CONTINUOUS ADDITIVE FUNCTIONALS ON THE
SPACE (BV) AND CERTAIN SUBSPACES

BY
C. RAYMOND ADAMS AND ANTHONY P. MORSE

1. Introduction. We consider here the class (BV) of functions x(¢) of
bounded variation on the interval
I=E[0=<t=1].
t
Its intersection with the class (C) of functions continuous on I will be desig-
nated by (CBYV), its subclass of absolutely continuous functions by (4 C), and
(BV)—(CBV) by (DBV). In a recent paper(*) Adams introduced for (BV)
the metric

(1) (59 = [ 150 = 50| &t +] Tix) = 7o) |,

To(z) being employed in general to denote the total variation of the function
2(¢) on I. Thus metrised, (BV) is not a Banach space(?); but it is complete,
separable, and boundedly compact. Although a linear space, it is not a “linear
topological space” in the sense in which that term is sometimes used, for the
topology introduced by the metric (1) is non-uniform. Indeed it is easily seen
that the category of a subset is not always invariant under translation. For,
if the closed unit sphere K (6, 1) about the zero-element @ as center, which is a
set of second category in (BV), is subjected to the translation x where x has as
a representative function x(¢)=0 for 0<¢=1, x(0)=2, then its translate

E=E[y=x+32¢eK]
v

is a subset of (DBV) and so of first category(®) in (BV). Regarded as a group,
(BYV) is discontinuous.

Presented to the Society, December 2, 1939; received by the editors January 25, 1940°

(*) Adams, The space of functions of bounded variation and certain gemeral spaces, these
Transactions, vol. 40 (1936), pp. 421-438, hereinafter referred to as A. The properties of (BV)
mentioned presently are either explicitly established in, or easily to be inferred from the results
of, this paper and its sequel by Adams and Morse, On the space (BV), ibid., vol. 42 (1937), pp.
194-205, later referred to as AM.

(2) Indeed it is clear, from the fact that “convergence in variation” is not additive, that it
is impossible to norm the set (BV), or either of its subsets (CBV) and (4C), in such manner
that convergence in the metric determined by the norm is equivalent to convergence in the
metric (1). See Adams and Clarkson, On convergence in variation, Bulletin of the American
Mathematical Society, vol. 40 (1934), pp. 413—417. This same remark holds for (BV) or (CBV)
metrised with the distance function (17); see §6 below.

(3) See AM, p. 199. An example of a residual set which under the same translation goes into
a set of first category is provided by (CBV).
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2. Functionals on (B V). The functional(¥) f(x) =ess lim ;. x(£) =lim ;.o x(¢)
clearly is defined for every x € (BV) in the natural sense that if x(¢) is an ele-
ment of the class (BV), f(x) is a real number, and if x(¢) and y(¢) are both
elements of the class (BV), (x, y) =0 implies f(x) =f(y). This functional is
additive and homogeneous on (BV), and it may readily be seen to be con-
tinuous at each point of the subset (BVN) corresponding to functions having
no external saltus anywhere(®); nevertheless it is discontinuous at each point
of (BV)—(BVN). Incidentally, both (BVN) and its complement are dense
in (BV). In further contrast to the situation in the case of a Banach space,
there exist functionals which are additive and continuous on (BV) with-
out being uniformly continuous. But any functional f(x) which is additive
and uniformly continuous on (BV) does satisfy a Lipschitz condition,
If(x) —f(y)[ =M-(x, y) for x, y € (BV); and the smallest number M which
can be used in this inequality we have called the “modulus” of f on (BV)
and designated by the symbol mod () f.

In A, Theorems 5.1, 5.2, and 5.3, it was shown that every functional f
additive and uniformly continuous on (BV) [or on (CBV) or on (AC)] can
be expressed in the form of a Lebesgue integral,

(2) flx(t)a(t)dt, €sS Supter I a(t)l =M< o,

with mod sy f=M [or mod (cav) f=M or mod ¢, f=M]; and that each in-
tegral of this kind is such a functional (!). An example of an additive and con-
tinuous functional which is not uniformly continuous on (BV) is provided
by any such integral with a(¢) summable but not essentially bounded. The
general form of the additive and continuous, but not necessarily uniformly
continuous, functional on (BV), however, was not determined in A. This open
question we now propose to settle.

THEOREM 1. The conditions Ty(x,)<B< o (n=0, 1, 2,---), lim,.,
Jo| #a—2%0|dt=0, and g & (C) imply lim,.,, [x.dg = [3xodg.

Proof. This theorem is equivalent to Bray’s extension(”) of a theorem of

(*) By functional we mean an operation or transformation whose range is contained in the
real number system. We recall the well known fact that in a Banach space continuity of an
additive functional f at one point alone implies continuity everywhere, uniform continuity,
and the satisfaction by f of a Lipschitz condition on the entire space.

(%) For a precise definition of (BVN) see the first paragraph of §3 below.

(8) More recently Hildebrandt, in Linear operations on functions of bounded variation, Bulle-
tin of the American Mathematical Society, vol. 44 (1938), p. 75, has determined the general
form of the continuous additive functional on the non-separable Banach space which the class
(BV) becomes when normed with ”x” = ,x(O)I +Ti(x). As in the case of other non-separable
Banach spaces previously considered by this author, the functional is expressed by a general-
ized integral of Stieltjes or Lebesgue type which he constructs for the purpose.

(") See Bray, Elementary properties of the Stieltjes integral, Annals of Mathematics, (2),
vol. 20 (1918-1919), p. 180.
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Helly, in the sense that each can be derived from the other. It seems prefer-
able to us, however, to prove our result di novo rather than to use Bray's
theorem as a basis. That the first two conditions imply uniform boundedness
of x,, and that all three imply lim, .., fox.dg = [ox.dg in the particular case in
which g € (4C), has already been remarked in the first paragraph of the proof
of Theorem 5.1 of A. We now extend the proof to the general case, in which
g is an arbitrary continuous function. Let e be any positive number;let B, = B
be a bound for Ix,,(t)-—xo(t)l tel;n=1,2,3,---);and let k(¢) satisfy the
conditions

he (AC), supeer | g(8) — b)) | < ¢/(2B1), (0) — h(0) = g(1) — k(1) =0.

In accordance with the particular case of the theorem already proved we have
lim, .. fo (¥ —%0)dk =0, whence as n— «

[ 2oy

< lim sup

f/ (e — w0)d(g — h)|

fol(xn — xo)dh’

[ 6= hat. - =

lim sup

+ lim sup

= lim sup

€
=< lim sup 75 T;(x,. — %)
1

. € 1 1
< lim sup — [To(2s) + To(x0)] < €.
2B,
CoROLLARY. Each integral
1
3) f x(8)dg(2) with ge (C)
0

s a continuous additive functional for x € (BV).
THEOREM 2. Each continuous additive functional on (BV) can be expressed
in the form (3).

Proof. Let f be any such functional and, as in the proof of Theorem 5.2
of A, set

1for0=u=1t, 1 o tel
= el.
Ofor t<u=s1, ‘ 8

) = {

For any pair of numbers £, # in the interval 0=t<1 we have (&, &)
=/fo|£.—£.|du, so that t—t; implies (£, £,)—0. This in turn implies
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f(&)—f (&), since f is continuous at &,,; i.e., t—t; implies g(¢)—g(t). If we let
n(u)=1for 0Su <1, 7(1) =0, it is clear that t—1 implies (&, 1) = f{ | £—n|du
—0, which implies f(£,)—f(n); i.e., we may infer that lim,.;g(¢) exists. Hence,
defining z(¢) =g(¢) for 0=¢<1, (1) =lim,.1 g(¢), we have g & (C) and [yxdg ex-
ists for every x € (BV). The argument used in the proof of Theorem 5.2 of A
now holds, with no change whatever, from the beginning of the second para-
graph up to and including equation (5.4); that is to say, it may be concluded
that g(1) =z(1) and f(x) = Jox(t)dg(t) for every x & (BV).

3. Functionals on (CBV) and (AC). An arbitrary function x will be said
to have no external saltus if and only if at each point ¢, € I, x satisfies the condi-
tion lim inf,.,, x(t) Sx(t) <lim sup;..x(¢). We shall employ (BVN) to desig-
nate the intersection of the class (BV) with the class of functions having no
external saltus. Clearly x € (BVN) implies continuity of x att=0and ¢ =1.

THEOREM 3. The conditions(®) x, € (BV) (n=1,2,3, ), x0e (BVN),
liMy .o (%0, 20) =0, |g(t)| <B< o forteI,and [ogdx, exists(®) (n=0,1,2, - - -)
imply lim, ., Jogdx, = [ogdx, and lim, .., [ox.dg= [oxodg.

Proof. In the same manner in which it may be seen that a closed set
Ec I can be inclosed in a finite set of disjoint intervals O; each open with
respect to I and the sum of whose lengths exceeds the measure of E by arbi-
trarily little, one may see that E can be inclosed in a finite set of such inter-
vals with Z,-Ta ;(x0) exceeding the variation(®) of x, on E by an arbitrarily
small amount.

Let e be an arbitrary positive number, % a positive number satisfying the
inequality kTy (x0) <¢, and Dy c I the set of points where g has a saltus = k.
Since Dy is closed and the variation of x on Dy is zero, Dj can be inclosed in
a finite set of disjoint intervals O;, each open with respect to I, such that
> :T5.(x0) <€/ (2B). Since the points of continuity of x, are dense in I and
include 0 and 1, and since Dy is closed, each interval O; can be shrunk (if
necessary) into an interval O/, open with respect to I, whose end-points are
points of continuity of x, and such that D, is still inclosed in Y ;0/. By

(8) From the proof it will be clear that a weaker set of conditions sufficient to insure the
conclusion is obtained by replacing (xn, x0)—0 by the following: f:,| x,.—xo!dt-—>0 and the exist-
ence of a set D dense in I and containing 0 and 1 and of a non-decreasing function F such that
fogd F exists and on every closed interval J € I with end-points in D, lim sups., T. 7(x,) does not
exceed the increment of F on J. We take occasion to remark that this theorem neither includes
nor is included by a theorem of Daniell on passage to the limit, Further properties of the general
integral, Annals of Mathematics, (2), vol. 21 (1919-1920), p. 218.

(°) It is desirable to recall here the meaning of the term “variation of a function on a set.”
Let x € (BV) and EC I; then the variation of x on E is by definition the infimum of numbers
of the form > _:To,(x) where EcY .0, each O; is an interval open with respect to I (i.e., Oy is
the intersection with I of some open interval), and O; is the closure of O;. If g is bounded on I
and x ¢ (BV), a necessary and sufficient condition for [ygdx to exist is that the variation of x on
the set of points of discontinuity of g be zero. See, for example, Hobson, Thkeory of Functions
of a Real Variable, 3d edition, vol. 1, Cambridge, 1927, p. 542.
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Thegrem 1 of AM, (xn, x0)—0 implies the same condition on each subinter-
val 0/. Letting a =0/, Ta(xn) =0_:T5,(xa) (n=0,1,2, - - - ), we therefore

haveasn—
fgdxn - fgdxo fgdx,. fgdxo
< lim sup B- [Ta(#2) + Tal%0)]

= 2BT (%) < e.

lim sup < lim sup + lim sup

Let 8 denote the finite set of disjoint closed intervals constituting the closure
of the point set I —a, at no point of which g has a saltus =k. By aid of the
Heine-Borel theorem(1?) one may easily see that on each interval of 3, g can
be approximated uniformly within /2 by a continuous function . We then
haveasn—

lim sup fgdx,. -—fgdxg
8 8
= lim sup f(g — h)dx, + f hdx, — f (g — h)dxo — f hdx,
8 8 [ 8
< lim sup f(g— h)dxn—f(g— h)dxo | + lim sup fhdxn—fhdxo
B 8 8 B

< lim sup (&/2) [Ta(x) + Ta(x0)] = kTa(x0) <c¢,

since limy.., [shdx,=[shdx, is an immediate consequence of Theorem 1, the
formula for integration by parts, and the fact that by Theorem 2 of AM we
have(!!) pointwise convergence of x,(t) to x.(t) at each end-point of the in-
tervals constituting 8. That [yx.dg— [jx.dg now follows at once by aid of the
formula for integration by parts and the pointwise convergence of x,(¢) to
x0(t) att=0and t=1.

(19) An explicit construction for k, on an interval which may as well be taken as I, is
the following. Let M{(¢), N() be the “maximum and minimum functions” for g (i.e., for ex-
ample, let M{f) =lima.osupe, e 1,|:,—¢ <ag(tr) for ¢ e I); the saltusof g at ¢ is then M(s) —N(¢),
and thisis <k for ¢ e J. Setting M,(f) =supe, e 1 [re —nltx—tl 1, Na(t) =infee 1 [f(t1) +n| tl—tl ]
(teI;n=1,2,3, ), weeasily see that for each n these functions satisfy a Lipschitz condition,
and that M,(t)—M(¢) from above and N,(¢)—N(t) from below as n— «, so that Ma(¢) — Na(?)
tends to M(t) — N(t) from above. Let

E, = Et[Mn(t) - Nn(t) = k];

then each E, is closed, each Ey D Eny1,and [ [7-1Ex is vacuous. Hence there exists an integer no
for which En, is vacuous; i.e., we have M, (£) — Na(¢) <k for ¢ ¢ 1. The desired function # may
now be taken to be [Ma () +Na,(£)]1/2 for te I.

(1) According to this theorem the conditions %, ¢ (BV) (n=1,2,3, -+ ), x0e (BVN), and
(%n, %0)—0 imply pointwise convergence of %, to %o at each point of continuity of .
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For convenience in stating the following corollaries we let (R) stand for
the class of functions which are Riemann integrable on I and (R*) for the sub-
class of (R) of which each function has only a countable number of discon-
tinuities. Recalling(?) that each pair of conditions, x € (CBV), g ¢ (R*) and
x € (AC), g € (R), is sufficient to insure the existence of [yxdg, we have

CoROLLARY 1. Each integral
1
O] f x()dg(2) with g e (R¥)
0

15 a continuous additive functional for x € (CBV).

COROLLARY 2. Each integral
1
(3) f x()dg(t) with g & (R)
0

s a continuous additive functional for x € (AC).

In conjunction with Theorem 2, Corollary 1 shows that there exist con-
tinuous additive functionals on (CBV) which cannot be extended to be con-
tinuous and additive on (BV). In determining the general form of such a
functional on (CBYV) it is therefore desirable, if not actually necessary, to
work wholly within the space (CBV) itself. We propose to prove that the
general form of such a functional on (CBV) is (4) and on (4C) is (5). For
this purpose we shall employ two lemmas as follows. Allowing (4 C), to denote
the subset of (4 C) of which each function vanishes at ¢t =0, we have

LEMMA 1. Let f be a functional whose domain includes (AC)o. If f is additive
on (AC)y and continuous on (AC)o, metrised with the distance function
(x, v) =To(x—7y), there exists a function h bounded and summable on I such that

(6) f(x) =j'0 k() %' (2)dt for x € (AC),.

This result is an immediate consequence of the facts that (4C), is iso-
metric with the Banach space (L) of functions summable on I and that for
x’ & (L) the general form of the continuous additive functional f(x’) on
(L) is given(®®) by the integral in (6). Since convergence in the metric
(x, y)=T,(x—v) implies convergence in the metric (1), any functional f
whose domain includes (AC)o and which is additive and continuous on (AC),
metrised with (1) can be expressed, for x € (AC)o, in the form (6).

To promote our later convenience we formulate the

(12) See, for example, Hobson, loc. cit., p. 545.
(13) See, for example, Banach, Théorie des Opérations Linéaires, Warsaw, 1932, p. 65.
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DEFINITION. The function h in (6) shall be called the normalized function
assoctated with the functional f if and only if it has the properties

h(0) = f(x1) where x:1(¢)) = 1 fortel, h(1) =0,

M h(t) = ! [llm Sups-.0 fﬁah(u)du/& + lim inf;.0 ftﬁh(u)du/&]

¢

for0<t<1.

It should be clear from Lemma 1 and from this definition that associated
with each functional f of the kind specified there 7s a normalized function #;
and that if € is an arbitrary positive number and # an arbitrary point in the
open interval 0 <¢<1, there exists in every neighborhood of #; a set of positive
measure on which k(¢) is <h(t1)+e€ and a set of positive measure on which
h(t) is >h(t) —e.

It follows at once that any functional f whose domain includes (4 C), and
which is additive and continuous on (4 C) metrised with the distance function
(x, y)= |x(0) —y(0)| +T5(x—y), can be expressed in the form (1)

(8) f(x) = x(0)f(#1) + j;lh(t)x'(t)dt = x(0)2(0) + f 1h(zf)x’(t)dt for x & (40),

where £ has the properties (7).

LEMMA 2. Let 6 be an arbitrary number >0; P a non-vacuous perfect set
cI; x(t) a continuous non-decreasing function('®) with x(0)=0, x(1)=1, and
x'(t) =0 for t e I—P; and h(t) a bounded measurable function for t € I, with es-
sential saltus = k>0 at each point of P. Then there exist two non-decreasing
functions (), u(t) € (AC)o satisfying the conditions

supier | M) — %(8) | <8,  supeer|u(®) — x(2)| <8,

f lh(t))\’(t)dt— f lh(t),u’(t)dt > k/2.
0 0

(1) The usual scheme for determining the general form of the continuous additive func-
tional f on the Banach space (C) employs the device of extending f to points outside of (C);
i.e., to the class of step-functions or to the entire space (M) of essentially bounded measurable
functions. It may therefore be of interest to note that we now have in hand a means of obtaining
the form of f without going outside of (C) itself. In fact from (8), by following essentially the
same procedure as is used below in the proof of Lemma 3 (only that in the present instance x
should be taken as x1(¢) =0 for t e I, e should be taken as 1, and we have no concern with the
values of fo| x5,¢(t) [ dt and Lo(x5 ¢)), one may readily show sup: & 0y, ||z =1f (%) = To(h) Lettmg

g()=h(0)—h(t) forte T, and observmg that (A C) is dense in (C), we may conclude f(x) = f,,x dg
for x ¢ (C) and ||fl|«y = To(2) = To(h).

(15) One readily sees that, for any non-vacuous P, there exists a function x on J with these
properties; for example, in any subinterval of I where P is dense, x(t) may be taken as ¢, and
elsewhere it may be defined by essentially the same process as is used for defining the Cantor
ternary function.

(9)
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Proof. Let N be a positive integer large enough so that
(10) | 2(t) — 2(t) | < & for |t — 5| < 1/,

and let I, (n=1, 2, - - -, N) stand for the interval (n—1)/N<t<n/N. For
each # we define functions \,, u. as follows. If P- I, is vacuous, set N, (¢) =u,(¢)
=0forte I.If P-I,is non-vacuous, set

S, = ess supier, h(), s, = ess infier, A(2),

so that S, —s,=k; let a,,, B, be any measurable subsets of I, with

| an| >0, | S, — k()| < k/4 for igay,
I[S,.|>0, Is,.—h(t)|<k/4 for t& Ba;
and set
Ar, n| for tean, Ar, .| for t€ B,
)\nw:{zx/lal ortea #,.(t)={’x/|ﬁl or tef
0 for te I — an, 0 for tel — Ba,

where the notation | E| stands for the measure of a set E and A7 x represents
the increment of the function x on the closure of the interval I,. We observe

f lh(t))\n(t)dt = f R()M(8)dt
(11) > f (Sa — B/AM()dt = (S — k/4)Ar,z,

flh(t)ﬂn(t)dt é (S,, + k/4)A1,,x,

and we assert that the non-decreasing functions

t N t N
) = 2 \(wdu,  u) = 2 tn(u)du
0 n=l 0 nm=l
have the properties (9). It is clear that A(t)=u(t)=x() for t=n/N
(n=0, 1, - - -, N), whence in view of (10) the first two of inequalities (9)

are satisfied. As for the third, we have by (11)

n=1

fo HOING — w()]d = f 1) S t) — mal) ]t

= i lh(t))\n(t)dt - i lh(zf);u,,(t)dt
n=1 0

0 n=1

= f) (Sn — k/4 — 50 — k/D)Arx = (k/2) f) Arx = k/2.

n=1 n=1
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THEOREM 4. Each continuous additive funciional on (CBV) can be expressed
in the form (4).

Proof. Each functional f(x) of this kind is expressible, for x € (4C), in the
form (8). The function % can have an essential discontinuity at no more than
a countable set of points; for the contrary would imply the existence of a
number k>0 such that the points where % has an essential saltus =% would
be a non-countable closed set, this set would contain a non-vacuous perfect
set, and by Lemma 2 there would exist points x € (CBV) at which f fails to be
continuous. Being normalized, & is continuous whenever it is essentially con-
tinuous; hence % is continuous except at a countable set of points and we may
write

x(0)£(0) + f 1h(t)ac’(zf)dt = x(0)%(0) +f h()dx(2).

This expression may be brought into the form (4) by setting g(¢) =4(0) —k(2).

THEOREM 5. Each continuous additive functional on (4 C) can be expressed
in the form (5).

This result can be demonstrated in the same manner as Theorem 4, the
conclusion that & cannot have essential discontinuities at a set D of measure
>0 being drawn from Lemma 2. For, if |D| were >0, there would exist a
k>0 such that the set D, € D where h has an essential saltus =% would be
closed and of measure >0; and D; would contain a perfect set P with | P| >0.
The function x of Lemma 2 could then be taken as [i¢(u)du/|P|, where ¢
is the characteristic function of P € I; i.e., there would exist points x € (4C),
at which f fails to be continuous.

4. Norms of the functionals. By Theorem 2.3 of A, any functional f ad-
ditive and continuous on (BYV) satisfies a Lipschitz condition at the zero-
element § € (BV), with a Lipschitz modulus which was called the “norm” of f
on (BV) and designated by the symbol ||f||av). On the assumption that
£(0) =0, which can be made without loss of generality, the upper bounds

(12) To®), | g()] + supier | )]
and the lower bounds
(13) Yoscierg(),  |g)|,  %supeer | g(®)]

for ”f” vy were determined (**) in A. These show that if g is monotone on I,
” f” @vy =T, (g); in no other case, however, was the norm evaluated. We now
propose to evaluate the norms of the functionals (3), (4), and (5).

(1%) See A, pp. 437-438. It was tacitly assumed there that the functional f under considera-

tion was uniformly continuous on (BV); but this assumption was not used, the bounds being
determined solely from the Stieltjes integral form of the functional.
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For convenience in this connection we adopt the following conventions.
If g is a function on I and

J=E[t 2t=<t]ecl,
t

we define A/ g=g(¢'’)—g(t') when each of the points ¢, t’’ is an end-point
of I or a point of continuity of g, A/ g=0 otherwise; |J | will stand for the
length of J; and »(J) will be 0, 1, or 2 according as both, one, or neither of
the conditions 0 € J, 1 & J is satisfied. We then have

THEOREM 6. The norm of each of the functionals (3), (4), and (5) is
(14) sups | ASg| /[ 7] + ()]
as J ranges over the set of closed subintervals of I.

Proof. Since (AC) c(CBYV) is dense in (CB V) and therefore in (B V), we
see that proving the norm of the functional (5) to be given by (14) is tanta-
mount to proving the theorem. We proceed to consider, then, the functional
(5).

Let (S,) represent the class of step-functions(?) each of which is continu-
ous at each point of discontinuity of g. Since the points of continuity of g
are dense in I, we infer that (S,) € (BV) isdense relative to (4C). Now [ox dg
exists for x € (AC)+(S,), and we define

F(x) = flxdg for x & (AC) + (S,).

Clearly we have F(x) =f(x) for x € (AC); and since (S,) is € (BVN), we con-
clude from Theorem 3 that F is continuous on (4 C)+ (S,). Thus we obtain (18)

1 1

xdg = Supze<sg>.1|zll=1f x dg

0

Il aer = SuPzemm.nzn—lf

0
1

1
= SupzS(Sg)n”zll§1f xdg = Supze(sg>,|lzll>of xdg/“x“-
0

0

Let e be any positive number and y & (S,), with ” y” =1, satisfy the inequality

1
f ydg > ||fll ey — €
0

y shall now be regarded as fixed. Let (S, ) be the set of step-functions x defined
by the condition x € (S, ) if and only if x is continuous at each point ¢ where y

(1) It should be clearly understood that by a step-function we mean here a function con-
sisting of a finite number of steps each of length >0.
(1%) See A, p. 430. We use the notation ||| = (x, 8) = fo| #(£)| dt+ Ty ().
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is continuous. Then fyxdg, for x & (S;) and ||x|| =1, is a continuous bounded

function of the heights of the steps in x and so assumes a maximum; thus
there exists a particular step-function x, € (S, ), with ”xo” =1, such that

1 1
[ vigs [ atg  torzesildl =1,
0 0
which implies
1 1
f xdg/“x” éf xodg/on“ for x e (S/), Hx” > 0.
0 0

Let ¢, satisfy the condition
| %o(2) I = I %o(to) | fortel,
and set

t = inf E[xo(u) = xo(te) for ¢t <u <],
t

1y’ = sup E[xo(u) = xo(te) for # < u <t],
t

Jo=E[ <t=4'].
t

Finally, let x\ £ (S, ) be defined thus

(1 + )\)xo(to) for te Jo,
x;‘(t) = {
xo(t) for tel — ]o.

Then we have
1 1 ’
f x\dg =f xodg + M- xo(t0) - Asog;
0 0

and since | xo(t)| is actually greater for t € J, than it is for { immediately to the
left or right of J,, there exists an 7 >0 such that we have

llaall = [l zall + N | @wolto) | - | Jo| 4 X- | wo(to) | (o) for A > — 1.
The function
aoy < 2% _ Jowodg + N [xa(te) - Arg]
lall  [lwoll + 2 [] 2ot | - | To| 4 | %o(te) | »(T0)]

is of the form (a+b\)/(c+d\) with ¢d>0, and it has a maximum at A =0.
Hence we have H'(0) =(ad —bc)/c*=0 and a/c=b/d; i.e.,

1 ’
S el = | gl /1] 761 4500
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Combining our results we obtain

1 1 1
Wluer = < [ ydg s [ sdg = [ mdglls] = | are| /1170] +»00)];
0 0 0

and since € is an arbitrary positive number, we conclude that ” f ” o) is not
greater than the number (14).

On the other hand, if J is any closed subinterval of I and the function x;
is defined by

sgn (A/9)/[| 7| +»()] for teJ,
x5(8) =
0 for tel —J,

we see at once
1
we©), lwlst, [ wmag=|aiel /U171 +50],
0
whence

1
|afgl /I1T] +»)] = Suqus,),nzuglf % dg
0

1
= SuPzt(S,).nzll—lf xdg = ||f“<Ac>o
0

Thus H f” (ac) is not less than the number (14), and the theorem is proofed.

It may be worth while to point out here that the formula (14) provides a
good basis for computation. For example, in the case of g(t) =4t(1—t), the
value (14) is assumed for

J=Jo=E[0=t=< 212 1],
t

for which »(J,) =1, and the norm is 4(2Y2—1)(2—2%2)/21/2=_69 approxi-
mately. In the case of g(0)=g(1)=0, g(.49)=—10, g(.51) =10 and g linear
on each of the closed intervals [0, .49], [.49, .51], [.51, 1], the value (14)
is assumed for

J=Jy=E[.49=¢t=.51],
t

for which »(J,) =2, and the norm is 20/2.02=9.90 approximately. Minor
variants of this example show that |[|f||(sv) can be arbitrarily close to
|g(1)| +supeer |2(2)| ; and other examples to indicate that each of the esti-
mates (12) and (13) is in a sense the best possible can readily be constructed.

We may observe also that the inequality | Tg(x) — Th(y)| < To(x—7y) im-
plies that if x; is an arbitrary point in (BV), we have
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SUPze (Bv), (= ep>0 | f(8) — f(@1) | /(#, 1)
2 SuPse vy, (zep>o | f(8 — %) | /(5 — 21, 0) Z |f]| avys

i.e., that the Lipschitz modulus of a continuous additive functional f at any
point in the space is never less than its Lipschitz modulus at the zero-ele-
ment 6.

5. Weak topologies in (B V). The two forms of functionals (3) and (2) re-
spectively provide the basis for the following

DEFINITIONS. A sequence x, (n=1, 2, 3, - - - ) of elements of (BV) will be
said to converge weakly (S) [to converge weakly (W) ) if and only if lim, ., f(xn)
exists for every functional f additive and continuous [additive and uniformly con-
tinuous| on (BV).

It is clear that convergence of a sequence %, in the metric (1) implies that
%, converges weakly (S), and that convergence of x, weakly (S) implies con-
vergence of x, weakly (W). That implications do not hold in the reverse
direction may be seen from more or less trivial examples. From (2), which
is also the general form of the continuous additive functional on the Banach
space (L), as has been remarked in §3, it is clear that the weak (W) topology
of (BV) is equivalent to the topology introduced in (BV) c (L) by the weak
topology of (L). Since (BV) c (L) is strongly dense in (L), it is apparent that
the weak closure of (BV) e (L) is (L). It has been shown earlier that (L) is
weakly complete(1?).

THEOREM 7. In the topology of weak (S) convergence, (BV) is complete.

Proof. Let x, (n=1, 2, 3, - - - ) be any sequence in (B V) satisfying the
condition

1
(15) lim, ., f x.dg exists for every g (C);
0

and let %, be a function associated with x, (n=1, 2, 3, - - - ) as follows:

limtl-t,¢l>¢ x,-(t) for 0 <t < 1,

Ea(t) =

0 for t=0,¢=1.

Then we have [yx.dg = [;Z.dg for every g € (C) and every n. For fixed n,
1 1 1
(16) f a'c,.dg=—f gdaz,,=f gd(— &)  (m=1,23---)
0 0 0

is a continuous additive functional(?’) on the Banach space (C), with norm
equal to Ty(—%,) = Ty (%,). The condition (15) implies that each g &€ (C) has a

(1) See Banach, loc. cit., pp. 141-142,
(29) That is, linear functional, in the sense of Banach, loc. cit.
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bounded sequence of images under the sequence of transformations (16). It
follows from a theorem of Banach and Steinhaus(?!) that the sequence of
norms Ta(%,) (n=1, 2, 3, - - - ) is bounded. Therefore the sequence of func-
tions #, is uniformly bounded, and from a theorem of Helly(??) we conclude
the existence of a subsequence %,; (=1, 2, 3, - - - ) which converges pointwise
for all £ & I to a function xo & (BV). From Lebesgue’s convergence theorem we
infer that #,, converges in the mean to x¢; and from Theorem 1 above we
conclude that [y%,dg, and therefore [yx.dg, tends to [3x.dg for every g & (C).

One may readily verify the following remarks.

(i) In each of the weak topologies, the weak limit of a sequence x,
(n=1,2,3, - )in (BV) is not unique in the sense of uniqueness determined
by metric equality in (BV); it is, however, unique in the space (L).

(ii) In contrast to the situation in a Banach space(?), boundedness of the

sequence Hxn“ (n=1,2,3,---),where “x,,” = (x,, 0), is not a necessary condi-
tion for weak convergence, in either sense, of a sequence x, in (BV); but
boundedness of the sequence fol|x,,(t)ldt (n=1,2,3,---)is of course neces-
sary.

6. The use of the metric
(17) (59 = [ 1500 = 50|+ | L) - L |,

where Lj(2) stands in general for the (Peano) length of the function z(¢) on I.
When this metric is employed the situation is as described in the following

THEOREM 8. Each uniformly continuous additive functional on (BV) [or on
(CBV) or on (AC)] can be expressed in the form (2). The general form of the
continuous additive functional on (BV) is (3), on (CBV) is (4), and on (AC)
s (8). Conversely, each integral of the kind specified is such a functional on the
corresponding space. The functional (8) on (AC) satisfies a Lipschitz condition
at any given point x, € (AC) if and only if h(t) satisfies a Lipschitz condition on
I; in this event the integral (8) can be expressed in the form (2), with g(t) =h(0)
—h(t), and this integral defines a functional f on (BV) which satisfies a Lip-
schitz condition on the entire space (BV); and the Lipschitz modulus of f on
(BV) [or on (CBV) or on (AC)] is the same at each point x, of (BV) [or of
(CBV) or of (AC)] as it is for the entire space, being equal to the Lipschitz
modulus of g(t) =h(0) —h(t) on I.

We shall endeavor to indicate the proof of these results without going into
excessive detail. Naturally it must be noted at the outset that since the metric
(17) is not homogeneous (i.e., does not satisfy the condition (ax, ay)

(1) See, for example, Banach, loc. cit., p. 80.

(22) See Helly, Uber lineare Funktionaloperationen, Sitzungsberichte der Wiener Akademie,
IIa, vol. 121 (1912), p. 283.

(23) See, for example, Banach, loc. cit., p. 133.
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= | a| - (x, ¥), for @ a real number), the spaces considered are neither of the
type (a) nor of the type (a*), so that the results of §2 of A cannot be drawn
upon. In particular, there would seem to be no a priori reason why a uni-
formly continuous additive functional should satisfy a Lipschitz condition (%*);
that such is the case, however, will presently appear. It is a simple matter to
show that a continuous additive functional on (BV) or one of its subspaces
here considered is homogeneous(%).

Let f be any additive and uniformly continuous functional on (BV). As
in the proof of Theorem 5.2 of A and of Theorem 2 above, introduce the
family of step-functions £;(#) and define f(¢) =g(¢). In view of the uniform
continuity of f, let >0 be such that

FOESOIRS! for (, y) < 5.
Let 0=#<t:<1 and let m satisfy the condition

1 1
mf IEtl_Etgldu=f | mt,, — mt, | du = 5.
0 0

Then we have
m| g(ts) — g(ta) | = m| f(&) — f(E) | = | flmE) — fimEe) | < 1,

whence
1
| g(t) — gta) | < 1/m =f | &, — £ | dufs = |t — ta| /5;
0

i.e., g(¢) satisfies a Lipschitz condition on the interval 0 =¢<1. Consider

0 for 0=t<1, 0 for 05t<1,
xi(t) = { x2(t) =
k for t=1, —k for t=1.

Since (x1, x:) =0 and (x1, —x2)=0, we have f(x1) =f(x2) =f(—x2) = —f(x2) =0;
and from the additivity of f it follows that the value of f(x) is independent
of the value of x(1). The sequence of step-functions z,() employed in the
proof of Theorem 5.2 of A will then have the property that in the present
metric (2,, £)—0, with % identical with x except at t =1 where it differs from x
by 14T5(x) —Ly(x). The argument set forth in that proof then shows that
f(x) can be expressed as [gx(t)dg(t), where g(¢) is Lipschitzian on I; i.e., f(x)
can be given the form (2), where ess sup;ers |a(t)| = M is the Lipschitz modu-
lus of g on I. The existence of a Lipschitz modulus for f on (BV), and its

(*) For example, the linear functionals f(x) =kx (k#0) on the Euclidean space E; metrised
with (x, y)= |x’—y3l , which is not homogeneous, do not satisfy a Lipschitz condition.

(25) Compare the reasoning used .in the proof of Theorem 2.4 of A and make use of the
relation IL:(x) —-L.l,(y)[ ST, (x—y); see inequality (4) of Adams and Lewy, On convergence in
length, Duke Mathematical Journal, vol. 1 (1935), pp. 19-26.
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equality to M, then follows from the relation
M = suposi<i=1 | 8(t) — g(t2) | /|t — b2
= suPost<nc | f(En) — f(E) | /|t — ta]
= suposu<u<t | f(En) — f(€s) | /(Eayy i)
S SUPa,ye @y, >0 | f(®) — F(9) | /(%, 9)

1
SUPz.ye (BV), (2,1)>0 Mf o — y|de
0

IIA

+[f011x-— y|dt+IL;(x)—L;(y)[:|§M.

Since (CBV) and (4C) are dense in (BV), a functional f additive and uni-
formly continuous on either subspace can be extended to be uniformly con-
tinuous on (BV). As has been done in the proof of Theorem 5.3 of A, one may
then show that the extended functional is additive on (BV). Consequently
the form of f is determined as asserted.

* That the general form of the continuous additive functional on (BV) is (3)
can be shown by essentially the same argument as has been used in the proof
of Theorem 3 above.

To determine the form of the continuous additive functional on (CBV),
it should be noted that if the set P in Lemma 2 is of measure zero, x is a
singular function. According to a theorem of Morse (%), since x is singular,
(24, 2)—0 in the metric (1) implies (x,, x)—0 in the metric (17); hence func-
tions \, u exist such that in the metric (17), (\, u) is <6 and [oh(¢t)\'(¢)dt
— Joh()u' (t)dt is =k/2. Since any non-vacuous perfect set contains such a
set with measure zero, only trivial modifications in the proof of Theorem 4
need now be made in order to establish the desired result.

Since in (4 C), convergence in the metric (17) is equivalent(??) to conver-
gence in the metric (x, y) =T;(x—7y), it follows that the general form of the
continuous additive functional on (4 C)is (6) and on (4C) is (8).

The converse statements concerning the uniform continuity of (2) on
(BV) and the continuity of (3), (4), and (8) on (BV), (CBV), and (4AC) re-
spectively are very easily verified.

The fact that, if x, is an arbitrary point of (4 C), the functional (8) on
(AC) satisfies a Lipschitz condition at x; only when %(¢), and therefore
g(¢) =h(0) —h(t), satisfies a Lipschitz condition on I is a consequence of

LeuMwMma 3. The functional (8) has the following property when x, is any point
of (AC):

(26) See Morse, Convergence in variation and related topics, these Transactions, vol. 41
(1937), pp. 48-83, Theorem 5.2.
(*") The equivalence is a consequence of Theorems 4 and 5 of Adams and Lewy, loc. cit.
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SUPze (40),(z,21)>0 |f(x) — f(a1) l /(%, %1)
2 Supost<nst | A(h) — h(t) | /|t — ta].

Proof. In the light of remarks made in the paragraph following (7) it
suffices to prove that the left member of (18) is = I h(b) —h(a)l /(b—a), where
0=<a<b=1, in four cases: (i) that in which ¢=0, b=1, which is trivially
verified by taking x(¢) =x1(t)+1 for ¢t € I; (ii) that in which 0<e <b<1 witha
and b points of the Lebesgue set(?®) for the function k; (iii) that in which
a=0 and b, 0<b<1, is a point of the Lebesgue set for %; and (iv) that in
which =1 and ¢, 0<a <1, is a point of the Lebesgue set for &.

To dispose of case (ii) let 0<d<(b—a)/2, let € be an arbitrary number
(positive, negative, or zero), and consider the function

(18)

%) for 0St<ab=<t=<1,
2 1)) +e(t —a)/d for a=t=a+3,
R 7 for a+86<t<b—3,

21(0) — e(t — b)/6 for b—06 =t =0>.
For each 8 and € we have
1
f | %s.e(t) — x:1(8) | dt = | €| (b — a —0),
0

o) = )| = | fsne= 2| = | ol - sloe]

a+d b
f h(t)e/d dt — h(t)e/d dt l
a é

b—

a+d
elh(a) — hd)] + ¢ f [(t) — h(a)]de/s

— f :lh(t) — h(b)]dt/él

b—
2 el | b)) — ha)| — || m@) —| €] m00),

where, as 6—0,

a+é ]
| m(s) = f | h(t) = h(a) | dt/s — 0,
(19) "
72(8) = f 6| h(t) — h(b)| dt/s — 0.

(28) See, for example, Titchmérsh, The Theory of Functions, Oxford, 1932, p. 364. For each
h summable on I the “Lebesgue set” of points ¢ where f:+ 8] h(u) —h(t) I du/ s tends to zero with &
has measure 1.
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For each fixed §, the function
(3, ©) = Lo(s.0) — Lo(1)
a+8 b
=f {14 [«/ @)+ e]2}”2dt+f {14 [xf (2) — €]2}12ds
a b—3

— L (@) — Ly_s()

vanishes at e=0, and d¢/de may easily be seen to exist(®) for each e. If
d¢/0e=0 at e=0, we have

| fs.) = JGa | [ h(®) = k(@) | — m(8) — ()
(t3.0®)  b—a—5+]|[66, ¢ — ¢, 0)]/e]

with [¢(5, €) —¢(8, 0)]/e—0 as e—0. If dp/Ie=0 at e=0, there exists a uni-
lateral neighborhood of zero such that for € in this neighborhood, Lj(xs,) is
< Ly(x1). Moreover it is evident that Lg(x;,.) is a continuous function of €
which becomes positively infinite as e—>+ © or e—— ». Hence there exists
an ¢, say €, for which L}(xs,e) = Lg(x1). In fact the inequality (3°)

)

(20)

L (@0, + Lia(0.0 > T2 (50,0 + To-als.0)
2 To (00 — @) — Ta' (%)
+ T:—s(xa,e - %) — T:_;(xl)
=2]el = To ' (#1) — Toa(1)

shows that for || =L3**(x1)+L)_5(x1), Lj(xs,c) exceeds Li(x1); this gives an
upper bound for |e;| and shows incidentally that ¢—0 with 8. Choosing
e=¢;, we have

| (s = S | | BB) = #(@) | = m(B) — m()

(%s,e, 21) - b—a—96

(21)

The inequality (18) now follows at once from (19), (20), and (21).
Although cases (iii) and (iv) are not formally symmetric, it should suffice
to examine one of them. In case (iii), for example, we may define

x1(8) for b=t=1,
x3,() = x1() — (¢t — b)/6 for b—6 =t =0,
x1(8) + € for 0=<t=<0b-—39,

and find

(29) See, for example, Hobson, loc. cit., 2d edition, vol. 2, Cambridge, 1926, p. 355.
(3%) See Adams and Lewy, loc. cit., inequalities (2) and (3).
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fo | &) — )| dt = | ] (b — 8/2),
[ o) = )| = | ehto) + | h(t)[xi.(t)—xia)ldtl

= | eh(0) — ' h(t)e/&dt’
-8

= | e[h(0) = hB)]—e¢ f 1) — W)/ '

2| el | h®) — BO)| — | €] 225),

whence we may proceed as before in case (ii).

To complete the proof of the results stated in the theorem, it is sufficient
to make the following remark. Let f be a continuous additive functional on
(BV)[(CBV)], and let y; be an arbitrary point of (BV) [(CBV)]. Set

5 = f wdu, 8 = nl) — w0, sel,

so that x; is the absolutely continuous part, and z; the singular part, of the
function y;. Then we have, for y e (BV) [y e (CBV)],

sup.u>o| f(y — 1) | /(3, 3)
Z Supse oy (zap>o | f(F + 21— x1 — 21) | /(% + @, 21 + 21)

= SUPze 0y, (x>0 | f(% — 3) | /(%, %),
since | L(x+21) —Li(x1+21)| = | L (x) + T (21) — Ly (1) — Tp (21) | -
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