LIMITS OF A DISTRIBUTION FUNCTION DETERMINED
BY ABSOLUTE MOMENTS AND INEQUALITIES
SATISFIED BY ABSOLUTE MOMENTS*

BY
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1. Introduction. Denote by X a chance variable and by P(a<X <f) the
probability that a<X <. Similarly denote by P(X <) the probability
that X <B and by P(X=p) the probability that X =8. For any positive
integer 7 the expected value E|X —x,|" of | X —xo|" is called the absolute
moment of order » about x,, where x, denotes a certain real value. If the
absolute moments M; =E|X—x|%, -+, M;=E|X—x|% of a chance
variable X are given (and no further data about X are known), then we shall
say for any positive number d that a, is the sharp lower limit of P(—d <X
—1x7<d) if the following two conditions are fulfilled:

(1) For each chance variable ¥ for which E|Y —xo|*=E|X—x,
(v=1, - - -, 7) the inequality P(—d <Y —x<d)=a, holds.

(2) To each ¢>0 a chance variable ¥ can be given such that E| ¥ —xo|
=E|X—x|» (v=1,---,7) and P(—d<Y¥ —x,<d) <as+e.

In other words, a, is the greatest lower bound of the probabilities
P(—d <Y —x,<d) formed for all chance variables ¥ for which the ¢,th ab-
solute moment about «x, is equal to the ¢,th absolute moment of X about x,
(V=17 T )j)

Similarly we shall say that b, is the sharp upper limit of P(—d <X —x,<d)
if b4 is the least upper bound of the probabilities P(—d <Y —x,<d) formed
for all chance variables ¥ for which the 4,th absolute moment about #, is
equal to the 7,th absolute moment of X about %, (v =1, - - -, §).

In this paper we shall give the solution of the following two problems:

i

ProBLEM 1. T'he absolute moments of the order iy, - - - ,; of a chance variable
X are given about the point x,, where iy, - - - , i; denote any positive integers. It is
required to determine the sharp lower and sharp upper limit of P(—d <X —x,<d)
for any positive value d.

PRrOBLEM 2. A real value x, and a system of j positive integers iy, - - - , 1;
are given. What are the necessary and sufficient conditions which must be satisfied

* Presented to the Society, February 25, 1939; received by the editors February 15, 1939.
t This research was done under a grant-in-aid from the Carnegie Corporation of New York.
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by § positive numbers ay, - - - , a; that a chance variable X exists for which the
i,th moment about x, is equal to a, (v=1, - - - | j)?

The solution of Problem 1 is a generalization of the inequality of Markoff.
In fact, the inequality of Markoff can be written as follows:

(1) P(—d<X—m<d) 21— M,/d,

where d denotes an arbitrary positive value and M, denotes the rth absolute
moment of X about x,. As is well known, the inequality (1) cannot be im-
proved for d = M ,!/7, that is to say that 1 —M,/d" is the sharp lower limit of
P(—d<X—x,<d) ford= M /. The generalization in our Problem 1 consists
in the circumstance that instead of a single moment M, we consider a finite
number of moments M;, - - -, M, and besides the sharp lower limit of
P(—d <X —x,<d) also its sharp upper limit is to be determined. The in-
equality (1) is called for =2 also the inequality of Tshebysheff.

Some results concerning the case when two moments M, and M, are given,
have been obtained by different authors. A. Guldberg* gave the following
formula:

1 M'lls 8

(2) P(| X — x| <MYy =21 — ;< M'm) .
If we substitute 2% for s, and 2 for r, we get the inequality of K. Pearson.t
By other substitutions we get the formula of E. Lurquin.} It is easy to show
that the limit given in (2) is not sharp.

P. Cantelli§ gave a formula in case that s =2r. His formula can be written
as follows:

(32) If M,/d"<M,,/d¥, then P(| X —xo| <d)=1—M,/d".

(3b) If M./d">M,,/d?, then

M2r— Mr2
(d' - Mr)2+ M2r - M72

P(| X — x| <d)z1—

The writer of this article gave in a previous paper|| some results concern-
ing the general case and the sharp lower limit of P(—d <X —x,<d) if two

* A. Guldberg, Comptes Rendus de I’Académie des Sciences, Paris, vol. 175, p. 679.

t K. Pearson, Biometrika, vol. 12 (1918-1919).

1 E. Lurquin, Comptes Rendus de I’Académie des Sciences, Paris, vol. 175, p. 681.

§ Cantelli’s formula and its demonstration are given in the book of M. Fréchet, Recherches
Théoriques Modernes sur la Théorie des Probabilités, Paris, 1937, pp. 123-126.

|| A. Wald, 4 generalization of Markoff’s inequality, Annals of Mathematical Statistics, Decem-
ber, 1938.
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moments M, and M, are given, where r and s denote arbitrary positive in-
tegers. If s=2r the formula reduces to Cantelli’s formula.

In case of consecutive algebraic moments, that is to say, if My, - - -, M;
are given and M;=E(X —x,)¢ (i=1, - - -, j), Tshebysheff determined the
sharp lower and sharp upper limit of the distribution function P(X <d).
These inequalities are called Tshebysheft’s inequalities. The first proof of
these inequalities was given by Markoff in 1884 and the same proof was dis-
covered almost at the same time by Stieltjes.*

The solution of Problem 2 is well knownt if 4, - - -, ; are consecutive
integers, that is to say, if 2,=» (v=1, - - - ,j) and if @, (v=1, - - -, §) is the
vth algebraic moment, that is to say, a,=E(X —x,)*. In this paper we shall
give the solution for absolute moments and for arbitrary positive integers
1, 0,15

2. Reduction of the problem to the case of nonnegative chance variables.
We shall call a chance variable X nonnegative if P(X <0)=0. Since the
moments of the nonnegative chance variable ¥ =| X —ux,| about the origin
are equal to the absolute moments of X about x, and since

PY <d)=P(—d< X — x < d,
the following proposition holds true:

ProrosITION 1. Denote by M, - - -, M, the absolute moments of order
4, + - -, 1; of a certain chance variable X about the point xo. T here exists a non-
negative chance variable ¥V such that the i,th moment of ¥ about the origin is equal
to M, (v=1, - - - ,7). The greatest lower (least upper) bound of the probabilities
P(—d<Z—x,<d) is equal to the greatest lower (least upper) bound of the proba-
bilities P(Z' <d), where P(—d <Z —x,<d) is formed for all chance variables
Z for which the i,th absolute moment about x, is equal to M;, and P(Z' <d) is
formed for all nonnegative chance variables Z' for which the i,th moment about
the origin is equal to M;, (v=1, - - -, ).

On account of Proposition 1 we can restrict ourselves to the consideration
of nonnegative chance variables and of the moments about the origin.
Throughout the following developments we shall understand by a chance
variable a nonnegative chance variable and by moments the moments about
the origin.

3. Some definitions and propositions. Let us begin with some defini-
tions.

* See, for instance, J. Uspensky, Introduction to Mathematical Probability, New York, McGraw-
Hill, 1937, pp. 373-380.

t See, for instance, R. von Mises, Wahrscheinlichkeilsrechnung und ihre Anwendung in der
Statistik und theoretischen Physik, Deuticke, Leipzig, 1931, pp. 247-248.
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DEFINITION 1. A chance variable X is said to be an arithmelic chance varia-
ble, if there exist a finite system of different numbers x, - - -, %, such that
Z:_IP(X=OC;) =1.

DEFINITION 2. A chance variable X for which k different positive values
%1, - - -, % exist such that P(X =x,)>0 (i=1, - - - , k) and D _;.,P(X =2x) =1,
is called an arithmetic chance variable of the degree k.

DEFINITION 3. A chance variable X is said to be an arithmetic chance varia-
ble of the degree k+1/2 if P(X =0) >0 and if there exist k different positive values
%y, - - -, xp suchthat P(X =x)>0 (i=1, - - - k) and D 4. ,P(X =x;)+P(X =0)
=1,

DEFINITION 4. Denote by M., - - - , M; the moments of the order iy, - - - , i;
of a certain chance variable X. A chance variable Y is said to be characteristic
relative to My, - - - , M, if the i,th moment of Y is equal to M;, (v=1, - - - , 7)
and Y is an arithmetic chance variable of the degree less than or equal to (j+1)/2.
A characteristic chance variable is said to be degenerate if its degree is less than
G+1)/2.

DEriNiTION S. We shall say that the numbers M s, - - -, Ms; can be realized
as moments of the order iy, - - - , i; if there exists a chance variable X such that
the i,th moment of X is equal to M;, (v=1, - - - 7).

DEFINITION 6. A function f(x) defined for all real values x is said to change
its sign at the point x=a if the following conditions are fulfilled:

(1) If f(x) =0 for all values x <a, then any open interval containing oo must
contain at least one value o’ such that f(o)f(a’) <O.

(2) If f(x) is not identically zero for x <a, then any open interval which con-
tains o and a point B <o for whick f(B) #0, must also contain two points oy and
ay such that o < @, s 2 a and f(on)f(es) <0.

By the number of changes in sign of f(x) we shall understand the number
of points at which f(x) changes its sign. Similarly we shall understand by the
number of changes in sign in an (open or closed) interval 4, the number of
points of 4 at which f(x) changes its sign.

It is easy to prove that if f(a1)f(cz) <O then there exists at least one point
of the closed interval [a, az] at which f(x) changes its sign. In order to prove
this, let us assume that a; <a; and denote by « the greatest lower bound of all
values v of the interval [ou, ;] for which f(a:)f(v) <0. It is obvious that
ar=a=a;. We shall show that f(x) changes its sign at o. If @ =c; then from
the definition of « it follows that any open interval containing « contains also
a point a’ such that

fla))f(') = fle)f(a’) < 0.
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Hence f(x) changes its sign at o. If a>o; then for any value 62 and less
than «, f(8) has the same sign as f(a) or is equal to zero. From this fact it
follows easily that any open interval which contains « and a value 8 <« for
which f(8) 0, contains also two points 8; and 8. such that 81 =e, 8=« and
f(Bu)f(B2) <0. Hence f(x) changes its sign at « in any case.

If f(x) does not change its sign at any point of the (open or closed) interval
I, then f(a)f(B) 20 for any two points «, 8 of I. In fact if 7 should contain two
points a, 8 such that f(a)f(8) <0, then [«, 8] and therefore also I must con-
tain a point v at which f(x) changes its sign, in contradiction to our assump-
tion.

We shall prove now the

PRrOPOSITION 2. If X denotes an arithmetic chance variable of degree %
and Y denotes an arbitrary chance variable, then the number of changes in sign
of D(x) =P(X <x) — P(Y <x) is less than or equal to 2k —1.

Let us first consider the case that & is integral. In this case there are & dif-
ferent positive values e, - - -, ax such that P(X =) >0 (4=1, - - - , k) and
> f P(X=a;)=1. It is obvious that at most one change in sign of D(x) can
take place in the interior of the interval ;= [a;, @ita] (=1, - - -, E—1). Be-
sides the changes in sign in the interior of the intervals Iy, - - - , I+—1 a change
in sign can only occur at the points a4, - - -, ou. Hence the total number of
changes in sign cannot exceed (k—1)+k=2k—1.

If k=k’+1/2, where &’ denotes a nonnegative integer, then P(X =0)>0
and there exist &’ different positive values o, - - - , oy such that P(X =a.) >0
(=1, -, k) and ¥ ,P(X =a;) +P(X=0)=1. Let us denote the point 0
by a,. It is obvious that in the interior of the interval I:=[a:, aiy]
(¢=0, 1,---, B’—1) at most one change in sign of D(x) can take place.
Further changes in sign ran occur only at the points oy, - - - , ax. Hence the
total number of changes in sign cannot exceed 2k’ =2k —1.

ProrosiTIiON 3. If X and Y denote two arithmetic chance variables of
degree less than or equal to k, then the number of changes in sign of D(x)
=P(X <x)—P(Y <x) is less than or equal to 2k —2.

First let us consider the case that both chance variables X and ¥ are of the
degree k. If £ is a positive integer, then there exist two systems of % positive
values aq, - - -, ax and By, - - -, B such that

2 P(X =a)= S PY =8)=1.

=1

We may assume that e <B;. (If it happens that 8; <a; , we can change the
notation.) Hence D(x) has no change in sign at the point a;. Since in the in-
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terior of the interval [ai, aiy1] (=1, - - -, k—1) at most one change in sign
can take place and further changes in sign can occur only at the points
az, a3, - - -, ar, the total number of changes in sign cannot exceed (£—1)
+(k—1)=2k—2.If k=Fk’+1/2, where £’ denotes a nonnegative integer, then
P(X=0)>0, P(Y=0)>0 and there exist two systems of 2’ positive numbers
ai, -+ yor; By - - -, B such that P(X =) >0, P(Y =B:) >0 (i=1, - - - | k')
and

k' k.

Y PX=a)+PX=0)= ) P(Y =8)+ P(¥Y =0) =1.

=1 =1
We may assume that a; <. It is obvious that D(x) has no change in sign in
the interior of the interval [0, ). Since D(x) has at most one change in sign
in the interior of the interval [ai, aiy1] (=1, - - -, ' —1), and since further
changes in sign can occur only at the points a4, - - - , aur, the total number of
changes in sign cannot exceed 2k’ —1 =2k —2. Hence Proposition 3 is proved
if X and ¥ are of the degree k.

Let us now consider the case that X or ¥ or both are of degree less
than k. Let for instance the degree of X be less than k. Hence the degree of X
is less than or equal to £ —1/2 and therefore on account of Proposition 2 the
number of changes in sign of D(x) cannot exceed 2(k—1/2) —1=2k—2.

ProrosiTION 4. If X and YV denote two arithmetic chance variables of
degree less than or equal to k> 1 and if there exists a positive number o such that
P(X=a)>0 and P(Y =a)>0, then the number of changes in sign of D(x)
=P(X <x)—P(Y <x) is less than or equal to 2k — 3.

We may assume that P(X <a) =P(Y <ca). Consider first the case that
P(Y <a)>0 and denote by o’ the greatest value less than a for which
P(Y =a’)>0. It is obvious that D(x) has no change in sign in the interior
of the interval [a’, a]. If D(x) is identically zero in the interior of [o, «],
then D(x) has no change in sign at «’. If D(x) is not identically zero in the
interior of [@/, @] and if P(X<a) <P(Y <a), then D(x) has no change in
sign at «. Finally if P(X<a)>P(¥Y =a) and o'’ denotes the smallest value
greater than o for which P(¥ =a’’) >0, then D(x) has no change in sign in
the interior of the interval [a, @’’]. Hence in any case the number of changes
in sign of D(x) cannot exceed (2k—1)—2=2k—3. Now we have to prove
Proposition 4 if P(Y <a)=0. Since P(X <a) =P(¥Y <a)=0, D(x) has no
change in sign at a. If P(X<a)=P(¥Y £a) =1, then D(x) has no change in
sign at all and Proposition 4 is proved. We have to consider only the case
that at least one of the values P(X <a), P(Y =) is less than 1. Let us as-
sume that P(X ) 2 P(Y =a). The probability P(¥ =<«) must be less than 1,
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since otherwise also P(X <) would be equal to 1, in contradiction to our as-
sumption. Denote by 3 the smallest value greater than « for which P(¥ =)
>0. Then D(x) has obviously no change in sign in the interior of [«, 8]
and therefore the total number of changes in sign cannot exceed 2k —3. If
P(X <a)<P(Y <a), then denote by (3 the smallest value greater than « for
which P(X =) >0. The function D(x) has no change in sign in the interior of
[«, 8] and therefore also in this case the total number of changes in sign of
D(x) cannot exceed 2% —3.

PRrOPOSITION 5. Denote by X and YV two chance variables. If the i,th moment
(v=1,---,7) of X is finite and equal to the i,th moment of Y, then D(x)
=P(X <x) — P(Y <x) must have at least j changes in sign, unless D(x) is iden-
tically zero.

Denote P(X <x) by Vi(x) and P(¥ <x) by V,(x). Since the 7,th moment
of X is equal to the 4,th moment of ¥ (v=1, - - -, §), the Stieltjes integral

(4) I= f:(alxi: 4+ - Faxi)d[Vi(x) — Va(x)] = 0
for arbitrary real values ay, - - - , a;. Denote the integral

[ ot i) = 7o)
by I,. It is obvious that

(5) HmIy =TI = 0.

A=
We get by integration by parts
L= (et + - - 4 aA) [Va) = Vo]

(6) N .
—f (ranx™t + - - - + d0;257Y) [Ve(x) — Va(2)]dx.
0
Now we shall show that
(7) lim )‘{'(Vl()‘) - V2()‘)] =0, v=1,-.- 1j°
A=
Since

N[V = Va)] = Aot = Va()] = Ao[1 = Va(V)]
we have only to show that
(8) lim A#[1 — V,(\)] = 0, r

1, 2.

It is obvious that for any A >0




1939] LIMITS OF A DISTRIBUTION FUNCTION 287

0

o[l — V,(\)] = f °°>«'»dV,(x) < j; xdV,(x).

Since the ¢,th moments of X and ¥ are finite, we have

0

lim x%dV,.(x) = 0,

A= A

and therefore (8) and (7) must hold. Then we get from the equations (4), (5)
and (6)

9) j‘o“’(’ilalxh—l + -+ daxhY) [Vl(x) — V(%) ]dx —0.

Let us suppose that the number of changes in sign of D(x) =V1(x) — V() is
less than j and denote by au <ae < - - - <ay (k<) the points at which D(x)
changes its sign. It is obvious that oy >0. Consider the intervals

I, = [O) al])Iﬁ = [0[1, a2]’ e, In= [ak—l’ ak]71k+1 = [ak’ °°]°

D(x) is in the interior of the interval I, either everywhere nonnegative or
everywhere nonpositive, and if D(x)=0 (<0) in the interior of I, then
D(x)<0 (Z0) in the interior of I,, (»v=2,3,---, k+1). We put

s =0ry3= - - - =a;=0 and consider the & equations

Haa 4 - 4 GG = 0,

................. ,

11 + - a8kt = 0,
There exists a system of roots a1 =ay, - - -, @41 =041 such that at least one
among them is not equal to zero. Denote the polynomial

fiaf a0 A - - 4 e aie]

by Q(x). It is obvious that e, - - - , o are roots of Q(x). Since the number of
changes in sign in the sequence of the coefficients of Q(x) is less than or equal
to k£, Q(x) has at most % positive roots. Hence ay, - - - , o must be simple roots

of Q(x) and therefore the sign of Q(x) in the interval I, = [a,_4, @, ] is opposite
to the sign of Q(x) in the interval I,_; (v=2, - - -, k+1). From this fact it
follows that the product Q(x)[Vi(x) —Va(x)] has no change of sign at all.
Hence the integral

[ o) - vio)lax

can vanish only if V(%) — Vy(x) is identically zero. This proves Proposition 5.
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From Propositions 2 and 5 follows easily

PROPOSITION 6. If X denotes an arithmetic chance variable of degree k
and Y denotes a chance variable such that 2k different moments of ¥ are equal to
the corresponding moments of X, then P(V <x) is identically equal to P(X <x).

From Propositions 3 and 5 we get the

PROPOSITION 7. For each system of moments M., - - - , M, there exists at
most one chance variable which is characteristic relative to M, - - - , M.

We shall now prove the

ProposiTION 8. If the chance variable X 1is characteristic relative to

M, -, M, and M. is the rth moment of X, where r>1,, - - -, i;, then
M, -, M, M, for M.<M/ cannot be realized as moments of the orders
il) RS 7 4

Let us suppose that there exists a chance variable ¥ with the moments
M, -, M, M, where M, <M, . We shall deduce a contradiction from
this assumption. We can assume that ¥ is an arithmetic chance variable, be-
cause according to a well known theorem a finite system of moments can
always be realized by an arithmetic chance variable. On account of Proposi-
tion 5, D(x) = P(¥Y <x) — P(X <x) must have at least j changes in sign. Since
X is a characteristic chance variable, the number of changes in sign of D(x)
cannot exceed 7; hence the number of changes in sign must be equal to j. It
is easy to see that the number of changes in sign can be equal to 5 only if the
greatest value x’ for which P(¥ =) >0 is greater than the greatest value «"’
for which P(X=x"")>0. We denote by Y, the arithmetic chance variable
defined as follows:

M'I —M' Mr, —Mr
P(Yd=d)=T’ P(Yd=x’)=P(Y=x’)____dr_,
P(Ygs=1x)= P =ux), for x # d, «/,

where d >x" and P(Y =x")> (M —M,)/d. The differences between the mo-
ments (of the orders ¢, - - -, ;, 7) of X and the corresponding moments of ¥4
become arbitrarily small if we choose d sufficiently large. It is obvious that
P(X<x)—P(Ys<x) has always the same sign as P(X <x)—P(¥Y <x).
Since the number of changes in sign of D(x) is equal to j, a polynomial
P(x)=awi+ - - - +a;xii+a,x" can be given such that P'(x) =540 4 - - -
+i,a;x'14ra,x" has always the same sign as that of P(X <x)—P(¥ <x)
and therefore has also the same sign as that of P(X <x) — P(Y 4<x) for any d.
Since P(Y <) =P(Y <z) for any x <z’ and since P(¥ <x) —P(X <x) is not
equal to zero for any x <x’, the integral




1939] LIMITS OF A DISTRIBUTION FUNCTION 289
f P(x)[P(Ya< &) — P(X < x)]dx
0

cannot converge towards zero if d— . But on the other hand the moments of
the order 7y, - - -, 2;, r of ¥4 converge towards the corresponding moments of
X if d— o and therefore, as can easily be shown, the above integral must con-
verge towards zero. Hence we get a contradiction and our proposition is
proved.

DEFINITION 7. A sequence {X:} of chance variables is said to be convergent
towards the chance variable X, in symbols lim;_ X=X, if {P(X.:<x)}
(=1, 2, - - -, ad inf.) converges uniformly towards P(X <x) in any closed set
of values of x which does not contain any point of discontinuity of P(X <x).

In the following development we shall understand by “X is equal to ¥,”
in symbols X =Y, that P(X <x) is identically equal to P(¥ <x).

For any integer » we shall denote the rth moment of a chance variable X
also by M (X).

DEFINITION 8. A chance variable X, defined for any point o of a domain D
is said to be a continuous function of a in D, if for any o in D and for any se-
quence of points {a.} in D which converges towards o, lim;— o Xa; = X,.

Now we shall prove

ProposITION 9. If {X;} (i=1,2, - - -, ad inf.) denotes a sequence of arith-
metic chance variables of degree less than a certain integer n which converges
towards the chance variable X, and if for a certain positive integer r, { M (X)}
(i=1,2, - - -, ad inf.) is bounded, then lim;_,M ,(X:) = M ,(X) for any positive
integer s <r.

It is obvious that X is an arithmetic chance variable of degree less than #.
Denote by €,(X;, #) the Stieltjes integral [;"x*d P(X; <x) where ¢>0. It is ob-
vious that for any positive value ¢ for which P(X 2¢) =0

lim [Mi(X)) — (X5, 0)] = Mu(X), k=1,2,--- adinf.
t=o0

Suppose that {M,(X;)} is bounded for a certain 7. Since €.(X;, £) <M, (X))
(=1, --,adinf.), {e.(X;, )} must also be bounded. That is to say, there
exists a positive value N such that €,(X;, t) <N for any integer 7 and for
any positive value ¢. Hence €,(X;, ) <N/t for s=1,2, - - -, r—1. Let us now
suppose that for a certain s <7, M,(X;) does not converge towards M ,(X).
Then a subsequence {X;,;} (=1, - - -, adinf.) can be given such that M,(X.))
converges with increasing 7 towards a value M = M ,(X). We choose a value ¢
for which P(X <f)=1 and N/t<|M; —M(X)|/2. It is obvious that for
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this ¢, M ,(X;) —e,(X;, ¢) cannot converge towards M ,(X). Hence we have
a contradiction and the assumption that M ,(X;) does not converge towards
M (X) is proved to be an absurdity.

ProrpositionN 10. If { X:} (i=1,2, - - -, ad inf.) denotes a sequence of arith-
metic chance variables of degree less than or equal to k, and if there exists an
integer v for which {M (X.,)} (i=1, - - -, ad inf.) is bounded, then there exists
a subsequence {X:;} (j=1, - - -, ad inf.) which is convergent.

Since X; is of degree less than or equal to %, there exists a subsequence
{X?} of {X.:} such that the number of different values with positive proba-
bility is the same for each element of the sequence {X/} (=1, - - -, ad inf.).
Denote this number by s. Denote by a;1< - - - <as,, the values for which
P(X! =0im)>0(m=1, - --,s). Itis obvious that there exists a subsequence
{XZ%} (G=1,---,adinf.) of the sequence {X/ } such that lim P(X/,=a;m)
exists for m=1, - - -, s and the sequence {ai;m} (j=1, - -, ad inf.) con-
verges for each m=s towards a finite value or towards infinity. Since
{M,(X:)} G=1,--,adinf.) is bounded, lim;_. P(X:/ =ai,m)=0 forall m
for which lim;—y, @;;,m = 0. Since o;1 <a;,e < - - - <ai,., we havelim a;; =
if lim ;m—1= . Hence there exists an integer m’ <s such that for any in-
teger m>m’ and less than or equal to s, lim a;, »=c and for any integer
m=m', lim a;,» is finite. Denote lim i, by o and lim P(X/{, = ai;,m) by pm
for any m<m’. It is obvious that Z,’,’,",lpm=l and {X i } converges towards
the arithmetic chance variable X defined as follows: P(X =a,,) =p, for
m=<m' and P(X=a)=0 for any a>aj, - - -, am. Hence Proposition 10 is
proved.

PROPOSITION 11. Denote by {X:} (i=1, - - -, ad inf.) a sequence of arith-
metic chance variables of degree less than or equal to k for which {M.(X,)}
is bounded for a certain integer r. If { X} does not converge towards the chance
variable X, then there exists a convergent subsequence {X:,} such that
lim,~=w Xij=Y'7'£X.

Since {X:} does not converge towards X, there exists a positive ¢, a
sequence of numbers {a:} contained in a closed set which does not contain
any discontinuity point of P(X <x), and a subsequence { X/} of {X:} such
that | P(X! <o) —P(X <a:)| >e for i=1, - -, ad inf. Hence no subse-
quence of the sequence { X/ } can converge towards X. On account of Propo-
sition 10 there exists a convergent subsequence { X/’ } of the sequence { X/ }.
Hence lim X/’ must be different from X and our proposition is proved.

PRrOPOSITION 12. Denote by {X,} (n=1, - - -, ad inf.) a sequence of arith-
melic chance variables of the degree less than or equal to (j+1)/2, where j denotes
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a nonnegative integer. Denote further by X an arithmetic chance variable of
degree less than or equal to (j+41)/2 for which M (X), - - -, M (X) are finite
and 1, <0, < - - - <i; denote certain integers. If lim,_, M (X,)=M,;(X)
(v=1,---,7), thenlim X,=X.

Let us suppose that {X,} does not converge towards X but lim M,,(X.)
=M;(X) (v=1, - - -, j). According to Proposition 11 there exists a subse-
quence { X, } (m=1, - -, adinf.) such that limn—, X, =X'#=X. It is obvi-
ous that X' is of degree less than or equal to (j+1)/2. Consider now the case
that there exists an integer 7 >4; such that {M,(X. )} (m=1,-- - adinf.)
is bounded. Then we have on account of Proposition 9, M;,(X) =lim M;,(X.,)
=M,,(X'). From Proposition 5 it follows that D(x) =P(X <x) — P(X'<x)
must have at least j changes in sign. But this is not possible since on account
of Proposition 3, D(x) cannot have more than 2(j+1)/2—2=j—1 changes in
sign. Hence for any integer 7>4;, {M,(X.,)} is not bounded. Hence there
exists a subsequence {X,.} of { X, } such that limn_, M,(X})=o. De-
note by a, the greatest value for which P(X; =am)>0. Obviously
lim a,=. Since lim X, =X’, lim P(X,, =a.) must be equal to zero.
From this fact it follows easily that the degree of X’ must be less than or
equal to (j4+1)/2—1=(j—1)/2. From Proposition 9 we get that

M (X') =1lim M;(X.,) = Mi(X), v=1,---,j— 1.

Hence according to Proposition 5, D(x) = P(X <x) —P(X' <x) must have at
least —1 changes in sign. But this is not possible, because the degree of X’
is less than or equal to (f—1)/2 and therefore on account of Proposition 2 the
number of changes in sign of D(x) is less than or equal to 2(j —1)/2—1=5—2.
Hence we obtain a contradiction and our assumption that {X,} does not
converge towards X is proved to be an absurdity.

ProposiTION 13. Denote by M, - - -, M., the moments of the orders
01 <2:< - - - <i; of a certain chance variable X. There exists always a chance
variable X' which is characteristic relative to M s, - - - , M,

We shall prove this proposition by mathematical induction. Proposition
13 is obviously true for j =1. We shall suppose that 13 is true for any integer
r<k. That is to say, we shall make the

AssuMPTION A;. Denote by M, - - -, M: the moments of the orders
u< - - - <i, of a certain chance variable X, where r <k. There exists a chance
variable X’ which is characterisiic relative to M ;,, - - - , M ;..

In order to prove A1, we shall first prove by means of 4, the
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LeEMMA B,. If the chance variable which is characteristic relative to the mo-
ments M;,, - - - , M (r<k) is not degenerate, then there exists a positive § such
that any r-tuple M!,, - - -, M can be realized as moments for which

’

]M"n"'Mﬁ' <o, -, IMfr—l_M:r—ll <$
andM£,>M,-,—6.

We shall say that an n-tuple yy, - - -, ¥, lies in the e-neighborhood of the
n-tuple @, - - -, %, if |@1—3| <e, - -+, |2 —9a] <e.

By is obviously true for r=1. We shall prove B, for r by assuming that
it is true for »—1. Denote by X the chance variable which is characteristic
relative to M, - - -, M;, and suppose that X is not degenerate. That is to
say, the degree of X is equal to (r+1)/2. According to A, there exists a
chance variable ¥ which is characteristic relative to M, - - -, M; _,. The
chance variable ¥ is also not degenerate. In fact, if ¥ were degenerate, that
is to say, if the degree of ¥ were less than or equal to (r—1)/2, then according
to Proposition 6, P(X <x) would be identically equal to P(¥ <x) and there-
fore also X would be degenerate, in contradiction to our assumption. Hence
the degree of Y is equal to 7/2. From Propositions 2 and 5 it follows that
M; (V)= M; (X). Hence on account of Proposition 8, M; (¥) <M, (X). Since
By is assumed to be true for »—1, there exists a positive e such that any
(r—1)-tuple M/, ---, M!_, in the e-neighborhood of M., - -, M. _,
can be realized as moments. Hence according to A, for each point
M'=M!, -, M _, of the eneighborhoodof M =M, - - -, M, _,, achance
variable (and only one) exists which is characteristic relative to M’. Denote by
X (M) the chance variable which is characteristic relative to M’. From Prop-
osition 12 it follows that X (M) is a continuous function of M’ in the e-neigh-
borhood of M. For each point M’'=M!, - -, M; _, of the e-neighborhood
of M the degree of X(M') must be equal to r/2. In fact, if X(M’) were of
degree less than 7/2, then X(M') would be characteristic also relative to
M, - -, M _, and therefore on account of Proposition 8 not every point of
a neighborhood of M’ could be realized, in contradiction to the statement that
every point of the e-neighborhood of M can be realized. Hence the degree of
X(M') is equal to 7/2 for any point M’ of the e-neighborhood of M. From
this fact it follows easily that for any integer # the nth moment of X(M’)
is a continuous function of M’ in the e-neighborhood of M. Since X(M)=Y
and M, (Y) <M, (X), there exists a positive value 8 <e such that for any
point M’ of the §-neighborhood of M, the ¢,th moment of X (M) is less than
M (X)—34. Consider a certain point M' =M/, - - - , M} _, of the é-neighbor-

i

hood of M and the (r—1)-tuple M. (d, 1), - - - , M;,_,(d, n) defined as follows:
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M, — d» Mi_, — dim
'—", cee, M _d,n) = kit BN

M;. (d, =
1( 77) 1—q 1—q

b

where d and 7 are positive numbers such that the (r—1)-tuple M;,(d, »), - - -,
M. _,(d, 1) is contained in the é-neighborhood of M. Denote by X(d, 5) the

chance variable which is characteristic relative to M;,(d, 1), - - -, M;,_,(d, 7).
Denote further by Y (d, n) the arithmetic chance variable defined as follows:
P[Y(d,n) = z] = P[X(d,n) = x]- (1 — ), for x # d,

P[Y(d,n) = d] = P[X(d,n) = d]-(1 — ) + 1.

It is obvious that the 7,th moment of Y(d, n) is equal to MJ,
(v=1,---,r—1). The i,th moment of ¥(d, n) is a continuous function of
d and 1. For n=0, Y (d, ) is equal to X(M’) and therefore the 7,th moment
of ¥(d, 0) is less than M, (X)—4. Let us now consider two sequences of
positive numbers {d,} and {5,} (»=1,- - -, ad inf.) such that lim d,= oo,
lim 5, =0, lim d¥-19, =0, and lim d¥y, = . It is obvious that lim,_, M (d,, n,)
=M}, for n=1, .-, r—1. Hence for sufficiently large » the (r—1)-tuple
M. @., %), -, M;,_,(d,, %) lies in the §-neighborhood of M for any posi-
tive 4, <7,. On the other hand the z,th moment of ¥ (d,, n,) converges towards
infinity. If o denotes an arbitrary number greater than M (X) — 4, then for
sufficiently large » the i,th moment of ¥ (d,, ,) will be greater than «. Since
the 7,th moment of ¥ (d,, 0) is less than «, there exists a number 7, <7, such
that the 7,th moment of ¥Y(d,, #,) is equal to a. This proves the Lemma B;.
Now weshall prove 4., by means of A, and B. Denoteby M, - - -, M.,
the moments of the orders7; < - - - <%;4; of a certain chance variable X. Ac-
cording to A, there exists a chance variable ¥ which is characteristic rela-
tive to M,,, - - -, M,;,. If ¥V is degenerate, then according to Proposition 6,
X must be equal to ¥ and V is therefore characteristic also relative to
M, -, M., Hencein this case 4, is proved. We have to consider only
the case that ¥ is not degenerate. Hence the degree of ¥ is equal to (£+1)/2.
On account of Proposition 8, M, (V)M . If M, , (¥Y)=M,,,, thenV
is characteristic relative to M, - - -, M,,, and Ay is proved. We have to
deal only with the case that M;,,,(Y) <M;,,,. Denote by d, the greatest posi-
tive value for which P(¥ =d,) >0. Consider the chance variable ¥, . which
is characteristic relative to
Mil—d‘!e M,‘k—dik'e
M, (d, ¢ = ——. M;d, & =—m,

— € 1 —¢

where d >d,. On account of By, V. . exists for sufficiently small e. According
to Proposition 12, lim._o¥4,.=Y. Hence for sufficiently small values of e,
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Y 4. is not degenerate. From Proposition 12 and B it follows easily that for
any given d the set of values e for which Y. exists and is not degenerate is
an open set. Hence there exists a smallest value e(d) for which ¥4 (4 is de-
generate or does not exist. First we shall prove

Lemma 1. P(Y4,.=d) =0 for d>d, and for any € for whick Y , exists.

Let us suppose that there exists a value d>d, and a positive e such that
V4. exists and P(V4,.=d) >0. Consider the chance variable ¥, defined as
follows: _

P(Yd'g = d) = P(Yd,¢ = d)(l d e) + €,
PVs.=2)=PTae=12)-(1—¢), for x # d.

It is obvious that M, (Ya,) =M, (v=1, - - - , k) and the degree of ¥4, is not

greater than the degree of V. Hence Vg, is characteristic relative to

M., - -, M. According to Proposition 7, ¥4, must be equal to ¥, which

is not the case, since P(¥V4,.=d) >0 and P(¥ =d) =0. Hence we have a con-

tradiction and the assumption P(¥4,.=d) >0 is proved to be an absurdity.
We shall now prove the

LEMMA 2. If d>d then for each e<e(d), P(Y4,.2d)=0.

In fact Y4,0=7Y and therefore P(¥ 4,0=d)=0. On account of Proposition
12, Y 4. is a continuous function of € in the half open interval [0, ¢(d)). Hence
if there exists a value ¢’ <e(d) for which P(¥ 4, =d) >0, then P(¥V,,.=d) >0
must hold for a certain value e=¢’" <¢’, in contradiction to Lemma 1.

LeEMmMA 3. For d>do, Yd.((d) exists and P(Yd'((d) gd) =0.

Denote by {e.} a sequence of positive numbers for which €, <e(d) and
lim e,=¢€(d). Consider the corresponding sequence {¥.,} of chance varia-
bles. On account of Proposition 10 there exists a convergent subsequence
{Va,.} of the sequence {Va.,}. Denote lim,—, ¥4, by ¥ Since according
toLemma 1, P(¥V4,.2d) =0, { M, (V4..)} is bounded for any integer . Hence
we have on account of Proposition 9

lim M,(YVq,e) = M(Ya)

for any integer r. Then from

M; — dv-e, )
M = ——— v=1---,k;n=1,---adinf,
1 — € :
it follows that

. M‘.v — di"'é,,, M,’v —_ d"e(d)
M;(Y4) = lim =

1—e 11— ed)
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Since ¥, is characteristic relative to the above moments, ¥ 4, (q4) exists and is
equal to Y4 From P(Yg4.,=d)=0 and lim Y, =Y. it follows that
P(Y4,e9>d)=0. Since on account of Lemma 1, P(¥4,a=d) =0, we have
P(Yd,e(d) ;_d) =0.

Now we are able to prove

LeMMA 4. Besides e(d) no other value € can be given for which Y 4, exists
and is degenerate provided d >d,.

Let us suppose that there exists a positive ¢ #¢(d) for which ¥4, exists
and is degenerate. Consider the chance variables Y, and ¥4, (a) defined as
follows:

P(V4.=d) =¢PTac=2%)=PV4=12%)-(1—¢), forx=d;e=¢,ed).
Since Y4, and Y 4,.a) are degenerate, their degrees are less than or equal to

(k+1)/2—1/2=F/2. The degree of ¥4, and that of ¥4, (4 are obviously not
greater than 2/2+1. Hence on account of Proposition 4,
D(x) = P(?d,el < x) - P(?d,e(d) < x)

has at most 2(k/2+1)—3=%k—1 changes in sign. Since M; (Va..)
=M; (Yaea)=M; (v=1, -, k), D(x) must be identically equal to zero
on account of Proposition 5. But D(x) cannot be identically equal to zero
since P(V4,o =d) =€, P(V4,a =4d) =€(d) and €’ # ¢(d). Hence the assumption
that there exists an €’ #¢(d) for which Vg . exists and is degenerate is proved
to be an absurdity.

Let us consider a sequence of numbers {d.} (n=1, - - -, ad inf.) for which
d.>d, and lim d, =d >d,. We shall show that lim ¢(d,) =e(d) and lim Vg, ,(q,)
=Y 4,a. In order to prove lim Y4, e, =Y a,e(a, Wwe have only to show on
account of Proposition 11 that for each convergent subsequence { ¥ a,,eca,) |
of the sequence { ¥, .., }

lim Yd"'e(dn’) = Yd,e(d)-
Denote lim ¥4, s,y by ¥*. Since P[V s, ecann>da’]=0, {M(Vircca) }
is bounded for any r. Hence we have on account of Proposition 9
lim MY a,,ea,y) = MA(¥¥)

for any positive integer ». Since
M;, — (@7 )" e(dy)
1 —e(d))

M;,(Yayr,ea,n) =

converges with increasing # and since lim (d,”) % =d# >d,*» > M ,, the sequence
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{e(d.’) } must also converge. Denote lim ¢(d,’) by €*. Then ¥* is characteris-

tic relative to
Ma'l(d, 6*), Ty Mik(d7 e*);

that is to say, ¥* is equal to V... Since Va,e=lim V4, ca, and ¥Va,r ca,
is degenerate, ¥, . must also be degenerate. Then according to Lemma 4,
¢*=¢(d) and therefore Vg4 . is equal to Y. Hence our statement that
lim Ya,.ca,)=Yaew is proved. Since according to Lemma 3, P(V4,,cca,
>d,) =0 and therefore M,(¥ 4, ,eq,) is bounded for any integer r, we have on
account of Proposition 9

li_m M. (Ya, ) = M(Va,ea)-

From this it follows that lim e(d,) =(d) and that the moments of ¥ 4,4 are
continuous functions of d for d >d,.
Denote by Vg, the chance variable defined as follows:

PYs.=d)=¢ PTae=12)=P¥asc=2x)(1—¢), for x = d.

It is obvious that
Mi,(?d,e)=M,'v, y = 1,...’]2.

In order to show that limg—,, Mi, (Va.ey) = © we have only to show that for
any sequence {d,} for which lim d,= o, dn*-e(d,) does not converge to-
wards zero. In order to prove the latter statement, let us assume that
lim d.*e(d,)=0 and lim d,=c. It is obvious that lim d,e(d.)=0 for
v=1,2,---,k Hence

}11’2 Mi,(Yd.e(d)) = M,'v, Vv = 1, Tty k.

Since Y is characteristic relative to M;, - - - , M;,, we have, on account of
Proposition 12, lim ¥Y4,.ca,) =Y. But this is not possible since Ya,.ea, is
degenerate and therefore lim Y4, ., must also be degenerate and conse-
quently cannot be equal to ¥ which is not degenerate. Hence we have
lim M, (Vapean) =

On account of Proposition 10 there exists a sequence {d.} such that
d,>d,, lim d,=d,, and the sequence {T4,.cay} is convergent. Denote
lim ?d,,.e(d,.) by Y*. Since Miv(?d,,.e(d,,)) =Mi, (1/= 1, e, k) and P(?d,..e(d,,)
>d,) =0, we have, on account of Proposition 9, M, (Y*) =M, (v=1, - - -, k).
The degree of ¥ g, is less than or equal to k£/2 and therefore the degree of
Ta,eca is less than or equal to k/2+1. Hence also the degree of ¥* is less than
or equal to /2+1. Now we shall show that P(¥*=d,) >0. Let us assume that
P(Y*=d,) =0. Then lim ¢(d.) must be equal to zero. Hence lim M, (¥ 4,.e(a,)
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=M, (v=1,---, k), and then on account of Proposition 12, ¥4, .,
must converge towards ¥ which cannot be the case since Y4, (4, is degener-
ate and Y is not degenerate. Hence P(Y*=d,)>0 is proved. Since
P(Y =d,) >0, P(Y*=d,) >0, we get from Proposition 4 that the number of
changes in sign of D(x)=P(¥Y*<x)—P(¥Y <x) is less than or equal to
2(k/2+1)—3=k—1. Since M, (Y*)=M,;, (Y) (v=1,-- -, k), on account of
Proposition 5, D(x) must be identically equal to zero, that is to say, ¥Y*=V.
Hence

lim Mik+l(?dn»¢(dn)) = Mik+1(Y*) = M.’k.“(Y) < M"k+1'

Since limg—y M, ,,(Va,c0) =« and M, ,,(Va,ca) is a continuous function of
d, there exists a value d’ such that M,,,,(Va ew»)=M,,,,. The degree of
Yar,eary is less than or equal to £/2+1, and therefore ¥4 ,e(ay is characteristic
relative to M, - - -, M;,,,. This proves 4,41, and therefore Proposition 13 is
also proved.

Since Proposition 13 is proved, By is also proved for any positive integer k.
Hence we can formulate

PRrOPOSITION 14. If the chance variable which is characteristic relative to
the moments M., - - -, M, is not degenerate, then there exists a positive & such
that any k-tuple M:,---, M, in the O6-neighborhood of the k-tuple
M, -, M; can be realized as moments of the orders iy, - - - , iy.

4. Solution of Problem 1. Denote by M, - - - , M;, the moments of the
order ;<< - - - <4 of a certain chance variable X. Denote by X’ the char-
acteristic chance variable relative to M;, - -, M,,. If X’ is degenerate,
then according to Proposition 6 no chance variable ¥ X" exists for which
M, (Y)=M,(X') (v=1, - - -, k). Hence the sharp lower and the sharp upper
limits of P(X <d) are equal to P(X’<d) and our problem is solved. Through-
out the following development we shall suppose that X’ is not degenerate.

Consider the k-tuple of values

M., — d\
M;(d,\) = ——, v=1---k,
1=

where d>0, 0=\ <1. According to Proposition 14 the k-tuple M,,(d,\), - - -,
M, (d, N\) can be realized as moments for sufficiently small values of . De-
note by Y (d, N) the characteristic chance variable relative to the moments
M@, N), - - -, Mi(d, N\). Denote further by ¥(d, \) the arithmetic chance
variable defined as follows:

P[Y(d,N) = d] = P[V(d,\) = d](1 = N) 4,
P[Y(d,\) = x] = P[Y(d,\) = z](1 =), for x # d.
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It is obvious that
M [Y(d,N] =M, v=1,---,k.

From Proposition 14 it follows that for any given d >0 the set Q of values of A
for which the characteristic chance variable relative to the moments
M. (d,N), - -+, M;(d,\) exists and is not degenerate is an open set. Denote
by A, the smallest positive value not belonging to Q.

As is well known, M ,** <M, for any integer r <s, and the equality sign
holds only if the chance variable is of the degree less than or equal to 1. Since
for X <\ the characteristic chance variable Y (d, \) is not degenerate, we have

(M@, N5 < My (d,N), forp<v,u<kv=Ek.

From these inequalities and from the fact that negative moments are not
possible, it follows easily that if 2= 3, X\a<1 for any positive value d. If k=2,
g can be equal to 1 only if d= M, 4,

Now we shall prove

PROPOSITION 15. Denote by {\.} (n=1,2, - - - , ad inf.) a sequence of posi-
tive values such that N, <X\q and lim N,=N\4. Ther lim Y (d, \,) exists and is
equal to the chance variable Y 4 which is characteristic relative to the k—1 mo-
ments M i, (d, Na), - - -, Ms,_,(d, Na). If Y qis not degenerate, then Y 4 is charac-
teristic also relative to the k moments M, (d, Na), - - - , M, (d, Na).

According to Proposition 10 there exists a convergent subsequence of the
sequence {¥(d,\,)} (n=1,-- -, ad inf.). Denote by {¥(d, \!)} a conver-
gent subsequence of {¥(d, \,)} and denote lim ¥(d, \,)) by Y*. If ¥(d, \a)
exists, then according to Proposition 12, ¥* must be equal to ¥ (d, \,). Since
Y (d, \a) is degenerate, Y (d, \4) is characteristic also relative to the £—1 mo-
ments M;,(d, Na), - - -, M:,_,(d, \s). Hence Y*=Y(d, \s) =Y 5. We have now
to consider the case that ¥ (d, As) does not exist, that is to say, the £-tuple
M@, Na), - - -, M. (d, N\a) cannot be realized as moments. On account of
Proposition 9,

M.'v(Y*)=M,"(d,)\d), 1l=1,"',k—1.
Since the k-tuple M, (d, Na), - - -, M;,(d, \4) cannot be realized,
M.‘,‘(Y*) # Mik(d, Xd).

From this it follows on account of Proposition 9 that {M.[V(d, \/)]}
(n=1,2, - - - ,adinf.) is not bounded for any integer  >%;. Hence there exists
a subsequence {¥(d, \/’)} such that lim,, M,[V(d, \")]= . Denote by
a, the greatest positive value for which P[¥(d, \,/’) =a,]>0. It is obvious
that lim a, = and
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lim P[Y(d, M) = an] = 0.

Hence the degree of ¥* must be less than or equal to (k+1)/2—1=(k—1)/2.
Since M, (Y*)=M, (d, Na) (v=1,---, k—1), V* is characteristic and de-
generate relative to M;,(d, Na), - - -, Mi,_,(d, \a). That is to say, Y*=V,and
Y 4 is degenerate.

Hence we have proved that in any case the limit of a convergent subse-
quence of {¥(d, \.)} is equal to V4. From this fact it follows on account of
Proposition 11 that lim ¥Y(d, \,) =Y 4. As we have shown, V,=Y(d, \,) if
Y (d, \,) exists, and ¥ ,is degenerate if ¥ (d, A4) does not exist. Hence Proposi-
tion 15 is proved.

ProrosiTION 16. P(Y4=d) =0, where Y ; denotes the characteristic chance
variable relative to the k—1 moments M (d, Na), - - -, Mi,_,(d, \a).

Let us suppose P(¥ 4=d) >0. Denote by ¥, the chance variable defined as
follows:

PYa=d)=PYa=d)-(1 —Na) + \g;
PYi=2)=PYas=2)-(1—X\p), forx = d.

If Y(d, Na) exists, then M, (Yao)=M;(d, \a) (=1, -, k) and therefore
M;(Y))=M,; (v=1, - - -, k). The degree of Y. is equal to the degree of V.
Hence 7, is characteristic and degenerate relative to M,,, - - - , M,,, in con-
tradiction to our assumption that the characteristic chance variable relative
to M;, - - -, M, is not degenerate. If ¥(d, Ns) does not exist, then ¥, is
degenerate. That is to say, the degree of ¥, is less than or equal to (—1)/2.
Since M (Yq)=M, (v=1, .-, k—1) and the degree of ¥, is equal to the
degree of ¥4, V. is characteristic and degenerate relative to the k—1 mo-
ments M, - - -, M;,_,. But on account of our assumption that the character-
istic chance variable relative to M;,, - - - , M, is not degenerate, from Propo-
sition 6 it follows that the characteristic chance variable relative to
M, -, M,_, also cannot be degenerate. Hence we have a contradiction
and the assumption that P(¥ ;=d) >0 is proved to be an absurdity.

PRrOPOSITION 17. Denote by {d.} and {\.} (n=1, 2, -, ad inf.) two
sequences of positive values suchk that lim d,=d>0, lim N,=\N<Ns. Then
lim Y (d.,\.)=Y(d,\).

On account of Proposition 14, ¥ (d,, \.) exists for almost every n. Since
lim M, [V (d., \.) ] =M, [V (d,\)], we have on account of Proposition 12 that
lim ¥ (da, \) = Y (d, \).

ProrosITION 18. The sharp lower limit a4 of P(X <d) is equal to P(Y 4<d),
and the sharp upper limit b, of P(X <d) is equadl to P(Va=<d) where ¥ 4 denotes
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the arithmetic chance variable defined as follows:
P(¥a=4d) = \g PYa=1x)=PYas= 21—\, forx = d.

We shall consider two cases.

(1) Yais not degenerate. Hence the degree of ¥4 is equal to £/2. According
to Proposition 15, ¥ sischaracteristicalsorelative to M (d, \a), - - -, M;,(d, \a).

Hence
Miv(l_/a)=Mi,, v=1 .-,k
Since, according to Proposition 16, P(Y 4=d) =0, the degree of ¥, is obvi-
ously equal to #/241. Let us suppose that there exists a chance variable X
such that M, (X)=M;, (v=1, - - - , k) and P(X <d) <P(Ys<d). Denote by o
the greatest number less than d for which P(Ys=a)>0. It is obvious that
D(x) =P(X <x)— P(Y 4<d) has no change in sign in the interior of the inter-
val [a, d]. If D(x) is identically zero in the interior of [a, d], then D(x)
has no change in sign at a. If D(x) is not identically zero in the interior of
la, d] and if P(X=d)<P(Y4=d), then D(x) has no change in sign at d.
Finally if P(X<d)>P(Y4=d) and if B denotes the smallest value greater
than d for which P(Y =) >0, then D(x) has no change in sign in the interior
of the interval [d, 8]. From this fact it follows easily that the number of
changes in sign of D(x) cannot exceed 2(k/2+1)—3=%—1. Since M, (X)
=M,(Y) (v=1, - - -, k), thisis in contradiction to Proposition 5. Hence the
assumption P(X <d) <P(¥Y4<d) is proved to be an absurdity. Now let us as-
sume that there exists a chance variable X such that M, (X)=M,
(v=1,---, k) and P(X<d)>P(Y,=<d). Denote by 8 the smallest number
greater than d for which P(Y4=8)>0. It is obvious that D(x) =P(X <x)
— P(Y 1<x) has no change in sign at the point d and also no change in sign in
the interior of the interval [d, 8]. Hence the number of changes in sign of
D(x) cannot exceed 2(k/2+1) —3 =k —1. But this is in contradiction to Prop-
osition 5, and the assumption P(X <d) > P(Y 4= d) thereforeis proved to be an

absurdity.

We now have to show that the limits P(¥,<d) and P(¥,<d) are sharp.
Since M; (Yas)=M; (v=1,-- -, k), the lower limit P(¥Y,<d) is evidently
sharp. Denote by {d.} (n=1,2, - - -, ad inf.) a sequence of positive numbers

for which d.<d and lim d,=d. Denote by X some value less than A, It is
obvious that ¥ (d., \) exists for almost every » and that on account of
Proposition 12, lim,—., ¥ (d., \) =Y (d, N\). Since P(¥Y4=d) =0 the function
P(Y 4<x) is constant in the neighborhood of #=d. Then from limy.x, ¥(d, \)
=Y ,it follows that there exists a positive 5 such that

lim P[Y(d,\) <d —n] = P(Y, < d).

A=Ng
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Hence to an arbitrarily small positive € a value A\ <\4 can be given such that
PlY@, N <d—1]>P¥s<d) —e

for any A greater than A, and smaller than A,. Since lim,—,, ¥ (d., \) =Y (d, \),

(a) P[Y(da,N) < d] > P(Y4 < d) — 2¢

for almost every ». On account of d, <d,

(b) P[¥(dn,\) < d] = (1 = NP[V(dn, M) < d] + 1,
and on account of P(¥V4=d) =0,
() PYa2d)=(1—=N)P(Y4<d)+ .

From (a), (b), and (c), it follows that if we choose N sufficiently near to A,
we have

P[Y(dn,N) < d] > P(Y4 < d) — 3e.

Since M, [V (d.,\)]=M;, (v=1, - - , k) and since € can be chosen arbitrarily
small, the upper limit P(¥,=<d) is proved to be sharp. Hence Proposition 18
is proved if ¥, is not degenerate.

(2) Yais degenerate. Denote the degree of ¥, by k’/2 where k&’ denotes a
positive integer. It is obvious that 2’ <%k —1. Since the characteristic chance

variable relative to M;,, - - - , M, is not degenerate, from Proposition 6 it fol-
lows that also the characteristic chance variable relative to M, - - -, My,
is not degenerate. Considering only the moments of the orders 7,, - - - , 7, we

have case (1) since ¥, is obviously characteristic and degenerate relative to
the moments My(d, \s), - - -, M, -(d, \s). Hence P(Y.<d) is the greatest
lower and P(Y,<d) is the least upper bound of P(Z <d) where P(Z<d) is
formed for all chance variables Z for which M; (Z)=M;, (v=1,- - -, k').

In order to show that the lower limit P(Y4<d) is sharp consider the se-
quence {¥(d, \,)} of chance variables where A, <\, and lim .=\, . Since
lim ¥(d,\,) =Y and P(¥Y;=d) =0, we have

lim P[Y(d,\) <d] = P(Y4<d).

On account of the fact that

P[Y(d,N\) <d] = (1 —\)P[Y(d, \,) < d],
and that
P(?a <d)=PYa<d)-(1—2xn),

we have
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lim P[¥(d,\,) < d] = P(YV4 < d).

Since M;,[Y(d,\)] =M., (v=1, - - -, k) the lower limit P(¥ ;<d) is proved

to be sharp. The proof of the fact that also the upper limit P(¥ 4= d) is sharp

is quite analogous to that given in case (1). Hence Proposition 18 is proved.
We can summarize our results in the following

THEOREM 1. The moments M., - - -, M, of the orders iy, - - -, 1; of a certain
chance variable X are given. If the chance variable X' which is characteristic
relative to M, - - -, M., is degenerate, then the sharp lower limit as and the
sharp upper limit by are equal to P(X'<d). If X' is not degenerate, we have to
consider the chance variable Y s which is characteristic relative to M ; (d, \a), - - -,
M;;_(d, Na) where

M; L, div\ .
Mi,(dyx)=_ﬁ’ v=1,---,7,
and \a denotes the smallest value N for which M (d, \), - - -, Mi;(d, \) cannot
be realized as moments, or the characteristic chance variable relative to them is
degenerate. The sharp lower limit a, is equal to P(Y 4<d) and the sharp upper
limit by is equal to P(Y4=d), where Y, denotes the arithmetic chance variable
defined as follows:

P(I_/d = d) = P(Yd = d)(l - )\d) + )\d,
P(7d=x)=P(Y¢=x)(1—)\d) for x#d.

5. Solution of Problem 2. Denote by M, - - -, M, the moments of the
orders 4, <7< - - - <% of a certain chance variable X. Consider an integer
tx+1>1%; and a number M, ,,. First we shall deal with the question: what con-
ditions must be satisfied by M, ,, in order that M, - - - , M,,,, can be real-
ized as moments of the orders 7y, - - -, %41

If the chance variable ¥ which is characteristic relative to M, - - - , M,
is degenerate, then on account of Proposition 6 no chance variable Z=V
exists such that M, (Z)=M,(Y) (v=1, - - - , k). Hence M, - - - , M;,,, can
be realized if and only if M, ,, =M, (V).

Let us consider the case that ¥V is not degenerate. Denote by {d.} and
{en} (m=1,---, ad inf.) two sequences of positive numbers such that
lim d, = ,limdy-¢,=0 for »<k, and lim d, %+ ¢, = . Consider the k-tuple
of values
M —dv-e
————

1 —¢

M,'”(d, e) =

If M. (d,e), -, M;(d, e can be realized as moments of the orders sy, - - -, %,
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then we shall denote by Y (d, €) the characteristic chance variable relative to
these moments, and by Y(d, € the arithmetic chance variable defined as
follows:

P[Y(d, &) = d] = P[Y(d,e) = d](1 — &) +e,

P[Y(d,e) = x] = P[V(d,¢) = x](1 — ¢), for x # d.

It is obvious that
M. [V, 9] = M., y=1,--- k.
Since lim €, =lim d,%¢,=0 (v=1, - - - | k), from Propositions 14 and 8 it fol-

lows easily that for almost every %, ¥ (d., €) exists and is not degenerate for
any nonnegative value e <e,. On account of Proposition 12, ¥ (d., €) is a con-
tinuous function of e in the interval [0, €,]. Since ¥ (d., €) is not degenerate
for 0<e=<e,, also M,[V(d., €] is a continuous function of € for any positive
integer r. From this it follows that also M,[¥(d,, €)] is a continuous function
of €in the interval [0, €,]. Since

Mt',[?(dm e)] = Mi,. v=1,---,k), Mik+1[?(dﬂ7 0)] = My, (Y),
we get that M, - - - , M,,,, can be realized as moments if

M, (Y) S My, < Mik+lW(d”’ e")]'

Because lim dyt*e,= o we obtain easily that lim M;,,, [V (d., €.)]= and
therefore M;, - - -, M,,,, can be realized as moments if M;,,, =M, (V).
From Proposition 8 it follows that this condition is also necessary. Hence
we have proved

ProposiTION 19. Denote by M., - - - , M, k numbers which can be realized
as moments of the orders i, <2< - - - <. Denote by tx11 an integer greater
than i, and by M, ., a certain number. If the chance variable Y which is charac-
teristic relative to M ;,, - - - , M, is degenerate ,then M ;,, - - - , M ;,,, can be real-
ized as moments of the orders iy, - - - | txp1 if and only if M;, ., =M, (V). If ¥V
is not degenerate, then M;,, - - - , M, ., can be realized as moments if and only if
M"k+1 = Mik+1(y)-

If M;,,, =M., (Y), the characteristic chance variable relative to
M., - ,M,., isobviously equal to ¥ and therefore is degenerate. Since M,
can be realized as a moment of the order 4, if and only if M;, =0, we get from
Proposition 19

THEOREM 2. Denote by i:<ir< --- <1y positive integers and by
M., -, M, some numbers. The values M., - - -, M, can be realized as
moments of the orders 1y, - - - , iy if and only if
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Mil 2 0! M"z = M"z(Xl)y Ty Mik = Mik(Xk—l),

where X, denotes the characteristic chance variable relative to M, - - -, M, ; if
in one of the above relations the equality sign holds, then in all subsequent rela-
tions the equality sign must hold.

This theorem gives the solution of Problem 2, since M; (X,_) is a func-
tion of M, - - -, M;,_, which can be calculated.

6. Some applications of Theorems 1 and 2. Let us calculate by means of
Theorem 2 the inequalities which must be satisfied by the numbers M ,, M,,
M, if they can be realized as moments of the orders 7, s, ¢, where r <s<t.

According to Theorem 2 the necessary and sufficient conditions are given

by
(10) M, 20, M, =M(X), M.=M(X,)),

where X; denotes the characteristic chance variable relative to M,, and X.
denotes the characteristic chance variable relative to M, and M,. The de-
gree of X, is less than or equal to 1. Hence there exists only a single point a
with positive probability and therefore M,=M,(X;)=a". Hence a=M.".
It is obvious that

8/r

(11) M(X) =a =M, .

Let us now calculate the chance variable X,. The degree of X, is less than or
equal to 3/2. Hence only the origin and a single positive value b can have
positive probability. The value of b and the probability P(X,=b5) are deter-
mined by the equations

M, (X5) = b'P(Xe =b) = M,; M,(Xs) = b'P(X; =5) = M,.

From these equations we obtain

Mr M‘ 1/(s—7)
PXy=b)=——7—"—""""—> b =
=0 = G 0= (i)

Hence

M‘ (t—r)/(s—r)
(12) Mi(Xs) = b'P(Xa = b) = M,( )

M,
From (10), (11), and (12) we get

s/r

(13) M, z0, M,z M, , M,ZM,(

Ma) (t—r)/(s—r1)

T

If in one of the relations (13) the equality sign holds, then in all subsequent
relations the equality sign must hold. These relations are necessary and suffi-
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cient in order that M,, M,, M, can be realized as moments of the orders 7, s, .

As an application of Theorem 1 let us calculate the sharp lower limit a.
and the sharp upper limit b, if two moments M, and M, are given, where
r<s. According to the relations (13) we have

8/r

Mfgo? Ms_Z.Mr-

If M,=0 (and therefore also M,=0), orif M,>0 and M,=M?", the chance
variable X which is characteristic relative to M, and M, is degenerate and we
have as=bs=P(X <d). Since P(X <x)=0 for x=M." and P(X=M,") =1,
we have

ag=ba=1, ford > M,l/r,
1/r
ad=bd=0, fOI‘d§M, .
Now we have to consider the case that

8/r

(14) M, >0, M,>M, .
In order to calculate N; we have to consider the expressions:
M4, = M, M,(d, ) = M, = an
1 -2 1 -2

From Theorem 2 it follows that for any N for which M,(d, N\)>0 and

M, (d, \)>[M.(d, \) ], M.(d, \) and M,(d, \) can be realized as moments

of the orders 7, s, and the corresponding characteristic chance variable is not

degenerate. Hence either M,(d, N\s) =0 or M,(d, \a) = [M.(d, \a)]*/* must

hold. That is to say, N4 is either equal to M,/d or is the root of the equation
M, — d°\ [M — d'x]”'

15 =
(15) 1—-2A 1—2x

We have N\g=M,/d" if and only if the smallest positive root of (15) is greater
than or equal to M,/d". It is easy to show that this is the case if M,/d"
<M,/d*. Hence we have:

If M,/d"<M,/d* then \y=M,/d", and if M,/d">M,/d* then \, is equal
to the smallest positive root of (15).

If N\a=M,/d" then the chance variable ¥, which is characteristic relative
to M,(d, N\a) is given as follows: P(¥3=0)=1 and P(YV4=x)=0 for x0.
Hence the chance variable ¥, is given as follows:

PYs=0=1—Ng=1-— M,J/d,

P(Vd = d) = Ng = Mr/dr.
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Hence
(16) aq = P(?d <d)=1-M,J/dr; by=PTYas=<d) =1, M,/d" < M,/d".
Let us now consider the case that M,/d">M,/d*. Then A, is the smallest

positive root of (15). The chance variable ¥, which is characteristic relative
to M ,(d, ya4) is given as follows: P(¥Y ;=08) =1 where
M, —dr-\ 6" M,/d" — N\
(17) B":—d, or __—_;i.
1 — N dar 1 — 2N
The chance variable ¥, is given as follows:
PYa=8)=P¥a=08 (1-N)=(010-2N), PFas=d) =

We shall show that §<d. One can easily see that M,/d"<1. In fact, if

M,/d >1, then
> >
ar ar d*

and therefore M.*/r>M, which is not possible. The inequality §/d <1 fol-
lows from (17) on account of M,/d”<1. Hence we have

¢=P(T’.d<d)=P(I_’d=5)=l—)\d; bd=P(?¢§d)=l,
M,/d" > M,/d.

a
(18)

The equations (16) and (18) give the complete formulas for a4 and b, if two
moments M, and M, are given.
If s =27 the root A4 of (15) is given by the expression:
M?r - ]llr2
(@ — M)+ (M2 — M?)

Aa =

Hence we get

M2r - Mr2
gg=1—Ng=1— )
(19) (d' - Mr)2 + (M2r - Mrz)
ba=1, M,/d" > M,/d°,

The sharp lower limits given in the formulas (16) and (19) are identical
with the lower limits in the formulas (3) given by Cantelli.
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