ON CIRCAVARIANT MATRICES AND CIRCA-
EQUIVALENT NETWORKS

BY
RICHARD STEVENS BURINGTON

1. Introduction. In recent papers(!) the author has considered various
questions concerning the equivalence of quadrics in m-affine n-space and re-
lated problems in the theory of (absolutely) equivalent m-terminal pair elec-
trical networks.

The present paper is concerned with the development of certain theorems
relating to the theory of congruent matrices which appear to be fundamental
to the construction of a somewhat more general theory of (relative) equiva-
lent electrical networks.

Consider the set of matrices B congruent to the matrix 4;i.e., B=P'AP.
In the first section of this paper a theory of circavariant matrices is initiated,
general theorems being obtained relating to the restrictions which must be
imposed on P in order that one or more of a certain set 4;, 42, - - - of mat-
rices derived from A each be circavariant. In later sections theorems on the
congruence of matrices with P in a modified m-affine space are obtained, to-
gether with a set of normal forms.

In the last section, the theory of circavariant matrices is used to initiate
a general theory of circa-equivalent networks, the usual theory of equivalent
networks appearing as a special case of the general theory.

2. Congruent and circavariant matrices. Let 4, B,C, - - -, P,Q, 4, - - -
be matrices of order » whose elements belong to a field . The matrix B is
said to be equivalent(?) to the matrix A if there exist nonsingular matrices P
and Q such that B=QAP. The matrix B is said to be congruent to A if there
exists a nonsingular matrix P such that B=P’4P.

Let G}t denote the matrix obtained from C by deleting from C rows
71, - - -, r.and columns sy, - - -, 5. Denote C;!: .7t by C;,.. .,

Consider the set A of all matrices 4 of order » whose elements range
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over . With each 4 associate the set B of all matrices congruent to 4. If B
is any matrix of set B, there exists a nonsingular matrix P such that

(2.1) B = P'AP.

If T ranges over the set P of all nonsingular matrices of order #, then the mat-
rices 3=T'AT are all congruent to 4, and hence, each 8 belongs to 8. The
matrix P in (2.1) belongs to PB. If (2.1) holds and if there exists a subset P,
of P such that for all matrices 4 of ¥, and for all matrices P of g.,

818 eert  81---8_81°° -8t

(2.2) Bryim= P A P

then 4777 is called a circavariant matrix of A under the congruence (2.1).
Let B, denote the subset of B obtained by letting P range over ..

Thus, if (2.1) holds and if 4, is a circavariant matrix, then B; can be ob-
tained directly from the product B,=P{ 4, P,, or from B by deleting the first
row and column.

The term circavariant matrix has been introduced here to avoid confusion
with the term imvariant matrix as used by L. Schur, Littlewood and other
writers, as in D. E. Littlewood, The construction of invariant matrices, Pro-
ceedings of the London Mathematical Society, (2), vol. 43 (1937), pp. 226-
240. In paper [1], a circavariant matrix was called an invariant matrix. In con-
trast to the definition used in [1], the present definition places greater em-
phasis on the requirement that (2.2) hold for all matrices of . While in [1]
P was restricted to (simply) m-affine types, here P is not so constrained.

3. Conditions that 4;::' be circavariant. In paper [1] a system of in-
teger, matric and algebraic invariants of the matrix 4 of the n-ary quadratic
form F was exhibited, under the simply m-affine nonsingular group of linear
transformations T, by means of which necessary and sufficient conditions for
the simply m-affine congruence with respect to T of two matrices 4 and B,
as well as the equivalence of the two corresponding forms F and G, were given.

Whereas in paper [1] we were concerned with the nature of the matrix 4
for given simply m-affine matrices P, in the present paper we are concerned
as to the content of the subset PB,, that is, as to the conditions which must be
imposed on P in order that A4} be a circavariant matrix of 4 for the class
A under (2.1). We shall see that the solution to this question leads to a more
general type of matrix P than that used in paper [1].

To begin with, we search for conditions on P in order that 4; be a circa-
variant matrix. In other words, with reference to congruence (2.1), under
what conditions is the matrix M = P{ AP, identically equal to B, in the ele-
ments of 4°?

For convenience, we number the first row (and column) of 4, (P;,, M
and B,) as 2, the second as 3, - - -, the (n—1)-th as #. The rows (and col-
umns) of 4 (P and B) are numbered in the usual way, the first row as 1, the
second row as 2, - - -, the nth row as n. Evidently,
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(3.1) M= ( }: 2 ﬁ,fa,.p,k) = (mu),

r=2 §=2

where the element in the jth row and kth column of M is mj, with rows and

columns numbered (as agreed above) j, k=2, - - -, n. Also from (2.1)

(3.2) B= ( 4_",: i"_‘,l pu-a,.p,k> = (bi),

where b;; is the element in the jth row and kth column, (j, k=1, 2, - - -, n).
In order that B; be identical to M in the elements of 4, we must have
(3.3) bin = g g PriGrspsr = g é PriGrspsk = Mk,

" in the elements of A, for j and k any fixed pair of integers selected from

2, -+, n. From (3.3) with j and & fixed, (, k=2, 3, - - -, n), we find that the
following identities in the elements of A must hold,

i@1ePsr = 0 s=1,2,---,mn),

(3.4) D1701: sk ( )

Pria’rlplk =0 (f = 11 2’ T ”)'

The cases j=Fk with s=1 give pj;aup1;=0 in au, (=2, 3, - - -, n), hence py;

must vanish for j=2, 3, - - - , n. With p;;=0, (=2, - - -, n), all the identities

(3.4) are satisfied and A4, is a circavariant matrix. Since P is nonsingular,
pu#0. Hence

THEOREM 3.1. 4 necessary and sufficient condition that A, be a circavariant
matrix is that 1;=0,j=2, - - - , n.

A matrix of the form

pu 0 ---0 .0 .0
0 p22 Y :
o o o
(3.5) S= 4 . ,
?m—{-l,l CEEE ?m+l,m : ?m+1,m+1 cee 'ﬁm-}—l,n
Pn,l * A pn,m ° Pu.m+l ctt Prm
with elements in § is said to be m-affine(®). If pyu=pou= -+ =pmm=1, Sis

said to be stmply m-affine.

(®) In paper [1], the term m-affine means simply m-afine.
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The matrix B is said to be m-affine congruent to A if there exists an m-affine
nonsingular matrix S with elements in §§ such that B=S'4.S.

Theorem 3.1 states that a necessary and sufficient condition that A, be circa-
variant is that P be 1-affine. If B is 1-affine congruent to 4, then 4, is circa-
variant and B, is congruent to 4;.

More generally, suppose that we require that 4, be circavariant. Then for
j and k any fixed pair of integers selected from 1, 2, - - - , u—1, u+1, - - -, n
the following identity in the elements of 4 must hold:

(36) Z E Priarspak = E E Priarapak'

r=1 g=1 r=1,r>%u s=1,8>u
This means that the following identities in the elements of 4 must hold:

Puiauspsk =0 (S = 1: 21 ) n)r

3.7
Priarupuk =0 (r = 1; 2; Tty ")

The cases j=k#u with s =u give p,;a.upu; =0, so that each p,;=0, j=u. We
conclude

THEOREM 3.2. A necessary and sufficient condition that A, be circavariant
s that pu; =0 forj=1, - - - , n;j#u.

We note that d(P) =pu.-d(P,). Since P is nonsingular p,,#0, d(P,) #0.
From (2.2), we conclude that B, is congruent to 4,. Hence if 4, is circavari-
ant, B, is congruent to A,.

Suppose we require A4y, #>v, to be circavariant. Then for j and %k any

fixed pair of integers selected from j=1,---, u—1, u+1, .-, n and
k=1, ---,v—1,v4+1, - - -, n, we must have

Z E DriGrsPor = E E DriGrsPer

r=1 g=1 r=1,r%u s=1,8%v

identically in the elements of 4; i.e.,

Puja'uapsk =0 (S = 1, Ty ”)v

3.8
( ) DriGroPok = 0 (f =1,.---, n)

The cases j=k=w, wu, w#v, with s=u and 7 =v give puwluupur=0 and
PowlvsPow=0, 50 that pu,=pww=0. The case j=v, k=u gives
puvauapau =0 (s = 1’ cee, n),

(3.9)
Prvarvpvu =0 (f = 1’ ) ﬂ).

Since P is nonsingular at least one p,.#0. Hence p.,=0. Likewise, at
least one p,,>0, so that p,, =0. The case 4} leads to the same result. We have
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THEOREM 3.3. A necessary and sufficient condition that A;, u#v, be a cir-
cavariant matrix 1s that

Pua =0 (=1, - ,n au);

Pvﬂ=0 (B=1""vn’»ﬁ?£v)°

This theorem shows that a necessary and sufficient condition that A2 be
circavariant is that P be 2-affine.

Evidently d(P) = pyupss-(Pu»). Since P is nonsingular, puuprn#0, d(Puy)
#0. Hence from (2.2), Bj, is equivalent to 4;. Thus, B;, is equivalent to A,
when A}, is circavariant.

If A,., w52, is a circavariant matrix, then for j and k any fixed numbers

selected from w=1, - - -, n, wu, w>v, we must have
n n n n
22 pripr = 2 2 Prituper
r=1 s=1 r=1,r%u,v s=1,8%u,v

identically in the elements of 4. This means that

u'auscEOy v'avaaEO S=1,2,“‘,",
(3.1()) DPuiGuspsk PoiGusPsk ( )

priarupuk = 07 prjarvpvk =0 (7 = lr 2y Tty n)
identically in the elements of A. The cases j=k=w=1, - - -, n, w#u, w*v,

with s=u, v give puuwluuPuw =0, PowlorPrw =0. We conclude that p,,=p.»=0.
Since P is nonsingular, puupos — PurPou 0, and d(P.,) #O0.

THEOREM 3.4. A necessary and sufficient condition that A .., be a circavariant
matrix 1is that pyw=pw=0, for w=1, - - - | n, w#u, wv.

This theorem shows that a sufficient (but not necessary) condition that
Ay, be circavariant is that P be 2-affine.

Let J be the set 1, - - -, » and let uy, us, - - -, u, be any subset U of J,
all the elements of U being distinct. Denote by W=J — U the set J with the
elements of U removed. If 7 is not in W, we writer¢ W.

If A,,...,, is a circavariant matrix, then for j and k any fixed numbers
selected from W, we must have

n n n n
Z Z PrilrsPsr = Z E b1i@rsPsks
r=1 g=1 r=1,r ¢ W s=1,s ¢ w

identically in the elements of A. This means that

(3 11) PuiiCusPsk = 0,--- sy Dugi®ugsPak = 0 (S =12, n‘);
pu'arulﬁulk = Or ) Prjaruapuyk =0 (1’ = 1) 27 Ty ”)v

identically in the elements of 4. The cases where j=% and j ranges over W
with s=u, us, - - -, u, give

DuriCuyufui = 0, PuziGugusPuyi = 0,---, PugiCuougPugi = 0,
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from which we conclude that py,;=pu,;= - - - =pu ;=0, for jranging over W.

THEOREM 3.5. 4 necessary and sufficient condition that 4.,. ..., be circa-
variant is that pu,;=pu,;= - - - =pu,; =0 for j ranging over W.

From P delete all the rows and columns whose numbers belong to the set
W, leaving the matrix Py. It is easy to see that d(P)=d(Pw) d(Puy,...u,).
Since d(P)#0, Pw and P,,.. .., are both nonsingular, so that B,,.. .., is con-
gruent to 4.,....,, when the latter is circavariant.

Let (uy, us, - - -, u;) and (v1, v2, - - - , ) be two subsets U and V, respec-
tively, of the set I of integers 1, 2, - - -, n. Suppose that all the elements of U
and V are distinct. Let L= U— V be the set I with the elements of U and V
removed. Then

THEOREM 3.6. A necessary and sufficient condition that Ay %, (or A3k o
be circavariant is that P be such that for each u in U, each v in V, and for each \

in Ly Pu)\ =puv =Pvu =0.

The proof of this theorem may be obtained from the proof of Theorem 3.3
as follows: equations (3.8) must hold with « ranging over U and v ranging
over V. The cases j=k=\ with s=u, r=v, u ranging over U and v over V,
lead to the conditions p,,»=0. The cases j=v, k=wu, with « over U and v over
Vyield pu»=0and p,.=0.

It is easy to see that By %, is equivalent to Ay "%, in case the latter is circa-
variant. For example, if A% is circavariant, P is such that

d(P)=d(E)-d(F)-d(P})

E= <Pu 1712) and F = (1733 1?34).
D21 po2 P43 Pua
Since P is nonsingular so are E, F, and P¥%. From (2.2), B% is equivalent
to A%,

In a similar manner further theorems concerning the circavariance of
A%, for the case when the sets U and V overlap can be stated together
with theorems concerning the equivalence of B;. "%, and A3 %,

4. Invariants. From (2.1), d(B) = [d(A4)] [d(P) ]2. Hence, the determinant
of A is a relative invariant of the set B under (2.1) with P ranging over the
set P. Since each P in P is nonsingular, the rank of B is equal to the rank of 4,
so that the rank of A is an integer invariant for the set B. If the field § is
ordered, the signatures (when defined) of B and 4 are equal, so that for or-
dered fields, the signature of A is an integer invariant for the set B.

Suppose in (2.2), P;..,, and P,,...,, are nonsingular and that 47!} is
a circavariant matrix. Consider any function G(a:;) =G of the elements of
A3t which is so related to the same function G(b;;) =G of the elements of

where
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B;:; that, in the elements ag;,
4.1) G = aGB (B # 0),

where a=a(P},...,) is a function of the elements of P} ., only, and where
B=B(P,,...s,) is a function of the elements of P,,...,, only. Then G is said to
be a circavariant of the set B with respect to A} 3.

IfG GGy, G, - - -\, G\t are circavariants of the set 8 with respect to
the circavariant matrices 4, 4,, A2, 4,, - - -, A3, respectively, then any
function H of the form

(4.2) HG) = TG GG - - 6,

where the p’'s are real numbers is said to be a composite circavariant of
the set 8. Let H(G)=H denote H with G, Gy, - - -, G} replaced by
G, Gy, G, - - -, G2, respectively. Then H is of the form

(4.3) H = vHs (v6 5 0),
where
y = [aa(P)][ax(P)] - - - [ea(Prror)], 6 = [Bu(P)][B(PD)] - - - [Bu(Pry-- )]

If y6=1, then H is said to be an absolute circavariant of B. If y=46, then H
is said to be a relative circavariant of B.

Consider the set 8.7t of all matrices B;.. ;¢ generated from the circa-
variant matrix 4;."7* by letting P range over B,, with P,'l,,,,‘ and P,,...,,
nonsingular. Then the rank p;. ;7! of each matrix in $B;. ;7! is equal to the
rank of A7 7%

We suppose that (ry, - - -, 7¢)=(s1, - - -, s:). Then (2.2) is an ordinary
congruence. Suppose the field § is ordered and that a P exists in B, for which
B,,...,,is a diagonal matrix, so that 4,,...,, has a signature o,,...,,. From (2.2)
it follows that the signature of each matrix in the set %,,...,, is equal to
Gr,...r,. Thus,

THEOREM 4.1. The rank of A;)::;;¢ is an integer invariant for the set B;.. .
If § is ordered, the signature (when defined) of A,,...,, is an integer invariant
for the set B.,. . ..,.

If 477t is a circavariant matrix, then from (2.2)
(4.4) d(Bry. ) = d(P)y...r) d(Ary. 00 d(Pyy.. ).

From (4.4) it is clear that d(4;':77!) is a circavariant for the set 8. If
(rlv Sty rt)E(sh st yst))

4.5) d(BY T = [d(Prye. )V [a(4T D],
so that
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THEOREM 4.2. The determinants of the matrices of the set B;, 7t are circa-
variants for the set B with respect to A7\ 7t If (ry, - - -, ri)=(s, - - -, S¢), these
determinants are relative circavariants of B.

It may be remarked thatin case (71, - - - , 7)) =(s1, - - -, 5:) these determi-
nants are actually ordinary relative invariants of 8,7 under an ordinary
congruence of transformation matrix P,,...,,.

Evidently the ratio of any two circavariants is a composite circavariant
for the set B. )

5. Normal forms for 4 under P m-affine. In the theory of electrical net-
works the cases when 4;, A, 4, - - - are to be circavariant frequently occur,
leading to the requirement that P be m-affine. We shall accordingly consider
the normal forms of 4 under P m-affine.

In paper [1] the reduction of A to normal forms was indicated, the case
where m =2 being considered in detail. In particular, the results obtained
indicate that, when P is simply m-affine, every symmetric matrix 4 with ele-
ments in a field § (not of characteristic two) with circavariant matrix
A, ... m is m-affine congruent in § to a matrix B in which the matrix
Bi,... m_11s of the form

bame O 0 S 0
. bm+l 0 N 0
+ 0 bmyz O- - 0 .
(5.1) . 0 NE f v=p1..om1—p1...m # 2,
0 . 0 . .. bn—l 0
0 -0 0 -0 ba
and with a parabolic matrix
0 -« 0 0 -0 1
0 * buwpa O -+ 0 0
0 * 0 bm 0 M 0 ’
(5.2) * , if v =2,
. . . 0 DRI .
0 - 0 0 « o bp1 O
+ 0 0 -0 0

the number of nonzero b;’s in B;. ... being equal to the rank p;.... of 4;...m.
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The parameter ... is an absolute invariant of A when P is simply m-affine.

We shall let ;...,=01 " m denote the signature of 4;...,. If the field § is
real, each positive b; in B;..., can be reduced (by means of a simply m-affine
P) to 1, and each negative b; to —1. The number of positive b;’s in Bi...n
is (p1...m+01...m)/2 and the number of negative b,'s is (p1...m—01...m)/2,
the remaining b;'s each being zero. If § is algebraically closed, each nonzero
b;in B,..., can be reduced to 1. No further reduction of Bj...,n_; is possible
when P is simply m-affine. For (5.1) and (5.2), we shall denote the reduced
form of B;..., thus obtained by 6= [8n41, - - -, 6,1, 0, - - -, 0], a diagonal
matrix.

In case § is ordered, we shall agree to regularly arrange(*) the matrix 8,
this always being possible when P is m-affine.

Suppose in (5.1), bun#0. Let P be m-affine with p,,= 6, (where 6,,=0
if r#s, 6,,=1 if r=s), except for pmm. If § is algebraically closed, select
a Pmm 5O that p2,=1/bpm. If § is real, let pum=1/(bmm)!'? if bnm>0 and
Pmm=1/(—bmm)'? if bpmm <0. Then, in case of (5.1) with b,,#0, the matrix
B is m-affine congruent to a matrix C=P’BP in which the matrix Ci,... n
is of the form

bm * O 0-- 0
0 - 6m+l 0
0 - 0
(5.3) . ¢« . -, if,,;gz’
. . -
. 0--
0 « 0 0

where b, is 1 if {§ is algebraically closed; and b, =1 or —1 if § is real. In the
latter case, bn.n=1 when o01...n.1=1401...m;, bmm=—1 when o1...m1
=—1401...myand bpn=0when oy...m1=01...m.

As in paper [1], it is now easy to formulate various theorems. For ex-
ample, Theorem 3.3 of [1] for P m-affine holds without the requirement on
the parameters by, and b,,,.

THEOREM 5.1. Let P be m-affine with elements in an algebraically closed
field §, and let A® and A be two symmetric matrices of order n in §F with
associated circavariant matrices A" ,._;and AP .. ,._.. A necessary and suffi-

cient condition that Agf),.,,m_ 1and A {2’ m—1 be congruent is that they have the

(*) C. C. MacDuffee, Theory of Matrices, Berlin, 1933, pp. 57-58.
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~same ranks p . u_1, p.. i and p . mos, P, mi respectively. If the field §

is real the additional requirement of the equality of the signatures o° . . ,._,,

Uﬁf)...,m and 6{?’...,"._1, crff’),,,,,,, respectively, must be met.

Case m=2. If m=2, it was shown in [1] that the symmetric matrix 4 is

simply 2-affine congruent to one of the various normal forms fi, fo, - - -, fs
given below and as indicated in Table I (6 regularly arranged):
00 «0---01 - 0 0
0 b+ 0---0 0 ne
bzlbzz’ 0 :---0
fr= 0 0 ’ fr= 00 - ’
. . . ) . . . b
0 0 . . .
00 -
1 0 -
00 -0 0 b0 + 0 0 b
00 -0 0 00 -0 0 1
0 0 * .
fas= |- - : , Ja= 00 . ?
Ce e 8 T : )
0O o0 - 00 -
0 ‘ bln 1 .
o1 -
b11 0 « 0 -0 0
o3 0-- 0
00 - 0 0
0
‘ 61'—1
fi= 0 0 . ’ b= 0-- -
. 5 c. .
o0 o0 - 0 0
o1 -
If P is 2-affine and nonsingular, it is possible through the proper selection
of pu and pa to reduce certain of the matrices fi, fa, - - -, f5 yielding new
matrices g1, gs, - * -, g5 having the same general form as fi, - - -, fs, respec-

tively, each g; being 2-affine congruent to f; (¢=1,:-., 5). The forms
g1, * -+, gsareindicated in Table I. Thus, in the case of f;, with py=7—2, g is
f1 with bee replaced by 1 if § is algebraically closed, and with b replaced by 1
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or —1 if § is real. No further reduction of f; is possible by a 2-affine P which
preserves the form g;. The numbers 85, 82 in Table I denote 1 if § is alge-
braically closed, and denote 1 or —1 if { is real. In Case 3, the parameter bs,
is an absolute invariant. It should be noted that the number of such parame-
ters appearing in the g;’s is just one, whereas in the simply 2-affine case there
were several such parameters, b;;, in the forms fy, - - - ,f5. (See TableI, p. 171,
paper [1], which may be constructed from Table I, as here given, by deleting
the 8’s and by replacing each 1 by the symbol #0, and each f; by g..)

TasLE I
Classification of matrix 4 for the case m =2

pre=r—3,r=3,4,---, n+1 P 2-affine
Case| p1—p1z p2—p12 P p1 p2 bs? b bz b  bin| Form
1 #2 =2 r—2 82070 21
2 #2 =2 r—3 0 41
3 #2 #2 r—2 r—2 r—2 | 6u#0 1 ey #0 2
4 #=2 #2 r—3 r—2 r—2 | 110 1 0 2
5 #2 #2 r—3 r—2 r—3 81170 0 0 22
6 #2 #2 r—2 r—2 r—3 811 7#0 0 82270 g2
7 2 #2 r—2 r=3 r-=2 0 1 822 7#0 2
8 #2 #2 r—=3 r-3 r—2 0 1 0 2
9 %2 #2 r—3 r—3 r-3 0 0 0 2
10 #2 #2 r—2 r—3 r-3 0 0 822 %0 2
11 =2 =2 r+1 g
12 =2 =2 r 51170 1 &
13 =2 =2 r—1 0 1 2
14 =2 2 r r—2 8110 I3
15 =2 =2 r—1 r—3 0 I3

If § is real, each form in Table I can be subdivided according to the sig-
natures of A, 4;, As.
The following theorems are now evident:

THEOREM 5.2. A symmetric matrix A with elements in a field § is 2-affine
congruent in § to one of the forms g, - - -, gs, according to the ranks (and signa-
tures if § is real) of the circavariant matrices A, Ay, Ag, A2, Ay as indicated in
Table 1. A is simply 2-affine congruent to one of the forms fi, - - - , fs as indicated
in Table 1.

THEOREM 5.3. A necessary and sufficient condition for the 2-affine congruence
of two matrices A and C whose elements belong to the real field is that the circa-
variant matrices A, A, As, A3, Asy and C, Ci, Ca, Ci, Ces have the same ranks
and signatures, respectively, and that in Case 3 with P simply affine (Table 1, .
paper [1]) the parameters by and by, for A and C respectively, be identically
equal. If § is algebraically closed, the above holds without the signatures.
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Case m=m. The reduction of A to normal forms for P m-affine may be
done in a manner similar to that used above for the case when m =2.

6. Applications to the theory of forms and geometry. It is a simple matter
to translate the results of this paper into the language of the theory of bilinear
forms under cogredient m-affine transformations.

A geometric study of the locus F=) 1 ;> 7 1a:%:%;=0 in a geometry built
upon the group of transformations x, =Y " 1p;ys, =1, - - -, n, with (p,,)
m-affine can also be made.

7. Relation to linear networks [2], [3]. We consider an m-terminal pair
bilateral #-mesh linear electrical network M containing (lumped) resistances,
inductances, and capacitances. Let Ey, - - -, E,, be the (complex) e.m.f.’s im-
pressed on terminal pairs 1, - - -, m, respectively; Q, and I,, the (complex)
charge and (complex) current, respectively, in mesh s; R,¢, Ly, D;; (real num-
bers), the lumped circuit parameters (resistance, inductance, and elastance,
respectively) for mesh s if s=¢, common to meshes s and ¢ if s #¢. The meshes
are so chosen that mesh s, (s=1, - -, m), is the only one which passes
through the terminal pair s.

Suppose the Kirchhof equations in complex form for the network are

(7.1) B{o} = {E},
where B=(b,;), brs=ber=L N +R,N+D,,, A\=jw, o being the (real) fre-
quency.
If B is nonsingular,
(7.2) {o} = B{E}.

Let B-'=C=/(c.,). The element c,, is called the generalized (complex) network
admittance; being a transfer admittance between meshes » and v if v, and
a driving-point admittance for mesh « if u=v.

Let Y=(Y,;) be C with all but the first m rows and first m columns de-
leted. Then

(7.3) {Q}m = V{E}.,

where {Q},. and {E}.. are the first m rows of {Q} and {E}, respectively.
The matrix Y is called a characteristic (admittance) coefficient matrix for 9 [2].

Let N, and N: be two m-terminal pair networks of characteristic matrices
Y and Y@, respectively. N, is said to be circa-equivalent to N, if there exists
a real nonsingular diagonal matrix D such that for all values of A, YV =
D'Y®D,

It should be noted here that this definition is much more general than the
one heretofore used in the theory of equivalent electrical networks. The usual
definition, the one given in papers [1], [2], and [3], is a very simple case of
the one given in the present paper, being merely the type of circa-equivalence
for which D is the identity matrix.
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If 9 and N, are circa-equivalent, then the admittances Y2, (r, s=1,

-, m), are relative circavariants.

Let the diagonal element in the rth row of D be d,, and let Z=(¢,s) where
0, =d.d,. If all of the elements in row k of 2 are equal, N, 7s sad to be relatively
equivalent to My with respect to terminal pair k. If each element in the kth row
of 2 is equal to one, Ny is said to be absolutely equivalent to M, with respect to
terminal pair k. If all the elements of 2 are equal to a number o, N; s rela-
tively equivalent to Ny; and in case =1, Ny s absolutely equivalent to Ni.

Consider the set I of all m-terminal #-mesh networks. Let 9t(4) be an
arbitrary network in I having 4 for a network matrix. For each 9t in IN
select a possible network matrix. Let ) range over IN. Denote the totality of
network matrices so found by A. With each M(A4) associate the set € of all
networks N (B) whose matrices B are congruent to 4,

(7.4) B = P'AP,

where P is restricted to the real field. Let P denote the set of all P’s which
satisfy the above requirements.

Next, with N(4) arbitrary, let ®(4:) and N(Bx) denote the networks,
having matrices 4 and By, respectively, obtained by opening the mesh &
of N(A4) and N(B), respectively. We select a maximal subset PB. of B such that
for all M(4) of M (that is, for all A of A), and for all P of PB., Bx=Px AP,
for k=1, ---, m. In other words, we restrict P to a set P. for which
Ay A, - - -, A, are circavariant matrices of 4. We denote by €, the subset
of € whose matrices B, By, Bs, - - -, B, are thusrelated to 4, 41, As, - - -, Anm.

By Theorem 3.2 P must be m-affine. From Theorems 3.3 and 3.4 we know
that 4}, (u, v=1, - - - , m), are also circavariant.

The characteristic coefficient matrices for M(B) and N(A4) are

(7.5) r¥=w)), V=@,
where
rre d(BS rre (4]
v = (-1 (B) re = (- (4.) (rys=1,-m).
d(B) a4)

If P is m-affine, by Theorem 4.2 we know that the determinants in V® are
circavariants of the set  with respect to 4;. In fact, the admittances

@ _ e d(P)d(A)AP) iy _1,.
s O ey amaey Tt e s b

are all relative circavariants. Evidently,

(7.6) Y@ = p'y®p,
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where
D= [Pll’ ] pmm]'

This shows that every network N(B) of L. is circa-equivalent to N(A).

Case m=2. Those networks of &, for which p,,=1 are absolutely equiva-
lent to N(A4) with respect to terminal pair r; those for which pyy=ps#1 are
relatively equivalent; and those for which ;1= pa=1 are absolutely equiva-
lent. By selecting P so that pupe=1, pu#1, the transfer admittances of the
corresponding 2. will all be absolutely circavariant, though the driving-point
admittances are only relative circavariants.

If we select a subset &’ of € so that A2 is circavariant, then Y, the trans-
fer admittance between meshes 1 and 2, will be a relative circavariant. The
requirement that 4} be circavariant makes P 2-affine so that 2’ is €, and
Y and Y are also relative circavariants.

If we select a subset &, of € for which A4, is circavariant, then the driving-
point admittance Y is relatively circavariant, but ¥’ and Y are not
necessarily so.

A subset . of & for which 4; and A4, are circavariant makes the admit-
tances Y and Y2 relative circavariants, with P 2-affine; A2 is then circa-
variant, so that the admittance Y2 is also relatively circavariant.

Further results. More generally, in the case of m-terminal pair networks,
if AL, A, - -+, Ay, - - - be circavariant, then the admittances Y,ﬁﬁ,’l. Y,f;‘,’z,

cee, Y L are relatively circavariant.

The general theory of circa-equivalent networks initiated herein will be
developed in greater detail at a later time. It should be noted that the special
case when D is the identity matrix yields the usual theory of (absolutely)
equivalent networks.
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