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BY
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I. INTRODUCTION

Linear transformation theory in general vector spaces is not nearly as
extensive as it is for that special space, Hilbert space. In Hilbert space large
and important classes of transformations, the self-adjoint and unitary trans-
formations, may be studied exhaustively because these transformations are
susceptible of a spectral resolution. In turn, the spectral theory leads to an
elegant calculus of these transformations or operators which asserts the exist-
ence of a ring homomorphism between a class of functions and a class of
permutable operators centered about a given operator. These developments
are possible because Hilbert space-is self-adjoint.

Other vector spaces have not to the present yielded such rich results. The
operators of no important class have been found to be completely resolvable.
Indeed, a theory of projections which is the first step toward a spectral de-
velopment has not to our knowledge been given, although the matter has
received attention before this. In his investigations in the problem of com-
plementary manifolds in the spaces L, and /,, F. J. Murray introduces the
notion of projection at an early stage.t These investigations establish the -
existence of manifolds which do not generate projections. We show that we
need never consider such manifolds if they are avoided at the outset, for the
operations we perform do not lead to them.

This paper treats first the subject of projections in spaces of a rather
general type. The reflexive property (see definition below)} is assumed in
order to insure the existence of a limit for monotone sequences of projections.
This leads to the establishment of the existence of least upper and greatest
lower bounds of sets of permutable projections. Subsequently, a calculus is
developed for operators which are defined by means of a resolution of the
identity. This calculus possesses properties as extensive as those found in

* Presented to the Society, February 26, 1938; received by the editors December 31, 1937.

t F. J. Murray, On complementary manifolds and projections in the spaces Ly and lp, these Trans-
actions, vol. 41 (1937), pp. 138-152.

t We use the word “reflexive” in preference to “regular” which was introduced by H. Hahn,
Uber lineare Gleichungssysteme in linearen Raimen, Journal fir die reine und angewandte Mathe-
matik, vol. 157, pp. 214-229,
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Hilbert space.* The problem of characterizing in simple fashion operators
which may be resolved is still open. It may be of interest to note that pre-
liminary attémpts in that direction incline one to an optimistic outlook.

II. THE ALGEBRA OF PROJECTIONS

1. The space. We operate in a normed linear vector space 8 whose ele-
ments will be designated by f, g, 4, - - - . Addition of elements and multiplica-
tion by complex numbers (denoted by p, o, 7, - - - ) is permitted subject to
the customary restrictions. The norm of £, ||f], is a real-valued function which
‘satisfies the conditions [|f||=0, ||f||=0 implies f=0, ||of]|=|p|llfll, and
lf+&ll <lIfll +llgll- If we write distance (f, g) =||f—g]|, the norm metrizes B.
If the sequence {f.} converges to f in this metric, we often write fo—f for
||lf=f+/|—0. The space 9B is assumed to be complete in this metric.}

An operation O is a function whose domain is the space 8 and whose
range is a subset of a space of the same type 8,. O is said to be distributive
if O(of+0g) =pOf+00g. If O is distributive and continuous at every point
of B, then O is said to be linear. It is known that if O is linear (and only then
if O is distributive), there exists a constant K =0 independent of f ¢ 8, such
that ||Of|| < K||f||- The least such constant K is called the bound of O. The
operation O is said to be closed if f,—f, Of,—g implies Of =g. A closed dis-
tributive operation is linear.

An operation whose range is contained in the initial space 9 is called an
operator or transformation. Operators are denoted by 4, B, P, Q, - - - . Two
special operators and their defining equations are 0, I, with 0f =0, If =f. The
boundsof 4, P, - - - are written | 4], | P|, - - - .

An operation whose range is a set of complex numbers is called a func-
tional. Functionals will be denoted by F, G, - - - . The totality of linear func-
tionals defined on B is a linear set. If we write ||F|| for the bound of F, the
set of functionals is a complete space (B) of the same type as 8. The space
() is said to be the space adjoint to 8. The space ((8)) may now be intro-
duced in evident fashion.

If A is a linear operator, and F is a linear functional, both defined on 3B,
then F(A) is a linear functional. Indeed, F(A4 [f+¢]) =F(Af+A4g) =F(4f)
+F(Ag). Also

* For recent developments in the theory of the operational calculus in Hilbert space cf. J. von
Neumann, Uber Funktionen von Funktionaloperatoren, Annals of Mathematics, (2), vol. 32 (1931),
pp. 191-226; M. H. Stone, Linear Transformations in Hilbert Space and their Applications to Analysis,
American Mathematical Society Colloquium Publications, vol. 15, New York, 1932, chap. 6.

t These spaces form the subject of Banach’s treatise Théorie des Opérations Linéaires. We shall
make free and constant use of results there discussed. That these results are for the most part valid
in complex spaces has been pointed out recently by various authors.
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| Fan | < ||Fll-llaAdl < |7ll- |4 |-]IAl-

The correspondence F to F(4) defined over (B) is linear; for it is distributive
and we have just seen that it is bounded. This linear correspondence is
written in the operator form, G="4(F). It is easy to prove that |4|=1]4],
(A+B)=4+B, (4 -B)=B-4. The operator 4 is called the adjoint of A.

Consider now the spaces B, (8), ((B)). If f e B is fixed and F ¢ (B) is vari-
able, ®(F) = F(f) is an element of ((8)). For ®is distributive and |<I>(F)| = |F(f)|
<|Ifll-|IF|l; hence @ is linear. From this it also follows that || ®|| <||f||. Since
a G e (9) exists such that Gf=|f||, ||Gl| =1, we have | ®(G)| =|G(H)| =|Ifl
<[ 2] -llGll = 2||; we must conclude that ||<I>|| =||f|l. The correspondence f
to ® is a linear isometric map of B on a subset of ((8)). A space is said to
be reflexive if the range of this correspondence is ((8)) in its entirety. If B is
reflexive, we write, for short, ((8)) =93.

We assume that the space B is reflexive.

2. Manifolds. A set M of elements is said to be linear if, when f, g ¢ M,
f+geM,pf e M, pacomplex number. If M is linear and closed, it is called a
closed linear manifold, or for short, a manifold. Manifolds will be designated
by the letters MM, N, - - - . Let {M.} be any set of closed linear manifolds.
Then there exists a smallest manifold 9 containing each M,; we denote this
by writing It =E: M. (or, in case the index a ranges over two elements only,
9 =P+ M:). The largest manifold N contained in each M, is precisely the
set intersection of the M., N =] [.IM. (or, as above, N =M, D).

The elements f e B, F ¢ (8B), are said to be orthogonal to each other if
F(f) =0. If I c B is any manifold, the set of all elements F ¢ (B) orthogonal
to each element of M is a closed linear manifold (N). Such a manifold (N) is
called the orthogonal complement of N and is denoted by IM+. If each ele-
ment of I is orthogonal to each element of (N), we write ML(N). If (M) is
any manifold in (8), by the orthogonal complement R of (IN), we mean the
totality of elements in B orthogonal to (). We note that for t € B, N1+ =N;
here N*+ means Rt where R =N*t. For clearly N++ > N. Let us assume that
fe N+, feN. Then there exists an F e (B) such that Ff=1, F1N. Thus
Fe M*; hence Ff=0. We conclude that Nt =N. If (N) € (B), then clearly
M)+ > (N). To establish the equality of these manifolds, we rely on the
reflexive character of the space. Assume F ¢ (N)*+, F ¢ (N). Then there exists
an fe® such that f1(N), F(f)=1; but this means that fe (N)L and
Ff=051. Thus (N)*+=(N).

We terminate this section with a definition and theorem centering about
the operation +. Let I and 9 be two closed linear manifolds which have the
property that there exists a constant £ >0 such that for every f e M and g e N,
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lf+gll = £||f]|. Then there exists a constant &’ >0 such that ||f+g[|=#/|¢||. In
fact, the inequality ||f+g||=]lg]| —||f]| together with the assumed inequality
yields (1+)||f+¢|| 2 &||g]] which is what we desire with %’ equal to k/(1+k).
The symmetry in the roles of I and N allows us to frame the following
definition:

DEFINITION 1. Two closed linear manifolds M and N will be said to be dis-
Jjoint if there exists a constant k >0 such that for every f ¢ M and for every g ¢ N,

7 +ell = &lf]l-

THEOREM 2.1. Two closed linear manifolds M and N are disjoint if and
only if they satisfy the following conditions:

(1) The manifolds have only the element zero in common.

(2) The set of all elements of the form f+g, f ¢ M, g € N, is a closed linear
manifold.

We assume I and N disjoint. Let fe M- N. Then —f ¢ N, and by the fore-
going definition 0=||f—f|| 2 #||f|| with &>0. Hence ||f|| =0, 7=0. This estab-
lishes (1). In proving (2), we note that the set of elements of the form f+¢
is linear. Suppose k,=f.+g.,, (=1, 2,-..), and that h,—h. We have
(170 — | 2 Rl| o = ful; since [[/tu—lin|| =0, [|fu—Fful| 0. The sequence {f.} is
convergent to an element f which is in 9% since M is closed. This implies
gn—g e N. Thus k=f+g and (2) is established.

We now assume conditions (1) and (2). The manifold of all elements of
the form f+-g is a complete linear space € of the same type as 8. (1) implies
directly that all elements in € can be expresséd in the form f+¢ in only one
way. The operator A which carries f+¢ into f, A(f+4g) =f, is distributive.
Furthermore the conditions 4, =f,+g,, (n= 1,2, ), ha—oh, fa—fin M im-
ply g=—g in N, where ~=f+g. Thus the operator 4 is closed. It is therefore
linear. Choose k>0 so that [|A4|| <||4||/k. Thenk||A(f+g)|| =E|fll =|lf+sll-
This terminates the proof.

3. Projections. This section is devoted to the development of an elemen-
tary theory of projections in 9.

DEFINITION 2. A linear operator P is called a projection if P=P.

THEOREM 2.2.1 Let P be any projection in B; let I be the set of elements f
Jor which Pf=f; let N be the set of elements g for which Pg=0. Then IR and N are
disjoint closed linear manifolds and M4 N =B. Conversely, if M and N are dis-
joint closed linear manifolds for which M+ N =B, there exists a unique projec-
tion P which satisfies the equations Pf=f, fe M; Pg=0, ge N.

t The proof of this theorem resembles closely that of Lemma 1.1.1, p. 138, given by Murray
loc. cit.
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Let P be a projection. We note that if £, g ¢ I, of, f+¢ ¢ M. Furthermore,
since P is continuous, M is closed; thus M is a manifold. Similarly, N is a
manifold. If f ¢ B, then f = Pf+ (f — Pf). Since P?=P, Pf ¢ IR, f — Pf e N. Thus
M+ N=3. Since | P/]| =|P|-|fll=]|P|-[|[Pf+(~Pf), M and % are dis-
joint.

We turn to the converse. Let 9% and R be disjoint, ML N=9B. Let & ¢ B,
h=f+g, f e M, g e N. Then the operator P for which Pk =fis distributive. As
in Theorem 2.1, P is closed, hence linear. Furthermore, P*k=P(Ph) =Pf=f
=Ph. Thus P has the properties required by the theorem. Any linear opera-
tor which is identical with P on 9% and on 9 is identical with P in 8 since
ML N=32.

The manifolds M and N described above are said to be associated to the
projection P. We shall sometimes denote the manifolds associated to P, and
Pz, cee bygﬂPv%Pv e ,alsobyfml, %1, LR

THEOREM 2.3. If P is a projection in B, then P is a projection in (B). If
M, N and (M), (N) are the manifolds associated to P and P, respectively, then
(M) =N+ and (N) =M+,

The relation P2=P implies (P-P) =P?=P; thus P is a projection. P is
defined by the equations P(F) =G where Gf=F(Pf). Let G ¢ (). Then
G=P(G) and Gf=G(Pf) =0 if f e N. Thus (M) LN or (M) c N*. Now let G
be any element orthogonal to %t. We shall show that G=P(G). Let f be
arbitrary in 8. Then Gf=G(Pf+(f—Pf)) =GPf+G(f—Pf) =G(Pf) since
f—Pf ¢ N. Thus (M) =Nt. The proof that (R) =IM* is similar.

THEOREM 2.4. If P, and P, are projections and My, T, M2, N2 are their
assoctated manifolds, then

(1) Py- P, is a projection if and only if Py(Mz) € My MuNy;

(2) Pi+P;is a projection if and only if P\Py=P,P,=0.

(1) Assume P,P; a projection. Let f ¢ My, Prf=g+k, g € My, & € No. Then
P1f=P1P2f=P1P2P1P2f=P1P2P1f=Plg. ThUS Pl(f—g) =0, f—g=f—P1f+h
¢ M1, or & e Ny. This establishes that Py (My) € Mo}y M.

Now assume that Py(My) € M+ N1 Ne. Note that Py P, is distributive and
bounded, hence linear. We show that (P;P,)%?=P,P,. The equation holds on
N.. It will suffice to establish it on M,. For f e Ms, Pif =g+h, g e Ma, b e MR, T
P,P,P\Pyf = P\P,P\f = P\g = P (g+k) = P.f = PyPsf. This completes the proof
of part (1).

t The manifolds Mz and N; are disjoint. Thus M; and NN, are disjoint. By Theorem 2.1, any
element in M2 4N has the form g4k which we describe above.



222 E. R. LORCH [March

(2) We note that (P1+P2)2=P1+P2+P1P2+P2P1. If P1P2=P2P1=0,
P,+P, is a projection. Assume now that P;+P; is a projection. Then
P, P;+P,P,=0. We shall see that P,P;=0. Note that P,P,=0 if f ¢ M. If
fe M, PrPyf+PoPif=PPyf+Pof =0. Let Pof=g+h, g e D, b e Ny, then
P\Pof +Pof =g+g+h=0, 2g=—h, g=h=0, Pyf = P,P,f=0.

If for the projections P; and Pz, > My, N1 c N, we write Py >P,. If
P1>P2 and P2>P3, then P1>Pa. If P1>P2, then P1>Pz. If P1>P2, then
PPy = P,P,=P,. For any projection P, I >P>0.

THEOREM 2.5. If P, and P: are permutable projections, then P1P, and
Q=P,+P,—P\P; are projections. The associated manifolds of these pro-
jections are related by the equations Mp,p,=Mp,- Mp,, Np,py=Ne, 4N, ;
Mo=Mp,+Mp,, Ro=Np, Np,. If Pr>Ps, then R=P,— Py isa projection and
?”212 = mpl . m}’,, SﬁR = ﬂnp,-;- mpl.

Direct computation yields (P1Ps)?=P1P,, Q*=Q, and if P, > P, (P1— P»)*
=P1'—P2. Clearly, §mp,p2 =) EUtplﬂftp,. Now let P1P2f=f. Then f=P1P2f
= P\P2f=P,P\Pyf=P,f; thus f e IM,;. Similarly fe Dy. Therefore Me,p,
=Mp, Mp,.

Next, Np,p,d Np,, Neypyd Np,; hence Np,p, > Np,+Np,. Let PiPyf=0,
f=g+h, ge M, heNo. Then PPof=Pig=0,ge My, and f=g+he N1t N
Hence ?)?pl}m2 = mpl-.l- mpz.

As for Q, let feMp, ge Mp,, then Q(f+g) =f+Pig+Psf +g—P1Psf
—P,Pyg=f+g since Pig+Pyf=P,Pig+P,P:f. Hence Mo Mp,+Mp, If
Qf =f, write f=g+h, g ¢ D, h e W, Qf =g+ Pog+Poh— PP (g+h) =g+ Pag
4 Poh—Pyg=g+h; Poh=h, h ¢ My, and f ¢ D M.

Next, note that N 3 Np,- Np,. If f e Nq, then Qf =(P1+P.—P1P,)f =0,
Pyf=(P,—I)Pyf =Pif=(P,—I)P,Pyf =0, and f ¢ Ny; likewise f ¢ Ne. Hence
Ne=Np,  Np,.

We consider R. Clearly, Mz 2 Mp,- Np,. If (P1— Po)f =f, Pof = Po(P1— Po)f
=0, f ¢ Np,, and hence f ¢ Mp,. Note that R=0 on Mp, and on Np,. And if
Rf=0, then Pif = Pyf, f=Psf +(f — Psf) = Pof 4 (f— Pyf); and since Pyf € Mp,,
f—Pif ¢ Np,, we must have Ne =Mp,+Na,.

III. INFINITE SYSTEMS OF PROJECTIONS

In the beginning of this chapter, monotone sequences of projections are
treated. We determine conditions under which a limit operator exists. Sub-
sequently, the notion of least upper bound and greatest lower bound of sets
of permutable projections is examined.

We remark first that if 9t and N are disjoint, and if there exists an
f (0) ¢ B not in M+ N, then there exists an F (%0) ¢ M*- N*. Thus if M*
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and N* are disjoint, M+ N=91.1In proof,'let f ¢ MM, (f0); then there ex-
ists an F e (B) such that Ff=1, F1M4N. Hence we have F (0) ¢ M*,
and F ¢ N*.

THEOREM 3.1. Let {P.} be a sequence of projections for which Po<P, .,
| P.| <K, (n=1,2, - - -). Let the adjoint of P, be P,, and let M,, Nn, (M),
(M) . denote the manifolds associated to P, and P,. Let M= * Mo, N=]["N.,
(D) =2, *( M), (W) =IT; (W)a. Then

(1) M and N are disjoint, (M) and (N) are disjoint;

(2) (DY =R+, (N) =M*; D= (N)*, N=(M)*;

(3) MiN=B; (M+(R) =(D).

(1) Let fe M, g e N. Then there exist elements f, e M, such that f,—f.
Thus || Pa(fat+o)l| =[lfall K||fatgll. As the case | P =0, (n=1,2, - - - ), is
trivial, we assume K >0. Thus ||fa+4g|| 2[|f]l/K; therefore ||f+g]| 2|/fll/K
which implies the disjointness of M and N. To show the same for (M) and
(?), we observe that |P,| =|P,| <K, Po<Puy,(n=1,2, - - - ), and apply
the result just obtained.

(2) Since (M)a=M,* by Theorem 2.3, M, L(N) € (N)a, (n=1, 2, - - -).
Hence, (%) 1> 1 *Mo =M, or (N) c M*. Now let F e M*. Then FLIMN,; hence
Fe (m)m (”'=1: 2, )) F eH:(ER).=(§R). Thll§ (m) =M-.

Since (2)aLRa, (DM)a LN, we have (M) =2, *(M).LN and (M)*>N.
Let f e (M)*, that is, let f e B, fL(M). Then fL(M)a, f & Na, f ¢ N (see the
discussion under II, 2). Hence (M)* =N.

Since (M) =M+, (N)+ =M+ =9. It remains to show that (IM)=N*.
Starting with (MM)*=N, we obtain (M)**=N*. Since B is reflexive,
(M)*+ = (M) and () =R+,

(3) By the remark preceding this theorem and by (1) and (2), M}-N=491.
Similarly, ()4 () = (D).

THEOREM 3.2. Let {P.} be a sequence of projections for which | P,| <K,
Po<Ppp, (n=1,2, - - -). Then there exists a projection P having the following
properties: .

(1) Mp=3"7*Me, Ne =], Ne.

(2) |P| =K.

(3) For any f ¢ B, ||(P—P,)f|—0.

4) P>P,, (n=1, 2,---). If Q is a projection such that Q>P,,
(m=1,2,-..), then Q>P.

(5) If P, is permutable with a linear operator A, (n=1, 2, - - - ), then P
s permutable with A.

Similar conclusions may be drawn for sequences { P, } in which the hypothesis
P,>P,, replaces Po< Py, (n=1,2,---).
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(1) We define P to be the projection whose associated manifolds are
M= *Ma, N =H:5ﬁ.,. Since these manifolds are disjoint and since
Mp+Np=B (by the previous theorem), P is uniquely defined (Theorem
2.3).

(2) That | P| <K is apparent from the proof of the first statement in
Theorem 3.1.

(3) Assume that fe®B. Then Pf e Mp, and there exist elements g, ¢ M,
(n=1,2, - - -),such that g,—Pf. Now Pf— P,f = Pf— go+Pn(gn+f—Pf) — P.f
and || Pf = Puf|| | Pf — gul| +|| Pn(ga— Pf)|| 0 since | P.| =K.

(4) That P> P, is clear from (1). If 0> P,, then Me> M, (n=1,2, - - -),
hence Mo > Mp. Similarly, N € Np. Thus P <Q.

(5) Since P,Af=AP,f, P,Af—PAf, AP,f—APf, then PAf=APf.

The proof of the last statement in the theorem presents no difficulties.

Let Py, P,, - - - , P, be mutually permutable projections. Then Q=]];P.
is a projection. It is readily seen that Me=] 1M, Ne=2_1*N.. The mani-
folds associated with the projection I —P; are M;—p, =N1, N1—p, = P1. Thus
the manifolds associated with the projection R=I-]]}(I—P.) are
Me=2 1*M., Ne=]]iN.. The projection R formed in this way is denoted
by the symbol R=Y_P, (or R=P;} - - - J-P,).

DEFINITION 3. A set Q of permutable projections is called a latticet of pro-
jections if, when P, Py, Py e Q, then I —P, P,P; ¢ Q. The lattice is said to be
K-bounded if |P| <K for every P ¢ Q.

If Py, Py e Q, then Py} Py=I— (I —P,)(I—P,) ¢ Q. Any set M of permu-
table projections may be embedded in a lattice of projections. Indeed, let
B(&y, &, - - -, &) represent any polynomial with integral coefficients such
that P(Py, P, - - -, P,) is a projection, for any set of s mutually permutable
projections Py, P, - - -, P,.} The set of all projections thus obtained con-
tains N and is a lattice of projections.

THEOREM 3.3. Let Q be any K-bounded laitice of projections, and let { Pa}
be any subset of Q. Then the manifolds M=) *M, and N=].N. are disjoint
and M+ N=$9. Similarly, the manifolds M’ =] [ M. and N’ =D_FN. are dis-
joint and ' +N'=B. Let P be the projection associated to M and N; let P’
be the projection associated to M’ and N'. Then | P| <K, |P'| <K, P>P., and
Q> P, implies Q>P. Also, P,>P’, and P.>Q implies P' >Q. The projections
P and P’ are permutable with any linear operator permutable with P ..

Letfe) «Me, g £ [ [«Ne. Then there exist elements f, and manifolds M,,
associated to the projections P, e @, (n,7=1,2, - - - ), such that f, e > ,~; My,

t In fact, a lattice of projections constitutes a Boolean algebra.
1 In making the substitutions, write I for P?.
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f»—f. Let Q be the projection which is the limit of the monotone sequence
{Q.=D>_%% P,} (Theorem 3.2). Then M=, 2 M, cM and Ne> N. Since
|Q| =K (Theorem 3.2), [|Q(f+2)|l =|lfll = K||f+¢||. This proves that I and
N are disjoint. Similarly, I’ and N’ are disjoint.

We prove that 0+9 =B. Let ()., (N), be the manifolds associated to
P.. Let () =2 X (M)a, N) =]L2(M).. Then precisely as in the proof of
Theorem 3.1, (M) =N+, (N) =M*; and since (M) and (N) are disjoint (by
the argument given above) M+ N =B. Similarly M’ LN’ =B.

That |P| <K, |P’| <K follows from the inequality ||f]| <K||f+gl| de-
rived in the first paragraph of this proof. That P>P,, P'<P, is clear. If
Q> P,, then Mo D F*M.=M»r and N €] [«No=Nr; hence Q> P. Similarly
if Q<P., Q<P’. ~

We examine the statement on permutability. Let AP,=P,A4, A linear,
and let f e 8. As in the first paragraph of this proof, we obtain a projec-
tion Q; < P such that Pf e Mg, or Pf=(Q,f. Similarly, we obtain a Q, <P such
that PAf e Mg, or PAf=(Q:Af. By Theorem 3.2, Oy, Q., and also 0=0:+0,,
are permutable with 4. We have Q,f=Q0\f =QPf=0Qf and QAf=(Q.Af, and
since Q4 =AQ, APf=AQ:f=AQf=QAf=Q,Af = PAf.

The projections P and P’ of this theorem will be denoted by the symbols
> *P, and [].P., respectively.

THEOREM 3.4. Let Q be a K-bounded lattice of projections. Let Q' be the set
of all projections of the type P=) *P,, P' =]].P. where the sums and products
are formed over the subsets of Q. Then Q' may be embedded in a K-bounded lattice
of projections.

Letting P, represent an arbitrary projection in Q’, we create independent
variables «, in 1-1 correspondence to the P,. We define a sequence {M,} of
classes of polynomials in the variables x,; M, is the set of all x,; assuming
that M, is known, we define M ... If » is even, M, is the set of all poly-

nomials of the form 4, ys, - - - , ¥, where y; ¢ M,.. If # is odd, M ,.,1 is the set
of all polynomials in M, to which have been added all polynomials of the
form 1—y, where y e M,. This process defines M, for n=1, 2, - - - . Let

M=) .M, Then M has the following properties: x, ¢ M; if y, y1, y2 ¢ M,
then 1—7y, vy ¢ M. In fact, as one may easily see, M is the smallest set of
polynomials possessing these properties. If y=y(x., - - -, x:,) ¢ M, then
y(Psy, - - -, Py,) is a projection. For there exists a value of # such that y ¢ M,.
If n=0, cur assertion is obvious. A clearly indicated induction settles the case
n21. Let T be the set of all projections y(Py,, - - - , P,,). We shall show that
T is a K-bounded lattice of projections.

Since the members of Q' may be permuted among themselves, the same is
true of the members of I'. From the definition of M, it is clear that I" is a
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lattice of projections; indeed, it is the smallest lattice which includes Q’. We
shall see that for arbitrary ReT, fe 3B, there exists a Q e @ such that
[[(R—Q)f]| is small at will. Then since | Rf| <[|(R—Q)f|| +l|Q/1, | RA| = K]|Al|.

Let P=) *P, ¢ @, P, e Q;let f ¢ B. Then as in Theorem 3.3 there exists
a monotone increasing sequence {P,} such that P,eQ, P.—Pf If
P'=]].P. ¢ @, we may find a decreasing sequence {P, }, P ¢ @, P.f—P'f.
Now let Ry, - -+, Rye @, R=y(Ry, - - -, R,) e T'. Let Ri,f—R:f, Rin ¢ ©,
(1=1,2, - - -,s).Itis clear from the construction of I that y(Ry,, - - -, R,,) ¢ Q.
It may also be seen that y(Run, - - - , Ran)f—y(Ry, - - - , RJ)f.

IV. THE THEORY OF PROJECTION MEASURE

In this chapter, we define the notion of a resolution of the identity in 8.
A theory of projection measure generated by this resolution of the identity is
developed. With certain sets of real numbers we associate projections. Prod-
ucts and sums of sets correspond to products and «-sums of the associated
projections.

A set of real numbers a <\ <% will be designated by &. Let {8.} be a se-
quence of such sets; we designate > ;’8, by A. The set A is said to be a cover-
ing of a set M ifA> M.

DEFINITION 4. A set of projections E(\), (— o <A< »), is called a resolu-
tion of the identity if

(1) The projections 0 and I are in the set;

(2) E(N)>E(u) for N>p;

(3) There exists a constant K such that for any given real numbers a;, b;,
(t=1,2, -, n), with a,<b;< - -+ £a;Sb;< - -+ Zan=<b,, and for any
given complex numbers pi, (i=1, 2, - - -, n), with |u:| <1 the bound of the
operalor

ﬁna [E(b.) — Eas)]

does not exceed K.

(1) and (2) imply the existence of two real numbers r, R such that E(\) =0
for A\<7, EQ\)=1I for A\2R.

We shall prove that if A=Y "8,, & = {a;<\<b;} is any covering of the
set of all real numbers \, and if E(§;) means E(b;) — E(a;), then>_"*E(5.) =1.
Let us write here, as often later, E(A) for )_,"*E(3,). Then E(A,) =) 1*E(3.)
—E(A). In the first place, for fixed f ¢ B, F ¢ (B), the function F(E(\)f) is of
bounded variation and indeed var F(E(\)f) <K - | F| -||f]|. For consider a sub-

t Such a theory was developed by the author for the case in which 8B is a (separable) Hilbert
space in Acta Litterarum ac Scientiarum, vol. 7 (1935), pp. 136-146.
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division r=ao<@ < - - - Sa.=R of the interval 8= {r<\=<R} with r, R
as above. Assume

F(E(a;)f) — F(E(aj-1)f) = e% | F(E(a;) — E(a;j—1))f|, 6;real,j =1,2,-- -, n.
Then

3| F(EGas) — E(es)f| = | 3 Fle#[E(a)) — E(a)]f)

=|FT-n|=|F|-|T|-|A,

T being a certain linear transformation defined by the equation. But|T| <K
by Definition 4, (3). Now writing Tn=8— 18, (n=1, 2, - - - ), we see that
IoT,2 - 5T,> - - -, and that [],"T, is the null set. Hence

|F() — FE@WF| = | FU — B@W)f| = | F(ETIN| < var FEN).

Thus F(f)—FE(A.)f—0 with 1/n. Since E(A,)f converges weakly to f and
strongly to E(A)f, we have E(A)f=f, and our proof is complete.
We prove the following theorem:

THEOREM 4.1. Any resolution of the identity may be embedded in a K-
bounded lattice of projections.

Let &, - - -, 8, be nonoverlapping intervals. Then D 1*E(3.) is a projec-
tion, and its bound does not exceed K (Definition 4, (3)). The totality Q of
projections formed in this manner is a K-bounded lattice. The members of
are permutable. If P, P, P; ¢ , then I — P, P,P, ¢ Q, since the complement in
the set 7<A=R of ) 13, is a set of the same type and since the product of
two such sets yields a third.

Let M be any set of real numbers; let {A.} be the set of all coverings of M.
Then J].E(A.) is a projection by Theorem 3.4. This projection is called the
exterior projection measure of M, and we write [ [.E(A.) = E[M]. The set of
all projections E[M] can be embedded in a K-bounded lattice by Theorem
3.4.

We discuss at this point some matters of future usefulness. If M,> Mo,
then E[M,]>E[M.]. It is also clear that for any interval 8, E[§]<E(5). We
shall show that E[5] = E(3). Let A=Y_,"3. be any covering of 6= {a <A =<b}.
We may and shall assume that A=3. Let 8= {r<A=<a}, = {b<A=R}.
Then by the discussion preceding this theorem,

> E(b) = E(b_1) + E@o) + X *E(@.) = I.
-1 1
Since
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E(-) + EGo) + E@) = I,  E@)E@) = EG)E®) = 0,
i=-10j=12" --,
we conclude >_,"*E(5.) = E(5). Hence E[5]=E(3).

Similarly, if A=Y 8., then E[A]=E(A) (=>_"*E(5.) by definition).
Clearly E[A]<E(A). Let > °8! be a covering of A; then > ,°8) 24;,
(6=1,2, - - -);henced ;"*E(3.) > E[6;] = E(8:). Thus) ;"*E(5.!) > 7 *E[s.]
=D *E(s.) =E(A).

For any set M, and any element f & 8, there exists a sequence of coverings
{A.} of M such that E(A; )f—E[M 1. For there exist coverings A, such that
T2E(A.)f—E[M]f (see proof of Theorem 3.3). Now J]7A. is a set of the
“A type”; write A; =]]3A.. Then we obtain [I}E(A.) >E[A! ]=E(A)) >
E[M]. Hence EQA. )f—E[M]f.

If A,, B, are projections in a K-bounded lattice @ such that for a given

fe®,||(4.—Bo)f||<en (n=1,2,- ), then for any C e Q,

H C( i*Aa - i*Ba)f " -§ K(él + 252 + “ o + 2"_16,.).
1 1

For n=1, ||(4,—B)f|| < e, ||C(4:—By)f||<Ke. Assume the statement for
n—1. Then

C( Z::*Aa - Z:)*Ba)f = c( ?*A., - Z:)*Ba)f+ C(41 — Byf
- C(A1 Z::*Aa - B é*B.,) f.

Hence

“ c( $*Aa - ﬁ*Ba)f ” < Ko+ + 27%)

a0 -en - 5

The last term above does not exceed Ke;+K (e24 - - - +272%,).
THEOREM 4.2. For any set M and its complement M, E{M |+ E[M]=1.

For any f ¢ 8, we choose sequences {A.}, A,> M, {A)}, Al > M, such
that E(A,)f—E[M]f, E(A! )f—E[M]f. By the discussion preceding Theorem
4.1, E(QA)f+E(A})f=f. But

+

EQf + E@2)f — E[M]f + E[M]f

by the last remark preceding this theorem. This establishes our assertion.
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THEOREM 4.3. If M=) M., E[M]=) "*E[M.].

SinceM > M., E[M]>E[M.],(n=1, 2, - - -); hence E[M] >3 "*E[M.].
For fixed f e Mgun we find coverings A, M,, (r=1, 2, - ), such that
|(E@,) — E[M.))f]| < e where ,20. Since >_"A.d> M, > t*E(As)f=f. Thus
for ¢>0 we may find an integer # such that ||f—> t*E(A.)f|| <e. Finally,

f- Z::*E[Ma]f “ <|s- i*E(Aof f:;*E(Aa)f— i*E[Ma]f ”
Se+ K+ 2+ -+ + 271, = 1 4+ K)

if e;<e/21, Thus D *E[M.]f=f, and E[M]=)_"*E[M.].

A set M is said to be projection measurable if E[M]-E[M]=0 where M
denotes the complement of M. If M is projection measurable, its projection
measure is defined to be E[M ]. If M is projection measurable, H is projection
measurable. Since E[M|+E[M]=1I, E[M]-E[M]=0, E[M]=I—-E[M].
Any set § is projection measurable.

+

THEOREM 4.4. If M, is projection measurable, (n=1, 2,---), then
M= "M, is projection measurable and E[M]=) "*E[M.]. In addition
M’ =]1;"M. is projection measurable and E[M']=]1;"E[M.].

We have M =]],° M., hence E[M]<]]°E[M.]. By Theorem 4.3, E[M]
=Y "*E[M,]. We shall prove that E[M]-]]"E[#.]=0. This will imply
E[M]-E[M]=0, M projection measurable. For fixed ¢>0, f ¢ B, we de-
termine # so that

| 201y - 2 lar.)s

1

e

Then

” E[M]- n E[I.)f “ < u (E[M] - ﬁ*E[Ma]) fI E[T.)f

|

+ ‘ (Z*EMa) II E[7.])f ' < Ke.

1 1

For M’, we have M’'=)_," M., and M’ is projection measurable according
to what precedes; hence M’ is projection measurable, and

E[M'] = i*E[E.] = E‘:j*(z — E[M.)).

Thus if the manifolds associated to E[M,] are M., N., those associated to
S r*¥I—E[M.]) are 3 °*R, ][] M., and those associated to E[M']=I
—E[M'] are []7 M, O 7*N.. In other words, E[M'] =]]"E[M.].
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From this point forward, and for obvious reasons, we shall denote the
projection measure of a projection measurable set M by E(M). Thus the new
symbol E(M) is identical with the old whenever both are significant. We
note that Borel sets are projection measurable. We shall use the terms “of
zero measure,” “almost everywhere,” and so on, without introducing them
formally.

V. THE OPERATIONAL CALCULUS

In this chapter we establish the existence of an extensive homomorphism
between a substantial class of real functions and a class of operators. As our
principal theorem indicates, the correspondence is more than a ring homo-
morphism.

To a resolution of the identity E(\), we associate an operator 4 in the
following manner: Let &y, - - -, 6, be nonoverlapping intervals covering the
fundamental interval r <A<R (where E(r)=0, E(R)=I). Let \;e
(¢4=1,---, n), and form the operator Y ;\.E(8.). Consider, as in the
classic case, a sequence of such divisions of the fundamental interval in
which the maximum length of any interval converges to zero. The sequence of
operators which corresponds to the sequence of subdivisions converges by
virtue of Definition 4, (3) to a linear operator A whose bound does not exceed
K -max (|7|, | R|). Because of its suggestive value, we may, if we wish, write
A=[NE(\).

We now apply our theory of measure to real functions ¢(\) of the real
variable N\. The function ¢(A\) is said to be E(\)-measurable if the sets
M,={¢(\) <u} are projection measurable. We consider exclusively functions
#(\) which are measurable and bounded almost everywhere. If ¢;(A\) and
¢2(N) are two such functions, so are ¢1(A) +¢2(A), $1(N) -¢#2(N). Any Baire func-
tion is E(\)-measurable. The limit of a converging sequence of E(\)-measur-
able functions is E(\)-measurable.

THEOREM 5.1. Let ¢(N\) be E(N)-measurable and bounded almost every-
where. Let M, = {¢(\) Su}, (— 0 <u<w). Then D(u)=E(M,) is a resolution
of the identity.

Since ¢(\) is bounded, |¢(\)| <s almost everywhere. To establish (1)
in Definition 4, note that D(—s)=E(M_,)=0, D(s)=E(M,) =1I. (2) Since
M, c M, for u<v,wehave D(u) <D(v). (3) Let &, - - - , 8, be nonoverlapping
intervals in the u-space and p1, - - - , us complex numbers for which |u:| <1.
Then to the §; correspond measurable sets M; in the A-space for which
M:M;=0, (i5%). For fixed f ¢ 8 and e>0 we find A;=) " 6i0, (i=1, - - -, ),
such that
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Li*E(&.'.) - D(&.-)- Tl <e

(we assume that 8;;64 =0, (j=£)). We then find suitable integers n; such that

L ”Z‘*E(a.-.) - D(5¢)- fll <e.

Let us replace Y_1*E(5.,) by E;, D(8;) by D;. Then

$#¢Da = z”: I‘a(Da - Ea)

n—1
+ [mEl + pa(Es — ErEg) + -+ - + pa (E —E, E*E.)]
1

n—1

+ #2E2E1 + cc + ”nEuZ*an
1

From the terms on the right side of the equation we obtain |3 ua(Da— EJ)fl|
=ne. The operator in brackets yields, when applied to f, an element of norm
at most K||f| by Definition 4, (3). In examining the norm of the element
ED V™E.f, (i=2,- - -, n), we use the fact that E(M,)) 1 ™*E(M,)=0 as
well as an inequality immediately preceding Theorem 4.2. We have

E‘,( >::‘*E) 1 ” < (2 E. - ff*E(Ma))f ”

—1

+ | Zezara - ony|

<Ke(14+2+4:---+4+ 2%+ Ke
= 2¢1Ke.

Thus || tueDa)fl| <ne+K||f|| =2(2*-1—1)Ke. This proves (3) since = is
fixed at the outset.

As E()) yields an operator 4, A = /AdE(\), so does D(u) generate an oper-
ator which we designate by ¢(4), $(4) = fudD(u). We have thus established
a correspondence between E(\)-measurable functions ¢(\) and operators
¢(A). We write this correspondence in the form d(\)~¢(4). In particular,
we have A~A4. In what follows, the statements ¢(\) =¢(A), ¢(A) <¢(N),
da(N)—¢(N), - - - will imply equality, inequality, convergence, and so on, re-
spectively, almost everywhere.

THEOREM 5.2. Let E(\) be a resolution of the identity, and let A = [NdE(N).
Let ¢(\), ¥(N), ¢a(N)" be any bounded E(N)-measurable functions. The corre-
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spondence ~ whick associates to these functions the operators ¢(A), ¥(4), p.(4)
has the following properties:

(1) If |¢(N)| =5, then |$(4)| <Ks.

(2) 60 -+HIN ~b(d) +¥(A).

(3) dN) - ¥ (N)~¢(4) ¥ (4).

(4) If | ¢a(N)| <b and if {$.(N)} comverges to p(N), then {pn(A)} converges
top(4).

(5) ¢(A) is permutable with any linear operator with which A is permutable.

(6) If D(u) is the resolution of the identity of B=¢(A4) and if &(u) is D(u)-
measurable, then £(p(N)) is E(N)-measurable and E(p(\)) ~E(B).

(7) #(4) =0 if and only if p(\) =0.

(8) ¢(A) is a projection if and only if $(\) assumes only the values 0 and 1.

If $(\) is a function assuming the values A, - - -, A, only on the sets
My, - - -, M,, respectively, then ¢(4) =D \.E(M,). If ¢(\) is arbitrary,
we may approximate uniformly to ¢(\) by functions ¢,(\) assuming only a
finite number of values. ¢.(\) may, for instance, be defined as follows: On
{9/"<¢(>\)§(9+1)/”}, (g=0,+1,+£2,--- ),¢n()\)=9/"f01'9=0, 5,2,
and ¢.(\)=(¢g+1)/n for g=—1, —2,--.. By the definition of ¢(4),
¢a(4)—p(4). We note that if |¢(\)| <s, |¢.(N\)| <5, by Theorem 5.1,
|¢n(4)| =Ks, (=1, 2, - --); hence |¢(4)| <Ks. This proves (1).

(2) Given ¢(A) and ¢(A), let {¢.(\)} and {¥.(A)} be chosen as indicated
in the previous paragraph. Then ¢,(\) +¢.(\)—¢(\)+¢¥(N\) uniformly. The
functions ¢.(\) +¢.(\), (r=1,2, - - - ), assume only a finite number of values,
and clearly ¢.(\)+¥n(\)~¢a(4)+¥a(4)=B,. If we write $(\) +¢¥(N)~C,
then by the first paragraph, C is the limit of a sequence of operators C, which
has the property that | B,—C,.| —0. Hence B,—C or C=¢(4)+¢(4).

(3) The relation is derived by replacing, in the previous paragraph, ¢+
b}’ ¢¢) ¢n+'//n by ¢n'¢n.

(4) First, let {¢.(\)} be a monotone decreasing sequence of positive func-
tions, b=¢:1(A\) 2¢(\)= - - -, for which ¢,(A\)—0. Let f ¢ B and €>0. Let
M,={¢.(\)>€¢}. Then My>M,> ---, and, since ¢.(\)—0, [[;°M.=0;
hence [] " E(M.) =0. Thus there exists an integer » such that

11 EGt.)s

| = Iz s e
Now

l[etslDAI| < llrsa()T — EQENA + 01D EQ]
< k(|7 + v, s=1,2,--,
by applying to the first term on the right of the inequality the results (3)
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and (1). Thus ¢,(4)—0. Similarly if = <¢:(\) <¢:(N\) < - - and ¢.(A)—0,
then ¢,,(4)—0.

Nowlet {¢.(\)}, | ¢.(\)| <, be arbitrary subject to the restriction ¢.(A\)—0.
Let ‘pn()‘)=max {(}5,,(}_), ¢,.+1_(_X), e }) Q»O‘)=mill {¢n(>\2’ ¢n+lo\): e }
Then ¥.(N) =¢.(N) =¥ (), ¥aW)—0, ¥.(N)—0, ¥1(A)z¢(N)Z - - -, and
YiA\) =¢2(N\) = - - - . Thus for fixed f ¢ B and €>0, we may find an integer
r and sets M,, M, such that ||E(3,)f|| <e¢, ||E(M.)f|| <e, ¥.(\) <€ except on
M,, y,(\) = —e except on M,. Then

l|$rreA| = ||6ra()T — [E@) + EQL)DA| + | 6740(4) [EQL,) + EQL) ]|
< (|7 + 20), s=1,2,--.

Thus again ¢,(4)—0.

In the general case, ¢.(\)—¢(\); hence ¢.(\) =¢.(A\) —p(A\)—0. By (2) and
above, Yn(4) =¢.(4) —¢(4)—0, ¢,(4)—¢(4). This completes the proof of
statement (4).

(5) In the first place, a linear operator B is permutable with A, BA =AB,
if and only if BE(\) =E(\)B, (—® <A<w). If the latter equation holds,
so does the former from the very definition of A. We prove the converse.
For any g, let {¢,.(\)} be a sequence of polynomials such that |¢,.(\)| =C
in the interval »<A=<R, and ¢,.(\)—>¢,(\) where ¢,(\) =1, A\ =p), ¢.(\) =0,
()‘ >u). We have ¢u(A) =E(/-‘); ¢;m(A)""E(I-‘) by (4)7 and ¢un(A)B =B¢nn(A)
by (2) and (3). Hence E(u)B=BE(u).

If D(u) is the resolution of the identity of ¢(4), then D(u), and hence
¢(A4),are permutable with any linear operator permutable with E(\) (Theorem
3.3 and others), and hence, by the above, permutable with any linear opera-
tor permutable with 4.

(6) Let ¢(\) be E(\)-measurable, and let D(u) be the resolution of the
identity of ¢(4). Let M be any D(u)-measurable set, and let N denote the set
of all numbers A such that ¢(\) ¢ M. We shall show that & is E(\)-measurable
and that D(M)=E(N). As before, we denote the exterior measure of a set H
by D[H] (or E[H]); use of the symbol D(H) (or E(H)) will imply that H is
measurable. Assume f e B and €>0. Then there exists a set A =A(e) covering
M such that|| D(A)f— D(M)f]| < e. Let T' =T'(¢) denote the set of all X such that
#(\) e A. Then I' is E(\)-measurable, D(A) = E(T"), and I'> N. Let {e.} be
a sequence converging to 0 with 1/#, and let ©,=]];"A(e.), ¥;=]1,"T'(c.).
Then ©,5M, ¥,5N, D(6,)f=D(M)f=E¥,f. Let ©=]],0, ¥=]],%,
where products are taken over the entire space 8. Then ©;20>M,
¥, 5¥ > N. Therefore [[;D(0,)>D[0]>D(M). But we see readily that
11,D(8,) = D(#). Hence D(M) =]1,D(0,) =[1,E(¥,) >E[¥]>E[N].
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If we now turn our attention to M, the set of all X such that ¢(\) e M is
precisely N. The argument just given leads to the conclusion D(M)>E[N].
Since M is measurable, D(M)-D(M)=0; hence N is measurable and E(N)
=D(M).

If £(u) is D(u)-measurable, the set M, = {£(u) <»} is D(u)-measurable, the
set N,={£(¢(\)) v} is E(\)-measurable and E(N,)=D(M,). Thus £(6(N))
is E(\)-measurable. The operator £(B), where B=¢(4), has the resolution
of the identity J(v)=D(M,). The operator corresponding to the function
£(@(\)) has the resolution of the identity J'(v) = E(N,). Since J(»)=J'(»),
the operators are identical or £(@(\))~£(B).

(7) Suppose ¢(\) =0; then clearly ¢(4)=0. Now assume that ¢(A)=0;
in this case we may assume that M = {|¢(\)| =1} has an E(\) measure differ-
ent from zero, for any other case quickly reduces to this one. Let (M) be the
function defined by P(\) =0 for |A\| <1 and P(\) =1 for A\=1, and let B.(\)
be polynomials such that B.(A\)—BA), | B.(\)| =C on the interval 7<A=R,
and P.(0)=0. Then PB.(6(A\))—=P(@()), and if we write B=¢(4), we de-
duce, using (6) and (4), that PB.(B) = B.(¢(4))—E(M)»0. If B=0, B.(B)
=0 by (2) and (3); hence B=¢(4)=0.

(8) If ¢(\) assumes the values 0 and 1 only, then if ¢(A\)~R, since
(#(N))*=¢(\), R?=R by (3) and R is a projection. If R~¢(\) and R is a
projection, then by (2) and (3), 0=R2—R~(p\))2—¢\)=¢y(\). By (7)
¥(A\) =0; hence ¢(\) assumes the values 0 and 1 only.

As the aim of this presentation has been to establish the possibility of de-
veloping an operational calculus in reflexive spaces, we have purposely re-
frained from doing this in its most general form. Obvious generalizations of
our results will present themselves to the reader; these offer, for the most part,
no difficulties.
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