ON THE REPRESENTATION OF A FUNCTION
BY CERTAIN FOURIER INTEGRALS*

BY
HARALD CRAMER

1. Introduction. Let us consider a complex-valued function f(¢) of the real
variable ¢, which is bounded for all real t and integrable in the Lebesgue sense
over every finite interval. It is proposed to investigate the conditions under
which f(¢) admits a representation of one of the following types:

®) 1) = [ ewsar(a),
where F(x) is real, bounded and never decreasing;
(@) 70 = [ ewicia),
where G(x) is of bounded variation in (— ©, «);and
@ 10 = [ "evgtaras,

where g(x) is absolutely integrable over (— «, «). The functions G(x) and
g(x) are not necessarily real.

We shall say that a representation of one of these types exists, whenever
f(2) is represented by the corresponding expression for almost all real ¢. If, in
addition, we know a priori that f(#) is continuous, it readily follows from
elementary properties of the above integrals that our representation holds for
all real &

Now let us denote by u(#) a function which satisfies the following condi-
tions (1) and (2):

(1) f | (o) | de s finite,

—c0

(20) u) = [ (@i,

—00

where m(x) is real and never negative, and

(2b) w(0) = fwm(x)dx =1,

* Presented to the Society, February 25, 1939; received by the editors January 31, 1939.
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The functions u(f) =e=**2, u(f) =e-'*!, and

1- )
3) u()) = {0 4] {

are examples of functions satisfying these conditions. The corresponding
m(x)-functions are, respectively,

1 iy 1 1 —cosx )

€ b
(2m)12 1+ 27 o

For any positive ¢ we denote by g.(x) the function defined for all real x
by the absolutely convergent integral

1 ® itz
(4) ge(x) = P f_we-' w(et) f(£)dt.

Obviously g¢(x) is bounded and everywhere continuous.
We then have for any particular u(t) satisfying (1) and (2) the following
necessary and sufficient conditions for the existence of a representation of f(t) ac-

cording to (F), (G), or (g):
Type (F). g(x) should be real and never negative for 0<e<1 and for all

real x.
Type (G). [Z] ge(x)|dx <const. for 0 <e<1.
Type (g). g(x) should satisfy the condition for type (G), and further

L]
lim f | (%) — ger(%) | do = 0.
=0 Vo
=0
If a given function f(f) satisfies one of these conditions for one particular
function u(f), it follows that the same condition is automatically satisfied for

all u(t) satisfying (1) and (2).
Proofs of the conditions will be given in §§3-5. In §7, it will be shown that
similar conditions hold for functions f(#, - - - , #) of any number of variables.
2. A particular case. Choosing for u(f) the particular function given by

(3), we obtain, writing 4 =1/¢,

1 4 I tI —1ilz
g(x) = '2; (1 - —A;—)f(t)e di

t — u)e~t=t—w)dt du,
21rA f f f )

In this particular case, our conditions are analogous to those given by

(©)
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Hausdorff [4] with respect to the problem of representing a sequence of num-
bers ¢k, (k=0, £1, £2, - - - ), in the form

2%
cx = f et*=dF (x)
0

or in one of the similar forms corresponding to (G) or (g).

Our condition for type (F) constitutes, in the particular case when u(f)
is given by (3), a simplified form of a well known theorem due to Bochner
(cf. §7). For type (G), Bochner [2] and Schoenberg [6] have given a neces-
sary and sufficient condition which is, however, fundamentally different from
ours.

Some applications of our conditions to the theory of random processes
will be given in a forthcoming paper.

3. Representation of type (F). In the case of a representation

) s = [ " eitedF ()

with a real, bounded, and never decreasing F(x), it is almost obvious that our
condition is necessary. We obtain, in fact, from (4)

1 L) L]
0 = o [ ety [ omariy)
T —

1 L] 0
== [ ) [ eveuaya,
2w —c0 —0

the inversion of the order of integration being justified by the absolute con-
vergence of the integrals. According to (1) and (2) we have, however, almost
everywhere

1 )
m(x) = — f e~H2u(t)dt,
21 J

so that g.(x) is given by the “Faltung”

f() = — f_w (22 =D arcy),

which is obviously real and never negative.
In order to show that the condition is also sufficient, we consider the iden-

24 | x| ) sin A£\?
f 1 ———)eit=dg = 24 ( /),
—24 24 At

tity
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which holds for every 4 >0. Multiplying by (27)~'u(et)f(#)d¢ and integrating
with respect to ¢ over (— «, »), we obtain, according to (4),

f__: (1 - %) g(x)dx = —f_w ( ) u(et/A)f(t/A)ds.

Now |u(f)| 1 by (2), and f(¢) is bounded by hypothesis; say |f(£)| <c. Thus
if g.(x) is real and never negative, we conclude

sz(l |ﬂc|> (x)dx <
» Yl g(x)dx < ¢

for 0 <e<1 and for all positive 4. This obviously implies

(6) fwge(x)dx <c¢

fer0<e<1.
From (4) and (6) we then obtain for almost all values of »

© W) = [ esga)d.

Now, since both u(f) and the integral are continuous functions of ¢, it follows
that it is possible to find a continuous function f*(¢) which coincides with f(¢)
for almost all real ¢, We then have

wr) = [ eg@as

for all real ¢ and for 0 <e<1.

Consider now the last relation for a sequence of values of e tending to zero.
As u(0) =1, the left-hand side tends to f*(¢) uniformly in every finite interval.
According to a fundamental theorem on characteristic functions due to Lévy
[5] (cf. also Bochner [1]), we then have for all real ¢

1) = [ “evarca)
where F(x) is real and never decreasing. As f*(¢) =f(¢) for almost all #, this

proves our assertion.
4. Representation of type (G).1 If we have for almost all ¢

©) ) = [ emica),

t The author is indebted to Mr. E. Frithiofson of Lund for a remark leading to a simplification
of the condition for this type.




1939] FOURIER INTEGRALS 195

where G(x) is of bounded variation in (— «, «), we obtain as in the preceding

paragraph
1 p= x—y
6 =~ [ w(*=2)ac0
e J_o €

and thus, m(x) being never negative,

(z3—y) /e

® [Tla@lar = [laa] m(x)d.

1 (z1—v)/e

Hence we obtain, using (2b),

J lalazs [ oo

for 0 < e <1. Thus our condition is necessary.

In order to show that the condition is also sufficient we observe that, owing
to the convergence of /=, | g.(x)| dx, the relation (4) may be converted into (7)
for almost all real ¢. As in the preceding section, it follows that there is a con-
tinuous function f*(#) which coincides with f(¢) for almost all real £. We then
have as before

W ® = [ e
for all real ¢ and for 0 <e<1. Putting

Ge(x) = f zge(y)dy,

we may write this as
we)fe) = [ oredG(a).

When e tends to zero, the left-hand side of this relation tends to f*(¢) uni-
formly in every finite interval. On the other hand, /=, | g.(x)|dx is uniformly
bounded for 0<e<1, so that G.(x) is of uniformly bounded variation in
(— o, »). It is well known that we can always find a sequence ¢, €, - - -
tending to zero and a function G(x) of bounded variation in (— «, «) such
that

z

9 G(x) = lim G, (») = lim g (y)dy

n— o n— o —c0

in every point of continuity x of G(x). It then follows from a lemma given by




196 HARALD CRAMER [September

Bochner [2, p. 274 ], that we have for all real ¢

) = f " gtedG(z).

—x

As f*(t) =f(¢) for almost all ¢, this proves our assertion.
For a later purpose it will now be shown that, if our condition for type (G)
is satisfied, then the integral

(10) [Tla@las

is uniformly convergent for 0 <e<1. If the condition is satisfied, we already
know that f(f) admits a representation of type (G). Now let >0 be given.
We can then choose ¥, >0 and x, >y, such that

f:|dG(y)| <8, fw m(x)dx < 8.

Zo—vo

Obviously %, and ¥, can be chosen independently of . For x;>x,>x, and for
0<e<1, we then conclude from (8) and (2b) that

J ez <s [ "las| + [ s

<5[1+j:jdﬂ(y)|].

A similar inequality evidently holds for negative values of %, and x,, and thus
the uniform convergence of (10) is established.

5. Representation of type (g). As in the preceding cases, we begin by
proving that our condition is necessary. Any representation of type (g) being
a particular case of type (G), it is obvious that the first part of the condition
is necessary. It thus remains to show that, if

(@ 10) = [ enrglaras

-—c0

holds for almost all ¢, where g(?) is absolutely integrable over (— «, «), then
lim f | (%) — gor(a) | dx = 0.
«—0 —c0
=0

As |gc—go| |g—g| +|g—ge|, it is only necessary to prove that

(11) l.lflo fjl g(x) — ge(=) | dx = 0.




1939] FOURIER INTEGRALS 197
According to the preceding section, it follows from the first part of the

condition that the integral (10) converges uniformly for 0 <e<1. Given § >0,
we can thus choose xy =x,(8) such that

(1) [ 1@ - s dz <
| z|>zg
for0<e<1.

We now choose a function g*(x), bounded and continuous for all real x,
such that

(13) [ la@ - g ax <5

with
| g*(%)| < K = K(9),

g¥(x) = —i-f_: m (g) g*(»)dy.

and we put

We then have

[Tla@ —a@lins [Tla@ - e@las+ [ g - g1 e

—Zg —Z9 —Z0

(14) )
+ [ e - e | as.

According to (13), the first term on the right-hand side is less than §. We fur-
ther have, using (2b),

a9 e@-g@=—[ n(2) e - eon.

€

Now, g*(x) is uniformly continuous in every finite interval. The numbers § and
x, being given, we can thus choose & = /(3, %,) such that for | x| <, |[x—y| <k
we have

| (%) = g* ()| < ¥/0.
We can further choose yo=1%¢(8, 0, K) such that

é
m(y)dy < :
‘flvl>uo 2K xo

For any e such that 0 <e<%/y,, we then obtain from (15)
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26
| g*(x) — g*(x) | <— + 2K m(y)dy < —
lyi>hte Xo
and

(16) f_n l g*(x) — gX(x) | dx < 49.

Finally, we have

@ - 8 =~ [ w(*) 60) - sonar,

and hence by (13)

(zo—y) /e

Clem - e@lins [Clew —slay [T mis

(17) -z — (—zo—y) /e

= [Tleo) - s lay<s.
From (12), (14), (16), and (17) we then obtain
f | g(x) — ge(x) | dx < 78

for all sufficiently small >0, so that (11) is proved.

We now have to show that our condition is sufficient. From the first part
of the condition, it follows by the preceding paragraph that we have for al-
most all real ¢

©) 1) = [ ensi(a,

where G(x) is of bounded variation in (— «, «), and according to (9)

z

(18) G(x) = lim G (x) = lim ge.(v)dy

n— o n—ow —c0

in every point of continuity « of G(x).

From the second part of the condition it follows, however, that there is a
function g(x), absolutely integrable over (— o, «), such that

lim | g(9) — g.(») | dy = 0.

n— o

Hence we obtain for all real x
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lim G, (¥) = lim &Mw=fg@w
n—ow n—o J _, —0

It then finally follows from (18) that

6 = [ sy
for almost all x, and

10) = [ egaya
for almost all ¢, so that the proof is completed.

If the first part of our condition for type (g) is replaced by the condition
given above for type (F), it is readily seen that we obtain a necessary and
sufficient condition for representation of type (g) with a real and non-nega-
tive g(x).

It may be worth while to point out that the first part of our condition for
type (g) is not contained in the second part. This is shown by the example

(—1—148), —1<t<0,
) =it =), 0 <t <1,
0,¢t=0, [t =1.
In the particular case when u(f) is given by (3), this function yields for
0<e<1
x — sin x % sin x — 2(1 — cos x)

ge(x) = + e ’

wx? mxd

so that the second part of the condition is satisfied but not the first part.
Accordingly, no representation of any of our three types exists, which is also
directly seen from the behaviour of f(f) near ¢=0.

6. The case of an unbounded f(¢). In all the preceding paragraphs it has
been a priori assumed that f(¢) is bounded. It will, however, be seen that this
assumption has only been used on two occasions; namely (a) to ensure the
absolute convergence of the integral (4) which defines g.(x), and (b) for the
proof that our condition for type (F) is sufficient.

Let us now omit this assumption and consider the class of all functions
f(¢) which are integrable over any finite interval. Let us further choose for u(f)
the particular function given by (3). As this function is equal to zero for
|¢| 21, it is obvious that the integral (4) will still be absolutely convergent
for any positive e.

Thus the conditions for types (G) and (g) remain true under the present con-
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ditions, while in the condition for type (F) it will have to be explicitly stated that
|f(®)| should be less than a constant K for almost all values of t.

The necessity of this addition to the condition for type (F) is shown by
the example f(£) = | ¢| ==, (0 <a<1), where obviously no X can be found such
that |f(#)| <K for almost all £. The corresponding function g.(x) can be shown
to be positive for 0 <e <1 and for all real x, although evidently no representa-
tion of type (F) exists.

7. Functions of several variables. So far we have only considered functions
f(8) of a single variable ¢. All our considerations can, however, be extended to
functions f(4, - - -, &) of any finite number of real variables. This requires
only a straightforward generalization of our above arguments, based on the
elementary properties of Fourier integrals in several variables. The only deli-
cate point arising in this connection is the generalization to several variables
of Bochner’s lemma used in the proof of our condition for type (G). This
generalization is, however, easily performed by means of a general induction
method due to Cramér and Wold (Cramér [3, p. 104]).

We obtain in this way direct generalizations of our above conditions, the
auxiliary functions u(f) and g.(x) being replaced by the functions of % varia-
bles obtained when, in (1), (2), and (4), we regard x, ¢, and €t as abbreviations
for (xy, - - -, ), (, -, &), and (ety, - - -, €k), respectively, and put.
tx=tbx,+ - - -+, the integrals being taken over the k-dimensional eu-
clidean space R;. Moreover, in the definition (4) of g.(x) the factor 1/2r has
to be replaced by 1/(2m)*.

For u(t, - - -, &) we may, for example, choose any function of the form
w(t)u(ts) - - - u(t), where u(f) satisfies the conditions (1) and (2). The defini-
tion (4) of g.(x) will then be replaced by

ge(m, « -+, %a)
(19) 1

- (@n*

In particular, we obtain in this way the following new characterization of

the class of positive definite functions of k variables as defined by Bochner

[1, p. 406]. Bochner has established the identity of this class with the class
of functions represented for all real ¢, by the expression

f emi(hart e k) (efy) - . - I-l(étk)f(tl, <o ty)dby - - - di.
Ry

f(tl’ cee, tk) =f ei(tlzl+"~+tkzk)dF(x1, cee, xk),
Rp

where F is real, bounded, and, for each particular x,, never decreasing. The
class of positive definite functions such that (0, - - -, 0) =1 is thus identical
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with the class of characteristic functions of k-dimensional random variables
in the sense of the theory of probability (cf. Cramér [3]). Using our general-
ized condition for type (F) we then conclude:

For any particular u(t) satisfying (1) and (2) a necessary and sufficient con-
dition that a given bounded and continuous function f(4,, - - - , t) should be posi-
tive definite is that g.(x., - - - , xx) as defined by (19) should be real and never
negative for 0 <e<1 and for all real x,, - - - , %

Choosing, in particular, in (19) the special function u(#) given by (3), we
obtain in analogy with (5), writing 4 =1/e,

g!(xly"'yxk)= (er)kf_: _:f(tly"',tk)

. ﬁ[(l - |Z|)e~“'x':|d‘1 codl,
(21rA)kf f b — way - -, b — w)

’CXp(— ’LZ xrtr> ( Z xr“r) dtl . dtkd'ul <. duk.
1

Now Bochner’s original condition for a positive definite function requires
that

A A
f f f =y, oot — oty - - - )

°p(u1, ttty, uk)dtl s dtkdul e duk g 0
for all real a, A and for all continuous functions p(t,, - - - , t). Thus our condi-

tion, with the particular choice of u(#) according to (3), involves a considera-
ble simplification.
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