ON A TYPE OF ALGEBRAIC DIFFERENTIAL MANIFOLD

BY
J. F. RITT

The manifolds(!) to be investigated, which are manifolds of systems of
differential polynomials in a single unknown, possess a degree of analogy to
bounded sets of numbers. They are manifolds which may be said “not to con-
tain infinity as a solution”; more definitely, zero is not a limit of reciprocals
of solutions.

For manifolds of this type, which will be called limited, operations of addi-
tion, multiplication and differentiation will be studied. Given two mani-
folds(?) M, and M;, their arithmetic sum is secured by completing into a mani-
fold the totality of functions each of which is, in some area, the sum of a
solution in I; and a solution in IM,. Multiplication is defined similarly.

It turns out that if I, and M, are general solutions of equations of the
first order, and are limited, their sum and product are limited. On the other
hand, as is shown by examples based on the theory of the elliptic functions,
when I, and M, involve more than one arbitrary constant their limited char-
acter may not be communicated to their sum and product; what is equivalent
to this, as far as multiplication is concerned, is the rather unexpected result
that the product of two manifolds may contain zero even if neither manifold
does. .
The derivative of a limited manifold proves to be limited in all cases.

LIMITED MANIFOLDS

1. Let Z be a system of forms in the single unknown y. Let us suppose
that 2 has solutions and that it has at least one solution which is not identi-
cally zero. The transformation z=1/y carries every nonzero solution of Z into
a definite function z. There exist forms in z which vanish for every function z
thus obtained. Let 2’ be the totality of such forms in 2. It is not difficult to
see that the manifold of Z’ is the set of the reciprocals of the nonzero solutions
of Z, enlarged perhaps by the adjunction of z2=0.

If 2/ does not admit z=0 as a solution, we shall call the manifold of the
original system X limited ().

2. If =/ has 2=0 as a solution, z=0 cannot be an essential manifold for Z’.
If it were, Z’, which is closed, would contain a form 24 where 4 does not
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(1) For indications in regard to the general theory to which this paper attaches, one may
consult the author’s paper in the second volume of the Semicentennial Publications of the
American Mathematical Society.

(?) Not necessarily limited.

(3) If Z admits only y=0 as a solution, its manifold will also be called limited.
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vanish for z=0. Now 4 would vanish for the reciprocal of every nonzero solu-
tion of the system Z. It would thus be in 2’ and would rule out the solution
z2=0.

Thus, if the manifold of Z is not limited, there is a dense set of values of x
such that, given any point a of the set, any positive integer m and any ¢>0,
we can find a solution of 2 whose reciprocal is analytic at ¢ and has a Taylor
expansion at @ in which the first m+1 coefficients have moduli less than e.
When the manifold of Z is limited, no point exists which has the property,
just stated, of the points a.

3. Let 2 be a closed system of forms in y which admits solutions. We shall
prove that for the manifold of Z to be limited, it is necessary and sufficient that =
contain a form A which, considered as a polynomial in y and its derivatives,
possesses a term in y alone, that is, a term free of the y; with >0, which is of
higher degree than every other term in A.

Let the manifold be limited. We may suppose that there are solutions
other than y=0. Then Z’, as above, contains a form 14K with K a nonzero
form which vanishes for z=0. Making the substitution z=1/y in K, and clear-
ing fractions, we obtain a form in £ answering to the description of 4.

Conversely, let Z contain a form 4 as described. If we put y=1/zin 4
and clear fractions, we secure a form B in 2’, one of whose terms, free of
proper derivatives of z, is of lower degree than every other term. Thus, if 2=0
were in the manifold of Z’, it would be an essential manifold. This, by §2, is
impossible.

CONSIDERATIONS OF GENERAL THEORY

4. We present here a theorem of a general character which will be em-
ployed in §10.

Let 2 be a nontrivial closed irreducible system in the unknowns uy, « - -, #%,;
Y1, * * -, ¥p with the u; (which may be nonexistent) arbitrary and with p >1.
Let m be any positive integer not greater than . Those forms in 2 which in-
volve only the #; and y,, - - -, ym constitute a closed irreducible system Z,
in the unknowns just mentioned. For m=p, 2, is 2.

Let m <p. Given a solution

(1) ﬂl; 5’1) Sty 5"»

of Z,, analytic in an area %, there may exist an area ¥, contained in ; and
a set of functions

(2) . Ymtls ** 5 Voo

analytic in s, such that (1) and (2) constitute a solution of Z in A,. In that

case, we shall say that the solution (1) of Z,. can be completed into a solution
of 2.

We are going to prove that there exists a form Gin uy, - - - , Ug; Y1, * = * » Ym
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which does not belong to Z.. and which has the property that every solution of Z.
which does not annul G can be completed into a solution of Z.
5. Let

(3) Al!"'rAp

be a basic set of Z, 4; introducing y;. Let the order of 4; in y; be ;. Let S;
and I; be respectively the separant and initial of 4.
We consider the system of forms

(4) Ah ] Am+ly

which is a basic set of Z,.41. Let a form L be given which is not in Z,,4; and
which is such that every y;; appearing in L has t<m+1 and j<r;. We place
no restrictions on the %;; in L. We shall establish a relation

(5) R=M+ NLSny1

of the following description. The y;;in R, M and N have t<m+1 and j<7,.
M is contained in Z,41. R, distinct from zero, is free of the y,,,. Thus R is
not in 2,41,

6. Let (4) be considered as a set of simple forms. Then (4) will be a basic
set of a prime system(*) II. Now LS,,;1 (simple form) is not in II. Then every
indecomposable system held by IT+4 LS., has fewer unconditioned unknowns
than II. There exists thus a relation (5) with all forms simple forms, R being
distinct from zero and free of the y;,,, and M belonging to II. It remains only
to consider the forms in (5) as differential polynomials.

7. Let

J=381--Suli-- - ImuR

Let J be considered as a polynomial in the ym1,;, with coefficients which are
forms in the %; and y1, - - -, ym. Not all of these coefficients can be in Z,,.. If
they were, J would be in 2,.,. Let H be a coefficient which is not in 2.

We say that any solution 4:; 1, - - -, 9= of Z, which does not annul H
can be completed into a solution of 2,1 which does not annul L.

Let a be a value of x at which all functions of x which we shall use are
analytic and at which the above solution of Z,. does not annul H. Let the
solution be substituted into J and let numerical values then be attributed to
the Ym41,; with j <#,4, in such a way as to give J a numerical value, for x =a,
which is not zero. We can then find a numerical value for the 7,th deriva-
tive of ymy1 which, together with x =g, etc., annuls A,.1. Referring to M
in (5), we see that, because the remainder of M with respect to (4) is zero
and I, - - -, Iny1do not vanish for the indicated numerical values, the values
cause M to vanish. Hence LS,.1 does not vanish for the values. This means

(*) The u;; in II are those appearing in (4) and in L.
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that the above solution of 2, can be completed into a regular solution of (4)
which does not annul L, so that our statement is proved. We note that the y;;
in H have j<r;,1=1, -, m.

8. We might have taken L=1 in §7. On this basis, let K, a form not in
241 Which involves only such y;; as appear in (4), be such that every solution
of 2,41 which does not annul K can be completed into a solution of Z, .
If, returning to 2., we take L =K, we find an H such that the solutions of Z,,
which do not annul H can be completed into solutions of Z,;e. The proof of
the theorem stated in §4 is thus easy to conclude.

SuMs, PRODUCTS AND DERIVATIVES

9. Let Z; and 2, be systems of forms in y, each system possessing solu-
tions. It is possible to form, in various ways, sums y’'+7y’’ where y’ and y’’,
solutions respectively of 2, and of 2, have the same area of analyticity. The
manifold of the system of those forms in y which vanish for all sums y’'+y’’
will be called the arithmetic sum of the manifolds of 2, and Z,. We define
similarly arithmetic product, using all products y’y’’.

Let 2 be a system of forms in y which possesses solutions. There are
forms in y which vanish if y is the derivative of any solution of Z. The mani-
fold of the totality of such forms will be called the derivative of the manifold
of Z.

Examples. If Z, and 2, are the forms y1—1 and xy,—y respectively, the
arithmetic sum of their manifolds is the two-parameter family of functions
y=ax—+b. The arithmetic product is the family ax?4bx. The derivative of
the manifold of 2, is the manifold of yi.

10. Certain solutions in the sum of two manifolds may not be sums
y’+v’’. Such special solutions will now be examined.

Let Z, be a nontrivial closed system of forms in the unknown u. Let Z,
be a similar system in v. Let A be a system in «, v, ¥ consisting of the forms
in 2y, those in 23 and y— (u+v). Let © be the totality of forms in «, v, y which
hold A. One can prove that Q contains nonzero forms in y alone. Let 2’ be the
totality of forms in  which are free of # and ». If Q is the intersection of
closed irreducible systems €y, - - -, €, then Z’ will be the intersection of
those subsystems of the ; which are free of « and .

We refer now to §4. We see that there is a nonzero form G in y alone,
holding no essential irreducible manifold in the manifold of Z’, which is such
that every solution of 2’ which does not annul G can be represented, in some
area, as the sum of a solution of 2, and a solution of Z,.

Let us apply these conclusions to the systems Z; and 2, of §9, which we
shall suppose closed and nontrivial, with the respective manifolds 9 and M,
of sum M. Let G be a form in y, holding no essential irreducible manifold in
M, which is such that every solution in I which does not annul G is the sum
of solutions taken from 9; and M..
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Let 3 be any solution in IN. Let A’ be any area in which 7 is analytic.
Let m be a positive integer and € a positive number. Let § be a solution in i,
analytic in an area ; contained in ¥’, § being so taken that G is not annulled
by # at any point of %; and that §—§ has at each point of %; a Taylor expan-
sion in which the first m+1 coefficients are of moduli less than e. The exist-
ence of 7 is obvious. Let A/ be an area contained in ¥, in which § is the sum
of solutions taken from I, and PM.. We now find a second %, using an area
Az in A/, a larger m and a smaller e. Continuing, we see that there exists a set
of points, dense in the area in which ¥ is analytic, such that, given any point
a of the set, any positive integer m and any € >0, there is a solution 5 in M which,
for the neighborhood of a, is the sum of solutions taken from My and My, the first
m—1 coefficients in the expansion of — 9 at a being of moduli less than e.

A similar result holds for the product of I and M.

DESCRIPTION OF RESULTS OF PAINLEVE

11. In §12 we shall employ results of Painlevé concerning the algebroid
character of the solution of an algebraic differential equation of the first
order(5). While these results have received enough attention to warrant de-
scribing them as classic, they have not thus far, to our knowledge, been given
didactic exposition. Here, we shall limit ourselves to formulating Painlevé’s
results in a manner which will permit us to employ them with precision(?).

Let A be an algebraically irreducible form in y of the first order, of de-
gree 7 in y1. Let A be the area in which the coefficients in 4 are meromorphic.
There figures, in the statement of Painlevé’s results, a set of points €, con-
tained in ¥, which includes the poles of the coefficients in 4 and has no limit
point in the interior of A. When € is removed from 9, there remains an open
region ’.

Let xo be any point of A’. Let b be any finite number. Then, given any
number y,, close to b and distinct from b, 4 has precisely # distinct solutions
analytic at x and assuming the value y, at x,.

There exist, furthermore, a certain number j (depending on x, and b) of
equations

(6) ym + al‘(x! yo)ym‘—l + -+ am."'(xv yO) =0, i=1,--- sjv

whose descriptions and roles are as follows. The ay; are functions of x and 1y,,
analytic for |x—xo| <8, |yo—b| <8, where & is some positive number de-
pending on x, and b. For y, close to b and distinct from b, each of the = solu-

(%) Painlevé, Lecons sur la Théorie des Equations Différentielles Professées & Stockholm,
-Paris, 1897, pp. 70-76.

(®) The matter is not very difficult to work out, starting with the indications given by
Painelvé. It is helpful to read Schlesinger, Gewshnliche Differenzialgleichungen, Chapter 3, where
somewhat related questions are considered. The Weierstrass preparation theorem can be em-
ployed to advantage.
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tions of 4 mentioned above satisfies one of the equations (6) in the neighbor-
hood of x=x,. Furthermore, every solution in the general solution(”) of 4
which is analytic at xo and assumes the value b at x, satisfies one of the equa-
tions (6). Again, if y(x) is a function analytic in an area contained in
|x—xo| <6 and if y(x) satisfies one of the equations (6) with y, fixed at a
value interior to a circle of center b and radius §, then y(x) is a solution in the
general solution of 4. For a given y, close to b, (6) may yield, in addition to
solutions of 4 which equal yo at xo, other solutions of 4 analytic at x,.

We now deal with solutions of 4 which assume large values at x,. There
exists a g >0 such that, for lyo| >g, A has precisely » distinct solutions, ana-
lytic at xo, which assume the value ¥y, at xo. There exists a number % (independ-
ent of x,) of equations

(7) gPi + Bh’(x; Zo)z”‘—l + c vt + Bp,'i(xy ZO) = Oy = 1) Y h;

with Bx; which are analytic for x =x,, 20=0. Given any solution y of 4, ana-
lytic at xo and assuming there a large value y,, the function z=1/y satisfies
one of the equations (7) with zo=1/y,. Given any function z distinct from
zero, obtained from the equations (7) for a small value of z,, the reciprocal
of z is a solution of 4.

We proceed to apply these results of Painlevé.

LIMITED SUMS AND PRODUCTS

12. We prove the following theorem.

THEOREM 1. Let My and M2 be general solutions of forms of the first order
in y. Let My and M. be limited. Then the sum and the product of M1 and M.
are limited manifolds.

We take first the case of the product, disposing of that case by establish-
ing the following result(®).

THEOREM II. Let My and M, be general solutions of forms of the first order.
Let neither My nor M have zero among its solutions. Then zero is not a solution
in the product of My and M.

Let us assume that zero is in the product. There are values of x at which
zero can be approximated, as in §10, by products of solutions in 9% and ..
We select a value x, of this type which does not belong to either of the sets €

(") The notion of general solution, as employed here, does not, of course, appear in Pain-
levé’s work. '

(%) What is involved here is the following. Let M be the product of the limited I, and M-
of Theorem I. By §1, the reciprocals of the solutions distinct from zero in 9, and I, are mani-
folds. We represent the manifolds of reciprocals, which are seen without trouble to be general
solutions of forms of the first order, by { and 97 and their product by M’. A form F holds
M if it vanishes for every 1/(y’y’’) with 9’ in M, and y’’ in M.. By §10, F will vanish for the
reciprocal of every nonzero solution in R. Thus, if M is not limited, M’ contains zero.
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of §11 associated with the forms whose general solutions are 9% and k..

For convenience, we use y to designate solutions in I; and «, similarly,
for M. Let there be given a sequence of yu whose expansions tend toward
zero at xo. From this sequence we can select a subsequence in which the val-
ues y(xo), #(xo) tend toward definite limits, finite or infinite. We may thus,
and shall, assume that such limits exist for the given sequence. We assume,
as we may, that the limit of the y(x,) is zero. The limit of the u(x,) will be a
quantity ¢, finite or infinite.

We treat first the case in which ¢ is finite.

We may suppose that all of the y satisfy a single equation (6). We write
this equation here in the form

(8) "+ ai(x, yo)y™t + - - - + am(x, o) = 0.
Similarly, the # may be supposed to satisfy an equation
(9) u® 4 Bi(x, uo)umt + - - - + Bu(x, uo) = 0.

Because zero is not a solution in M, e cannot vanish identically in x for
a small value of y,; similarly, 8, cannot vanish in x for a value of u, close to c.
The theory of symmetric functions shows that the yu satisfy an equation

(10) (yw)™ + vi(yw)™1 4 - - - + Ymy =0

where the v are polynomials in the « and the 8, with v,,, =a,87. Because the
Taylor expansions of the yu approach zero, (10) must be satisfied, for y,=0,
#o=c, by yu=0. This is not so. We have thus disposed of the case finite.

Now, suppose that ¢ = . We let 2 represent the reciprocals of the u. We
may assume that the z all satisfy an equation

(11) 27 4+ - - - 4 3,(x, 29) = 0.

Then the y/z satisfy an equation

(12) $(3/2)"7 + -+ - 4 $mp = 0

with ¢ which are polynomials in the a and §, and with, in particular,

¢0 = 6:’ ¢mp = ar’;u

We reach the contradiction that (12) is satisfied by y/2=0 for yo=z,=0.
This concludes the proof of our statement in regard to products.

Continuing with Theorem I, we consider the limited ¢ and M., under
the assumption that their sum is not limited.

Using y for MM, and u for IM,, we consider an x,, and a sequence of y+u
for which the expansions of the 1/(y+u) tend toward the expansion of zero
at x0(°). We shall assume, furthermore, that the sequences of values y(x,),

(°) That such a sequence exists can be shown without difficulty by the method of §10.
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u(xo) tend toward definite limits, finite or infinite. At least one of these limits
is infinite. Let this be so for the #(x,). We suppose first that the y(x,) have a
finite limit.

We arrange so that the y satisfy an equation (8) and the reciprocals z of
the % an equation (11). Let

1 2
y+u 14 yz

We find the w to satisfy an equation ¢ew™?+ - - - 4+ @mp =0 with ¢, = 5;.
We must thus have 8,(x, 0) =0. This produces the contradiction that I, is
not limited. The case in which the y(x,) approach « is handled in much the
same way.

w

EQUATIONS OF HIGHER ORDER

13. We shall show by means of examples suggested by the theory of the
elliptic functions that the above results cannot be extended to equations of
the second order.

The nonconstant solutions of

2 3 3
(13) =4y —e),
where e is any constant, satisfy the equation

Y2 — 6}’2 =0,

whose manifold I, is, by §3, limited. If, in (13), we replace ¥ by y+e, (13)
goes over into

(14) 1= 4(y" + 3ey’ + 3¢'y)

which implies, when ¥ is not a constant,

3 2 4 4 2 2 2
(15) 165" — 8y'yi — 8y'y2 + 31 — dyyiys + 4y y2 =0

with a limited manifold IMM,. For any ‘constant e, arbitrarily large, there are
solutions in I and I, respectively whose difference is e. This is enough to
show that the theorem on sums does not hold for equations of the second
order.

If in (14), we replace y by 3e?/y, (14) remains invariant. Thus, for any e,
(15) has two solutions whose product is 3e2. The theorem on the product thus
does not carry over to the second order.

THE DERIVATIVE

14. We prove the following theorem.

THEOREM. The derivative of a limited manifold is limited.



550 J. F. RITT [November

Let IR, limited, be held by a form F=y?—(G with every term in G of de-
gree less than p. We have y?=G, (F). Now y??7'=0, (y?). Hence there is a
relation y?~'=H, (F) with every term in H of degree less than 2p—1.

We arrange y»—G and y?”~'— H in powers of y, securing two polynomials
‘ny,
(16) Aoy? + -+ - + 4,y
and
(17) Boy*+ - - - + B,.

Here Ao=1 and 4; is of degree less than 7 for >0. Also, B, has y¥~! as one
term and its other terms are of degree less than 2p—1. Each B; with 1<q is
of degree less than 2p—qg+17—1.

We consider the resultant, R, of (16) and (17) with respect to y. One of
the terms of R is A{Bj, that is, B. Now Bj contains y# =% and its other
terms are of degree less than (2p— l)p Con51der any other term in R,

T =hkAy, -+ AuByy -+ B,
We have
mt s Fpet it v, = pe

At least one u is positive and at least one v is less than p. We have thus, for
the degree d of T in the v,,

d<Xmi+2Q2p—qg+r—1)=02p— 1p

Thus R=y® Y74 K where each term in K is of degree less than (2p—1)p.
We note that the y;in K have 1 >0. Now R holds . Then the derivative of I
is held by the form obtained from R by replacing each y; appearing in R
by ¥:-1. Thus the derivative of IN is limited.

15. We shall prove that, if F, in §14, is of the first order, the derivative
of M is held by a form y?+ L with L of the first order and of degree less than q.

It will suffice to prove that the derivative of the manifold of F is held by
a form y?+ L as just described. In that proof, we may and shall assume that F
is algebraically irreducible.

We consider F and its derivative F; as polynomials in y and denote their
resultant with respect to y, which is not identically zero, by R. Now R must
involve y. effectively; otherwise R, which holds F, would be divisible by F,
which involves y.

We show now that R contains a term in y; alone which is of higher degree
than any other term in R. This will prove our statement.

Let us assume that the terms of highest degree in R involve y;. We con-
sider the equation R=0 as an algebraic equation for y.. It will be satisfied,
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for the neighbofhood of y1= », by some series of descending rational powers
Of Y1, ‘
. s/r (s—-1)/r

(18) ye=ayi +Bn = +---
with >0, s<r and ¢, f3, etc., functions of x analytic in some area ().

We substitute this expression for y; into Fi, whereupon F goes over into
a polynomial f in y whose coefficients are infinite series in y;. We consider the
equations F=0 and f=0 as algebraic equations for y. They must have a com-
mon solution given by a series of descending powers of y,, effectively involv-
ing y1,

t/u
(19) y=¢y +---
with % a multiple of 7, (19) converging for large values of y;. We assume that
¢#0.

Suppose first that £>0. Then ¢ <u since, when F is considered as a poly-
nomial in y and ¥, its term y? is of higher degree than every other term.
From (19), we find by inversion, for the neighborhood of y= «, a series of
descending powers for y; of the type

(20) yr=gyult oo,
Substituting ¥, as in (20), into (18), we find a series for y,
(21) yp = Ny*wlrt 4 ..

If we replace y; and y: in F; by their expressions in (20) and (21), F: will
vanish identically in x and y. But if we replace y, in the equation F;=0 by
the second member of (20) and solve the resulting equation for y., we will
find for ¥ a series in y obtained by differentiating the second member of (20)
and replacing v, in the result by its expression in (20). The series thus ob-
tained begins effectively with a power of y whose exponent is (2#/t) —1, which
exceeds the first exponent in (21).

Now suppose that t=0. Then (19) yields an expansion for y, in ascending
powers of y —¢ of the type

(22) n=uy—¢)F+---

where & is a positive rational number. Substituting (22) into (18) and pro-
ceeding as above, we find again a contradiction of the fact that s <r.

The case of £ <0 is handled in the same way.

16. If Fis of order » >1, we cannot infer that the derivative of I is held
by a form y?4L with L of order not higher than 7 and of degree less than g.
Let M be the manifold of y,—y2. We find that I is held by

(19) The second member of (18) may be zero.
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A=y = 43’23':.
Suppose now that I is held by B =y{+ K. where K, free of y, is of order not
higher than 3 and has no term of degree as high as ¢g. Because ! is effectively
a term in B and.is divisible neither by y: nor ys, B is not divisible by 4.
Hence, the resultant Rof A and B with respect to 3 is a nonzero polynomlal
Rin y, and y,.- Puttmg y2=9?in R, we find the contradiction that It is held
by a form of orfle,r less than 2. -
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