THEORY OF MONOMIAL GROUPS

BY
OYSTEIN ORE

The process of imbedding a group in a larger group of some prescribed
type has been one of the most useful tools in the investigation of properties
of groups. The three principal types of representation of groups, each with
its particular field of usefulness, are the following:

1. Permutation groups.

2. Monomial groups.

3. Linear or matrix representations of groups.

These three types of representation correspond to an imbedding of the
group in the following groups:

1. The symmetric group.

2. The complete monomial group.

3. The full linear group.

The symmetric group and the full linear group have both been exhaus-
tively investigated and many of their principal properties are known. A
similar study does not seem to exist for the complete monomial group. Such a
general theory seems particularly desirable in view of the numerous recent
investigations on finite groups in which the monomial representations are
used in one form or another to obtain deep-lying theorems on the properties
of such groups. The present paper is an attempt to fill this lacuna.

In this paper the monomial group or symmetry is taken in the most gen-
eral sense(!) where one considers all permutations of a certain finite number
of variables, each variable being multiplied also by some element of a fixed
arbitrary group H. In the first chapter the simplest properties such as trans-
formation, normal form, centralizer, etc., are discussed. Some of the auxiliary
theorems appear to have independent interest. One finds that the symmetry
contains a normal subgroup, the basis group, consisting of all those elements
which do not permute the variables. The symmetry splits over the basis
group with a group isomorphic to the symmetric group as one representative
group. A complete solution of the problem of finding all representative groups
in this splitting of the symmetry is given. This result is of interest since it
gives a general idea of the solution of the splitting problem in a fairly compli-
cated case.

In the second chapter all normal subgroups of the symmetry are deter-
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(*) See W. Specht, Eine Verallgemeinerung der symmetrischen Gruppe, Schriften des mathe-
matischen Seminars, Berlin, vol. 1 (1932), also W. Specht, Eine Veraligemeinerung der Permuta-
tionsgruppen, Mathematische Zeitschrift, vol. 37 (1933), pp. 321-341.
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mined. This is, as one knows, a simple problem in the case of a symmetric
group. For the monomial group the problem becomes very complicated and
it is found that usually a large number of normal subgroups of various types
must exist. The solution depends on the determination of certain types of
subgroups of direct products. The successive commutator groups of the sym-
metry are determined as an application (3.

The most difficult problem in this theory is the determination of all auto-
morphisms of the symmetry. The solution given in the third chapter depends
on the previous results on the splitting of the symmetry and the form of its
normal subgroups. This case is different from the case of the symmetric group,
for outer automorphisms will usually occur. The necessary and sufficient con-
dition for all automorphisms to be inner automorphisms follows from the
general result. These investigations are considerably complicated by several
exceptions which occur in groups of the lowest orders. These cases have also
been completely investigated except in the case m =6. Here all the necessary
preparations for the calculations have been made, but since the actual solu-
tion depends on a somewhat laborious method, the work has not been carried
through. It would be desirable if someone would complete the theory at this
point.

The final chapter is concerned with the imbedding of an arbitrary group G
in a monomial group Z(H). Relations between the various representations are
discussed and the position of the imbedded group G in Z,, is investigated. Its
centralizer and normalizer are determined, and the automorphisms of G in-
duced by the elements in the normalizer are obtained.

CHAPTER I. THE SYMMETRIES

1. Definitions. Let H be some group, finite or infinite. A monomial sub-
stitution over H is a linear transformation

X1, X2, c s Xm
(1) p=
1%y T2X4g * * * rmxl',,.
where each variable is changed into some other variable multiplied by an ele-

ment of H. We shall call the elements 7; in (1) the factors or multipliers in p.
The multiplication 7;x; is a formal one to be taken only as a pair (r;, x;) with

the associative property 7(sx) = (rs)x.
If another such monomial substitution

(xl) X2, Ct y Xm )
K =
2) ity Baty - Bk,

is given, then the product of p and « is defined by

() W. K. Turkin, Ueber Herstellung und Anwendungen der monomialen Darstellungen end-
licher Gruppen, Mathematische Annalen, vol. 111 (1935), pp. 743-747.
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X1, Ct sy Xm
PK = .
karsxi, -y Rt %,

The inverse of « is

© = s ).
ki w1, -y R Xm
By this definition of the multiplication, the set of all monomial substitu-
tions on m variables is seen to form a group 2,(H). This group we shall call
the complete monomsial group of degree m, or somewhat more simply, the sym-
metry of degree m of H. If H is a finite group of order nyg then one finds that
Z.(H) has the order m!(ng)™. The ordinary symmetric group can be consid-

ered the symmetry of the unit group.
A permutation in Z,, is a monomial substitution of the form

0 () (),
Xipy *° 0y Xip, 1, "y Im

The permutations form a subgroup S, of Z,, and S, is obviously isomorphic

to the ordinary symmetric group on m letters.

A monomial substitution which only multiplies each variable by a factor
in H

(s) w= (X0 Yl

71X1 0, T'mX

will be called a multiplication. The multiplications u form a subgroup V.,.(H)
of Z..(H) which we shall call the basis group. It is easily seen that the basis
group is a normal subgroup of Z,(H). Furthermore it is the direct product
of m groups isomorphic to H

(6) Va=Hi X - X Hn
where H¥ consists of the multiplications
(7) "7(")=[1,"',1,7.‘,1:'",1]

where r; runs through H.
The special multiplications
b= [ava""’a]= [a]

where all factors are equal, will be called scalars. The scalars are the only ele-
ments which commute with all permutations. The center of the symmetry con-
sists of all scalars

o= lc,e, v+ ,¢]
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where ¢ belongs to the center of H. This shows that the centers of H and
2. (H) are isomorphic groups.

Any monomial substitution can be written uniquely as the product of a
permutation and a multiplication. If p, = and u are given by (1), (4) and (5),
respectively, one finds p =mu. This shows that one has

(8) zm = Sm U Vﬂn Sm m Vm = E.

2. Auxiliary results. Before we proceed to a more detailed study of the
symmetries, it is necessary to derive a few auxiliary theorems which also have
some independent interest.

We first prove the following theorem:

THEOREM 1. Let dy, ds, - - -, dn be n elements of a group H all belonging to
the same class. Then there exist elements c; in H such that

(9) d],=61"‘Cmd2=62"'0n01,"',dn=0n61“'C"—1.

Proof. According to the assumption we may write

-1 -1 -1
ds = ¢y dicy, d3 = ¢2 docay - - -, dn = Ca—1@n—16n-1.

Then is is only necessary to determine the element ¢, such thatdi=c; - - - c,_1ca
and one finds that all other relations (9) are satisfied.
For n =2 the theorem expresses the fact that if d, and d; belong to the same
class then there exist elements ¢; and ¢; in H such that dy =cics, d2 = cac1.
Next we prove:

THEOREM 2. Let the products a\as - - * @n, b1bs - - - b, belong to the same class

in a group H. Then there exist elements qi, - - -, gn tn H such that
-1 —1 -1

(10) by = q1 @193, b2 = @2 G2qs3, - -+, ba = ¢n Gaq1.

Proof. If one writes by - - - b,=¢i* (a1 - * - a,)¢1 then one‘finds that the
relations (10) can be satisfied by putting

-1 -1
i = Gi—1° - 1 q1bl < bi

3. Cycles and transformations. In the theory of monomial groups as well
as in the theory of substitution groups it is advantageous to introduce cycles
of monomial substitutions, i.e., substitutions having the form

X1, X2, =, %
(11) ¥ = ( = (c1%2, C2%3, * * * , Cne1%ny Cal1).
C1%X2, C2X3, * * * , CaX1

As in the theory of permutation groups one shows:

THEOREM 3. A monomial substitution can be written uniquely as the product
of commutative cycles without common variables.
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One finds that the #th power of a cycle (11) of length % is a multiplication
X1, Cr oty Xn
12 "= . = |Ay, Ag, - -+, Ayl
( ) K (Alxl’ R ) Anxn> [ ! : ]
Here the factors A; are determined by
(13) A1=0162"‘6n,A2=02"'6”61,"‘ ,An=6»61"‘6"_1.

These elements in H will be called the determinants of . Since one can write
the relations (13) in the form :

-1 -1 -1
(14) Ay = ¢y Asery - -+, Ap = Ca1Bn1Cn1, A1 = Cn Ancn,

one concludes that with each cycle (11) there is associated a unique determs-
nant class in H R
From (12) one concludes:

THEOREM 4. The order of a cycley of length n is nt where t is the order of its
determinant class. The order of any monomial substitution is the least common
multiple of the orders of its cycles.

We shall next prove the following fact.

THEOREM 5. Any elementsd,, + + - ,d,in the same class in H are the determi-
nants of some monomial substitution of length n.

Proof. This theorem is a restatement of Theorem 1.

We shall now turn to the transformation of one monomial substitution
by another. Obviously it is sufficient to study what happens to a single cycle
(11) by transformation. From (2) and (3) one obtains

1 Zin Zin T Xy
(15) KYyk = = -1 -1 -1 .
k1 cikexj, ke Coksxj, - v -, ka Cakix;,

This shows that every cycle goes into a cycle of the same length. Furthermore
the determinants of the transformed cycle (15) are similar to those of ¥,
namely

(16) A= BT Avky, -, AL = B Ak

This proves that the determinant class of a cycle is invariant under trans-
formation.

THEOREM 6. The necessary and sufficient condition for two monomial cycles
to be similar s that they shall have the same length and the same determinant class.

Proof. It has already been shown that the condition is necessary and the
sufficiency follows from (15) and Theorem 2.
From Theorem 6 one draws the more general conclusion that two mono-
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mial substitutions are'similar if and only if the cycles in their cyclic decom-
positions may be made to correspond in such a manner that corresponding
cycles have the same length and determinant class.

We show next:

THEOREM 7. Any cycle of length n may be transformed to the normal form

iy ** 0y Xip_y X
(17) y = ( 1 ’ 1 Xi, ) — (xi” Cey X, axil)

Ligy * * * 5y Xipy QX5

where a is any element in the determinant class of yv. Any monomial substitution
p s similar to a product of cycles without common variables p=+, - - - v, where
each cycle is in normal form.

Proof. The determinant class of the cycle (17) is the same as the class of a,
and hence a cycle may be transformed into the form (17) by Theorem 6. One
sees also directly from (15) that a cycle may be transformed in such a way
that the n —1 first factors become the unit element. Since the transformation
of v into the form (17) may be performed by means of a substitution involv-
ing only the same variables, all cycles in p may be transformed into normal
form simultaneously.

4. Centralizers. We shall use the preceding results to determine the cen-
tralizer of an arbitrary element p in the symmetry. Since similar elements
have similar centralizers one can assume that p is in the normal form of
Theorem 7.

The centralizer shall be determined by the investigation of a few special
cases. We assume first that p =1y, is a single cycle

(18) Ya = (ax1, %3, - * * , %n).
When 7, is transformed by « in (2) one finds as in (15)
(19) kyakt = (ko akizj, ki kaZjp -, Emorka®y).

Since this cycle will be identical with (18) when « belongs to the centralizer
one sees first that k must have the form

(xh X2, oty Xn—itly Xn—j+2y Crt oy &n )
K = \.

Bixj, Raxipny 0 0y Baei1%n, Rajra®y, - 0 0, RaXi

while the substitution on the remaining m —#» variables is immaterial. For
this reason we consider only the centralizer C, of v in Z.(H). The values of
the factors k; in k can be obtained by comparison of (18) and (19) and one
finds without difficulty that an arbitrary element « in the centralizer C, has
the form
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(xly cct oty Xp—H1y Xn—42) "y Xn )
K =

CXjy*** y CXpy caxy, tc,00%5

where ¢ is an arbitrary element in the centralizer of a in H. Obviously the
powers of the cycle v, must belong to C, and one sees directly that

k= [c]yi = vile]

where [c] is the multiplication in which every variable is multiplied by ¢. This
shows that the centralizer C, is isomorphic to a cyclic extension of degree »
of a group isomorphic to the centralizer of @ in H. If this last centralizer is
finite and of order 7, then one sees that the order of C, is n7,.

Next let us determine the centralizer C) of a product of cycles of the same
length # and the same determinant class a,

(20) A=y )

in the symmetry of degree corresponding to the variables involved. Obviously
any permutation of the cycles ¥® in (20) among themselves must belong to
the centralizer Cy, and an element of the centralizer leaving all cycles in p
fixed by transformation must have the form

o= cWM ... B

where ¢¥ belongs to the centralizer of ¥(? in the symmetry on its variables.
From these results one concludes that C, is isomorphic to the symmetry
2Z1(C,), where C, is the centralizer of a single cycle «.

Since any element p in Z,(H) can be written as a product of cycles v
when it is transformed to normal form, one finally obtains:

THEOREM 8. Let an element in Z,.(H) be transformed into its normal form
) )
p=A-""N\p )\a'='Yl""'Yk:-

where for a fixed i the v are the normalized cycles of the same length n; and the

same determinant class a;. Then the centralizer C, of p in Z,(H) is isomorphic
lo the direct product of symmetries

Co~ zkl(C“l) X Ekz(caz) X

where Cq, s the centralizer of a single cycle v in Z.,(H). The group Ca; consists
of all elements of the form k= [c;]v\"', where the element c; belongs to the normal-

izer of a;in H.

Again if 7, is the order of the centralizer of a; in H one finds that the order
of C,is

N = H k;!(nir;)"i.
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5. Splitting of the symmetry. A group G containing a normal subgroup N
is said to split over N if there exists a subgroup. M such that

G=MUN, MNN =E.

In this representation the group M can be replaced by any of its conjugates
and the relations will still hold. There may, however, exist other groups M,
such that

G=M1UN, le\N=E

and such that M;is not a conjugate of M. This leads to a division of all repre-
sentative groups M into classes, each consisting of conjugate groups. When
there is only one class, hence when all M are conjugate, we say that G splits
regularly over N.

We have already seen in (8) that for the symmetry one has

(21) Zm = Smu Vm, Smf\ Vm =E

and hence Z,, splits over V,.. We shall now consider the problem of finding all
groups T such that

(22) Ew=TUV, TNV,=E.

One sees immediately that T is a group isomorphic to S, and the isomorphism
is such that each element in T is obtained from the corresponding element in
S.. by multiplication with an element in the basis group V.

The group S. contains the transpositions (1, 7). This implies that T con-
tains m — 1 substitutions of the form

(23) N\ = [01..', Tty dm,.‘](xl, x:).
Let us transform all \; by the multiplication
K = [k[,"',km].

One finds that the group xTk~! contains all the substitutions

-1 -1 -1
)\.{ = [k.' a1k, - - -, ki aiiki, - -, k; Qi.ikf' Tt ](x;, x,-)
where j is an index different from 1 and 4. This shows that it is possible to
choose « in such a manner that a1,;=1 for every 4, and in the following we shall
make this assumption.
Next one finds
2 2 2
N\ = [ai.i’ A2,iy * * 9 Biyiy * "y am.‘]

and since it is a multiplication contained in T one must have N =E; hence

(24) aii=a,=1, d:.j =1
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In the special case m=2 it follows already from these conditions that
Az=(1, 2) and we have shown:
THEOREM 9. For m =2 the symmetry splits regularly over its basis group.
In the following we can assume m = 3. Let us form the product
xl' x.,x-, ..o’xk o o o
NN = ( n . ’ )
@ji%5 Xiy @3,i%X1y * * * y Ok, j0k,iXky * * *

where k is any index different from 1, 7 and j. Since the third power of this
substitution must also be the unit substitution one obtains the conditions

a;,ili,; = 1. (ak,,ak,.-)" = 1, k #= i, k #j.
When the first of these conditions is combined with (24) one obtains
(25) Qi ; = Qj,.

The results expressed in (23) and (25) are already sufficient to give a com-
plete solution for the case m =3. One finds then

X1, X2, X3 X1, X2, X3
(26) x2=( ) x3=< T )

X2, X1, AX3 X3, GX2, X1
These two elements generate a group isomorphic to S; consisting of the sub-
stitutions (26), the unit element and the following three substitutions:

X1, X2, X3 9 X1, X2, X3
M= ’ B = ’
axs, axy, Xz axe, X3, 4%y
X1, X2, X3
y = .
axi, axs, @xe

From now on we can even assume 7 =4. We evaluate the product

(27)

X1, X jy X3 oty Xky ct )

@i, %1y @i, ;% @5,iXj * * * , @k, j0k,iQk,jXky * * °

(28) A = (

where k denotes any index different from 1, ¢, j. In the isomorphism between
Sm and T the substitution A; corresponds to the transposition (1, %) in S,,
and hence M\ \; must correspond to (2, 7).

Next we utilize the fact thatin S,

(1, B, 5) = (& )N, k)

for four different indices 1, &, 7, j. This implies for the corresponding elements
inT

)\;.-)\;)\;)\,- = xj)\i)\j')\h-
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When these products are compared one finds that they imply the identities
Ai,5 = Qh,j0h,iQk, j) @i, j0k,n = Qk,245, ;.

When the first of these relations is applied to (28) one finds the simpler ex-
pression

Xiy Xj
(29 AN = [ai.i]( )

xi) X

This important relation shows that if ¢#1, j>1, then the element in T

corresponding to (¢, j) in S, is obtained simply through the multiplication of
(4, 7) by a scalar [a;,;]. But the transpositions (3, j) generate the group of all
permutations m; leaving the element 1 fixed; hence one has for any such per-
mutation

m > m [d,l].

Since the scalars commute with all permutations this shows that the a,, form
a subgroup of H which is homomorphic to the symmetric group on m —1 let-

ters.
This leads to the following theorem:

THEOREM 10. The symmetry Z,(H) splits over its basis group Z,=T\JV,,
TN\Va=E. Any group T in this decomposition is the conjugate of some group T,
obtained by the following construction. Let A be any subgroup of H homomorphic
to the symmetric group on m—1 letters, and let my—a., indicate the homomor-
phism between A and the permutations m, in the symmetric group S, on the
m—1 letters 2, - - -, m. In particular we shall write

(i, ) = a4, (i, 1) > 1 = a,,.

Then the elements of Ty are obtained from the permutations of the symmetric
group S, by the isomorphism

‘n'1—>1r1[a,lj for T in S:,.l.)_l,
(1, ) >N =[1,a24 -, am:il(, ).

It has already been shown that any group T after suitable transformation
must have the form indicated by the correspondence (30). It remains to show
that the set of substitutions defined by the correspondence (30) actually forms
a group isomorphic to S,,.

We observe first that any permutation in S, can be written uniquely in
the form

(30)

31 T = (1, i)m

where m leaves 1 fixed. Thus (30) defines a unique substitution T, correspond-
ing to each permutation 7, namely,
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(32) T =TanTx
or
T, = [1, B2, * * * a,,.,;][a,,](l, )™
and therefore
(33) Ty = [Gry 82,i8xpy - * * , Gm il |7

Our problem is to prove that this correspondence is an isomorphism. Let
p=(1, j)p1 be another permutation in the normal form (31) where p; leaves 1
fixed. We shall then have to prove

(34) T, - T, =T,
From the definition (33) of T, it follows that
Tﬂu = Tf'Tm

for any 7 and any p; leaving 1 fixed. When this is applied to (34) one sees
that it is no limitation to assume simply p=(1, j).
We shall have to prove, therefore, that

Teap =T+ Tap=Tap T Tas
and this follows if one can prove the two simpler relations
(35) Taon T, =Ta
for any permutation p, and
(36) Tep=TxT,

for any m; leaving 1 fixed.
Let us first turn our attention to the relation (35). By the preceding re-
mark it is sufficient to prove

(37) TanTajh=Taiai

For i=j this relation follows simply from a};=1. We assume therefore 75j
and find

T(l.i)'T(l,i) = [1, oty By ](17 1‘) [lv Tty Oyttt ](l' .7)
or
X1, Xiy =y Xy

) aaa.

A5, i%1y Xiy * * 0y @, j@t,i%e

TaonTap= (

where ¢ is any index different from 1 and 7. On the other hand one obtains

Tasnan = Tagn = Tancn =L, aun- - a1, 9,5
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or

X1, Xiy * 0y Xty st . R
Ty = ( )(1, (1, 7).

@i, j%1y Xiy © 0 0y @i, 0, 5% ¢ 0 0

Since a;,;=a;,;, @:,i@:,i=a;,;a.,; the relation (37) follows.

To prove the relation (36) let us observe that 7 can be written as the prod-
uct of transpositions not involving 1. If (36) is proved for any transposition m;
it will therefore follow in general. By the preceding remarks we can also as-
sume p = (1, j), and hence the proof of (36) reduces to

(38) Twn Tap = Twnaip

Here we may assume k7! and one needs only to study the two cases j#!
and j=I since k and !/ occur symmetrically. A simple calculation which we
shall not reproduce here shows that (38) actually holds in both cases.

This concludes the proof of Theorem 10. It should be observed that this
theorem is of interest since it gives complete information about a splitting
extension in a general and rather involved case.

To conclude let us prove:

THEOREM 11. The necessary and sufficient condition for the symmetry Z,.(H)
to split regularly over its basis group Vn.(H) is that H contain no subgroup differ-
ent from E homomorphic to the symmetric group on m—1 letters.

Proof. If H contains no such group, all the factors a;,; in Theorem 10 are
the unit element and the group constructed is the symmetric group Sn.

Conversely if Z,, splits regularly the group T can be transformed into Sn.
Since the transformation of a substitution in Z, by a permutation only per-
mutes its factors it follows that this transformation is a multiplication,

Kk = [kl,---,k,,.].
But when « transforms
No=[1, a2 - -, ami](1, D)
into a permutation one finds that all k; are equal and a;,;=1.

CHAPTER II. NORMAL SUBGROUPS OF THE SYMMETRY

1. Permutation-invariant subgroups. The main problem to be considered
in the following is the determination of all normal subgroups of the symmetry
Z.(H). Before this problem can be solved it is however necessary to solve a
preliminary problem which also has some independent interest.

We shall say that a subgroup of the symmetry is permutation invariant
if it is transformed into itself by all permutations 7 of the symmetric group Sn.
The first problem to be considered is then the determination of all permutation
invariant subgroups of the basis group V.
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Let N be a permutation invariant subgroup of V,,
(1) K=[klr"',km]

one of its elements and

@ (i)

an arbitrary permutation. Since N is permutation invariant it must also con-
tain all multiplications

3) Ky = Tk = [kiv cee, k;m]

and conversely if N contains all multiplications (3) when it contains «, N is
permutation invariant. One sees easily that if N and M are permutation in-
variant subgroups of V,, then N\UM and NN\ M have the same property, and
hence the permutation invariant subgroups of V,, form a structure.

Let us mention three simple types of permutation invariant subgroups
of V.

1. Subgroups N where the %; in (1) run through all elements in a certain
subgroup K of H independently. Then N is isomorphic to the direct product
of m groups, each isomorphic to K.

2. The k; run through K in such a manner that ky=k;= - - - =k,. In this
case N is isomorphic to K.

3. K is Abelian and the k; are so restricted that kik; - - - k,=e. In this
case N is isomorphic to the direct product of m —1 factors, each isomorphic
to K.

In the following we shall show that all permutation invariant subgroups
of V., may be obtained essentially through a combination of these three types.

The proposed problem may also be formulated in a slightly different man-
ner. We have already seen that the basis group V., is isomorphic to the direct
product

Va > H® X -« X H™

where each group H is isomorphic to H. Now conversely let m such groups
H® be given and let T; denote the isomorphism which takes H into H(.

Then the direct product P=HM X - . - X H™ consists of all elements of the
form
4) p=hih - b

Our problem is then equivalent to the determination of all those subgroups
of P which have the property that when (4) is contained in the subgroup, then
it also contains all the products p’=hl"h? - - - h[" obtained by an arbitrary
permutation of the indices.
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2. Permutation invariant subgroups for m =2. From now on let N denote
a fixed permutation invariant subgroup of the basis group V,, and let kin (1)
be one of its elements. All elements %; of H which occur as the <th factor in
any such multiplication will form a subgroup K of H. But since N is permuta-
tion invariant this group must be the same, say K, for all indices <. One sees
then that in order to determine N it is necessary to know K and the rule which
determines which elements k; in K may be combined to give an element (1)
of N.

There exist certain subgroups of the permutation invariant subgroup N
of V,, which are of particular importance. Those elements of N which have
the form

(5) O'i=[31,"',3¢',1,“‘,1]

form a subgroup S; of N. When ¢, is transformed by « in (1) one finds

Ko't"‘-l = [k.l-lslkly Ty k:lsikiy 11 Tty 1,]'

This shows that S; is normal in N. Furthermore those s; in (5) which occur
as factors at the jth place also form a subgroup S; of H independent of j and
S; is normal in K.

When the various permutations 7 in (2) are applied to S; one obtains Cy,;
other subgroups S{*) leaving 7 variables unchanged. Among these groups we

shall consider first the m groups 5 (j=1, 2, - - - , m) consisting of the ele-
ments of the form
(6) [l,"‘,l,Sj,l,"’,l].

We have already seen that the corresponding s; form a normal subgroup .5:
of K. But then the direct product
Pi=3"%x - xX5"

is a normal subgroup of N. Furthermore P, is permutation invariant of the
first type indicated in §1 and obviously it is the largest such group contained
in N. This means that if « in (1) is an arbitrary element of N then any k; may
be multiplied by an arbitrary s; in S; and still x remains in N. This shows
that the eventual conditions on the relations between the various k; in an ele-
ment (1) in N can only be conditions mod S,. It is therefore no limitation if
we consider the quotient group K/S; in the following and therefore assume
S1=1; hence s;=1 in (6).

The case m =2 presents a certain exception and we shall therefore solve
our problem first in this case. If N contains two elements

a = [01, dz], B = [al, bz]

with the same first component @, then
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af =1, b3 a2] = [1, 1]

and hence a;=b,. This shows that a, determines a; uniquely and conversely.
Furthermore the correspondence between @; and @ is an automorphism T
of K: a;=al. But since N is permutation invariant, a; and @, may be inter-
changed and one finds @;=af, and T is an automorphism of order 2. Con-
versely one finds that the multiplications [ai, a’] do form a permutation
invariant subgroup of V, if T is an automorphism of K of order 2. We have
therefore shown:

THEOREM 1. All permutation invariant subgroups N of Vo(H) can be ob-
tained by the following construction. A subgroup K of H is chosen. S, denotes
an arbitrary normal subgroup of K while T is a fixed automorphism of order 2
of the quotient group K /Si. Then N consists of all elements

a = [dl, (12]

where a, and a; run through K in such a manner that

a; = af (mod S)).

3. Permutation invariant subgroups of the basis group in the general case.
We shall now turn to the determination of the permutation invariant sub-
groups N of V,(H) in the general case where m = 3. Let us recall also that we
have assumed S;=1. We shall first study in some detail the properties of the
group S; which was defined in §2 as the set of all elements of N of the form
az=[s1, $9, 1, - -, 1]. Since N is permutation invariant, S; must be un-
changed when s, and s; are interchanged. Theorem 1 may therefore be applied
and one concludes that

(7) Qg = [slysql': lsvl]

where T is some automorphism of order 2 of the group Ss.
When a3 in (7) is transformed by an arbitrary permutation one finds that
for any element

[1,"',1,3,‘,1,"‘,1,3,’,1,"‘,1]
in N one has s;=sT. But when N contains (7) it also contains
T
B2= [sly 1,81, 11'.' 71]
and hence the quotient
—1 T -1.7
a262 = [11 S1, (8; ) ) 1) ) l]r

and one finds
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But if a group has an automorphism changing each element into its inverse
then (s159)T = (s152) "' =sTsT =s7"s7 ! or 5251 =s152 and the group is Abelian. We
have therefore obtained the following result:

The group S consists of all elements

(8) o = [Sly S;‘, ly Tty 1]

where sy runs through a normal Abelian subgroup of K.

When the elements s; and si! in (8) are permuted into all possible posi-
tions, the corresponding substitutions generate a normal subgroup Rof N
which is also permutation invariant. From the construction of this group it
follows that if p=[r1, - - - , 7] is one of its elements, then

9 rrec =1,

and hence R is a group of the third type indicated in §1. From the definition
of R it follows that it contains all substitutions

P11 = [Pl, i’:l, 11"'yl]v pe = [11 P?r P;ly 1""11]’

............

-1
Pm—-1 = [ly Tty 19 Pm—l; Pm—l]’
where the p; are arbitrary elements in S;. But then R contains the product

Y = pP1p2 " Pm—1

or

(10) v = [pu paprs - -+ s DmesPrts Prc]

and one sees easily that every element in R can be expressed in this form.
By a suitable choice of the elements p; in (10) one can make the first m—1
factors arbitrary in S, while the last is uniquely determined by the condition
(9). The following has been shown therefore:

The group R consists of all elements of the form

(11) p = [71, ctt y Tmely (7’1' t fm-l)_‘]

where the r; run through the Abelian group S: independently. The group R is
isomorphic to the direct product of m—1 factors each isomorphic to S.

We can now turn to the final step in the determination of the permutation
invariant subgroups N of V,.. Let kin (1) be an arbitrary element of N and let

A= [k2y kly k3y"' ka]

be the element obtained by interchanging k1 and k. Then one finds

N = [ky by Brka, 1, 1]
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showing that the quotient belongs to S;, and hence k;~'%, is an element of S,.
Since the same result can be obtained for any k;%; one concludes that the
elements k of N must have the form

(12) k= [kry, kro, - - -, krn]

where all the 7; are elements of .S: and % runs through K.

It remains to determine the relations between the 7; in (12) which will
insure that these elements form a permutation invariant group. Since R con-
tains (11) one finds that N must contain the element

(13) ok = (k ko, kB

All elements of this form in N must form a group and the element %’ is
uniquely determined by k. This correspondence must be a homomorphism
and one can write therefore 2’ = kT where T is an endomorphism of K. When
applied to (11) this gives the final form

(14) k= lkry, -, krme, BT(r1 - - - 7por)™]

for the elements belonging to N.

In (13) one has k' =kr, where r belongs to S;, and hence the endomorphism
T of K must transform any element & into an element obtained by multiplica-
tion of & by an element in S.. When one considers the special element
[, - - .r,7==™=D]in Rit follows that

?’T _ f—(m~l)

for any element 7 in S,. This relation shows that in (12) the last factor is
uniquely determined by the m —1 first ones.

Conversely one verifies that under the stated conditions on T and under
the assumption that S; is an Abelian group, the elements (14) form a group.
Furthermore if two factors in (14) are permuted the quotient between the
corresponding substitutions also belongs to the group, and hence it is permu-
tation invariant. We have therefore obtained the principal result:

THEOREM 2. Let m=3. Then all permutation invariant subgroups N of
Vu(H) may be constructed by the following process. A subgroup K of H is chosen.
In K two normal subgroups S: DS, are selected such that the quotient group
S2/S1is Abelian. Then N consists of the elements

k= [k, kn]
where the k; run through K subject to the conditions
ki=ks; 1=1,2,---,m— 1),
(mod Sy),
kn = kT (Sl te Sm—l)—lr

where the s; are arbitrary elements in Sy. Furthermore T is an endomorphism of
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K /S, multiplying each element of K /Sy by an element in S/ S\ and in particular
sT = s=(m=D (mod )
for any element s in S..

Here we have solved the problem of finding all subgroups of V,,(H) which
are invariant under all permutations of the symmetric group. A much more
difficult problem is the determination of those subgroups of V,,(H) which are
invariant under the permutations of a fixed subgroup of the symmetric group.

4. Normal subgroups of the symmetry contained in the basis group. We
shall now turn to the determination of the normal subgroups of the symmetry
and we consider first those normal subgroups of Z,.(H) which are contained in
the basis group. Since we have observed in the preceding that every substitu-
tion in Z,, is the product of a permutation and a multiplication, we shall have
to determine those normal subgroups of V,, which are permutation invariant.

We use the same notations as before. If (1) is an element of a normal sub-
group N of V,, the factors k; must run through a normal subgroup K of H.
Furthermore the subgroups S; defined by the elements (5) must also be nor-
mal in V,, and the corresponding factors s; run through a normal subgroup
S.' of H.

The case m =2 must again be considered separately. When N contains the
element k= [k, k] it must also contain the element k' = [kk:h~!, k2] for an
arbitrary % in H. But in Theorem 1 the factor k; was uniquely determined
by &; (mod S;). This implies that

hkih™' = k; (mod Sy)
for every h, and hence k; belongs to the center of H/S;. We have therefore:

THEOREM 3. For m=2 the normal subgroups of the symmetry which are
contained in the basis group can be obtained Sy the following construction. Two
normal subgroups K DS of H are chosen such that K /S belongs to the center of
H/S\. Furthermore T is some fixed automorphism of order 2 of K/S:. Then the
normal subgroups N consist of all those elements

K = [kl, kz]

where ky and ky run through K subject to the condition that

ks = ki (mod S).

In the general case where m = 3 the elements of NV are given by (14). Here
again the last factor is uniquely determined by the m —1 first ones. Let us
transform k by n= [k, 1, - - -, 1]. Then

77“7_1 = [h_lkflh, k"zy T krm—ly kT('l e rm—l)_l]'
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This shows first that
kYkrih = ks

where s belongs to S,, and since the last factor must be the same as before one
finds s =r;; and hence kr, belongs to the center of H.
We have therefore:

THEOREM 4. For m=3 the normal subgroups of Z,.(H) contained in the
basis group are obtained by the construction in Theorem 2 with the additional
condition that K .S:D.S: are normal subgroups of H such that K /S, belongs to
the center of H/S:.

5. Other normal subgroups of Z,.( H). We shall complete our investiga-
tions of the normal subgroups of the symmetry by the determination of those
normal subgroups which are not contained in the basis group.

Let M be such a normal subgroup of Z,.. The cross-cut

N=MNV,

consists of the multiplications contained in # and N is normal in Z,,.. Since N
is contained in V,, it must have one of the forms determined in the preceding.
But in this case one can make a further statement about N.

Let a be a substitution in M and

X1, X2, cct sy Xn
’y =
C1¥2, C2X3, * * * , CaX1

7'=[hly"'yhm]

is an arbitrary multiplication in V,. Since M is normal in Z,, it must contain
the multiplication defined by the commutator

a cycle in «, while

1 —1 -1 -1 -1 -1 ]
nan o = ["‘»Cn ha cnhy, €1 By Clhz,"']

where only the factors corresponding to the cycle ¥ have been indicated. Since
the elements k; in H are arbitrary it follows that the factor at any position
can be made to take an arbitrary value. Using these results we can say:

THEOREM 5. Let M be a normal subgroup of =.. not contained in the basis
group. The multiplications contained in M form a normal subgroup N of Z.
in which H=K, i.e., the factors in any fixed position run through the whole group
and the quotient H/S, for N is an Abelian group.

Again we shall have to consider the case m =2 separately. In this case
every element which is not a multiplication is a cycle of length 2 and every
element in M must belong to one of the cosets
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(15) M=N+N
where 7 is any fixed cycle,
(16) r= (xl’ “ )
X2, A%
in M. Since
72 = [a, a]

must belong to N it follows from Theorem 3 that
an aT = a (mod Sy1),

i.e., a is an element in H invariant under the automorphism T of H/S:.
Now let us consider a group M defined by (15) where 7 is the cycle (16)
and N is a normal subgroup of Z; contained in V; having the properties indi-
cated in Theorem 5. If the condition (17) is satisfied it is obvious that the
elements defined by (15) form a group. In order that it should be normal in 2,
it is necessary and sufficient that it be transformed into itself by any multi-

plication
K = [hl, hz]

and by the transposition ¢= (1, 2). Since N already is a normal subgroup
of Z,, it is sufficient to show that 7 is transformed into an element of M. This
in turn is equivalent to the fact that the commutators

kTl oro i1

shall belong to N.
For the first commutator one finds

xrk 7 - [a—lh;lahl, h;lhz].

This implies that

¢ by aky = (b )" (mod Sy)
and since H/S; is Abelian

(B'he)" = (b k)™ (mod Sy),

hence T is an automorphism of H/S; taking each element into its inverse.
For the second commutator one finds

ore~lrt = [a7), a]

which is always in N. By the condition (17) one must also have a?=1.

THEOREM 6. The normal subgroups of Z:(H) not contained in Vo(H) can
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be obtained by the following construction. A normal subgroup S: of H ts chosen
so that H/S, is Abelian. Then the group N consisting of the elements

K = [kl, kz]
where
By = k1 (mod Sy)

forms a normal subgroup of =, contained in V,. The general normal subgroup M
of Z, not in V, consists of the two cosets

M=N+1N

X1, X2
T =
X2, AX1

a® = 1 (mod S)).

where

with

We shall now turn to the general case where m = 3. As before we denote
by M a normal subgroup of Z, not contained in V., and by N the cross-cut
of M with V,. Furthermore we denote by P the subgroup of M consisting
of permutations only. Since M is normal it follows that P is normal in the
symmetric group Sp.

We shall prove first:

THEOREM 7. Every normal subgroup M of Z,., m=3, not contained in V,
contains permutations.

Proof. Let a be a substitution in M and v a cycle in « of length n=2.
According to a previous result & can always be so transformed that

(xly cc oty X¥n1y Xn )

Y= .

X2y * **y Xny ax:

We shall now have to separate several cases. Let us assume first # = 3. Then
one puts 7= (1, 2) and one finds that

rarla !t = (1, 2, 3)

belongs to P.

We can assume therefore that every cycle which occurs in any substitution
in M has the lengths 1 and 2. If & contains at least two cycles of length 2
one can write

X1, X2 X3, X4
a = R
X2, X1 x4, bxs
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If one puts 7= (1, 3) one obtains
rar~la™! = (1, 3)(2, 4).

Finally if o contains only one cycle of length 2 one can write
(xl, X2, X3 -t )
a = .
X2, %y, bxs, - - -
When 7= (1, 3) one finds

X1, X3, X2
Tar~la”! = ( : . )
X3, b—1x21 bxl
and M contains a cycle of length 3 contrary to assumption.
Since P is a normal subgroup of the symmetric group, there exist only the
following three possibilities:
1. P is the symmetric group Sm.

2. P is the alternating group 4.
3. When m =4, P can be the four group P, consisting of the elements

1, (1,2)3, 4), (1, 3)(2, ), (1, (2, 3).
On the basis of this result one can prove a stronger statement than Theo-
rem S:

THEOREM 8. Let M be a normal subgroup of Z.(H), m=3, not contained
in the basis group. Then the multiplications in M form a normal subgroup N
consisting of the elements

(18) n= [hl; Tty hm]
where the h; run through H subject to the condition
(19) ki hym =1 (modS,).

Here S: is a normal subgroup of H such that H/S, is Abelian.

Proof. Let us assume first that the group of permutations P in M is the
symmetric or alternating group. Then it contains the cycle 7= (1, 2, 3), and
hence also the commutator

-1 —~1

(20) KTK T = [k;!k., k:lk2, k;lks, 1,---,1]

where

K=[k1,~~-,k,,.]

is an arbitrary multiplication. But in (20) two factors may be made perfectly
arbitrary. Hence when one compares it with the group in Theorem 2 one must
have S;=H and an element (18) in N is subject only to condition (19).
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In the exceptional case when P=P, is the four group, it must contain

(1, 2)(3,4)=r and
ke 1 = (kg by, kr ks ke ks, Es ko 1, -, 1]

belongs to N. Here the third and the first factors may take arbitrary values
in H and the same argument as before applies.

We may also observe that in Theorem 8 the quotient group V,/N is
Abelian and this holds even when m =2.

We shall now proceed to the actual construction of the normal subgroups
of Z,. The quotient group Z,/Vn. is isomorphic to the symmetric group.
Furthermore

MIV,/Va~M/N

is a group isomorphic to a normal subgroup of S, and hence the group #/N
is isomorphic to either S, 4, or P,.

The group P was also isomorphic to one of these groups. Let us now sup-
pose first that P~M /N and hence M = P\UN. We then have the following
theorem:

THEOREM 9. Let P be a normal subgroup of the symmetric group and N a
normal subgroup of the basis group of the type defined in Theorem 8. Then

M=PUN
s a normal subgroup of Z,.

Proof. The group ¥ is normal in Z,, by assumption, and hence it is only
necessary to show that an element in P is transformed into an element in M.
Since P is normal in S, it is sufficient to show that a permutation 7 in P is
transformed into an element in M by any multiplication

k= [k -+, knl
But if one forms the commutator

:<1r:c_l1r_l = [

) h:‘l‘ltikiy tt T ]

one sees, since H/S, is Abelian, that the condition (19) is satisfied.

It remains therefore only to consider the case where P is isomorphic to a
proper subgroup of M/N. This can only happen in the following two cases:

1. P=P,and M/N~S, or M/N~A,,.

2. P=A, and M/N=~S,.

The first case is easily disposed of. If M/N is isomorphic to S, or 4,, it
follows that M must contain a cycle of length 3 and by the argument used
in the proof of Theorem 7 it follows that P contains a cycle (1, 2, 3) contrary
to the assumption that P=P,.
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We consider therefore the second case where P=A4,. Then there must
exist some permutation
X1, X2, X3
a1X2, @2%1, @3X3, * * *

in M. According to Theorem 8 the factors in any element in N may be taken
arbitrarily in H except for one of them and it is therefore no limitation to

assume az= - - - =a,=1. Furthermore one sees that A may be so transformed
that
x1, X
(21) A= ( b )
X2, %1
Since A2 must belong to N one finds
(22) a? =1 (mod S,).

We can then prove:

THEOREM 10. Let
My=A4,IN

be a normal subgroup of Z. defined by the procedure of Theorem 9 and let
L= {)\} be the cyclic subgroup defined by a cycle (21), where a satisfies the con-
dition (22). Then

M=LUM,
is a normal subgroup of Z,..

Proof. As before it is sufficient to prove that the commutator of X with a
permutation and with a multiplication again belongs to M and this is easily
verified.

We can now summarize the preceding investigation as follows:

For m =2 the normal subgroups of the symmetry are of the forms given
in Theorem 3 and Theorem 6.

For m =3 the normal subgroups of the symmetry are of the forms deter-
mined by Theorem 4, Theorem 9 and Theorem 10.

6. Commutator groups. We shall now determine the commutator group
Z. of the symmetry Z,(H). The commutator group of H shall be denoted
by H'. It is then easily seen that the commutator group V., of the basis group
consists of all elements

0 = [k, -, k]

where the ! run through the elements of H’ independently.
From the well known properties of the symmetric group it follows that
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the commutator group of the symmetric group is equal to the alternating
group A, for all m, when one puts 42=1 in the special case m =2. Thus the
commutator group 2’ must contain A.

Next let us form the commutator of the two elements (xi, x2) and
[, 1, - -, 1] where h is an arbitrary element in H. One finds that this com-
mutator is the multiplication

[z, 1, -+, 1].

From this result one concludes as in §3 that Z’ also contains the group V,*(H)
consisting of all multiplications

(23) n = [hly Tty hm]
where
(24) hikg -+« hm =1 (mod H’).

The quotient group V/V* is seen to be Abelian and isomorphic to the group
H/H*.
From these remarks one can conclude:

THEOREM 11. The commutator group of the symmetry is

So(H) = An\J Vi

where A, is the alternating group and V,* the normal subgroup of Z,, contained
in Va consisting of the elements (23) which satisfy the condition (24).

Proof. It has already been shown that the commutator group must contain
A, and V,* Thusitis sufficient to show that the quotient group Z,,/A4.,\J V.*
is Abelian. Obviously any two multiplications commute (mod V,*) since this
group contains V,/. Furthermore the quotient group is seen to be generated
by residue classes defined by multiplications and the transposition (x, x2) and
these generating classes are also seen to commute (mod 4,\JV,*).

Next let us determine the second commutator group 2./’ (H). Since the
alternating group is simple, one has 4,/ =4,, except for the well known ex-
ceptions,

As=1, As=1, Ai= P,

These remarks show that for m =5 the group Z./’ must contain A4, except
for m =4 when it contains Pj.

We shall now determine certain multiplications which must be contained
in Z’’. Let us suppose that m 2 3.

If 5y and h; are arbitrary elements in H then Z’ contains the multiplica-
tions

m = [hh h:lx ly"'vl]y Ne = [h2v 1’ h;ly 1,,1]
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By forming the commutator it follows that 2’/ contains

71117217:111;1 = [hlhzh—;lh;l, 1,---, 1],

hence 2’/ must contain V..
We shall now prove that in most cases 2’/ contains the group Va*. To
obtain this result let #=3 be some odd number not exceeding m. The cycle

(xly crty ¥m—1y xm)
7 =
X2y *°°y Xmy X1
then belongs to 4,.. Furthermore let

n=[hy -, ba 1, , 1]
with
(25) hihs - - - by, =1 (mod H')

be an element in V,*. The commutator
T = ﬂ_lP.l"IP = [h2h:1) hsh;lv Tty hnh::lr hlh:lﬁ ly Tty 1]

must then belong to Z’’. We shall consider = (mod V) and eliminate k, by
means of the condition (25). Since H/H’ is Abelian one finds

o T (hahic', hliz'y - - -y B - - - hghoy, Biha - - - hncyy 1, -+, 1]
(mod V)
and here the ; (i=1,.-.- -, n—1) can take on arbitrary values in H.

For k=1 the first multiplier in (26) becomes the arbitrary element h,.
Thus the group of multiplications in Z’’ must have the property that the
multiplier at any position runs through H.

Next let us make all 4; (¢=1, 2, - - - , n—1) equal to the same element k.
From (26) one obtains

r=[1,---,1, k" k% 1, -+, 1] (mod V,)
and one sees that Z’’ contains
M = [h—n’ h"v 1, Tty 1]

for any odd # such that m=n=3.
If now m=5 one can take n=3 and #=35 and by combining the results
one finds that 2/ contains

m= [h_,'y hy 1,""1])

hence it contains the full group V.*.
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In the special case m =4 one can obtain the same result as follows. The
alternating group A4 contains the substitution

X1, X2\ [ X3, X4
Y1 =
X2, X1 X4y X3
and one finds by the same process of forming commutators that 2{’ must con-
tain 74 and since it contains 7; it also contains ;. Thus it has been shown:
THEOREM 12. For m =35 the second commutator group 2.’ (H) is equal to
the first commutator group Z,! (H). For m=4 one has
SV (H) = P, UV
where V¥ consists of all multiplications
n = [hlp h2y h3y h4]
with
h1h2h3h4 =1 (mod H’).

In the case m =3 the second commutator group is contained in the basis
group, hence it must be a normal subgroup of the form determined by Theo-
rem 9. We mention the result without proof:

THEOREM 13. For m=3 the second commutator group 24! (H) is a subgroup
of the basis group consisting of the multiplications n= [y, hs, hs] where the fac-
tors are subject to the conditions

3 3 -2 -3
hl = hkl, hz = hkz, hz =h (klkz) (mod H')
and h, ki, ks are arbitrary elements in H.
One finally finds:

THEOREM 14. For m =2 the second commutator group ZJ (H) consists of the
multiplications ’

n= [hl, hz]
where hy and hy run through H' subject to the condition
hy = hy (mod H)

where H is the group generated by the commutators of an element in H with an
element in H'.

For m=2, 3, 4 one can also determine the higher commutator groups. One
can also, through similar methods, determine the commutator groups of the
normal subgroups of the symmetry.
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CHAPTER III. AUTOMORPHISMS

1. The basis group as characteristic subgroup. We shall now turn to the
problem of the determination of the automorphisms of the symmetry. Again
the case m =2 presents a real exception and we shall assume, therefore, to
begin with that m = 3. We shall assume also that the group H with respect to
which the symmetry 2,.(H) is constructed is a finite group. This condition is,
however, not essential in most of the results, but it simplifies several of the
special considerations which are necessary for the lowest values of m.

We begin our investigations by deducing the following theorem:

THEOREM 1. For m=3 the basis group is a characteristic subgroup of the
symmetry.

Proof. Let us assume that the theorem is not true. Then there would exist
some automorphism a which takes a subgroup M into the basis group V..
The group M is a normal subgroup of Z, not contained in the basis group
and hence its form is determined by Theorem 6, Chapter II.

The quotient group 2,/ V.. is isomorphic to the symmetric group S.. Since
M is transformed into V,, by @ one must also have

(1) S/ M ~Sp>~32p/Vn
Next let us write
K=MUIV,, N=MNV,.

Since K is a normal subgroup of Z,, containing V,, there exist only the follow-
ing three possibilities

‘(2) —K—=S"yu Vm, K=AmUVm, K=P4U V4,

-where as before 4, denotes the alternating group and P, the four group.

According to (1) the two quotient groups =,/ V. and Z,./M are isomor-
phic. Thus the quotient groups K/ V,, and K/M must have the same order
:and since both of them are isomorphic to a normal subgroup of S, one must
have

K/M ~K/Vn.
Then one concludes from the second law of isomorphism
3) K/Va~M/N~V,/N.

The form of the normal subgroup N can also be determined from Theo-
rem 6, Chapter II. According to this theorem there must exist a normal sub-
group S of H such that H/S is Abelian. Then N consists of all multiplications

71=[h11"'ahm]
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where the elements 7; run through H subject only to the condition
ki hm =1 (modS).

This shows that the quotient group V,,/N is isomorphic to H/S, hence Sis a
proper subgroup of H. But furthermore, since V,,/N is Abelian it follows from
(2) and (3) that one is led to a contradiction in all cases except possibly in
the two special cases

m =3, M/N =~ As,
m = 4, H/NﬁP4.

To prove the theorem also for these two cases we proceed somewhat differ-
ently. Since the two groups M and V,, are isomorphic, their commutator
groups M’ and V,! and also the corresponding quotient groups M /M’ and
Va/ Vs must be isomorphic.

The group V,. is seen to consist of the elements

(4) K=[kly"’ykm]

where the k; run through the commutator group H’ of H. We can now show
that in the case m =3 the commutator group of the cross-cut N of M and V,,
consists of the same elements (4). When k; and h; are arbitrary elements in H
the group N must contain the two elements

[hh hl_ly 1;"'91]y [hﬁy 1) hz_l, ly""]»];

thus the commutator group N’ must contain
-1 -1
(Aahohy ks y 1, -+, 1]

and consequently N'=V,/.

We obtain the desired contradiction by showing that M’ contains V,/ as
a proper subgroup. According to Theorem 7, Chapter II, there exists some
permutation in M and the proof of this theorem shows that there must exist
some permutation P in M taking x; into x,. But then for any element

7 = [hl,-”.hm]
the commutator

-1_-—1 -1
n P P = [hahy ,--- ]
must belong to M’. By a suitable choice of k; and k; one obtains that in M’

the factors of any variable in a multiplication can run through the full group
H. But according to the construction of N the group

SDOH'

is a proper subgroup of H hence M’ contains V,! as a proper subgroup.
The result obtained in Theorem 1 can be supplemented as follows:
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THEOREM 2. In the case m =2 the basis group need not be a characteristic
subgroup of the symmetry.

To prove this statement we turn to the simplest example of a symmetry
where H is a cyclic group of order 2 generated by an element a for which
a?=1. Then the group Z,(H) consists of the following eight elements:

1, [e, a], [a, 1], [1, a],
(%1, %), (xl" %2) [av a]’ (21, %2) [a! 1]! (21, %) [l' a]'

©®)

If one puts x = (x1, x2), ¥ = (%1, x2) [@, 1], then the group Z2(2) can also be de-
fined by the generating relations

(6) x? =1, yi=1, xyxt = 95,

We shall now determine the group of outer automorphisms of this group.
The two first elements in (5) constitute the center of the group and they are,
therefore, invariant by all automorphisms. Since the two last elements in (5)
are the only ones of order 4, any automorphism o must take y into y or y3.
But in the latter case one can, according to (6), multiply « by the inner auto-
morphism x and one can, therefore, always assume

) ¥ = .

The element x must be transformed under « into some other element of
order 2. It cannot be left invariant because then according to (7) every ele-
ment would be invariant. It cannot be transformed into [a, a] since this ele-
ment belongs to the center. There remain, therefore, only the three possibilities

(8) xe=[g,1], 22=[l,8], 2x== (a1, 22)[a, a].

The last alternative in (8) can be ruled out since one finds that it corresponds
to the inner automorphism defined by y. One finds that the two remaining
correspondences (8) differ only by an inner automorphism and that they ac-
tually define an outer automorphism

(xl: x2)a = [ar l]v [ar 1]“ = (xlr x2) [av a]’
((xlr x2) [a" a])a [lr a]v [11 a]a = (xl, xz).

Since this automorphism does not leave the basis group invariant, Theorem 2
has been proved.

2. The automorphisms of the basis group. Before we proceed to the de-
termination of the automorphisms of the symmetry it is necessary to make
some remarks about the automorphisms of the basis group. This is of course
the same as the determination of the automorphisms of a direct product of m
factors all isomorphic to H.

Let H be some group. An endomorphism of H is a homomorphic image
of H upon some subgroup. Since any homomorphic image is isomorphic to

)




1942] MONOMIAL GROUPS 45

some quotient group H/A all endomorphisms are obtainable from the sub-
groups of H isomorphic to some such quotient group.

The endomorphisms of the basis group Va.(H) can easily be determined
from those of the group H. The group V.(H) is the direct product of the m
isomorphic groups H each consisting of the elements

(10) 77i=[1y"',1yhinl,"'v1]-

Now let T be some endomorphism of V,(H). Then one must have

] T“) T(:,)

(11) n = [k, -, &™)

where the T® denote correspondences in H. One sees immediately that these
correspondences must be endomorphisms in H. Furthermore, since the two
elements 7; and 75; are permutable one finds that

(12) el gl = g gl (s=1,2, 0, m), i =,
for arbitrary elements % and % in H.

Through the correspondences (11) one finds the element corresponding to
the general element

(13) n = [hlr Tty hM]
to be
(1) (2) (m) (1) (2) (m)
(14) qT=[h11'1h§‘---h’,:.l,hf’hg'---hl,',.’,n-]

Conversely one sees that if a set of endomorphisms
(15) T,“) (s=1,2,---,mi=1,2---,m)
are given and the element 57 corresponding to 7 in (13) is given by (14) then
T represents an endomorphism of V,,(H) if the conditions (12) are satisfied.

THEOREM 3. All endomorphisms of V.(H) are obtainable through the possi-
ble sets of m? endomorphisms (15) of H satisfying (12), by letting the general
element 1 in (13) correspond to the element (14).

The endomorphism thus defined is an automorphism if and only if the set
of equations

Sl) T(.” T('fl)
B ket - Ryt o= B (i=1,2---,m)
have a unique solution Ay, ks, - - -, hy for arbitrary ki, ks, - - -, kb, in H.
3. Conditions on automorphisms. We shall now proceed to the actual de-
termination of the outer automorphisms of the symmetry in the general case.
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These investigations are based upon the following remarks. Let G be a group
and N some normal subgroup of G such that G splits over N

(16) G=MUN; MNN = E.

Now let M’ and N’ be groups isomorphic to M and N under the isomorphisms
o and B, respectively. Then to each element u-v in G can be made to corre-
spond a unique symbol u*-»#. Now let us determine when this correspondence
defines an isomorphism between G and a group

G =M\UN, M'N\N' = E.
Since the multiplication in G is defined by the rule

-1
M1V1© MoVe = M1M2- M2 ViM2© V2
one must have

af afp a -1 B B

H1V1- M2V2 = (Mluz) (w2 Vipz) Vs

This reduces to the necessary and sufficient condition
(17) perP(u)e = (wp )P

which must hold for all w in M and v in N.
For the symmetry one can always write according to §1, Chapter I,

(18) En=Sa\UVp  SuN\Vm=E

where S, is the symmetric group and V., the basis group. This relation corre-
sponds to the preceding (16). Now let 7 be any automorphism of Z,. Since
V.. is a characteristic subgroup for m = 3 according to Theorem 1, one obtains
from (18)

S =Sn UV, SuNV,=E.

The possible form of such a group S, is determined by Theorem 10, Chapter I.
There exists an isomorphism 7 between S, and Sj, generated by the corre-
spondence

(19) 1,97 =11, a5 - - -, @m,i)(1, %)

which indicates the elements corresponding to the transpositions (1, 7) gen-
erating S,. Here the a; ; are elements of H generating a subgroup of H homo-
morphic to the symmetric group on m —1 letters by means of the correspond-
ence

(i!j)'_)ai.ir i?ﬁ l,jié 1.

We have now the same situation as in the introductory remarks. There
exists an isomorphism a between S, and Sy, hence 7 and a can only differ in
their effect upon S, by an automorphism of S. But according to a result due
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to Holder(*), the symmetric group on m letters has only inner automorphisms
except when m = 6. Since we are only interested in outer automorphisms of Z,,
we can, therefore, when m #2 and m 6, multiply 7 by such an inner auto-
morphism that the isomorphism « between S, and S, is given by the rela-
tions (19).

Next let the T in (15) denote a set of endomorphisms of H satisfying
the permutability conditions (12). The effect of any automorphism 8 of V,,
upon any element 5 in V,, given by (13) is then expressed in (14), where it
must be additionally verified that the 8 thus defined is an automorphism and
not only an endomorphism.

After having defined the correspondences « through (19) and 8 through
(14), one can find all automorphisms of Z,, through the combination of them
in the manner indicated in the preceding. It remains only to verify when the
conditions corresponding to (17) are satisfied for the two correspondences.
One finds easily that it is sufficient to consider these conditions for generating
elements of the two groups, hence for u=(1, 7), »=n; where 7; is defined by
(10).

From

(20) (17 i)ni(lr i)_l = Mj i jr j # 11

follows first
1)

[&))] _ _
[11 A2,5y * ° a’m.i](lr i) [hfl y T T Ty hz'm](ly i) [11 02,1;') Tty aml:i]

After simplification this leads to the relations

[¢2) @
Ty T,
B =h
(21) i 1 7

arih ars=h (k =1,2,--- ’m)

which hold for an arbitrary & in H. The first relation (21) shows that if one
puts

22) 9 = T;i)’ RY = T , i,
then one has the simpler form for the automorphism 8 when j>=1:

B8 R(i) R(i) T(i) R(i) R(J')
(23) 771'=[hi r"'vhi )hi ’hJ' '°°',h1' ]’

With the notations (22) the second relation (21) splits into the two

0) @
r? 1 R
h

arih ars = , k # j,
24 W 1)
( ) a,-,;hr a,~,1.~ = hT .

(3) O. Holder, Bildung zusammengesetzter Gruppen, Mathematische Annalen, vol. 46
(1895), pp 321-422.
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Next we turn to the relation corresponding to (20) for j=1 or j=1,
(1, m(1, 9) = 9,

This leads by (17) to the following three relations deduced in the same man-
ner as (21)
T({) R(i) T(:) T(‘) T(l) R(t’) 1

(25) k*=h y h =h y h ko= dk,gh Ak,
From the second of these relations it follows that

(6] @)

(26) r=7T, =T

is independent of 4. From the first relation (25) one finds supplementing (23),
8 7 (@) (m)

@7) mo=[h, b o k]

and by combination of (23) and (27) one finds for the general element 5 in
V. defined in (13)

7 R? R(m) R® 7 R® R('n)

gy TV R
m L@ (m—1)
S A N R S
By combining the first and the last relations (25) one also has
@ M _
(29) hR = di,,'hR d,;,;

and according to (24) a;,; is permutable with any 7 and any h®™* if 1k, j=E.

After having derived the conditions corresponding to (17) it remains only
to verify that the correspondence 8 defined by (23) and (27) or (28) actually
is an automorphism of the basis group. We observe first that the permutabil-

ity conditions (12) in. this case became
thR(i) = les’)hr,
(30) JROBRD — pRW hR(”,‘ i

When these relations hold the correspondence § is an endomorphism accord-
ing to Theorem 3. To make it an automorphism the relations

T R(?) R(S) R(m)
hl h2 3 m = kl,
@) ) (m)
R T R R
hy hahs - hm =k
(31)
............. ,
R(m) R(Z) R(m-!) T
1 h2 hm—l hm = km

must have a unique set of solutions k; for any set of elements k; in H. To
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analyze these conditions we put
(32) hi = yih, ki = xiky

and form the quotient betweén the first and the ith relation (31). Using the
permutability conditions (30) this leads to the m —1 relations

r, -1 RY
(33) yi (yi ) = %
If one puts symbolically
(34) HroRS = BR,

then T—R® is a correspondence of H to a subset of itself. It should be noted
that this correspondence need not be an endomorphism. When the notation
(34) is used one can write (33) slightly simpler,
®

(35) yi ' o= G=2 -, m.
Since these conditions must be satisfied by some y; for every set of elements x;
in H, it follows that T'— R is a one-to-one correspondence of H to itself and
conversely if this is the case the y; are uniquely determined by the ;.

When (32) is substituted in the relations (31) it follows by the permutabil-
ity conditions (30) and from (35) that the relations (31) reduce to a single
condition

Rr® r™ Rr® r™

(36) Y2 C Ym hl hl o . hl = kl*

Here it is convenient to put

@) (m) @) (m)
S — }T+R +«++R = HTHR™ . ..
kS = pTHR 4o+ = hTh hE,

and it is seen immediately that
S=T+R®+ ... 4 Rm

is an endomorphism of H. If, however, there shall exist a unique solution %, of
(36) for given ki and ye, - + -, yn it is seen that .S must be an automorphism
of H. Conversely if this is the case and if all T— R are one-to-one corre-
spondences of H to itself, the correspondence § is an automorphism of the
basis group. This concludes the set of conditions for an automorphism of Z.,.
4. Explicit determination of the automorphisms. Through an analysis of
the previous necessary and sufficient conditions for an automorphism one can
obtain an explicit representation of all automorphisms of the symmetry.
Let us observe first that since the correspondence T'— R is a one-to-one
correspondence of H to itself, every element % in H can be written in the form

37 k= k(e

where % is some element in H. Let HT and H®'” denote the subgroups on
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which H is mapped by these endomorphisms. Then one concludes from (37)
that

H = HT\U HE,

But if i7%j then the elements of R are permutable with the elements ot
HE® and HT hence with all elements of H. This shows that H®? belongs to
the center of H. But since R and R differ only by an inner automorphism
they must be identical and

(38) R =R®
does not depend on %, and one can write
H = HT\U HE,

The elements a;; are permutable with the elements of HT and also with the
elements of HE since they belong to the center.

This shows that also all a;; belong to the center. But the a;; are known to
generate a group 4 homomorphic to the symmetric group on m—1 letters.
Thus one has only the two possibilities

A~1, A>~Sn1/Ana.

In the first case a;;=1 for all 7 and j. In the second case 4 is cyclic of order 2.
Thus one can put in both cases

(39) a;; = a, i # 7, a? =1

where a belongs to the center of H.

The endomorphism R projects H upon a subgroup of its center. One sees
that such an endomorphism can only exist if the anti-center, i.e., the quotient
group of the commutator group of H has a subgroup isomorphic to a subgroup
of the center. One sees also that if R has this property and if the a;; are defined
through (39) then all the preceding conditions are satisfied except that it re-
mains to verify that the correspondence 8 in (28) actually is an automorphism.

Under the conditions just derived the relation (28) simplifies to

(40) n'= Ry hap" - imp']
where we have put

(41) S=T-R

and

(42) p=hbhe+ - hn

It should be noted that since H® belongs to the center the correspondence S
in (41) is actually an automorphism of H.
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The correspondence (40) can obviously be considered the product of two
correspondences of the form

L[4

n = [, ekl
n* = [hlpxy thxy Ty hmPK]

where S and p are defined by (41) and (42) while K=RS! is also an endo-
morphism projecting H upon a subgroup of the center. Since ¢ is an auto-
morphism of V, the correspondence f is an automorphism if and only if «
has this property. By a previous method one sees that this is the case if and
only if the correspondence

h— h(hm)E = pt+mK

is an automorphism of H. This last automorphism is a central automorphism
where every element is multiplied by an element in the center.
We have thus finally arrived at the main result:

THEOREM 4. Let m=2 and m#6. Any automorphism of the symmetry
Z.(H) can be obtained by transformation from an automorphism 7 constructed
in the following manner:

The images of the permutations in Z,, are determined by

(11 i)' = [ly a, - --°,a, 17 a, -, 0](1, i)r
G, )" = [a, -+, alGs, 5), i1,

where a is any element of order 2 belonging to the center of H. The image of an
element in the basis group

n = [k, hay -+, hn)
is
1" = [(hap®)5, (hep®)S, - - -, (hmp)5]
where S is any automorphism of H and
p=hihse - b,

while K is any endomorphism of H projecting H upon a subgroup of its center
in such a manner that 14+mK is a central automorphism of H.

From this result all outer automorphisms of Z,(H) can be determined.
Let us find the conditions for Z,.(H) to be a complete group, i.e., a group in
which all automorphisms are inner automorphisms. First it is easily observed
that the correspondence determined in Theorem 4 for the permutations in Z,,
cannot be obtained by an inner automorphism except when a=1. Thus the
center of H can contain no elements of order 2. When e¢=1 all permutations
in 2, are left invariant by 7 and the only inner automorphisms in Z,, which
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will have this property are the scalars [k]. Next let us choose K such that
kX =1 for every k in H. Then one finds
T S S
n = [hly"'yhm]
and this can only be obtained by transformation with a scalar if S is an inner
automorphism of H. Finally a correspondence

777=[hlva""hmpx]

is never obtainable by transformation with a scalar except when #X=1 for
every h. Thus we have shown:

THEOREM 5. Let m#=2 and m6. The necessary and sufficient condition for
the symmetry Z.(H) to be complete is that H be complete and have a center of odd
order. Furthermore, there shall exist no endomorphism K of H such that HX be-
longs to the center and 1+4+mK is an automorphism of H.

If H has no center Z,,(H) is complete if and only if H is complete.

Theorems 4 and 5 give the main results on the automorphisms of the sym-
metry when m>2 and m#6. The case m =2 will be considered in the follow-
ing. The case m =6 is complicated by the fact that in this case the group Sn
has an outer automorphism. But since this automorphism is known(*), the
preceding method can be used to determine the automorphisms of Z,, also
in this case. Since the calculations are somewhat laborious they have not been
carried through here. It would be of interest, if someone would take the
trouble of carrying through this investigation.

5. Automorphisms for m =2. We shall now analyze the automorphisms of
the symmetry in the exceptional case m =2. As we have already observed in
§1, the basis group Va:(H) need not be invariant by the automorphisms of
Z,(H). We shall say, however, that an automorphism is regular if it does have
the property that it leaves Vi(H) invariant. We shall show a little later that
except for a special type of groups H the automorphisms of Z;(H) are always
regular.

We shall first determine the form of the regular automorphisms of Z.(H)
by the same method as the one used in §3 in the general case. According to
Theorem 2, Chapter I, the symmetry splits regularly over its basis group and
it can be assumed, therefore, corresponding to (19) that we have multiplied
the regular automorphism 7 in question by an inner automorphism such that

1, 2)" = (1, 2).

(%) According to O. Hélder (loc. cit.) the single outer automorphism to be considered may
be taken as

(1,2 = (1,2E,96,6, 1L,3)=>1 602945, 1,912 96, 6),
1,5 = (1,302,946, (1,6 —(1,4)Q26,9).
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Furthermore one must have
r (1) 1 r (2) (2)
[, 1] = (B, ba* 11, k) = [, B ]
with the permutability conditions (12). By taking the image of the relation
(1, 2)[#, 1], 2) = [, #]
one obtains the conditions

T=T\"=Ty, R=Ti =T

and consequently
r T R T R
[hl, hz] = [hl ha, he'hy ]
where the elements of the two groups HT and H® are permutable. It remains
only to determine when this homomorphism of V,(H) is an automorphism.
One finds that the relations
ks = by, hahi = ks

can be solved uniquely for %, and &, with arbitrary &, and k. in H if and only
if T—R is a one-to-one correspondence of H to itself while T+ R is an auto-
morphism of H. Thus we have shown:

THEOREM 6. For m=2 a regular automorphism of Z.(H) differs only by an
inner automorphism from the automorphism defined by

1,2 =(@,2),
T R T R

[y, B = (M1, hahy]
where the endomorphisms T and R of H have the property that
hihs = hyhy
and T+ R is an automorphism of H while T — R is a one-to-one correspondence
of H to itself.

The existence of two such endomorphisms T and R of H implies a permut-
able decomposition

H = HT\U HE

Conversely if a permutable decomposition of H exists then one can obtain
by a few additional conditions that endomorphisms T and R with the desired
properties will exist. We shall not discuss these conditions here.

We shall now determine when irregular automorphisms of Z;(H) can exist.
For an irregular automorphism 7 there must exist some subgroup M such that
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M = Vy(H).
Here M must be normal and obviously
Z(H) = M \U Va(H).
Since M is isomorphic to V; one can write
(43) M=HXH

where each direct component is isomorphic to H. The group M must con-
tain cycles

X1, X2
(49) 7=(
axs, bx;

and consequently at least one of the groups H and H contains such cycles.
Since M is normal in Z; and since any transformation of M results in some
other decomposition (43) we can assume that H contains a cycle

X1, X2
(45) Yo =

X2, X1
in the normal form.

The centralizer of such a cycle (45) has already been determined in §4,
Chapter I and it was found to consist of the elements of the form

'y;[c, c] (:=0,1)

where ¢ is any element in the centralizer of a in H.

The order of the centralizer of vy in Z; is, therefore, 2¢, where ¢, is the
order of the centralizer of @ in H. On the other hand, all elements in H must
belong to the centralizer of v, according to the direct decomposition (43).
Furthermore some elements of H, for instance the powers of 7o must belong
to it. Thus the order of the centralizer becomes at least 7, - ny where 7, is the
order of v, and 7y the order of H. By comparison with the previous determina-
tion of the order of the centralizer this can only be possible if ¢, =ng and 1, =2.
But then

2
vo=l[a,a] =1
and a=1, so that v, in (45) takes the special form o= (x;, x2). It has been

shown, therefore, that every cycle v in (44) contained in H has the order 2
and consequently it has the special form

X1, X2
Y= .
axs, a7lx;

Now let us assume again that H has been so transformed that it contains
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Yo= (%1, x2). We expand H in cosets
H = H, + vHo

where H, is the normal subgroup of H consisting of its multiplications. If
[a, 8] is an element of H, then v,[a, b] is a cycle contained in H and from
the preceding result it follows that b=a~'. Thus all the elements of H, have
the form

a = [a, a ).
If
B =[6,07]
is another element in H, then their product
af = [ba, b~'at] = [ba,.(ba)]

is also in H,. This implies ab="ba and H, is Abelian. Since H is isomorphic to H
this shows that H is obtained from an Abelian group H, by an extension of
order 2.

One can make a further statement about the group Hj. It follows from the
preceding that the group H cannot contain any other elements of the cen-
tralizer of v, than 1 and v, itself. However all elements [a, a] belong to the
centralizer of v, and such elements must be contained in H if H, contains an
element [a, a~1] with a?=1. This occurs if and only if H, contains elements of
order 2. Hence we have shown:

THEOREM 7. Irregular automorphisms-of Z:(H) can only exist if H con-
tains a normal Abelian subgroup H, of odd order and index 2.

If H has the form indicated in Theorem 7 one can write
H =A\JH,, ANH,=E
where
A4

I
—~——
1S}
——
-
(5]
o
I
p——

is a cyclic group of order 2. Let us write Vi(Ho) for the group consisting of all
elements

[, b]
where £ and £ run through H, independently. Obviously V3(H,) is a nor-
mal subgroup of Z.(H). Since its order is an odd number it is relatively prime
to its index 8, consequently Va(H,) is a characteristic subgroup. It is also seen
that Z,(H) splits over Va(H,):

(46) Z2(H) = Z5(4) Y Va(H,), 2:(A) N\ Vy(Hy) = E
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where 22(4) is the group of order (8) whose elements are given in (5). We
have shown that Z,(4) was the simplest group for which irregular automor-
phisms existed.

The automorphisms of Z:(H) can now be constructed by the method in-
dicated in §3 from the decomposition (46). The possible automorphisms of
Va(H,) are defined by

. m ) (2) @)
[ 1] = [, &7 1L k)" = [, B ]
where k; and k: are elements of H, and the T denote endomorphisms of H,
satisfying the permutability conditions (12).

Since the order of V,(H,) is relatively prime to its order the group Z:(H)
splits regularly over V,(H,), i.e., any other group which can replace Zs(4)
in (46) is obtained from 2:(4) by an inner automorphism. Since 7 may be
multiplied by an arbitrary inner automorphism one can assume that 7 leaves
22(4) invariant. This means that the 8 elements of Z3(4) are transformed
by 7 according to the automorphism of Z,(4) already determined in §1. The
elements

x = (21, x2), y = (%1, %2) [a, 1]
generate the group and one has according to (7) and (9)
"= [a,1], 3y =y.

The method indicated in §3 can now be used. We shall not go into the details
of the calculations, but only give the final result:

THEOREM 8. Let H be a group for which Z.(H) can have irregular automor-
phisms. Then H has a normal Abelian subgroup H, of odd order and of index 2,
hence

H={a}UH, a*=1.
The irregular automorphisms of Z:(H) are then determined by

(%1, 29)7 = [ar 1]’
[a’ 1]' = (%1, %2) [av a]’ [11 a]' = (%1, %2),
and
[, ba]” = [(mahD)”, ()", b, b in H,,
where h*=aha™' and T denotes an automorphism of H, such that
(h%)T = (k7)o

Furthermore the element a must satisfy the condition that every element in H, is
expressible as a commutator hah~'a=*.
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CHAPTER IV. MONOMIAL REPRESENTATIONS

1. Construction of monomial representations. Let G be some group. A
monomsial representation of G is a homomorphism of G to some subgroup Mg
of the symmetry Z,,(H) of some group H. A monomial representation may
also be considered a homomorphism of G to a set of matrices such that to
each g in G there corresponds a monomial matrix M,, i.e., a matrix of the
special type that each line and column contains only one nonvanishing ele-
ment. Since the multiplication of such matrices involves only the products of
the elements which occur in them, one can suppose that the elements in the
monomial matrices belong to some group H.

If K is some normal subgroup of H then any monomial representation in H
also gives a monomial representation in the quotient group H/K simply by
considering the elements of H (mod K).

For the monomial groups one can introduce the analogues of the ordinary
concepts of transitivity and primitivity. Any monomial representation can be
written uniquely as a product of transitive representations.

All transitive monomial representations of a group can be obtained by the
following construction:

Let H be a subgroup of G of finite index m and let

¢)) G=Hgi+ -+ Hgn, & =1,

be the corresponding coset expansion. Then for any 2 in G one has a relation

(2
(2) gz = hi ga
This relation defines for each z a monomial substitution
X1y X2, cr oty Xm
0 e, ),
' hiZ)xz:h h; )xz:2v Ty hf(n)x::m

The elements £ in H shall be called the factors of z. If ¢ is another element
in G and

0)
git = hj guj
then

g;(zt) = h.'mg.:it = hi(nhz(:ts’)gtz:t'y

and one sees that

M,g = M;M,.

This shows that there exists a transposed homomorphism between the ele-
ments in G and the monomial substitutions (3). One can of course obtain a
direct homomorphism by letting M, in (3) correspond to the element z~1.
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If K is any normal subgroup of H then one obtains a monomial representation
of G with respect to H/K by considering the factors 4 in (3) (mod K).

From the manner in which the construction of the monomial representa-
tion has been performed it follows that there exist substitutions M, taking an
arbitrary variable x; into any Ax;. The elements in H correspond to substitu-
tions for which x;—hx; and those in K to substitutions in which x;—x;.

Conversely it is easily seen that all transitive monomial representations
may be obtained in this manner. For a given monomial group, the group H
consists of those substitutions for which x;—#;x; and K those for which x;—x:,
while the generator g; in (1) is taken as the substitution for which x;—x;.

The preceding theory applies only to a group G having a subgroup of
finite index. There is however no serious difficulty in extending the theory to
the case of an arbitrary transfinite number of cosets in (1). This would in-
volve the extension of the theory of the symmetry Z,.,(H) to such transfinite
degrees.

The question immediately arises when the monomial representation is iso-
morphic to the group G. If an element z shall correspond to the unit substitu-
tion, one must have, according to (2), g:zgi'CK for all 7, hence K contains
a normal subgroup of G. Conversely all the elements of such a subgroup of K
must correspond to the unit substitution.

We may summarize these results as follows:

THEOREM 1. All transitive monomial representations of a group G are ob-
tainable by selecting a subgroup H of G and a normal subgroup K of H and con-
structing the monomsial representation of G in H/K by the coset expansion (1)
and defining the factors of the substitutions from (2). The corresponding repre-
sentation is isomorphic to G/N where N is the largest normal subgroup of -G
contained in K (5).

2. Various pronerties of the monomial representations. We observe first
that the monomial representation of a group obtained by the process just in-
dicated depends on the choice of the representatives g; in the coset expansion
(1). If g, is replaced by

g = hig:
then one finds from (2,

giz = l;ig;z = Eih:”gz:i = ilihi(”};z_:ligz:iy

hence the factors in the new representation are

fi = hih¥hn.

But this shows that M, is replaced by the substitution
(®) See W. K. Turkin, loc. cit.
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M, =M«
where « is the multiplication
k= [k, k]

One could also have changed the order of the cosets in (1) and this would
have the effect of renumbering the variables x;. But any such change can also
be obtained by transforming M, by a permutation and we can therefore say:

THEOREM 2. All the different transitive monomial representations of a group
G in quotient group H/K which can be obtained through permutations of cosets
and change of representatives are conjugate subgroups of Zn.(H/K). Conversely
any two transitive conjugate subgroups of Z.,(H/K) can be considered as repre-
sentatives of the same group where one representation is obtained from the other
by the two processes indicated.

The actual determination of the monomial substitution corresponding to
a given element z may often be made by such a transformation. One chooses
the representatives in the coset expansion (1) in sets

(4) g gizy = -, garl !
where f; is the smallest exponent such that
gz’* C Hg:
or
zf" C g,Tng.-.
If one writes
©) giali = dig;

then one finds that in the monomial representation z— M, where M, is in the
normal form

LS TORR I TAR N T
(6) M, = H( ¢ Y
i=1 \Xg, * * *, X5, dix,

The cycles in this substitution correspond to the terms in the expansion of the
group into double cosets

(N G=HZ+HgZ+ --- + HgnZ

where Z = {z} is the cyclic group defined by z. Each double coset in (7) con-
tains f; cosets with respect to H and

®) Ssi=m
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These remarks permit us to decide when the substitution M, correspond-
ing to z can be transformed into a permutation. In this case one must have
d;=1 in (6) for every ¢ and one concludes:

THEOREM 3. Let 3 be an element in G and M, the monomial substitution cor-
responding to z in the representation of G with respect to a quotient group H/K.
Then a necessary and sufficient condition that M, be transformable into a per-
mutation is that the elements of the cyclic group Z = {z} and its conjugates which
belong to H also belong to K.

One can also find when the monomial substitution corresponding to z is a
multiplication. In this case one must have, for every g; in (1),
(2)
9) iz = hiz 8
or
-1
gizgi C H;

hence the element z must belong to a normal subgroup of G contained in H.
Conversely if z belongs to such a group the relation (9) will hold.

THEOREM 4. Those elements of G which correspond to multiplications in the
monomial representation of G with respect to H/K form a group which is the
greatest normal subgroup of G contained in H.

Let us consider briefly the case when H is normal in G. Then every element
in G has the form z=hg;. The monomial substitution corresponding to % is
determined by

gih = Ky, K = ko,
hence M, is the multiplication
My = [ho, -, hon].
Corresponding to the representative g; in the coset expansion one has
gi8i = [i.igi.i

where the f;,; form the factor set of the extension G over H, hence

X1, ct oty Xm
M, = (/ .
’ Li%,5 "y fmi%m,j

3. The normalizer of a subgroup in the symmetry. Let G be a group repre-
sented monomially with respect to a quotient group H/K. As a subgroup of
the complete monomial group 2,.(H/K) the group G will have a certain nor-
malizer Ng. We shall now study the properties of those automorphisms which
the elements of N¢g induce in the group G.
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Let v be an element of N¢ taking the variable x; into x;. One sees then that
(10) vHy™! = »H,'

where H; is the subgroup of G consisting of those substitutions multiplying x;
by a factor. This shows that » transforms all groups H; among themselves.
Now there also exists some inner automorphism g of G such that

gHg™ = H;
and one finds
pHy' = H, p=ygt

One needs therefore only to study substitutions u transforming H into itself.

But if
(xl’ PR )
k= My, - - -

one can multiply u further by such an element in My that 2;=1. In this case
one sees that

wHu' = H, pKpt'=K

and further by transformation with u the quotient group H/K is left element-
wise invariant.

Conversely let A be an automorphism of G leaving H/K elementwise in-
variant. Then one can associate with A a monomial substitution

( FRIEEN 78 “ e )
M=

cey bi%a,
where the factors ¢; are defined by

4
8i = liga:s.

Next we form the substitution

e e, i, .
oM ut = (2)
SRR P ) P A B T e PRI
for an arbitrary element z in G. We shall show that
uM gyt = M A
To construct the factors of M.4 we observe that

A -1 A -1 (z) A
gz = tati(ganiz) = tA“:s(h:":.‘gm":i)

and since A4 leaves H/K invariant
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A (2)
g8 = ta kot AN igaat

as desired. We have proved therefore :

THEOREM 5. Let G be a group which is represented as a transitive monomial
group of degree m with respect to a quotient group H/K. Then the normalizer N¢
of G in the symmetry Z,,(H/K) consists of all those substitutions which aside
from a factor in G induce such automorphisms in G that the quotient group H/K
1s left elementwise fixed.

Under certain circumstances all automorphisms of G may be induced by
the elements of the normalizer Ng. Let us determine when this occurs. We
denote by A4 an arbitrary automorphism of G. Then one must have

HA=H"=HUS

for some g; in G, hence 4 has the effect of an inner automorphism upon H
and H is a typical(®) subgroup of G. Then B=4g;!leaves H invariant and

KB =K, K4=K®,

hence H and K are compagible typical subgroups. Finally H/K must be left
elementwise invariant by B.

THEOREM 6. The necessary and sufficient condition that all automorphisms
of G shall be induced by the elements of the normalizer N¢ of G in the symmetry
Z.(H/K) is that H and K be typical compatible subgroups of G such that any
automorphism of G which leaves H fixed, shall, aside from an inner automorphism
of H, leave the quotient group H/K elementwise fixed.

The conditions of this theorem are satisfied when:

1. H is typical,

2. K is characteristic in H,

3. H/K is complete, i.e. all automorphisms are inner automorphisms.

The two first conditions are, for instance, always satisfied for a Sylow
group and its normalizer.

4. The centralizer of a subgroup in the symmetry. Again let G be a group
represented as a monomial group with respect to a quotient group H/K. As a
subgroup of Z,(H/K) the group G has a certain centralizer Z¢ whose proper-
ties we shall now study.

The center C of Z,, consists of the multiplications

w=1lc, -, c]

where ¢ belongs to the center of H/K. Obviously the center of Z,, belongs to
Z. We can prove further:

(%) Such groups will be studied in greater detail in another paper on group theory which
will be submitted for publication shortly.
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Any multiplication in =, belonging to Z¢ must belong to the center C of Z,.
Proof. Let the multiplication
p=lo, - cal
belong to Z¢. Since there exist elements in G carrying x; into hx; for any ¢,
where % is an arbitrary element in H/K, one must have
c.-hc:l =h

and ¢; must belong to the center of H/K. Furthermore since G contains ele-
ments carrying x; into x; one finds ¢, =c¢; for every .
Next we show:

Let o be a substitution belonging to Zg which only changes some variable by
a factor. Then o is a multiplication and belongs to the center of 2.

Proof. Let ¢ take x; into Ax; and let M, be some substitution in G carrying
x; into some other variable x;. Then one finds

oIlx; = ch,:x; = M,o:x.- = M,:hx; = hxj

and ¢ is a multiplication. This result also shows that two substitutions in Z¢
taking a variable x; into the same variable x; differ only by a factor which is
an element of C.

We shall now give a method of constructing elements of Z, which belong
to Zg. Let 2z be an element in G which belongs to the normalizer of H and in
addition has the property that it leaves the quotient group H/K elementwise
invariant by transformation. Then one can associate with z a unique mo-

nomial substitution
. o , xi’ . o e
S, =
...’t‘.x’:’.’...

28i = life:i.

where

Next let y be an arbitrary element in G and let us consider the product zg;y.
By the associative law this product, which belongs to G can be evaluated in
two ways, namely, first

)
(28)y = (bige:t)y = Likhars gyasis

and secondly by the stated property of z

) W)
2(giy) = zhi' By = hi by:igeys.

This implies, however, M,S,=S,M,, hence S. belongs to Zg.
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We have thus established a correspondence z—.S, between the elements 2
of G which leave H/K elementwise invariant by transformation and certain
elements S; of Z¢. This correspondence is seen to be a homomorphism and the
elements corresponding to the unit element are the elements of K.

Now conversely let
S _ <xl, “ . )
hlx.” . s .

be an element in Zg. Then there exists an element z in G such that

xl, . ..
.= (o)
hlxi, . ..
and the element z is determined uniquely (mod K). Let M, be the substitu-
tion corresponding to an arbitrary element % in H. Then

MMM = MMM, S Mz = MS Maias = MoS ihxy = huzy,
This shows that
MMM, = M, (mod Mx),

hence M, and 2 have the property of leaving H/K invariant by transforma-
tion. By this correspondence between S and 2z the unit element corresponds
to the elements in K. We have shown therefore:

THEOREM 7. The centralizer Zg of a group G in the symmetry Z.(H/K) is
isomorphic to the quotient group M/K where M consists of the elements in G
which have the property of leaving the quotient group H/K elementwise invariant
by transformation.

One may ask finally when the centralizer consists only of elements in G,
hence when Zg is equal to the center of G. Let 2z be an element in G leaving
H/K invariant by transformation. The corresponding substitution S, belongs
to G if there exists an element y in G such that zg;=g.;y (mod K). Clearly y
must belong to the center C¢ of G and for =1 one finds z2=7y-k where k be-
longs to K. This gives immediately:

THEOREM 8. The necessary and sufficient condition that the centralizer of G
in Z.(H/K) be the center Cg of G is that

M=CGUK

where M denotes the subgroup of G whose elements have the property of leaving
the quotient group H/K elementwise invariant by transformation.
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