ON THE NUMBER OF PARTITIONS OF A NUMBER
INTO UNEQUAL PARTS(Y)

BY
LOO-KENG HUA

1. Introduction. Let g(n) be the number of partitions of an integer % into
unequal parts, or into odd parts(?). Then
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Hardy and Ramanujan(®) indicated that by their fundamental analytic
method one can obtain the following result:
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where « is an arbitrary constant. This result is less satisfactory than that con-
cerning the number p(xn) of partitions (unrestricted) of #, since in the latter
case the error term approaches zero with increasing #. Recently Rade-
macher(*) obtained an equality for p(n). The object of the: present paper
is to find an equality for g(#). The work of this paper is a straightforward
application of Hardy-Ramanujan’'s method with two modifications. These
modifications are Kloosterman’s sum and Rademacher’s “Farey dissection of
infinite order.”

The present method may also be applied to find the explicit formula for

[n1/2]

2 pln—a?)

z=1

where p(n) is the number of unrestricted partitions of .

Presented to the Society, April 27, 1940; received by the editors January 9, 1941.

(1) This paper was accepted by Acta Arithmetica before the war.

(2) Cf. MacMahon, Combinatory Analysis, vol. 2, 1916, p. 11.

(3) Proceedings of the London Mathematical Society, (2), vol. 17 (1918), pp. 75-115.
(4) Proceedings of the London Mathematical Society, (2), vol. 43 (1937), pp. 241-254.
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2. Statement of the result. Let
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where Ak’=1 (mod k), h=h' (mod 2).

THEOREM. The number of partitions of an integer n into unequal parts is
given by
1 d ) d ir
q(n) = — Z Z W e 2ihnl k d_Jo (7 {%(n + ,;11_)}1/2)’
n

2”2 k=1,k odd (kh,k)=1,0<khSk
where Jo(x) is the Bessel function of the Oth order.

3. Farey dissection. By means of Cauchy’s integral formula we obtain for

(1.1

[ @
i =),

The path of integration may be the circle defined as |x| =e~2¥ " where N
is a certain positive integer at our disposal. In the usual way we divide the
circle into Farey arcs &,; of order N. The Farey arc £.x is defined by

3.1 x = exp (2wik/k — 2xN~2 4 2xid), (b k) =1,
and
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where hi/ky, k/k, hs/k; are three consecutive fractions in the Farey sequence
of order N. It is well known that

(3.3) _ S o(k k) < )
k(N + &) BN +1) E(N+Ek)

We obtain then

1
< Ok, B) < ——— -
= 9( )<k(N+1)

3.4) gn) = — @ 4.

278 (hiy=1,0<hS kSN VY Eng 21

Let I; and I, denote the sums of those terms satisfying 2|k, and 2/, re-
spectively. Then, by (3.4), we have

(3.5 g(n) = I + I.
4. Lemmas on Kloosterman’s sums.
LeEMMA 4.1(5). Let

1 for —(h k) <O =< 8:(h, k),
(N, 8, b k) = { . 1(h, k) 2( )
0 otherwise.
Then
k
g = E b,elrirh’lk
re=1

where h' iz an integer satisfying
kb = 1 (mod k),
and b, is independent of h and
k
> | 6| < log 4.
rom]
LEMMA 4.2. Let a be an absolute constant. Then
27t
exp (— (nk + mh’)) = O(k2/3+¢(n, k)13).
0<h= ak, (h,ak)=1,h=1(a) ak

LeEMMA 4.3. If k is even and ws ;. as defined in §2, then

Sy = Z wa, 12T REmA) [k = O(2/3+e(n, E)113),
1ShSk,(k,k)=1,hh’=1 (k)

Proof. For the sake of simplicity I give here only the proof of the case 24 &.

(*) T. Estermann, Abhandlungen aus dem Mathematischen Seminar der Hamburgischen
Universitit, vol. 7 (1929), pp. 93, 94.
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Then

Sy = E 2 W, k2T (RAEmAD [k,

151524,(1,24)=1 1SASk,(h,k)=1,hh'=1,A=1 (24)

The inner sum becomes a Kloosterman’s sum as in Lemma 4.2. Therefore we

have
Sk = O(k2/3+¢(n, k)1/3),

As to the proof of the other cases, nothing is difficult but a little compli-
cated, and the foliowing fact is used: let

F(h, E) = w e2ritohtmh))/k,
then F(h+k, k) = F(h, k).
LEMMA 4.4. Let 2}k and ws.x be as defined in §2, then

S = Z W kETIERMEMA [k = O(k2U3e(h, E)VIY),
1ShSk,(h,k)=1,Ah’=1 (k),A’ odd

The proof is similar to that of Lemma 4.3, only notice that

S =

1Sh<2k,(h,2k)=1,Ah"==1 (2k)

5. Lemmas from the theory of the linear transformation of the elliptic
modular functions.

LEMMA 5.1. Suppose that 21k, 2|k; that h' is a positive integer satisfying
hh'=1 (mod k); that wy, is defined in §2; and that

( 2wz + Zhrz) , ( 2r 2h'1ri)
x=exp| — — , 2 =exp|l —— — ,
P k k P kz k

where the real part of z is positive. Then

T w2
f(x) = ‘,oh'k exp (— Tkz + i?k- f(x’).

Proof. If we take a=h, b=—%k, c=(1—hh')/k, d=h', so that ad —bc=1,
and write

x = qz - ezm, x = Qz - 02161"
r=(h+iD)/k, T = (— W +ils)/k
then we can easily verify that
c+d
T _ T

_a+b'r.
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Also, in the notation of Tannery and Molk, we obtain

1 () W 1 e
S0 = gt S ) chr“ 0

Then

¢(T. d
J&) = 21/3Q v ET; = exp ("’i(%(‘p - —-1)+ %

(b — ¢)(bcd — a) 1 0 80 (1)
- 24 ))Eu—sQ o

d (b — c)(bed — ‘
= exp (m'(%(dz - -1+ % ¢ C)i : a)» g1~ f(x)

= exp (.”-(%(dz -DE—-1)+ % (- c);icd - a)>),

A CRD S I

LEMMA 5.2. Suppose that 2} hk and hh’=1 (mod 2k), that

fi(x) = H (14 xm12) = 1 + E qu(m)xr,

n=l

T 1
i P(m(’* 5:))3"‘""->'

Proof. As in Lemma 5.1, we have

Then

f(z) =

1
filx) = filg?) = TI(1 + g2 = 2veq

x(r)
N _ o1 24 _ ot (b — ¢)(abc — d) ¢(1-)
S = B Sy = B exP( 2 x(7)
— 2sQu exp (_ (b — {);ibc —d) _”.) 2131112 ()
- exp( b — ¢)(abc — d) o
24

(m’( h’+i+2h+ Zzz))()
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LemMA 5.3. Suppose that 2|h, 2}k, hh' =1 (mod k), 2|h’ and suppose that

f@ =1 = 2 = 1 4 3 qu(manre

Then

_ Wh,k T [ 1 ,
) = it exp (= (s + ) ).
Proof. We take

a=—5h - b=k, c = (hh — 1)/k, = =K.
Then
1) = @) = 2unguae XD
x(T)
P /p2 — —
= 21/601/% exp <ﬂ (b 1 + a_b —_ (a + d)(abd c))) ()
2 4 4 12 x(7)
i (b2 —1 ab (a+ d)(abd — ¢)
= QU2 gx (_( +— - >> 12401012 ).
P o\ 1 n Q1/34g!112f(x)
6. Approximation of the integrand. Let
= k(N2 — ).
Then
lav+n !
Il - f g(t’)f(e(zrih—h'z)/k)e-—2rihn/k+2nn/»kd0
1SESN.20k (b, B)=1,0<h<k ¢ —E~1(N41)=1
Flav+n !
= , f g wn, xe(*/120) e=1/2)
1SESN 2|k (h.k)=1,0<h<k vV —k=1(N41)-1 i
.f(x')e—2rilmlk+21rnl'kd'j
v+ !
= f g wn x
(6.1) 1SESN 2|k (h,B)=1,0<h<k ¥ —k-1(N4+1)~1
.e(r/le)(z—l/:)—2rihn/k+21:n/k i q(y)c—(2r/kz+2h’1€/k)vd0
y=0

ELNHDT!
Z ‘I(V)e_(z’“") (+1/24)+(272/ k) (n+1/24)

1SkSN,2lk (B, Kk)=1,0<h<k f—k—l(N+l)-l y=0

k
. ‘B p2xirh’ [k —2xihn/k—2%xih'v/k
r€ Wh, k€ d.
r=1
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Since (1/k)R(1/z) =4, we have

DT e
| I, | = Z f_ Z q()

1SkSN.20k k=1(N+1)=1 »=0

{ 2r +1)Rl+21(+1) }
exp k(" )Ry Tt y)R

s

[January

2 Wh, g€ 2Fh k2R (r—r) Wil k
(h,k)=1

“IN+D)T! w
= ( Z q(v)e"(’*'”“)zl b, I k”’d&)
k=1

—k=1(N+1)=1 ym0

o(£rrsns) - o)

= O(N-1/3+e),

ad

||

Let
1 N Elv+nT!
Jem E % [ e

=1,k odd (h,k)=1,0<hSk k=1(N+1)=-1
. e(7/24k) (2s+1/ ) —2xihn/ k+2xen/ kd Q.

The same method will give us that |Iz—J | =O(N-13+e),
7. A contour integration. Let w=N-2—14J. Then

—3

—1 +ﬁ,

J=— X I wpsetrinnlk f g2rs (et 1/20)+5 /24 Koy
2Y2 1<k <Nk odd (h,k)=1,0<hSk N=2-49,

i N5 v
“mE F aeen(f
2y N-

l§k§N kodd (A,k)=1,0<hsk

~N"Hik" N+ ) ~N" i vt N"+€Ic"(N+l)"
+ + +
N=24ik=1(N4+1)-1 —N=34ik—1(N41)-1 —N=3—ik=1(N+1)-1
N"—w,
+ — 2xi Residue at 0)
N-2—ik=1(N41)

= Ki+ K: + Ks + K.+ K + L (say).

We have
i
Ki=— 3 2 ok
212 J <Nk odd (h.k)=1,0<hSk

N o v !
. f g(O)etre(rH1I20+ w124k 0 oy,
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By Lemma 3.1, we have

EN DT 1
K, = o( > kwwf exp {21(n+ )fR + R —}dw
k 2452

1=5kSN,k odd ~1(N+k)-1
N vt
= o( Z p2/3+eg—2xnN"? f dd)
k=1 k=1(N+k)=1
= O(N-V/3+e),
Similar result holds for K.
We have
1 N—2 N
= K:s =0 N"k”""‘) = Q(N-1/3+¢),
R e N ? (Ei ( )

Similar result holds for K,.
Applying again Kloosterman's argument to K;, we have also K3 =O(N~!/3).
Finally we find the residue of exp (2rw(n+1/24)+n/24k*w) at w=0. We
have the expansion
e2re(nt1/24) — i (2rw(n + 1/24)) ,

V] v!

er /2Kt =ii( r )“.
= M! 24 k2w

The residue is, therefore,

=1 s 1

> = ( - ) Ty @l A
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a1 p!\24k2 1!
d = 1
25 (
Ny

) o + 20

(— (4n + 20} 32)

1 2% (ul)?
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Therefore

N

= T et (I 4 o))

2U2 K odd (h,k)y=1,0<hSE
+ O(N-113+e),

Let N— « ; we obtain the theorem.
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