 respectively, and K, N; and N depend only on the
quantities indicated, and / and L depend only on M and #. These results
are obtained by straightforward computation, the use of Theorems 3 and 4
of §2, and the relations of Theorem 1.

Thus

(12) Up = —n(‘sa 77) + uO,n(E: 77)’

where u,,, has the significance of §4 and H.(£, 5) is the function harmonic
on 2, and taking on the boundary values of H.*(£, n). Now, as in Theorem 1,
we see that D(u..) < L-G/I and that a subsequence {u.,} converges uniformly
on R to a function #(x, y) and {v,,} converges to a function v(x, y) uniformly
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on each closed subregion of R. Thus % and v are of class D; and, as in Theorem
1, are seen to satisfy (1) almost everywhere. It is clear that (i), (ii), and (iii)
are fulfilled. That the pair («, v) is unique follows from Theorem 1, since if
«’ and v’ were another pair with the same boundary values, %’ —% and " —v
would satisfy (1) with d=e¢=0 and obey the conclusions (i), (ii), and (iii) of
Theorem 1 with %’ —#% =0 on R* and v'(x,, yo) —v(%o, ¥0) =0. That |u,| <P
which depends only on ¥, 7, A, do, and the maximum of | H*| on R* follows
from Theorems 1 and 2 of §3.

Using Theorem 3, §2, and (12), we see that (iv) holds except that 3
and # intervene instead of M and m. Using (11), we see that

ff (u, + u,,)dxdy =< lim inf ff (u:i + u,z.,,)dxdy

1
< — lim inf ff (A,,u,., + 2Bty tny + C,.u,,,,)dxdy

l n—o

1
= lim inf ff (u:s + u:,,)dédn =N
An

n—o

where N depends on the quantities indicated in the theorem except that M
and 7 intervene instead of M and m; this is true since

f f (.0t + thm,0n)dEdy < f (Da + Ex)dtdy
z z

and regions D at a distance = from R* are carried into regions A, at a dis-
tance =m(8) from =*, where m(5) depends only on M, 7, and (R; p, ¢, 7;
, k, p) and in such a region | H,| and | H,,| <2k.r~1[m(8)]- where &, de-
notes the maximum of | H.*| on R*. To get rid of M and #, merely define
A, B, C in terms of @, by, b, ¢, and % and perform (7); all the conclusions then
hold with M and m replacing M and 7.

THEOREM 3. Let {a.}, {b1..}, {b2.n}, {ca}, {da}, and {e.} be sequences
of measurable functions which converge to a, by, bs, ¢, d, and e respectively almost
everywhere and which satisfy

lanlf Iblml’ lbz,nl, IC"I’ ldﬂl’ Ieﬂl =M
40,,6,, - (bl,,. + bz,”)z % m > 0, an > 0.

For each n, let u, and v, be of class Dy on R and R respectively and satisfy
Ipzg = — (b2,nunz + Calbny + eu) ) Uny = GplUpnz + bl,nuny + dn

almost everywhere with |u.| <G on R*(M, m, and G being independent of n).
Then
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@ lal, |8, |82, |¢|, |d], |e| =M, 4ac— (b1 +b2)22m >0, a >0,

(i) {wun} and {va} are uniformly bounded and satisfy uniform Holder con-
ditions on each closed subregion D of R, which depend only on M, m, R, G, and
the distance 5( D) of D from R*,

(i) [[o(tnz+0d,+2v2.+23,)dx dy<P[M,m,G, R, 8(D)], and

(iv) if the subsequences {u.,}, {v.,} are chosen to converge uniformily on
each closed subregion D of R to functions w and v, then u and v satisfy (ii) and
(iii) and

v, = — (boths + cuy + ¢, vy = athz + buy + d,

almost everywhere on R. The same conclusions hold if we merely assume that
each u, is of class D; on R with | u,.] =G.

Proof. (i) is obvious and (ii) and (iii) have been proved in Theorem 2.
To prove (iv), let D be a closed subregion of R. The conclusions (i), (ii),
and (iii) hold for D and {#,,} and {v,,} converge uniformly on D to % and v
which are of class D, on D. Then, by Lemma 6, §1,

0= ff [(vz + botez + cuy + €)% + (v, — au, — byuy — d)?dxdy
D

< lim inf f f [Wnz + ba,nthnz + Cathny + €4)?
i + (Vny — @uthnz — b1,nthny — dn)?]dxdy=0.
THEOREM 4. If a, by, bs, ¢, d, and e satisfy hypotheses (2) and satisfy
| ¢(x1, y1) — ¢(%2, y2) | S NP, A >0, 7= [(x2— x)?+ (y2 — y1)?] V2,

(¢(x, y) standing for a, by, b, c, d, or €) on R, then if u(x, y) and v(x, y) con-
stitute a solution of (1) with |u| <G, then u., u,, v., and v, satisfy a uniform
Hélder condition with the same exponent N on any subregion D of R where the
constant N’ depends on M, m, N, \, R, and the distance of D from R.}

5. Applications to the calculus of variations. In this section, we shall dis-
cuss the differentiability properties of a function z(x, y) which minimizes

o S 1655, 00305 (b= 5ma =)

among all functions having the same boundary values. We shall assume that f
is continuous together with its first and second partial derivatives for all
values of (x, v, 3, , ¢) and that the second derivatives satisfy a uniform
Holder condition on each bounded portion of (x, v, 2, p, ¢) space, with

t See E. Hopf, loc. cit.
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2
fppqu_qu>0’ fpp>0:
everywhere.

Lemuma 1.1 If 2(x, y) is a solution of (1) on aregion R, which solution satisfies
a uniform Lipschits condition, then

fD_fpdy ~faz= | fo.dxdy,

for almost all rectangles D in R.

Proof. Let {(x, y) be any function which satisfies a Lipschitz condition
on R and which vanishes on R*. Then it follows in the usual way that

) fR &fs + tofp + tuf)dudy = 0.

Now let D:a<x=<b, cSy=d, be any closed rectangle in R, and define

85, 9) = [ 1l 3, 56 ), 6 ), 066, NNk,

Then, if { is any function satisfying a uniform Lipschitz condition on R and
zero outside and on D*, we see that

ffp(ﬁ'fﬁz + tofo + Euf)dady = ffbg-,(fp — @) + tufddudy = 0.

Thus, it follows from a theorem of A. Haar} that

J o= 913y =tz =0

for almost all rectangles A of D, and hence that

[ 1oy = saax = [ gay = [ [ razas.
At A* A

Since R may be written as the sum of a denumerable number of rectangles D,
the lemma follows.

1 This lemma is equivalent to Haar’s equations for a minimizing function in a double integral
problem, first stated and proved by him in the case that p and ¢ are continuous. See A. Haar, Uber
die Variation der Doppelintegrale, Journal fiir die Reine und Angewandte Mathematik, vol. 149 (1919),
pp. 1-18.

1 A. Haar, Uber das Plateausche Problem, Mathematische Annalen, vol. 97 (1926-27), pp. 124-
158, particularly pp. 146-151.



160 C. B. MORREY [January

THEOREM 1. If z(x, y) satisfies the hypotheses of Lemma 1, then it is con-
tinuous together with its first and second partial derivatives and the latter satisfy
uniform Holder conditions on each closed subregion of R. If f(x, v, 2, p, q) is
analytic, 2(x, y) is also.

Proof. Let % be a small rational number and let (xo, ¥) be an interior
point of R. We define the region R, as the set of all points (%1, y1) of R such
that (1) the segment % <x=<x1+4, y=y, if >0 or x;+h=<x =, y=y if
k<0lies in R and (2) (x:, y,) may be joined to (xo, o) by a curve, all of whose
points satisfy (1). If | 4| <4k, Ra is a non-vacuous Jordan region (% rational).
Let D be a closed subregion of R; for | k| <k, Rs contains D. Also, if H is
any rectangle out of a certain set of “almost all” rectangles of D, we have

fH‘ {f?[x + h} y: z(x + h: y)) P(x + h; }’), q(x+h) y)]dy
(2) — Jole+ by y, 5z + by y), pla + by y), gl + b, y) |dw}

= ff fz[x + h: Y z(x + h: y)) P(x + h: y)) ‘I(x + h) y)]dxdyr
H

f,,. {752, 3, 25, 9), 2(%, 9), a(x, 5)]dy
- fq[x’ Y, z(x, y)} I’(x: y): Q(x’ y)]dx}

®
= [ [ 2155505, 52, 963, 9, 062, 9))asas,

for all rational & with | k| <h,.
Let

1 z+h
2z = “;fz 3(¢, y)dt.

Then
2(x + h, y) — 2(x, y) 1
(s, 3) = PEEEE a oy = [ ae v,
_pa+hy) — p(x, ) g(x+ h,y) — q(x, 9)
hz = ) ) hy = 4 = Qqhz,

almost everywhere (| 4| <h,). Clearly p, satisfies a Lipschitz condition on D
for each % with 0<|k| <, and hence is of class D,. Also || is bounded
independently of 4.

Subtracting (3) from (2) and dividing by %, we find that
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[ o, Due+ b, s + i, 91y
.

— [ba(x, 2)pne + an(x, y)pay + enl, y)|dx} = 0

on almost all rectangles H of D (for each rational & with | k| <h,). Here we
may take

4

ax(w3) = [ foolwt th, 3,505, ) + tlatx + by 9) = 53 )], 23, 9
+ tlp(x + b, 3) = p(x, M), oz, 3) + tlg(x + &, 3) — ¢(x, )]},

1 1
bu(=, y) =f Sredt, alx, y) = f faddt,
0 0
1 b _ 1
en(x, y) = f Jerdt + Heth y}); mnd f Sedt,
0 0

z(x + h: }’) - z(x, }’) !
P j; Jp2dt

1
i) = [ Jputt +
0

1 z+h
- '; f:[E, ¥, 2§, 3), (&, 9), 9(5, y)]dE,
where the arguments which are not indicated in b4, ¢, ds, and e, are all the
same as that in as. Clearly |as|, |84], |ca|, |di|, and |es| are uniformly
bounded for | 2| <% and it can easily be shown as in the proof of Lemma 2,
§2, that

aer, — b =2m >0

for all & with | k| <h. Also from (4), it follows that, for each such 4, there
exists a function v,(x, y) which satisfies a Lipschitz condition on R and which
satisfies

(%o, ¥0) = 0, o= — (Dathns + Cathny + €n),  ny = Gatnz + bateny + di

almost everywhere. Also, if {#4.}—0 (all rational with | k.| <k) {as.}, {ds.},
{chn} ’ {dh"}2 and {eh"} tend to fPP[xy Y, Z(x) y)) P(x, 3’)» Q(x) y)]) Soas faas
Joztfoe-p—f2 and foz+fq.- p respectively. Hence, from Theorem 3, §4 and
the fact that ps, tends to p almost everywhere, it follows that p(x, y) satisfies
a uniform Hélder condition on each closed subregion A of D. Similarly it
may be shown that ¢(x, y) also satisfies the same type of condition.
If we choose a subsequence so {vs,}—v, then we have that

v = — (fpebs + foug= + [fqz + fqul), Uy = foobz+ fraby + UP’ + fo:p _fz]
almost everywhere. From Theorem 4, §4 it follows that p. and p, satisfy
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uniform Hélder conditions on each subregion of R; the same statement holds
for ¢. and ¢,. This proves the theorem. The last statement has been shown
to hold by E. Hopft if it is known that p(x, y) and ¢(x, y) satisfy Holder
conditions which fact we proved above.

6. Applications to quasi-linear elliptic equations. In this section, we shall
consider the equations of the form

(1) a(x, ¥)z22 + 2b(%, ¥)32y + (%, ¥)3yy = d(x, ),
(2) a(=, 9,2, p, Q222 + 2b(%, 3,3, p, P22y + (%, 9, 2, p, Q2yy = Nd(%, 3, 3, §, q),

in which we assume that the functions @, b, ¢, and d are defined and continu-
ous for all values of their arguments with ac—b%=1, ¢ >0, and that these
functions satisfy a uniform Hélder condition in each bounded portion of the
space in which they are defined. Then it is known} that there exists a solu-
tion of (1) which is defined in the unit circle = and vanishes on Z* and that
its second derivatives satisfy a uniform Hélder condition on each closed sub-
region of Z. A more precise statement is given in Lemma 1 below.

Lemuma 1. Let 2(x, y) be the solution of (1) which vanishes on Z*, let k be
the maximum of |d| /(a+c) on =, and let | be the maximum of (a+c) on Z. Then
k
lsl=—> I#l, lql s 1200%
on Z, and p and q satisfy uniform Holder conditions on each closed subregion A
of T which depends only on k and I and the distance of A from 2*,_ angd Zuz, Zay,
and 2y, satisfy uniform Holder conditions on each closed subregion A of Z which
depend only on the above and on the Holder conditions satisfied by a, b, ¢, and d.

Proof. First, suppose that g, b, ¢, and d are analytic on T so that z is
analytic on 2. It is known§ that if di(x, y) <d(x, y) <dz(x, y) on R and if z
and 2z, are the corresponding solutions of (1), then z =2z=2. Hence if we
choose

2 = k(l’—xz_yz)/z’ 22 = — 21,
dl(x, 3’) = - k(a + C)) d2(x; y) = k(a + C))

we see that £/2=22> —k/2 on 2. Also, since 2,—220 and z2—22=0 on 2, we
see that

t Loc. cit.

1 For it is known (see Lichtenstein, loc. cit.) that the solution exists if g, b, ¢, and d are analytic
and the result follows from Theorem 4, §4 by approximations.

§ See for instance in S. Bernstein, loc. cit., second paper.
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on Z*, Since 3z/360 =0 on ¥, it follows that
2], g Skon z*
Now p and ¢ satisfy the equations
aps+ 2bpy +cgy=d, py—¢-=0.

If we set u= —p, v=¢, and v=7p, 4 =g, the equations become
a 2b d

3) V= — Uy, vy = — Uy + — Uy + —>
(4 (4 Cc
2b c d
4 v, = —\— %+ —u, — —), Uy = Ug,
a a a

respectively, each of which is a system of the type treated in §4. Thus, by
Theorem 3, §4, we see that p and ¢ are bounded and satisfy uniform Hélder
conditions as desired in the lemma, and from Theorem 4, §4, we see that
22z, %2y, and 2,y satisfy the desired conditions; these conditions hold whether
a, b, ¢, and d are analytic or not.

To see what the bounds are for p and ¢, let R be the unit circle and let
m, k, p and p, g, r be three equally spaced points on Z* and R* respectively.
Clearly (Z; =, «, p) and (R; p, g, 7) satisfy D(L, d) conditions where
L=4x-3"%2 and dy=3"2 In making the transformation (7) of §4, we see
that the ratio of the maximum to the minimum magnification at each point
is given by p+(u2—1)V2 where

(l+a3u’+4duu +(2+4b2)2
- z — Uz — %y
_A+C 1 2 c? Y 2

F=7 72 e 2
—ul +— uuy, + u}
c c
2
< (a-l;c) 4

since a+c¢=2. Thus the K of Theorem 2, §2 is /2—2, and hence
ff (28 + =2 + ¢ + y2)dtdn < 2m(12 — 2)(31/2-29) 21D EHD],
C(Py,r)R

Since, on R, D=(d/c)y,, E= —(d/c)y: in (3) and D=(d/a)x,, E= —(d/a)x;
in (4) (using relations (10) of §4), it follows that
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47(l2 — 2) d?
f (D? + E»dtdn < max —————— p?,
C(P.p) R (x,y)onET  31/2 c?
4712 — 2) d? 1

D* + E?dtdy < max ———— —pP A= —
ffc(p,,,.n( kb S e = 2)(L+1)?

in cases (3) and (4) respectively. Let us call the first vp* and the second ap.
Referring to Theorem 1, §3 and using the notations of Theorems 2 and 3
and the remark, we see that

IA

¥ 1/2 a 1/2
| Ual, [ V1] = 401 4[] (—) o [ 7] s 4+ [28] (—)
2w 2
in cases (3) and (4) respectively so that
v\ V2 a\1/2
[toaly [s0a] = 80+ [ (1) Lol [na] 80+ [19 ()
2w 2

in (3) and (4) respectively, so that, finally

ul, | 2) ()" L) (£)"
, =8(14+—)(— E, |ul,|v] =8(14+=)(— k,
b lel=s(i43) )+ Lk 1o =5 (14 3) ()

in (3) and (4) respectively. Since ||, |2| are merely ||, |g| in one order or
the other, and since 2|d|/(a+c) is between |d|/c and |d|/a, we may sub-
stitute 4k2 for d%/a? and d?/c? so that we obtain

[ 2], || = 8[t + 32 — 2)-(4x-3-3/2 + 1)2]2-1/2.3-14.1. 2k < 1208k

sincel=1.

DEFINITION 1. A function z*(x, y) is said to satisfy a three point condition
with constant A on Z* if for each plane z=ax+by+c¢ which passes through
three points of the curve z=2*(x, y), (x, ¥) on =* we have a?+b2< A%

LEMMA 2. Let z*(x, v) satisfy a three point condition with constant A on Z*,
and let z be the solution of (1) which takes on these boundary values, d(x, y) being
assumed to be identically zero on Z. Then

(i) |, min_2* < 2(x, y) < max 2% (v, )2 in 2(s, ), and

(i) p? 4+ ¢* = A%
Proof. This is well known.f
THEOREM 1. Let z*(x, y) satisfy a three point condition with constant A on

t See, for instance, J. Schauder, Uber das Dirichletsche Problem im Grossen filr nichtlineare
elliptische Differentialgleichungen, Mathematische Zeitschrift, vol. 37 (1933), pp. 623-634.
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Z* and let us assume that N\=0 in equation (2). Then there exists a solution
z(x, ) of (2) which coincides with z* on Z*.

Proof. Let M denote the maximum of |2*| on Z* and let I be the least
upper bound of a(x, vy, 2, p, q) +c(x, v, 2, p, ¢) for all functions z(x, y) which
satisfy Lipschitz conditions and for which |z| <M, p2+¢2<A2.

Now, let z0(x, y) be the harmonic function taking on the given boundary
values and define functions z.(x, y) for =1 as the solutions of

a(x) Y; 2n, pﬂ) qn)zﬂ+1,zz + 2b(x: Y5 Zn, pm qﬂ)zﬂ+l.zv + c(x, Y5 2n, Pm qn)zn+1'lw =0
which coincide with z* on Z*. At each stage
|2.| = M,  p2+gq?2 A2

and a,, b, ¢, satisfy Hélder conditions which depend only on A, M, and /,
where @, stands for a(x, y, 2., P», ¢»), for instance. Since p, and ¢, satisfy
the equations

an—lpnz + an—lpny + Cn—-1qny = 0’ an — qnz = 0

and | .|, |ga] =4, it follows from §4 that p, and ¢, satisfy uniform Hélder
conditions on each closed subregion D of 2 which depend only on /, 4, and
the distance of D from Z* (and not on ). Thus, by Theorem 4, § 4, 2,22,
Zn, 2y, ad 2.,y satisfy similar conditions, since @,—1, a1, and ¢, satisfy uni-
form Hélder conditions on subregions of Z which depend only on the above
quantities. Thus a subsequence {7} may be chosen so that the sequence {z,}
converges uniformly on = to a function z and so that the sequences {2, .},
{Zarw}s {Znpss}, {Zns.zv ), and {2a,.y} converge uniformly on each closed sub-
region of 2 to the corresponding derivatives of z. Clearly z is the desired solu-
tion.

TrEOREM 2. If |\| s sufficiently small, the equation (2) possesses a solution
which vanishes on Z*.

Proof. Let I(z) and k(z) denote the least upper bounds of

alx, y, 2(x, 9), p(x, 9), q(=x, »] + ¢clx, 3, 2(x, 3), (=, ¥), ¢(z, y)],
d[x, v, 2(x, ¥), p(x, 3), ¢(x, ¥)]
alz, y, 2(x, ), p(%, ), ¢(x, »)] + cl=, ¥, 2(x, ), p(x, ), ¢(=, )]

respectively. For all z with 224 p2+¢%<a? I(z) <1, k(z) <k. Now if z(x, y) isa
function for which 22+ p2+¢?<a? and for which p(x, v), ¢(x, ) satisfy a uni-
form Hélder condition on each closed subregion of Z, the solution Z of

a(x, y’ z? P’ q)ZII + 2b(x’ y’ Z’ p’ q)sz + C(x’ y’ z’ P’ q)ZV” = xd(x7 y’ z’ P’ q)
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which vanishes on Z* is such that Z,,, Z.,, Z,, satisfy Hélder conditions on
each closed subregion D of Z which depend only on the Hélder conditions
satisfied by @, b, ¢, Nd and 2, p, and ¢, and Z. and Z, satisfy Holder conditions
which depend only on «, %, /, and A. Also, by Lemma 1

(Z2 + P2 4 QY12 £ 120-31/2.[3. k- I )‘I
which is <o if N is small enough. The successive approximations may be
carried through as in Theorem 1.

THEOREM 3. Let L(G) and K(G) denote the least upper bounds of I(z) and
k(z), respectively, for all z with 22+ p*+q? < G2. If, in addition to our kypotheses,

we assume thal
L}G)-K(G
o DO EE)
G G

b

the equation (2) possesses a solution on = which vanishes on =* for each value
of \.
Proof. For each u >0, there exists a number N, such that
120-312.L3G) - K(G) < uG

for all G2 N,. Let M, be the least upper bound of 120L3(G) K (G) - 3V2 for all
G=N,. If we let P, be the larger of N, and u~!- M,, we see that

12003(z) - k(z) - 312 < pP,

for all z for which 22+ p2+4¢?< P2 Thus, if z is such a function and Z is the
solution of

a(x, y, 3, 2, 9Zz2 + 2b(x, v, 3, p, 2.y + c(x, ¥, 3, p, Q)Zvv = Nd(x, ¥, 2, §, q)
which vanishes on Z*, then
(Z2 4 P24+ Q)2 < | \|-p-P,

whichis <P, if |\| <u~!. The remainder of the proof proceeds as in Theorems
1and 2.
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