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1. Introduction. With reference to problems in elasticity, the terms “small
displacement,” “finite displacement,” “small strain” and “finite strain” have
the following meanings which will be made more precise later. If the displace-
ment of every particle in a strained elastic body is much smaller than the
greatest linear dimension of the body, the displacement is small; otherwise
it is finite. If the elongation per unit length of every element in the body is
much smaller than unity the strain is small; otherwise it is finite.

Only those problems involving small strain lie within the scope of ordinary
mathematical elasticity. In most problems the strain is small only if the dis-
placement is also small. However, in the case of thin rods and plates the
displacement may be finite and yet the resulting strain may be small. Such
finite displacement of thin rods will be considered in this paper. At a later
date it is proposed to deal with the corresponding problem for thin plates.

The usual theory of the finite displacement of thin rods is due chiefly to
Kirchhoff: it has been the subject of a number of papers going back nearly a
hundred years(?). An account of the essentials of the Kirchhoff theory has

Presented to the Society, April 11, 1941; received by the editors December 4, 1940.

(1) This paper was written originally with the aid of a scholarship from the National Re-
search Council of Canada, and was revised at Armour Institute of Technology, Chicago.
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been given by Love(®). This theory appears to be in need of certain improve-
ments which it is the purpose of the present paper to present. First, in order to
deduce the equations governing the finite displacement of a thin rod naturally
curved, it was necessary to assume that the rod was displaced to its final posi-
tion through an intermediate stage in which the rod was straight. No such
artificiality is required in the present paper. Secondly, approximation was in-
troduced in a somewhat haphazard fashion. In the present paper approxima-
tion is introduced systematically in a manner which permits a theoretical
solution of the problem to any desired degree of accuracy. The method is that
of development in a power series in a small dimensionless parameter € which
tends to zero with the sectional area of the rod. This method was used by
G. D. Birkhoff and others for thin plates(4); it has also been used for thin
membranes(®) and for beams undergoing small displacement().

Synopsis. In this paper we consider rods of uniform cross-section with the
external forces acting only on the ends.

The method of tensor calculus is used. Solutions are sought for the equa-
tions of equilibrium and compatibility by means of a systematic method of
approximation. These solutions contain certain arbitrary functions which can
be determined by applying the same method of approximation to certain
macroscopic equations of equilibrium. These macroscopic equations of equi-
librium express the fact that each element of the rod lying between adjacent
cross-sections is in equilibrium under the action of forces acting on its ends.
Even though the strain is small, in this work we require stress-strain relations
which are more accurate than the usual relations. These relations involve five
elastic constants whereas the usual relations involve only two.

The method of approximation hinges on a dimensionless parameter e in-
troduced in the following manner. We consider a singly infinite sequence of
thin rods with identical lines of centroids of equal lengths, and with cross-

mathematische Physik, Mechanik, 3rd edition, Leipzig, 1883. A. Clebsch, Theorie der Elasticitit,
Leipzig, 1862, Part 4, or Théorie de I’ Elasticité, Paris, 1881, chap. 4. A. B. Basset, Proceedings
of the LLondon Mathematical Society, vol. 23 (1891-1892), pp. 105-127; American Journal of
Mathematics, vol. 17 (1895), pp. 281-317.

(3) A. E. H. Love, Elasticity, 4th edition, Cambridge, 1934, chap. 18.

(*) G. D. Birkhoff, Philosophical Magazine, vol. 43 (1922), pp. 953-962. C. A. Garabedian,
these Transactions, vol. 25 (1923), pp. 343-398; Comptes Rendus de 1'’Académie des Sciences,
Paris, vol. 177 (1923), pp. 942-944; vol. 178 (1924), pp. 619-621; vol. 179 (1924), pp. 381-384;
vol. 180 (1925), pp. 257-259; vol. 181 (1925), pp. 319-321; vol. 186 (1928), pp. 1518-1520; vol.
195 (1932), pp. 1369-1371. H. W. Sibert, these Transactions, vol. 33 (1931), pp. 329-369.
R. Higdon and D. L. Holl, Duke Mathematical Journal, vol. 3 (1937), pp. 18-34.

(5) J. L. Synge, Philosophical Transactions of the Royal Society, (A), vol. 231 (1933),
pp. 435-477; Transactions of the Royal Society of Canada, (3), section III, vol. 31 (1937),
pp. 57-81. G. E. Hay, Canadian Journal of Research, (A), vol. 17 (1939), pp. 106-121; vol. 17
(1939), pp. 123-110.

(®) J. N. Goodier, Transactions of the Royal Society of Canada, (3), section III, vol. 32
(1938), pp. 1-25.
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sections having average diameters continuously decreasing to zero. We define
€ by the relation
average diameter of cross-section of unstrained rod

(1.1) €= length of unsirained rod '

€ then varies in the interval 0 <e< 8, where § is much smaller than unity.

Frequently we shall find it convenient to refer to the order of magnitude
of certain quantities. By definition, a quantity ¢ is said to have the order of
magnitude of €”, or to be of order e, if g/€” tends to a finite nonzero limit as ¢
tends to zero. Quantities of order €® are said to be finite.

Let us now consider the problem as a whole. A rod of given geometrical
form is subjected at one end to a given force-system (force and couple). It
takes up some equilibrium configuration under the action of the given force-
system and a suitable force-system applied to the other end. Thus the prob-
lem may be considered as characterized by

(a) the geometrical form of the unstrained rod,

(b) the force-system applied to one end.

When these are given, the problem is to determine the geometrical form of
the unstrained rod by solving the equations of equilibrium and compatibility
together with the macroscopic equations of equilibrium. It is found that—

(a) When the applied force-system is of order € or lower, the strain is
finite.

(b) When the applied force-system is of order € or higher the displace-
ment is small.

(c) When the applied force-system is of order € or €, the displacement is
in general finite, while the strain is either finite or small depending on the
configuration of the unstrained rod and on the individual components of the
applied force-system. We are interested only in those problems in which
the displacement is finite and the strain small. It is found that all problems
in which this is the case fall naturally into three classes which will now be
discussed in turn.

In problems of Class (i) the unstrained rod has in general an arbitrary
finite twist and curvature. The given force-system applied to one end is of
order €* but is otherwise arbitrary. In the strained rod the twist and curvature
are in general finite and can be found by the first approximation (Kirchhoff
theory) while the elongation per unit length is of order € and can be found
only by recourse to the second approximation.

In problems of Class (ii) the unstrained rod has again in general an arbi-
trary finite twist and curvature, but the given force-system applied to one
end of the rod consists of an arbitrary force of order € (much larger than in
Class (i)), an arbitrary twisting couple of order €, and a particular bending
couple of order €!. The strained rod is nearly straight, with its line of centroids
coinciding approximately with the line of action of the given force applied
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to the end. In the strained rod the twist (which is finite), the curvature (of
order €) and the elongation per unit length (of order €) can all be found by
the first approximation. When the magnitude of the curvature is reduced in
this way from order €° (finite) to order e (small), the rod will be referred to as
“straightened.” An example of such straightening is worked out in §13.

Class (iii) is a particular case of Class (i). It arises when the form of the
unstrained rod is such that two special conditions ((10.20) or (10.21)) are
satisfied and the given terminal force-system consists of an arbitrary force
and a particular bending couple both of order €, the bending couple being so
chosen that the strained rod is “straightened.” In the strained rod the twist
is the same as in the unstrained state, while the curvature (of order €¢) and
the elongation per unit length (of order €?) can be found only by recourse to
the second approximation. A problem of Class (iii) is worked out in §13.

2. The unstrained rod. A mathematical investigation involving rods is
greatly facilitated by the use of such concepts as “normal cross-section” and
“line of centroids.” Since these are rather difficult to define for a general
curved rod, the present investigation will be limited to those rods which, in
the unstrained state, can be defined in the following manner. In Figure 1a,

FIG. 1. The unstrained rod: N is a cross-section of the rod, C is the centroid of N, and M is
the line of centroids

N is a region bounded by a general closed plane curve, and C is the centroid of
N. In Figure 1b, M is a general regular skew curve. The rod is generated by N
when C moves along M with the plane of N normal to M, as shown in Fig-
ure 1b. When a rod is defined in this manner, it has a uniform normal cross-
section N and a line of centroids M. Since the rod is to be thin, it is certainly

necessary that
(maximum diameter of N)/(length of M) < 1.
Curvilinear coordinates x* (4=0, 1, 2) will be used: x° is the arc length

measured along M from one end of the rod to C: x! and x? are rectangular
cartesian coordinates in the cross-section through C, with origin at C and
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the principal axes of inertia of the cross-section as axes. Latin indices will
have the range 0, 1, 2; Greek indices the range 1, 2; and, in accordance with
the usual convention, repeated indices will indicate summation over the ap-
propriate ranges. The line element in the rod will then be of the form

(2.1) ds? = gidxidad,

where g;; is the metric tensor and g;;= g;;. Because of the nature of the coordi-
nate system,

(2.2) (8oo)e = 1, (Boa)e = 0,  Zas = 33,

where 83 is the Kronecker delta and (2:;)¢ means that g;; is to be evaluated at
the point C on M (where x==0).

At each point C on M there is an orthogonal triad associated with the
coordinate axes. To describe the configuration of M, we shall use a rotation
vector &' specifying the rotation of this triad as C moves along M : &%\; is then
the rotation per unit length about the direction of a unit vector \;, and &°
and &= will be referred to respectively as the twist and curvature of the un-
strained rod. The use of @* rather than the ordinary components of curvature
brings a greater symmetry into subsequent equations.

The remainder of this section is devoted to the derivation of (2.8), which
expresses @' in terms of g,;.

Fi6G. 2. A part of the unstrained rod

Two adjacent points C (x°) and C’ (x°+dx°) are taken on the line of cen-
troids M (Figure 2): N and N’ denote the cross-sections at C and C’, respec-
tively. The positions relative to C of points lying in ¥ and near C will be
denoted by infinitesimal vectors (8x*)g. Similarly the positions relative to C’
of points lying in N’ will be denoted by (8x%)z.. Corresponding to any point
in N there is a point in N’ for which (8x%)¢ = (8x%)5, and all the points in N¥
can be brought into coincidence with the corresponding points in N’ by a
rigid-body displacement which can be accomplished in two steps: (i) a rigid-
body translation in which C moves into coincidence with C’ and N moves
into a new position N'’; (ii) a rigid- body rotation in which each point in N"/
moves into coincidence wnth the corresponding point in N’.
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In step (i), each vector (8x)z is propagated parallelly from C to C’: The
x°-component of all vectors in the field produced by this parallel propagation
vanishes in general only at C. Presently, differentiation will be performed with
respect to the components at C of this vector field. Thus it is necessary to
introduce a third component (§x°)~ which will be allowed to vanish after the
differentiation has been performed. As a result of step (i), (dx*)g becomes an
infinitesimal vector in N’/ at C’ with components

(2.3) (45 — (Fu)a(a)edas,
where Fj, is the Christoffel symbol of the second kind in z.;,
6il(agkl n 9815 _ agik):

ox’ dx* dx!

[N

(2.4) Fa =

5% is the minor of g;; in the determinant |g,~,~| divided by that determinant,
and (F,)c represents Fy, evaluated at C (where x*=0).

As a result of step (ii), (2.3) becomes (6x%)¢-, and since (6x%)g=(6x%)¢",
the infinitesimal displacement produced by the rigid-body rotation in step (ii)
is

(2.5) i = (Fr)o(sx)eds .

This rigid-body rotation is specified by the skew-symmetric tensor

— 1 o ; ou; 1 0804 080:
(2.6) 9,~,~=—< — >=——de< 8 g°,).
2\d(6xY)e  a(éx%)c 2 dx? dxi
It can also be specified by the contravariant vector &idx? such that N;&'dx®

is the angle of rotation about a direction specified by a unit vector X;. If
g=|z:| and cii* are the permutation symbols(?), then

—1/2_ ijk—

2.7) ode =3@ Mec " Qan
whence, since (g)¢=0 by (2.2),

9
2.8) ot = gon( ) .

x’ /e

The differentiation with respect to (8x*)¢ has been performed and we now set
(8x°)~=0. This does not alter (2.8), which thus expresses the rotation vector &*
of the unstrained rod in terms of g;;, as required.

3. The strained rod. When the rod defined in §2 is acted upon by certain
external forces, it is displaced finitely and experiences a small strain. The

(") For an explanation of the permutation symbols and their tensor character, see, for ex-
ample, O. Veblen, Invariants of Quadratic Differential Forms, Cambridge, 1927, pp. 3—4, 25-26.
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strained positions of the line of centroids M, the cross-section N, and the
point C on both of them will be denoted by M, N and C respectively: M, N
and C will be referred to as the strained line of centroids, the strained cross-
section and the strained centroid of the cross-section of the rod, respectively. It
will be noted that in general N is a curved surface.

In the unstrained rod, the coordinates associated with a general particle
are x* (¢=0, 1, 2). In the strained rod the same coordinates will be used to
specify the same particle. Such coordinates are called co-moving coordinates.
They are a particular set belonging to the more general coordinates used by
Murnaghan(8). Thus, the line element in the strained rod will be of the form

3.1) ds? = gidxidxd,

where g;; is the metric tensor and g;;=g;..

In §2, a rotation vector &' was determined for the unstrained rod. For
the strained rod, a rotation vector w* can be defined somewhat analogously:
«® and w* will be referred to respectively as the twist and curvature of the
strained rod. We shall now derive (3.7), which expresses w® in terms of g;; and
is thus the analogue of (2.8).

Fi1G. 3. A part of the strained rod

Two adjacent points C (x°) and C’ (x°4-dx°) ‘are taken on the line of
centroids M (Figure 3): N and N’ denote the cross-sections at C and C’, re-
spectively. The positions relative to C of points lying in N and near C will
be denoted by infinitesimal vectors (dx®)c. Similarly the positions relative
to C’ of points lying in N’ will be denoted by (8x*)¢:. Corresponding to any
point in NV and near C there is a point in N’ for yhich (8x)c=(8x%)¢, and
each point in IV can be brought into coincidence with the corresponding point
in N’ by certain displacements. These displacements can be accomplished in
two steps: (i) a rigid-body translation in which C moves into coincidence with
C’ and N moves into a new position N’/; (ii) a system of displacements in
which each point in N’/ near C’ moves into coincidence with the correspond-
ing point in N'.

In step (i), each vector (8x*)¢ is propagated parallelly from C to C’. Just

(®) F. D. Murnaghan, American Journal of Mathematics, vol. 59 (1937), pp. 235-260.
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as in §2, it is necessary to assume that the infinitesimal vectors (8x%)¢ have
a third component (6x%¢ which can be allowed to vanish only after w® has
been evaluated. Thus (6x?)¢ becomes an infinitesimal vector in N’/ at C’ with
components

(3.2) 55 — (Fio)o(x)oda’,
where Fj, is the Christoffel symbol of the second kind in g;;,
98k " 981 agﬂ,):

)

(3.3) Fo = %g"(

dx’ dxk dxt

g' is the minor of g;; in the determinant | g.—,~| divided by that determinant,
and (Fj)c represents F, evaluated at C (where x*=0).

As a result of step (ii), (3.2) becomes (6x%)¢'; and since (6x%)¢c = (0x%)¢’, the
system of infinitesimal displacements in step (ii) is

(3.4) u = (F;O)C(ij)cdxo.

This system of displacements can be considered as accomplished by means of
a hypothetical homogeneous strain. This strain can be resolved into a pure
strain and a rigid-body rotation. The rigid-body rotation is specified by the
skew-symmetric tensor

1 ou; au.- 1 0go; I} i
3.5) sz.~,~={ = )=——dx°( L g)
VACICED P ICEDY 2 ax* dx?
It can also be specified by a contravariant vector widx® such that \w'dx? is

the angle of rotation about a direction specified by a unit vector \;. If g= | g;,-l
and c#* are the permutation symbols, then

3.6) widx® = 3(g7V?)cci*Q 41,

whence

(3.7 Wi = %c”’(g"” 6go,.,> .
0x? /¢

The differentiation with respect to (8x%)¢ has been performed and we now set
(6x°)¢ =0. This does not alter (3.7), which thus expresses the rotation vector w*
of the strained rod in terms of g;;, as required. This rotation vector refers to
the rotation, as C moves along M, of the principal axes at C of the hypotheti-
cal strain introduced above. It will be noted that it does not refer to the rota-
tion of a triad of vectors associated with the coordinate axes at C as C moves
along the line of centroids M.
The elongation per unit length e of an element in the rod is accurately

ds — ds
3.8) e =

= (g Rud e — 1,
S
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For the line of centroids,
dx> =0,

Z:; are as given in (2.2), and thus
1/2

(3.9) e=(go)e — 1,
where the subscript C means that the expression in parenthesis is to be evalu-
ated at C on the line of centroids.

It will be observed that all arguments in §3 are purely geometrical, and
do not actually involve any assumption that the strain is small.

4. Stress-strain relations. The strain tensor(®) e;; is defined by

(4.1) 2e:; = gij — &ijr
Since the strain is to be small, the elongation per unit length of each element
in the rod must be much smaller than unity. Thus, by (3.8), e;; must be <1.
The usual stress-strain relations for an isotropic elastic body involve two
elastic constants, and in their development all powers of the stress and strain
tensors above the first are neglected. Stress-strain relations which involve five
elastic constants, and in the development of which all powers of the stress
and strain tensors above the second are neglected, have been deduced from

considerations of elastic energy by Murnaghan(!?). In this paper we shall re-
quire the latter relations, and in terms of a reduced stress tensor T's; defined by

(4-2) Eij = ET,',',
E being Young’s modulus and E;; the stress tensor, they take the form
ei; = — 0Kigi; + (1 + 0)Ti; — (o1 (Ky) + o2K5)gi;

+ (1 4+ o + o) KaTij + 2(1 4 6)?Turg®'T1; + 03K,

where ¢ is Poisson’s ratio, o1, 03, 03 are three new elastic constants which are
dimensionless, and

4.3)

s

Kl = T‘i)

(4.4) 2Ky = SuTiT),

pkl

2K;; = gipajmnTka?,

8y, 0w, being Kronecker deltas(!?). If on the right side of (4.3) only the first
two terms are retained, the two-constant stress-strain relations result.

(%) For a more detailed account of the application of tensor notation to elasticity, see, for
example, P. Appell, Mécanique Rationnelle, vol. 5, Paris, 1926, p. 91.

(1%) F. D. Murnaghan, loc. cit. See also L. Brillouin, Annales de Physique, vol. 3 (1925),
pp. 251-297.

(1) For an explanation of the Kronecker deltas, see, for example, O. Veblen, loc. cit.
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5. Equations of equilibrium and compatibility. Except in §2, which dealt
with the geometry of the unstrained rod, throughout this paper the metric
tensor g;; of the strained rod and its tensor reciprocal gi/ will be used for lower-
ing and raising suffixes, and also for forming tensorial derivatives.

Body forces are neglected. Thus, in terms of the reduced stress tensor T,
the equations of equilibrium are

(5.1) T#,; =0,

where I 7 signifies the covariant derivative. Since the space defined for the
strained rod by (3.1) is flat, its curvature tensor Rij; must vanish, i.e.,

9% 9% jx 9%gik 9% i
2R;j0 = — — - — —
(5.2) dxidx*  dx'dx'  Ixi9x'  Ox'dx*
+ 280, (F3Fi, — FuFi) = 0,

where Fj, are defined in (3.3). Contained in (5.2) are just six distinct equa-
tions,

ROlOl = R0102 = R0202 = O,

5.3
( ) Ri250 = Riznn = Rys2 = 0.

In elastic problems involving small displacement only, (5.3) reduce to the
usual equations of compatibility. Because of this, in the present work (5.3)
will be called the equations of compatibility.

We let n; denote the covariant components of a unit vector pointing along
the outward normal to the lateral surface of the rod. Thus, since no stress is
transmitted across this surface,

(54) T;,-g""nk = 0.

6. Macroscopic equations of equilibrium. In this paper it is found neces-
sary to introduce certain equations which express the equilibrium of each ele-
ment of the rod lying between adjacent cross-sections. These equations will
be called the macroscopic equations of equilibrium, the word “macroscopic” in-
dicating that the equations involve an integration over the cross-section of
the rod.

In Figure 3, Cis a point on the line of centroids M of the strained rod and
N is the cross-section containing C. The reaction across N is statically equiva-
lent to a force at C and a couple. The force will be denoted by EP; and the
couple by EQ;, where E is Young’s modulus. Thus, if (A\f)c is any unit vector
at C, then EP;(\%)¢and EQ;(\)¢ are, respectively, the component of the force
in the direction (\?)¢ and the moment of the couple about that direction. The
quantities P; and Q; are functions of x° only. They will be called reduced force
and reduced couple, and are actually a force and a couple divided by Young's
modulus. They satisfy the relations
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(6 1) Pi()\i)c = f Tijvi)\de,
N

(62) Q.‘()\i)c =fg-1/26ijk)\;8/.thklﬂldS,
N

where dS is an element of area on N, T; is the reduced stress tensor, cii* is
a permutation symbol, g is the determinant Ig.~,~| , At is a unit vector defined
at a point on N by parallel propagation of (Af)¢ from C, v is a unit vector
normal to N in the direction of increasing x° u; is a unit vector at x* on N
tangent to the straight line drawn from C, and s is the length of this straight
line. The explicit evaluation of P; and Q; will be accomplished later (§8) by
use of (6.1) and (6.2); and in preparation for this, expressions for N\¢, vi and su;
will now be derived in turn.
At points on N

. ) ON?
(6.3) N = o ao(o) o
9x%/ ¢

and since N is propagated parallelly,

aN¢ ik
(6.4) — 4+ F\ =0

dx?
Thus

i i a, i k
(6.5) N=A)c—x Far)eW)c+---.
For »i we have

(6.6) vy = (goo)—1/2’ Ve = 0, 1/0 = (g00)1/2, ye = gao(goo)—ll2.

The evaluation of su; is more difficult. In order to give full power to the
indicial notation, the coordinates of the initial point of the straight line of
which s is the length and u; the unit tangent vector at x* will be denoted by a'.
A straight line is a geodesic in three dimensions, and from variation of the end
point of such a geodesic, it is known that

as

dxt

6.7) M =

Also, for such a geodesic as long as the point x¢ is near the point a?, it can be.
shown that

82 = (gij)xl-al(x‘ - ai)(xj - a'j)

(6.8) 1 (g;;Ff,,,.),tmt(x‘ _ ai)(xm _ am)(xn _ an) 4oen,

correct to the third order in x*—a‘. Thus by (6.7),
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Os? i i
2sp; = — = 2(gi5) dmat(x” — @)
dx?

.9 n . a .
(6 ) + (gijF:;m)z'-=a'(x —a )(x — a)

+ 2(gmoFi)) steai(z” — a")(&' — @) 4 - -
In order to evaluate su; as it occurs in (6.2), we set

a® = x9, a* =0,
obtaining

(6.10)  swi = ()ox” + 3EFpox"s + GuFipexs + - - .

In Figure 3, it is recalled that C (x®) and C’ (x°+dx°) are adjacent points
on the line of centroids M of the strained rod, and that NV and N’ are the cross-
sections containing C and C’, respectively. The conditions of statical equilib-
rium for the part of the rod lying between N and N’ are

(6.11) — (NiPy)e + (NP =
(6.12) — (NQy)c + (NQi)er + c""(g—"?)\;sp,-P,,)c, =0,
where P;, Q; and g are as defined above, (A\¥)¢/ is a unit vector at C’ produced

by parallel propagation of (\f)¢ from C, u; is the unit vector at C’ tangent to
the geodesic drawn from C and s is the length of this geodesic. Now

dP;
(Pi)0’=(P,")c+( 0> dx°+...’
(6.13) .
@)e = Qi)e +< ;) dx® 4 - - -,
. ON?
(6.14) Mo = (M +( x) da0 + -

Since \i is propagated parallelly along M, (6.14) can be written in the form

(6.15) Mo = W = E)eWeds + -+,

where F,‘k is the Christoffel symbol defined in' (3.3). To evaluate su; as it
occurs in (6.12), we set x*=a*=0, x°—a®=dx® in (6.10). Then by substitu-
tion for su;, and for (\¥)¢, from (6.15), it is found that (6.11) and (6.12) take
the following forms, correct to the first order in dx°,

:dP;
dx° c

(6.17) ( Q1 FOQ1)\ +g 1/201 g;OPkglt ) = 0»
C

dx®
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whence, since (\)¢ is an arbitrary unit vector,

dP; ;

(6.18) - (Fi)eP; = 0,
dQ.' i -1/ ikl

(6.19) dx® Fi)eQ; + (g ' 25-‘:‘611c gro)cPr = 0.

These are the macroscopic equations of equilibrium. They can be found easily
in vector form by vector methods. However, in that form they do not lend
themselves to the method of approximation used in the present paper.

7. The method of approximation. The metric tensor g;; of the strained rod,
the strain tensor e;; and the reduced stress tensor T';; are all unknown. They
are interrelated by (4.1) and by the stress-strain relations (4.3). They are to
be determined by solving the equations of equilibrium (5.1) and the equations
of compatibility (5.3). In order to solve these equations, approximation is in-
troduced based on the thinness of the rod. In previous treatmentsof the
problem, the manner in which this approximation was introduced suffered
from certain defects which have been mentioned earlier. In this paper the ap-
proximation is introduced in the following systematic way.

We consider a singly infinite sequence of thin rods with identical lines of
centroids of equal finite lengths, and similar cross-sections with average di-
ameters continuously decreasing to zero. The telation

average diameter of cross-section of unstrained rod

(7.1) length of unstrained rod

thus defines a dimensionless small parameter e ranging continuously toward
zero over values smaller than unity. .

With regard to order of magnitude, a quantity ¢ will be referred to as of
order ¢ (r=0, 1, 2, - - - ) if ¢/€" tends to a non-infinite, nonzero limit as € tends
to zero. A quantity of order €® will be referred to as finite. For example, if /
is the length of the line of centroids of the unstrained rod and E is Young’s
modulus, then le™ is a length of order e", El%e" and Elfer are respectively a
force and a couple of order €, €/l is a curvature of order €, and so on for
reduced force, reduced couple, etc.

We limit ourselves to rods of uniform cross-section, and since all rods in
the sequence have similar cross-sections, the equation of their lateral surfaces

takes the form

(7.2) ‘ f(fl-, ff) = 0.

€ €

It will be recalled that x= (o =1, 2) are rectangular cartesian coordinates in
a general normal cross-section of the unstrained rod, while x° is the arc-length
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of the line of centroids of the unstrained rod. Since the range of x* is much
smaller than that of x°, new coordinates are introduced to replace x*. They
are defined by

(7.3) x* = €&,
so that the ranges of x° and £ are all finite. Thus (7.2) becomes
(7.4) fE, 8) = 0.

The metric tensor g;; of the unstrained rod is assumed known. It is a
function of x° and the relatively small coordinates x=. It is assumed that g;;
can be expanded in Taylor series in x¢, and since

(8ip)ar=o = &,
(by (2.2)), we then have

= ¢ a_(a) 2 af_(aB)
(75) g;,-=8,-+e£g,~, +%e££g.~,~ 4+,
where
(a) 3§¢j (aB) 32§ij
7.6 gij =( ) , gij =< e
(7.6) &ij 0%/ 1o &ij pywrery SN
There are similar expansions for 5/,
ij(a) 2 a Brij(aB)

(1.7) b =5 4 et’b et tbd 4+,

where the coefficients §ii@, biie#) ... are defined by equations analogous
to (7.6), and since the relations g;,5"*=§; are true for all values of € and ¢°,
these coefficients are related to the coefficients in (7.5) by

) () ij(aB) @ B _(aB)
b iy b = 2%k Bik — Bij " -

(7.8)

We note that g;; is finite when 2=7, and is of order € when 77j.
It will be assumed that the components of the unknown metric tensor g;;
of the strained. rod in equilibrium admit expansions in powers of e,

(7.9 gii = giio + €gijay + Egijey + -+,

the coefficients being regular functions of x° £=. From (4.1) it then follows
that there are expansions for the strain tensor

(7.10) €i; = eijo) + eeijay + - -,
and because of the stress-strain relations, for the reduced stress tensor,
(7.11) Tij = Tijoy + €Tijan + - - - .

To confine our attention to small strain, we must limit ourselves to those

cases where
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(7.12) eijo = 0.

Then, since strain and stress must vanish simultaneously to the same order
of magnitude,

(7.13) T:iw = O.

When we substitute in (4.1) the power series (7.5), (7.9) and (7.10) and equate
coefficients of powers of ¢, we obtain, by use of (7.12),

i (a) a _(aBf) a B
(7.14) gijeoy = 8j 2eii1y = Zijoy — &ij & , 2€ije) = Gijoy — 38is £&, -+ .

These equations relate the coefficients in (7.9) and (7.10). By means of the
stress-strain relations (4.3), we can also relate the coefficients in (7.10) and
(7.11), or (7.9) and (7.11). Only the latter relations will be required. They
appear in the following section (equations (8.10), (8.11)).

In (7.9), (7.10) and (7.11), the coefficients of € are known. If for any prob-
lem we determine all the remaining coefficients, we shall have solved that
problem exactly. If we determine only the coefficients up to and including
those of €, we shall have obtained an approximate solution of the problem
to within an error of order e€**!, and the smaller € (i.e., the thinner the rod),
the better the approximation. In order to derive equations to be solved for
the unknown coefficients in (7.9), (7.10) and (7.11), we shall express as power
series in € with coefficients independent of e the left sides of the equations of
equilibrium (5.1), the equations of compatibility (5.3) and the macroscopic
equations of equilibrium (6.18) and (6.19), and then equate to zero the coeffi-
cients of the various powers of €. To this end, we must express as power series
in € the quantities g%/, F;k, ni, Pi, Qi, @, w' and e. This will occupy the re-
mainder of this section.

In view of (7.9), g'/ can be expressed in the form

ij i ij 2 ij
(7.15) g =0itegntegnt -,
and since the relations
gingit =8
are true for all values of ¢, it is found that
(%} L%}
(7.16) g = — &ijayn 8@ = Gik)8ik1y — &ij@ t .

Differentiation with respect to x° and &= will be denoted by a subscript
preceded by a comma. Thus

(7.17) ¢'°=————; ¢,a="—'
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The Christoffel symbols of the second kind Fj, are functions of gi/ and
the derivatives of g;; with respect to x*. By substitution, they can thus be ex-
pressed in the form

e % g
(7.18) Fp =Fpoy+eFapay + -+,
where
0 '3 0
2Fop0y = 0, 2F 000y = — £oo(1),as 2Fa(0) = goo(1), e
[} 0
(7.19) 2Fa0(0) = goo(1).a — Boan).8s  2Fag0) = g80(1).a + Loa(1).6
Y
2F a8(0) = ov(1),a + grva(1),8 — LaB1),ys
0
(7.20) 2Fo01) = goor),0 + Loa(1)g00(1),as
. 0
2F0a(1) = 800(2).a — 8oo1)800c1),a — £08(1)(80(1),a — Boa(1).6)-

There are similar expressions for the remaining components of Fj,), and for
Fheys Fiay « - - » which will not be required in the present investigation.

We shall now express as a power series in e the unit covariant vector #;
pointing along the outward normal to the lateral surface of the strained rod.
The equation of the lateral surface of the rod is (7.4). Thus

(721) Ny = 0, Na = kf.a;

where k~2=g=ff .f.5. In (7.15), g*# is expressed as a power series in €. Thus &
and hence also #; can be expressed as a power series in . We obtain

(7.22) o =0, fa=na@) + ey + -+,

where
(7.23) na) = f.a(f6f8) 7% Maqy = 3f.a(f6f8) ¥ 2gscryfnf e - - - -

We note that if d£ are the components of an arbitrary displacement on the
periphery of a cross-section N, then f,.d£* =0, whence f,/dt?= —f ,/d£'. Thus
(7.23) can be written in the form

dg? dg?
(7.24) 7n1(0) =Z; M) = —Z-, ey,

where

(d7)? = dEadEe.

The reaction across a cross-section of the strained rod is specified by a
certain reduced force P; and a reduced couple Q; satisfying (6.1) and (6.2),
respectively. An explicit evaluation of P; and Q: as power series in € will
now be made. The vectors N¢, »* and su; in (6.1) and (6.2) are given by (6.5),
(6.6) and (6.10). They can thus be expressed as power series in € by substitut-
ing for x2, g.;, g'i, Fy from (7.3), (7.9), (7.15) and (7.18). We then obtain
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(7.25) N = \)e — &€" FadeM e + O(),

(7.26) ¥ =1 — Jegoory + O(e?), Ve = — egaoy + O(e?),

suo = €2[(goary)ct® + 3(goary.p)cE*E8] + O(e¥),

sta = % + €[(gas))ct® + 2(28as),v + o1y, a) 7] + O(eY),

where O(e™) means terms of order e and higher. The element of areadS on N
is given by

(7.27)

(7.28) dS = (g)Y2dx'dx? = €*(g’)V/2dENdE?,
where
(7.29) g = I gaal = 1+ egaaqy + O(?).

Of the quantities occurring on the right-hand sides of (6.1) and (6.2),
T;, N¥, v%, su; and dS are expressed in (7.11), (7.25), (7.26), (7.27) and (7.28)
as power series in €; by (7.9), g= | g¢,~| can be similarly expressed, and thus
the entire right-hand sides of (6.1) and (6.2) can be expressed as power series
in e. In the resulting equations, (A\¥)¢ appears in every term, and since (\%)¢
is an arbitrary unit vector at C, we conclude that

(7.30) P; = &P+ Py + - - -,
(7.31) Qi = eQiwy +€Qisy + -+,
where

(732) P.'(g) = f To;(])dfldiz,
N

P;w) =f [Toiey + 3(gaacy — goony) Toicry
N

a j 1_2
— gaoTaicy — TojnrE Faior)cldt dt ,

(7.33)

(7.34) Qi =f€i“"£“Tko(1)dfld$2,
N

jak a jak ,_ 3 B a
Qi) =f [¢" giat Troy — ¢ Faiy)et £ Troary
N

+ c“'"{(gqpu))cﬁﬂ + 1(28ap1) .y + gﬂv(l)'a)cyfy} T
+ c"“"E“{ Troz) — Tlu‘(l)gio(l)}
+ % { (goay)ct® + 3(gowy 8)ct#} Troa) |dE1dE2

(7.35)

By (7.5), g= | g;;l can be expressed as a power series in e. Thus, by (2.8)
we are able to express the rotation vector @¢ of the unstrained rod in the
form
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(7.36) o = 1.

By (7.9), g= |g,~,-| can also be expressed as a power series in €. Thus, by (3.7)
we can express the rotation vector w' of the strained rod in the form

(7.37) 0 = w:o) + Gwil) +--,

where

(7.38) w‘;O) = %Ciak(gok(l).a)c,

(7.39) o = 3¢ (gors — 3giiwgorw se + 3¢ (Boaw.o)c-

By (3.9) we can also express e, the elongation per unit length of the line
of centroids, in the form

(7.40) e=-¢eeq + ety + -,
where

(7.41) ey = 3(gooy)es

(7.42) e = $gnw)e — Hgow)e.

8. The fundamental equations. In this section, there will be developed
equations for the determination of the unknown coefficients in the expansions
(7.9), (7.10), (7.11) for gsj, e:;, Ti;, respectively.

The equations of equilibrium (5.1) can be written in the form

ikf 0T i
(8.1) gjk( - — F;kTil - F:;’Tkl> = 0.
dx!

All quantities in this equation are expressed in (7.11), (7.15) and (7.18) as
power series in e. Hence we can express the left-hand side of (8.1) as a power
series in ¢, and since (8.1) is true for all small values of ¢, the coefficients of
the various powers of € must vanish identically. The coefficients of €° vanish if

(8.2) Tiay,a = 0.
These are the first order equations of equilibrium. It is found that the coeffi-

cients of € vanish if

(8.3) Tia@.e + Tiom.o — giaTija),e — goary,als0(1)
. 1 1 a _
— 3(2gyay.a — iiw. ) Tivay — 38: giky.al jry = 0.

These are the second order equations of equilibrium. Similarly there are equa-
tions of equilibrium of the third order, fourth order, and so on.

All quantities in the equations of compatibility (5.3) have also been ex-
pressed as power series in €. The left sides of the equations themselves can
then be expressed as power series in €, and the coefficients of the various
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powers of € must vanish identically. The coefficients of €! give rise to the first
order equations of compatibility

&4 goory,ap = 0,
(8.5) go1(1),22 — Zozy,az = 0,
goz,11 — gormy.2z1 = 0,
(8.6) 28120y .12 — guiy,e2 — g2y, = 0,
while the coefficients of € give rise to the second order equations of compatibility

£00(2),a8 — 80a(1),08 — £08(1),0a — 3800(1),800(1).8
(8.7) — 3(gov ).« — £oa).7) (Gov(1y.8 — Gos(1).v)
— 3g00(1).2(g8v(1).a + grar) 8 — gas(1).7) = 0,
go1(2),22 — £02(2),12 + 822(1),01 — £12(1),02 + 8o00(1),1802(1),2
8.8) + 38aa).2(go21).1 — or(1).2) — $8o0cr).2(8o2(1),1 + gorc1y.2) = O,
8o2(2),11 — §o01(2),21 + g11(1),02 — £21(1),01 + 800(1),2801(1),1
+ 3gea,1(go11),2 — go21),1) — ooy, 1(go11).2 + gozcay.1) = O,
2g12(2),12 — 811(2),22 — §22(2),11 — 28011),1802(1) 2
(8.9) + 3(gevara + grir.2 — g2y ) G2y ara F gyranz — g12a1).9)
+ 3(go2cy, 1+ go11),2)* — 3(281v (1) — £11(1),%) (282v1),2 — La2c1),y) = O

Similarly we can write down equations of compatibility of the third order,
the fourth order, and so on.

By replacing e;; in the stress-strain relations (4.3) by 1(g:;—#:;) and sub-
stituting for gi;, g:; and T'; from (7.5), (7.9) and (7.11) with Tt,(o)—O as per
(7.13), in the same way we deduce stress-strain relations of the first order,

(o) « i
(8.10) giiy = &ij £ — 200wy + 2(1 + o) Tsjq),
and stress-strain relations of the second order,

(aB) a8
gije) = 38ij £& — 208, iTeeey + 2(1 + 0) Ty

+ 6,»[20gkz<1)Tu(1) = (201 + 02 — "3)Tkk<l>T”<1>
(8.11) + (02 — 08) Ty T

— 20Treaygiioy + 2(0 + 0 + 02 — 03) Tiey Ti 5y

+2[20 + o) + o3]TaayTjeqr)y-

In the stress-strain relations (4.3), quantities of order (e;;)* were neglected. If
such quantities had been retained, it would be possible to write down stress-
strain relations of the third order. Similarly stress-strain relations of higher
orders could be found.
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The boundary conditions on the lateral surface of the rod are (5.4). By
substitution in (5.4) from (7.11), (7.13), (7.15) and (7.22), we can convert the
left sides into power series in e. It is found that the coefficients of € vanish if

(8.12) Tisaynsoy = 0.

These are the first order boundary conditions. Similarly the coefficients of €2
vanish if

(8.13) Tip@nso) — Tijvgpamnso + Tpwmnsay = 0.

These are the second order boundary conditions. In the same way there could
be written down boundary conditions of the third order, of the fourth order,
and so on.

All quantities in the macroscopic equations of equilibrium (6.18) and
(6.19) have been expressed in §7 as power series in e. By substitution, the
left sides of these equations can then be expressed as power series in € and
the coefficients of the various powers of e equated to zero. The lowest power
of € occurring is €3, and its coefficients vanish if

dP.'(s)
dx°®
(8.15) Pog = 0.

These are the first order macroscopic equations of equilibrium. The coefficients
of €* vanish if

(8.14) — Fhow)cPiw = 0,

dP; i 0
(8.16) e — (Fio)cPiwy — Foiy)ePoi = 0,
x
in(4) J 1al 0a
(8.17) o Fio0)cQiw + ¢ (gaon)cPos + ¢ Paty = 0,

dx

and these are the second order macroscopic equations of equilibrium. The coeffi-
cients of €° vanish if

dP,'(s) J i 0
(8.18) T Fio)cPjs) — Fiowy)eP iy — Foi)cPos = 0,
X
in(5) j j 0a
P Fio@)cQir — Fiom)cQiwy + ¢ Pas
X
(8.19)

a alf ikl
+ (giat) — 38:gan))cc  Ppy + ¢ (grow)cPrca
a a af0
+ (8: goo2y + gianrgo1y — 30i goo&nn)c¢  Pozy = 0,

where the required components of Fj, are given in (7.19) and (7.20). These
are the third order macroscopic equations of equilibrium. Similarly there can be
written down macroscopic equations of equilibrium of higher orders.
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The fundamental equations listed in the previous part of this section are
to be solved in the following manner:

I. T.;is the reduced stress tensor and g;; the metric tensor of the strained
rod. In (7.11) and (7.9), they are expressed as power series in ¢, the first
terms Tij) and gi;0) being given by (7.13) and (7.14). If any problem in thin
rods is to be considered to the first approximation, it is only necessary to de-
termine T;a) and gi;a), and this is done by solving the first order stress-strain
relations (8.10) with the first order equations of equilibrium and compatibility
(8.2), (8.4), (8.5) and (8.6), subject to the first order boundary conditions
(8.12) over the sides of the rod. These solutions for T;;q) and gi;ay will contain
arbitrary functions of x°. By substitution for T;;a) and gijq) in (7.32) and
(7.34) it is then possible to express P;@s and Qi in terms of these unknown
functions of x°, which can then be determined by means of the first and second
order macroscopic equations of equilibrium (8.14), (8.15), (8.16) and (8.17).

II. If any problem is to be considered to the second approximation, it is
necessary to determine Tj¢s and g;je in addition to T;q) and gi;ay already
found as above. This is done by means of the second order stress-strain rela-
tions (8.11) and the second order equations of equilibrium and compatibility
(8.3), (8.7), (8.8) and (8.9), subject to the second order boundary conditions
(8.13). These solutions for T;¢s) and gije will also contain arbitrary functions
of x° By substitution for T';;@) and g:je in (7.33) and (7.35) it is possible to
express P4 and Qi in terms of these unknown functions of x°, which can
then be determined by means of the third order macroscopic equations of
equilibrium, (8.18) and (8.19).

III. By continuing in the same way, we can consider any problem to a
third approximation by determining T;s and gij@s), to a fourth approxima-
tion by determining Tju and giju), and so on.

9. The first approximation: the stress. As indicated in §8, I, just above,
the first order equations of equilibrium

9.1) Tiay,a =0,

and the first order equations of compatibility

(9.2) goony,as = O,

(9.3) go1(1),22 — foz(ny,12 = 0,
goz1y,11 — fory,z1 = O,

9.4 2g12¢1),12 — gu(ny,22 — fa2y.1 = 0,

with the first order boundary conditions

9.5) Tisaynso = 0,

are to be solved for T;q) and gi;q), which are themselves related by the first
order stress-strain relations
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_(a) a i
(9.6) gijoy = gij £ — 208, Ty + 2(1 + ) T'ijny.

To solve equations of this nature, recourse is usually made to Saint-
Venant’s hypothesis, which states that these equations imply that T,sa) =0.
It is not necessary to make this hypothesis here, as in Appendix A it is proved
that, of necessity,

(97) Taﬂ(l) = Q.

This constitutes a proof of Saint-Venant's hypothesis in the case of thin rods dis-
placed finitely.
From (9.2) it follows that

(9.8) goory = (gég) + 4,08 + B,
where 4, and B are arbitrary functions of x°. When 1=3j=0, (9.6) then gives
(9.9) Tooqy = 3(Aat* + B).

We now solve (9.1) and (9.3) for Toaqy and goaqy. From (9.3),
(9.10) o1,z — Loz, = D',
where D’ is an arbitrary function of x°. By (9.6), this gives
(9.11) Taw.e — Toewa = — D/(1-+ 0),
where D= —1(D’'—z®&+3\)). From (9.11) and (9.1) with =0 it follows that
(9.12) T = P X  Towm = — P X1

2(1 + o) 20 +0)

where x is a function of £* only, satisfying
(9.13) Xoaa = — 2.
By (7.24), the boundary condition (9.5) with =0 is satisfied if
(9.14) x=0

on the lateral surface of the rod.
From (2.2), £3=0, and thus the collected results are

D
9.15) Twwy =0,  Toay = ——— casss  Tooc = $(A ot
(9.15) B(1) 0a(1) 20+ o) 8X.8 0w = 3(4.8* 4+ B),
© 16) Lap(1) = — ”6;(‘475" + B),
. _m KD
Loa(r) = Zow £ + Deagx.s,  fooy = oo £ + Ao + B,

Cap being a permutation symbol and 4., B and D arbitrary functions of x°.
By means of (9.16), the leading coefficients in the expressions (7.37), and
(7.40) for wi and e can now be expressed in the form
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0 (@
w©) = 3Capfos + D,

(9.17)
a 1 _®
w©) = 3Cap(8o0 + Ap),
0 _®
0.18) ) = 3¢x(gov@.8)c — $(1 — 20)B(2D + cpvBov ),
) « ® dD
W) = 3¢ap(go02).8)c — $(1 — 20)Beap(oo + 4p) + 3 ™ X.a)e
(919) e = %B

10. The first approximation: the macroscopic equations of equilibrium.
The arbitrary functions of x° occurring in (9.15) and (9.16) are now to be de-
termined in the manner outlined in §8, I. We find that

(10.1) Py3) = 3BA,  Pai =0,
(10.2) Qowy = DT,  Quy = 342Dy, Qawy = — 341l
where

4 = [ agag, 1= [ @z,
(10.3) ”1 o

T = deldge, I, = 1)2gg1dg?
1+6Lx££ zL(S)EE

N being a cross-section of the strained rod. We note that
(10.4) A = 4, Tet=1], TEet = T,

where A’ is the area of N (Figure 1), I,/ are the principal moments of inertia
of N, T’ is the torsional rigidity of a straight rod with N as cross-séction, E is
Young’s modulus and e is defined in (7.1).

The first order macroscopic equations of equilibrium (8.14) and (8.15) are
satisfied if

dB
10.5 — =90,
(10.5) —
(10.6) (25 + 44)B = 0.

Thus we must consider in turn the three classes of problems which arise ac-
cording as the arbitrary functions 4, and B of x° satisfy the following condi-
tions:
(i) B=0, (32 +4.) (& +A4.4) =0,

(i) B=constant=0, g +A,=0,

(ili) B=0, z'+A4.=0.
By (9.17) and (9.19) we see that, in Class (i) the curvature of M (the strained
line of centroids) is finite (O(e%)) and the elongation per unit length of A is
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relatively small (O(e?)). In Class (ii), the curvature is small (O(¢)) and the
elongation per unit length is relatively large (O(e)). In Class (iii), the curva-
ture is small (O(e¢)) and the elongation per unit length is relatively small
(0(e?).

Classes (ii) and (iii) deal with the straightening of thin rods by terminal
force-systems (see §13). By “straightening” we mean “reducing the curvature
of the strained line of centroids from order €° to order e.”

Cuass (i). B=0, (88 +A4.) (8 +A.) %0 (elongation per unit length rela-
tively small, curvature finite).

The equations (10.1) and (10.2) reduce to
P;3 =0, Qow = DT,
Quw = 342l, Q2 = — 3Auls,

and the macroscopic equations of equilibrium of the second order (8.16) and
(8.17) take the form

(10.7)

dPowy (a
20t 3300 + A Pawy = O,
dx®
dPasy | (@ @
Ta — 3(8o0 + Aa)Poy — 3(2D + oz — Zo1 )casPsay = 0,
(10.8) &0
o4y (@)
+ %(goo + Aa)Qa(4) = Ov
dx®
dQaw (@ : . @
PR 3@o0 + 42)Qo) — 3(2D + Zo2' — Zo1 )casQs84) — CasPssy = 0.
Thus—

IV. In Class (i) the external terminal force-systems, which act only on
the ends of the rod, are of order e* or higher. The nine unknown functions
A., D, Py, Qiw, of x° can be determined from (10.7) and (10.8). Once 4,
and D have been found in this way, the principal parts of the rotation wi,
the reduced stress tensor T';;1), the metric tensor of the strained rod g;;q) and
the strain tensor e;;a) can be found from (9.17), (9.15), (9.16) and (7.14).

From (7.36) and (9.17), we note that

D= w‘zo) - ‘:’0’

(10.9)
8 8
Ag = — 2cap(wio) — @),

and consequently (10.7) and (10.8), when expressed entirely in terms of the
small quantities, become

Qo = («* — &) T'/E,
Q1 = (@ —&NI{, Q= (o — NI,

(10.10)
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ap; . dQ: o .
(10.11) — 4 ¢FwiP, = 0, — + c""w’Qk - Co"Pj =0,

dx® dx®
where EP; and EQ; are respectively the force and couple statically equivalent
to the reaction across a cross-section of the strained rod, E, T’ and I, are
as defined in (10.4), @* and w* are respectively the rotations in the unstrained
and strained rods, ¢*/* is a permutation symbol and x° is the arc length meas-
ured along the unstrained line of centroids. We note that (10.10) and (10.11)
are a system of nine equations from which we are to determine the nine un-
knowns P;, Q; and w®.

In previous treatments of the finite displacement of thin rods the equa-
tions (10.10) and (10.11) have been deduced, but those treatments do not go
past this point and are thus equivalent to the first stage of the systematic
e-method of approximation developed for problems of Class (i) only.

Crass (ii). B =constant#0, g +A ,=0 (elongation per unit length rela-
tively large, curvature small).

The equations (10.1) and (10.2) reduce to

Py = 3BA, P, =0,
(10.12) @) _
Qo(4) = DT, Q1(4) = - %goo I, . Q2(4) = 71‘goo Is.

The second order macroscopic equations of equilibrium (8.16) and (8.17) are
found to involve (guw).«)c Which, by the second order equations of compati-
bility (8.7), have the forms

(10.13) (g002),a)c = 2M 4,

M, being an arbitrary function of x°. By integration of these second order
macroscopic equations of equilibrium, and by (10.12), it is then found that

Pysy = constant Pysy = constant,
1) _@),_(2)
Py = goo 012 + 4(2D +.502 — 801 )goo I, + (x 2)CP0(3)D
2) 1), _()
(10- 14) P2(4) = goo 011 + 4(- 2D + o1 — fo2 )goo I, — (X.l)CPO(s)D,

Qowy = DT = constant,

_(2) _(

Quey = — 380 I, Qecey = 3800 I,
MiPogy = — $aoools + 3(2D + 202 — Zo1 Dzools
+ 32D + go2 — 201800 T2 + 1@oz0 — Zor0)00 I,
(10.15) MyPoy = — 3200l + 3(— 2D + gé? - g;;))g;;)olg

_(2) _( 2) _( 1)
s(— 2D + go1 — Boz2 )goo I, + 4(g01 o — 8oz, o)goo I,.
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The arbitrary functions M, of x° in (10.13) are given by (10.15). We note
that D must be constant. From (9.17) and (9.18) we obtain

0 (a) @
(10.16) W) = 3CapBos + D, w1y = CapMa,

giving the principal parts of the twist and curvature. Thus—

V. In Class (ii), there act on the ends of the rod arbitrary equal and op-
posite forces of order €, arbitrary twisting couples of order €* and particular
bending couples of order e given by (10.14) and depending only on the con-
figuration of the unstrained rod. The principal parts of the reaction across a
cross-section satisfy (10.14). The principal parts of the twist and curvature
of the strained line of centroids, of order €® and e respectively, are given by
(10.16). The principal parts of the reduced stress tensor T;;, the metric tensor
gi; and the strain tensor e;; can be found from (9.15), (9.16) and (7.14), respec-
tively.

Crass (iii). B=0, 3 +A4.=0 (elongation per unit length relatively small,
curvature small).

The equations of equilibrium (10.1) and (10.2) reduce to
(10.17) Piay = 0,

o8}
(10.18) Qowy = DT, Q1) = — 3800 I, Qz¢0) = 3800 I3

The three equations in (10.18) and the six second order macroscopic equations
of equilibrium (8.16) and (8.17) are to be solved for the seven unknowns
Qiwy, Piw, D. Solutions exist only if

(10.19) D=0,
1) 2) (2)
- goo 0012 4+ 3(8o2.0 — Zo01,0)Z00 11

@) _(2),_©2) 1) 2),2_(1)
+ (Zo2 — Zo1 )Zoo,0l1 + 4(802 — Zo1') Boo I2 = 0,

(10.20) @ L
— goo,00l1 + 2(201 o — 8oz, o)goo I,
(2) 1) @) 1), 2_(2)
+ (g01 — o2 )goo ol2 + 4(g01 — Zo2 ) &oo I, = 0;

(10.20) can also be written in the form

oo + 26 00)1/Iz + @00 — @)@ =0,

10.21
(020 (@96 + 2660 a/I1 — &0 + (@)% =0,

in which I /I, is the ratio of the principal moments of inertia of the cross-
section, @' is the rotation vector defined in §2, and the subscript 0 preceded
by a comma denotes differentiation with respect to x° the arc length of the
line of centroids. When (10.21) are satisfied, the solutions of (10.17), (10.18),
(10.19), (8.16) and (8.17) are
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Pysy = constant,
¢H) @), _(@
Py = — 2500 °I2 + 4(302 — go1 )goo I,
1,
(10.22) Py = — 2800 Wl + 4(8’01 — Zoz2 )8oo 12,
Qoy = 0,
@)
Quy = — 3800 I,

Q2 = 3800 1o,

and we then have
(1023) w{zl) = (;)0, wt(ll) = CaﬁMa,
for the principal parts of the twist and curvature. Thus—

VI. Class (iii) deals only with those rods which satisfy (10.20). There act
on the ends of the rod arbitrary forces of order €4, arbitrary twisting couples
of order €% or higher, and particular bending couples of order €* given by
(10.22) and depending only on the configuration of the unstrained rod. The
principal parts of the reaction across a cross-section are given by (10.22).
From (10.23) we see that the principal part of the twist w® (of order €°) is
equal to the twist @° of the unstrained rod, and the principal parts of the
curvature w* (of order €) depend on M, which are arbitrary functions of x°
and cannot be determined from the equations of the first approximation. The
principal parts of the reduced stress tensor T';;, the metric tensor g;; and the
strain tensor e;; are given by (9.15), (9.16) and (7.14) with B=D=0,

A= _gqgg)
If @°=0 (i.e., there is no twist in the unstrained rod), (10.20) reduce to

(a)

(10.24) 800,00 = 0.

By integrating, we obtain

(10.25) 2o = Vot + Wa,
Va, Wa being arbitrary constants. Thus by (7.36),
(10.26) @ = Lcap(Vgax® + W),

i.e., the curvature of the unstrained line of centroids is directly proportional
toits arc length.

11. The second approximation: the stress. As indicated in §8, II, the sec-
ond order equations of equilibrium (8.3) and the second order equations of
compatibility (8.7), (8.8), (8.9) with the second order boundary conditions
(8.13) are to be solved for T;e and g:je), which are themselves related by the
second order stress-strain relations (8.11). These equations are very compli-
cated. We shall now determine Ty and g;;2 when the cross-section of the
unstrained rod is a circle of radius d, the unstrained line of centroids is a
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plane curve with curvature proportional to its arc length, and the force-sys-
tems acting on the ends of the rod are such that the line of centroids remains
in its original plane. The problem is thus two-dimensional and belongs to
Class (iii). We choose the axis of x! perpendicular to the plane of the line of
centroids. Thus from (10.3) we find that

(11.1) A=aR, I,=1I,=1}xR,

where eR=d. Also

(11.2) &* =0, ol =3(Vaa® + W), @%=0,

(11.3) ot =05 B0a=0, Zw=[l+3Wax + W],
(11.4) Py=Qy=Q; =0,

(11.5) Pouy = p, Pyyy = — 37RYW,y, Qi) = — 3wRY(Vax® + W),
(11.6) Tasy =0, Toaqry =0, Tooy = — 382(Vex® + W),

(11.7) 8ap(1) = Ua:sz(vzxo + W), goaty = 0, gooqy = 0,

p being an arbitrary constant and V, and W; known constants. We find that
the second order equations of equilibrium (8.3) reduce to

(11.8) Toa),a — 3Vat% = 0, Tapys = 0,
the second order equations of compatibility (8.7), (8.8) and (8.9) to
goo2),a8 = 0,
(11.9) g1,z — goe,12 = 0, go2ey,11 — gory.n + 0Va2 =0,
28122),12 — gu@.22 — gu@.u + o*(Vaa® + W)? =0,
the second order boundary conditions (8.13) to
(11.10) Taeynso =0,

and the second order stress-strain relations (8.11) to

8aB(2) = — 206;T,-,~(2) + 21 + 0)Tapzy
(11.11) + (0" — 3005 ) (Vax' + W),

goa2y = 2(1 + @) Toacey,

gooy = — 20T iy + 2(1 4 0)Toocy + 3A(ED2(V2ex® + W))?,
where
(11.12) A =7+ 100 + 40® — 201 + 203,

and ¢, 02 and o are the elastic constants introduced in §4. By solving these
equations we find that
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1 r
Tooi2y = -—[ 1 d (R? — 2&%) — 4A£2£2](sz° + W2)? + Mt + 3L,
g

32 -
T «
(11.13) Tapry = ———— [(R* — £76")85 — 2eaycait £ |(Vax + W),
64(1—0o)
1 2 3 2
Toaty = 2% fertVe - =27 (R — FE)5Va,

8(1 + o) 16(1 + o)
Zooxy = 2MLE2 + L,

1+ 90) . oy -
Lap(2) = {m [(1 — 20)R? — (1 — 40)t7¢7]

(11.14) + (Ao + 4o — 2@5’5’} e (Vo + W)’ — a8 Mt + L)

(1 + o)
16(1 — o)
goa = 21 + 20)Ecast Vo — 23 + 20)(R' — £'£)0V;

Cep is a permutation symbol; M, and L are arbitrary functions of x°; V; and
W, are the constants occurring in (11.2); R=d/e, d being the radius of the
cross-section of the unstrained rod; g, 01, 02 and o3 are elastic constants, A is
given by (11.12) and

(11.15) T = (Ao + 262 — 201)/(1 + o).

Cayas"E(Vax® + W))?,

By (10.23), the principal part of the curvature of the strained line of
centroids is given by

(11.16) way = Ms.

Also, by (7.42) the principal part of the elongation per unit length of the line
of centroids is given by

(11.17) €@y = %L.

-12. The second approximation : the macroscopic equations of equilibrium.
The next step is the determination of the arbitrary functions M; and L of x°
occurring in (11.13) and (11.14) by means of the third order macroscopic
equations of equilibrium (8.18) and (8.19). Now (7.33) and (7.35) reduce to

Po(4) = %W.RzL bt ﬁwR‘(A + 40)(V2x° + W2)2,
(12.1) P2(4) = - %’n’R‘Vz,
Ql(s) = %#R4M2y

and by comparing (12.1) with (11.5), we see that
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(12.2) = ATRYA + 40)(Var® 4+ Wa)? + 2pr1R2,

p being an arbitrary constant. The third order macroscopic equations of equi-
librium (8.18) and (8.19) reduce to

(12.3) Pyisy0 + MoPayy = 0, Paysy0o — MaPowy =0, Qusy.o — Pas) =0,
and by solving (12.1) and (12.3), we find that
Powy = p,  Pyuwy = — 3wRYW,, Qi) = — §wR(Vea® + Wy),

Poisy = Vau cosh na® 4+ Voon=! sinh nx® + ¢,

(12.4) '
25y = 2n?u cosh #x® + 2nv sinh #x?,
Q1(sy = 2nu sinh na® + 2v cosh na?,
(12.5) M, = 87 'R~*(un sinh nx® 4 v cosh nx?),

where p, ¢, u and v are arbitrary constants and
(12.6) n = 2R2(p/m)V2

We assign Py, Pocsy, Pasy and Qus arbitrarily at one end of the rod and hence
determine p, ¢, # and v.

From (11.16) and (11.17) we find that the principal parts of the curvature
and the elongation per unit length are given by

(12.7) way = 87 R (un sinh nx" + v cosh nx"),
(12.8) e = gRYA + 40)(Vaz® + W3 + pr—iR-2.

13. The straightening of naturally curved thin rods by terminal force-
systems. A thin rod is said to be “straightened” when the curvature of the
line of centroids is reduced from order € (finite) to order € (small). In §10
it is seen how all problems in which thin rods undergo finite displacement with
small strain can be divided into three classes. Classes (ii) and (iii) deal exclu-
sively with “straightening,” and will be considered in turn.

Straightening as a problem of Class (ii). The theory pertaining to problems
of Class (ii) is developed in §10, from which we obtain the result:

VII. Any thin rod with uniform cross-section and finite curvature can be
straightened without undergoing finite strain by terminal force-systems con-
sisting of arbitrary equal and opposite forces of order €® and particular bend-
ing couples of order €. The first approximation yields the residue curvature
of the strained line of centroids. If the curvature of the unstrained line of
centroids vanishes at the ends, no terminal bending couples are necessary.
Further, if the twist and rate of change of curvature both vanish at the ends
of the rod, the lines of action of the two forces acting one on each end will
coincide and be tangent to the strained line of centroids at its ends.

As an example of a problem of Class (ii), we shall now straighten the rod
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shown in Figure 4. The unstrained line of centroids M is that part of an ellipse
lying between the ends of the major axis, @ and b are the semi-axes of this
ellipse and rectangular cartesian coordinates x and y are taken as shown.
The cross-section is assumed to be symmetrical with respect to the plane of M,

Y
O/

——— x"

M

< ™
b

< a >

FIG. 4. An unstrained rod; the line of centroids M is the arc of an ellipse lying
between the ends of the major axis

the axis of «! is taken perpendicular to this plane and x° is the arc length of M
measured from its middle point O’. If the equation of M is written in the form

(13.1) x = asn¢, y=bcny,
then

e
(13.2) 2 = af dn? ¢ dg,

0

¢ being a parameter which vanishes at O’, and sn {, cn { and dn ¢ the Jacobian
elliptic functions of modulus 2 (= (1 —5%/a%)'/?). We then have

(13.3) =0, & =a%B/dnds, @ =0,

@ being the rotation vector introduced in §2 (&! is now the curvature of M).
From (7.36) we then find that

n @ (D _(@) —2 3
(13.4) go2 = o1, goo =0, go = —a b/dn g,

whence (10.14), (10.15) and (10.16) reduce to

Py3y = constant, Pay = 3I1a7%bk% sn ¢ cn {/dns ¢,

(13.5)
14) = Ila‘2b/dn3 §',
311k fcn?{ — sn? sn? ¢ cn?
(13.6)  wm = —— < S SR ‘“).
Py3)ad dn’ ¢ dn® ¢

Thus the principal part of the reaction across a general cross-section of the
strained rod consists of a tension P{ (=EPyse€), a shearing force Pj
(= EP:2uy€e*) and a bending couple Qf (= EQ14e€!), whence
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PJ{ = an arbitrary constant of order €,
(13.7) Py = 3EI{a%*k?sn ¢ cn {/dn® ¢,
Qf = EI{a%/dnd¢,

I{ being the moment of inertia of the unstrained cross-section about an axis
through its centroid and perpendicular to the plane of M, and { a parameter
related by (13.2) to the arc length x° of the unstrained rod. Also, the princi-
pal part of the curvature of the strained line of centroids is ewj) or

3EI{bk? /cn2 ¢ —sn2¢ sn? { cn? {)

2
P{a® \ dn’¢ dn® ¢

At the right-hand end of the rod, sn {=1, cn {=0, dn {=b/a, and thus
P{ =0, Q{ =EI{ab~2 Thus the force-system acting on the right-hand end
of the rod consists of an arbitrary force Py of order €* and a particular bending
couple, as shown in Figure 5. From symmetry, a similar force-system acts on
the other end of the rod. Further, since P{ =0 at the ends of the rod, the lines
of action of the two forces PJ coincide and are tangent to the strained line
of centroids at its ends.

El'lldb_z 0, EI{db-z
\ g

F1G. 5. The rod in Figure 4, straightened

(13.8)

At O’,dn {=1and hence Qf = EI{a~?%. Thus by taking the moment about
O’ of the forces and couples acting on the right-hand half of the rod, we find
that the distance d’ (Figure 5) is

EI{ (a® — b%)
- P’a?h? .

Straightening as a problem of Class (iii). As mentioned previously, all prob-
lems of Class (iii) deal with the straightening of thin rods by terminal force-
systems. From the theory developed in §§10-12 for problems of this class,
it can be conclude that—

VIII. Any thin rod of uniform cross-section and finite curvature, and
satisfying (10.21), can be straightened without undergoing finite strain by
means of terminal force-systems consisting of an arbitrary force and a par-
ticular bending couple, both of order €*. The residue curvature of the strained
line of centroids can be found only by recourse to the second approximation.

As an example of a problem of Class (iii), we shall now straighten the rod
shown in Figure 6. The cross-section is a circle of radius d. The unstrained line

(13.9) d'
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of centroids M is a semicircle of radius ¢ and x° is its arc length measured from
its middle point O’. The x!-axis is taken perpendicular to the plane of M. Thus

(13.10) N=0 @l=-—1/c, =0,

@* being the rotation vector introduced in §2. Hence by comparison with
(11.2),

(1311) Vl = Vz = W1 = 0, Wz = - 2/6,

and since the strained line of centroids M is to be a plane curve symmetrical

FI1G. 6. An unstrained rod; the cross-section is circular and the line of
centroids M is a semicircle

about its middle point O’ (Figure 7), we find that (12.4), (12.7) and (12.8)
reduce to

Poy = 9, = 1xR%/c,
(13.12) o4y = P Qi) = iTRY/

Pysy = ¢, P;(5) = 2un sinh n2?, Q1) = 2v cosh na?,
(13.13) wtl) = —82— cosh nx°,
TR*
R? P
(13.14) ew = (A +40) o+

where p is an arbitrary constant and n=2 (p/wR%)!/2. Thus the reaction
across a cross-section of the strained rod consists of a normal force P{ +P{’
(Po, =EP0(4)64=EPG4, Po” =EP0(5)€5), a shearing fOl‘CC Pz” (=EP2(5)€5), and
a bending couple Qf +Q{’ (Q{ =EQiw€*, Qi' = EQ1(s5)¢°); and

PJ = an arbitrary constant of order €,

Py’ = an arbitrary constant of order 5,
P4’ = 2Ev" sinh na?,

Qf/ = YxEd‘/c, Qi' = 2Ev" cosh nx°,

(13.15)
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where n=2(P¢ /mrEd*)1/2 and v'’ is an arbitrary constant (=¢€%). In (13.15),
the quantities with a single prime are of order €, while those with a double
prime are of order €. The strained line of centroids M has a curvature w!
(=ew(y) given by

81)//

(13.16) w' = — cosh nx?,
T 4

and an elongation per unit length e (=e€%e)) given by

(13.17) a0 L T8
' ¢= 78t ' xEds

Figure 7 shows the straightened rod. From the consideration just above
of the reaction across a cross-section, we see that there must act on the ends

Qn tanh 3xnc Qn tanh 3wnc

F1G. 7. The rod in Figure 6, straightened

of the rod equal and opposite forces P of order ¢ and bending couples
irEd*/c + Q

as shown, 3w Ed*/c being of order ¢! and Q of order €. Further, since x°= +inc
at the ends of the rod,

(13.18) v"" = Q/(2E cosh imnc),

(13.19) P cosd = Py, P sin 6 = Qn tanh Jwnc,

0 being the small angle shown in Figure 7. Since 6 is small, we set
sinf =0, cosf = 1.

Thus P=P{J approximately, and

(13.20) n = 2(P/xEd%)2,
(13.21) 6= g n tanh imnc,
P
d? P
(13.22) e =

A+ 40) — 4 —— .
@+ 40t T Em
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From (13.13) the curvature of the strained line of centroids is then

(13.23) ol = 2 cosh nx? .
’ wd* cosh imnc

At O’, x*=0 and hence
(' = Q sech }rnc.

Thus by taking the moment about O’ of the forces and couples acting on the
right-hand half of the rod, we find that.the distance d’ (Figure 7) is

(13.24) d = % (1 — sech 1rnc).

If P vanishes (i.e., no external forces are applied to the ends of the rod),
then =0 and

(13.25) 6 = }}_rpo (—% n tanh %wnc) = 2Qc/(Ed*),
(13.26) e = (A + 40)d?/(8c2),
(13.27) w! = 4Q/(xEdY).

In this case the line of centroids of the strained rod is an arc of a circle of
radius
iwEd*/Q.

14. Remarks on the experimental determination of elastic constants. The
stress-strain relations (4.3) used in this paper contain five independent elastic
constants E, o, g1, 03, 03; E is Young’s modulus and ¢ is Poisson’s ratio. Both
E and o can be determined for any isotropic elastic material by simple experi-
ments involving the stretching and twisting of a straight rod. In this section,
we shall see how a relation between o; and o, can be determined experimen-
tally by straightening the thin rod shown in Figure 6. The straightened rod
is shown in Figure 7. When terminal bending couples alone of magnitude
iwEd*/c act on the rod, the elongation per unit length of the line of centroids
is given by (13.26). By actually measuring this elongation, we can thus obtain
an experimental value for A 440 for the particular material of which the rod
is constructed. Now ¢ is known for most elastic materials. Thus A can also be
found. By (11.12), this gives a relation between ¢; and ;. In order to deter-
mine the arithmetical values of the three elastic constants a3, 02 and ¢; oc-
curring in the stress-strain relations (4.3), it would be necessary to devise
additional experimental methods of obtaining two additional relations be-
tween o1, 02 and o3.

The author would like to take this opportunity to thank Dr. J. L. Synge
both for suggesting the problem considered in this paper and for much as-
sistance in the development of the mathematical theory.
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Appendix A. Proof of Saint-Venant’s hypothesis for a thin rod displaced
finitely(!2). We are to show that, given

(A.1) Tosyp = 0,
(A.2) goo(1).a8 = 0,
(A.3) 2g12),12 — .22 — gazy,u = 0,
(A.4) gt ) = Bap £ — 205 Trwcty + 21 + o) Tup,
with the boundary conditions
(A.5) Tapymsoy = 0,
it is necessary that T a1y =0.
From (A.2),
(A.6) gooy = AJ £+ B,
A, and B being arbitrary functions of x° Then by (A.4),
(A.7) Tooay = 0Taary + $(4at* + B),
(A.8) Tiiy = (1 + 0)Taacry + 3(4at* + B),

A, being an arbitrary function of x° such that A.= — 3%+ 4. Substitution
in (A.3) for g.sq) from (A.4) and then for Ty from (A.8) gives

(A.9) Tuw,ez + T2y — 2T120),12 = 0T aaqr) 8-

It is necessary to show that there exist functions u.(x° £f) and a con-
stant ¢’ such that

(A.10) $(thaip + up,a) = (1 + 0")Tapy — 0’86 Ty

These are satisfied when a=8=1, a=8=2 if

el
U = [(1 + o) Tuay — ' Ty Jdg* + uf (20, ),
0

E2
Uy = [(1 4+ 6")Ta2qy — ¢'Tyyy Jd82 + ud (2°, £Y),

0

(A.11)

and the third equation in (A.10) is satisfied if
sl
Ui + us + (A 4 o) Tuay.e — 0'Tyyqy.2JdE
0
(A.12) @
+ [(1 + )Ty — ' Tyy1ldg? = 2(1 + ) Tr2qry.
0

(12) The method of proof when the displacement is small has been indicated by Goodier.
See J. N. Goodier, loc. cit., §4.
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Now
g el
f [(1 + o) Tuay.ee — o' Tyyay.22)dlde?
0 0
fl
(A.13) = [(1 + o) Tuaye — ' Ty 2 g
0
El

- [(1 4 ) Tuaye — 0'Tyya 2 )emodtd
0

From this and a similar expression derived by interchange of the indices 1
and 2, it is seen that (A.12) takes the form

g pg
u1,2 + w2, +f [(1 4+ ") (Tuay.2e + Teeaay.1) — o' Tyyary o8 |dEdE?
0 0

sl
(A.14) + [(1 4+ 6)Tuaye — o' Toyya.2)i-odt!
1)

22
+ [+ ) Tory1 = ¢’ Tyyayaliaodt? = 2(1 + 0') Tr2ca).
0
If
(A.15) o =a/(1 —0)

where o is Poisson’s ratio, then by (A.9) the double integral in (A.14) becomes

et
2 1 ’ T d ld 9
(A.16) fo . (1 + o) T121).1208"dE

=2(14 o) (T1zay — [Tz ]emo — [Tr2ay]etmo + [Tr2ay Je=e’0)-
Thus (A.14) takes the form

(A.17) w12 + us1 = Go(2°) + Gi(2°, £1) + Ga(a?, £2).

Since the variables £« have been separated, #J can be found. Thus u. exist
satisfying (A.10), the constant ¢’ having the value ¢/(1 —¢) where ¢ is Pois-
son’s ratio.

Because of (A.1),

(A.18) fuaTmﬁ(l).;sd‘é’d‘é2 =0,
N

where, as usual, N denotes a cross-section of the rod (on which x°=constant).
Since ng«) have the values indicated in (7.24), by Green's theorem (A.18) can
be written in the form
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(A.19) f #aT ap1ynp0)dr — f %a T ap1ydE'dE® = 0.
N N

Because of the boundary condition (A.S) the first integral in (A.19) vanishes.
Since Tasay = Tsaq), the remaining integral can be written in the form

(A.20) [ 3000 + w0 Tascoiidee.
N
By substitution from (A.10), it is found that
(A.21) f [2(T120)? + H(Tuay — Teey)? + 31 — 20)(Taaqy)2]dt'dE? = 0.
N

Since 1 —2¢ >0, it is then necessary that
(A.22) Tap(l) = 0

Thus Saint-Venant's hypothesis has been proved for the finite displacement of
thin rods.
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