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1. Introduction. Let q(n) be the number of partitions of an integer » into

unequal parts, or into odd parts(2). Then

00

/(*) - 1 + Z ?(»)*" = (1 + *)(1 + **)(1 + *3) ■ ■ ■
n-1

<'•"_,__

(1  -  x)(l  -  *3)(1   -  X8)  •  •  •

Hardy and Ramanujan(3) indicated that by their fundamental analytic

method one can obtain the following result:

?(»)= —¿A[»t{K» + Ä)}1/s]

+ 2"2 cos (fx» -W—/i[*tr{*(» + *) }WI] + " • '
a«

+ to [a»1'2] terms + 0(1)

where a is an arbitrary constant. This result is less satisfactory than that con-

cerning the number p(n) of partitions (unrestricted) of w, since in the latter

case the error term approaches zero with increasing «. Recently Rade-

macher(4) obtained an equality for p(n). The object of the present paper

is to find an equality for q(n). The work of this paper is a straightforward

application of Hardy-Ramanujan's method with two modifications. These

modifications are Kloosterman's sum and Rademacher's "Farey dissection of

infinite order."

The present method may also be applied to find the explicit formula for

[nl/2]

Zp(n-x2)
i=i

where p(n) is the number of unrestricted partitions of «.

Presented to the Society, April 27, 1940; received by the editors January 9, 1941.

(') This paper was accepted by Acta Arithmetica before the war.

(2) Cf. MacMahon, Combinatory Analysis, vol. 2, 1916, p. 11.

(3) Proceedings of the London Mathematical Society, (2), vol. 17 (1918), pp. 75-115.

(4) Proceedings of the London Mathematical Society, (2), vol. 43 (1937), pp. 241-254.
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2. Statement of the result. Let

J(h'2 - 1)/1 - hh'

th,k

exp (-«(^(^-O +h'(l - hh')

8k

¿(*+L^-)("'I-*'-/,)))'

(in/        1 ■* hh'\ \
exp {—(k-+-^)(h + h'~ ***')],

exp(-—(k2-l-hk + §(A + h')(hh'k-—YYV

for 2| k,

for 2\k, 2\h,

for 2¿¿, 21 A,

and

<«>*,* =

í*,i exp Í-(A + A') ), for 21 k,

/tri \
tt„k expl-(2h — h')\, for 21k,

where hh'= 1 (mod A), A = A' (mod 2).

Theorem. 7"Ae number of partitions of an integer n into unequal parts is

given by

Io0 d

¿        i=l,Audd    (h,k)-l,0<h¿k dn

where J0(x) is the Bessel function of the Oth order.

(yU(« + Ä)}1/2),

3. Farey dissection. By means of Cauchy's integral formula we obtain for

(1.1)

q(n) = - I     -dx.
2-wiJc   x"+l

The path of integration may be the circle defined as |x| =e~2rN 2 where N

is a certain positive integer at our disposal. In the usual way we divide the

circle into Farey arcs £/,,* of order N. The Farey arc £*,* is defined by

(3.1) * = exp (2ttÍA/A - 2xA^2 + 2vid), (A, k) = 1,

and

h + hx       h h + h2        A
(3.2) - dx(h, k) =-£ Ô á- d2(h, k)

k + ki       k k + k2       k
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where hx/kx, A/A, A2/A2 are three consecutive fractions in the Farey sequence

of order A7. It is well known that

1 11 1
(3.3)    -^#x(h,k)<-,-^Mh,k)<

k(N + k)  ' k(N + 1)    k(N + k) k(N + 1)

We obtain then

1 -^ r     f(x)
(3.4) q(n) = — E I      ^dx.

2lCl  (h,k)=l,0<h¿k^N J £h,k  *

Let Ix and 72 denote the sums of those terms satisfying 2| A, and 2\k, re-

spectively. Then, by (3.4), we have

(3.5) q(n) = Ix + h.

4. Lemmas on Kloosterman's sums.

Lemma 4.1 (6). Let

,„ *   ,   «       í1   for    -*i(*. *)á*á0i(A, *),
g(N,â, h, k) = < .

10    otherwise.

Then

k

g = Z bre2Tirh'ik

r—l

where h' izan integer satisfying

hh' = 1 (mod A),

and br is independent of h and

k

£ I br I < log 4A.
r=l

Lemma 4.2. Let a be an absolute constant. Then

£ exp (— («A + mh!) ) = 0(A2'3+'(«, A)1").
¿ak,(h,ak)=l,h=l(a) \ ak /0<h

Lemma 4.3. If k is even and uh.k as defined in §2, then

Sk= £ mMM<»h+mk>)l* = 0(k2/3+'(n, k)1'3).

lShák,(K,k)=l,hh'=l (k)

Proof. For the sake of simplicity I give here only the proof of the case 24 A.

(*) T. Estermann, Abhandlungen aus dem Mathematischen Seminar der Hamburgischen

Universität, vol. 7 (1929), pp. 93, 94.
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Then

Sk= £ Z co,,^2"«»^-»*')'*.
1S¡S24,(¡,24)=1   léhak,(>i,k)=l,hh'=¡l,hsl (24)

The inner sum becomes a Kloosterman's sum as in Lemma 4.2. Therefore we

have

Sk = 0(k2'3+'(n, k)1'3).

As to the proof of the other cases, nothing is difficult but a little compli-

cated, and the following fact is used : let

F(h, k) = W)kfte»»i(«M—*')/»;

then F(h + k,k) = F(h,k).

Lemma 4.4. Let 2\k and co*,* be as defined in §2, then

S  = £ WhkerH2nh+mh-)lk  = 0(k2'3+t(h,   *)»").

lá*g*,(A,fc)=.l,AA's 1 ik).h' odd

The proof is similar to that of Lemma 4.3, only notice that

\&h<2k,ih,2k)-l,hh'=l (2*)

5. Lemmas from the theory of the linear transformation of the elliptic

modular functions.

Lemma 5.1. Suppose that 2\h, 2\k; that h' is a positive integer satisfying

hh' = 1 (mod k) ; that (¿h.kis defined in §2 ; and that

(     2irz      2hwi\ (     2t       2AVt\

where the real part of z is positive. Then

/        w wz\
^«c^exp^- — + — J/(*0.

Proof. If we take a=h, b= —k, c = (l—hh')/k, d = h', so that ad-bc = \,
and write

x = q2 = eÎTir, x' = Q2 = e2riT,

T = (h + iz)/k,       T = (- h'+ i/z)/k,

then we can easily verify that

c + dr
T =-

a + 6r
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Also, in the notation of Tannery and Molk, we obtain

1 4>(t) 1 <t>(T)
m = — ?-i/12 —T -    /(*') = ^ e-1'12—

21'3 x(r) 2^^ x(T)

Then

1 4>(T) /    / cd
/(O - — e-1/12-7^ = expU»Ü(<P - 1)(¿ - 1) + -

21/3 x(T)

_ (b - c)(bcd - a)\\ J_ 0(r)

24 //21'3 x(r)

/    /                                    cd      (b - c)(bcd - a)\\
= exp(«(K¿2 - l)(c - 1) +- - i-K--))qin2Q-1/12f(x)

/     /                                    cd      (b - c)(bcd - a)\\
= exp^ii^K^ - l)(c - 1) +- - i-^-jj

exp(ïii(7-s))exp(a(Â+y))/w-

Lemma 5.2. Suppose that 2\hk and hh' = l (mod 2A), that

oo oo

h(x) = IT (1 + x"-1'2) = 1 + E qi(n)x"'2.

TAe»

Uh.k (   x    / 1 \\

/(') = ̂ expu(î + J)/'M-

Proof. As in Lemma 5.1, we have

h(x) = fi(q2) = 11(1 + f«-*) = 2»'V/M
X(r)

1 Í     (b - c)(abc - d)     \ <f>M
fx(x') =.2i/«(21/24 — = 2Vö*'i« exp ( -Í-¿X-i'i):rf

x(7j \ 24 / x(t)

(b — c)(abc — d)/     (6 - c)(a6c -a")     \
= 2l'6Q1'2i exp (-:—- xi J 2l'Yn2f(x)

(     (b - ¿)(<*c - d)    \
= exp (-wi 1 21'2

\ 24 /

/■kí/      h'       i       2A       2is\\
exp(s(-T + ü + 7 + T))/w'
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Lemma 5.3. Suppose that 2\ h, 2\k, hh' = \ (mod k), 2\ h' and suppose that

00

/«(*) = n o - *n~m) = i + E ?«(»)*"'*.
i

Then

Proof. We take

a = - h,        6 = k,        c = (hh' - l)/k,        d = - h'.

Then

faT)
h(x') = f2(Q2) = 2ii«QV"

x(T)

/wi/b2 - 1      a6      (a + d)(abd - c)\\ 4>(t)
= 21/«Q1'2'texp(—(-+-t))Zll

\ 2 \     4 4 12 // x(r)

/W/ô2 - 1      a6      (a + d)(a6¿ - c)\\
= 2'/2exp(^^^ + --L--jjO"2V'12/(x).

6. Approximation of the integrand. Let

2 = k(N~2 - iê).

Then

Jk'hff+i)'1
g(pyre(2*ih-2*z) I k^g-lTihnl k+2*ml k¿fi

-k-i(N+i)-'

/k~liN+l)'1
g(«?K,te<*/12*)(f-l/2)

-i-l(iV+l)-l

=  z       z    f
1S*SAT,2|*    (h,k)=l,0<k<k  J _t-l(JV+l)-l

(6.1)

t(x'\e-2Tihnl k+2*zill k^fi

AT'iAM-l)"1

.g(T/i2t)(i-i/2)-2ran/t+2xzn/* V* q(v)e~i2Tlkz+-h'T*/*>»¿t>

*_0

/f'CiV+l)-1     »52 ö(ji)e-(2,r/*;z)(,'+1/24)+(2Tz/*)Cn+1/24)

-i-l(JV+l)-l  i—O

• 22 bre2Tirh'lkwh,ke-2Ti'"l"'-2''ih'""cdê.



200 LOO-KENG HUA [January

Since (l/A)<R.(l/z) ^ h, we have

p   k~l(lf+l)~l       00

1^1=   E E?w
l-£k-SN,i\k   •> -k-l(N+X)-l k_0

ap{-l(' + T^ + 2i(" + Ty}
k | |

El  M E      <J,hlke-2*ihnlk+2h'^->'>*ilk \dû
r=X I   (h.k)-X I

(N      /. *-1(AT+l)_1     oo k \

E I E ?We-*('+1'24) EI ¿r | A2'w )
fc=l J -k-HN+X)-l ,_o r_l /

= 0( E log A-A2'3-) = of— E ¿~1/3+* )
\*tí A7V7 VJVÊÎ /

= 0(#-1'3+«).

Let
1      N rk

¿ '    hml,k odd  (A,t)=1.0<»S* •'-*-<

'(AT+l)-1

e(T/24*)(2z+l/2)-2TÍAn/*+2iín/*¿^

The same method will give us that |72 — J\ =0(Ar_1/3+')-

7. A contour integration. Let w = N~2—i&. Then

7 =  - E E Uh.ke-2rihn"c   I e2x»(n+l/24)+T/24*s«.Jw

21/2 lS*SAT,*odd  (A,*)~l,0<ASfc ^ JV-2_W2

i /    /.AT^+it-'CAT+l)-1

= —       E E        «»>ttr-«-"-"(   I
¿  '    lgfcSJV.ifcodd    (»,t)-l,0<)iS/c \ ^ tf-2+W,

/•-AT-'+it-'lAr+l)-1 /. -JV~2-i*-1(.y+l>-1 /. AT-s+it_'(JV+l)~

JV-a+ii-'W+l)-' ^ -Ar-2+«-i(AT+l)-i i/_jv-2_j*-i(^+i)-i

/• tf-2-u2 \
- 2iri Residue at 0 1

N-*-ik-¡(N+l) /

= Kx + K2 + K3+ Kt + Kb + L (say).

We have

K^ = ~    £ E     «*,**-»*"»'»
21'2 x&k&it.k odd   (fc,Jfc)-1^0<AS*

i» jir~*-n*~Itar+t)"J
•    I g(^)c2x«,(n+l/24)+I/24tsU,¿w_

•' N-'+ik-HNj t)-l
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By Lemma 3.1, we have

t_1(JV+l)-

Ki = 0[ Z    kV3+t f exP {2ir(n + — W+—2( —\dw
\ îékéN.kodd J k-HN+k)-' (     V        24/ 24£2      w)

(N /. k~liN+irl   \

Y     k2'3+'e-2™N ! I dâ)
*=1 J *-l(.V+*)-l /

= 0(N-¡'3+').

Similar result holds for Ki.

We have

IN'2 / " \
<R.-=-,        Ki = 01 Z N-2k2i3+< J = 0(N-1'3+').

k2w       k2N~2 + N2 \kTi /

Similar result holds for Kt.

Applying again Kloosterman's argument toK3, we have also K3 = 0(N~113).

Finally we find the residue of exp (27ra>(« + l/24)+7r/24£2a;) at w = 0. We

have the expansion

(2ttw(» + 1/24))'
62tw(»+1/24)   _   y

►=1

gTliik'w

The residue is, therefore,

Therefore

. ± i(_^.Y.
~i pl\24k2wj

"       1   /     T    V 1

1       d     • 1       /     T    V
=-Z —T-(-) (2r(» + A))"

2t d»¡tí (m02\24¿V

1    ¿   - 1      /ir   . .    \*

là      /w, ,    \

?(»)=—     Z Z       ^,te-^-'*-7o(-{K» + irV))m)
21/z*_i,todd   (A,*)-1,0<*S* a«        \ « /

+ 0(N-1'3+').

Let A7—>■ oo ; we obtain the theorem.
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