HOMOMORPHISMS AND MODULAR FUNCTIONALS

BY
SAUL GORN

This paper is concerned with complemented modular lattices containing
the elements O and I. The first part treats of homomorphisms of the lattice L,
their existence, determination and invariant properties. The second considers
norms (i.e., sharply positive or, alternatively, strictly monotone modular
functionals) and quasi-norms (i.e., positive or monotone modular functionals)
on L, their interconnections, and necessary and sufficient conditions for their
unicity up to linear transformations.

There are six main parts to the paper, as follows:

1. The homomorphism theorem. The dual concepts of g-ideal and w-ideal
are defined for general lattices. Duality is essential throughout the paper.
The C-operator, which takes all elements of a subset of L into their comple-
ments, is introduced, and C-neutral ideals are defined as those which appear
in complementary pairs a, a. Theorems 1 and 2 state that any C-neutral pair
of ideals determine a congruence in L by means of any one of six equivalent
conditions. These conditions are recognizable as those appearing in Boolean
algebra, but the proof of their equivalence in the general case considered here
is far from trivial, since it requires the fundamental Lemma 7. Theorem 3
states that all congruences are thus obtained from C-neutral ideals. Quotient
lattices L/a are defined, and it is obvious that every homomorph of L is
equivalent to an L/a. For example, consider a regular Carathéodory measure
in a metric space, the measure of the space being 1. In the Boolean algebra of
measurable sets, the sets of measure 0 and measure 1 are complementary
C-neutral ideals, the first o, the second m, and the quotient lattice is iso-
morphic with a sublattice of the G;'s.

2. The preservation of normal ideals under homomorphism. The opera-
tors ¢4, ¢x, and ’, are defined. By means of the first two we define normal
ideals, the upper and lower segments of MacNeille’s cuts, whose main reason
for existence is to make up for the “gaps” when L is not complete. The main
theorem (Theorem 7) states that a homomorphism preserves normality for
bDa; and the pre-image of a normal ideal is normal if a is normal. The pre-
liminaries to Theorem 7 state in effect that the operators C, ¢, and ’ preserve
complementary C-neutrality for pairs of ideals, yielding by iteration at most
three pairs from a given a and a. It follows that normality in our definition
is a proper generalization of Stone’s in a Boolean algebra. Lemma 12 gives a
connection between neutrality and distributivity parallel to that for comple-
mentary neutral elements, g, 4.
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3. Ideal reducibility. This concept generalizes that of reducibility. Essen-
tially it means that if L were complete, it would be reducible. L/a is ideally
irreducible if and only if a is maximal (Theorem 8—prime, for w-ideals).

4. Relationship between norms and quasi-norms. Every quasi-norm de-
termines a complementary pair of C-neutral ideals, a, @, the elements whose
quasi-norms are 0 and 1 (Theorem 9); furthermore (Theorem 10) the quasi-
norm determines a norm in L/a, and every quasi-norm is determined by the a
and the norm in L/a.

5. Unicity of norm. If L is reducible, its norm is not unique (Lemma 15).
This result is elementary and is probably well known. The converse is false;
ideal irreducibility is needed. As an example of 4 and 5, since the only irreduc-
ible Boolean algebra is {0, I } , the measure function in 1 is unique if and only
if every measurable set is either of measure 0 or of measure 1. The Wilcox-
Smiley continuity conditions on a norm are introduced. Essentially, they say
that none of the gaps in L affects the norm. If a norm satisfies these condi-
tions, then (Theorems 11 and 12) L is ideally irreducible if and only if the
norm is unique, which in turn is true if and only if the complete envelope of L
is irreducible. von Neumann'’s theorem on the unicity of dimension in a con-
tinuous geometry is needed in the proof.

6. Normality. If a quasi-norm in L satisfies the W.S. conditions, then
(Theorem 13) the ideals determined as in 4 are normal. Hence (Theorem 14)
the quasi-norm is unique, by 3, if and only if a is maximal or prime.

By a w-ideal a in L, we mean a set of elements such that ¢, b&a imply
ab&a, and such that a €a, ¢ 2a imply cE a. The dual of this statement defines
a o-ideal. The letters a and b refer exclusively to ideals.

If ACL, then by CA we mean the set of all complements of all the indi-
vidual a€4. If 4 = {a}, we write Ca instead of CA. Note that CCADA4. By
means of Lemma 2 below, it is easy to see that if a is a w-ideal, Ca is the set of
all x for which xa =0 for some a&a; the dual statement holds for o-ideals.

We call a a C-ideal if Ca is a - or g-ideal. Note that if a is a C-ideal and
a m-ideal, then Ca is a o-ideal, and vice versa.

We shall never use a ’ to indicate a complement of an element. On the
other hand, a bar over a letter will always indicate that we have before us a
uniquely determined complement.

An ideal a is called neutral (the terminology is due to G. Birkhoff, p. 59,
footnote) if a’Ea whenever ¢€a and ¢’ has a common complement with o
(i.e., whenever a and a’ are perspective, and hence projective); in other words,
a is neutral if CCaZa. Thus, a is neutral if and only if it is CC-closed, i.e.,
CCa=a. Notice that in this definition Ca need not be an ideal. We leave the
relationship between neutral and C-ideals an open problem and define a
C-neutral ideal as a neutral ideal which is also a C-ideal.

It is easy to see that for principal ideals, a(a) is neutral if and only if a
is neutral, which is the case if and only if a(a) is a C-ideal. For principal ideals




1942] MODULAR FUNCTIONALS 105

the C-ideals and the neutral ideals are the same. Only Lemmas 3 and 6 below
are needed to prove these statements.

If a is C-neutral, we write & instead of Ca. If ¢ is neutral, we write @ for
its unique complement. By the complement of a in b, where a <b, we mean
the complement of a in L(0, b); dually, by a complement of a over b, where
a>b, we mean a complement of a in L(b, I).

LEMMA 1. Ifa=b=c=d and r is a complement of b in L(a, ¢) and s is a
complement of ¢ in L(a, d), then rs is a complement of b in L(a, d). Dually, we
get a corresponding theorem using a<b=c=d, r+s, and L(c, a), L(d, a).

For, by hypothesis, we havea=r=c,a=s=d, b+r=a, br=c,and s+c=a,
sc=d; hence,
d = sc = s(rb) = (rs)b,
and

btrs=rs+b(s+ec)=rs+bs+c=(rs+¢c)+ (bs 4 ¢)
=rs+c)+bs+c)=r+b=a.
LEMMA 2. If xa =0, then there is a b&E Ca with b=x.

For,let 2&C(x+a); then the dual of Lemma 1with O<a <x+a<1I,xforr,
and z for s, gives us x+2€E Ca.

LeMMA 3. Ifa,a’ECband a’ Za, then a=a’.
For, since I=a'+b and O=ab, a=a(a’+b)=a’+ab=a’.
LemMA 4. If x<a and b& Ca, then there is a y & Cx for which y=b.

For, since ab= 0, xb <ab= 0. It therefore follows, by Lemma 2, that there
isa y& Cx with y = b.

LeMMA 5. If a1 a:= a3 and by 2 bs with b; & Ca;, then there is a by & Ca, with
b12 b2 = bs.

For, by Lemma 4, we may take ¢; b, with ¢2€ Caz and b, =b;+asc, < by,
Then

4 a2+ b2 = a2 + ascs + b; = a3(a2 + ¢2) + by = as + b3 = 1,
an

by = ashy = as(bs + asz) = ashs + asc2 = ascs;
so that asbs < asca = 0. Consequently azb:=0.

LEMMA 6. If b<a and a is neutral, then c 2 d for any cECb. Dually, if b>a
and a s neutral, then c < @ for any cE Cb.

For ab<da=0 and I =b+c. Hence ¢ =ab+dc=dc. In the dual, note that
for neutral elements @ we have a=(a+b)(@+c).
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LemMma 7. If ais a C-neutral w-ideal, then for any x EL and tEa, any com-
plement of tx in x is in a. Dually, if a is a C-neutral o-ideal, then, for any x&L
and tEa, any complement of t+x over x is in Q.

For let # be a complement of ¢x in x and y& Cx; then an application of
Lemma 1 to O=<tx=<x=1I gives u+y&C(tx). It follows that O=ix(u+y)
=t(u+xy)=tu. Hence u&a.

THEOREM 1. If a 15 a C-neutral w-ideal and &= Ca, then the following rela-
tions between a and b are equivalent:

1. There is a tEa with ab= (a+b)t.

1’. There is a uEa with a+b=ab+u.

2. There is a tEa with at=>bt.

2!, There is a u<a with a+u=>b4u.

3. Therewsat&aand a uEa with a=bt+u.

3'. Thereis a tEaand a uEa with a=(b+t)u.

By duality, we need only consider the proofs that 1’ follows from 1, and
that 1 implies 2, which in turn implies 3, which finally implies 1.

In proving that 1’ follows from 1, we may assume that there is a tEa for
which ab= (a+b)¢, and must find a #&a for which a+b=ab+u. Using a+b
for x in Lemma 7, let # be a complement of (a+b)¢t in a+b; uEa. Hence
abt+u=a+b.

Condition 2 follows from 1:at=a(a+b)t=aab=ab=bab=0b(a+b)t=>bt. To
show that 2 implies 3, let # be a complement of a¢ in a; a =bt+u. But, by
Lemma 7 u&a.

The proof that 3 implies 1 presents the greatest difficulty. We are given a
tEa for which a=bt+u, where <€ d, and must find an element of awhich
gives ab when multiplied by a-+b. Since a=bt+u, a+b=b+u. Applying
Lemma 7 to b4u over b yields a hEa with (b+u)h=b, i.e., (a+b)ty=>. Now
apply Lemma 7 to @ =bt+u over bt; we get a t,& a for which aty = (bt+u)t; = bt.
Another application of Lemma 7, this time to bf under b, gives us a #,&a with
atatus=bt+u;=>. It follows that a+b=a-+wu,. This permits us a final
application of Lemma 7, to a+u; over a, providing a #&a for which
(a4b)ts=(a+usz)ts=a. Using this last equation with the corresponding ex-
pression for b (from our first use of Lemma 7), we get (a +)tits = (a +b)t1(a +b)ts

=ba, where HitsE asince 4, ;& a.

THEOREM 2. Define a=>b to mean that any one of the six equivalent conditions
of Theorem 1 holds between a and b. Then = is a congruence relation, the ele-
ments =1I form a, and the elements =0 form a.

For, since al =al, a=a; if at=>bt, then bt=at, so that a=b implies b=a.
If a=b=c, then ati=>bt and bta=ct, where ¢;Ea; it follows that #i,&a and
atits = ctit;. Hence a=c.
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Suppose a=b and c=d. On the one hand at;=bt, ctz=dt:, where t:Eq;
tts€a and actits=>bdtits, hence ac=bd. On the other hand, a+u1=b+u,
c+us=d-+us, where u; Ea; us+usEaand (a4c)+ (urtuz) = (b+d) + (u1+uy),
hence a+c=b-+d.

Finally, a=1, at= It for some ¢Ea, at =t for some t&a, ¢ = ¢ for some {Eaq,
and ¢ € a are equivalent conditions.

THEOREM 3. If 0 is a congruence in L, then the set of elements =1 is a
C-neutral w-ideal a, and the set of elements =0 is the C-neutral o-ideal @, and 0
is the same as the congruence determined by a (or @) tn Theorem 2. (This is an
amplification of Birkhoff's Theorem 4.3.)

If a=I and b=a, then b=1I;if a=1I and b=1, then ab=1; hence the ele-
ments =1 form a w-ideal, a; the dual statement holds for the elements =0.
But if a=1 and ab=0, then O =ab=1b="0; hence the elements =0 form the
set Ca. which is therefore an ideal, and a is a C-ideal; but dually we have
a = CCa, so that a is neutral. Now if a=5(0), then ab=a+5b(0); take ¢ a com-
plement of @b in a+b, so that ab+¢=a+b, and abt=0; condition 1’ of Theo-
rem 1 then follows, since ¢t= (a+b)t=abt=0. Hence a=b(a). If a=0(a), then
there is a #€a for which a+u=b4u; ©u=0(0), hence a=a+u=b4+u=5b(0).

COROLLARY. If L is a complemented modular lattice, then the congruences
in L arein (1, 1) correspondence with the C-neutral w-ideals (o-ideals) in L.

The proof is obvious.

If ais C-neutral, we define 4, to mean the set of all x=a(a); we also define
L/a to mean the set of all 4,, where A,+Ay=As4s, AcAs=Aam, and hence
A.=A4, if and only if ab=a(a). Note that L/a is a complemented, modular
lattice with Ao and A for O and I. A* is defined to mean the set of all 4, for
which a € A4.

CoOROLLARY. If L is a complemented, modular lattice and is homomorphic
to the lattice L', then L' has an O and I, the elements of L homomorphic to O form
a C-neutral o-ideal a, those homomorphic to I form @&, and L’ is isomorphic
to L/a.

The proof is obvious, since “e¢ and b have the same homomorph” is a con-
gruence relation.

LemMA 8. If d*E Ca*, then there is a b & Ca for which b* =d*. The converse
is obvious.

For if the congruence ideals are a, @, the first being a ¢-ideal, then
(ad)* =a*d*=0*, i.e., adEa. Take t&ECad, so that t€a; then di=d, and
a(dt)=(ad)t=0. By Lemma 2 there is a b=dt with b&ECa; therefore
b=b+dt=b+d and consequently b*=(b+d)*=b*+d*. Thus db*=d* and
b*, d*€ Ca*. We may now apply Lemma 3 in L*=L/a to give b*=d*.
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THEOREM 4. There is a (1, 1) correspondence between the ideals of L, bDa,
and the ideals of L*, B, given by

1) B=0b* b= U b*
»*EB

Thus, if b* =0 and b;Da, then by=Db.. This correspondence is also (1, 1) for
the C-neutral ideals.

In our proof we may restrict ourselves to w-ideals. Let the ideal b2Da,
bEDb, and d=b; then di=>bt for some tEaCh. Hence d =dt=5btEb, so that
dEb. Thus any ideal Da contains complete congruence classes, and (1) fol-
lows. If a*=b* and b* € b*, then (ab)* =a*b* =b*, and ab=b; there is conse-
quently a tEa with abt=>¢. It therefore follows that a=bt€b, aEb, and
a*&b*. If a*, b*Eb*, then abED, and a*b* = (ab)*E b*. Thus b* is an ideal.
If B is an ideal in L* and (1) holds, then b is an ideal Da=I*, since I*EB,
and the typical argument holds, namely: if b;, boEDb, then b*¥*EB so that
(b1b2)*EB, and hence b1b: € b; if b1 =b2E b, then b* = b* EB, bi* EB, and con-
sequently 5, Eb.

Suppose b is C-neutral. Then Cb* =the set of Cb* =the image of the Cb
(by Lemma 8) = (Cb)*; since Cb is a o-ideal, so is Cb* by the dual of the pre-
ceding; it follows that b* is a C-ideal.

The dual argument yields CCb* = C(Cb)* = (CCb)* =b*; b* is C-neutral.

The same reasoning gives: if b* is C-neutral, (Cb)* is an ideal, and
b* = CCb* = (CCb)*; hence to prove b C-neutral, we have only to show that
the pre-images of (Cb)* and (CCb)* are Cb and CCb; i.e., that if x& Cb and
y=x, then y&€Cb, and if x€CCH and y=x, then yE CCH. If xECb and y=x,
then y*=x*E€ Cb*. Lemma 8 then gives us an ¢ €Cy for which a=b. Thus
yECa and a€b. Hence yECb and Cb is an ideal. The dual argument makes
CCb an ideal. Now CCbDa, so that, since b*=(CCb)*, CCb=b.

If ACL, we define c,A to mean the set of all x€L = every a €4, and ¢,4
to mean the set of all xEL = every aEA4. A og-ideal (r-ideal) is normal(?) if
a=c,c-a (a=csCo0).

The ¢4, c.A are normal. The normal ideals of either type form the com-
plete envelope of L, being the lower and upper segments of MacNeille’s cuts.

LEMMA 9. e =g.l.b. a*if and only if aEc.a;a =1.u.b. a*if and only if aEc.a,
where a is a C-neutral o-ideal. If b&Ca, then a=g.l.b. a* if and only if
b=1lu.b. b*.

The proof divides naturally into three parts:
1. If aEc,a and b=a, then there is a t&a for which at=0bt¢; since a <¢,
it follows that a =b¢ and a <b.

(1) For the introduction of these ideas see the author’s abstract 45-1-17; Wilcox and
Smiley’s Metric lattices in Annals of Mathematics, (2), vol. 40 (1939), and §33 in Birkhoff.
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2. If a=b implies a <b, then for any tEa& we have, as a consequence of
a=at,a=<at;thusae=at,and a 1.

3. Suppose a =g.l.b. a* and bE Ca, but b#l.u.b. b*, so that part 2 permits
us to say that there is a € a with 54+%>u. By Lemmas 3 and 4 there is an
a1<a with b+% € Ca,. It follows that a:b =0 and a1+b=a14+b+u=1I; hence
Lemma 8 yields an a:&Cb for which a;=a,, say ast=ay¢ with ¢tEa. Then
at<a;<a. But

a=a(b+ a) = a(b + ast) = ab + et = ast.

This contradicts the fact that a =g.l.b. a*.
The proof is then completed by appealing to duality.

COROLLARY. Cc,=¢xC, Ccr=¢,C. In other words, for any C-neutral o-ideal
a we have

Ce,t = ¢.0, Cexa = c.Ca = c,d.

For Lemma 9 gives us: if 5&Ca, then aEc,a if and only if b&Ec,a. Hence
¢, and ¢, 0 are complementary C-ideals.

THEOREM 5. If a is a C-neutral o-ideal, then c,G and c.a are complementary
C-neutral ideals, and cc,i and c,c.a are complementary C-neutral normal ideals
containing & and a, respectively.

For c¢.@, c-a are C-ideals, and
CCcra = Ccst = ¢,.Ca = c,a;

dually for ¢,a; hence ¢.a and ¢,d are complementary C-neutral ideals for any
C-neutral a, d. Applying this to c.a and ¢, instead of @ and a, we get the re-
maining parts of the theorem.

With Stone we define: if ACL, then by A’ we mean the set of all bEL for
which

Case 1. ab=0 for all aEA if A is a g-ideal.

Case 2. a+b=1I for all a€ A if A is a w-ideal.

Note that this operation is a polarity (see Birkhoff §32), so that, similarly
to ¢, and ¢,, we have: If A CB, then

A/DBI, ACAII’ AIII=AI.
THEOREM 6. If a is a C-neutral o-ideal, then
o' = ¢l = (c8)" = (cocxa)’
and
o' = (c,8) = (csts0)" = cocaa.

We will prove part of the theorem directly and will obtain the rest by con-
tinued application of the polarity properties.
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1. If v&c¢,a and uEc,.c,a, take wE Cv. Then wEc,a, so that # <w; there-

fore uv <wv =0, and vE (c,c.a)’, uE(c,d)’; i.e.,
¢l € (cocxa)’, ¢eCx0 C (o).

2. If v&€aq, let tEa and let # be a complement of »¢ in »; by Lemma 7 we
have #€a and v=vt4+u. Now uv =0, therefore u=uv=0, v=19¢, and hence
v <t. It therefore follows that v&c.ad and a’Cc,d.

3. We now have a'Cc,0C(c.c-a)’ and c.craS(c,0)’; the last yields
(cs8)"' C(cocx0)’, hence

0’ C ¢ S (6a)" S (ccxn)’;
therefore
0" 2 ()" 2 (cac0)" 2 cocx0.
Now use ¢, in the preceding instead of a:
(668)’ C Cotxtt S (cotxa)" S (co0)’,
(o) 2D (cacs) 2 (cai)” 2D col.
If we match the last four statements in pairs, we get
0" D coxa = (coc-0)" = (c,8)’,
o’ € ¢l © (c0)” = (cocsa)’.
But aCc,.c.a; hence a’D(c,c-a)’ and a’’ C(cscra)’’, giving the theorem.
COROLLARY. A C-neutral ideal is normal if and only if a=a’’.

The proof is obvious.

In a Boolean algebra all elements are neutral, so that CC4A =4 for all
ACL;if aisao-ideal and x, y& Ca, then 2+ yEa, and xy& Ca, and any ideal
is C-neutral. Thus our definition of normality is a proper generalization of
Stone’s (a’’=a) in a Boolean algebra. Henceforth we may write a’ for ¢,
a’! for c,c.a, @’ for c.a, and @'’ for c.c.G.

LEMMA 10. If by=bs(a) and by=0by(a’), then by=b,. Similarly for o’ and a’’.

For take a3 complementary to bibz in b1+4b2: asbibe= 0, az+bi1by= b1+ be.
Now b1b; =b,; =b1+b; by either ideal, hence a3 =a3(b1+b2) =a3b1b.= 0O by either
ideal, i.e., az&aNa’, so that a;3=0. Thus bibs <b; <b+bs=0b1b;, hence
b1 = b1b2 = bz.

LemMMA 11. If ¢’ Eq’, then x=a’' if and only if x=a+a’' with aEaq;
o' +ar=a’+a; if and only if a1=a,, so that (a’)* is isomorphic with a by
a’+a—a.

For there is a tEa with xt=a't=a’. Let ¢ be a complement of x¢ in x.
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By Lemma 7 e Ea and hence x=xt+a=a’+a. If a’4+a1=a’+a. with ¢;Eq,
then a1+a.Ea, and therefore

a1 = a1+ a'(a1 + a2) = (a1 + a’)(a1 + a2) = (a2 + a’)(a1 + av)
= as + d'(a1 + a2) = a,.
LEMMA 12. For any aEa, a’' Ea’ and xEL we have x(a+a’) =xa+xa’.

For x(a4+a’)=xa’Ea’; hence Lemma 11 yields an e¢1Ea for which
x(a+a’) =xa’+a,. Thus xa=a1(a’). But xa =a.(a), since both are in a. Con-
sequently, by Lemma 10, a; =xa.

We now define A+ B to mean the set of all a+b with a€E A4, bEB. Simi-
larly for A B.

LemMA 13. If b is a C-neutral ideal Da, then a+b’ is a C-neutral o-ideal
with ab’ as its complement, and (a+b')' =a’Mb’’.

For b'Ca’ and (a1+5b6{ )+ (a2+584 ) = (a14as) + (b +b4);if x<a+0b’, since
b’'€b’'Ca’, Lemma 12 gives x =x(a+b’) =xa+xb’, with xaEa, xb’ Eb’. Thus
a+b’ is an ideal. Now let x& Ca—+b’. Since a+b’'=b"Eb’'Ca’, and since, by
Lemma 4, we may take x <¢' € Cb’, it follows that ¢/ €’ and x=¢'. Thus there
is an @¢1€a for which x4ai=¢'+a1=t', since p’CSda’. But x+a: over x
has a complement t€a& by Lemma 7; hence x=#t'€ab’. It follows that
C(ab’)Sa+b’, and, dually that C(a+b’)Cab’, so that CCla+b")Ca+b’,
and dually for ab’; thus ab’ = CCab’CC(a+b’)Cab’, and the first statement
follows.

If x€a’Nb’’, then xa=0 and xb'=0 for all a, b’; by Lemma 12,
x(a+b')=0, and xE(a+b")".

Finally, if x(a + &) = O, then xa = xb’ = O, and xEa’MNb”, q. e. d.

COROLLARY. If b is a C-neutral ideal Da, then (b')*=(a+1b")*'.

For if x*&(b'')*, then xEb’’ by Theorem 4, since b’’ Da’’ Da. Therefore
xb’ =Ofor all b’ €b’. Hence x(a+b’) =0 for alla€a and b’ €b’. Consequently,
x*(a + b)* = (x(a + b))* = O*

and hence x*& (a+b")*’.
If x*€ (a+b)*’, then as before, x(a+b’) =0, and xb’ =0 for all b’ €b’; but
xb'Eb' Ca’ and Lemma 10 gives xb’=0. Hence x&b’’, and x*& (b"')*.

LeMMA 14. If a is normal and bxEa for all bED, then b''xEa for all
b’/eb’l.

For a’bx =0 for all a’Ea’ and bEb; hence a’x &b’ for all a’ Ea’; therefore
b'’a’x=0 for all b’’Eb’’ and a’'Ea’, so that b''xEa’’ =a for all b’ &b’

COROLLARY. If a is normal and b is a C-neutral ideal Da, then b*' =b'"*',

The proof is obvious.
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THEOREM 7. If a is a C-neutral ideal and b is a C-neutral ideal Da, then:

1. If b is normal, so is b*.

2. If a'is normal and b* is normal, so is b.

3. If a is normal, the correspondence of Theorem 4 preserves mormality in
both directions.

For 1. By the corollary to Lemma 13, if b is normal, then b*=(b'")*
=(a+Db')*, so that b* is normal.

2. By the last corollary, if a is normal and b* is normal, then, using the
first part of the proof, (b"')*=(b"’)*""=(b*)’'=b* Hence, by Theorem 4,
b =b.

3. The proof is now obvious.

We note that it is not hard to show, using Lemma 3 in L(e, I) and Lemma
9, that a* can have a g.1.b. ¢ and an L.u.b. if and only if a is principal; and that
L/a is isomorphic with a’ if and only if a’, and hence a, is principal. It also
follows (using b=a in Lemma 13) that

(a+0a) = {0}, @) ={1}, @+a) =L (@)=L,

so that a+a’ is normal if and only if a+4a’=L, which is possible if and only
if a is principal (for a’Ma’’={0}). Thus a+a’ is not normal if a is not prin-
cipal, even if a is normal. In Stone’s terminology, a+a’ is a barrier ideal in
such a case. Stone has pointed out that the homomorphism L—L* need not
preserve normal ideals (we have needed b2a to obtain such a correspond-
ence). Indeed, using b=a in the corollary to Lemma 13 we see that, if a is
normal, (a+a’)*' = (a’')* =a*=0*, so that (a’)* is not normal if a is not prin-
cipal (we have already seen that a+a’ is not normal, so that we are not con-
tradicting Theorem 7), for (a+a’)*=(a’)*, and hence (a’)*'=L*; but
(a")*=L only if a4+a’=L.

L is called ideally irreducible if it contains no normal C-neutral o-ideal
(w-ideal) #20° or I° (O~ or I~). Every ideally irreducible L is also irreducible.
If L is complete, the two concepts coincide.

THEOREM 8. If a is @ normal C-neutral o-ideal (w-ideal) #0°, I° (07, I7),
then L/a is ideally irreducible if and only if a is maximal (prime) in the partially
ordered set of normal C-neutral o-ideals (w-ideals).

This is an obvious consequence of Theorem 7.

By a quasi-norm on L, r(x), we mean a positive (or monotone) modular
functional. If it is sharply positive, we call it a norm. It is called normalized
if r(0)=0, r(I)=1.

THEOREM 9. If r(x) is a normalized quasi-norm, then the set of x &L for
which r(x) =1 is a C-neutral w-ideal a, and a is the set of all xEL for which
r(x) =0; furthermore, a=b(a) if and only if r(ab) =r(a+0b). (This is an ex-
tension of Lemma 1 in §87, Birkhoff.)




1942] MODULAR FUNCTIONALS 113

The proof falls into seven sections.
1. If x=y and r(y) =1, then r(x) 27(y) =1, so that r(x) =1. If r(x) =r(y)
=1, then 7(x+y) =1, so that

r(xy) = 7(2) +7(y) —r(z+ y) = L

Thus @ is a w-ideal.
2. If yECx, then

1=1nI) =r(x+y) = r(x) + 7(3) — r(xy) = r(x) + r(3).

3. If y, y"ECx, then r(y) =1—r(x)=r(y’).

4. If x€adand x' €CCx, then, r(x’')=r(x)=1; CCala.

5. If x&Cy, then x&a if and only if (y) =0, by 2. Since, by the dual of 1,
the latter class is a o-ideal, Ci is a o-ideal.

6. By 4 and 5, @ is C-neutral, and a is the set of x with (x) =0.

7. If a=b(a), then a+b=ab+u where u&a. But »(u) =r(abu) =0. There-
fore r(a4b) =r(ab+u) =r(ab) +r(u) —r(abu) =r(ab). If r(ad) =r(a+b), take u
a complement of abin ¢+b: a+b=ab+u, abu=0; then

r(a + b) = r(ad) + r(u) — r(abu) = r(ad) + r(u)
so that »(«) =0, u€a, and a+b=ab(a).
COROLLARY. If a=b(a), then r(a)=r(b). If a<b and r(a)=r(b), then
a=b(a).
To prove the first part, suppose a=b(a). Then

a
ab = {b} <a+bd

yields
r(a)

r(b)} = r(a 4+ b) = r(ad);

r(ad) = {
hence r(a) =r(ab) =r(d).
As for the second, let # be a complement of ¢ in b: b=a+u, au=0; then
r(@)=r®)=r(a)+r(u), r(u) =0, uEa,and a=b(a).

THEOREM 10. If r(x) is a quasi-norm in L, then r(x*)=r(x) ts a norm in
L*¥=L/a, and every norm in L* determines a quasi-norm in L by r(x) =r(x*).
There is a (1, 1) correspondence between the norms of L* and the quasi-norms
of L which determine a.

The result is obvious except for the fact that 7(x*) is sharply positive: if
x* <y, then x*y* =x*£y* so that xy=x and x#y; there is then a tEa for
which xyt=xt, xt <y, and hence xt#y. By the above corollary we must then
have r(x) =r(xt) <r(y), and consequently r(x*) <r(y*).
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LeEMMA 15. Ifas0 or I is a central (i.e., complemented and neutral) element
in L (which need not be complemented) and r(x) is a normalized norm in L, then
there is another normalized norm in L which differs from r(x) either on a or on a.

For choose the numbers m and % so that m+4+m=1, m>0,m>0, and
m#=m. Each x=ax+ax. Define

R(x) = mr(ax) + mir(ax).
Then R(0) =0 and

R(I) = mr(a) + mir(a) < r(a) + r(a@) = 1.

If x <y, then ax Zay and déx =dy, and at least one of the equality signs does
not hold. Thus

R(x) = mr(ax) + mr(dx) < mr(ay) + mr(ay) = R(y).
Also
R(x) + R(y) = mr(ax) + mr(ax) + mr(ay) + mr(ay)
= m(r(ax + ay) + r(axy)] + m[r(ax + ay) + r(axy)]
= mlr(a(x + y)) + r(axy) ]| + A[r(a(x + ) + r(axy)]
= R(x + ) + R(xy).

Hence 7(x) = R(x)/R(I) is a normalized norm over L. Now R(a) =mr(a) and
R(a) =#ir(d); therefore 7(a) =7(a) if and only if m = R(I), and (&) =7(4) if and
only if 7= R(I). Since m 17, both cannot be true at the same time.

COROLLARY. If the normalized quasi-norm r(x) in the Boolean algebra L de-
termines the o-ideal a, then r(x) is uniquely determined by a if and only if a is
prime.

For L/a is a Boolean algebra, so that if it contains other elements be-
side O and I, they will be central elements; in such a case 7(x*) and hence
r(x) would not be unique. Hence, if r(x) is unique, L/a = {0*, I* } ,and a must
be prime, since L =a\Ua’. Conversely, if a is prime, 7(x*) must be unique (note
that 7(0*) =0 and »(I*) =1) and r(x) is uniquely determined by a.

Wilcox and Smiley(2) have given continuity conditions on a norm of L
sufficient to assure isomorphism between the complete envelope L and the
metrically complete envelope of L. Their conditions imply that if a,—A4 and
be—B, then r(a,)—r(4), a.+b.—A+ B, and so on. With these conditions,
MacNeille’s problem(?) is answered in the positive: L is modular, since it
possesses a norm. Because of the existence of O and I in our lattices, the
W.S. conditions reduce to the following definition.

(?) Annals of Mathematics, (2), vol. 40 (1939), p. 309.
(%) See Birkhoff’s Lattice Theory, American Mathematical Society Colloquium Publica-
tions, vol. 25, 1940, p. 146 (3).
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A norm or quasi-norm in a lattice is called W.S. if for every OCACL we
have

Lu.b. 7(a) for a € A = g.L.b. r(b) for b € c¢.4,
and
g.l.b. r(a) for e € A = Lu.b. r(b) for b € c,A.

THEOREM 11. If the complemented modular L has_ a W.S. norm, then L is
ideally irreducible if and only if its complete envelope, L, is irreducible.

For suppose that L is reducible with central element 4 and conlplement
A#0, I. Then LN¢,A and LNc,A are normal. Since L is dense in L;

4= (LNcA)=JT@ENc.A),
so that
LN ¢ A #=0°, I°

By Lemma 6 (which does not require complementation), LN¢,4 and LN¢, 4
are complementary C-neutral ideals. Hence L is ideally reducible.

Conversely, if L is ideally reducible with a0°, I° a normal C-neutral
o-ideal, then a’=c¢,8 and @'=c,a by Theorem 6 and its dual. Hence
> a’'=>c,d=]]a and J]a’=]Jc-a=2_a by the following continuity argu-
ment and its dual: every a’ < every 4, therefore D a’=> c,a<]]a; but

7O a’) = Lu.b. r(a’) = g.lb. r(a) = r(J]d);

hence Y a’=]Ja=4, say, and X a=]Ja’=A4. Now if a/ 14 and a. T 4,
where e/ €a’ and a.Eaq, then O=a,a)—AA. Consequently A4=0 and
dually A+A4=1.

By Lemma 12, x(a.+a. ) =xa.+xa. ; hence x(4 +4) =xA +x4 for every
xEL; therefore, finally, X(A+4)=XA+X4 for every X&L. Thus

X+V=2XA+ XA+ YA+ VA,
and, since L is modular,
AX+Y) = AX + AV,
and
AX+Y)=A4AX + 4V.

Consequently A and 4 are complementary central elements. L is therefore
reducible, q.e.d.

THEOREM 12. If L is a complemented modular lattice with a W.S. norm, r(x),
and a is a normal C-neutral o-ideal=0° or I°, then there is another norm, s(x),
differing from r(x) either on a or on a’.
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For by Theorem 11, > a is central in L. Hence Lemma 15 applies in I,
and s(x) specializes to another norm for L (which is a sublattice of I).

COROLLARY. If L is a complemented modular lattice with a W.S. norm, r(x),
then r(x) is uniquely determined (except for linear transformation) if and only
if L is ideally irreducible.

For L fulfills von Neumann’s continuity conditions (see Wilcox and
Smiley). Hence, if L is irreducible, it is a continuous geometry, and von
Neumann’s theorem tells us that 7(x) is unique. The converse follows from
Theorems 11 and 12.

THEOREM 13. If the complemented modular L has the W.S. quasi-norm,
r(x) whose determined ideal is a, then a is normal.

For &’ =c,a. Therefore
G’ = c.c.0 = a”,
and hence two applications of the continuity conditions yield
Lu.b. r(a'") = g.L.b. 7(@’) = Lu.b. r(a) = 0.
Thus 7(a’’) =0, and a’'=aqa.

THEOREM 14. If L is a complemented modular lattice having r(x) as a W.S.
quasi-norm, and if the determined o-ideal is a, then a uniquely determines r(x)
if and only if it is maximal (prime for the w-ideal) among the normal C-neutral
ideals.

By the preceding results we have only to show that r(a*) is a W.S. norm
in L/a. If A¥*CL/a and

x Ecr U a*,

e*€Aa*
then x = every aCa*€4*, so that xEx*C\Uc,4*. Thus ¢,\U4*CUc, 4%,
Similarly, ¢, \JA*CUc,4*. Consequently,
Lu.b. r(a*) for a* € A* = Lu.b. r(a) fora € \U 4*
= glb. r(d) for b € ¢, U 4*
= glb. 7(d) for b € U ¢.4A*
= g.Lb. r(b) for b* € c,A*.

The opposite inequality is obvious. Since the dual follows similarly, we have
our result.
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