RESTRICTED LIE ALGEBRAS OF CHARACTERISTIC »p

BY
N. JACOBSON

In an earlier paper(*) [3] we noted certain identities which connect addi-
tion, scalar multiplication, commutation ([ab]=ab—ba), and pth powers in
an arbitrary associative algebra of characteristic p (#0). These lead naturally
to the definition of a class of abstract algebras called restricted Lie algebras
which in many respects bear a closer relation to Lie algebras of characteristic
0 than ordinary Lie algebras of characteristic p.

As is shown in the present paper any restricted Lie algebra £ may be ob-
tained from an associative algebra by using the operations mentioned above.
In fact ® determines a certain associative algebra U, called its u#-algebra, such
that { is isomorphic to a subalgebra of U;, the restricted Lie algebra defined
by £; and if £ is any associative algebra such that £; contains a subalgebra
homomorphic to € and 9B is the enveloping algebra of this subset then U is
homomorphic to 8. The algebra U has an anti-automorphism relative to
which the elements corresponding to those in { are skew. For ordinary Lie
algebras an algebra having these properties has been defined by G. Birkhoff
[2] and by Witt [5]. In their case however, the associative algebra has an
infinite basis even when the Lie algebra has a finite basis whereas here 11 has
a finite basis if and only if £ has. Consequently every restricted Lie algebra
{ with a finite basis has a (1-1) representation by finite matrices. The theory
of representations of £ can be reduced to that of the associative algebra U.
Thus, for example, there are only a finite number of inequivalent irreducible
representations.

The most natural way to obtain a restricted Lie algebra is as a derivation
algebra of an arbitrary algebra ¥, i.e., as the set of transformations D: a—aD
in % such that

(@ + b)D =aD + bD, (aa)D = (aD)e, (ab)D = (aD)b + a(bD).
If A= is itself restricted (ab= [ab]) the derivations which satisfy

p—1
a*D = [[aD, a]a] - - - a]

are called restricted. They are precisely the derivations of & which can be ex-
tended to derivations of the #-algebra Ul. Hence their totality is a restricted
Lie algebra ©,. Using Dy and ¢ we may define a restricted holomorph $ of L.
Do is a restricted Lie algebra.

Presented to the Society, September 12, 1940; received by the editors June 30, 1940.
(*) Numbers in brackets refer to the bibliography at the end of the paper.
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16 N. JACOBSON [July

The considerations in the present paper apply for the most part to re-
stricted Lie algebras with an infinite basis as well as to those with a finite
basis. A special result, however, for Lie algebras with a finite basis is that the
nilpotency of € implies that of the u-algebra (§6). In a later paper we hope
to discuss certain classes of simple restricted Lie algebras with a finite basis.

1. Restricted Lie algebras. Definitions. If ¥ is an associative algebra and
the commutator [ab]=ab—ba, it is well known that

[ab] = — [sa],  [albc]] + [b[cal] + [c[ab]] = o.
If, in addition A has characteristic p (0) then the following identities hold:

(¢ + b)? = a? 4 b? + s(a, b), [[ab)e] - - - 8] = [ab?],

where s(a, b) =s1(a, b) +s2(a, &)+ - - - +s,-1(a, b) and the (p —1)si(a, b) is the
coefficient of A»=#=!in Lo, by

v

[---[ae,Na+0b],xa+0], -, a+0] 2

([3], and [6]). We are thus led to define a restricted Lie algebra { over a field ®
of characteristic p as a vector space over ® in which operations [ab] and o
are defined such that

1) [a0] = — [ba],  [alte]] + [o[ca]] + [c[at]] = 0,

() la, b1 + b2] = [abs] + [abs],

3) [ab]e = [a, ba] = [aa, B], ain &,
(4) (a + b)(»l = glp] 4 plr] + s(q, b),

(5) (aa)P] = glrlgP,

(6) [ .. [ab]b] c. b] = [ablpl];

A subspace % of ¢ is a subalgebra if Db and [b:d,] for all b, by, by in
$B. B is an ideal if it contains also [ba] for all bin B, a in L. A correspondence
a—aS between two restricted Lie algebras is a komomorphism if

(a+0)38=a5+108%5 (aa)S = a%a, [ad]s = [a5B5],
(al?))S = (a5) (2],

O,

If Sis (1-1) it is an ¢somorphism and if besides S is a correspondence within £
it is an automorphism.
If x1, %s, - - - (possibly infinite) is a basis for €, then [x:x;]=D x/vqis,

x =Y %, (finite sums) where

(8) Yaii = — Yaiis Z YrakYaii Z Yrai¥aik + E Yrai¥Yaki = 0,
q q q

9) E Vsirkrj = Z Yeap—1iY ap—1ap—2i * * * Yarii
q

r
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These equations are equivalent to

[xixi] = - [xixi]v

[[wae;]2e] + [[s@e]2:] + [[wexi]x;] = 0, [xix;p]] = [ [wx] - x5,

respectively. The v’s and u’s are the constants of multiplication of L. If a—aS
is an isomorphism between € and €5, x5, x5, - - - form a basis for €5 and the xS
have the same constants of multiplication as the x;’s. On the other hand if
IR is any restricted Lie algebra with basis ¥, s, - - - in (1-1) correspondence
with the x; such that [y:y;] ="y, Y = ¥4 then it is readily seen that
the correspondence Y _x;;— _yia; is an isomorphism.

We have noted above that any associative algebra U of characteristic p
becomes a restricted Lie algebra %, when [ab] is defined as ab—ba and
a'?l=g7. A homomorphism between £ and a subalgebra of ®,,;, ®, the algebra
of nXn matrices, is called a representation. Irreducibility, decomposability,
equivalence, etc., of representations are defined as usual. As is well known
these depend on the irreducibility, etc., of the enveloping algebra of the repre-
senting matrices.

2. The u-algebra of a restricted Lie algebra. Let x;, xs, - - - (possibly in-
finite) be a basis over ® of a vector space & We set [xix;]=D %74 and
xﬁ”]=2x,p,.~ where the v’s are u’s satisfy (8) and (9). Then for a = x.a;,
b= x:f; (finite sums) we set [ab] =D xiysijo;8;. Evidently (8) implies that 2
is a Lie algebra relative to [ab]. Equation (9) is equivalent to

P
[xix:'p]] = [ [wa) - x5l
We shall show that Qs a restricted Lie algebra relative to a suitable definition
of al?l.

Let U be the vector space with the basis x{'x% - - - x*, k;=0 integers and
at least one k;>0,n=1, 2, - - - . If only a finite number of monomials are be-
ing considered we may write them in terms of the same x’s. A product

(a3 ay - e (wiwy - )
is defined by repeated “straightenings,” i.e., substitutions for x:;x; when i >j
of the expression xjxi+Zxk'yk;5. It has been shown by G. Birkhoff [2] and
by Witt [5] that this product is uniquely defined in % and is associative. 7
Let 9B be the ideal in 9 having the basis y; =x? — . Since

(10) b1 = [-- - D] - - ] = [b:" ],

¥; commutes with every linear b and hence with every element of .
If the term ' - - - xj» has degree 2 p in x; we may replace 7 by y;+x?..
After a finite number of such substitutions we may write any a=»_x§ - - - x%

Sa
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“Pey - - xn in the form Dt - - - &*u, . . .\, where \; <p and the u’s are polyno-
mials in ¥1, ¥, -+ +, Ya. Thus any b=Ea,~y,~+§:y.~a.~ in B has the form
> x}t - -« 20y, . .am, v @ polynomial in 1, ¥, - - -, ¥, With no constant term.
Now
3t An my My A, P [p] m1 An, D [p], mp
X1 Xp Y1 Y =X (@ — @) o X (¥ — ¥ )
o e

where the terms not indicated have degree <) _\;+pp_m.. Consider the terms
of maximum degree N =) _\;+p>_m;in b where we suppose b %0 and hence one
of the v'sis #0. Since at least one m >0, N > p. Two terms of maximum degree

are different if (\y, - -+, Na; 71, - -+, ma)ZQN, - - -, Ny md, -, m).
Hence these terms occur only once and can not cancel off. It follows that
when b is written in its normal form Y_x% - - - x%p,, .. .., at least one of the x’s
has degree >p. Thus the classes {x}l ce xf‘,'}, N <p, omitting {x° - - - x,°},
determined by the elements x}! - - - x3* modulo B form a basis for the difference
algebra U=U/B.

Since the classes {x:}, {x2}, - - - are linearly independent and [{x:} {«;}]

=Y {x,}v4; the correspondence D x:x;—) {x:}a; is an isomorphism be-
tween 2 and an ordinary Lie subalgebra {2} of ;. Since {x:} 7= {«?} = {«}}
=>"{x-}uri, {2} isa (restricted) subalgebra of I,. Hence if we define Q_x:a;) (#!
as the element corresponding to {J x:a;}?, € becomes a restricted Lie algebra
in which % is as originally given.

If ® is a restricted Lie algebra to begin with, then the correspondence
> xiai— {2 %} is an isomorphism. Now suppose D _x:a;—  #:c; is a homo-
morphism between { and &, a subalgebra of 8;, where we suppose that any
element of B is a polynomial in the elements of 2. We have

o - = _p i,
xik; = &% + Z XqY qijs Xi = Z Lrlhrie
The first set of equations implies that D af! - - - x50y, . . cen—D2 & + + & Per -+ xn
is a homomorphism between A and LB(%). Because of the second set of equa-
tions x7 —x are mapped into 0 and so our correspondence induces a homo-

morphism between U=A/¥ and B. This mapping is an extension of the
homomorphism between € and £. Thus we have proved the following theorem.

THEOREM 1. If R is a restricted Lie algebra there exists an associative alge-
bra W having the following properties: 1. R is isomorphic to a subalgebra {R}
of U;. 2. U is the enveloping algebra of { { } . 3. If ®is homomorphic to a subalgebra
€ of any B, where B is the enveloping algebra of 8, then 1 is homomorphic to B.

This theorem shows that conditions (1) to (6) are characteristic of the
functions a+b, ac, [ab] and a” in an associative algebra of characteristic p.
The above considerations show also that equations (8) and (9) on the con-

(@) See [2] or [5].
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stants 4 and u insure that the vector space & be a restricted Lie algebra. If P
is an extension of the field ® the extended vector space of elements of the form
> x:i, £in P, is a Lie algebra over P. We denote this extended algebra as QP
since, as is easily shown, it does not depend on the particular choice of basis.
In the remainder of the paper we shall denote a[?! by a? when there is no risk
of confusion and shall call 11 the u-algebra of L.

Suppose x;, - - - x5, is a monomial in A and the first x; in this product
occurs in the 7;th place. Then we may straighten this term by interchanging
x1 successively with the 7, —1 terms in front of it and obtain a polynomial in
the x’s having one term xix;, - - - x;, of degree m. We define the rank of
%i, - * * i, inductively as (r1—1) plus rank of x;, - - - x; . A monomial of rank
0 is said to be in canonical form. Then 4,24,= - - -+ 24,. Consider the corre-
spondence a=2x'{‘ Ce e XPky - kn—0T =Z(—l)‘1+"'+“"x,,"" c e XMk ke
Evidently J is linear. We wish to show that it is an anti-automorphism. For
this purpose it suffices to prove that

(3 + » %3,)T = (= D)™xg, - - - @iy

Suppose this holds for all products of (m—1) or less x’s and also for products
of m x’s whose ranks are less than those of the given monomial. Then

(B w0 ®ap) = (@ e G ®ey oo wa,) F (e -0 [og@s ] ox),

where we may suppose that if the rank 7 of the original term is >0 that of

Xjy © 0 Xij%i; 0 0 - %4, is r—1. We have
(x'.l e xim)l = (xil e xij-i-lxij PP xim)-’ + (xil “ e [xijx'.j+l] .« .. x'.m).’
= (= D" g )

+ (= D™y, - - - [w205,] - - %)
= (D% - -+ 0.

‘Since (P! —x2)7 = — (1?'—x?), J sends the ideal B into itself and therefore
induces an anti-automorphism in 11=9%/%. The elements 3 {x:}a; of {2} are
skew relative to the anti-automorphism.

By property (3) of Il any representation of  determines a representation
of U and conversely. Questions of irreducibility, equivalence, etc., for € are
reducible to the corresponding questions for U. If ® has a finite basis x;,
Xs, * -+, %a, U has the basis {«}' - - - xf."} (\:i<p) of p»—1 elements. Since
U has a (1-1) representation in some ®,,, m <p*, the same is true for L.

THEOREM 2. Every restricted Lie algebra with a finite basis has a (1-1) repre-
sentation.

The number of inequivalent irreducible representations (0) of U is equal
to the number of simple components of 11/, 9 the radical of U. This implies
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THEOREM 3. There are only a finite number of inequivalent irreducible repré—
sentations of a restricted Lie algebra with a finite basis.

Example. 8, the restricted Lie algebra with the basis %, y, 2 such that
[xy] = g, [xz] = [yz] =0, x? = yP = g? = g,

U has the basis x*y’z*, 7, j, £ <p such that the above relations hold, it being
understood that [xy]=xy—yx, etc. It is readily proved that U is a direct sum
of p algebras with bases x*y? such that

xy — yx = ¢, x? = y? =,

where {=0, 1, - - -, p—1in turn. If { =0 this algebra is nilpotent. Otherwise
it is isomorphic to ®,. Hence there are (p — 1) inequivalent irreducible repre-
sentations of &.

Theorem 2 is valid for Lie algebras of characteristic 0 though its proof
given by Ado [1] is considerably more complicated than the present one.
Theorem 3 is not true for algebras of characteristic 0. It is not known whether
either of these results holds for ordinary Lie algebras of characteristic p.

3. Ideals. Nilpotency. If B is an ideal in  we define the sum, scalar prod-
uct and commutator of the classes @ modulo B as usual by

-~ ata=a+a = [66]= [0l
If ¢y —a;=b0EPB then af=af+b?+s(as, b). Since b and s(az, b)) EB we see
that a1=a,(B) implies a}=a3(B). Hence the definition (d)?=a? is unam-
biguous and together with the above operations it defines § =2/%, the differ-
énce algebra of  relative to B, as a restricted Lie algebra. The correspondence
a—d is a homomorphism between £ and ®. Conversely we may show in the
usual manner that if ® is homomorphic to the restricted Lie algebra g,
2=2/9 where B is the set of elements mapped into 0 by the homomorphism.

If B, and B; are subspaces of L we denote their sum as B+ B2 and their
commutator, i.e., the smallest space containing all [b1b:], 5EB, b:EB: by
[8:18:]. Conditions (1), (2) and (3) imply

(11) [%x%z] = [582%1], [%1[582533]] = [582[533%1]] + [%3[%1582]]1

Set e =[ge], - - -, Q1 ={QU-1L] and define 2" .to be the smallest sub-
space containing all a?* where a#" = (a?"")?. Thus I =B > ... and
L=Qr2’> . . ., 87 < (87)?, etc. Hence if we define

;= QUI 4 (RU-11)p 4 (QU-21)2 4 ... } @rit
we have 8=%,=%2=%= - - - . By induction on j one readily establishes
[eugli] < QUi+,

Since
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'y

1 1
67, 53] = [ -« [ bagba] - - - ba)

7* -1
 re— T
=[[--- [6abr- - [Bade] - - - |, ba]bs] - - - 2]
we have h
(12) [QUi-#IpkQUI—IR] < QUU-RIP+G-DP'] < QUiti),
This leads readily to
(13) [2:8,] < sy &S R

In particular ; is an ideal in ® and ;= [2:-12]+%7_;. On the other hand from
the definition of €; we have €; < [®,_.8]+%_,. Hence &= [f:.2]+%7_,. It fol-
lows that if ;_1=%8;, {i1=%=81= - - - . If @¥=0 for N sufficiently large,
L is nilpotent. The smallest N for which this holds is called the index of nil-
potency. If 4 =0, 2?7 =0 and 2¥1=0. Conversely if 27=0 and 2*'=0 it
isreadily seen that ;=0 fort=r4s—1.

4. Restricted derivations. The most natural instances of restricted Lie
algebras are the derivation algebras(3). We recall that if 9 is an arbitrary alge-
bra (not necessarily associative) then a derivation D is defined to be a trans-
formation a—aD in A such that

(14) (¢ + b)D = aD + 5D, (ac)D = (aD)a, (ab)D = (aD)b + a(bD).

If % has characteristic p the set D of these transformations is closed under
addition, scalar multiplication, commutation and pth powers. Thus D is a
restricted Lie algebra. If ¥ is associative

r—1

a*D = (aD)a?~' + a(aD)a?>* + - - - +a*(aD) = [ - - - [aD, ala] - - - a](¥.

It is therefore natural to confine our attention in the case that A= is a re-
stricted Lie algebra to the derivations called restricted such that

p—1
e

(15) a?D = [-- - [aDala] - - - a].

Suppose D is a linear transformation in € such that [x.x;]D = [x.D, x;]
+ [xi, ;D] %1, %2, - - - a basis for & Then D is a derivation. If «§! - - - &%,
k;=1,2,-- ., is a basis for the Birkhoff-Witt algebra ¥ we define the linear
transformation D in ¥ by setting

(% Cf. Jacobson [3].

(4) In general 1

bart +gbar2 4+ +ar b= [--- [bala]---al.
See [3, p. 209].
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x1—1

(a1 #D = D)l (D) -
4o tar e w (2D).

By an induction similar to that of §2 we can show that

(17) (a0 - - %5,)D = (2 D)y - - - @iy + - -+ 4 @4, - - - (2:,D),

holds. Hence D is a derivation.
Now suppose

(16)

p—1
~

"D = [ [xD, %] @)

Then (2! —2)D =0 and D maps the ideal 8 whose basis is 2"’ — 2 into itself.
It follows that D induces a derivation in U=9%/% and hence is a restricted
derivation in €. We have shown also that any restricted derivation is deter-
mined by a derivation of the u-algebra. The converse of this is clear. Hence we
have proved

THEOREM 4. A linear transformation D in  is a restricted derivation if and
only if [xx;1D = [x:D, ]+ [x:, ;D] and ZD=[ - - - [%:D, x;] - - - x;) for any
basis %1, x2, - - - . Every restricted derivation is induced by a derivation of the
associative u-algebra W of &. The set of restricted derivations forms a restricted Lie
algebra.

The last statement follows immediately from the second. The set of re-
stricted derivations will be denoted by D,. A consequence of the first part of
Theorem 4 is that the restricted derivation algebra of p is Dgp.

For any three elements a, b, l in € we have

[o + 8, 2] = [at] + [02], [ae, 2] = [al]e, [[ab]t] = [[at]p] + [a[et]],

[evt] = [--- [allaja] - - - a].

Thus the transformations L: a— [al] are restricted derivations which we call
inner. The other parts of (1) to (6) show that the derivations corresponding to
L+, la, [lllz], I» are respectively Li+ Ly, La, [L1Ls], L?. Hence the inner der-
ivations form a subalgebra § of ©o and  is homomorphic to § under the
correspondence /—L. The elements ¢ mapped into 0 are those which satisfy
[ac] =0 for all a and form the center € of . Hence F=~¢/C. Since

[a]D — [aD, 1] = [a, ID],

[LD]ES for every L in § and D in D,, i.e., F is an ideal.

Let o be the vector space which is a direct sum of  and D,. The elements
U of $, are uniquely representable in the form a4 D, a in &, D in D,. Hence
if %1, %3, - - - isa basis for Rand Dy, D, - - - one for Dy, x1, %3, - - - ; D1, Dy, - -
is a basis for 9,.
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We define commutation in $, by
(18) [6+ D, 5+ E] = [ab] + ¢E — #D + [DE].
It is readily seen that this satisfies conditions (1), (2), (3)(®). We also have

[. .. [alx;j . xl.-] = [axip], [ .. [Dxl ,.] . x,~] = [Dx.?],
[---[eD;]---D;]=[eD]], [---[DD,]---D;] = [DD]],

or
[« [ww]- - wl=[vx), [ [UDi]- - Di] = [UD]],
for all Uin 9,. Hence, by §2, the definition

(19) (X %+ X DB)" =Y xiai + 3 Dif; + s(x, D)

turns 9, into a restricted Lie algebra called the restricted holomorph of L.
Thus (e+D)?»=a?r+D?+s(a, D) in Do.

5. Relations to ordinary Lie algebras. Suppose £; and f: are restricted
Lie algebras and a—a* is a mapping of £, into & such that

(6 +0)35=a5+105 (aa)5 = a5, [ad]s = [a505].
Then
[« [%a]--- aS=[---[x55] - a5] = [28(as)?],
[, a*]8 = [45(a?)].

Hence (2?)5 — (a5)? EG, the center of L. If €;=0, S is a homomorphism. Next
we suppose D is a derivation in =¢,. This implies that

[ [wa]---alD=[ - [xDa]---a]l+ [ [[x aDla] - - - a]
4+ 4] - [[xa]a] - - - aD]
_ = [«D, a*] 4+ [2, [-- - [aD, a] - - - a]],
since if A is the transformation x—[xa] and B is the transformation
x—[x, aD],
BA?P ' 4 ABAP 24 ... 4+ AP 1B = [..- [[BA)A] - - - 4]().
On the other hand [xa?]D = [xD, a?]+ [x, a*D]. Hence a*D—|[ - - - [aD, a]
-+ - a] is in the center € of 2. If =0 every derivation is restricted.
If B is a subset of ¢ closed with respect to addition, scalar multiplication

and commutation, then $*=8+B7+B?"+ - - - is the smallest subalgebra
of € containing B. If [BR] <B, B* is an ideal.

(%) Cf. Zassenhaus [6, p. 57].
(*) See Footnote 4.
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An ordinary Lie algebra A whose center is 0 may always be imbedded in
a restricted Lie algebra. For let © be the derivation algebra of 2. Since the
center of ¥ is 0 the set § of inner derivations forms an ideal of D (regarded as
an ordinary Lie algebra) isomorphic to A. If F*=F+F*+ - - -, F* is a re-
stricted Lie algebra containing §. Since [u?v?'|=[- - [[u[ - [w0] - -- ],
v] - - - v]EF for any u, v in § the ordinary Lie algebra §*/§ is commutative.

Suppose £ is a restricted Lie algebra and a—4 an absolutely irreducible
representation of the ordinary Lie algebra determined by &, i.e., aa—Aq,
a+b—A+B, [ab]—[AB]. We assume also that the representing matrices
all have trace 0 and p { m where m Xm are the dimensions of the matrices.
We assert that our representation is one of the restricted Lie algebra. For if
a*—B we have [XB]=[---[XA4] ---A]=[XA4?]. Hence A»—B=1p and
since tr A?=tr B=0, A?=B.

6. Algebras with a finite basis. In this section we suppose ® has a finite
basis. For any element a there is a least integer m such that a, a?, - - -, a?™ "
are linearly independent but a*" dependson a, - - - , a?" . Then a?"+a?" oy
+ -+ +aan=0 or f(a)=0 where fQ\) =\*"4+A?""ay+ - - - + A It fol-
lows that ¢?™ "' = (a?™)?, a*™*", - - . are linear combinations of @, - - - , a?" "
and hence these elements form a basis for the subalgebra generated by a.

A polynomial having the form of f(A\) has been called a p-polynomial by
Ore. The following facts were established by Ore: (1) A necessary and suffi-
cient condition that f(A) be a p-polynomial is that its roots form a modulus
(group under addition) with each root having multiplicity p*, & fixed. (2) Any
polynomial ¢(A) is a factor of a p-polynomial f(A). The f(\) of least degree
with leading coefficient 1 is unique and is a divisor of any other p polynomial
divisible by ¢(A\)("). Thus suppose a—A4 is a (1-1) representation of € and
@(\) is the minimum polynomial of the linear transformation (or matrix) 4.
Then the p-polynomial f(A) associated with @ is the one of least degree di-
visible by ¢(\).

An element a is nilpotent if a?” =0 for some p™. The least integer p™ for
which this holds is the ndex of a.

THEOREM 5. If { is a Lie algebra with a finite basis and contains only nil-
potent elements, then L is nilpotent.

Since & has a finite basis the index of any a is <p" where 7 is the dimen-
sionality of €. Hence a?"=0 and if 4 is the linear transformation x—[xa],
A?"=0. Thus 2" =0 and as has been shown by Zorn [8], {is nilpotent when
regarded as an ordinary Lie algebra, i.e., (" =0. It follows as in §4 that ¢ is
nilpotent.

The algebra >, =21214-8»_ If I is a subspace such that L= IM =L, M is
a nilpotent ideal and /9 is commutative and has all of its elements 0 nil-

(") Ore [4, p. 581].
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potent of index p. We choose I so that dim M=xr—1 and let x5, x3, - - - , %,
be a basis for I with d, xs, - - - , x. a basis for L.

THEOREM 6. The u-algebra of a nilpotent Lie algebra with a finite basis is a
nilpotent associative algebra.

The theorem is trivial if  has 1 dimension. Suppose it true for algebras
of order n—1. Choose M and d, xs, - - - , x, as indicated. Then the u-algebra
is generated by d, %3, - - -, ¥, and the wu-algebra B of M is generated by
X2, * -+, %, B is nilpotent. The elements of 11 have the form

u=v+dn+---+d w1 +dBi+dB+ - - +dPB0
where v;E%8 and 8;E®. The weight of d v - . . v where

v = [ .. [vd]d-‘-'dle%

is defined to be =4+s+x1+ - - - +«,.. Hence the weight of each term of « is
=1. Since
(x1) (x2) (xg) (k1) (x2) (xg) (x141) (x2) (xs)
v v v d=du vy v Ao vy
(1) (x2) (51
4+ Fo v
the weight of a product uyus - - - ui is = k. If the index of nilpotency of 8

is m and d#' =0, then every term of weight =mp* is 0. Thus U is nilpotent of
index = mpt.

A consequence of this theorem is that the irreducible representations of a
nilpotent restricted Lie algebra are all 0. Hence any representation has mat-
rices in triangular form with diagonal elements 0 if the basis is properly
chosen.
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