THE GEOMETRY OF WHIRL SERIES*

BY
JOHN DE CICCO

INTRODUCTION

In this paper, we shall give some results in addition to those given in a
paper, called The geometry of isogonal and equi-tangential series by Kasner.}

We begin by considering certain simple operations or transformations on
the oriented lineal elements of the plane. A turn T, converts each element
into one having the same point and a direction making a fixed angle o with
the original direction. By a slide Sy the line of the element remains the same
and the point moves along the line a fixed distance k. These transformations
together generate a continuous group of three parameters which is called the
group of whirl transformations.}

Applying a turn T, to the tangential elements of a union produces an
isogonal series while a slide S, produces an equi-tangential series. When we
apply a whirl to the tangential elements of a union we obtain a whirl series.

Kasner has proved that (1) any element transformation which converts
every isogonal series into an isogonal series must be the product of a conformal
transformation by a turn. He also has proved that (2) any element transformation
which carries every equi-tangential series into an equi-tangential series must be
the product of an equi-long transformation by a magnification by a slide.

We shall derive certain generalizations of the above results, two of which
are the following: Any element transformation which carries every union into
a whirl series must be the product of a contact transformation by a whirl. Any
element transformation which converts every whirl series into a whirl series must
be the product of a rigid motion by a magnification by a whirl.

We also find that, for an arbitrary element transformation, the maximum
number of unions, isogonal, equitangential and whirl series which are trans-
Sformed into whirl series are respectively o?, 5 05 7,

I. THE DIFFERENTIAL EQUATION OF ALL WHIRL SERIES

For the analytic representation of an element, it will be found convenient
to use two systems of coordinates called the cartesian and the hessian co-

* Presented to the Society, April 10, 1936; received by the editors April 16, 1937.
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ordinate systems respectively. The cartesian coordinates of an element E are
(x, y, 8) where (x, y) are the cartesian coordinates of the point of E and
f=arc tan p is the inclination of the line of E. The hessian coordinates of an
element E are (, v, w) where v is the length of the perpendicular from the
origin to the line of E, « is the angle between the perpendicular and the initial
line, and w is the distance between the foot of the perpendicular and the
point of E.
The equations of the slide S are

U=u, V=uy, W=w+4+k.
The equations of the turn T, are
U=u+a, V = vcos @ + wsin «, W = —9vsina+ wcos a.
Since any whirl transformation may be given in the form W =T,S.T,, it
follows that the equations of the whirl W =T4S:T, are
M {U=u+a+ﬁ, V =1vcos (« +8) + wsin (@ + B) + ksin B,
= — 9sin (« + B) + w cos (@ + B) + % cos B.

From (1), it is found that any whirl series is given by the equations

@ {V=v(U—a—B)cos(a+B)+v’(U-—a—-ﬁ)sin(a+B)+ksinﬁ,
= —9(U — a—pg)sin(a+ B) + v'(U— a—B) cos (a + B) + & cos B,

where (u, v(u), v'(4)) are the elements of the fundamental union, and «, &, 8
are the constant parameters of the whirl transformation.

THEOREM 1. In hessian coordinales the necessary and sufficient condition

that the series V =V (U), W =W (U) be a whirl series is that the functions V and
W satisfy the equation of third order

d VII —_ Wl
au v+ w

3) =
In cartesian coordinates the mecessary and sufficient condition that the series

X=X(0), Y=Y (0) be a whirl series is that the functions X and Y satisfy the
equation

d [—-X'+Y —X'4+Y"\?
) —(———> =1+ (—————)
aé\ X"+Y X"+v
If in hessian coordinates, V=V (U), W=W(U) is a whirl series, then it

may be given by the equations (2) which obviously satisfy (3).
Let now the series V=V (U), W=W(U) be such that the functions V
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and W satisfy (3). By integrating (3) with respect to U and writing the con-
stant of integration as tan (a+p), we obtain the equation

V"= W)cos(@a+B8) — (V' + W")sin (@ + 8) = 0,
which upon a second integration yields
V' cos(a+ B) — W sin (@ + B) = Vsin (e + 8) + W cos (@ + B) — k cos «,
where k is a constant. From this equation, it is seen that the equations
u=U—a—2,
v="Vcos (a+B) — Wsin (e« + B) + ksin a,
w="Vsin(a+B) + Wcos (a+B) — kcosa
represent a union. Solving them for U, V, W, and expressing V, W in terms

of U, we are led to (2) and thus conclude that our given series is a whirl se-
ries. The proof for cartesian coordinates is similar.

COROLLARY. In hessian coordinales, the necessary and sufficient condition
that the series U=U(t), V=V (t), W=W(t) be a whirl series is that the func-
tions U, V, and W satisfy the equation
d (UtVtt - VtUu - WtUtz) _ O
a\v.U2 + UW, — WUy '

©®)

In cartesian coordinales, the necessary and sufficient condition that the series
X=X(t), Y=Y (), 0=0(t) be a whirl series is that the functions X, ¥, and 0
satisfy the equation

6) dM“O(l + M?)
( a ’
where

— X024+ 0Y, — Vb
0: X — X + V02

II. UNIONS INTO WHIRL SERIES

THEOREM 2. Under any element transformation, there exists in gemeral a
four-parameter family of unions which are transformed into whirl series. Any
element transformation which converts every union into a whirl series must be
the product of a contact transformation by a whirl.

By any element transformation, the elements of a union

u, v = v(u), w = v'(u),
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become the elements
U= ¢(u,n7), V =y, v), W = x(u, v, 7).
If this series is a whirl series, then by (5) we must have
A A d_"’) ’
d |du du® du du? du \du
du | dy <d¢)2 i &x _dx &'

du@

(™

du du® du du?

Upon substituting the values of the derivatives of ¢, ¥, and x into (7), we
have

® d (A +Bv"+Cv”2+Dv”3+Ev"’> _

du\K + Lv"" + Mv"* + Nv's + Pv'"’

where 4, B,C, D, E, K, L, M, N, P are functions of «, v, v’ only.

Since (8) is a differential equation of the fourth order in , it follows that
there is in general a four-parameter family of unions which under the above
element transformation are carried into whirl series. All the different cases
in the preceding paper have been discussed in a paper by Kasner and De
Cicco called T'ke classification of element transformations by isogonal and equi-
tangential series, published in the Proceedings of the National Academy of
Sciences, vol. 24 (1938), no. 1, pp. 34-38. The different cases of this paper
will be considered in a later paper by the author.

Our next problem is to determine all element transformations which con-
vert any union into a whirl series. Then (8) is an identity, and the coefficient
of v""” in (8) is zero, whence

A + By + Cv'’? 4+ Dv'’3 E

K+ Lv" 4+ My 4 N P

Since this relation is satisfied for every union, the ratios A/K, B/L, C/M,
D/N, E/P have a common value A(%, v, v") and (8) becomes
d\

— =X+ N\, + "Ny = 0.
du

Hence X is a constant, say tan «, and we obtain

A B C D E
9) —=—=—=—=—=tana.
K L M N P
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Of the functions 4, B,C, D, E, K, L, M, N, P, we shall need the explicit

expressions for the following ones:
(A = (¢ + 2'¢0) Wuu + 20Yuo + vH00)

= (Pu + 0¥0) (buu + 20000 + v2%050) — (xu + 9'x0) (Bu + 2'60)?,
K = (Yu+ v¥.) (@u + v02)? + (du + v'$0) (Xuu + 20"Xus + 2"*X00)

= (xu + 9'X0) (Guu + 20'¢u0 + v'%00),
D = $ous — Yot — Xordbor,
N = Yoty + dvxors = Xvboror
E = y,(du + 9'¢ds) — 0 (Yu + v'¥s),
P = xy(pu + v'¢0) — dor(xu + ¥'x0).

We observe that our element transformation may be expressed as the
product of some other transformation

U = Q(u’ v’ w)’ V = q,(1" v’ w)’ W = X(u’ v’ w)’

(10) ;

by the turn T,, where a is the constant angle of (9). Then we have

¢=®+ a, ¥ =V cosa+ Xsin e, x = — ¥sin a + X cos a.
It is clear that the equation E/P =tan a may be written as
#’v' 'l’u + '”"pv
¢v' ¢u + v,¢v
; = tan a.
X Xut VX0
¢v' ¢u + v’¢v

Substituting the equivalent expressions in terms of ®, ¥, X and simplifying,
we obtain the relation

(11)

not containing a.
It is readily seen that the equation D/N =tan « may be written as

9 (%' )
av, ¢v’ x

a9 Xo’ )
v’ (¢ + b

Substituting the equivalent expressions in terms of ®, ¥, X, we obtain even-

tually the equation
0 (¥,
2 (% %) -,
9’ \ &,

v, + VY, V¥,
d, + 0P, &,

= tan a.
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which upon integration with respect to v becomes

¥,
(12)

= X+M(’u, 'D),

v’

where u is a function of # and v only.
The equation 4/K =tan a can be put into the form

(6 ty d (n[/,, + o'y, )
du v v/ \¢u+ v'¢, X

9 , 9 xu + v’xu)
(3u + v 61’) ('I/ + ¢u + ‘v,¢v

Substituting into this equation the equivalent expressions in terms of &, ¥, X
we obtain, on simplification

(13) (=+v2) [ x] -
o o) Lo, + oo, B

From (11), (12), and (13), we have

= tan a.

9 9
(— + -—) u(u, v) = py + v'u, = 0.
ou 9y
Therefore u is a constant k.
We therefore conclude that the functions ®, ¥, X satisfy the equations
Y, + o'V, T,

14 _—=
(14) &, + e, D,

=X+ k.

Hence it follows that our given transformation is the product of a contact
transformation by a slide by a turn, that is, it is the product of a contact
transformation by a whirl. That this condition is sufficient is obvious.

III. EQUI-TANGENTIAL SERIES INTO WHIRL SERIES

THEOREM 3. Under any element transformation, there exists in general a
five-parameter family of equi-tangential series which are transformed into whirl
series. Any contact transformation which carries every equi-tangential series into
a whirl series must carry every equi-tangential series into an equi-tangential
series; that is, it must be the product of an equi-long transformation by a magnifi-
cation. Any element transformation which converts every equi-tangential series
into a whirl series must be the product of an equi-long transformation by a
magnification by a whirl.
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By any element transformation the elements of an equi-tangential series
u, v=2(u), w=2v"(u)+k, become the elements

U= ¢(u) Y, ZU), V= '//(“’ v, W), W= X(u’ v, 'LU).
If this series is a whirl series, then by (5) we have

d¢p d% dy d’¢ dx <d¢) 2
d | du du? du du® du\d

(15) — =0
du | dy d<i>>2 de d*x dx d%

du \du

du du?® du du?

Upon substituting the values of the derivatives of ¢, ¥, x into (15), we
have

(16) d (A + Bw' 4+ Cw'? 4+ Dw’3 + E-w”) o,

du\K + Lw' + Mw'? + Nw'® + Puw"

where 4, B,C, D, E, K, L, M, N, P are functions of «, v, w, k only.

Since (16) is a differential equation of the fourth order in », the complete
solution of (16) contains four constants of integration and the constant % of
our equi-tangential series. Therefore, there is in general a five-parameter
family of equi-tangential series which under the above element transforma-
tion are carried into whirl series.

Our next problem is to determine all element transformations which con-
vert any equi-tangential series into a whirl series. Then (16) is an identity,
hence the coefficient of w’"’ is zero. Thus

A+ Bw 4+ Cw'?+ Dw'® E

K+ Lw + Mw?+4+ Nw? P

Since this equation is satisfied for every equi-tangential series, the ratios
A/K,B/L,C/M,D/N, E/P have a common value \(%, v, w, k), and (16) be-
comes

ax
— =X+ (w — )\, + W'\, = 0;
du
that is, A is a function of % only. Thus we obtain the result
A B C D E

where A is a function of % only.
Now since a union is a special case of an equi-tangential series, it follows
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by Theorem 2 that the transformation which we are seeking must be the
product of a contact transformation by a whirl. It remains therefore to con-
sider the contact transformations which carry any equi-tangential series into
a whirl series.

If A=0, it follows from (17) that the numerator of the fraction in (16),
and hence that of the fraction in (15), vanishes for every equi-tangential
series. Thus, the equation

ay
d | du

(18) T W—xl=0
du

must be identically satisfied. From (18) it follows that our contact transfor-
mation converts every equi-tangential series into an equi-tangential series.
Therefore according to Kasner’s result our contact transformation must be
the product of an equi-long transformation by a magnification.

We shall prove that there is no contact transformation with the desired
property for which A is different from zero. In the first place, our contact
‘transformation can not be an extended line transformation. For any such
transformation with the desired property must carry every equi-tangential
series into an equi-tangential series, and thus N\ must be zero. Therefore for
our contact transformation, we must have

bt Yo

(19 =
) x ¢u + w¢v ¢W

where ¢, 70 and ¥, 0.
The equation D/N =\ has the form
¢w¢ww - 'l’w¢ww - de’wz
'/’w¢w2 + PuXww — XwDww

Since A0, and the numerator of the fraction vanishes by (19), the de-
nominator must vanish, and we have

(20) —a(¢ + ’—"—") ~o.
dw ¢w
From (19) and (20), we obtain
¥ =a+Bsin (¢ +17),
x = B cos (¢ +7),

where a, 80, v are functions of » and v only.

,

= .

(21)
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The equation E/P =X\ may be written as
'l’w[¢u + ('w - k)¢v] - ¢w[¢u + (w - k)'l'v]

=2
Xw[¢u + (w - k)d’v] - ¢w[Xu + (w - k)Xv]
and hence, by (19), may be put in the form
(22) L
x kD
where
Xw(¢u + w¢v) - ¢w(Xu + va) PuwXv — XuwPo
(23) s = ) r=—"-.
¢w‘l’v - ‘pwd’v ¢w‘l’v - ‘l’w¢v

Since the jacobian of the transformation cannot be zero, it follows by (19)
that the common denominator of 7 and s, and also the numerator of s, are
each different from zero. Hence, since A is a function of % only, r and s#0
are finite real constants, independent of &.

Substituting the values of Y and x into the second of the equations (23),
we obtain

(B» — 7Bv.) cos (¢ + v) — (Bys + 7B,) sin (¢ + v) — ra, = 0.

Since ¢, #0, it is seen that 8,—78y, =0, By,+7B8,=0, ra, =0. Thus B0 and
v are functions of % only.

Substituting the values of ¢ and x into the first of equations (23) and
remembering that 8 and v are functions of # only, we obtain

— Bu cos (¢ + v) + Byu sin (¢ + v) — sa, = 0.
Since ¢, 50, it is seen that
B. =0, By. = 0, sa, = 0.

Thus B8 and v are constants independent of £. Then by (21), x is a function of
¢. Hence there is no contact transformation with the desired property for
which X is not zero, and the proof of our theorem is complete.

IV. ISOGONAL SERIES INTO WHIRL SERIES

THEOREM 4. Under any element transformation, there exists in general a
Jfive-parameter family of isogonal series which are transformed into whirl series.
Any contact transformation which carries every isogonal series into a whirl series
must carry every isogonal series into an isogonal series, that is, it must be a
conformal transformation. Any element transformation whick converts every
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isogonal series into a whirl series must be the product of a conformal transfor-
mation by a whirl.
By any element transformation, the elements of an isogonal series
x, y = y(x), arc tan p = arc tan y'(x) + arc tan &
become the elements
X=9(1910), Y=y¥uxvy72p, P=x(xy27s.
According to (6), this series is a whirl series if and only if

af
dx
do (d&)” do d% dy d

(24) 1+ x?

where

dx
=01+ 7

dx \dx

dg d¥ do d* +d¢(d£7)2

dx dx?* dx dx® dx\dx
and #=arc tan x.

Upon substituting the values of the derivatives of ¢, ¥, x into (25), we
have

(26) /

(25) /=

_ A+Bp’+Cpl2+DP/3+EP/l
K + Lpl + MP’2 + Np/a + Rp//

where A, B,C, D, E, K, L, M, N, R are functions of z, y, p, k, only.

Since, by (26), (24) is a differential equation of the fourth order in y, the
complete solution of (24) contains four constants of integration and the con-
stant % of our isogonal series. Thus there is in general a five-parameter family
of isogonal series which under the above transformation are carried into whirl
series.

Our next problem is to determine all element transformations which con-
vert any isogonal series into a whirl series. Then (24) is an identity, hence the
coefficient of p"" is zero, whence

(K + Lp' + Mp"* + Np'SE — (4 + Bp’ + Cp" + Dp')R = 0.

Since this equation is also an identity, the ratios A/K, B/L,C/M,D/N, E/R
have a common value A(x, y, p, k). Then obviously f=X\, and from (24) we
obtain

7 e

where « is a function of % only.
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Now since a union is a special case of an isogonal series, it follows by
Theorem 2 that the transformation which we are seeking must be the product
of a contact transformation by a whirl. It remains therefore to consider the
contact transformations which carry any isogonal series into a whirl series.

In the first place, let us suppose that our contact transformation is an
extended point transformation. Then it must carry every isogonal series into
an isogonal series, and therefore according to Kasner’s result, it must be a
conformal transformation.

Next let us suppose that our contact transformation carries every point
into a line. Then it must be of the form

6= gz"'ng’

8) S+ pfy
'P=f¢—g7
x =1

where f and g are functions of x and y only. Then (28) must carry every
isogonal series into an equi-tangential series. Thus the elements of the union

x,  y=30), ¥y =3
corresponding to the isogonal series
x, y = y(x), arc tan p = arc tan y'(x) + arc tan k
must be carried into the elements of the union
X=9¢x197), Y=y¥uyy), P=x7y)
corresponding to the equi-tangential series
X=9¢x20p, V=yxy9p, P=xxy1.

If this series is an equi-tangential series, then
d
JQ—C ([d’(x, ¥ P) - ¢(x, Y, yl)]2 + ['//(xy Y ?) - ¢(x’ Y, :V’)]z)”2 =0.

Upon simplifying this equation by means of (28) and setting the coefficient of
¢’ equal to zero, we obtain (since f.g, —f,g.#0)
(29) [+ pR)f- + (2 — Bf]2 = (B + D)(f. + p)%

Equation (29) is an identity; hence the coefficient of %2 is zero, whence

(f= = f1)* = (f= + pf)*.
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Since this equation is also an identity, we must have
f== =% fu, —fu= % fa

that is, f is a constant. By (28), this is impossible. We have, therefore, proved
that there is no contact transformation which carries every point into a line
and every isogonal series into a whirl series.

Now we shall prove that there is no contact transformation with the de-
sired property for which ¢,#0, ¢, 70, and x,70. For our contact transforma-
tion we must have

z+ v b4
(30) =ttt Vs

b+ poy ¢y
The equation E/R = (x+a)/(1 —ax) can be written in the form
Vol + Ep)x+ (0 — B)xu] = x[(A + kpWo + (0 — BW]  x+ @
$ol(1+ kp)xa+ (0 — B)xs] — xo[(1 + £D)0o + (2 — B)$y] 1 —ax

which, when solved for « and combined with (30) gives,

(31) i = % + s,
where

— (1 + X2) [¢p(X: + PXv) - Xp(¢‘z + Pd’u)] ,
(32) Xp[_ (Nz - 'l’v) + X(?d’z - ¢u)]

— ¢p(1 + X2)(PXz - Xv) - Xp{(?d’z - d’u) + X(N: - d’v)} .
Xp[_ (N: — ¥ + X(P¢z - ¢u)]

Since the jacobian of the transformation can not be zero, it follows by (30)
that the common denominator of 7 and s, and also the numerator of r, are
each different from zero. Hence, since « is a function of £ only, 750 and s are
finite real constants and are independent of k. From (31), it is then seen
that a 0.
The equation D/N = (x+a)/(1 —ax) may be written in the form
— ¢ox7 + 2x¢¥oxs + 1+ X2)(Xp‘l’pp 'I’Ppr) _ X + ]

2X¢po + ‘l’pX + (1 + Xz)(Xpd’mr - ¢pop) 1—oax

Solving this equation for «, we obtain

2 2 L W ¢_"
— (14 2x)é, + x¢¥» + (1+X)|:3p(x,,> 61) xp)]

x¢p + (1 4+ 2x3)¥, + (1 + x?) I:ap (Xp) tx ap (Xp>:|

(33) o =
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Since a0 and the numerator of the fraction vanishes by virtue of (30),
the denominator must vanish, hence we obtain the relation

i) i)
(34) 2xts + (%) + x> (2) - 0.
9P \x» 9P \x»
From (30) and (34), we then obtain
X
b=at—1"r —,
1 2\1/2
35) 1+ x»
v
VR T ar e

where o, 8, and 0 are functions of x and y only.
In order that (35) be a contact transformation, we must have

(36) Bz + pBy = x(az + pay) + (v= + pv,)(1 + xH)'2.
From (32) and (35), we obtain

(e pa)( ) (e xR
(B2 — By) — x(paz — ay) — (pv2 — 1,)(1 + xHV?
s = (paz — ay) + x(pB= — By) )
(P82 — By) — x(paz — @) — (pv= — 7)1 + xH)'?
Since r 0, it follows from (36) and (37) that

(a, + ?au) + X(Bz + Pﬁu)
(Paz - au) + X(Pﬁz - ﬂv)

where ¢ is a constant independent of k. Solving this equation for x, we obtain

(a: + Pav) - t(Paa: — ay) .
- (ﬂz + PBV) + t(?ﬁz - ﬁv)

It is observed that neither the numerator nor the denominator of the frac-
tion in (38) can be zero. For, if either vanished, both must vanish and it
would follow that « and $ are constants. But, then v would have to be a con-
stant, by (36), and if , B, v were constants, ¢ and ¢, as given by (35), would
be functions of x; and this is impossible.

We shall prove that vy cannot be a constant. For otherwise by (36) and
(38) we would have

(: + Pav) - t(?az — ay) — B=+ pBy )
- (B-t + Pﬁv) + t(PBz - Bu) a; + pay,

@37

S
=—=t’
r

(38)
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Upon setting the term independent of p and the coefficient of p? each equal
to zero, we obtain

a,(a, + tav) = - Bz(ﬁz + tﬁv)y
ay(ay — taz) = By(— By + 182).
Upon adding these equations, we find that « and 8 are constants. This proves

that oy cannot be a constant.
By (38) we see that x has an expression of the form

b
(39) _etor
c+ dp
where a, b, ¢, and d are functions of x and y only. Also we must have
(40) ad — bc # 0.

For otherwise by (35) and (39), ¢, ¥, x would be independent of 2.
Since 7 is not a constant, it follows by (36) and (39) that

[(a + 5p)2 + (c + dp)?]'2
c+ dp

is a rational function of p with coefficients which are functions of x and y
only. Hence

(1 + ) =

[(a + bp)2 + (c + dp)?]2

must be a perfect square with respect to the letter . But this can only happen
when ad —bc=0. By (40) this is impossible. Therefore we have proved that
there is no contact transformation with the desired property for which ¢,>=0,
¥,»#0, and x,50. This completes the proof of our theorem.

V. WHIRL SERIES INTO WHIRL SERIES

THEOREM §. Under any element transformation, there exists in general a
seven-parameter family of whirl series which are transformed into whirl series.
Any contact transformation which carries every whirl series into a whirl series
must be the product of a rigid motion by a magnification. Any element transfor-
mation which converts every whirl series into a whirl series must be the product
of a rigid motion by a magnification by a whirl.

By any element transformation, the elements of a whirl series
u, v=o), w=w),
become the elements

U= ¢(u, v w), V = y(u,v, w), W = x(u. v, w).
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If this series is a whirl series, then by (5), we must have

d¢ d% dy d’¢ dx (d¢)2
d | du du? du du® du\du

41) — =0
du| dy d¢>2 d¢ d*x dx d*

du \du du du?  du

du du® du du?

Now (41) obviously contains %’”’. Since w is a combination of the elements
v=0(u), v'=v'(u) of the fundamental union, it follows that (41) is a differ-
ential equation of the fourth order in ». Hence the complete solution of (41)
contains four constants of integration and the three parameters of our whirl
series. Thus there is in general a seven-parameter family of whirl series which
are carried into whirl series. The remainder of the theorem follows from
Theorems 3 and 4.

THEOREM 6. There is no transformation whick carries every isogonal series
into an equi-tangential series, or every equi-tangential series into an isogonal
series.

This is an immediate consequence of Theorems 3 and 4.
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