ON A GENERALIZATION OF THE STIELTJES
MOMENT PROBLEM*

BY
R. P. BOAS, JR.t

Introduction. The moment problem of Stieltjes is the problem of deter-
mining the non-decreasing solutions a(¢) of the set of equations

(1) un=f trda(l), n=01,2,;
0

the phrase “a moment problem” is also used to describe the system (1) itself.
If a solution of (1) is known, there arises the further question of whether or
not the function a(f) is unique.{ It is this question which we shall discuss for a
generalized moment problem, namely

(2) u,.=ft*"da(t),0=)\o<)\1<~-<)\n—->°0.
0

If (2) has a unique solution «(f), we say that (2) is determined; otherwise (2)
is said to be undetermined.

The various classical methods for the study of (1) seem not to apply to
(2), since they depend too much on special properties of the sequence
{\.} ={n}. We shall discuss the determination problem for (2) by con-
sidering the function

3 16 = [ wdatt),

which is analytic for R(z) >0, and takes the values u, at the points \,; since
a(t) is non-decreasing, the growth of f(z) is governed by the growth of the u,.
We obtain sufficient conditions for (2) to be determined by applying a funda-
mental theorem of T. Carleman concerning the growth of functions analytic
in a half-plane.

The criteria obtained in this way are probably not the best possible;
when \,=#, they are certainly not, since we obtain

* Presented to the Society, April 15, 1938; received by the editors January 21, 1939.

1 National Research Fellow.

t Two solutions a(f) of (1) are considered the same if they have the same “normalization,”
determined by «(0) =0, a(f) = [a(t+)+a(t—)]/2, ¢>0.
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@ 1/(2n) o(n)

as a sufficient condition for (1) to be determined; this is much weaker than
Carleman’s criterion, ) .. u.2/@" divergent. On the other hand, we obtain
what may be regarded as new criteria for the case A\, =, since we shall show
that (4) is still a sufficient condition for (1) to be determined if we disregard
a set of integers ;. such that

© 1 A
> —< o, lim inf

k=1 Mk r—® r

0.
12

where A(r) is the maximum number of consecutive integers which are z;’s for
ni <r (for example, 7, =k?).

Another interesting case is that where

limsup |\, — | < .
n—r o
In this case, (4) is again a sufficient condition for (2) to be determined.

In general, the denser the \,, the less we have to restrict the growth of
the u. to be sure that (2) will be determined. On the other hand, if the \,
are so sparse that ) ;1/\, < «, there are presumably no criteria for determi-
nation depending only on the order of magnitude of the u,. For, since even
the moment problem for a finite interval,

(5) o = f Prda(l),

may be undetermined in this case,* we could only hope to show that (2)
would be determined if the u, approached zero with extreme rapidity. But,
if a(#) has a point of increase £, >0, we necessarily have

i 2 1"l ) — alto )],

and so a lower limit to the rate of decrease of the u,.
1. Let

(1.1) Ao

]
=
>
2
\2
-

AT 0 asn T .

We write

* In fact, if da(f)=a(t)dt and a(t) 2 >0, (0<¢=1), then (5) is undetermined. For, by Miintz’s
theorem (see, for example, R. E. A. C. Paley and N. Wiener, Fourier Transforms in the Complex
Domain, American Mathematical Society Colloquium Publications, vol. 19, 1934, p. 36), there is a
continuous b(¢) such that f PMb(£)dt=0, (n=0, 1, 2, - - - ), and b(¢) #0. We may suppose b(f) < 5;
then [y [a(t)—b(t) |dt= fot"na(t)dt and a(f) —b() 0. Cf F. Hallenbach, Zur Theorie der Limitier-
ungsverfahren von Doppelfolgen, Dissertation, Bonn, 1933, p. 94.
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(1.2) d\n) = N — Moy A(r) = max d(\,);

St
(13) £°=07 En=)‘n—la n;l»

and z=x-+17y=re® Throughout the paper, 4 denotes a constant, depending
on the data of the problem in hand, and not necessarily the same at each
appearance.
In this section we estimate the expression

1 /2

(1.4) M(r) = 5 log | f(rei®) | cos 6 o,
—x/2

formed with a function f(z), analytic for x =0, and subject to a limitation of
the form

(1.5) | f(z + iy) | < Apa, fn1 < % £ £a, n=12---;

we suppose that wu,=A4 >0, or (without loss of generality) u.=1. In the
applications to moment problems, the u, and A, will be the u, and A, of the
introduction, and f(z) will be essentially the difference of the functions (3)
formed for two solutions of the moment problem under consideration. The
relevance of the expression (1.4) is clear from inspection of Carleman’s
theorem (quoted in §2).
THEOREM 1. Let f(2) be analytic for x 20, let f(z) satisfy (1.4), and let

(1.6) 0 < log pn < 2MG(N,),

where G(r) is a non-decreasing function. Then for any €>0 there is an m, such
that for m>m.

M(Em)
m

A
=5, H e {% + 2312(1 4 )d(Am) /N2
1.7 "
(1.7) + 2121 + e)A(xm)d(xm)—”zkm“”} :

We have, from (1.5),
(1.8) log | f(re®)| < A + log pa, £oo1 < rcosf = &,
We then have
M(En) 1 o

=— (4 + log pm) cos 6 do
Em Em 0

(1.9)

1 m1 b1

+— | (4 +logu) cos0ds,

Em k=1v ¢
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where ¢y =cos™! (&x/£n), (k=0,1, - - - , m—1). That is,
M(Em) +log #m(l _ Emz—1>”2

Em Em Em Ent
E 2 1/2 EkZ 1/2
—(1->> 1
+ Em k—l{( Em ) ( Err?) } o8
m—1
=—+ Pn + 22 Ry log ux,
m k=1

say.
Using (1.6), we have
P = Nk 2G(Nm) (£ — E2-1)V2 S 28Nk %G (N) (Em — Em—1)'/?
= 2/2,,(\p — 1)732G(N\n)d(Nm) V2 £ 23812(1 4 A 2IG(Nm)d(Nm) V2,
for m sufficiently large.
Again,
1 &6d0w) log e MEGA)A(N)

Ry log ux = £2(62 — £2)12 = £2 (82 — ER)V2 }

and since G(r) is non-decreasing,

( m—1

m—1
> Rilog ux < 2 &) & — Eir),

kw1 m k=1

where g(x) =x(x—1)(£,2 —x2)~12,
Now we have*

m—2

,,Zl g(E) Bk — Ei1) = Em—18(Em—1) — kZ% £ lg(Err) — g(En)]
m—2 Ex+1
= Em—lg(ém—l) - Z . Ekg’(x)dx
Em—1

= tostn) — [ D,

0

where (x) denotes the largest & not exceeding x. Since

tm—1 tm—1
f xg,(x)dx = Em—lg(gm—l) - f g(x)dx,
0 0

we obtain

* Cf. the derivation of Euler’s summation formula: K. Knopp, Theory and A pplication of Infinite
Series, 1928, p. 522.
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m—1 tm—1 Em
> g(E)(Er — 1) = f g(x)dx + (x — (x))g' (x)d=.

k=1

Now

fsm—l( y ffm-l #(x — Ndx _ fe"' wdx TEm
X x = — - = T = .
) ° R T X R A"

And, since g(x) is an increasing function,

£m—1xm—-1A(Em) < (1 + G)E{nsle(Em)
(&2 — &0~ 2P0

=

fm—1
[T - g

for m sufficiently large.
Collecting results, we obtain

M) A 21+ 9GOm) 0"

&m Em Am'/?

for sufficiently large m; this is (1.7).
2. We now consider the moment problem

212(1 + e)A(Em)}

™
+ G()\m) {'_2— + d()\m)lﬂgm‘/z

(2.1) Mo = f Prdat),
0
where a(f) is non-decreasing, Ay=0, \:121,\, T «, and
1
(2.2) > ~ diverges.
n=1 Nn

We may then suppose that u,— e, since otherwise a(f) would be constant
outside (0, 1), and (2.1) would be determined.* Hence we may (and shall)
suppose that u,21, (#=0,1,2, - - -).

It is reasonable to suppose that the u, satisfy an inequality of the form

1/(28n) G(\n)

(2.3) Hn e ", Gr)1T o asr?t o«
or, more conveniently written,
(2.4) log pa = 2MG(NS).

We define the expression Q(r) by

(2.5) 0= (+-2).

A, St )\n r?

* F. Hausdorff, Summationsmethoden und Momentfolgen, II, Mathematische Zeitschrift, vol. 9
(1921), pp. 280-299; p. 287.
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and define d(\,), A(r), and £, by relations (1.2), (1.3). We shall prove

THEOREM 2. If (2.1) is undetermined, then for any € >0 and m sufficiently
large,

Cid(Am)t/? C:A(Nm)
\l2 M 2d (A ) 1/2}

where* C1=252r1(1+¢), Co=232r"1(1+¢).

We may state less forbidding special cases of (2.6) if we suppose that the
growth of the sequence {\.} is very regular. Thus we have

CoRrOLLARY 2.1. If d(N,) increases and d(\.) =o(\.), then, if (2.1) is un-
determined,
(2.7) Q(tm) = GAm)(1 + 0(1)).

CoROLLARY 2.2. If d(\,) decreases and d(\,) =0(1/\,), then, if (2.1) is un-
determined, (2.7) holds.

From Theorem 2 it follows that any condition which makes G(\,) so
small that (2.6) is impossible is a sufficient condition for (2.1) to be deter-
mined; in §3 we shall give examples of such conditions for special sequences

{\.}.

We derive Theorem 2 from the estimate of Theorem 1 applied to

(2.6) Q) < 4 +G(>\m){1 "

CARLEMAN’S THEOREM.T Let f(2) be analytic for x=0, and let r.e®,
(n=r= - - ), denote the zeros of f(z) for x=0, eack counted according to its
multiplicity. Then if R>p >0,

1 n
2.8 X [7 - E] cos 0, = ZM;R) + AR) +0(1),

p<rp=R ™

where

a@) = = [ {5 - 2o ow {Lsensc= i) o

1 /2
(2.9) M(r) = 7] log |f(re"’)| cos 6 db,
—x/2

and the term O(1) depends on p and is bounded as R— for fixed p.

Under the hypotheses of Theorem 2, there are two solutions of (2.1);
let v (#) be their difference. Consider the function

* The precise values of C; and C; do not seem very important.
t See, for example, E. C. Titchmarsh, The Theory of Functions, 1932, p. 130.
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1 0
(2.10) fz) = ?f 1 +1dy ().
0
Then f(z) is analytic for x 20, and has zeros at least at the points £,=\,—1,
(n=17 2, )'
Since p,—, we have for {,.1<x=<§¢,, #n=0,1,2, - - -),

1 1 1 ®
Uu+wﬂ§7ﬁﬂwwww+7ﬁﬂ4wm

S p+ 4 = Apn.

(2.11)
Now
1 © 1 ©
ﬂm=7ﬁwwwx |WM§7LHMW%m;

consequently 4(R)=0(1), R—o.

If we apply Carleman’s theorem to f(z), taking R=£, and p sufficiently
large, use the estimate of Theorem 1 for M(R), and neglect possible zeros of
f(2) other than those at the £, (which would only increase the left-hand side
of (2.8)), we obtain Theorem 2.

3. We now illustrate Theorem 2 by applying it to a number of specific
sequences {\,}.

ExampiE 1. Let N\, =n.

Here Q(r) =log r+0(1), r—; d(\,) =A(r) =1; and (2.6) becomes

log (m — 1) = 4 4+ G(m)(1 + O(m=1/?)),

which is impossible if G(r) =log r+log o(r), where lim inf,.,, o(r) =0. Con-
sequently, the moment problem (2.1) is determined if A, =# and

(3.1) lim 7 & = 0.
ExaMpLE 2. Let N, run through the positive integers with the exception
of a set {n:} for which ) ;. ,1/7, < «, and such that lim,., A(r)r—V2< w.
Then Q(r)=log r+0(1), d(\,) =1, and from (2.6) we see that (2.1) is
determined if
(3.2) I W

Moreover, as we stated in the introduction, (2.1) is determined even if (3.1)
is satisfied. In fact, we may write (3.2) in the form

. 1 n A
(3.3) lim (—-—IOgyn—logn—log——>= — .
n

2n N\,

n— oo
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If (3.1), or lim,., [(27)~! log p.—log n] = — =, is satisfied, (3.3) is certainly
satisfied if N\,/#=0(1) as n— «. The difference \,—# is N(\,), the number
of m=<\,; consequently 0<6=#n/\,=1 unless N(A.)~\,, n— . But if
N(\,)=c\,, we have

1 L | 1
Z — =2 Z — ~log ' n— oo,
meShe Pk (o, R 1—¢

so that, since Y . ,1/7m: <, we must have N(\,) <c\,, ¢<1, for all suffi-
ciently large #, and hence \,/n=0(1).
ExaAMPLE 3. Let

(3.4) |\ —n| < 4, n=1,2---.

Then Q(r)=log r+0(1), lim sup,.. d(A\,)>0, and A(r) <24. Conse-
quently, (2.1) is determined if (3.1) is satisfied. Condition (3.4) can, of
course, be considerably weakened.

EXAMPLE 4. Let \,=n4, (0<a<1).

Then

Q) = N ra-ale 4 O(1), A(\,) £ gpl@Dia,
—a

aN @ D1a(1 — 0(1)) £ d(\,) £ o\ (e,
Consequently, for an undetermined moment problem we must have, with
r=A.=n°
1

(3.5) 1 (r — 1)0=0a < A 4 G(r) {1 + Cral/2y— (@ —a+D) 2e)
. — a

+ C201/2p(a~1)/a,—(a2+2a—-2)/(2a)} ok

It is clear that we must expect somewhat different results for different
values of a.
(i) Let 1>a>2(2'2—1), so that a®?+4a—4>0. If we suppose that

(3.6) G(r) = (1 — a) /e 4 log o(r), a(r) = o(1),
the right-hand side of (3.5) does not exceed
A+ (1 = a) 'y 4 log o(r) + Ci(1 — a)lal/2y—(@+a=1/(2e)
+ Caa'?(1 + @) lpla—D/ay—(a*+4a—0)/(2a)

Since a?+ae—1>a*+4a—4>0, if the moment problem is undetermined and
G(r) satisfies (3.6), we must have

* We have absorbed the factor 1/(1—o(1)) into C,, which already contained a factor (14e),
(e>0).
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3.7 1- a)‘l[(r — 1)-a)e — yO-0)ia] < log a(r) + O(1).

This, however; is impossible, since the left-hand side of formula (3.7) is
O(ra-221¢) =0(1) if a=%. Hence (2.1) is determined if

“Omofow (7))
Ha = 04 exp N .

(ii) Let 2(22—1)>a>3'2—1, so that a?+2a—2>0. If we suppose that

. n ri-a)la 4 10g o-(y), a(r) = 0(1)»
—a

G(r) £
for some 7>0, the right-hand side of (3.5) does not exceed
1 - 1 -

2 ro=ote + log a(r) + Cs " Uty etremn )
—a —a

44+

kJ pla—D)lay— (a*+4a—4)/ (20)
—a

+ Caat/?

Since (4—4a—a?/(2a)<(1—a)/a if a?’+2¢—2>0, and since a’4a—1
>a?+2a—2, this expression does not exceed

(1 T4 0(1)> ri=ele + log o(r) + O(1);

1—a

consequently, (2.1) is determined if for some >0

1/ (2na) { (1 - n " >}
Kn = 04 exp nr) e
1—a

(iii) Let 3¥2—1>¢>0. If we suppose that
(3.8) G(r) £ Bre/2,

for some B >0, the right-hand side of (3.5) does not exceed
A + BraIZ + Clall2r(a—l)/(2a) + Bczal/2p(a—l)/or(l—a)/a
= y(=a)le(BCqya~12p=D/a 1 5(1)) + O(1).

If p is so large that BCaa!/2pte-1/e<1/(1—a), (3.5) is clearly impossible for
large 7; consequently, (2.1) is determined if (3.8) is satisfied; that is, if

w5 exp {0}

Conditions for the cases a=2(2Y2—1) or a=3'2—1 are easily written.
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