NON-COMMUTATIVE RESIDUATED LATTICES*

BY
R. P. DILWORTH

Introduction and summary. In the theory of non-commutative rings cer-
tain distinguished subrings, one-sided and two-sided ideals, play the impor-
tant roles. Ideals combine under crosscut, union and multiplication and hence
are an instance of a lattice over which a non-commutative multiplication is
defined.t The investigation of such lattices was begun by W. Krull (Krull
[3]) who discussed decomposition into isolated component ideals. Our aim
in this paper differs from that of Krull in that we shall be particularly inter-
ested in the lattice structure of these domains although certain related arith-
metical questions are discussed.

In Part I the properties of non-commutative multiplication and residua-
tion over a lattice are developed. In particular it is shown that under certain
general conditions each operation may be defined in terms of the other.

The second division of the paper deals with the structure of non-com-
mutative residuated lattices in the vicinity of the unit element. It is found
that this structure may be characterized to a large extent in terms of special
types of distributive lattices (arithmetical and semi-arithmetical lattices).
The next division contains a discussion of the arithmetical properties of non-
commutative residuated lattices. In particular decompositions into primary
and semi-primary elements are discussed.

Finally we investigate the case where both the ascending and descending
chain conditions hold and prove some structure theorems which are analogous
to the structure theorems of hypercomplex systems.

I. MULTIPLICATION AND RESIDUATION

1. Definitions and notations. The fixed lattice of elements @, b, ¢, - - - will
will be denoted by &. Sublattices will be denoted by German capitals, and
Latin capitals will denote subsets of & which are not necessarily sublattices.
(,), [, ],  will denote union, crosscut, and lattice division respectively. If
a#b and a >x > b implies either x =a or x =, a is said to cover b and we write

* Presented to the Society in two parts: April 9, 193&, under the title Non-commutative residua-
tion, and November 26, 1938, under the title Archimedian residuated lattices; received by the editors
May 1, 1939.

t Lattices with a commutative multiplication have been investigated by Professor Morgan
Ward and the author in a previous paper (Ward-Dilworth [7]).
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a>b. If & has a unit element #, the elements covered by u are called divisor-
free elements of &. If & has a null element it will be denoted by 2.

© 1is said to satisfy the ascending chain condition if every chain
@ C€a;casc - - - has only a finite number of distinct elements. Similarly
if every descending chain a;2a:2@;> - - - has only a finite number of dis-
tinct elements, & is said to satisfy the descending chain condition. & is called
archimedian if both the ascending and descending chain conditions hold.

The direct product (Birkhoff [1]) of lattices &, R, - - - , €, is defined to
be the set of vectors a= {ai, az, - - - ,a.}, a: ¢ ®; with division defined by a 5 b
if and only if ;> b;. Union and crosscut are given by (a, b) = { (a1, by), - - -,
(aﬂ, b") } ’ [d, b] = { [al; bl]’ ) [d,., b"]}

2. Multiplication. A one-valued, binary operation xy is called a multipli-
cation over & if the following postulates are satisfied:

M,. ab lies in & whenever a and b lie in S.
M,. a=>b implies ac=bc, ca=cb.

Ms. a(b, ¢) = (ab, ac), (a, b)c=(ac, bc).
M.. a(bc) = (ab)c.

From M, and M; we have

(2.1) a>bimplies ac > bc and ca > cb;

(2.2) [ab, ac]>alb, c], [ac, bc] > [a, ble.

If in addition to M,—M,, postulate Mj; below is satisfied, & is said to be a
left ideal lattice.

M;. a>ba.

In a similar manner if M. is satisfied, & is said to be a right ideal lattice.

M;.. a>ab.

If a lattice is both a left and right ideal lattice, it is called a two-sided ideal
lattice, or simply 7deal lattice.

Consider a lattice with unit element % over which a multiplication satisfy-
ing M,—M, is defined and for which M, holds.

M. ua=au=a.

Then by M;, M; and M;: hold so that & is an ideal lattice. A lattice with
unit element in which M holds we call an ¢deal lattice with unit.
& is said to be commutative if it satisfies M.

M7. ab= bd.

3. Residuation. Consider now an ideal lattice & in which the ascending
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chain condition* holds. Let ¢ and b be two elements of ©. Then the set X
of all elements x ¢ & such that @ > xb is non-empty and closed with respect to
union. Hence by the ascending chain condition X has a unit element a-b~!
which we call the left residual of b with respect to a. The left residual a- b1
has the fundamental properties:

R;. a>(a-b7Y)b.
R:. adxb—a-b'ox.t

In a similar manner the right residual b='-a is defined by the following
properties:

Ry aob(b'-a).

Ry a2 bx—b1l-a>dx.

The two residuals are connected by the relation

3.1) al-(b-cY) = (a~1-b)-c1.

The residuals are connected with the multiplication by the formulas
3.2) (ad)-b1'oa, al-(ab)>b,
(3.3) a-(be)™ = (a-c7b)- b7, (ab)™t-c = bt-(at-c).

Some of the more important properties of the residuals are the following:

3.4) a-(b~1'-a)"'o(a,d), (a5~ )" t-a> (a, b);

(3.5) [e,8]) ¢t = [a-cL, b-cY], at-[b, ¢c] = [atb, a1 c];
(3.6) a-(b,c)t = [a-b71, a-c], (a,b)t-¢c = [a~t-c, b7t c];
3.7 (a,8)-c*o(a-cY, b-cY), a1 (b, ¢)o (a7 1-b, al-c);
(3.8) adb—a-c'2b-¢t,ctadct b

(3.9) adb—c¢-b1d¢-a7t, bl ¢coal ¢

(3.10) a-b"1oa,b'-ada;

(3.11) a-b'oc2ct-adb.

On the other hand, if we start with a lattice € in which the descending
chain conditionf holds and over which left and right residuals are defined
having the properties given above, then we may define a multiplication over
& satisfying Mi—Mj.. For let a and b be two elements of &€ and let X be the

* This condition may be replaced by the weaker condition that every set S of elements of &
have a union %(S) and that %(S)c=u(Sc).

t The symbol — indicates formal implication.

1 As in the previous case this condition may be weakened.
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set of elements x such that x-b~1>a. Then X is non-empty and closed with
respect to crosscut, and hence by the descending chain condition has a null
element ab. It can be shown that the product so defined satisfies M;—Mj;- and
moreover is equal to the product similarly defined in terms of the right re-
sidual.

II. RESIDUATED LATTICES WITH UNIT

4. Lattice structure. Throughout this and the following section we shall
assume that & is a lattice in which the ascending chain condition holds and
having a multiplication satisfying M, - - - , M. As a consequence of Mg the
residuals have the following properties:

4.1) adb2abl'=u2b e = u;
(4.2) aul=wulag=ag;
(4.3) (¢,0) =u—a-b'=g,bt-a = a.

Conversely, if we start with residuals having property (4.1) and define
multiplication in terms of the residuals as in §3, then it is readily verified that
the multiplication satisfies M.

Of particular importance in the proofs that follow are the properties:

(4.4) 0, 0) =u—(a, [b,c]) = [(s, ), (3, )];
(4.5) (0, 0) = u— ([q, 8], [q, c]);
(4.6) (a,0) = u,(a,0) = u—(a, [b,¢]) = u.

As a consequence of (4.4) and (4.6) we have the following property:
(4.7) If @y, - - - , @, are coprime in pairs, then

(C, [01, ) a’n])‘: [(C, a1)7 ) (67 a'n)]'
Two sublattices % and B are said to be coprime if a ¢ A and b ¢ B imply
(a, b)) =u. We have then

LevMa 4.1. Let U be the sublattice generated by the sublattices My, s, - - -, An
each of whick contains w. Then N is the direct product of s, - - - , U if and only
if Wy, - - -, Wn are coprime in pairs.

From the definitions of §1 it follows directly that i, - - - , %A, are coprime
in pairs if % is the direct product of %y, - - -, A,. Let now Ay, - - -, A, be

coprime in pairs and let L denote the set of crosscuts [ay, - - -, @,] where
a; e A;. We have clearly
[[(11, ) a’"]) [al,) Tty 0,,’]] = [[(11, (11'], [02’ as ]) ) [am a"I]]

Furthermore
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([01, to ;an]’ [(1»1’, T )an,]) = [(411, [a'l” Tt ,an,])’ Tt ,(a'n, [a'l,: tte )aﬂ,])]
= [(al, 01’), T (aﬂ; d,.')]

by (4.7). Hence L is a sublattice and is thus equal to %A. If [a, - - -, a,]
=[a{, - -,al], then

a; = (ai) [al” ] aﬂ’ ]) = [(a"’ al’)’ T (d,’, aﬂ’)] = (a'i') d,").
Whence ¢;2a/. Similarly @/ o ¢; and hence a;=a/ . This completes the proof.
If the sublattices ¥, - - -, A, have minimal elements, the conditions of

Lemma 4.1 may be simplified.

COROLLARY. If the sublattices Ny, - - - , A, of Lemma 4.1 have minimal ele-
ments my, - - -, Mn, then A is the direct product of Ny, - - - , W, if and only if
my, - - -, M, Gre coprime in pairs.

From Lemma 4.1 we have immediately

LeEMMA 4.2. Any finile set of divisor-free elements generates a finite Boolean
algebra.

If there are only a finite number of divisor-free elements in &, we may
speak of the Boolean algebra generated by the divisor-free elements. This is
certainly the case when the descending chain condition holds in &, for we
have

LEMMA 4.3. If the descending chain condition holds in &, then there are only
a finite number of divisor-free elements.

Let py, p2, - - -, pu, - - - be an infinite sequence of distinct divisor-free ele-
ments, and form the descending chain @¢;2@;25a;5 - - - where a;=[p1, pq,
-, pi]. If ai=a:+1, then [py, - - -, ps]=[p1, - -, pis1] and hence

piy1 = (?t'+l’ [Ply T pt]) = [(Pi+1) Pl), T (.pi'+1, P“)] =u,

which is impossible. Thusa,>a:2a3> - - - is an infinite descending chain.
5. We turn now to the study of the structure of a residuated lattice in
the vicinity of the unit element and prove first the fundamental

THEOREM 5.1. Let & be a residuated lattice with unit having only a finite
number of divisor-free elements p,, ps, - - -, pn. Moreover let ® be the direct prod-
uct of chain lattices &, - - - , L. where L; is the chain ud>p;>a;> - - - dDm,.
Then if m.>b and b does not belong to R, the sublattice generated by the
elements of L and the element b is the direct product of the chain lattices
Q, -, &%, -, R where & is the chain laltice w D prD>ard - - - Dmy Db,

Proof. In view of the corollary to Lemma 4.1 it is sufficient to show that
(b, m:;)=u,i=k. If (b, m:) #u, there exists a divisor-free element p such that
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92 (b,m;). Since p >m;, we have p=p;. Now mi > [mu, p;] 5 bsince p 5 b. But
my 7 [mr, p;] since otherwise p; > m; while (p:, mi) =u. Hence b= [my, b;] and
b is contained in ¢ which is contrary to assumption. Thus (b, m;) =u, i #k.

This theorem enables us to construct certain characteristic sublattices
with very simple properties. For let 8 be the Boolean algebra generated by
the divisor-free elements of &. If a divisor-free element p of B covers an ele-
ment a;, not contained in B, then B and a, generate a sublattice £, which is a
direct product of chain lattices. If @, covers a: and @, does not belong to &,
then £, and a, generate a sublattice £, which is again a direct product of chain
lattices. We may continue in this manner as long as we obtain elements a;
not contained in ¢;,. Having obtained a sublattice £ in this manner, we
may further extend it by building chains from other divisor-free elements.
Thus if we call lattices which are direct products of chain lattices, arithmetical
(Ward [5]), we see that the structure of a residuated lattice in the vicinity
of the unit element is characterized to a large extent in terms of arithmetical

lattices.

F1c. 1

This principle is very useful in constructing examples of residuated lat-
tices. For example, suppose we wish to construct a residuated lattice contain-
ing three divisor-free elements. We start then with the Boolean algebra 8 of
Fig. 1.

Now if we wish to add an element a’ covered by a, by Theorem 5.1 we
have immediately the sublattice € of Fig. 2.

The condition of Theorem 5.1 that each divisor-free element be a member
of one of the chain lattices is essential for the truth of the theorem as may be
seen by simple examples. However in general a residuated lattice will have
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an infinite number of divisor-free elements and Theorem 5.1 will no longer
apply. It may be generalized as follows:

THEOREM 5.2. Let R be the direct product of chain lattices &, - - -, &, of a
residuated lattice ©, and let B be the lattice generated by & and the set of divisor-
free elements p which divide at least one element of R. Furthermore let mi>b.
Then either b lies in B or the lattice generated by R and b is the direct product of
the chain lattices &1, - - -, %, -+ -, L, where ¥ = {4, b}.

Proof. If (b, m;)#=u, ik, there exists a divisor-free element p such that
p 2 (b, m:). Now my > [ms, p] o band my 5 [ms, p] since otherwise p > m, while
(p, m) =u. Hence b= [m;, b] and b « B. Hence if b ¢ B, (b, m:) =u, i %k, and
the theorem follows by Lemma 4.

The structure of the lattice B of Theorem 5.2 is comparatively simple. We
shall study its properties in terms of the notion of semi-arithmetical lattices
introduced by Morgan Ward (Ward [5]). We make the

DEFINITION 5.1. A distributive lattice D is said to be semi-arithmetical if
the indecomposable elements divisible by a given divisor-free element form a chain
lattice.

A semi-arithmetical lattice in which the ascending chain condition holds
may be characterized as follows:

LemuMA 5.1. A4 distributive lattice D in which the ascending chain condition
kolds is semi-arithmetical if and only if the indecomposables occurring in the re-
duced representation of an element as a crosscut of indecomposables are coprime
n pairs.

From Definition 5.1 it follows trivially that an arithmetical lattice is semi-
arithmetical.

We shall show now that the lattice 8 of Theorem 5.2 is semi-arithmetical
and to that end prove the

THEOREM 5.3. Let R be a semi-arithmetical sublattice of a residuated lattice
& and let { contain the unit element u. Then if p is a divisor-free element of &,
the sublattice &' generated by p and the sublattice  is semi-arithmetical.

Proof. If p is contained in &, the theorem is trivial and we may thus as-
sume that p ¢ & Now let U be the set of all elements of the form a or [p, a]
where a € €. The set U is clearly closed with respect to crosscut. We show that
U is also closed with respect to union. Let x and y be two members of the
set U. If both x and y are contained in &, (x, y) is obviously in U. Let
x=[p, %], pPxiand ye & Letx;=[qy, - - - , ¢,] where the ¢; are indecompos-
ables and (¢;, ¢;) =%, 2#4. Then since p dx1, (p, ¢;) =u (=1, - - -, s). Hence
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N =00tran . a) =100, 9, -, 4]

by (4.3). But (y, ) is either p or » hence (x, y) is contained in U. If x = [p, x1],
pPxiand y=[p, ], p», then

(%, 9) = ([1’; qi, " -, Qa], [P; ql” ] q:'])
= [17; (g1, P), (') BN (q;’: ), (g1, 41'), ey (e q:')] = I.P’ a]

where a ¢ 2. Hence U is identical with ¢,

Now let a, b, ¢ be contained in U. Then in exactly the same manner as
above we find that (a, [, ¢]=[(a, b), (a, ¢)]. For example, if b=[p, b],
p dbyand c e & then

(ay [b’ C]) = (a" [177 a1, " = 5 Qs 91', ] q;’])
= [(a; 1’)7 (a’) 91), ] (d, q:')] = [(d, b)’ (a7 C)]

if pdc;andif poc, then

(a,[b,¢]) =(a, [q1, -+, g gl , -+, q])
=[(e,q0), -+, (a,40), (8, q{), - -, (a, g")]
=[(e,q1), -+, (a,4), (6,0)] = [(a, 9), (8, q0), - - -, (a, 40), (g, 0)]
= [(e, 0), (s, 9)].

Hence ¢’ is distributive.

Finally let x ¢ '; then either x ¢ Q or x= [p, ;] where p px;. If x € , then
x=[q, - -, q,] where the ¢; are indecomposable and (gi, ¢;) =u, i55. If
x=[p, 2] then x=[p, q1, - - -, ¢-] where p, ¢, - - - , ¢, are indecomposable
and (g:, ¢;) =u, 15%7; (p, ¢s)=u (4=1, - - - , r). Thus ¢’ is semi-arithmetical
by Lemma 5.1 and the proof is complete.

Now since B is obtained from an arithmetical lattice £ by a successive
adjunction of divisor-free elements and since at each stage a semi-arithmeti-
cal sublattice is obtained, ¥ itself is semi-arithmetical. We have thus proved

THEOREM 5.4. The lattice B of Theorem 5.2 is a semi-arithmetical sublattice
of ©.

In forming the sublattice B from the arithmetical lattice & only divisor-
free elements which are divisors of some element of £ are considered. If we
adjoin a divisor-free element which does not divide any of the elements of &,
the results are even simpler; for we have

THEOREM 5.5. Let R be a direct product of the chain lattices %4, - - - , Ra, and

let p denote a divisor-free element not contained in . Then if p does not divide any
of the elements of R, the sublattice generated by p and R is the direct product L’
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of the chain {u, p} and the chain lattices of . Furthermore if is dense in &,
then &' is dense in ©.

Proof. Since p does not divide a; if a; ¢ &, (a?, p) =u. Hence the first part
of the theorem follows. Let now 3 [p, ay, + - -, a,]. Then x= [(x, p), (¢, a1),

-, (x, a,)]. Now (x, p) is clearly in & and (x, a.) is in & by hypothesis.
Hencex e £'.

We conclude this section with

THEOREM 5.6. Let R be the direct product of the chain lattices &y, - - - , L. 0f a
residuated lattice © and let mi. > b where b is indecomposable. Then R and b gener-
ate a sublattice &' which is the direct product of the chain lattices %, - - -,
{%, b}, - - -, Q. Furthermore if R is dense in &, then &' is dense in &.

Proof. The first part follows directly from Theorem 5.2. Let now
x> [ml; LTI S ,m,.]. Thenx:[(x) ml); T (x: b)’ ) (x; mﬂ)]
Since 2 is dense by hypothesis, (x, m,), - - -, (x, m,) are contained in . Now
either (x, b) =b in which case x ¢ &' or (x, b) > m, since b is indecomposable.
But then (x, b) ¢ ® and « is contained in £’.

ITI. ARITHMETICAL PROPERTIES OF IDEAL LATTICES

6. Assume that & is an ideal lattice in which the ascending chain condi-
tion holds.

DEFINITION 6.1. An element p ¢ © is said to be a prime if poaband pda
implies p2b.

DEFINITION 6.2. An element q & & is said to be right primary if ¢ > ab and
g da implies ¢ 2 b* for some whole number s.

In the theory of commutative residuated lattices a residuated lattice in
which the ascending chain condition holds is said to be a Noether lattice
(Ward-Dilworth [7]) if every irreducible is primary. It is then shown that
every element of a Noether lattice may be represented as a simple* crosscut
of a finite number of primaries each of which is associated with a different
prime. The primes themselves and the total number of primaries are uniquely
determined by the element. This result also holds for the non-commutative
case although there are certain complications due to the non-commutativity
of the multiplication. We shall show how these complications may be avoided.

Let & be a non-commutative Noether lattice; that is, assume that every
irreducible is right primary. If ¢ and b are elements of &, the product ab then
has the form ab=[qi, - - -, g.] where the ¢; are right primary. Let ¢;>a

* A crosscut representation is said to be simple if omitting any one of the terms changes the
representation.
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(G=1,---,1), ¢ida (G=I+1,---, 7). Then since ¢g;>ab we have ¢;>b%
(=141, - - -, 7). If we then set s=max (511, - - - , 5,), we have
(6.1) ab> [a, b*] > bea.

Let ¢ be right primary and consider the union p of all elements «x such that
g2 x* for some whole number s. Then ¢> p* for some whole number ¢ by
the ascending chain condition. Furthermore p is a prime. For if o g¢b, then
g2 pto (ab)toarbt by (6.1). If goar, then poa. If gdar, then ¢>b* and
> b. Hence either p o a or p5b. This prime is clearly unique and is called
the prime element associated with the right primary ¢. We have moreover

LeMMA 6.1. The crosscut of two right primaries associated with the same
prime p is also a right primary associated with p.

Let [q, ¢'] > ab, [g, ¢’] d a. Then either g or ¢/, say ¢, does not divide a
and hence ¢ b*. But then p>b and hence ¢’ o 5. Hence [g, ¢'] > b*" where
s’=max (s, £). Obviously [g, ¢’] is associated with p.

LEMMA 6.2. Let g and q’ be right primaries associated with p and p’ respec-
tively. Then if p D p’, q¢-¢'"'=4¢.

For ¢o(¢-¢'Y)q’. Hence either ¢=g-¢’~! or ¢o¢’s. But if ¢o¢’*, then
$ 2" and hence p> p’ contrary to hypothesis.

Note that Lemma 6.2 holds only for the right residual. If we were consid-
ering left primaries, the left residual would replace the right residual.

The proof from this point on is exactly analogous to the proof in classical
ideal theory and will be omitted. We thus obtain

THEOREM 6.1. Let © be a non-commutative Noether lattice. Then every ele-
ment of © may be represented as a simple crosscut of a finite number of right
primaries. The primes and the total number of right primaries are uniquely-de-
termined by the element.

The following theorem proved in Ward-Dilworth [7] for the commutative
case holds also for non-commutative residuated lattices and is proved in ex-
actly the same manner.

THEOREM 6.2. The following two conditions are sufficient that © be a Noether
lattice:
(1) & s modular,
(i) abd> [a, b°].

The distinction between left and right primaries may be removed by
weakening the condition of Definition 6.2. We adopt the name semi-primaries
for these new elements.
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DEFINITION 6.3. An element a ¢ S is said to be semi-primary if a 2 bc and
a D b for all s implies a > ct for some whole number t.

Let & be an ideal lattice in which every element may be represented as
a crosscut of a finite number of semi-primaries. Moreover let x and y be any

two elements of ©. Then xy=[a,, - - -, a,] where the a; are semi-primary.
Let a;ox% for i=1,---, l and a;> 9% i=I+1, - - -, 7. Then xy> [x*, y!]
where s=max (s, - - -, 5;) and {=max (f;41, - - -, ¢,). We thus have

THEOREM 6.3. If every element of a residuated lattice © is expressible as a
crosscut of a finite number of semi-primaries, then for every x and y in &, there
exist whole numbers s and t such that

(6.2) xy> [, yt].

If (6.2) holds in a residuated lattice, the semi-primary elements may be
simply characterized as follows:

THEOREM 6.4. Let © be a residuated lattice in which (6.2) holds. Then an
element a is semi-primary if and only if a prime p exists such that p>a> p*
for some whole number s.

Proof. Let a be semi-primary, and let p denote the union of all elements
x such that a > xr for some 7. Then a > p* for some ¢. Now let p 2xy. Then
a>xy>xmy" for some integers 7 and # by (6.2). Hence a o x* for some s or
a > y* for some . Hence either p >« or p 5 y. Clearly p oa > p* for some s.

Conversely let p o a > p* and suppose that a > bc. Then p o be, and hence
either p o a or p o b. Hence either a>b* or a > ¢?.

The converse to Theorem 6.3 does not hold in general. However under the
assumption of the distributive law we have

THEOREM 6.5. The following two conditions are sufficient that every element
of a residuated lattice & satisfying the ascending chain condition be expressible
as a crosscut of a finite number of semi-primaries.

(1) © is distributive,
(i) xy> [x*, y] for suitable s and t.

Every element of & is clearly expressible as a crosscut of a finite number of
indecomposables. Hence it is sufficient to show that every indecomposable is
semi-primary. Let ¢ be indecomposable, and let a o bc, a d b, for any s. Then
a> [b*, ¢t] by (ii). Hence a=[(a, b*), (a, ¢*)] by (i). But (a, b*) #a. Hence
since @ is indecomposable, ¢ = (a, ¢*) and @ > ¢t.

The distributive condition is essential in Theorem 6.5 as is shown by the
example in Fig. 3.
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Let €, denote the sublattice {a’, b/, a, ¢/, b""", 2, ¢, d’, ¢, z}, % the
sublattice {d, b’, b}, and L, the sublattice {e, ¢/, c}. We define a multiplica-
tion over f as follows: #?=u, ux=>bif x e L, ur=cif x e L, ux =2z if x € {,.. The
product of any two elements in &, is &. The product of any two elements in £,
is ¢. The product of any element of & with an element of £ is z. The product
of an element of € with an element of £ is 2. It is readily verified that the
multiplication so defined satisfies My, - - - , My and is also commutative. { is

{
F16. 3

clearly not distributive. It can also be verified that xy > [x*, y*] for suitable s
and ¢. However it is not true that xy > [x, y*] for some s, since dc $ [d, ¢*].
Furthermore ¢ is indecomposable but #o¢ semi-primary since a 2 bc, but a $ b*
any s and @ d ¢t any ¢.

7. Ideal lattices with unit. We turn now to the study of the properties of
divisor-free elements in an ideal lattice with unit. We prove first the

LeEMMA 7.1. Let f be a divisor-free element of ©, and let a be any element not
divisible by f. Then one and only one of the following formulas holds:

(1) fa>df,

2) fa=(fa) J-

We have (fa-f})~'-faof by (4.4). Hence either (fa-f')! fa=u or
(fa-f*)~'-fa=f. In the first case fa o fa-f~*. But fa-f~'> fa by (3.10). Hence
fa=fa-f-1. If (fa-f~1)-!-fa=f, then

f=fat=((fafNfo)at = (faf )7 (fa-a7) 3 (fo- /)71

But (fa-f)-!-fof. Hence (fa-f*)~!-f=f. But then f*-(fa-f*)=fa-f or
(f*-fa)-f*=fa f~. Then fa-f*>a f~>a. Hence fa> (fa-f)f > of.
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If both (1) and (2) hold, then fa=fa-f~'>af f>a. But then f=({, fa)
> (f, @) =u, contrary to the assumption that f is a divisor-free element.
We clearly have a similar result for left residuals.

LEMMA 7.2. Let f be a divisor-free element of a residuated lattice in which
(6.2) kolds. Then f commutes with every element which it does not divide.

Let a ¢ & such that f$ a. Then by Lemma 7.1 either fa o af or fa=fa-f.
If fa=fa-f!, then faos (a’ft)-foa’f=! by (6.2). But then fa>fa f!
> (a*f*1)-f12a%f*-% Continuing in this manner we finally get fa > a*. But
then f=(f, fa) > (f, a*) =u since f p a*. Hence f=u which is contrary to our
assumption that f is a divisor-free element. We thus have fa 5 af. In a similar
manner using left residuals we get af o fa. Hence af =fa.

As a corollary to Lemma 7.2 the divisor-free elements in a residuated lat-
tice for which (6.2) holds always commute. In particular we have from Theo-

rem 6.3

LemuMaA 7.3. If in a residuated lattice every element is expressible as a cross-
cut of semi-primaries, then the divisor-free elements commute.

Let & be an arbitrary residuated lattice in which the ascending chain con-
dition holds and denote by &’ the set of all elements x which divide a finite
product of divisor-free elements. &’ is clearly closed under union, crosscut,
multiplication and residuation and hence a residuated sublattice of &. Then

LEMMA 7.4. Every prime in &' is divisor-free.

Let p be a prime in &’. Then by the definition of &', p ofifs - - - f, where
fi, fe, - - -, fr are divisor-free elements of &. Hence p =f; for some 4.

LEMMA 7.5. Every element of &' divides a finite product of its divisor-free
divisors.
This lemma follows directly from the following lemma due to Krull [3].

LEMMA 7.6. Let © be a non-commutative residuated lattice in which the
ascending chain condition holds. Then each element a ¢ © has only a finite num-
ber of minimal prime divisors p1, - - - , p. and a divides a power of p - - - p..*

* Krull states this lemma for the more general case where the ascending chain condition is as-
sumed only for prime elements while a residual chain condition holds for all elements. However his
proof seems to be in error as he uses the following rule: If a D a\’ay’, then a D aya; where a;=a- ax'?
and a;=a,""1- a. This rule is in general not correct as the following example shows: Let & be the lat-
tice defined by the covering relations «>a>b>c¢>z, b>d>z. The multiplication is defined by
ux=zxu=rx, all x ¢ ©; a?=a, and all other products are equal to z. Then z-¢1=qa, d~!-z=a and
23 cd. However z P (z-¢1)(d 1 z)=a’=a.

The lemma is readily seen to be correct under the assumption of the ascending chain condition
since we may take a,=(a, a,") and a;=(a, @;") and the rule stated above holds.
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A further consequence of Lemma 7.6 is the result that &’ is the maximal
residuated sublattice all of whose prime elements are divisor-free.

In certain cases @’ is simply the Boolean algebra B generated by the
divisor-free elements. For example we have

THEOREM 7.1. Let © be a residuated lattice with only a finite number of
divisor-free elements all of which commute among themselves. If the only elements
covered by the divisor-free elements are elements of the Boolean algebra B gener-
ated by them, then &' =$B.

Proof. Under the hypothesis of the theorem, f2c [f, f'] or f2=f. But if
[f,f]1 22, then f’ > f which is impossible. Hence f2={. But then [fi,fs, - - -, fa)
=fifs- - faand (fi- - - f)2=f1- - - fu

If the divisor-free elements do not commute, the theorem does not hold
in general. Consider the lattice € defined by the covering relations # >b>c¢ >3,
u>a>c. The multiplication is given by ux=xu=x, x ¢ ¢, and ab=c, ba=3z,
ac=ca=bc=cb=c*=z,a*=a,b*=0b,2x=2,all x ¢ . Then &’ =L while B is the
sublattice {%, a,b,c}.

Applying Theorem 7.1 to hypercomplex systems we obtain

THEOREM 7.2. A hypercomplex system in which the prime two-sided ideals

are commutative is a direct sum of simple two-sided ideals if and only if each irre-
ducible two-sided ideal which is not a prime has at least two prime ideal divisors.

We conclude this section by giving a variation of a theorem due to Krull *

THEOREM 7.3. Each element of &' is expressible as a crosscut of a finite
number of semi-primaries if and only if the divisor-free elements commute.

Proof. The second part follows from Lemma 7.3. To prove the first let
a=|a,, - - -, a,] be the decomposition of ainto coprime indecomposable elements.
Then a;ofpr - - - frr=[fr, - - -, fr] or ai=[(as, i), - - -, (a:, f»)] whence
a;=(a;, fi) for some j. We have then f; 2 a; > f. Let a; 2 bc; then f; 5 bc and
hence either f; 5 b or f; o ¢. Hence either a; 2 b or a; o ¢*. Thus if the divisor-
free elements of © commute, each element of &’ may be uniquely represented
as a crosscut of coprime semi-primary elements.

IV. ARCHIMEDEAN RESIDUATED LATTICES

8. Throughout this section unless the contrary is explicitly stated it will.
be assumed that & is an ideal lattice in which the ascending and descending
chain conditions hold. The unit element of & need not be the unit of multi-
plication.

* Krull proves the theorem for “primary” elements where an element is primary if it has only one
divisor-free divisor.
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DEFINITION 8.1. An element a of © is said to be nilpotent if a* =z for some
whole number s.

LemuMA 8.1. The union m of all nilpotent elements of S is nilpotent. m is
called the radical of &.

If a.=2 and a,'2=2z, then (a,, a»)*=3z where {=t,+#—1. The result fol-
lows from the ascending chain condition.

DEFINITION 8.2. An element s of & is said to be simple if s>z where z is
the null element of S.

LemMa 8.2. 4 necessary and sufficient condition that the radical be the null
element is that each simple element be idempotent.

Let m=2z. If s is a simple element, since s > s?, either s=s2 or s?=2. But
if s?=z, then z>m > s contrary to Definition 8.2. Suppose now that each
simple element is idempotent and let m>z. Then m >s where s is simple,
whence z=m*> st=s, which contradicts the definition of s. Hence m =2.

DErINITION 8.3. If the radical is the null element, & is said to be semisimple.

LemMA 8.3. Let © be semisimple and s be any simple element of ©. Then
ads2as=sa=s,adPs2as=sa=2.

Let aos. Then as 5s?=s5 and hence as=s. Similarly sa=s. If a $ 5, then
[¢, s] =2 and hence as=sa=z.

The position of the radical in the lattice may have important bearing on
the arithmetical properties of the lattice. For example, we have the following
theorem:

THEOREM 8.1. Let © be an archimedean residuated lattice whose divisor-free
elements generate a Boolean algebra with null element m. Then the divisor-free
elements are the only primes of S.

Proof. Since & is archimedean there is only a finite number of divisor-
free elements. Let p be a prime of &. Then p >m! >z and hence p >m. But
m=[fi, - - -, f.] where fi, - - -, f. are the divisor-free elements of &. Hence
p>[fi, - -, fa] and hence p=f; for some i.

The conclusion of Theorem 8.1 may be stated in the form &=&".

Let &,, denote the sublattice of all elements x such that x > m. The study
of the structure of &, may be reduced to the study of the structure of semi-
simple lattices. For since &, is dense in & it is closed with respect to residua-
tion and hence has a multiplication (§3). We call this multiplication the
multiplication ¢z &, and denote it by a- .

THEOREM 8.2. Let a, b e S,. If ab e &, then ab=a-b.




1939] RESIDUATED LATTICES 441

Proof. a-b is defined by
(i) (a-b)-b-1>a,
(i) 2-b'1da,x e S,—oxDa-b.
Similarly ab is defined by
(i) (ab)-b'>a,
(ii") x-b~'oa,x e S—x D abd.
Hence if ab € &,,, then ab>a-b by (i), (ii). On the other hand by (i), (ii’),
a-b>ab. Hence a-b=abd.
In general we have

LeMMA 8.4. a-b>ab.

Let now p be a prime element of &. Then po>m*=z and hence p > m.
Thus p £ ©,.. Now let poa-b. Then p > ab by Lemma 8.4. Hence either poa
or p 2b. We thus have

THEOREM 8.3. If p is a prime element of S, then p € ©,, and p is a prime in
&, with respect to the multiplication in S

THEOREM 8.4. &,, is semisimple.

Proof. Let s be a simple element of &,.. Then s>m. Now s>s-s. Hence
s=s-sors-s=m. Butif s-s=m, m>s? by Lemma 8.4 and hence s?*=3z. This
contradicts the definition of 7. Hence each simple element is idempotent and
by Lemma 8.1 &,, is semisimple.

The most important application of archimedean residuated lattices is in
the theory of hypercomplex systems. More generally, let & be the set of two-
sided ideals of a non-commutative ring R in which the ascending and descend-
ing chain conditions hold for left ideals. Then m is the radical of R. Now the
quotient ring R/m is isomorphic to &,. and hence is semisimple by Theorem
8.4. However from a well known structure theorem, a semisimple ring is a
direct sum of simple two-sided ideals. Its lattice of two-sided ideals is thus a
Boolean algebra, and Theorem 8.1 gives

THEOREM 8.5. The only prime two-sided ideals in a hypercomplex system are
the divisor-free ideals.

9. Semisimple lattices. In this section we shall be particularly interested
in the sublattices generated by the simple elements of a semisimple lattice .

LeMMA 9.1. There are only a finite number of simple elements in a semi-
simple lattice &.

Let s, s2, 53, - - - be an infinite sequence of simple elements. Consider the
chain a;cascasc - - - wherea,=(s1, s, - - -, 5:). The members of this chain
are distinct. For suppose that a;=aiy,; then (si, - - -, s)=(s1, - - -, Siy1.)
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Hence we have

2 2
Sit1 = Sip1 T (313¢+1, S28iy1, * 0 0, Si+1) = (51, oty Si+1)Si+1
= (51, -, )81 = (51841, * + +, SiSiy1) = 2.
This contradicts Definition 8.2. Hence a;ca,c - - - is an infinite ascending

chain contradicting the ascending chain condition.

THEOREM 9.1. Let & be a semi-simple lattice. Then if eack element of & can
be expressed as a union of simple elements, & is a Boolean algebra.

Proof. Let a £ & have the representation

(9.1) a= (51, "+,

where s, - - -, si are distinct simple elements. The representation (9.1)
is unique and s, - - -, s are the only simple elements which a divides.
For let a=(sy, -, se)=(s/, - -,s'). Multiplying by s/ we have
s{=(s1s!, - - -, sxs!). Hence all of the products are null except one, say
sisi. Then s;s{/ =s/ and hence s;>s/ by Lemma 8.3. Thus s;=s/ and
k=1. If a>s, where s is simple and not equal to any of s, - - -, s, then
(51,82, - - - ,s8)=(s1, - - -, Sk, §) contrary to the result we have just obtained.

We show now that the product of any two elements is equal to their cross-
cut.

We clearly have [a, b]>ab. Let [a, b]=(s1, - - -, si). Then since
a,b>[a,b],a=C(s, 52, -+, s, @’) and b=(sy, - - -, 54, b’). Hence

ab = (51, Tty Sk a’)(sl, C oy Sk b,) = (Sh c oy Sk a'b,)D [a’ b]

Thus [a, b] =ab.

Since the product is distributive with respect to union, the crosscut must
be distributive and hence & is distributive. Furthermore & is complemented.
Forleta=(sy, - - -, sx),u=(sy, - - -, s,) and define a’ = (sx41, - - -, S»). Then
(@, ¢’)=u and [a, a’]=aa’=(s1, - -, $a)(Sk41, - - -, S») =2. Hence & is a
Boolean algebra.

In an arbitrary semisimple lattice, the set of elements which can be repre-
sented as a union of simple elements need not be closed with respect to cross-
cut as we shall show by an example. However, if we assume the modular*
condition we have the following theorem.

THEOREM 9.2. Let & be a modular semisimple lattice. Then the simple ele-
ments of © generate a Boolean algebra Sp. Moreover Sp is dense in ©.

Proof. Let U be the set of all elements of & which can be expressed as a

* For various statements of the modular axiom see Ore [4].
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union of simple elements of &. The set U is obviously closed with respect to
union. We shall show that U is dense in & and hence closed with respect to
crosscut. Let (sy, - -, s,)2x, and let x2sy, - -, s, xPSspa, -, Sn.
Then x=[x, (s1, - - -, ) |=(s1, - - -, 51, [*, (5141, - - -, $a)]) by the modular
condition. If [x, (si, - - -, Sa)]#3, then there is a simple element s such
that [x, si41, - - -, S.] Ds. But then x 55 and (5444, - - -, 5a) 5. Hence

s =5(Sup1, 0, Sn) = (S141S, - - ¢, S5p) = 858

by Lemma 8.3. Thus s=s; and x>s; contrary to assumption. Hence
[x’ (Sz+1, ) S,.)]=Z and x=(31, ] Sl)*

Since U is dense in &, it is closed with respect to multiplication and is
clearly semisimple. Moreover every element of U can be expressed as a union
of simple elements. Hence by Theorem 9.1, U=&j3 is a Boolean algebra.

To show the significance of the modular condition in the previous theorem
we give an example of a non-modular semisimple lattice in Fig. 4.

F1G. 4

If U denotes the set of elements of € which can be expressed as a union
of simple elements, we define a multiplication over € as follows: If x, y e U,
x7a, y~b, then xy=[x, y], ac=B, dx=pB or z according as x>d or x dd.
It can be readily verified that all of the multiplication postulates are satis-
fied. Also 2 is non-modular since it contains the non-modular sublattice
{e,q,d,B,z}. The simple elements «, B, ¥ do not generate a Boolean algebra.
In fact, U is not closed with respect to crosscut since d= [(e, 8), (8, 7)].

THEOREM 9.3. Let © be a modular semisimple lattice. Then if for each simple
element s there exists an element s’ #“u such that (s, s’) =u, S is a Boolean alge-
bra.

Proof. We may take the s”’s to be divisor-free elements since if s/ is not
divisor-free, there exists a divisor-free element f; such that f;>s/. But then
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(i, f:) 2 (siy s¢)=u.Letv=_(s1, - - -, 5»). Then the length of chain from » to z
is n. But now [s/, s/, - -, s/ ]| =g, since if [s/, - - -, 5.’ | #2, there exists
an s; such that [s/, - - -, s,/ ] 95, But then s/ o s;, which is impossible. Since
[s/, - - -, s’ ]=2, the length of chain from u to z is equal to or less than #.
But #>9. Hence u=v.

Theorem 9.3 gives immediately

THEOREM 9.4. A complemented, modular, semisimple lattice is a Boolean
algebra.

We conclude with the statement of Theorem 9.3 in terms of the two-sided
ideals of a non-commutative ring.

THEOREM 9.5. Let R be a ring without radical in which the ascending and
descending chain conditions hold for two-sided ideals. Then if for each two-sided
ideal a there exists an ideal a’ # R such that (a, a’) =R, R is a direct sum of two-
sided simple ideals.

Such an ideal a’ always exists if a has a principle unit. For in that case
we may take a’ to be the set of all elements x such that ax=0.
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