THE GENERAL INVARIANT THEORY OF IRREGULAR
ANALYTIC ARCS OR ELEMENTS

BY
EDWARD KASNER AND JOHN DeCICCO

Introduction. In this paper, we shall begin the study of the invariant the-
ory of the most general irregular analytic arc in the geometry based on the in-
finite group G of arbitrary regular point transformations. Our results are valid
for the group of real point transformations of the real plane;or for the group
of complex point transformations of the complex plane. Kasner has developed
the corresponding theory in the conformal geometry of the complex plane(?).
The present paper opens up a new aspect of restricted topology.

Our subject is then the equivalence theory of a single arc or curve. When
can one analytic arc be converted into another analytic arc by an arbitrary
regular point transformation of the plane? It is apparently implied, in the
current literature, that there is no problem here. For any curve (it is implied)
can be converted into any other, in particular, into the x-axis. But this is
based on the assumption that the arcs are regular. If we give up this assump-
tion, we have actual problems which certainly seem worthy of treatment. Our
subject is therefore the invariant theory of a general irregular analytic arc under
the group G of arbitrary regular point transformations.

More exactly, the configuration we shall discuss is not simply an analytic
arc but rather that arc together with a specific point of the arc. This com-
pound configuration we shall term an analytic element. It consists of a point—
the base point which shall be taken as the origin throughout this paper—and
an analytic arc through the point. It may be described also as a differential
element of infinite order(?).

The most general analytic element, if the given point o is taken as origin,
is represented by writing x and y as integral power series in a parameter ¢
without the constant terms. If the parameter £ is eliminated, then y is found
as a series in x which may proceed according to integral or fractional powers

Presented to the Society, January 1, 1941, under the title The classification of analytic arcs
or elements under the group of arbitrary point transformations; received by the editors January 2,
1941.

(1) Kasner, Conformal classification of analytic arcs or elements; Poincaré's local problem of
conformal geometry, these Transactions, vol. 16 (1915), pp. 333-349.

(%) Kasner has introduced elsewhere the concept of divergent differential element of infinite
order. This corresponds to a divergent power series and may be represented by a nonanalytic
arc having specified values for all the successive derivatives. Thus to every power series corre-
sponds a geometric entity which may be real or imaginary, regular or irregular, convergent
or divergent. This entity is the most general differential element. If it is convergent, we call it
an analytic element (regular or irregular), or more loosely, an analytic arc or a curve.
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of x. If fractional exponents enter and cannot be avoided by interchanging x
and y (this will then necessarily be the case for any choice of rectangular
axes), we shall call the element srregular(®); otherwise the element is regular.

Our new problem is to classify with respect to the group G of arbitrary regular
point transformations all irregular analytic elements.

It is obvious that all regular elements are equivalent under the group G
of arbitrary point transformations. That is, all complex regular elements
(both real and imaginary) are equivalent under the group G of complex point
transformations; whereas all real regular elements are equivalent under the
group G of all real point transformations. Any regular element may be re-
duced to the canonical form y =0 (the x-axis together with the origin as base
point).

But for irregular elements, the results are quite complicated. (See the
table on page 235.) It is clear, for example, that the cuspidal element y =x%2
cannot be converted into the regular element y =0, nor into the irregular ele-
ment y =x*3. For these curves differ qualitatively in the nature of the singular
point at the origin. However, suppose the two proposed elements have the
same kind of irregularity (in a sense to be later defined, depending on agree-
ment of certain exponents—certain arithmetic invariants); will they necessa-
rily be equivalent? If not, certain combinations of the coefficients will be
invariant, that is, there will be absolute differential invariants. For example,
we find that every differential element of the form

y =282 4 ot 4 xS ..

can be (formally) reduced to y =x3/2. On the other hand, not every element
of the form

y = x% 4 croxt?4 4 gyt 4 .o

can be reduced to y =x%“. Hence in the first type there are no invariants; in
the second type there exists an invariant.

In general, irregular elements have absolute differential invariants; cer-
tain exceptions arise, namely, those in which the corresponding series in x
proceeds according to powers of the square root, and the cube root, and three
particular types of series in x which proceed according to powers of the fourth
root. All the other cases possess absolute differential invariants.

Statement of results. We shall throughout this paper assume that our
group G of arbitrary regular point transformations leaves invariant the fixed
point o (the origin) of our analytic element and that it is regular in the neigh-
borhood of 0. Thus our group G is

() This is related to the concept of cycle used in the theory of algebraic curves, and to
the more general theory of algebroid arcs. Topologic invariants of algebroid arcs are studied in
papers by Brauner, Kihler, and Zariski; for references see the latter’s paper, American Journal
of Mathematics, vol. 54 (1932), pp. 453—465.
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X = (a1x + apx?+ - - ) + ylae + anx + - - -)
+ yazo +azx+ - )+ -,

Y = (Boix + Boax® + - - - ) + y(Bro + Bux + - - - )
+ y2Bo0 + Baax + - )+ - - -,

where the jacobian J=af10—0108017%0. We therefore shall study the invari-
ant theory of an analytic element (with the origin as base point) with respect
to the group G as given by these equations.

Any analytic element with origin as base point may be defined by setting
x and y equal to two power series in a parameter ¢{ without constant terms.
Let p =1 be the minimum of the two exponents of the two leading terms of the
two power series in ¢. By interchanging the coordinates x and y appropriately,
we can always arrange that the exponent of the leading term of the power
series defining the abscissa x shall be our number p. Therefore any analytic
element may be written in the form

(1)

(2) Y = CpxP!? 4 Copx?P/P 4 - o+ o px™PIP - cuxtP 4 ppaletDIP 4L

where ¢ is the first gth power of the pth root of x which is zot a multiple of p.
That is, the integer ¢ =7p+s is such that the integers » and s satisfy the in-
equalitiesr=1and 0 <s<p.

If ¢,#0, our element is said to be irregular. Otherwise our element is said
to be regular. Thus an element is regular if p=1 (and hence no such term
cgx?'? can appear in our power series); or if p =2 and if ¢,=0 (the coefficient
of any actual fractional power of x is zero).

For an irregular element the integer p =2 is called the index and the in-
teger g=rp+s, r=1, 0<s<p, is termed the rank. All irregular elements ob-
tained by taking arbitrary values of the coefficients, but fixing the values of
both p and ¢, we shall define as forming the single species (p, ¢). It is proved
that the index ¢ and the rank g are arithmetic invariants. Our main result
follows:

Absolute differential invariants, that is, functions of the coefficients unaltered
by the group G of arbitrary point transformations, exist for all irregular species
(p, q) except in the cases (4,5), (4,6), (4,7), (3, ¢),and (2, q). The species (4,5)
may be divided into two distinct sets, and the species (4, T) may be separated into
three distinct sets; the elements of any one of these sets are all equivalent to each
other. The species (4, 6) and (3, q) may be separated into a denumerably infinite
number of such distinct sets. All the elements of the species (2, q) are equivalent
to each other—the canonical form is y =x92. Finally all the regular elements are
obviously transformable into each other, the standard form being y =0.

The species (p, g=rp+s) for which =2 and 0<s<p—2, or for which
r=1 and 2<s<p—2, possesses an absolute differential invariant of order
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g+2 (and none of lower order). This invariant involves only the coefficients
Cqr Cq1 and Cgyo.

The species (p, g=rp—+s) for whichr=2and 1 <s=p—2, or for whichr=1
and 3<s=p—2, possesses an absolute differential invariant of order ¢+ 3.
This involves only the coefficients cg, €441, and cgqs.

The species (p, g=rp+s) for whichr=2and 2 <s=p —1, or for whichr=1
and 3<s=p—1, possesses an absolute differential invariant of order ¢+3.
This involves only the coefficients ¢,, €442, and cg43.

The species (p, g=p+1) for which p >4 possesses an absolute differential
invariant of order ¢+ 3 =p-+4. This contains only the coefficients ¢,i1, Cpi2,
Cpt3, and Cppa.

The species (p, g=p+2) for which p > 35 possesses an absolute differential
invariant of order ¢+3=p+S5. This contains only the coefficients ¢p42, €pt3,
Cpi4, and Cpyp.

The species (5, 7) possesses an absolute differential invariant of order 11.
This contains only the coefficients ¢4, ¢s, ¢y, and cu.

Finally the species (5, 8) possesses an absolute differential invariant of
order 12. This involves only the coefficients ¢s, ¢o, 11, and cis.

The following table exhibits some of the results in detail.

3 45 6 7 8 9 10 11 12 13 14 15 16 17 18
2 * * * * * * *
3 * Tt Tt o1 [
4 T f 11 13 14 15 17 18 19 21
S 9 11 12 12 13 14 16 17 18 19 21
6 10 11 11 13 14 15 16 17 19 20
7 11 12 12 13 15 16 17 18 19 20
8 12 13 13 14 15 17 18 19 20
9 13 14 14 15 16 17 19 20
10 14 15 15 16 17 18 19 21

Here the species is determined by the value of p in the left column and
the value of ¢ in the top row. The blank spaces denote the fact that there are
no such species. In the body of the table we find the order of the absolute
differential invariants discussed above. The asterisk indicates that the corre-
sponding species has no absolute invariant and further that all members of
that species are equivalent under the group G of arbitrary point transforma-
tions. The dagger indicates that there are no absolute differential invariants
but that the members are not all equivalent: there exists a certain relative
differential invariant, hence there is a division of such a species into a finite
number of subspecies, all distinct with respect to the group G of arbitrary
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point transformations. On the other hand, the double dagger indicates that
there exists a certain arithmetic invariant and hence the species (4, 6) can be
divided into an infinite number of subspecies.

1. Discussion of the regular elements. Every regular element:
y=cx+cx?+ - -+, is carried by the point transformation: X=x, Y=y
—(cix+cx?+ - - - ), into the x-axis: y=0. Hence

THEOREM 1. All regular analytic elements are equivalent under the group G
of arbitrary point transformations. The normal form of a regular analytic element
is y=0 (the x-axis together with the origin as base point).

Our purpose in stating this elementary result is to give a complete classifi-
cation of all elements both regular and irregular. Henceforth we only have to
confine our attention to irregular elements. In the next section, we shall dis-
cuss the index p and the rank ¢ of any irregular element.

2. The invariance of the index p and the rank g¢. First let us note that
by the point transformation

3) X = z, Y =9 — (cpx 4+ capx® + c3p23 + - - - + crp2x7),
our irregular element (2) is carried into the irregular analytic element
(4) y —_ quQ/P + Cq+lx(Q+l)/P + ey, cq ;ﬁ 0,

where the coefficients ¢,, €41, Cq42, - + - of this element are identical with the
corresponding ones of our irregular element (2). Thus the transformation (3)
eliminates the first » integral powers of x.

Applying any transformation of our group G to this element (4), we find
as the parametric equations of our new element

X = amﬂr + a02l2p + e _|_ aortrp + alocqlq + cee,
Y = Bout? + Boat? + - - - + Bort™ + Buoct? + -+ - .

Since the jacobian of the transformation is not zero, at least one of the
quantities ag; or Bo; is not zero. Hence the number p is the minimum exponent
in the two power series defining our new element and therefore must be its
index. Thus the group G preserves the index p.

By interchanging the coordinates X and Y appropriately, we can always
arrange so that an0. Upon setting X = T'?, the first of the preceding equa-
tions defines ¢ as an integral power series in 7. This power series must be of
the form

e t= AT + Ap TP 4 Agp 1 T?PH 4 - - -
+ A,,,_,,HT""""H + Aq_p_‘_qu—p-H + -,

(%)

(6)

where the exponents after the last written term increase by one (as far as
we know).
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Substituting this into the first of equations (5), we obtain

andi =
—1 2
I’amAr A1+ aped 1,,
—1 3
PamAr Asppr + -+ - + OlosAlp =

1,
0,
(7 ’
pandl Arppir+ -+ + andy =0,
PUOIAT_IAq—ﬁl + aquA‘i =0,

...............

This system of equations determines the 4’s in terms of the a’s. We note
that 4,70. It is also important to note that the last written equation con-
tains only two terms.

If (@n1)V? denotes one and only one pth root of ag, then it is easily
seen that these equations determine a one-to-one correspondence between
(cor, oz, * * -, aor) and (A1, Apr, A2psr, + -+, Arp—ps1). Hence we may re-
place the preceding set of unknown a’s by the latter set of unknown 4’s.

Also let us note the following result
g—p+i

(B104: cq + pBorAo—pi1) # 0.

(8 J = apfio — @080 = e AT
This is needed for the completion of our argument.
Now substituting (6) into the second of equations (5), our new element (5)

may be written in the form

2p/p 3p/»

Y = 6adiX”" + (BosdY + pBudl Aspi) X" + (Bosdy” + - - )X
(9) ot BodY 4 )X
+ AT [B10A " e + pBond ey ] X4 -

This equation shows that the first power of the pth root of X which is not a
multiple of p is the integer g. The coefficient of this power is not zero because
of (8). Hence the rank q is also preserved.

THEOREM 2. The index p and the rank q of an irregular element are both
arithmetic invariants under the group G of arbitrary point transformations.

This theorem justifies our definition of the species (p, ¢). That is, under
the group of arbitrary point transformations any species (p, ¢) of irregular
elements is carried into itself.

By the above equation, it is found that the subgroup G’ of the group G
which carries the element (4) into one of the same form is
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X=(anx+ anx®+ -+ )+ ylaww+anx+ )+ -+,

(10) G’:
Y = (Boys18™ 1 + Boppex™2 4 - - )+ yBro+Bux + - - )+ -+ -,
where
agfio # 0.
Since our group G may be factored into the product of the group (3) by the
group G’, and since the group (3) preserves the coefficients ¢q, €g41, - - -, it

is necessary merely to study the invariant theory of the group G’.

In the following, we shall find the different invariants of lowest order of
our irregular elements. For this purpose, we shall find it convenient to classify
our elements according to the types of invariants which arise. See §§3 to 14
which follow. Some of the twelve classes are simple and some are complicated.
The invariants found vary greatly in structure it will be observed.

3. The discussion of the species (p, g=rp-+s) for which =2 and
0<s<p—2, or for which »=1 and 2 <s <p—2. Substituting (6) into the sec-
ond of equations (10), we find because of our inequalities the following trans-
formation formulas between (cq, Co1, €o42) and (Cqy Cot1, Coi2):

g+1 q+2

(11) Cq = 610Achy Cor1 = Brod1 cgp, Cq+2 Brd1 o2
These equations immediately yield the following result.

THEOREM 3. The species (p, g=rp-+s) for which r=2 and 0<s<p—2, or
for which r=1 and 2<s<p—2 possesses the absolute differential invariant of
lowest order

(12)

CqCq+2

i1

The order of our invariant is ¢+ 2, its weight is 2¢4-2, and its degree is 2.

4. The discussion of the species (p, g=rp+s) for which =2 and
1<s=p—2, or for which »=1 and 3 <s=p—2. Again because of our inequali-
ties, we obtain the following transformation formulas between (c,, €41, €g+3)
and (Cm C'1+1’ CQ+3):

q+1 q+3

(13) Co = Brodicy,  Corr = BroAT car1,  Cors = Brodl Cors.

Therefore
THEOREM 4. This species possesses the absolute invariant

2
CqCq+3

(14)

Cort

The order is g+ 3, weight is 3¢+3, and degree is 3.
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5. The discussion of the species (p, ¢g=rp+s) for which r=2 and
2<s=p—1, or for which =1 and 3 <s=p —1. Because of these inequalities,
the following transformation formulas between (c,, €2, €g43) and (Cy, Coye,
C,+3) are obtained:

2 3
(15) Cq = ﬁloAngy Cq+2 = BmA?- Cq+42, Cq+3 = ﬂloA? Cq+3.
THEOREM 5. This species possesses the absolute invariant

2
CqCq+3

(16)

Cav2

The order is g+ 3, weight is 3¢+ 6, and degree is 3.

6. Discussion of the species (p, ¢=p-+1) for which p>4. For the case
g=p+1, we find that the parametric equations (5) for our transformed ele-
ment assume the form

an X = ant? + a10(cpt1t?*! + Cppot™r F Cppat? + -0 ) -0,
Y = Biolcpp1tPt! + cppat?t? + C,H.al”:"a +ocppadPtt 4 ) F -

Let X =T7. The first of the preceding equations defines ¢ as an integral
power series in T. This power series must be of the form

(18) t=A1\T + A T2+ AT 4 - - -, 4, # 0.

Substituting this value of ¢ into the first of the preceding equations, we
obtain the following system of equations:

amAf =1, PamAf_lAz + alOA;H-chl =0,
) _
aol[pAf_lAa+7(;b — 14} 2Ai]
2
+ awl(p + 1)AT A2 + AL Cpya] = 0,

(19) o [pAf_lA4 + p(p — DA A0d, + -2-’- (p—1)(p — 2)Af"A;’]
+ aw[{(p + 1)A745 + % (» + 1)Af“AZ} Cp1

+ (p+ DAT  Aac e + AT ’cm] =0,

................................

Now if ¢,417#0, we find that 4; and A, are arbitrary, but 4;and A4 are
dependent, being given by
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1 A,
Aa=_( +3)—+A1A2 C,+z
2 Cp+1
(20) ) A .
=—(p+ 2)(p+4) - + (0 + 04,22 4 414, 2
3 Cpt1 6p+1

Substituting (18) into the second of equations (17), we discover the
following transformation formulas between (cpi1, C€pi2, Cpis, Cp+s) and

(CP+11 Cﬁ+2, Cp+3, Cp+4):

Copr = }310-41 c,.+1, Cpp2 = ﬂlo{ 1 Cp+2 + (p + l)AfAzc,,_,_l},
Cors = ﬁlo{Al s+ (p+ 2)A§'+'A2c,,+2
[(1’ + 1)4 s+ = ([’ + l)Af—l ]c,,.,.l}
Cops = ﬁlo{ 1 ‘0p+4 + (p + 3)Af+2Ach+a
(21)
[0+ D470+ (0 4+ Do + D23 e
+ [0+ DaTact oo + DA 40t

L (p —1)(p + )44 ]c,+1}.

Eliminating B1, 41, 42, A3, and A4, from these and the ‘preceding equa-
tions, we find

THEOREM 6. The species (p, q=p-+1) for which p >4 possesses the absolute
invariant

[(p+1) coricpra—2(0+1) (P42 cpp1cpracorst 3 (B+2)(Bp+5)cose]’
[(p+1D)cpircprs—3(2p+3) %]

(22)

The order is g+3=p+4; weight is 3¢+ 3 =3p+6, and degree is 6.

7. Discussion of the species (p, ¢=p+2) for which p > 5. The calculations
for our transformed element will be given by the equations of the preceding
section if we assume ¢,41=0 but ¢,42#0.

Under this restriction we find that 4,70 and 4; are arbitrary but 4, and
A, are dependent, being given by
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Cp+s

.

(23) A2 = 0, A4 = AlAg
Cp+2

The transformation formulas between (Cpi2, Cpts, Cpity Cpis) and (Cpie,
Cp+3, Cpiay Cpys) are

Cpye = Brod r+26p+2, Cpis = Brod f+86p+3.
29 Cpra = BuldT cora + (0 + DAT Ascp00],
Cors = Buo[AT s + (B 4 AT Ascors + (0 4+ DAL Aucoyal.
Performing the elimination of By, 41, 43, and 4, from these equations, we
find

THEOREM 7. The species (p, q=p+2) for which p >S5 possesses the absolute
invariant

cora(p + 2pracors — (20 + 5)cpracrral )
02+s
The order is ¢g+3=p+5, weight is 3¢+3=3p+9, and degree is 3.

8. Discussion of the species (5, 7). For the species (p=35, ¢=7), it is found
that the parametric equations (5) of the transformed element assume the form

X =oawt®+ awlct’ +cst®+cot® +--- )+ -+,
Y = Broent? + cst® + cot®) + (Boz + Bioc10)t*® + Brocrat! + - - - .

Let X =15 The first of the preceding equations defines ¢ as an integral
power series in T. This power series must be of the form

27 t= AT + AsTS + AT+ AT + - - -, Ay # 0.

(25)

(26)

Replacing ¢ by this in the first of equations (26), we find

andy = 1, Sand1ds + ardicr = 0,
(28) Sand :A4 + alOA?CB =0,

(54145 + 104143) + ar(TA1Ascr + Arcs) = 0,

.....................

If 170, these equations show that 4, and A4; are arbitrary, but 44and 45
are dependent being given by
545

Cs 2 Oy
(29) A4=A1A3—) . A5=——+A1A3_'
(2 A,y Ct

Substituting (27) into the second of equations (26), we obtain the follow-
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ing transformation formulas between (c-,, s, Co, c11) and (Cv, Cs, Cy, Cn1):

C; = BIOA-I,Uh Cs = B4 fcsy
(30) Cy = Blo[Agcs + 7AfA367],
Cu = 510[6111‘1:1 + 9AfA369 + 8A17A4Cs + (7AfA5 + ZlflfA:)ﬁl.

THEOREM 8. The species (5, T) possesses the absolute invariant

2 2 2
67(67611 b 86169 - 86369)

(31)

4
68

The order is 11, weight is 32, and degree is 4.

9. Discussion of the spaces (5, 8). The material for our transformed ele-
ment will be given by the equations of the preceding section if we assume
¢7=0 but ¢s#0.

Since ¢3#0, we find by equations (28) that 4; and 44 are arbitrary but
A; and A; are dependent being given by

c
(32) A3=O, A5=A1A4_9_.
4]
By (30), we see that for this case the transformation formulas between
(Cs, Cy, C11, Cu) and (Cs, Cs, Cu, Cn) are
8 9
Cs = B1odcs, Cy = BroA s,
7
(33) Ciu = Bul4 ilCu + 84,4.4¢s),
7
Ciz = Buo [Aizclz + 9A213A469 + 8A1As(:3].

THEOREM 9. The species (5, 8) possesses the absolute invariant

2
63(868(312 - 969611)

(34)
¢y

The order is 12, weight is 36, and degree is 4.

10. Discussion of the species (4, 5). In the following, we shall show that
this species only possesses a relative differential invariant. This species there-
fore can be scparated into two distinct sets, the elements of any one set being
equivalent.

Part of the work for finding the coefficients of the transformed element is
the same as that performed for the species (p, ¢g=p+1) for p >4 (§6). As a
matter of fact the first three of equations (21) are valid. From these it follows
that the species (4, 5) possesses (10csc;—11c3)*/ci as a relative differential in-
variant.
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In the following, we shall prove that there are no more relative differential
invariants. This is done by reducing our species (4, 5) to the canonical form.
First let us note that the transformation

466
(35) X=zto0y Y=y

S5¢?
will convert our element (4) of species (4, 5) into an element whose equation
is of the form

(36) y = dgxbt 4 dyx"t + dex®t - - -,

where the d’s are certain functions of the ¢’s. Our relative differential invari-
ant for this element is 100d}/d3 (since ds0). Thus we have to discuss this
element according as d;#0 or d;=0.

First let us consider our element (36) for which d;0. For this case, we
shall demonstrate the (formal) existence of a transformation which is the in-
verse of a transformation of the form

X = anx + aoex? + agsx® + - - - ,
(37) Y = (Bozx® + Bosx® + Boax* + - - - ) + ¥(Bro + Bux + Prex® + fra® + - - )
+ y2(620 + lex + B22x2 + ﬁzsxs + ce ),

which will carry our element into the canonical form y=x%44x74, Therefore
it must be shown that the ao; and the 8;; (¢=0, 1, 2) can be determined so
that our transformation carries the canonical form into the element (36).

Now if we perform this transformation on the canonical form y =x5/4+4x7/4,
the parametric form of our transformed element is

X = ant* + aot® + ast'?+ - - -,
Y = [Boot® + (Bos + 2820)8'2 + (Bos + 2Ba)t26 + - - - ]

+ [B208 + (Ba1 + B20)t™ + (B2z + Ba)t® + - - - ]

+ [Buo( + ) + Bus(t® + 1) + Buo(t3 + 11%) 4 - - - 1.

The first of these equations defines ¢ as an integral power series in T if we
let X = T*. This power series must be of the form t =4 T+ AT +A4,T°+ - - -
where 4:7#0. If we let A}* denote a definite fourth root of A4,, it may
be established that there exists a one-to-one correspondence beiween
(oo1, oz, + =+, @on, + - - ) and (4y, 45, -+, Aan-s, * - - ). Therefore we may
replace the unknown «'s by the unknown 4'’s.

In the second of the preceding equations, let us replace the coefficient of
t47+4 by Byay4, the coefficient of 1478 by By.ye, and the coefficient of ¢47+1 by
Byni1 where n=1, 2, 3, - - - . Then obviously there exists a one-to-one corre-
spondence between the 8;;and the B;. Thus we may substitute the unknown
B’s for the unknown §’s.

(38)
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By the preceding remarks, our problem then is to determine the 4A’s and
the B’s so that the equations

X =T4 t=AT 4+ AsT* + AT+ - - -,
(39) ¥ = [Bet® + Buat'? + Buet®® + - - - | + [Biot® + Bi™ + Bigt®® + - - - ]
+ [Bs(# + ¢7) + Bo(t* + £17) + Bys(#3 + 118) + - - - ],

shall represent the element (36) upon eliminating the parameters ¢ and T.
Performing this elimination, we find our equivalence equations to be

Bsd; = ds, Bud, + 8Bsd A = dis,
don T ,
) B4n+4A:”+4 + (lower Bux) = dunys,
.................... ;
Budy = dw,  Bud) + 10Byd1ds = du,
40.2 . ’
( ) BAn+6A: *e + (lower Burys) = dinys,
................ e . ;
1 4 9
Bsd, = ds, SA145Bs + ByA1 = d,,
ByAy =di,  TAAsBs + Body = du,
.................. ,
(40.3)

5A:A4n—sBs + B4n+1A:n+! + (lower Agx—s and Bairy1) = dins,
74 :A 4n—sBs + Byan4 :Ms + (lower A 4x-3 and B4k+l) = dn—y,

The first pair of the equations (40.3) shows that 4,0 and B;>0 are
uniquely determined. The second pair demonstrates that 4, and B, are
uniquely determined since the determinant of the coefficients —2A41°B;#0.
The nth pair proves that A4,_3 and By.41 are uniquely evaluated since the
determinant of the coefficients —2A47**"Bs70. Thus by induction, all the
Ay4n—z and the By, are uniquely found.

The equations (40.1) and (40.2) uniquely evaluate the By,4 and the By, s,
respectively. Hence we are able to find unique values for all the 4’s and the
B’s and therefore (39) actually represents our element (36). Thus the species
(4, 5) for which the relative differential invariant (10csc7— 11c3)*/ci#0 possesses
no additional invariants. The canonical form is y=x%44x7/4,
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Finally let us consider the case for which our relative differential invariant
is zero. Then for our element (36) we must have d;=0. The inverse of the
transformation

d9 d!o
41 X=2 Y=y+da®——ay——9,
ds di
will then carry our element (36) into one of the form
(42) y = esx®t + ennall/t + epxt?/4 4 - - .|

where the ¢'s are certain functions of the d’s and hence it follows that they are
functions of the ¢’s.
Next the transformation which is the inverse of the correspondence

will carry our element (42) into an element of the form
(44) y = feablt 4 franl?/4 4 fraxt®4 4 o oo

where the f’s are certain functions of the e’s and hence of the ¢’s.
Finally the inverse of the transformation

X =z V = (fi2x® + frex* + foox® 4+ - - -)
+ y(fs + frsa? + frrx® + fuxt + - - )
+ y2(f1a + f122 + fooxr* + - - - )
+ 93 (f1s + fr9% + fosx® + - - - )

will carry our element (44) into the element y=x54, Thus the species (4, 5) for
which the relative differential invariant (10csc; —11c2)?/ct =0 possesses no addi-
tional invariants. The canonical form is y=x54,

Therefore we have proved the following result.

(45)

THEOREM 10. The species (4, 5) possesses only the relative differential in-
variant

(10¢sc: — 11ce)

5
65

(46)

and no other differential or arithmetic invariants. Thus our species (4, 5) may
be separated into two distinct sets according as this relative differential invariant
is not or is zero. The canonical forms of these two distinct sets are y=x54+4x7i4,
and y=x5*, respectively.

11. Discussion of the species (4, 7). For this case, we see that the para-
metric equations (5) for our new element assume the form
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X = aot* + arocit’ + (aoz + a10cs)t® + aro(cot® + c10t!®) + - - -,
Y = Brocit? + (Boz + Brocs)t® + Bro(cat® + c10t1?)

+ (Bucr + Broc)t™ + (Bos + Brociz + Bucs)t™?

+ (Bi1cs + Brocrg)t + - - - .

Let X =T The first of these equations defines ¢ as an integral power se-
ries in T. This power series must be of the form

(48) t=A1T+A4T4+A5T5+A5T8+A7T7+ ctt Al#O.

(47)

Upon replacing ¢ by this value in the first of equations (47), we obtain the
following system of equations
4 3 7
and; =1, dag 4144 + ardicr =0,
3 8
40014145 + (02 + arecs)41 = 0,
9
4“011431'146 + ajedics = 0,
2 .2 6
an(44147 + 64143 + aw(TAAwr + A3 c) = 0,

(49)

By these equations, we find, since ¢;50, that 4,, 44, and 4; are arbitrary.
But the values of 4s and A7 are dependent, being given by

C
Ao = — A3,
(50) “
11A24 Ci0 3
7= + _A1A4-
1 (44

Upon substituting (48) into the second of equations (47), we obtain the
following transformation formulas between (c7, cs, €o, €10, Cu, €12, €13) and
(C1, Cs, Cy, Cro, Cu, Cray Cr3):

7 8 8
Cq = Brodicy, Cs = BroAics + Body,
9 6
Cy = B104 109, Cp = Blo(AiOCxo + 74 1A4G7),
1 1 6
Cu= 8302/1:/14 + I311A1167 + /310(61114 11 + 8A:A4Cs + 74 1A5€7)y
7 12 12
Ciz = 8602141/15 + Bosd1 + Bundics
6
+ Buo(Ar c1a + 9414 s + 841d5cs + TA1A ),
Cis = 8B024 ZAG + ﬁuAisCs
+ Bro[A) c1s + 10414 410 + 941450 + 8414 cs
5 2
+ (74345 + 214:47)].

(51)




1942] IRREGULAR ANALYTIC ARCS OR ELEMENTS 247

By these equations, we discover that the species (4, 7) possesses cy/c7 as a
relative differential invariant. Moreover if this relative invariant is zero (co=0),
then the species (4, T) will possess (14cicis—17¢%)/cs as a relative differential
snvariant. In the remainder of this section, we shall demonstrate that there
are no additional invariants. This is accomplished by reducing our element of
species (4, 7) to the canonicai form.

In the first place, it is observed that the transformation

4cyo
(52) X=z2z+_-—y Y=y
7c2

will carry our element (4) of species (4, 7) into an element of the form
(53) y = dpx'l 4 dgxdlt 4 doa®t + dyxttt 4 - -

where the d’s are certain functions of the ¢’s. Our first relative differential in-
variant for this element is d3/d7. Thus we have to discuss this element accord-
ing as dy#0 or dy=0.

Let us now consider the case where dy#0. By a very similar argument to
the one given near the beginning of §10, it is very easy to demonstrate the
(formal) existence of a unique transformation which is the ¢nverse of a corre-
spondence of the form (37) which will carry out element (53) into the canoni-
cal form y=x"4+4x%4 Therefore the species (4, T) for which the relative
differential invariant c3/c;#0 possesses no additional invariants. The normal
form is y=x"44x%4

Next let us consider the case where dy =0. For our element (53), our second
relative differential invariant is 14d,3/d2. We next have to consider this ele-
ment according as d137#0 or di3=0.

We observe that in any case (whether di3#0 or di3;=0) that the trans-
formation

4dyy
(54) X=zx+

x2, Y =y,

7

will carry our element (53) with dy=0 into an element of the form
(55) = o0/t + €sx®/t + e1ox1/4 + erpxt¥4 - - -

It remains to discuss this element according as e;370 or e;3=0.

Let us now consider the case where e;3#0. By an argument very similar to
the one given near the beginning of §10, it is easy to prove the (formal) exist-
ence of a unique transformation which is the inverse of a correspondence of
the form (37) which will carry our element (55) into the canonical form
y=x"44x13/4 Therefore the species (4, T) for which co=0 and the relative differ-
ential invariant (14cqcis—17¢%,) /3 #0 possesses no other invariants. The canoni-
cal form is y=xT44-x13/4,
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Finally it remains to consider the case where e;3=0. It is observed that
the transformation

4c17

3
7c3

will carry our element (55) into one of the form

y = f1274 4 fsadlt 4 frox12/4 4 fi 2144 4 fra0/4 4 frex18/e
+ fiax®4 - -

where the f’s are certain functions of the ¢’s and therefore of the ¢’s.
The transformation whose inverse is

X = x, Y = (fsx? + frea® + frex* + - - )
+ y(fr + f1s2® + frox® + - - )
+ y*(fia + f1sx + farx? + - - -
+ y“(le + fesx + foox? + - - - )

will carry our element (57) into the normal form y =x7/4. Therefore the species
(4, 7) for which co=0 and 14c1c13— 173, =0 possesses no additional invariants.
The canonical form is y=x74.

We thus may make the following statement.

(57)

(58)

THEOREM 11. The species (4, T) possesses the relative differential invariant

3,4
(59) co/cr.
If this relative differential invariant is zero, then that set of those elements of this
spectes for which cs=0 possesses the additional relative differential invariant
2
1467613 el 17610

3
47

(60)

The species (4, 7) does not possess any more invariants. Therefore our species
(4, 1) has been divided into the following three distinct sets:

(A) Those for which cy#~0. The canonical form is y=x"44x%4,

(B) Those for which co=0 but 14cicis—17c3,#0. The canonical form is
y=x 144 x 134,

(C) Those for which cs=0 and 14cicis—17¢,=0. The canonical form is
y=x7/4,

12. Discussion of the species (4, 6). It is clear that any curve of this spe-
cies must be of the form

(61) y = Csx3/4 + 53x8/4 + . + cszzp/4 + cox0/4 + e,
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where not only ¢s0 but also cg7#0 where Q=2p-+1 =7 denotes the first odd
power of the fourth root of x which appears in the series expansion for y. For
otherwise our element would simply be an element of the species (2, 3), which
shall be discussed at the end of our paper.

Upon substituting this into the equations (10) defining the group G’, we
find the parametric equations of the transformed element to be

X = va* + anocet® + vat® + 1081 + - - -+ vt + arocapit?t -,
Y = Brocet® + 8% + 81081 + - - - + 825870 + Broco,rt?t + - - -

where v4 and By are any two nonzero numbers and the remaining v and § are
arbitrary numbers.

Let X =T¢* The first of the preceding equations defines ¢ as an integral
power series in T". This power series must be of the form

(63)  t=AiT + AT*+ AT+ - - - + Agp oT?3 + Agy o TP 2 - - - .

(62)

Until the (2p —3) term only odd powers appear. Thereafter the exponents of
T increase by one (as far as we know).

Substituting this into the first of equations (62), we discover that
all the A,#0, As, As,--- , As,_s are arbitrary but that we have
Azp_z = Czp+1A§’— 54 3/63.

Finally replacing ¢ by this series into the second of equations (62), we
obtain the following transformation formulas between (cs, C2p41, C2043) and

(Cﬁv C2p+l) C2p+3)

20+1

6
Co = Brodics,  Copp1 = Brod1  C2p41,
2p 2p+3
C2p+3 = B [(2p + 7)A1 A362p+1 + 4, 62p+3]-

From these results we immediately deduce that the integer Q=2p+127
is an arithmetic invariant and cd/c§ ' is a relative differential invariant. In the
remainder of this section, we shall prove that there are no more invariants.

First the transformation

(64)

4c2p8
+——y
(2p + T)coc2p4r
will convert our arc (61) into an element of the form
y = dex8!t 4 dgxd!t + - -« + dg,x?0!% + dy, i x2erDI4

F dyppax @D/ gy Get0la oL

(65) X=x Y=y

(66)

where the d’s are certain functions of the ¢’s. We note that our transformation
has eliminated the (2p+3)rd power of the fourth root of x.

Now we shall demonstrate the existence of a transformation which is the
inverse of a correspondence of the form (37), which will carry our element (66)
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into the canonical form y=x3%24x%¢ Thus the ay; and the B;; (:=0, 1, 2)
must be determined so that this correspondence (37) carries the canonical
form into our element (66).

Now if we apply our transformation (37) to the canonical form y=x5"*
+x@etD/4 we find as the parametric form of the transformed element

X = ant* + aoat® + aost?? + - - -,
Y = [Boat® + (Bos + B20)t + - - - + (Bonsz + Ba,nn)ttn8 4 - - - ]
+ [Brot2ett 4 Brat2ets 4 Buat2et9 4 - - 4 By, at8PT
+ Brp—af83 F B8 - By gt 4]
+ [282027*7 4 2821 4 - - - - 285, 5007
4 285,183 - - - 4 2By, gy tSe TN 4L ]
+ [Buof® 4 But® + - - - 4 Brp-at*772 4 (B1,p1 + Bao)tirt?
4+ (Br.p + Ba)t7r8 4 - - - 4 (B1,p—24n + Boa_n)ttr2in 4 ]
In the second of the preceding equations, let us replace the coefficients
of t8, 410 s14, . . . =2 by Bg, B, Bu, * * * , Bsy—s, respectively, the coefficient
of ¢8¢~7t47 by Bg_7.4., the coefficient of {2#+3+4n by By, 3.4,, and the coefficient
of $#7+¢ by Bynya for n=1, 2, 3, - - - . There obviously exists a one-to-one cor-
respondence between the §8;; and the B;.

Therefore our problem is to determine the 4’s and the B’s so that the equa-
tions

(67)

X=TY t=AT+AT + AT+ -,
VY = [Bsts + Bupt?* + - - - + Bapyatt*tt + - - ]
+ [Bo(t5 + 12041) 4 Byo(#10 + £2045) 4 - - - 4 By, _o(tt2 + 150-7)]
+ [Be,—st®% + Bepat®*1 + - - - + Bepqpant®P T 4 o ]
+ [232p+7t2”+7 + 2By, 11827t 4 - - - 4 2Bg, #5071
A+ 2By st57S + 2Bopyat®t + - - - 4 2Bgy_ppanl® i 4 -]
+ [(Bop—s + Bapi)t**+2 + (Bops1 + Brpya)t*o46 + - - -
+ (Bop—rt+4n + Bappapan)tto2r4m 4 oo ]

shall represent the element (66) upon elimination of the parameters f and 7.
The elimination yields the following equivalence equations:

(68)

BsAs = ds, BiaAy + 8BsdrAs = dus,
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6 5 10
BGAI = de, 6A1AsBs + BmAl = dlm
2 2 2545
BeAlHl = dgph1, (204 1)4 1 AsBs + Biod 1p+ = d2p45

(69.2) e e e e
5 4p—2

64 lA 4p~—7B6 + B4p—2A : + (IOWCI‘ A4k_3 and B4k_2) = d4,,+2,
2 6p—2

(20 + 14 1pA 4p—7Bs + By, 24 1p + (lower A4x—3 and Bux_s) = dop—7;

2 6p—
(20 + 1Ay A4, sBs + Bs,—sds’ + (lower Asr—s and Bay—srar) = deps,
7
232‘,.(..7141 = d2p+7’
2
6A5A4p—3B6 4+ (Bsp—s + sz+7)x4:p+ + (lower Ayx_3and Byry2) = dapi2,

(69.3) + - - - o e e ,
2p 6p—T+4n
(20 + 1)A4;1 Asp—r44nBs + Bsp—144n41 + (lower A4x—3 and By, 344x)
= de—':+4nr
2 4n

2B2p134404 1”"_3+ + (lower A4x—s and Boyysiar) = d2pt3tan

5 4p—6+4n
6A1A4p—-7+4nB6 + (Bsp—7+4n + B2p+3+4n)A 1p + et = d4p—6+4n1

The first pair of equations (69.2) furnishes unique values for 4:>0 and
Bg#0. The second pair yields unique values for 45 and By, since the determi-
nant of the coefficients (—2p+5)A4%*"°Bs>0. The last pair give unique
evaluations for A4_7 and By,_2 since the determinant of the coefficients
(—2p+5)A¥?Bs#0. Thus the equations (69.2) determine the values of
A1#0, As, - - -, Asp_7; and B0, By, - * - , Bsy_s uniquely.

The first triplet of the equations (69.3) determines unique values for 44,3,
Bs,_s, and Bs,, 7, since the determinant of the coefficients 2(2p —5) A% °Bs>=0.
The nth triplet furnishes unique evaluations for A4,—714n, Bep—744n, and Beytst4n
since the determinant of the coefficients 2(2p —5)A%™5***B; 0. The equations
(69.3) therefore give unique values for A3, Aupyr, =+ +, Asp—rpan, =+ 3
Beo—s, Bopt1, * =+ Bop—t44n, - - - ;and Bgyyr, Bagyan, - -+ Bagiagan, © 0 ¢

Finally the equations (69.1) obviously determine the values of Bs,
Bia, - -+, Banys, + - - uniquely. Therefore this proves that the canonical form
of the species (4, 6) is y=x3/2+x2+V/4 where p= 3.

We are now in a position to state the following result.

THEOREM 12. The species (4, 6) possesses the odd integer Q=, the first odd
power of the fourth root of x which appears in the series expansion for y, as an
arithmetic invariant, and the expression

5
Q

(70)

2t
o




252 EDWARD KASNER AND JOHN DeCICCO [March

as a relative differential invariant. There are no further invariants. The canonical
form is y =x3/24-x9/4,

13. Discussion of the species (3, ¢). Any element of this species may be
written in the form
(71) y = cqxll/3 + cq‘qul3 + cqth/:’ + PSP + c?n—lxq"—lla + chQ/S + cee

where ¢g=3745 (0<s <3) and the integers <1 <¢: < - - + <gn1<Qare such
that ¢+¢;#0mod 3 (=1, 2, - - -, n—1) but ¢+Q=0 mod 3.
The correspondent of this element under any transformation of our group
G’ (equations (12)) is given by the parametric form
X = ant® + aoat® + - - - + a0t + arCort® T+ - -,

Y = [ﬁo.r+1t3'+3 + Bo'r+'2t3r+6 + ... ]

(12) + Broleat® + cott + cot + -+ -+ cu_ ot + cgt® + - - - ]
+ B [cgttt® + cotntd + coterts 4 - - - ]
4+

By the first of these equations, we find that ¢ is defined as an integral
power series in T where X =T"3. This power series must be of the form

(73) 1= AT + AT+ AT+ - - 4 Agy T2+ Ay (T 1 - -

where the exponents after the last written term increase by one (as far as we
know). Substituting this into the first of equations (72), we discover that
(4,:7#0, Ay, A7, - - -, Asr_s, A3—1) may be taken as arbitrary quantities.

Now let us consider the case where Q <2g— 3. In this case, it is found upon
substituting (73) into the second of equations (72) that the following trans-
formation formulas exist between (c,, ¢g) and (C,, Cq):

(74) C, = Budic,  Co=Bndlc.

Thus the integer Q is an arithmetic invariant (since co#0 and hence Co#0),
and the expression ¢y /27" is a relative differential invariant.
Next, by examining the cases s=1 and s =2 separately it may be shown
that there exists a unique transformation which is the inverse of a correspond-
ence of the form

X = anx + aoex?® + agax® + - - - )

75
73 Y = (Bors157+ + Borpex™? + - - - ) + y(Bro + Bux + Br2a® + - - - ),

which carries our element (71) for which Q<2¢—3 into the normal form
y=x934x93, Therefore the canonical form of the species (3, q) for which Q
is the first power of the cube root of x in the series expansion for y such that
g+Q0=0mod 3 and ¢<Q<2g—3 is y=x934-x93,
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It remains now to examine the case for which Q =2q— 3. First it may easily
be verified that there exists a transformation which is the inverse of a cor-
respondence of the form
X =z, YV = (Bry1,00™ + Bry2, 002 + « -+ 4 Bryn,0x™ ™)

+ y(1 + Bux + Brea? + - - - + Br—12™Y),

where n=r—1 or r according as s =1 or 2, which carries our element (71) into
one of the form

(77) Y = dgx?/3 4 dyp_gx@D3 4 ...

(76)

where the d's are certain functions of the c’s.
Next the point transformation
3dg,—
(78) X=x+ :23y, Y=y

q

carries our element (77) into one of the form
(79 Y = €gx?/3 4 egqpx2eD/3 4 ...

Finally it may very easily be shown by examining the cases s=1 and s=2
separately that there exists a transformation which is the inverse of the corre-
spondence X =x, Y =y(x, y) which carries our element (79) into the stand-
ard form y=x93. Therefore the canonical form of the species (3, q) for which
Q 1s the first power of the cube root of x in the series expansion for y such that
¢g+0Q0#0mod 3and Q=2¢—3is y=x93

The following statement is thus found.

THEOREM 13. In the species (3, q) let Q be the first power of the cube root
of x in the series expansion for y such that ¢+Q=0 mod 3. If Q s such that
g<Q<2g—3, then our species possesses Q as an arithmetic invariant and the
expression
g-1
cQ

(80) =

as a relative differential invariant. For this case, there are no further relative in-
variants, the canonical form being y =x93+4+x93. On the other hand if Q=2q—3,
there are no invariants and the canonical form is y =x93.

14. Discussion of the species (2, g). Obviously the inverse of the trans-
formation

X =z, Y = (corpex™ 4 Corpax™2 4 - - - )

+ y(c2r+l + corysx + corpsx? 4+ - - - )

(81)
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carries any element of our species into the element y=x(+1/2, Hence

THEOREM 14. The canonical form of the species (2, q) is y=x%2 There are
no differential invariants. The only arithmetic invariant is g.

This completes our classification of analytic elements. This has been based
on the type of lowest order differential invariant. (Higher invariants will be
discussed elsewhere.) Accordingly our classification leads to one regular type
and twelve irregular types. This is more complicated than the conformal
classification discussed elsewhere(!). Projective invariants of irregular ele-
ments (besides Halphen's regular invariant) exist in great variety.
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