THEORY OF REDUCTION FOR ARITHMETICAL
EQUIVALENCE. II(})

BY
HERMANN WEYL

1. Introduction. Lattices over the unit lattice. Given % linearly independ-
ent vectors 94, - - -, D, in an n-dimensional vector space E*, the formula

(1) r=yd1+ - + yada

yields all vectors of the space E* or of a lattice  in E* if the coordinates y;
range over all real numbers or all integers, respectively. We take the viewpoint
that the lattice { is given but the choice of its basis arbitrary. The several
bases are connected with one another by unimodular transformations. If f(r)
is a gauge function assigning a “length” f(r) to each vector r the problem of
reduction requires normalization of the lattice basis in terms of the given f.
A solution is sought for all possible gauge functions or at least for some im-
portant class. The most significant class is obtained by running f? over all
positive quadratic forms.

Following in Dirichlet’s and Hermite’s footsteps, Minkowski developed
such a method of reduction for quadratic forms and established the decisive
facts about it. In R1 I approached the same problem in that geometric way
which Minkowski had initiated but then abandoned for unknown reasons.

The question may be put in a slightly different form. All linear mappings
of E™ carrying R into itself carry f(r) into equivalent gauge functions. The
task is to pick out by a universal rule in each class of equivalent gauge func-
tions one particular f(r) which is called the reduced function of its class. Let
Ro, R, C in the future denote the fields of all rational, real and complex num-
bers, respectively. Complex numbers are written in the form &=uxo+x17
(x0, x; real). It is convenient to insert between the full vector space and
the lattice &, the set Eg of all vectors (1) with rational coefficients y;, a set
which we describe as an n-dimensional vector space over Ro. Crystallography
has found this advisable in distinguishing between the macroscopic and atom-
istic symmetries of a crystal, and in the theory of algebraic numbers one puts
the field before the ring of its integers.

Let a lattice ® in Ej be given. With respect to any basis by, - - -, b, of Eg,
formula (1), the function f(¢) is represented by a function g(y, - - -, ¥,) and
the lattice by a “numerical lattice” A whose vectors are n-uples (y1, - - -, y,)

Presented to the Society, January 1, 1941; received by the editors December 11, 1940.
(!) The first part, which appeared under the same title in these Transactions, vol. 48 (1940),
pp. 126-164, is cited as R1.

203




204 HERMANN WEYL [March

of rational numbers. (Only if by, - - -, b, is a true hasis of € will A be the unit
lattice I whose elements are the n-uples of integers.) Hence f(r) with respect
to Q is represénted by g/A. All representations g/A of f(r)/® are equivalent,
i.e., they arise from one another by linear transformations of the coordinates
with rational coefficients. In each class of equivalent g/A we are to pick one
individual, the “reduced” g/A. Suppose we have succeeded in doing this by
some universal rule. We then have to select, for each A that may occur in a

reduced g/A, a definite basis b, - - -, d.* in terms of which  is represented
by A. The equation
f*(l?) = g(yl’ Tty yn) for r = ylbl* R ynbn*

then defines the reduced gauge function f* in its class. By the first step of
reducing g/A no essential progress has been made unless the lattices A which
may occur in a reduced g/A are limited to a finite number of possibilities.
For only then is the selection of a basis df*, - - -, d.* for each of these A essen-
tially simpler than the original problem.

The Dirichlet-Hermite-Minkowski method of reduction by admitting only
bases by, - - -, b, of ® always represents € by the one lattice A =1, the unit
lattice. Thus it provides the ideal solution. Minkowski’s construction of con-
secutive shortest distances in the lattice

f(bl) = Mlv st ’f(bn) = Mn

(for which he obtains the inequality My - - - M,V =2*) falls under our more
general scheme. That theorem which he describes as indicating a certain
“QOekonomie der Strahldistancen” states exactly that there is only an a priori
limited number of possibilities for A with which to count in a reduced g/A.
In R1 I carried the first method over to those other fields and quasi-fields
which have not more than one infinite prime spot, and I found that it works
only under the hypothesis that the class number for ideals is 1. Simultane-
ously Siegel observed that the rougher second method, by which incidentally
Minkowski had proved that the class number of positive quadratic forms
with integral coefficients and a given discriminant is finite, operates without
this restrictive hypothesis(?). I add the remark that an argument making no
use of the bases of a lattice need not even assume their existence. In an alge-
braic number field ¥ we consider any “order” [¥];in general there are several
classes of lattices belonging to this order. The theory is limited neither to the
principal class nor to the principal order. Following a suggestion by Siegel,
P. Humbert generalized the investigation of quadratic forms to an arbitrary
algebraic number field ¥ with several infinite prime spots(?). No doubt the
whole problem thereby loses much of its simplicity. But once upon this track
one ought to include the quaternions and thus deal also with those noncom-

(?) See P. Humbert, Commentarii Mathematici Helvetici, vol. 12 (1939-1940), pp. 263—306.
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mutative division algebras of finite degree over R, for which the concept of
infinite prime spots goes through. I resume here the rougher method of reduc-
tion with these further generalizations by the same geometric approach as
in R1. I am not only interested in the fact that certain numbers are finite;
I wish to ascertain reasonably low explicit upper bounds for them. The geo-
metric method yields good results in this regard.

Before concluding this introduction I remind the reader of some simple
facts about lattices in Eg. A vector ¢ in Ej is defined as an n-uple (x4, - - -, x5)
of rational numbers. The unit vectors e;=(ew, - - -, e.) are the columns of
the unit matrix ||es||. The word lattice means any set of vectors such that
a—b is contained in the set every time a and b are. We assume that the lattice
is n-dimensional, i.e., contains # linearly independent vectors; and discrete,
i.e., we require that for any given positive integer ¢ there are not more than
a finite number of lattice vectors satisfying the inequalities

|z g, |2 = ¢

From now on the term lattice refers only to discrete lattices which have the
full dimensionality of their vector space. By a familiar argument one shows
that one can find # linearly independent vectors I, - - -, [, in a given lattice
€ such that every lattice vector

t=wl+ -+ ula

has integral components #;. By the same construction one adapts the basis
Ly, - - -, I, of any lattice A containing the unit lattice I to the basis ¢, - - -, e,
of I:

&1 = aly,

cali + cals,

€2
)
e = CnlIl + - + Cn.n—IIn-l + CnIn-

The integers ¢; are positive and the integral skew coefficients cx: (s <k) may
be normalized by

0=cu<c (k=i+1,--,n);

then (f, - - -, 1,) is uniquely determined. The index j=[A:I], i.e., the num-
ber of vectors in A which are incongruent modulo I, equals ¢; - - - ¢.. Let
A® denote the part of A lying in the linear subspace xx41= - - - =x,=0. The
index j,=[A®:I®] equals ¢, - - - c;. Hence these two lemmas:

LeMMA 1. ji is a divisor of ji for k<h.

LemMA 2. The number h.(j) of different lattices A over 1 of given index
7=[A:1] is finite.
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Indeed, it equals the sum

n—1 n—2 0

Z c1 C3 s Cp
extended over all factorizations cics - - - ¢, =j of j. (Incidentally, the numbers
ha(j) for j=1, 2, - - - have as their generating function the Dirichlet series
2 () j = =) - fs =t 1)
=1

convergent in the half-plane Rs >n.)

2. Vector space and lattice over an algebraic field. Let ¥ be any field of
finite degree f over Ro. By carefully putting all factors in their proper places
we shall see to it that all arguments and formulas in this and the following two
sections remain valid for any division algebra, whether commutative or not,

of finite degree over Ry. We choose a basis a3, - - -, 05 of F/Ro so that each
number £ of ¥ is uniquely represented by

(2) £ = x101 + RPN + X0y (xa rational).

Any n-uple (&, - - -, &) of numbers £; in ¥ is a vector of the n-dimensional
vector space E* over ¥. The fundamental operations are addition of two vec-
tors, £+ t’, and multiplication 6z of a vector ¢ by a number § (the numerical
factor always in front of the vector!). Thus we may write

I=(Elv"'ygn)=£lel+"'+£nen-

k linearly independent vectors i, - - - , bx span a linear subspace [bs, - - -, bi]
consisting of all vectors of the form mbdi+ - - - +nide. Any # linearly inde-
pendent vectors by, - - -, D, form a basis of E*/¥ in terms of which each vector
is uniquely expressible as

(3) r= nlbl + st + ﬂnbw

The original coordinates &; are connected with the #; by that nonsingular
linear transformation D,

4 £ = D midir,
k

whose matrix |84 has for its columns the vectors b= (31, = - -, k).
Expressing each component £; in terms of the basis o of ¥,

£ = xao1+ - - - + xioy,

we identify E*/¥ with the (nf)-dimensional vector space Ey over Ro. The ra-
tional numbers x;, are the coordinates of ¢ with respect to the basis o,¢;. One
has to distinguish between linear dependence in ¥ and in Ro.

We suppose we are given a lattice € in Ej. It will have a basis I,
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(u=1, - - -, nf) in terms of which each vector ¢ of €,

©)] r= Z wulu

has rational integral components u,. A number 8 of ¥ is said to be a multiplier
of ®if the operation x—ér carries each lattice vector r into a lattice vector §t.
The multipliers of § form an order [¥]. This assertion is meant to imply the
following four properties(®):

1°. The number 1isin [¥].

2°. [¥] is a ring.

3°. Any given number § in ¥ may be multiplied by a positive rational in-
teger m such that mé is in [¥].

4°. Each number in [¥] is an integer.
1° and 2° are evident. To prove 3° and 4° we write

o, = > dyl, (d.» rational).

If 6 is any number and 7 a common denominator of the coefficients d,,, then
md is a multiplier. If § happens to be a multiplier, then the d,, are rational
integers and & satisfies the equation

|8e,,‘— ,,,l = 0.

In the same manner as for the “principal order” consisting of all integers of ¥
one proves(*) that any order [¥] is a discrete f-dimensional lattice in the
f-dimensional vector space ¥/R,, and hence has a basis g1, - - -, 07 in terms
of which every number £ of [¥] appears in the form (2) with rational integral
coefficients x;.

The transformation D, (4), maps € upon a lattice A: If z=(&, - - -, &)
isin &, then (1, - - -, 7,) is in A, and vice versa. We call two lattices equivalent
and admit them to the same class if one is carried into the other by a non-
singular transformation D. The lattices A of one class express a given lattice &
in terms of different bases (b;, - - -, b,) of E*/¥. Obviously two equivalent
lattices have the same multipliers.

A lattice ® is said to belong to the order [¥] if every number of that order
is a multiplier of . (For =1 this notion coincides with that of an ideal in [¥],
and our classes of lattices with the classes of ideals.) Given an order [¥], the
n-uples (£, - - -, £.) of numbers £; in [¥] form a lattice I which belongs to
the order [¥]; we call it the unit lattice for [¥]. The lattices belonging to a
given order [§¥] are distributed over a number of classes, the class of I being
the principal class.

(®) Notion and name are due to Dedekind. Hilbert in his Zahlbericht introduced the word
“ring” for this purpose, but since ring has now acquired a wider meaning I revert, in agreement
with such authorities as Artin and Chevalley, to Dedekind’s terminology.

(4) Cf. H. Weyl, Algebraic Theory of Numbers, Princeton, 1940, pp. 145-146.
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Let ay, - - -, oy be a basis of [¥] and I, (u=1, - - -, nf) a basis of A. If A
contains I the vectors g.e;, which span I, are linear combinations of the I,
with integral rational coefficients, and their absolute determinant, i.e., the
absolute determinant of the transformation connecting the coordinates u,
with the x4 (=1, - - - ,m;a=1, - - -, f) is the index j= [A:I].

Those vectors (&1, - - -, &) in A for which &= - - - =£,=0 form a lat-
tice A® in the k-dimensional space E*/¥ with the coordinates &, - - -, &.
Considering A as a lattice in Ey and using the arrangement

X11y * cc, Xifpy X21, 0 0, Xofy t vt

of the coordinates in Ey/ one can apply Lemma 1 to &f and (k+1)f instead of &
and % and thus one derives a corresponding proposition in ¥ instead of Ro:

LeMMA 3. In the row of indices
(6) Ji= [A®: 1] (k=1,--+,n)

each number is a divisor of its successor.

The set of vectors (&, - - -, &) in A outside [es, - - -, ex—1], i.e., for which
(&, - - -, E)=(0, - - -, 0), will be denoted Ax. Thus A; and A%~ are comple-
ments in A.

We have seen that the number of different lattices A over a given lattice I
with a given index [A:I]=j is finite, namely k,;(j). More exactly, one finds
by the same argument that the number H;(ji, - - -, ja) of different lattices A
over I with given indices (6) has as its generating function the Dirichlet series
of n variables sy, - - -, Sa:

Zi(sitsat -+ sa—nf) Zg(sat+ - +sa— (n— 1)f) -+ Zg(sn — f)
= > HiGry - oy ju)ji™ e - jum
e in
where
Zi(s) =¢(s+ 1) - - (s + ).

Hence a fortiori:

LeEMMA 4. We have found upper bounds for the number of lattices A belonging
to a given order [7] which contain the unit vectors e, - - - , ¢, and hence the unit
lattice 1 for [¥] and which, moreover, have either a given index j=[A:1] or a
given row of indices jy, - -+ , jn-

3. Preliminaries about reduction. Suppose an order [¥] and a basis
o1, - + -, a7 of [¥] to be given. We consider a real-valued function

J@) = fle - -+ 1 &)

which depends on a variable vector ¢ in E*/¥ and is positive except for r=0,
and we assume:
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(io) For each positive ¢ one can ascertain a positive ¢’ such that the in-
equality f(r) <g¢ implies the nf inequalities

(7) Ixia|<q' (i:l’-..,n;a=l’...’f)

for the components x;, of the £;.

Let £ be a lattice belonging to the fixed order [¥]. n vectors by, - - -, ba
of & which are linearly independent with respect to ¥ constitute a semi-basis
of ®. Because of the discreteness of £ there is but a finite number of vectors ¢
in ® satisfying the inequalities (7). Hence Minkowski’s construction of con-
secutive minima of f in ® is applicable. It yields a semi-basis by, - - -, b of €
such that

f@) Z f(be) = M

for every vector r in  outside [by, - -+, de—1] (reduced semi-basis). Obviously

(8) MiSM;=--- =M,

The mapping

(3 t=mbdr+ -+ pabu— (1, - - -, M4)

carries f() into a function g(7, - - -, 7.) and ® into a lattice A which contains
the unit lattice I for [¥]. The function g(&, - - - , £.) is reduced with respect to
A e,

(9) g(Elx R} En) 2 g(elk’ tt an)

whenever (&, - - -, &) isin Ag.

The M, are uniquely determined by f and £; the situation is somewhat less
favorable for by, - - -, bs. Suppose df, - - -, d. is another set constructed
according to our prescription. If M; is actually lower than M3, then
[6/,---, 8/ ]=[by - - -, d]. (Analogues of Theorems 8 and 9 in R1.)

Being given # real numbers py,
1=p1=--- = poy
we say that the semi-basis d{, - - -, b, of € has the property B(py, - - -, pa) if

1
= — f(bd
flo 2z pkf( )

for any vector r in  outside [b{, - - -, d/_1]. Accordingly we ascribe the
property B(py, - - -, pa) to a function g(&, - - -, £.) in conjunction with a lat-
tice A over I if

1
g(Eli Sty gn) 2 '—'g(elk’ Tty enk)
Dr

whenever (&, - - -, &) isin A;.
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If b/ is a semi-basis of € with the property B(py, - - -, P»), then
M{ = f(bf) = piM;.
(Analogue of Theorem 8,.) Indeed, let by, - - -, b, be a reduced semi-basis of
L, f(b:) = M. At least one of the k linearly independent vectors b, - - -, dg,
say b, lies outside [b{, - - -, 8/_1]; hence

1
b'. > . bk’
f(d:) 2 ™ fi)

or
M{ = pM; < piMy.

With the same notations I maintain that [bf, - - -, o/ ]=[b, - - -, b:]
provided Myi1> pxMyi. (Analogue of Theorem 9,.) Proof: Suppose that one
of the vectors d{, - - -, b/, say b/, is not in [by, - - -, ). Then

J®!) 2 Menr.
Vice versa, if all k numbers MY, - - -, M{ are less than M}, then d{, - - -, b/
liein [b, - - -, d]. The observation that M! <p;M;=< p.M; finishes the proof.

The notation of properly reduced bases depends on a given multiplicative
group U of numbers e in ¥ and deals with functions f which satisfy the further
condition:

(ilo) f(ex) =f(2) (ein V).

The semi-basis by, - - -, D, of € is said to be properly reduced provided the
inequality

J@©) > f(dx)

holds with the sign > for any vector t of € outside [by, - - -, bs_1] except for
the vectors of the special form

I = edy (ein U).
Accordingly g(&, - < -, &) is properly reduced with respect to the lattice A
over I if
glEs, - - -, &) > glewr, - -+, €ni)
for all vectors (&, - - -, &.) in Ax except the special vectors
e(err, * * * , €ar) (ein U).
With b, the vectors
¢ = exds (ex in U)

form a reduced semi-basis of ® under the sole assumption that they lie in L.
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‘Because ¢ = €D satisfies
f@ = f(bx), afortiori f(r) = f(bs),

there is then, according to (iy), only a finite number of possibilities for ;.
We set

b1+ - b =T =nid + -+ nda
and denote by A, A’ the corresponding images of {:
(M, ++,m) InA-2-¢ in®-2-(f,---,97) inA".
The “special transformation”
(10) % = 18 & (ex in U)

carries A into A’. We count in the same family any two lattices A and A’ aris-
ing from each other by such a special transformation. Given the lattice A over
I there is only a finite number of special transformations such that the trans-
formed lattice A’ also contains I. In particular, the group {Ja} of all special
transformations J, leaving A invariant is finite. If & is its degree, one has
&=1(k=1, - -,n)for each J,; hence the ¢ are roots of unity in ¥. The roots
of unity in a field ¥ form a finite cyclic group; in particular, if ¥ has at least
one real spot, the only such roots are +1. (However, in noncommutative di-
vision algebras the group of the roots of unity is, generally speaking, neither
Abelian nor finite.)
The simple argument in R1, p. 136, shows:

If by, - - -, b, is a properly reduced semi-basis and b1, - - -, b. any semi-
basis of R, then the sequence of the values f(b1), - - -, f(b,) is lower than
FL), -, f(d). If b, - - -, b is reduced and b, - - -, b, properly reduced,
then

bll = €1b1, crty, bn’ = enbn (6,’ in U).

4. Extension to the ground field R. Minkowski’s inequality. So far the
function f(r) has been defined merely for the vectors in the space E*/¥. In
order to introduce geometry we assign to the variables x, in (2) arbitrary real
values:

(2%) & = xo1+ - - - + x50;.

Sticking to the multiplication table of the basic elements o,, we thus extend
F/Ro to a commutative algebra ¥* over R. But only in the two cases treated
in R1, where ¥ is R, itself or an imaginary quadratic field over Ry, is F* again
a field. In general it is not. However, any n-uple t*= (&, - - -, &) of ele-
ments £ in 7* may be considered as a vector in an (nf)-dimensional vector
space E*/ over R with the real coordinates x,:
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£ = xaor + - -+ + xy0s.

We now assume f(z*) to be a gauge function, i.e., a continuous real-valued
function in this space, having the following properties:

@) f(£*)>0 except for t*=0.
(i) f@r*) = |t| -f(z*) for any real factor ¢.
(i) f(F+ ) =S +H(13).

The gauge body
K: f(gl*r et rsn*) <1

and also the solid ¢K defined by f(£f, - - -, £¥) <q are bounded; hence postu-
late (io) of the previous section is fulfilled. Let V* be the volume of K com-
puted in terms of the coordinates x;,.

Again we fix an order [¥] and a basis a4, - - -, g7 of [¥]. Let A be a lat-
tice belonging to this order and containing the unit lattice I for [¥] and let
f(&, - - -, &) be reduced with respect to A. The volume of K in terms of the
coordinates u, as introduced by (5), i.e., measured against ‘the fundamental
parallelepiped of A, equals V*.[A:I]. Hence by the simple argument ex-
plained in R1, p. 140, Minkowski’s second inequality leads to this formula
holding for a gauge function f(£f, - - - , &) which is reduced with respect to A:

(My- -« M) -V*[A:1] < 20
where
Mk =f(elky Sty enk)-

5. Splitting. The number of reduced lattices is finite. Up to now every-
thing has worked for a division algebra of degree f over R, just as well as for
a field ¥. Further progress depends on .the structure of ¥*. If ¥ is a field,
then ¥* is isomorphic to the direct sum of a number of components R and (.
We first study this case.

The decomposition of F* is brought about by conjugation. One knows that
¥/Ro has a determining number 6 whose powers 1, 8, - - -, 6/~! constitute a
basis for ¥. The number 0 satisfies an irreducible equation in R, of degree f.
Let 6= and 68, 8# (or in one row: W, - - - | 8V) denote its 7 real and s pairs of
complex conjugate roots. They define the f conjugations

£ E—p, oF
each of which projects ¥ isomorphically into R or (°. We use the notations

a a B B . B —8 [ . B
E =x, £ =20+ iny (8 = 29— ix1)

and call the r+s numbers &=, £8 the splits, and the f real numbers x*; x5, x5




1942] ARITHMETICAL EQUIVALENCE 213

the splitting coordinates of . The same applies to any element £* of ¥*. The
product {* = £*n* has the splits

§* = &% $8 = tf.
The arithmetician speaks of the different values of the indices a and B as
the 7 real and s imaginary (infinite prime) spots of ¥; for the sake of brevity

we often drop the adjectives in parentheses. If a definite arrangement is de-

sired, we write a=ay, - - -, ar; 3=84, - - -, B..
The splitting coordinates x*; x5, x% are connected with the components
X1, - - -, x7 of £* by the linear substitution

(11) z=loy -, q

where in the symbol on the right side each term stands for the column of its
splitting coordinates (in a definite arrangement). The splitting of 7* into 7
components R and s components (° is established as soon as it is certain that
the absolute determinant

A=ab5.l61,"’,0/|

of the matrix 2 is different from zero. For the particular basis 1, 6, - - -, /-1
one sees that (—24)*-A is the Vandermonde determinant of 8, - - . | ¢ and
hence indeed A#0. This fact carries over to any basis a1, - - -, oy of F.

The number in §* with the splitting coordinates x*; x5, —«f is denoted
by &*. As absolute value |£*| we introduce the greatest of the 745 numbers
IE"], |£5| . One could agree on other definitions, but this one is most con-
venient for our future applications. What usually is called a unit in ¥ is a
number of ¥ which is a unity at all finite prime spots. None but the infinite
prime spots matter for our investigation; hence we take the liberty of using
the term “unit” for those numbers e of ¥ which are unities at all infinite prime
spots, i.e., for which the r+s equations le“l =1, [eﬁl =1 hold.

For any element 8* of ¥* one introduces the real matrix ||ds|| of the linear
operation £*—£*6* in F*:

Xg—> Z dapxs (006* = E dbam,)
b b

and its characteristic polynomial
| tear — das| = # — /1 4 - - - & dp.
d, and d; are called trace (tr) and norm (Nm), respectively. In terms of the

splitting coordinates our operation of multiplication splits into the trans-
formations

xx—xed; B8P,
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each corresponding to a real or imaginary spot a or 8. Of course, §f—£P58
stands for

xg — xﬁa': - xfd':, x‘: — xgd‘: + xfd'z

Hence

tr(a*)—Zd +2Zdﬁ,
Nm (%) = ];[d H{(d’) + (@'}

If 6*=0 isin ¥ the d,; are rational numbers. For a unit ein ¥ our formulas show
that the determinant Nm(e) of the transformation £*—t*e is of absolute
value 1 and hence as a rational number equal to *1.

Considering the trace tr(#?) one readily verifies that (2°A)? is rational for any basis
a1, - - - , oy and especially a rational integer for a basis of an order [¥].

The transformation (4) in E™,

4) £ =D ¥ (8;x numbers in ¥)
k
splits into the components

Z ﬂkaiki Z ﬂkazky

each a-component involvmg n, each B-component 2n real variables:

a a 8 8 . B

£k = x5 £ = xro + %51
How closely can one approximate an element £* of ¥* by a number v of our
order [¥] with the basis ¢y, - - -, 0,7 For an appropriate v in [¥] the real

components x; of £*—
F—y=xlor+ - + 2/0y
will satisfy the inequalities |x,, I <1, and thus

& — x| <0
where

p=tmax(loil+-- +|al, o]+ +[a]).

The “circles” of radius p around all numbers vy of [¥] cover the whole F*.
(Such a radius was denoted by the letter 7 in R1, which now serves a different
purpose.)

Let us now return to the situation cxplained at the end of the previous
section and let V be the volume of K computed in terms of the splitting
coordinates of &F, - -, £. Then V=V*/A» Moreover we observe that
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fGg, - - -, &,0,---,0) is reduced with respect to the lattice A®, and de-
noting by V; the volume of the solid

S - - 850,---,0 < 1

in E* computed in terms of the splitting coordinates of &f, - - -, £, we ob-
tain these fundamental inequalities for My =f(ew, « - * , €nr):

THEOREM 1. For a reduced f(¢, - - -, £.)/A one has
(12) (My- -+ M) -V[A:I] < (27A)™,
more generally
(124) (My -« M) -Vi[AR:I®] < (274)F

At this point we introduce the further assumption:

(ii*) fr*e*) < |7*| -f(z*) (v* any element of F*),
and henceforth the term “gauge function” is to be taken in this restricted
sense. Following Minkowski’s own argument, we then prove

TrEOREM II. For a reduced f(&,, - - - , £.)/A one always has

(13) j=[A:1] < (nf)!(i—)na~ <%>,.

and more generally

(13,) ji= [Aw:I0] = (kf)!<—:*>h<?—!)k k=1, ).

Hence in any class of lattices belonging to the order [¥] there is always a
lattice A which contains I and satisfies (13) and (13;). Together with Lemma 2
this proves(®):

TueOREM III. The number of classes of lattices belonging to a given order

[7] is finite.

(8) This theorem is well known. We are concerned only with those lattices A over I which
are in the class of ¥, but as our bounds (13) or the sharper bounds (35) depend on the order
rather than on the special class it seemed worth while to mention Theorem III in passing. For
a commutative field ¥ and its principal order [¥] E. Steinitz, Mathematische Annalen, vol. 71
(1912), pp. 328-354, and vol. 72 (1912), pp. 297-345, proved that the number for classes of any »
is the same as for #=1, namely equal to the number of classes of ideals. See also I. Schur,
Mathematische Annalen, vol. 71 (1912), pp. 355-367; W. Franz, Journal fiir die reine und ange-
wandte Mathematik, vol. 171 (1934), pp. 149-161; C. Chevalley, L'Arithmétique dans les
Algeébres de Matrices, Actualités Scientifiques et Industrielles, no. 323, 1936, in particular Theo-
rems 3, 7 and 8.
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(The proposition implies the corresponding one about classes of ideals.)
Any gauge function will do for the proof, for instance

f(&*,"', n*)=|£l?k|+°"A+|£n*l-

We shall soon see that much better upper bounds for the number of classes are

obtained by using for f2 the trace of a positive Hermitian form. However, our

present Theorem II goes far beyond Theorem III because it deals with any

gauge function f in conjunction with a lattice rather than with lattices alone.
Proof. Observe that the “octahedron”

e+ - +]&x] <1

contains no vector of A except the zero vector. Hence owing to Minkowski's
chief inequality we find this upper bound for its volume W:

Wj = (278)
Let (&, - - -, £.) be a vector in A and &, be the last nonvanishing one among
its coordinates £;. Then by the definition of reduction
(14) f(slr"' ,En) ; Mk:f(elkr'°' venk)-

On the other hand the assumptions (iii) and (ii*) imply

fEer+ -+ b)) S Mu| &1 + - -0 + M| 8]
= Mi|al|+ -+ M| &l

Because of (8) the relations (14) and (15) are incompatible unless
a4+ +lal=lal+--+|alzt

We base our computation of W upon the following general remark about
gauge functions f in an n#-dimensional vector space over R. If V is the volume
of the gauge body K: f(r) <1, then the integral [ of e~/ over the whole space
equals #!V. One simply evaluates the integral by decomposing the space info
the infinitely thin shells

(15)

¢=f(t) <qg+dg

f= V-f e 9-ng"dg = nlV.
0

Applying this remark to the gauge function lg;“l + - +|S:l in our (nf)-
dimensional vector space and to the gauge function | E*I in the f-dimensional
space 7*, one gets this double value for [:

and thus finds

(nf)IW = (flw)",




1942] ARITHMETICAL EQUIVALENCE 217

w being the volume of the “cylinder” defined by

IE*| <1, or by | xal <1, (xﬁ)z-l- (x‘i')2 <1

Therefore w=2"x*.

(ii*) entails the property (iio) of §3, provided U is the group of units in
our sense. From now on we shall abide by this convention and interpret the
term “properly reduced” accordingly. Then the transformation £*—§*.¢
(e in U) and hence every special transformation (10) has the determinant
41 and thus the indices ji for two lattices A and A’ over I which are in the
same family coincide: j,=ji for k=1, - - -, n.

The values v* of a Hermitian form in F*,

X %k — %k

(16). ‘Y*(I*) = > Eiviks (‘Y:; = ‘;fk)
Wk

are totally real in the sense that ¥* =+*, or thateven the B-splits v’ = g +igf = ¢
of v* are real. What such a Hermitian form does is to associate a quadratic
form {g5} with each real spot @ and a Hermitian form {v4} with every imag-
inary spot B8. The splits of y*(¢*) are

a aa « B B B8
@17 g = D %igikh, g = 2 Evaki
ik ik

where &7 = £ and & are the splits of £f. The form v*(¢*) is said to be positive
if each of the r quadratic forms {g5} and each of the s Hermitian forms {5}
is positive definite. -

We now apply our theory to the gauge function f introduced by

(18) 2= tr (v*(r%)-
In terms of the splits (17) one has
(19) f=2ga+2/:;gﬂ.

The properties (i) to (iii) of §4 are readily verified; (ii*) is also fulfilled because
of

) = The frge + 23| g

6. Quaternion algebra of totally positive norm over a totally real field.
Turning to noncommutative division algebras, we denote by & the quasi-
field of quaternions

a = ao + a1ty + @202 + asis

whose components a,, @1, @3, a; are arbitrary real numbers, and use the nota-
tions g and |a| in the customary manner:
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_ 2 2 2 2 2
aa=|a| = a9+ a1 + a: + as.

For which of the noncommutative division algebras of finite degree over
R, does the concept of infinite prime spots work in a way similar to that in
the previous section for fields? 1 am going to describe one such situation with-
out discussing the question whether or not it is the only one (though, as a
matter of fact, it is).

Suppose we are given a field € of degree ¢ over Ry and two numbers w;, w;
in €. We put ws=ww; and form the quaternion algebra ¥ over € whose ele-
ments £ are quadruples (&, &, &, &) of numbers in E,

(20) £ =%+ Ein + Eata + Eas,
with this multiplication table for the unities ¢, ts, t3:
2 2 2
= — wy, g = — Wy, 3 = — w3;
titg = — lal1 = (3, 3l = — Lilg = wile, lalg = — gl = waly.

The conjugate Eis Eo— &1t — &t — £33 and

—_ 2 2 2 2
& = &0+ wif1 - webe + wsks.
If the equation
(21) Fo + ity + wsks + wats = 0

has no solution (&, &1, &, £3) in € except (0, 0, 0, 0), then ¥ is a division algebra
of degree 4 over € and of degree f=4e over Ry. We assume € to be totally real
(to have no imaginary infinite prime spot) and w;, w. to be totally positive
numbers in € (i.e., cheir e conjugates w?, wj are all positive). Then the quad-
ratic form of the variables &, &1, &, &3 at the left of (21) is positive definite
in each conjugate € of € and hence (21) has no solution except 0. Denoting
as before by 7« the conjugate of any number 7 in € corresponding to the spot «
of €, we map (20) upon the element

(22) £ =t 4+ D i+ E b+ a5

in . This “conjugation” is an isomorphic mapping and defines the “infinite
quaternion prime spot” a of . (22) are the splits, and the 4e=f real numbers

a a a 1/2 a 1/2 a 1/2
x0 = &o, X = El (w1) Xy = 52(602) X5 = Ea(ws)

arc the “splitting coordinates,” of £. Application to the elements £*, equation
(2%), of F* is immediate.

There is only one thing to settle: The splitting coordinates. x5, x7, x5, x3
arise from the components x, by the substitution (11), each ¢, standing for
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the column of its splitting coordinates. Is its determinant, whose absolute
value will again be denoted by A, different from zero? To answer the question,
let (r1, - - -, 7.) be a basis of € and set Ao=abs.|1'1, - e, ‘Tel. From it we
obtain the following basis of ¥:

Tay Tally Tal2, Tal3 (a =1,.-- ’ e)'

The A of this particular basis is given by
A = ] (wsws) Ao = Nm ws-As.

Thus A0 for this and consequently for any basis.

Incidentally A is a rational number for any basis of ¥ and 4¢- A a rational integer if
o1, * + -, o7 is a basis of [¥]. The characteristic equation of the multiplication £*—£*- 5 consid-
ered as a linear operation in ¥* is the square of a polynomial (of degree 2¢), and so is the char-
acteristic polynomial of the linear substitution (4) in E*/,

The notion of unit and the absolute value |£*] of any element £* of F*
are introduced as before. The constant on the right side of (13;) is to be

changed into
\ 32 eks A\ K
() ()

As gauge functions f we employ in particular those whose square equals
Ftr (v = 2 g

where v* is any positive Hermitian form (16) in F*.

7. The theorems of finiteness for quadratic forms. After so many pre-
liminaries which stake out the ground covered by our investigation, I now
come to the core of the matter, which may be explained fairly completely by
the simplest example ¥=®R,. Here we have only one order [¥] consisting of

the ordinary integers 0, +1, +2, - - - and only one class of lattices. For any
given lattice A over I and any positive quadratic form
o) = Z 8ikXiXk (gri = gir)

the conditions of reduction read:
@) 2 gr whenever ¢t = (x1, - -+, x,) isin A

Each of them is a linear inequality for the coefficients g.;.
With the notation used in R1 we carry out Jacobi’s transformation :

f2 = qlzf+ s+ qnz:.
The volume V of the ellipsoid f2<1 is given by
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V= w:/ql .-
w, being the volume of the n-dimensional sphere. Hence the inequality (12),
(23) M- M,V[A:1] < 27,
turns into
(29 g gun[AI]2 S (27/0a)2 g1 - ¢+ ga.

As Minkowski observed, (23) may be proved much more easily for quadratic
forms than for an arbitrary gauge function. By an argument similar to the
one employed in proving Theorem II we see that the ellipsoid
g _ 4 i‘_ 2
f M’ 1 +---+ 7 2, < 1
contains no lattice vector except zero. Hence its volume V' satisfies the in-
equality
V/[A:1] <2* and V'=M,-- - M,V.

If k, is a number such that the part of space covered by impenetrable n-di-
mensional spheres in any lattice arrangement may never exceed the propor-
tion k.:1 then we can even write k,2" instead of 2 and thus replace w, in
(24) by T»=w,/ks. The most primitive choice is k,=1; however, according to
Blichfeldt’s ingenious device(®),

Kn = (n + 2) .2—1-n/2

is a permissible and better value.
Making use of the inequalities

gi = ¢
on the left side of (24) we get for the index j= [A:I] this upper bound
(25) j =277,

which is a considerable improvement over (13), j<n! For n=1, 2, 3 it yields
the result j=1, to which the theory of reduction for binary and ternary forms
owes its comparative simplicity.

For similar reasons

(244) gu - gk P < (2 ) g1 Qi
(25%) p < 2 /me (k=1,---,n).

Unless the lattice A satisfies the # 1nequallt1es (25;) for its indices jy = [A® : 1®]
there can be no A-reduced forms.

(%) H. F. Blichfeldt, Mathematische Annalen, vol. 101 (1929), pp. 605-608.
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Dividing (24;) by
g1t Gk-1,k—1 = q1° * * Qk—1

we find that our reduced form satisfies the fundamental relations

(26) qr = Nigkk
where
(27) e = (Game/2F)2.

This lower bound for ¢, is much better than the corresponding one holding for
the method of reduction studied in R1.

The first theorem of finiteness deals with the subset Ax(=) of A, to which
a vector ¢ in A, belongs if there exists a A-reduced positive quadratic form f2
satisfying the equation f2(t) = gix. The set Ay(=) is finite. The proof is as in R1,
but the upper bounds arrived at are a good deal lower. The first part of the
proof yields the bounds

)\iz§§1 (fori=Fk k+1,---,n)

where the \; are now defined by (27). In the second part one replaces the vec-
tor rin Ax(=) by r— 1, where 13 is any vector in A® (k <k) and observes that

it — 1) Z grre

This is true in particular if g3 is in I®, and as in R1 one thus derives the rela-
tions

M S ek (p=1/2h=1,--, k- 1),
Once the discrete lattice A is given, the resulting universal upper bounds for
EX PR |x1| leave only a limited number of possibilities for a vector
r=(xy, : - -, x,) in A.

The second theorem of finiteness shall be restated in a more natural and
slightly more general form. Let p=1 and w=0 be given. With respect to the
lattice A over I the positive quadratic ferm f2 will be said to have the prop-
erty B(p, w) provided

1
(28) f@ =z 7f’(ek)
for any vector rin A, and
(28) ex — 1) 2 fHe) — w-f(en)

for A<k and any vector 14 in A®. Again, each of these conditions is a linear
inequality for the coefficients g;; of f2. We maintain:

Given two lattices A and A’ over 1, there is only a limited number of linear
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transformations carrying A into A’ and at the same time capable of carrying an
unspecified A-reduced form f* into an unspecified f'* which has the property
B(p, w) with respect to A’.

We write the transformation as

= Z xie; = Z Yidit

if (%1, - - -, %,) isin A, then (y1, - - -, ¥») is in A’, and vice versa. In particular,
the by, - - -, ba are vectors in A. (p, e;, d; were denoted in R1 by p? bd;, 8:.)
More explicitly as has been done in R1, we divide the row of indices 1, - - - , »
into a number of sections by means of the subspaces

Ev=[ey, -+, ), E! = [by, -, b (k=0,1,--.,n).
We pick out those k=1, Ly, - - - , L,

0=lo<l1<"' <l,,_1<l,,=n
for which E;=E/, and divide the range of k into the v sections
ha<k=l (u=1,---,9).

We then study the possibilities for transformations (b, - - -, b,) with given
by -y b
By the analogues of Theorems 8, and 9, we have

(29) gie < gk (k=1,---,n)
and moreover
(30) Gitliv1 = Pgis

whenever 7 and 741 are in the same section. Consider a b, of the last section
(l,.1 <k =n). The first part of the proof in R1 yields for ¢ = b, the simple upper

bounds

)\hz: < P!k—h)+1
if & also belongs to the last section, {k} denoting 0 or k according as k<0
or £>0. The second part requires a slight modification. Suppose # lies in the
uth section (u <v), and set for the moment I, =/. Since E;= E{, the vectors in
A‘D are obtained from the expression y10:+ - - - +¥;b, by running (y, - - -, ¥,
0,---,0) over A’», Hence, according to the postulate (28"):

2
e —0") = g — wen

for any vector y’ in A’ or

2
for—1) = gir — wen
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for any vector ¢’ in A9, a fortiori for any vector in AW, g fortiori for any vec-
tor ¢’ in I®, Following the same argument as in R1, one gets the inequality

wgn + p hghh )\hghhzh (o = 1/2).

But because % and [ are in the same section, (30) and (29) lead to

gu = P gnn, gu < pgu < P gy,
and thus finally
u—h-
Mz S hp 4 wept T lor <hSlsu=1,---,9—1).
It is clear how the same procedure applies to a & in the lower sections. De-
noting the values of the variables 2y, - - -, 2, for t=0; by 2z, - - -, 2.4 ,0ne
finds:

2 = 0 if h is in a higher section than k;
Mizhi < p=h+1 if p and k are in the same section;
Mzax < hp?+4wpt** if ki is in a lower section than 2 which ends with .

8. Modifications in arbitrary fields and quasi-fields. Our next concern is
to examine whether any serious modifications of the procedure just described
arise in the two general cases of a field and a quaternion algebra over a field.
Take the case of the field first. With a positive Hermitian form y* in 5* we
combine its trace f2:

@Bl LE B = Y g+ 2 Z Zy.ks. B (5 = xio + izh).

a t,k

v* is called reduced with respect to A if the gauge function fis, i.e., if

2 *
(32) fE, -, 8) Ztr(vw) =
for any vector (&, - - -, &) in A;. Each part is subjected to its Jacobi trans-
formation:

Z g X Xp = Z @D,
Zv.’izfsf S WAAR
i,k i

Besides

a B a B .2
tr(g) =2 ¢ +22 ¢, Nm(g)=1IIg I
a B a ;]
we introduce the mean value (g;) by

f-{ga) = tr (go).
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In terms of the coordinates x§; &, &5, the volume V of the ellipsoid f2(g*) <1
is e
way divided by 2m< 11 Nm q.-> .

Instead of applying Minkowski's second inequality to the present gauge func-
tion we again consider the ellipsoid

¢ —

120y %) — 2T

7a*) = tr(Z‘I Mzm.) <1

which contains no lattice vector except zero, and thus establish the inequality
4r+a 2)»

(33) II (trya) - [A:1)r £ ——5— II Nm g;

1I'n f

for any reduced y*/A.
Now enters the only new feature: Making use of the inequality between

arithmetic and geometric means in the form
Nm ¢; < {¢:)
we infer from
a a B B
¢ = gis g = 7vii
the relation
(v 2 (@Y 2 Nm g;,
and then (33) yields the following upper bound for j= [A:1]:

‘n',,/-f"’“'

< 1/p, with the abbreviation p, = —— -
J /” . (2r+aA)u

For the same reasons

k . k .
(34) II (v%Y (uaj)? < ] Nm g:
=1 i1
and hence
(35) wejr S 1.

These estimates are an improved substitute for Theorem II. Combining (34)
with

k=1 k—1 k—1
II &%y 2 T 4g:Y =2 ]I Nm g
=1

fm=1 t=1
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one gets
(36) Nm gx = (uefs)? (vie)-

Not only does this inequality establish a lower bound for the trace of ¢,

tr qe = (uaje)?! - tr viw,

but it also shows that the geometric mean of the conjugates of g; is not much
smaller than their arithmetic mean. Therefore none of the conjugates can be
much smaller than their arithmetic mean. We have a special case of the situa-
tion dealt with by the following

LEMMA 5. Let fy, - - -, fm be positive integers and uy, - - -, Um; V1, * -+, Um
two rows of positive numbers. We set
f=hH+--+fm
Jw) = frur + - -+ fthm,
Nmu=u!11---uf,:.
If ue=<v, (=1, .-, m) and
37 Nm % = p-(v)

with some constant u=1, then
Yo = Na- (V)
where N depends on p but not on the u and v.

(In our case r among the weights f, are 1 and s of them equal 2.)
Proof. In the trivial case m =1 one determines A\ by

(38) N =
If m>1 we set #;=X\-(v) and assume A <1. Then

Nm % = )\"(v)h~u;’ . u’f: < )\h(v)h(u){_h.

Here (u); denotes the arithmetic mean of us, - - - , % formed with the weights

f2y st )fm Of sumf—f1:

(f=f)wh = fauz + - -+ + fothn = f-(4) — fra
= f-(u) — fiMo) = (f — f\) ().
Therefore

Nmu = p- (o)

where
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(39) w=w (ff—_ff‘z‘)’_".

As its logarithmic derivative shows,

(40) du _ fi(l —N) fax ]
g f—fn A
this function u(\) maps the interval 0 £\ £ 1 monotonically upon 0 Su <1 and
thus will assume the given value p (=1) for a certain A=X\; (£1). Thus we
cannot have %; <A;-{v) under the condition (37).
(We wish to obtain the best value for the constant A. If one is content with a little less, one
may choose \; according to the equation
=N
) -

f
AN
M (f—fn

S=1in
(1 +}-——-f—> <e (= basis of natural logarithms),
-1

or even, as

(Ale)f 1=y,

Incidentally, formula (40) holds good also for the function (38) which rules the trivial case

m=1,fi=f)
In this way we ascertain constants A, A such that

each gr = M- (v1x) and each q: > M- (yan)-

In case there is only one infinite prime spot, Ay and A{ are determined by the
relation

L2 2
(Brje) = N = A

in case of several spots by the equations

i) ()

together with N\; =<1 and N/ =1.

Similarly for the other case studied in §6, that of a quaternion algebra ¥
with totally positive relative norm over a totally real field. The constants
Mx, A\x in the inequalities

pefxr =1 and q: = )\k'(‘Y:k>

are then given by

Mk = Tike A-—k(e/4)2ke’




1942] ARITHMETICAL EQUIVALENCE 227

. e — M\ ¢!
(uejr)}2 = M or )\k( 1) =1,
e —

according as e=1fis 1 or is greater than 1.
After this the proofs for the first and second theorems of finiteness roll

along as before.
9. The pattern of equivalent cells. The Hermitian forms {v4} constitute

a linear space of

N=finn—10)+(+s)n=/[finn+1) —sn (field )
or

N =en(2n — 1) (quasi-field ¥)

dimensions, the positive ones a convex cone G in that space. G is an open set;
we operate within G throughout. “Form” means any positive Hermitian form.

Let A be a lattice over I. A A-reduced form v* has been characterized by
the inequalities

(32) ﬁ(Elr T En) = fz(elky Tty enk)

holding for f2=tr (y*) whenever (&, - - -, &) is in A For a given vector
(&, - - -, &) the equality sign in (32) will hold identically for all Hermitian
forms y* only if

(b, -+ -, &) = e (et -+, €ni) (e a unit),

as follows at once from the expression (31). For any other vector (¢, - - -, £,)
the equation determines a (V—1)-dimensional hyperplane in our N-dimen-
sional linear space of forms. This remark justifies our definition of “properly
reduced” in terms of the group U of units.

The forms y* which are reduced with respect to A make up a convex cone
G in G. The properly reduced forms are the inner points of Ga; see R1, p. 150.
G may be empty; indeed it will be so unless the indices j; of A satisfy the in-
equalities (35). Even if it is not empty it may be without inner points. Theo-
rem 10 in R1, together with the first theorem of finiteness, proves:

THEOREM IV. If G has inner points, then G is a convex pyramid defined
within G by a limited number of linear inequalities.

A linear mapping r—1t’ of E*/¥ upon itself is one satisfying the conditions
(tit1)' =t/ +t'2and (6-r)’=6 ¢’ for any number § in ¥. We also require
that r=0is the only vector whose image 1’ equals 0. If by, - - -, b, is any basis
of E»/¥ the mapping .S may be defined by giving the images d/ = b.S of the b..
The mapping .S carries a form v* into a form vg* according to the equation
5 (xS) =v*(x). An order [¥]in ¥ and a lattice { belonging to the order [¥]
are supposed to be given. The linear mappings .S which leave & invariant are
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said to form the modular group(”). In terms of a basis by, - - -, b, of E»/¥ the
lattice  is represented by A:

I=ﬂ1b1+"'+nnbn in 8’(_—)'(7711""7773) in A1

and a form y*(x) is represented by a form T™(ny, - - -, 74):
(41) Y¥(mdi + - - -+ mada) = T*(my, - - -, 1)
The linear mapping defined by b;—d!/ carries mdi+ - - - +9.d, into
md 4+ - - - +1.0); hence it leaves { invariant and thus belongs to the

modular group if and only if A=A’, A and A’ being the representations of
L in terms of d; and d/. For a vector b in { there are not more than a finite
number of units € such that eb also is in €. Indeed, for the splits of r=eb
one finds

le=| =lo=|, [&| =]#|, afortiori |e=|=]o=], |&] =],

which in view of the discrete nature of & proves the point.

We want to divide G without gaps and overlappings into domains which
are mutually equivalent under the modular group. We shall introduce these
cells first as entities which have nothing to do with Hermitian forms, adopting
a criterion of identity other than the set-theoretic one. The systematic place
for this introduction would have been at the end of §3. Only afterwards shall
we explain the meaning of the phrase “a form lies in a cell.” Here are the defi-
nitions:

A semi-basis by, - - -, D, of € determines a cell Z(d,, - - -, d,); the semi-
basis by, - - -, b, is said to determine the same cell if

(42) b = ed; (e; units).

Let Sbe an operation of the modular group. The image Zsof Z=Z(by, - - -, d»)
is defined as Z(b{, - - -, b.) where b/ =b;S. (Notice that if Z is written as
Z(by, - - -, b,), bi=¢;d;, then Z(b{, - - -, b,) is the same Zg because b/ = €;d/! ;
thus Zg is independent of the fixation of the defining semi-basis by, - - -, da.)
Those S of the modular group for which Zs=Z shall be denoted by Jz; they
form a finite group {Jz}. Indeed, for such an S=Jz one must have

(43) b/ = bS5 = oids (0',' a unit),

and the Jz are those mappings of the special form (43) which leave € invari-
ant. (In terms of another defining semi-basis b; = e;b; the same Jz is expressed
by b/ =e€0:¢7!-b;.) Any operation S of the modular group has the same effect
upon Z as JzS.

(") If one feels that this term ought to be reserved for the group which is fundamental in
the theory of the modules of the theta functions then a new word, say “lattice group,” is indi-
cated for our purpose.
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In terms of (b1, - - -, b,) the lattice € is represented by an admissible lat-
tice A, i.e., by a lattice A over I which is equivalent to & Hence to the cell
Z=2Z(by - - -, b,) there corresponds a family of admissible lattices A, and the
same family to each equivalent cell Zs. We have a one-to-one correspondence
between the classes of equivalent cells on the one hand, and the families of
admissible lattices A on the other. We distinguish them by different colors.
The operations Jz are represented by the operations J, in terms of the basis
(b1, - - -, D).

Now we come to the realization of cells as point sets in G. A form y*
issaid to liein Z=Z(dy, - - -, da) if (b1, - - -, D.) is reduced with respect to v*,
ie., if for f2=tr(y*) one has f2(r) =Zf%(bs) whenever ¢ is in 2 and outside
[b1, - - -, de_1]. Because (42) implies

fQ(bk) = f?(bk): [bl. oty bk—l] = [bl, ct bk—l]r

the definition is independent of the fixation of the defining semi-basis
D1, - -+, bn. If ¥* liesin Z=Z(b,, - - -, b,) then the transform I'* introduced
by (41) lies in G4, and ys* lies in Zs.

The fact that there always exists a reduced semi-basis for a given ¥* and
the concluding sentence of §3 can now be stated thus:

(a) Every point v* lies in at least one cell Z.

(b) An inner point of a cell Z cannot lie in a cell Z’ unless Z’ is the same
as Z (or briefly: different cells have no inner points in common).

The fact (a) will of course not be altered by suppressing all empty cells and
their colors. Thus we have to look only for those admissible A whose indices
satisfy the conditions (35); and this brings the colors down to a limited num-
ber. Will (a) still prevail after suppressing all cells without inner points and
their colors? The answer is affirmative because there is no inner clustering
of cells in G. This is a consequence of the second theorem of finiteness, which
now takes on the following form. Let q, - - -, a, be a semi-basis of &, p=1
and w=0. The form «* is said to lie in Z(ay, - - -, a,.|p, w) if

1
) 2 ;'fl(ak)

whenever ¢ is in € and outside [ay, - - -, ax—1], and if, moreover,
frax — m) 2 fA(ar) — w2 (an)
whenever h<k and zpisin ®and [ay, - - -, as].

THEOREM V. There is only a finite number of operations S of the modular
group such that the image Zg into which a given cell Z is thrown by S will have
points in common with the domain Z(ay, - - -, a,.l b, w).

Application to p =1, w=0 proves in particular that a cell borders on not
more than a finite number of other cells. And since Z(ay, - - - , .| p, w) sweeps
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over the whole G if p and w increase to infinity we are sure that the cells
cluster around no point in the interior of G (“the modular group is properly
discontinuous in G”). We therefore definitely admit only those colors whose
cells are N-dimensional solids, i.e., have inner points. In our summary we
talk of them as point sets in G.

TueoreM VI. (a) G is divided into a pattern of cells, each cell bearing a
color out of a finite palette of colors. The cells cover G without gaps and overlap-
pings. Each cell is a solid convex pyramid (in G). The mappings of the modular
group leave this design, including its coloring, invariant. Any two cells of the
same color can be carried one into the other by an operation of the modular group.

(b) Given a point in G and a cell Z one can assign a neighborhood N to the
point such that there is only a limited number of operations S of the modular
group for which the image Zg penetrates into N.

() The operations of the modular group which carry a cell into itself form a
finite subgroup. This group of linear operations in the vector space E™/F 1is
equivalent (in ¥) to a group whose elements are of the special form

G1— ke, - o, En > Eren (e; units).

(Of course, in view of statement (c) the statement (b) could have been re-
placed by the simpler one that only a finite number of cells penetrate into R.)

We form a nucleus by selecting one cell Z, of each color c. All cells adjacent
to the nuclear cells form a wreatk around the nucleus. Here the word “ad-
jacent” may be interpreted either in the wide sense of “having a point in com-
mon,” or in the narrower sense of “having a wall of N—1 dimensions in
common.”

THEOREM VII. Determine for each cell Z! of color c in the wreath an opera-
tion S! of the modular group which maps the nuclear cell Z. of color c into Z! .
The S! thus selected, together with the operations J. of the modular group which
carry Z. into itself, generate the whole group if all colors c are taken into account.

Were it not for the groups {J4} the nucleus would form a fundamental
domain. As it is, one has first to replace in our construction each Gy by a
part G4 which in G, is a fundamental domain for the finite group of special
transformations

Jar & Erer (ex a unit)

carrying G into itself. The effect of Jx upon the coefficient v} is described by

% * _
Yik > €Y ik€k.
If in one split « the transformation of the variable v =5,

(-4 «a

—

a a —1
e Eer = € Eler)
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is the identity, then the same is true of every split. Hence it is sufficient to
consider one split @ only, and after choosing it we write simply yz="%Yix,
€5 =¢;. If the transformation E—e&Fe;! is the identity, one must have e, =€,
as the specialization E=1 shows, and E—e&Se ! is also the identity. More-
over, if E—eZe! and E—eFes! are identities, then E—eZer! is. Conse-
quently we may well limit ourselves first to the coefficients v (2 <k) on one
side of the diagonal, and then more particularly to

— — Lwd — Lwd —
A1 T Y12, A2 T Y23y 0ty Ha—l = Ya—1,ne

Let us at once consider the most disagreeable case, that of a quaternion quasi-
field ¥ as described in §6.
The group {Ja} induces a group of transformations of the type

E—eafe (l61,=]‘2|=1)

for y13==,=E. This is a finite group of orthogonal transformations J in the
space of the four components X, X;, X2, X3 of the variable quaternion =.
Denote by EJ the transform of & by J. The simplest way of ascertaining a
fundamental domain for this group {J } is as follows: One chooses a point
= = A which differs from all its transforms AJ (J #identity). The fundamental
domain consists of all points = which are nearer to the center A than to the
other equivalent centers AJ and is thus characterized by the inequalities

EA—AT+(A—A))-E20.
Fortunately these are linear inequalities, namely of the form
aoXo + a1 X1 + axXo + asX3 =2 0

(ao, a1, as, as being the components of A—AJ). After having done this we limit
ourselves to those operations J, which leave E; unchanged. They form a sub-
group and we study its influence upon Ej, - - -, E,_1. The next step would
consist in singling out =,. By induction we thus obtain a finite number of
subsidiary linear inequalities each concerned with the four components of one
of the variables v1z, - - - , ¥»—1,» only, and by them we define the fundamental
domain G4 in G for the group {Ja}.

I set little store by this whittling down of G to Gy . It seems less artificial
to operate with the whole cells Z; in doing so one has to keep in mind that the
modular group in its influence upon Z matters only modulo {Jz}.
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