GENERALIZED INTEGRALS AND DIFFERENTIAL
EQUATIONS*

BY
HANS LEWY

Introduction. The idea of the following considerations can best be ex-
plained in the simplest case of an integral

[ ota, savea, )

in which ¢ and b are continuously differentiable functions of two variables,
f(x) a continuously differentiable function. The routine estimate of fadb gives
bounds depending either on f|df(x)| or on the maximum of |df/dx| in the
interval of integration. It is, however, possible, as shown in Theorem 1, to
give a bound that is entirely independent of the derivative of f(x), and, con-
sequently, to define, by a limiting process, fadb, even in the case where f(x)
not only has no derivative, but is no longer continuous, provided f(x) belongs
to Baire’s first class. The same observation holds for a great number of func-
tionals of f(x) whose construction depends on the derivative of f(x), but
for which bounds can be found nevertheless without reference to df/dx. In
this paper we are concerned mainly with ordinary differential equations
(Theorems 2-3’) and systems of hyperbolic equations in two independent
variables (Theorem 6 and corollaries) whose treatment is based on a detailed
study of the double integral (33).

1. Simple integrals. The theory of the Lebesgue-Stieltjes integral con-
tains the following statement: If in a closed interval J the function Bo(x)
is monotone and the sequence of continuous functions a,(x) is uniformly
bounded and tends to a limit function a(x), then the Stieltjes integral
Jou(x)dBo(x) tends to the Lebesgue-Stieltjes integral fao(x)dBo(x) as p—O0.
If, furthermore, a sequence of functions S,(x) of bounded variation tends to
Bo(x) as u— o so that the total variation of the difference B,(x) —B(x) tends
to zero, then

f a,(%)dB.(x) — f ao(x)dBo()

lim sup

< lim sup {max | @) | - f | 48, — Bo) I} -0,

* Presented to the Society, November 28, 1936; received by the editors May 20, 1936, and May
24, 1937.
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which relation leads to the following lemma:

LeMMA 1. If in the interval Xo=<x=<X, the continuous functions a,.(x),
p=1,2, - - - are uniformly bounded and tend to oo(x) as u— = , and if the func-
tions B.(x) of bounded variation tend to a function Bo(x) of bounded variation
while the total variation of B.(x) —Bo(x) tends to zero as u— o, then

z

lim a,(%)dB.(x) exists and = f zao(x)dﬂo(x),

weo Jx, X,
where the integral on the right is the Lebesgue-Stieltjes integral.

We proceed to introduce a new notion of integral which is essentially
different from the Lebesgue-Stieltjes integral and is based upon the follow-
ing theorem:

THEOREM 1. In the interval J (Xo<x < X)) there are given a function f(x)
satisfying the inequality | f(x) —f(Xo)| <F, a sequence {f.(x)} of continuously
differentiable functions with |f,(x) —f(Xo)| <F such that f,(x)—f(x) as u— o,
and n continuous functions gi(x), - - -, g.(x) with bounded total variations
T[gl, - - -, Tga). Denote by f°, g, - - , g2 the values of f(Xo), 81(Xo), - - -,
gn(Xo) and by v1, - - -, Yn upper bounds of |gu(x) —g2|, - - -, |ga(x) —g2| in
J. Let {gn(®)}, -, {gw(®)} be n sequences of continuous functions of
bounded variation, tending to gi(x), - - -, ga(x), respectively, as u— o while the
total variations of the differences T [gi,—g1], - - -, Tgau—gx) tend to zero and
|giu(x) —gf| <viforall xin J,i=1,2, - - -, nand p=1, 2, - - - . Suppose
that in the (n+2)-dimensional domain

|z—f|=F, Xo <5< X,

D:
lyi—&| v,y | 9n— 82| £ 7a

the functions a(z, X, y1, - - - , ¥a) and b(z, x, y1, - - -, ya) are continuously dif-
ferentiable. Then the Stieltjes integral

M 500 = [ aa), 5, 8ueds L DL, 5, 88 gl)

tends to a limit L(x) as py— .

Remarks. It is clear that any function f(x) with |f(x) —f°| <F which is a
limit of continuous functions may be considered as a limit of continuously
differentiable functions f,(x) with |f.(x) —f°| <F. Moreover, the limit L(x)
is independent of the approximating sequences f.(x) and g..(x). For the state-
ment of Theorem 1 implies the existence of a limit no matter which sequences
are used and hence any two sequences may be considered as subsequences of
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a third one containing both. Consequently we may state the following as a
definition:

DEFINITION.

L) = [ olf(s), 2, 0a), -+ (NG, 3,01, (8-

In order to prove Theorem 1, we first assume that b(z, x, 1, - - -, ¥,) has
continuous derivatives of second order of the mixed type. We determine a
function A(z, x, y1, - - -, ¥») in D as the solution of the differential equation

with the initial condition A(f°, x, 1, - - - , ¥.) =0. We obtain

A(Z, 7% 5 VIR yn)
= f,o a(z,y %y Y1, yn)bt(z,’ Xy Y1, 0, yn)dz'o

where we may differentiate with respect to x, y, - - -, ¥, under the integral
sign. Thus we find

adb = ab.dz + ab.dx + Y ab,dy;

fe=l

= dA + (ab, — A)dx + 2 (aby, — 4,)dy;,
Az, %, 91,5 n) = fﬂ (ab,) .dg’

- ff: [(ab2): + (a:b. — a.b.)]de’
= a(Z, Xy Y1y ° ° )b,(z, X Y1, -t )

—a(f’% 2,9, - - )b=(f% %, 31, - - - )+ f,o (azb. — a.b.)ds’

and

Av.'(z: £ 2% S VIR yn) = a(z, Xy Y1y - )buc(z: % Y, -)
- a(f’; Xy Y1, 0 c )bw(f“; Xy Y1, )
+ f (ay;b: — azby,)ds'.
r°
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Hence

Su(x) = za(fn(x’), o', giu(2))db(fu(x), &', giu(2"))

Xo

= A0, 7, g0 + [0l 4, 8N ', gl

2 + il za(fo’ 'y guu(x'), - )by (f% &y guu(), - - - )aga(a’)

Xo

z Su(z’)
+ | ad¥ f [a:(2, &, guu(&'), - - - )ba(@, &, guu(¥), - - - )
%o 4 — azb.(---)]de

z Su(z’)
+ 3 o) [ Lo, e, -+ by = il
i X0 I

This formula, derived under the assumption that b has continuous second
derivatives of mixed type, still holds under the conditions of Theorem 1. For
any b which is continuously differentiable in D may be uniformly approxi-
mated by a polynomial such that its first derivatives uniformly approximate
those of 4. Introducing the approximations instead of b into (2) and passing
to the limit we obtain again the formula (2) as both sides of (2) involve only
first derivatives of b and the passage to the limit under the integral signs is
legitimate in view of the uniform convergence of the derivatives of the poly-
nomials to those of b.

In the right-hand member of (2) we can effect the passage u— by
simply cancelling all reference to . This may be seen as follows. An integral
Jpa.(2'y , 31, - - -, yn)byda’, for instance, is continuous in z, x, y1, - - -, Ya.
Thus [%“a(z’, %, (%), - - - )b, d2’ is a continuous function of x, bounded
as u— o, and converging as u— o . Now the convergence of

z Iu®
dgiu(x,)f a.(3', &', guu(x'), - - - )by d7’
X0 /

a

follows from Lemma 1.
Thus Theorem 1 is proved.
From (2) we have the following estimate:

2@ s 1v {11 - Pl + 2 Thled +] 2 = Xol}

+ 2N2F( 2 Tx,[ai] +la —Xo|>,
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where M is an upper bound for |¢| and | 5|, N an upper bound for the moduli
of the first derivatives of ¢ and b in D.
Remark. We have, for instance, for every admissible f(x)

L(x) = j; zf(x')df(x') = 3(f(») — £0)),

which leads to L(1) =3 for f(x) =0if 0<x <1, f(1) =1. The Lebesgue-Stieltjes
integral, however, would be 1.

2. Ordinary differential equations. We may now prove the following
theorem:

THEOREM 2. Let the functions f(x), g1(x), - - -, ga(x) be continuously dif-
ferentiable in 0<x <X and f(0) =f°, g.(0)= - - - =g.(0)=0. Denote by F an
upper bound of |f(x)| and by Gi, Gs, - - -, G, the total variations of gi(x),
g(®), - - -, g.(x) in [0, X]. Suppose, for ¢>0, that in the domain

Dy |z| SF, | 5] Gy | u] < e+ 3FMo+ 3 (¥ — &V + Me™¥)G;
=1

the functions ao, a1, - - - , a. are continuous functions of z, y., u satisfying the
inequalities |ar| S My, k=0, 1, - - - | n, and that a, has continuous derivatives
of first order, bounded in absolute value by N. Then the solution u(x) of the equa-
tion

du(x) = ao(f(%), g1(), - - - , ga(), u(x))df(x)
(E) - :
+ 2 a(f(), a1(®), - -+, ga(), u(%))dgi(%)
tm=]
with u(0) =0 can be extended over the whole interval 0 <x < X. It satisfies, more-
over, the inequality

| u(x) | < 2FM, + Z": (e¥N — &FN + MFN)G;.

facl

Let us solve the auxiliary partial equation for A(z, y1, - * -+ , Y, %)
3) o4 o4 1 #0
—_— — a = a y — —
9z ou ° ° ou

under the initial condition

@ A(z, yi, u) = 0 for 2 = 0.
The characteristic equations of (3) are

5) dz:du:dA = 1:ao:4a,.
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Consider the family C of curves satisfying the differential equation du/dz=a,
and passing through any point P of the domain

Dre |zl SF, | 9| £Gi, | #] < e+ 2PMy 4+ (2N — &V + M.eFY)G:.
=1

Since a, has continuous derivatives of first order throughout D, . and is
bounded by M,, there exists one and only one curve through an arbitrary
point P, and the corresponding value % of % for z=0 lies within the range

| a| < e+ 3FM, + 5"_‘, (eFN — PN | M eFN)Gi.

=1

Conversely, an arbitrary curve of C is uniquely determined by the quanti-

ties 4, y1, - - -, Y=, and a point of the curve is determined by giving in addi-
tion the corresponding value of z. On writing ¥ =u(z, y;, %), we find bounds
for the derivatives of # with respect to the arguments 4, y1, - - -, ¥a, 2. We
have, in fact,
d u 9day ou . ou
— —=——  with —=1 for z=0,
dz 94  du 9Au
hence
du
e—Nlil é J— é eNlzl |
o
Similarly
d ou day day Ou . ou
— = — wi =0 for z=0,
dz dy; 9y ou dy; : ay;
hence
ou
< eVl — 1,
ay;
On introducing the new variables 2, 1, - - - , ¥, % instead of 2, y1, - - -,
Yn, % we find throughout D .
. .5 i -1 i
Ay w) _ou 3y, 8) 08 (6_“) v < 9% < v,
©) Az, yi,m) 9da  9(z yi,u) Ou % ou
on ou ou on
= — — < eleIV(elzIlV — 1),
i ay; o ay;

Since # is constant along any curve of C, we have
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aa+ 2 0 | < Me¥1#l
_ o — = R —| = z| |
9z * ou 9z °
Now put, throughout D,,,

(7) A(Z, Yi, u) =u—d.

Evidently 4 satisfies (3) and (4). Furthermore we have

04
4] s[5l b, || s sy — ),
ay;
®
a4 94
R é Moelel’ e—IzIN é { — — é CI‘IN.
0z ou

Returning to the ordinary differential equation (E), we remark that the
conditions of our theorem allow us to write (E) in the form

2 o0
— =o(x,u
dx
with ¢(x, #) continuous in the rectangle R determined by
0<z<X, |u §;—+2FM.,+H, H =Y (¥ — "N + MieFV)G:.

=1

The fundamental existence theorem for differential equations shows that a
solution through [x=0, %(0) =0] always may be continued until it reaches
the boundary of R. Hence a solution which cannot be continued across a cer-
tain point x; with 0 =x, <X may be assumed to exist for 0<x<x; and to
satisfy the condition

€
| w(xy) | = — + M+ H.

Thus our theorem is proved as soon as we show the following property of
%(x). If, in the interval 0 <x <, the solution %(x) of (E) satisfies the in-
equality

| u(x)| §-2—+2FM0+H,
it satisfies the stronger inequality

| w(x) | < 2FM, + H.

Indeed, by (E) we have, since z=f(x), v:=g:(x), #=u(x) stay in D,,
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d — A) = (20 — A=) + 3 (0 — A,)dg(a) — Audn
(9) =1 )
= (ao - A, - Au“O)df(x) + Z (ai(l - Au) - Avi)dgi(x)’

fml

with z=f(x), y;=g:(x) and %(0) =0. Hence we conclude from (3) and (8)

(10) | u(x) — A(f(2), gi(x), u(x))| < FMo + H,
and, by (8),
(11) | u(x)| = 2FM, + H.

Remarks. The function %(z, y;, %) is continuous. This may be expressed by
the statement: If the quantities z, y;, ¥ — A4 (2, y:, %) tend to limiting values
which belong to the domain |z| <F, |y:| <G;, |u—A(z, yi, w)| SH+FM,,
then « itself tends to a limiting value which in absolute value does not exceed
2FM,+H.

Any function satisfying a Lipschitz condition of exponent 1 in z, y;, » sat-
isfies also a Lipschitz condition of exponent 1 in the variables z, y;, u—A4.
This follows from (8), for we have

(12) | 1 — Az, i, w1) — vz + Az, s, w2) | 2 | 42 — w1 | V.

THEOREM 3. Assume that in the interval 0=x =X

(i) the functions f.(x), p=1,2, - - - , are continuously differentiable, | f.(x)|
<F,and f,(x) converges to a function f(x) as p— 0 ;

(i) the functions g, (x), - - -, gns(®), =1, 2, - - -, are continuously dif-
ferentiable, g (x)—gi(x) as uy—oo,i=1,2, - - - n, where g:(x) is continuous,
and the total variations of the differences T [g.,— g:) tend to zero as p—  ; further-
more g:,(0) =0 and T [g.,] G for all i and ;

(iil) the functions ao, @y, - - - , @, are defined in

lz| F, |3|=Gi; |u|<e+3FMi+H,

D; . Ld
> H =3 (¥¥ — &N + MeV)Gi, (e > 0),
o]
and we have in D;, .
(13) lao|§Mo,|01|§M1,"',|an|§Mn-
Furthermore, ao, a., - - - , a, have continuous derivatives of first order in Ds,.,

and those of a, are bounded in absolute value by N and satisfy a Lipschitz con-
dition of exponent 1.
Then the solution of
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(E))  duy(2) = ao(fu(®), 8:u(2), uu(2))dfu(x) + i a:dgiu(%), u,(0) =0,

exists for 0Sx =X, satisfies
(14) | w,(2)| < 2FM, + H,

and tends to a limit function u(x) as p— 0. u(x) is said to be the solution of (E)
for the initial condition u(0)=0.

From Theorem 2 we conclude the existence of #,(x) and the inequality
(14). The classical statement about uniqueness of the solution of the initial
problem may, incidentally, be used to establish the uniqueness of #,(x). On
putting

Bu(%) = wu(%) — A(fu(%), giu(x), wu(%)),

we conclude from (9) and (8)

(15) | Bu(x) — Bu(ws) | S 3 (Mie™ 4 N — gFN) f *| dgu(®) |

=1 )
Now a theorem by Adams and Clarksont shows that the total variation be-
tween any two points x; and xs, of g.(x) tends uniformly to that of gi(x)
on account of the continuity of g(x), and of the assumption (iii) that
T[giun—gi]—0, giun—gi. Thus (15) establishes equicontinuity for B,(x), while
(14) gives boundedness. Hence, by Ascoli’s theorem, we may select a sub-
sequence B, (x) tending uniformly to a function B*(x). From the remark on
page 444 we conclude that also the corresponding subsequence of u,(x), say
u,.(x), converges to a function #»*(x). B*(x) satisfies the following integral
equation

19 5@ = [ 3 (@l - 4 - 4,0d5(x) — 47, 0,0, )
0 =1

in which the expressions in a; and 4 are to be considered as functions of

2, vi, w with z2=f(x), v;=g:(x), u— A = B¥*(x). This follows from Lemma 1 and

9).

Any two subsequences of B*(x) converge to the same limit. In the opposite
case we would have two functions B*(x) and B**(x), both satisfying (16).
In view of (iii) the coefficients ao, a1, - - - , @, admit of continuous derivatives
with respect to z, y;, #, whence also with respect to z, y;, #—A, and thus
satisfy a Lipschitz condition of exponent 1 in these variables, in the closed
domain |z| <F, |y:| <G, |u—A| SFMo+H. On account of (3) and (4), the

1 C. R. Adams and J. A. Clarkson, On convergence in variation, Bulletin of the American Mathe-
matical Society, vol. 40 (1934), pp. 413-417.
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derivatives 4, and A, satisfy a Lipschitz condition with respect to z, y., «,
whence with respect to 2, y;, «— A. Therefore we conclude from (16)

an 1B - 3@ s KT [5G - 3@ d ],
3 0
where K is a certain constant. On iterating (17) m times we easily find

(18) max I B*(x) — B**(x)l < K™ max | B¥(x) — B**(%) | (ZG;) /m!
0SzsX 0Sz5X im1
which gives B¥*(x) —B**(x) =0 as M— o,

Now the uniqueness of B*(x) implies, by the remark on page 444, the
uniqueness of #*(x), which in turn justifies defining «(x) =#*(x) as the solu-
tion of (E) for the initial condition %(0) =0.

Remark. The assumptions of Theorem 3 state bounds for the functions
Qo @1, - -+, @u(2, Y1, - * *, Yu, %) holding in a domain that depends on these
same bounds. One may ask for a formulation of the theorem such that a
statement results for any functions a, a1, - - -, @., defined in an arbitrary
neighborhood of the origin. Therefore we observe that there always exists a
sub-neighborhood of the form D;,., provided the constants F, Gy, - - -, Ga,
e can be decreased sufficiently. Since the functions gi.(%), - - -, gnu(x) are con-
tinuous, their total variations are also continuous and may be shownt to
converge uniformly to those of gi(x), - - -, g(x). Thus, omitting at most a
finite number of values of p and taking the upper end of the x-interval suffi-
ciently small, makes it possible to choose Gi, G, - - - , G, arbitrarily small.
Whence we conclude the following theorem:

THEOREM 3’. Suppose that, in a neighborhood of the origin of a (z, v, - - -,
Y, U)-Space the functions ay, ay, - - - , @, are continuously differentiable and the
derivatives of a satisfy a Lipschitz condition of exponent 1. Assume that n con-
tinuously differentiable functions gi,(x), - - -, gnu(x) are defined in an interval I
(0=x=X), that they tend to continuous functions gi(x), - - -, g.(x), and the
total variations T [gi,— g:]—0 as u— | and that g:,(0) =0. Assume furthermore
that continuously differentiable functions f.(x) converge to a function f(x) in I
and that for all u we have |f.(x)| <F. Then the solution u,(x) of (E,) exists in a
sufficiently small interval 0 <x < X' which does not depend on u, and converges
there to a limit function u(x) provided F is sufficiently small.

The existence Theorems 3 and 3’ can be supplemented by a study of the
manner in which the solution #(x) depends on a parameter a on which the
known functions in (E) may be supposed to depend. Usual methods of proving

1 See Adams and Clarkson, loc. cit.
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the continuity of #(x), considered as a function of ¥ and «, from that of the
known functions could be carried through with only slight modifications.
Instead of (E) a system of differential equations of the form

(19)  dun(x) = aon(f(%), g:(x), w(x))df (%) + 2 andgi(z), un(0) = 0,

=1
where k=1, 2, - - -, m, may be studied, and the existence of a solution
wy(x), k=1, 2, - - -, m, can be concluded by a method analogous to that
used in the proofs of Theorems 2 and 3. In view of the similarity of the pro-
cedure we shall not carry out these generalizations.

3. Double integrals. We denote by T [a, 8] a triangle bounded by the
line = of an (@, B)-plane and the parallels to the axes through (e, §). Simi-
larly ¢[f, g] designates a triangle of an (f, g)-plane, bounded by f=g and the
parallels to the f- and g-axes through (f, g). The elements of area dadB and
dfdg are to be counted positive. By f(a) and g(8) we understand continuously
differentiable mappings of the a-axis on the f-axis and of the 8-axis on the
g-axis, which are, but for the elements used, identical with each other;
f(a) =g(B) if «=pB. The range of the four variables «, 8, f, g is the domain D
with origin as center

(D) la| 20, 8] =0, |[f]|=w, |g]=w,

and the function f(a) (and consequently g(8)) is such that for a and  satisfy-
ing (D) the point («, f(), B, g(8)) belongs to D. Furthermore there are defined
in D three functions a, b, ¢ of e, f, 8, g having continuous derivatives up to
the fourth order.

We introduce three functions X, ¥, Z in D by the relations
(20) Xsg = cashy,
(21) Y; = casbg, Z, = caqb,,

and the initial conditions

(22) X=X,=X,=0,
Yy =0, if =g.
23) if f=¢g
Z=0,
We find

X580 =[[ oo r,6 .
tif.0]

Here, as-in all integrals that follow, care has been taken to indicate the argu-
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ments of the integrand at least in one of the factors of the integrand, to de-
note the variables of integration by a prime and to denote by subscripts the
partial derivatives, while we reserve the symbols d/da and d/dg for total de-
rivatives with respect to these variables.

We are going to study the function

I(a’f’ B, g) = X(a)f’ 8, g) - j;a(xa(a’) f(a,)) B, g) _Z)da'
(24) + e 1,826 - a8
+ —Xosg+Zs+ Y o—candp(a, f(a'),8,2(8)))da’dp’ .
ffw]( FZo+ Y amcabp(al, ('), 6',8(8))) de’dB

In order to abbreviate as much as possible, we write A ~B if A — B is expres-

sible as a polynomial in @, b, ¢, their first partial derivatives and their second

partial derivatives of the type 92/0ad8, 0%/dadg, 32/9B9f, 9*/dfdg. We write

A = Bif A — Bis expressible as an integral over a function which itself is ~ 0.
Thus we find

@) I, =X, + fﬁ " Kosle, £, 8, 5(8)) — ¥)de,
(@6) L= X, [ Keole, 1), B,0) = Zie,
B

I, = Xo(a, 5B, g) - Xa(a) f(a)r B, g) +Z(a’ f(a)y B, 8
+ Xps(a, fr ey f(a)) — Y(e, I f(a))

@) + fﬁ (= Xap+ 2o+ Yo — cashsle, (@), B, (8))d8',
+ [ este, 1,8, 56 — V38,
B

Iﬂ = Xﬂ(a’ f; B’ g) - Xﬂ(ay f’ B; g(B)) + Y(a’ f’ B) g(ﬁ))
+ Xa(ﬁ) g(ﬂ)’ B, g) - Z(ﬁ} g(B)’ B, g)

(28) - L " (Kuslet, (@), B, ) — Zs)da!

B j;a(_ X"ﬁ + Zﬁ + YV, — Cdaba(a', f(a')’ B’ g(ﬁ)))da/’
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Iy = casb,,
Ip = Xsp(e, f, B, 8) — Xsa, f, B, (8)) + Y (e, f, B, 8(8)),
Lia = Xoala, f, 8, 8) — Xoala, f(a), B, 8) + Zo(, f(a), B, 8),

(29)
Ig = Xuﬂ(a’ f, 8, g) - Xnﬂ(ay f(a)’ B8, g) + ZB(ay f(a)’ B, g)
- Zﬂ(a’ f(a)’ 8, g(ﬁ)) + Xaﬁ(ay f(a): 8, g(ﬁ)) - Xcﬁ(a’ f: B, g(ﬁ))
+ Ya(e, £, 8, g(B)) — Yal(a, f(a), B, £(8)) + caabs(e, f(a), B, g(B))-
Hence
In= [ (o= Yrule 1,6, 008 + V(e 1,8,
g
= f [(casbo)s — (casbe)o)dg’ + casbs
9(8)
v
= f [(car)sbo — (cay) obpldg’ + caybs,
2(8)
(30) I 22 casbg.
Similarly
(31) Iga = canb,.
Moreover,
Xaﬂ(a’ f) B) g) - Xdﬂ(a’ f(a)’ B) g) + Xdﬂ(a; f(a)’ B’ g(ﬁ))
s g
- Xdﬁ(a’ f’ ﬁ) g(ﬁ)) = Xaﬂfﬂ(a) f,’ B’ g')df’dg’.
f(a)Y g(®)
But
Xapro = (casbg)as = (catsb, + caraby + cashga)s
~ Calsbop + Cplarby + Carapby + casabgs + Casbgas
~ (catsbp) g + (cgaady)s + (caagbs)s + (casbag) g + Caarbag,
CBarbgy = (Caabpo)s — Craabp, — Caabgpy
~ (caabp) oy — [(caa)abB]f — (craabp) g — (caabpy),.
Hence,

/ 9
f,( )f (ﬁ)XaB/ﬂ(a’ 1B, 8df'dg’ = cabs(e, f, B, g) — caabs(e, f(), B, g)
+ caqbs(e, f(a), B, g(B)) — caqbs(e, £, B, g(B)) -
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Furthermore,

Zs(a, f(a), B, §) —Zp(a, f(a), B, g®)= f ;)Zﬂa(a) f(a)’ 8, g’)dg'
= [ leaubyfer 1@0,8,¢) i’
98)

~ f ’ [caabs(a, f(e), B, ") | a8’
g(B)

caqbs(e, f(e), B, §) — caabs(a, f(a), B, g(B)).
Similarly,
Ya(e, f, 8, £(8)) — Y ala, f(@), B, §(B))=caabs(e, f, B, §(B)) — caabs(a, f(a), B, §(B)) -
Finally
(32) Lag(e, f, B, g)=caubs(e, f, B, 8) -
In view of (29), we find

d df(a) dg(®
f(@), B, g(B)) = caabs + casbs Z(a) + caab,;:(:—) + casb, fTﬁa)— %

da(a, f(a), B, g(B)) db(a, f(a), 8, g(8))

da dp
and
I f@), 8,660 =0, S=0, Z_o
arfa) ) § = Y da— ’ dB_ ]
for a=p. Thus

da db
[«.B] da dﬁ/

63 T s, 8,880 = = [ [ 2% @ S, 8, a8l

In order to transform I;(a, f, 8, g) we calculate

a a 0(B8")
f Xﬂf(“) f’ B,’ g(B’))dB, = f dﬁ,[ Xﬂfﬂ(a)f’ BI’ g’)dg’ + Xﬂ/(a’ f’ B’) f)]
8 B 7

a 0(8’)

- fﬂ a8 f, (carbole, f, B, &)ode’
a o)

~ f [ o 1,8, €N’

B8 !

-l j;adﬁ’ [Cd/bﬁ(a) f’ B,’ g(B,)) - Gd/bp(a, f’ B" f)]
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since, by (22), Xgs(e, f, 8’, f) vanishes.

Consequently
(34) If(a, f, B, 8) 0.
Similarly
(35) Iy(e, f, B, 8) 0.

Also we have
X /8,80 = = [ (bl 18, 808
tf,0]
z-ff (casbola, f', B, &)df dg’
tif, 0]

Y — Caaby(a, f,) ﬁ’ g,)dg”

where the integration is to be extended over the boundary of ¢[f, g]; whence

Xo(a, /8, g =0, Xﬂ(a’f’ B8, &) = 0.

Thus
(36) I(e, f, @, §) 0,
as obviously ¥ =0, Z=0.
On writing
]
I..(a, f: B, g) = Id(a; f’ a, g) +f Iaﬂ(a, f’ ﬁ" g)dﬁ,y
we find by (36) and (32)
(37) Lo(e, f, 8, ) 0.
Similarly,
(38) Iﬂ(a’ f’ 8, g) >~0.
Finally
8
I(ar f} B, g) = I(ay f, a, g) + f Iﬂ(a’ f’ ﬁ," g)dﬁ’,
(39) *

I(arf: B, g) ~0.

The formulas (29), (30), (31), (32), (34), (35), (37), (38), and (39) prove
that I(e, f, B, g), its first derivatives and its second derivatives of the type
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92/90d, 3%/0adg, 0%/3PBAf, 3%/9fdg may be expressed in terms of g, b, ¢, their
first and second derivatives of the same type, and integrals over products of
such functions.

Henceforth the definition (24) of I is to be replaced by the explicit formula
whose abbreviated equivalent is (39), and which retains sense in the case that
a, b, ¢ admit only of continuous first derivatives and of continuous second
derivatives of the indicated type. If we uniformly approximate a, b, ¢ and
said derivatives by polynomials in «, f, 8, g and their respective derivatives,
we may easily see that all of the formulas (29)-(32), (34), (35), (37)-(39) re-
main valid under the new assumptions and that I(e, f, 8, g) still retains con-
tinuous first and second derivatives of said type.

Moreover a study of the dependence of I on the function f(«) shows that
convergence of a sequence of continuously differentiable functions f,.(«) to a
limit function fy(a) implies the convergence of the corresponding functionals
I.(a, f, B, g) to a limit functional I,(e, f, B, g), and uniform convergence of
fu(@) to fo(e) entails uniform convergence of I, to I,. In fact, f,(a) appears in
the definition of I,(a, f, 8, g) only in limits of integration with respect to f’
or g’, which implies the convergence mentioned of I, to I.

From the formulas (29)-(32), (34), (35), (37)—-(39) we can derive esti-
Ilnates for I(e, f, B, g) and its derivatives. Suppose first that in |/, |f], |8],

gl=w

Ial’lbl’l‘;léK’ |a¢|7"'r|60|§K,v Iaaﬁl""7lcf0I§K"'

The terms suppressed in the above formulas by the use of the symbol =~ are
simple, double, triple, and quadruple integrals of polynomials of third degree
ina,b,c,a., - - -, c, with ranges of integration, respectively, <pw, pw?, p?,
pw*, where p denotes a sufficiently large number, for instance, 64. On the other
hand, any one of the polynomials to be integrated is numerically smaller than
a suitable polynomial in K, K’, K’’ of third degree with positive coefficients.
Hence there exists a polynomial p with positive coefficients and of third de-
greein K, K’, K’/ such that for any one of formulas (29), - - - , (39) the terms
suppressed by the symbol =~ are numerically less than or equal to

(K, K', K'") (0 + w? + o® + o).

We apply these estimates to the case where a, b, ¢ depend only indirectly
on a, f, B, g and are functions of ¥, - - - , ¥u(a, f, B, g) having third deriva-
tives with respect to ¥, - - - , ¥.. We assume that in |a|, |f], |8], |g| S,
the following quantities exist and satisfy
@0) ||, oo, [¥a| =k,

@) Vel ol S ¥, | rasls oo, Wnor| S &7, (B, ¥, B > 0),
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and that for ¢, satisfying (40)
lal, [5], || =L,

da b l dc
y | T |y =< L,y
VA i W
9% 9%
(42) l y T T ‘ =L
WY NWidy;
' d3a ’ l 9
_, e, | ———| s L
N 9 NdY
We then write
I, 1,8, 8) = I(“’ff ).

In order to utilize the estimates found, it is legitimate to replace K by L,
K'bynL'k’, K’ by nLk’'+n2L’'k’'%. Thus from (29), - - -, (39) we obtain

o, f,B,8
‘I( ,»)” | L], -, | 1,

¥
(43) < (0 + o + o + gL, L', L", k, ¥, &)
|I°ﬂ|’ |I¢!a!: lIﬂf|’ II/oI
< n2LL'2k'2 _|_ (w + w? + w3 + wd)q(L’ - k"),

where ¢ is a suitable polynomial with positive coefficients.
We next state bounds for the difference between

I(a’f, B, g) and I(a’fy 8, g)
2 v’

and its derivatives, assuming ¥ to be another system of continuously differ-
entiable functions of a, f, 8, g which satisfy the same inequalities (40), (41)
as the ¥; themselves do. For the sake of simplicity we suppose w <, with
©>0 and denote by # and v

w= 3 max | ¢ — ¢'| + Domax | Yia — ¥ia| + - -+ + Dmax | i, — ¥is],

t=1 =1 =1

n n
v = Emax l'l’faﬁ_w:aﬂl + Zmax I‘po’an - 'l’zaal

i=1 t=1

n n
+ Zmax | VYigr — ll/:ﬁfl + Zmax | Virg — ‘/’i'lal,
=1

=1

the mazima to be taken for the domain ||, |f], |8], |g]| S .
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We find by a procedure similar to the one previously used,

(44.1) I (“’f"pﬂ’ g) -1 (a’{;f’g) < (u + v)Co,
L. (""f"f’ g) - I (“’;’3 g) < (u + 9)Co,

.......................

I, <a’f’3’g) -1, (a’f’ﬁ’g) < (u + )Co,

v v
(44.2) I (“’f"f’ g) - Iw(“’f;fs’ g)l < uC + 1Co,

.......................

L, (a,f;ﬁ,g) _ In(a,f;ﬁ,gﬂ < uC + oo,

with C depending on @, &, k', k’', L, L', L'’, L'’. In an analogous way the

difference between
I (a, £ 8, g) and I (a, 58, g)
14 v

may be estimated under the assumption that the functions used in the forma-
tion of 7, namely @, b, ¢(1, - - - , ¥a), and their first and second derivatives,
differ by less than e from those used for

(")
II(a’f’ﬁ )— (a’f’ﬂ’ >l<(u+v+e)Cw,
I..(“’f’ﬂ’g) a<“’f’ﬁ’ )l , SC+ v+ o,

(A

Ih(a’f;ﬁ, )_ I/,(a’f;lﬂ,g)l éC(e+u)+va.

We now are able to formulate the main theorem of this section. Denote by

We get

(45)
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In (a’ f;ﬂ’ g) the functional I (a’ f:pﬁ’ g)

formed for
a=yj b=y, ¢ = ciji.

THEOREM 4. Denote by w>0 a number <Q and by D the domain ||, |f],
18], |g| Sw. Suppose ci;i to be continuously differentiable up to the third order
with respect to its arguments Y, - - - , ¥, and that for Y; in (40), a=y;, b=y,
c=c:j1 the relations (42) hold. Suppose furthermore that in D the functions
VO (a, f, B, g) are continuously differentiable and admit of continuous second
derivatives of the type mentioned such that

(46) | ¥3e, £, 8, 8) | < /2,
(47) [Woal, -, [¥%] = /2,
(48) | 'I’?aﬁ Iy I "’?ag l; |¢’?ﬁf I; I\l’?yll = k"/3.

Then the system

49) ¥i(a, £, 8,8 = ¥L(a, £, 8,8+ Z": Lij

iilm=1

(d’f’B’
v

has a solution Yi(e, f, B, g) existing and uniquely determined in |a|, |f|, |8|,
|g| <, where w’' >0 is a number <w that may be determined with the aid of
Q, k, kl, kl’) L, L,: Ll,) L 0"13'-* 'pia(a) f’ By g)’ B wia(a:f) B, g) exiSt’ are
continuous and in absolute value <k’, and Yis(a, f, B, 8), - - - , ¥iro(e, £, B, &)
exist, are continuous and in absolute value <max (k’'’, 12n5LL"?k'?).

g)’(i=1)21""”))

We start the proof by increasing, if necessary, k'’ so as to satisfy the in-
equality
AnLL"?k'2 < Ek''/3.

We use successive approximations:

'p}(a,f, 8, g) = ¢‘°(a,f, B, g) + i: I.‘l;x(a,f’ B, g)’

k=1 Al

and generally for m =0

9.0 v f,8,0) = 01, 8,0 + 3 (%) 2%).
ki1 ym

* In particular ' does not depend on the function f(«) used in the definition of Z;;.
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Denoting, as before, by.C a constant depending only on @, &, k', k'’ L, L’,
L"’, by 9 a generic first derivative with respect to «, f, B, or g, and by 3% a
generic derivative of type 9%/0adfB, 0%/dadg, 9%/0Bdf, 02/3fdg, we set, for

m>0,
Tii (Ol, f’ B, g) B (a: £ 8, g) |
Kbm ‘l,m—l

+ 3 Fmax | oy — L)

1,7,l=1

= z": > max 6’(1‘71 (a,{;f’ g) - Lij (a,'l;f;fl, g)) |,

i, =1 02
where the maxima are to be taken in ||, |f|, |8], |g] S’ with o’ <Q to
be determined later. On putting
a f,8,8
6Iul( ' ';,0 ’ ) )

Uy = Z":max I.-;;(a’f’B’ g) + Z Zmax

n
= ) max

t,4,0=1

§,ilm1 Al €01
Z Zmax 621.,1( :f’ﬁ,g)l’

1,7,l=1 ‘Po
we find, by (43),
(50) Uy = Cw',
(51) 90 < AnSLL2k" + Co,
and, for ., and v,, the recursion formulas, in view of (44.1) and (44.2),

52.1 = Co'(thm m) s

( ) it 2 w(u +v) (m=0’1,2"")
(52' 2) Um+1 é C'um + Cw’vm;

provided, however, that we can choose w’>0 so as to make sure the existence
of all successive approximations |«/|, |f|, | 8], | g| £«’in the common domain
D' (||, |f], 18], |g] £«’). Now determine w’ < so small that
1—Co' >0, (1—Cu)—C%' >0,
Cw'(l — Cw’) + (4nSLL"?k'? + Co')Co’ mln (%, k’)

(53) = (1 — Ca')? — C%' = 2
- Ch’ + (1 — Co)4nLL*k + Cu) _ 28"
- (1 = Cw')? — C%’ = 3
Note that

A+ U+V)Co' S U
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and
AnSLL"?k"? 4+ Cow’ + CU 4+ Co’'V = V.

Now the conditions (46), (47), and (48) permit the construction of

Lin (a, {;f’ g)

in D, hence a fortiori in D’ (|, |f], |8], |g| S’), and we certainly have,

by (53), <y
Uy = ’

%éV.

Suppose that we could construct, throughout D’, the mth approximation
¥(a, f, B, g) and that

(54

IIA

Ui

U,

(55)

A

V.

Vi

°M: =M=

We are then able to prove that we can construct the (m+ 1)st approximation
and that
m+1 m+1

Z U; = U, Z Vi = V.
0 0
In fact, we have, in view of (54) and (55), (46), (47), and (48),

|¢‘.m+l(a,f, 8, g)l =< I ,I,‘.O(a’ f’ B, g)| + Z“i
[]

(56)
S| f,8,8)| + U = &,
(57) | pmti(e, 1,8, )| < | (e, £,8,0) | + Zui = ¥,
0
(58) | az'p'm+l(a’ f: B, g) I = | az'ho(a,f’ﬁ: g) I + 2 v; = k",
0
and by (52),

m+1 m bl
Zui§u0+cw'(2“i+ Zv,-)§Cw’(1+U+V) =V,
0 0

0
m+1

Y v <0+ CYO u;+Co’ Y v; S 4nSLL?k? + Co’ + CU + Co'V Z V.
[} 0 0
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Thus (54) and (55) hold for all »=0, and we conclude the uniform conver-
gence of y™(a, f, B, g), o™, 3% to limit functions ¥i(e, f, B, g) and their
corresponding derivatives dy;, 0%:. The continuity relation (45) finally

proves
I(“:f’ B, g) = I(a’f’ B, g).
y" 2

Hence by passage to the limit in (49.1) we obtain (49).
The uniqueness follows similarly from the relations analogous to (44.1)
and (44.2),

(59.1) # < Co'(u + v)
(59.2) v < Cu + Cu'v,
which yield #(1 — Co’) £ Cw'v < Co’-Cu/(1 — Cw'), u((1 — Co’)? — C%") £ 0,

u=0, v =0, with
’ ’B’ ) ’ﬂ’
Iin (a fu[/ g) — I;; (a f'p, g)b

u = i max
+ 2 > max | a(Tiu®@) — L) |,

i,7,0=1
i1 9

v= 2, > max |8¥(L:ay) — L)) |,

6,0 o

Vila, f, B, g) and ¥/ (o, f, B, g) being solutions of (49).

CoRrOLLARY 1. If, in Theorem 4, f(a)’ ‘plo(a’ 1 B, g)y SRR 24 (a7 1, B, g),
a'plo(a)f, B, g): ) a‘l"?(ayf) B, g)) az'l'lo(a)fy B, g)’ ) 82¢,?(a,f, B, g);
and c.p(Ys, - - - ,¥n) and its derivatives up to the third order depend on a parame-
ter p and converge uniformb' as p— o, then ¢’1(a, 1,8, g)7 ) ‘P"(a; fy B, g)’
6"’17 T a'pm 32%, ] az'h converge un”f‘”mzy; as p—®, in |a| ’ |f| ’ |B| ’
lg] Sw'’ =’ where w'’ depends only on Q, k, k', k', L, L', L".

Denote by A the operation of taking the difference for two sufficiently
large values of x, and put, in the successive approximations of the proof of
Theorem 4,

Um = ZI Atﬁ,’”(a,f, B, g)l +‘§a‘ Aa\(/;”'l,

=Y
UIm = Z | AN (a, £, 8, g) |’
t=1,92

Observing that f(a) enters in the functional I only as a limit of integra-
tion, as has been.remarked earlier, we may use (45) and find, with some
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C=C(Q, k k', k' L L' L", L") and a new and smaller value o'’ of w’,
satisfying (53) with the new C:
Um S C(thmey + V-1 + €’ + Ce + u,,
9 = Cthn_y + COpy10” + Ce + vy,
uy =< €, 2 = e.
Hence, for m— o, lim %, =u, lim v,,=v
u=Cu+ v+ "’ + Ce + uo,
v £ Cu + Cow”’ + Ce + v,
(1 — Co”) = (C 4+ 1)e + €’ + Cu''v,
Co’ (€ + 1)eCo”

Cw'’y < Cu
W E T T T e

Hence » and v are <C’e, with C’(C, w’’), which proves the corollary .

COROLLARY 2. If, in Theorem 4, f(a), ¥ 2 (, f, B, &), Cij1 depend on a parame-
ter p, and if f(or) converges uniformly as u—upo, then there exists a subsequence
of u, such that Y.(e, f, B, g) and also Y:(a, f(a), B, g(B)) converge uniformly.

For by (57), |9¢:(a, f, B, g)| <k’ and hence the ¥:(q, f, 8, g) are equicon-
tinuous and bounded, in view of (56). Hence there exists a uniformly conver-
gent subsequence, and the corollary follows. From (33) we conclude under the
hypothesis of the theorem, that

az dz n dy; d
(60) da_dﬁ‘ll‘(a’ f(a)) B, g(B)) - dadﬁ 9 (a’f(a)) ﬁ; g(B)) + j§1 Ciil(\l’) ':i: E’

and, for a =8, f=f(a), g=f(a)
¥ =y2, s = .

In the application we intend to make of Theorem 4 and its corollaries,
the values of the constants such as @, &, k', ¥/, L, L', L', L'’ are of no im-
portance. What matters, however, is their existence and their interdepend-
ence. Therefore, we are led to use the following terminology: we call a func-
tion bounded if its absolute value is bounded by a positive number irrespec-
tive of the values of its arguments and possible other parameters; we call,
in a theorem, a quantity relatively bounded if its absolute value can be
bounded by a positive number which depends only on other bounds pre-
viously introduced in the theorem; and we use the same term, in a proof,
as meaning limitable by bounds, either assumed by the hypotheses of the
theorem, or previously introduced in the course of the same proof.
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Thus Theorem 4 and Corollary 2 may be formulated as follows:
THEOREM 5. Suppose c;;; and its derivatives up to the third order with respect

to its arguments Y, - - - , ¥, bounded for bounded values of V;, and assume that
vi=¥2(a,f,B,8),i=1, - - -, m, has derivatives W2, I which are continuous
and bounded when a, f, B, g are bounded. Then the system

Ot,f, B, g
12

has a solution ¥i(e, f, B, g), continuous together with dY; and d%.. This solu-
tion exists, is uniquely determined and is relatively bounded together with the
derivatives i, d%; for relatively bounded o, f, B, g. If, in addition, f(c),
Y(a, £, B, g and ciji and ils derivatives up to the third order depend on a pa-
rameter p, and if f(a) converges uniformly as p—puo, then there exists a subse-
quence of . such that the corresponding functions ¥i(e, f, B8, g) and ¥i(a, f(a),
B, g(B)) converge uniformly for relatively bounded values of o, f, B, g.

'pi(a:fiﬂyg) =1[/,~°(a,f,8, g)+ZI'ﬂ< )’ (i= 1’ 2)"'}”))

il=1

4. Hyperbolic systems. The results of the preceding section may be used
for a study of Cauchy’s problem* for the system

n a i(e,
Zaii(‘ﬁl:"”‘#n)—w:'o’ i=12---,m<mn,
jm1 da

©n 36i(x, B)
n .a’ .
Zaii(¢lr""¢n),—'=0’ t=m+1,.---,n,
=1 aB

in which a;; and its partial derivatives up to the fourth order as well as the
reciprocal value of the determinant |a,;| are bounded for bounded values of
&1, - - * , $n. The initial line is a bounded neighborhood of the origin on the

line =g, and on it the unknown functions ¢i(e, 8), - - - , ¢«(a, B) assume
relatively bounded values £ (), - - -, £(a) which are continuously differ-
entiable.

In view of the applications we subject the &(a), - - -, £a(c) to the follow-
ing condition:

Condition ¢. &(a), - - -, £a(a) depend continuously on «, and there
exists a transformation

$ile) = i £i(@)vsi, £i(e) = '”eri-'i‘ (@),

j=1

* A study of this Cauchy problem with a view to enlarging the class of admissible initial condi-
tions was undertaken by Margaret Gurney in her dissertation, Brown University, 1935 (unpub-

lished).
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with constant v;; of determinant +1 such that the derivatives of {s(c),
¢s(@), + - -, Ca(@) are bounded.

Then there exists a relatively bounded solution ¢i(e, B), - - -, da(e, B)
of (61) in a relatively bounded (e, 8)-neighborhood of the origin, assuming
the given initial values, continuous in «, 8, and continuously differentiable
with respect to e and .

It should be noticed that the essential content of the above statement lies
in the fact that the derivative of {1(«) has no influence on the determination
of the domain of existence.

The idea of the proof is to construct instead of functions ¢:(e, 8) other
functions y; of four arguments «, f, 8, g which reduce to the solution of the
initial problem in question for f={1(e), g={1(8). In order to conform with the
terminology formerly introduced, we henceforth shall identify {1(a) with f(a).

We try to satisfy the following conditions for functions ¥:(e, f, B, 8):

: e — o
@) dedB (e, f(e), B, gB) =0,
(i) 2(a, f(e), @ (@) = &i(e),

3 auita(@), - - s Ea(@) | Whalar, f(a), @, (@)

= - df(a

+ vis(a, f(a), o, f(a)) ;;i )] =0, 1=m,

@) _

2 i@, - - - 5 £al)) | Winer, £(a), @, f(@))

df(a
+ viola, f(@), @, f(a)) .Zi )] =0, i>m
We first introduce £ (e, f, @, f) by

(62) V(e fy e, f) = > Takul@) + Taf, i=1,2,---,mn,
k=2

which yields

(63) Vir(e, f, & f) + ¥iola, £, @, f) = Ta.

To determine ¥{, and ¥}, we set up the system

g aik(‘ﬁo(a: f, d’ f))'ﬁzf(arf: a:f) =0, 1= L,:--,m,
(64)

g aik(¢o(a:f; a;f))'l’?ca(a»f, a:f) =0, i=m+1,---,n,
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which together with (63), in view of the boundedness of |au|~?, deter-
mines Y3 (a, f, o, f) and ¥:f (e, f, a, f) as analytic functions of a.:(¥*(e, f, e, f))
and thus as relatively bounded functions with relatively bounded and con-
tinuous total derivatives with respect to a and f.

From (ii)

id d
¢?a(a’f7a’f)+¢?ﬂ(a:f’a:f) = Zrﬁ'k g.:;‘(:‘) ’ i=12---,m,
k=2

and by (64) and (iii)

> 0@, - -, En@)Waler, f(), @, fa)) = 0, ism;

(65) N
Z} aik‘l’?ﬂ(a) f(a)’ a, f(a)) = 0’ P> m,

which determine ¥4, (a, f(a), a, f(@)) and ¥%(e, f(a), «, f(@)) as continuous
and relatively bounded functions of « for relatively bounded a.
We now put

!
Ada, ) = fo Woule 1y @ 1.

Obviously, 4:(e, f) has continuous and relatively bounded derivatives with
respect to f and a.
Finally put

V(o , B, 8) = ¥i(e, [, & f) + Ai(B, g) — Aile, f)
(66) - L "W, o), o, fe)) — Aualel, J(a)) )da.

The reader will easily verify that the function ¥ 2 (e, f, B, g), as defined by (66),
has the following properties:

\I/,'o(a,f, a, f) = \l/?(a, fraf),
\Irf,,(a, I a,f) = 'l’ioa(a) fre f)’

: 4,  dAde )
Vi(e, f, @, f) = df'p'(a’f’a:f) i af

Vi, f(@), @, f(@) = vila, f(a), a, f(2)),
Viala, f(@), @, (@) = Viala, f(a), a, f()).

= 'l’?f(a)f: ayf)7
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Hence we are justified in considering ¥ 2 (e, f, B, g) as an extension of those
elements of the unknown function ¥ (a, f, B, g) which were used in the con-
struction of ¥? (a, f, B, g), and we write ¥? (o, f, 8, g) =¥ 2 (o, f, B, g). We have,
moreover, 0% =0 so that (i) is true. From (62) we obtain (ii). Formulas
(64) and (65) give (iii).

Evidently, |¢# (e, f, B, g)| is less than an arbitrary positive number e if
the bounds of the initial data & (), - - -, £.(e) are sufficiently small and if
a, f, B, g are relatively bounded.

On differentiating the first m equations of (61) with respect to 8, and the
last (»—m) equations with respect to « and solving with respect to the mixed
derivatives, we obtain a system of the form

2,'(1,3 3¢ ;(a, 3 (a,
(67) ﬂ_).= Zciil(¢ly"'y¢n) ¢( B) ¢( B),

aaaﬁ il da aﬁ

where the ¢;;i(¢1, - - -, ¢.) have bounded derivatives up to the third order
for bounded ¢, - - -, ¢.. Replacing ¢ by .y, we solve

‘I/i(a) f) B, g) = ¢i° (a’ f’ B, g) + Z I"jl <a’ f;’ﬁ’ g)
7,i=1

with the aid of Theorem 5. By (60) and (i) we have

d2¢i(a; f(a); B, g(ﬂ))
dadf

= Zt C.‘jl(lp(a, f(a)) By g(B)))

d¢i(a’ f(a)r ﬁ) g(B)) d%(a, f(a)y B: g(B))
de a8 '

In view of (ii), ¢:(, B) =¥:(e, f(@), B, g(B)) assumes the given initial values,
satisfies (61) on =3, and has continuous derivatives with respect to « and 8
and continuous mixed second derivatives with respect to « and g.

A conclusion, familiar in the theory of hyperbolic equations shows that
equations (61) are satisfied identically in « and .

Thus we have established the following theorem:

THEOREM 6. If in (61) a;; and its partial derivatives up to the fourth order
and the reciprocal value of the determinant | a:;| are bounded for bounded values
of b1, b2, -+ -, bn, and if the initial values of ¢p:(a, B) on a=p are relatively
bounded in a bounded neighborhood of a=0 (=) and satisfy condition &, then
Cauchy’s problem has a solution existing for all relatively bounded o, 8. This
solution has continuous derivatives with respect to o and B. If the initial values
and the a;; depend on a parameter p and converge uniformly as u—pu., then there
exists a subsequence of p, for which the corresponding solutions ¢:(a, 8) converge
uniformly.
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COROLLARY 1. The solution of Theorem 6 is unique.*

Let |a] <4, |B| =B be the common domain D of existence of two solu-
tions of our initial problem. Denote by #, v, w(7)

n d :
u(r) = 3 max | A¢il, v(r) = D max A—¢—|,
=1 i da
s
= A— |,
w(T) Z max 26

where the operator A indicates the difference of the expression following A for
the two solutions, and the maximum is to be taken on that segment of the line
7=|a—p| which is contained in D. By (67) we have for a suitable constant K

u) s [T+ wlarl, u@® =0,
v(r)gKfT(u+v+'w)|d1|, 2(0) = 0,

'w(‘r)éKff(u+v+w)|d7|, w(0) = 0.
0
Hence
u+v+w§(2K+1)f7(u+1)+w)|d‘r|,
[

and by the well known iteration u=v=w=0.

By reasoning very similar to the preceding it may be shown that the de-
pendence of the initial data on a parameter such that the initial data of ¢
and those of d¢:/da, d¢;/dB satisfy a Lipschitz condition of exponent 1 in
the parameter implies a Lipschitz condition of exponent 1 in the solution.
Furthermore, passing to the limit from difference quotient to derivative with
respect to the parameter we obtain the following corollary:

COROLLARY 2. If, in Theorem 6, the initial data of ¢: and those of d¢:/dc,
3¢:/0B are continuously differentiable with respect to a parameter, the solution
and its first derivatives with respect to o and B are also continuously differentiable
with respect to the parameter, continuity being understood with respect to the
parameter and variables.

* Cf. Hadamard, Legons sur le Probléme de Cauchy, Paris, 1932, pp. 488-501.
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