ON CONFORMAL MAPPING OF INFINITE STRIPS

BY
S. E. WARSCHAWSKI

INTRODUCTION

Let S be the strip in the plane of the complex variable w =% +1v defined by
the relations

¢-(u) < v < ¢y(u), — o <u<+ »,

where ¢_(u), ¢4 (%) are continuous for — o <u <+ . Let 0(u) =¢;(u) —¢p_(u)
and Y(u)=1%[¢p.(4)+¢_(x)]. S can be mapped conformally onto the strip
|y] <w/2 of the z-plane, z=x+1%y, by means of an analytic function
z2=Z(w)=X(w)+1Y(w) in such a manner that lim,.,, X(w)=+ o. The
principal object of this paper is to obtain asymptotic expressions for Z(w)
and its derivative Z'(w) as u— . For this purpose two inequalities con-
cerning the difference X (w;) — X (w1) (w1=1u1+19v1, we=us+1v, in S) are estab-
lished which are similar to certain inequalities of Ahlfors(?), but which, due
to some assumptions regarding the smoothness of the boundary of S, yield
sharper estimates for large values of %; and ..

We say that S is an L-strip(?) with the boundary inclination vy at u =+ «,
|v| <m/2, if, for us>u,

4 (u2) — ¢y (u1) , ¢—(u2) — ¢ (1)

U2 — Uy U2 — Uy

approach the same limit, tan v, as #; and #,— -+ » simultaneously. The two
inequalities in question (the “basic inequalities”) are then as follows:
I. If S is an L-strip with the boundary inclination v =0 at u=+ o, then

ug 1 /2 T ug 0’2
X(wy) — X(wy) < = f %@du +o) = (:;)

where 0(1)—>0 as uy, us—+ «©, uniformly with respect to v, and v,.
II. If S is an L-strip as in 1 and if, in addition, ¢, (u) and ¢_ (u) are con-
tinuous and of bounded variation for uy=<u =<+ «, then

w14y w8
X(wg) — X(wy) = 7rful _o(u) du — :j:‘l o) du + o(1).

du + 0(1),
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(1) Ahlfors [1, p. 10 and p. 16]. The number in the brackets refers to the author’s paper
quoted in the bibliography.

(2) For a justification of this notation see §1 (b).
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If now the integral [ [0'2(x)/0(x)]du converges, 1 and II together yield
an asymptotic expression for the difference X (ws) — X (w):

uz 1 ’2
X(wg) — X(w1) = Wf ia(f‘)—(u-)-du+0(1) as w1, 4y — + .

Combining this with a result on V(w) established in this paper under the
same hypothesis as in I, we obtain the following asymptotic representation
for Z(w):

1+ ¢'2(2) . v — ¥(u)

Z(w)=)\+1rfu ——dt + ir

50 o +o0(1), asu—+ o,

uniformly with respect to v. Here \ is a real constant.
As to Z’(w), we find under the same hypothesis as in I,

™
’ ~— — ©

Z'(w) o) asu— + «,
uniformly in any subregion Sg: {(Iv—u[z(u)l)/ﬂ(u) §B/1r} where 0<B<mw/2.
The “approach of # to + « in any Sg” is the analogue of the “approach within
any angle” in the case of a finite boundary point at which the boundary curve
possesses a tangent. In this connection we obtain an extension of Cara-
théodory’s well known theorem which states that the map of a region bounded
by a Jordan curve onto a circle is quasi-conformal at a boundary point which
is the vertex of a corner (cf. §16).

Similar expressions for Z(w) and Z’(w) are obtained when 40, but
l'yl <m/2. Further theorems are derived as corollaries from the above men-
tioned results.

An important part in the proof of some of these results is played by a
theorem of A. Qstrowski (cf. §2) which deals with the argument of the deriva-
tive of the mapping function in a neighborhood of a point at which the bound-
ary curve has a cusp. In the present paper a new proof of this theorem is
given.

By the use of suitable transformations these results can be applied to the
study of the mapping function in a neighborhood of a boundary point for
various boundary configurations. Let I' be a closed Jordan curve in the
w-plane, R the interior of T, let { ={(w) map R conformally onto the circle
ly— 1[ <1, let wp be a point on I" and let {(wo) =0. By means of simple loga-
rithmic transformations, asymptotic expressions for {(w) and {’(w) as w—wq
are derived from the above stated results. In particular, when I' possesses a
tangent at wo, the expression for {(w) yields a new criterion for the existence
of the derivative of {(w) at wo (i-e., limy.o, {(w)/(w—wo) for unrestricted ap-
proach). Another case is that in which I has a cusp at we. It was partly for
the purpose of treating this case that the present investigation was started.
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In addition to the asymptotic expressions for {(w) and {’(w) as w—wy we ob-
tain some extensions of earlier results on the cusp which are due to Ostrowski.

Other applications include the study of {(w) for a region R whose boundary
contains two “concurrent” spirals. These spirals may both approach a single
“asymptotic” point wg, or else the set of their limiting points might be a more
general point set which forms a prime end of R.

I. PRELIMINARIES

1. Definitions. We begin with a few definitions which will be used in the
paper.

(a) SIMPLE JORDAN STRIP. Let C; and C_ be two curves in the w-plane
(w =u-+1v) represented by continuous functions

v = ¢+(“)r v = ¢—(u)y u g‘ Uo, ¢+(u) > ¢—(u)r

respectively, and let Cy be a Jordan arc(®) which lies in the half-plane u =u,
and connects the finite end points of C and C_. The curve C, consisting of C,, C_
and Cy decomposes the complex plane into two regions (by Jordan's theorem). Let
S be the one which contains the region

o—(u) < v < oy(u), o < u < + oo,
We call S a simple Jordan strip.

We set 8(u) =¢(u) —¢_(u) and denote by 6, the segment {Rw=u,
¢—(u) §v§¢+(u) } .

(b) L-TANGENT AT u=-+ o ; L-STRIP. Let C be a curve represented by the
equation v =¢(u) where ¢p(u) is continuous for ug=u <+ . We say that C has
an L-tangent with the angle of inclination v, —w /2=y <w/2 at u=+ », if the
angle of inclination of any chord wiws of C (wi1=ur1+1v1, We=1us+1v2), s <us,
approaches the limit v when u, and us approach + « simultaneously, or, in
other words, if for every e >0 there exists an R(e) >0 such that for the principal
value of the argument,

] arg (wy — wy) — 'y| < e when ug > u1 > R(e).

Let S be a simple Jordan strip whose boundary curves C and C_ have both
L-tangents at u= - o with the angles of inclination v4 and vy_ , |7+| <w/2,
l'y_l <w/2, respectively. Then, for sufficiently large u, say u=uy=u,, 0(u) has
bounded difference quotients and hence 0'(u) exists for u = u,, except possibly for a
set of measure zero. Furthermore, 0'(u) is bounded and 0(b) —0(c) = [20" (u)du,
b g Cc g Uu.

If, in particular, the L-tangents of C, and C_ at u =+ « have the same angle
of inclination vy, then we call S an L-strip with the boundary inclination vy at
u=-+ .

(3) Ci may pass through the infinite point (“u=— »”).
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The definition of an L-tangent at =+ « is patterned after that of an
L-tangent to a curve at a finite point(*). Let 8 be a Jordan arc which possesses
a tangent at one of its end points, P. If the angle of inclination of every chord
P, P, of B (P15 P,), approaches that of the tangent at P as P, and P, approach
P simultaneously, then we say that 8 has an L-tangent at P.

2. A theorem of Ostrowski on L-cusps. Let I' be a closed Jordan curve.
If, in a neighborhood of a point P of I, T" consists of two branches I'y and T'_
each of which possesses a tangent at P, and if the interior angle made by these
two tangents is §, 0 <0 = 2, then we shall say that I" has a corner of measure 6
at P. The limiting case where 6 =0 will be called a cusp. If both tangents at P
are L-tangents then we shall say that T has an L-corner (6 >0) or an L-cusp
(6=0) at P.

The following theorem is due to A. Ostrowski(?).

THEOREM I. (Ostrowski.) Let T be a closed Jordan curve in the w-plane which
has an L-cusp at the point P of T', and let w=f() map the circle |§‘| <1 con-
Sformally onto the interior of I in such a manner that ¢ =1 corresponds to P. Then,
for any determination of the argument in || <1, limg., arg [f'(9) (¢ —1)] exists
for unrestricted approach.

This theorem is an extension of a theorem by Lindelsf(¢) on arg f/(¢) in the
case that I' has an L-corner of measure 8§ =7 at P, and was first stated and
proved by Ostrowski(®). We give here a proof of this theorem, which is differ-
ent from the one by Ostrowski. It follows to some extent the ideas which
Lindelsf used in proving his theorem.

Proof of Theorem I. (i) It may be assumed that P is the point w =0, that
T'_ follows I'y when T is traversed in the mathematically positive direction
and that the L-tangents to I'; and I'_ at w =0 fall on the negative real axis.
Then we have, for a proper choice of the determination of the argument for
wyand ws on IT'_,

(2.1) lim arg (we — w1) = 7 (w1 between w = 0 and wy)
wy,w;—0

and for w; and w2 on Ty,

(2.2) lim arg (ws — w1) = 2 (w2 between w; and w = 0).

w; w0

Let 4 and v_ be subarcs of I'y and I'_, respectively, such that both have
w=0 as an end point and that for all w;, ws on y_

(2.3) { arg (wg — w1) — 7rl < /8 (w1 between wy and w = 0)

(4) The idea of an L-tangent at a finite point was introduced by Lindelsf, [1, pp. 89-91],
the term “L-tangent” by Ostrowski [1, p. 93].

(%) Ostrowski [1, pp. 181-183].

(%) Lindelsf [1, pp. 89-91].
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and for all w, w2 on 7,
(2.4) | arg (wg — wy) — 27r] < /8 (w2 between w = 0 and w;).

It follows from (2.3) and (2.4) that 4_ and 7y, can be represented in the
form (w=£+19):

n=12g-(8, =g,

respectively. Both of these functions are continuous and have derivatives al-
most everywhere in a certain interval £, < £ <0 (£,<0). We can assume both
functions have a derivative at £, so that yv_ and v, have tangents at the
points Py (£, g_(&0)) and P, (&, g+(£0)), respectively. Denote the arcs OP,
and OP, by I' and T'/, respectively.

Let v be an arc with continuously turning tangent which joins P, and P.,
which has the same tangents at P, and P; as I', and which lies in the interior
R of T except for its end points. Call T'; the closed Jordan curve formed by 7,
T'? and I'y/. We shall prove the theorem first for the function w=f({) which
maps the circle l§‘| <1 onto the interior R; of T';, and for which fi{1) =0.

(ii) We establish first an auxiliary inequality. Let a be a point on I') and b
a point on T'! (so that Ra = &, Rb= o). If that determination of the argument
s chosen which lies between —w /2 and 3w /2 (inclusive),

™ ™
(2.5) ——=arglb—a)=7+—-
8 8
Assume first that Rb>Re. Then only the left-hand side of (2.5) needs
proof, since then arg (b—a) =7 /2. Draw the line £=%Ra. This line intersects
T in a point @’ whose ordinate is greater than that of a. By use of elementary
properties of the angles of a triangle, it is easily seen that

arg (b — a) = arg (b — d'), arg (b — d') =2 — /8,

because of (2.3), since b and a’ are both on I'_’ and b is between a’ and 0. The
case Rb <Ra is treated similarly. If Ra =Rb, arg (b—a) =m/2 and (2.5) is true.

(iii) Let fi(e?®) and fi(ei®?) be inmterior points of I'’ and T/, respec-
tively, 0<6;<0;<2mr, and let §, be a positive number which is less than
min {6;, 2r—6.} and also so small that (2.3) and (2.4) are satisfied on the
arcs of I'y corresponding to 0<60=6,+ 6 and 6:—8,<6=<27w of |§‘| =1, re-
spectively. Since w =f1({) is continuous and univalent on I §‘| =1,

Q(8; 8) = arg [fi(ei®*D) — fi(e?®)], 0 < § = 8o, § fixed,

is continuous for all real #, once the determination for one value, say =0,
is selected. Since (2.3) holds on I/, Q(8; ) can be determined by the condi-
tion IQ(O; 8) —7r| <w/8. We have then also

(2.6) |Q6;8) — x| < /8 for0 < 0 < 0,




1942] CONFORMAL MAPPING OF INFINITE STRIPS 285

We assert now that

(2.7) | Q6;8) — 2r| <x/8 for6,—8=<6=<2r—a.
To prove this it is sufficient to show that
(2.8) | Q625 8) — 27| < =/8.

For since (2.4) holds on thearc of I'; which corresponds tothearc §;— 8, <60 <27
of |§‘| =1 and Q(0; d) is continuous in-8, (2.7) will then follow.
To prove (2.8) we observe first that for any 6,

(2.9 Q6 + 27;8) — Q(8;6) = 2m.

This is an application of the principle of the argument, since the function
Si(Ce?) —f1(¢) is regular in I{[ <1, continuous in |§‘| =1, and has exactly one
zero, { =0, in |§| <1.

Now let Q(0:; ) =hs+2km where & is an integer and |h2| <m/8 (because
of (2.4)). Since Q(0; 6) is continuous, it follows from (2.4) and (2.5) that for
02 _$_ 0 é 21!‘

(2.10) 2kr — 7/8 < Q(6; 8) < 2kr + 7 + /8.
Let Q(0; &) =h1+m, |h1| <w/8 by (2.6). Then by (2.9)
Q@2mr;8) = by + 3«
and hence by (2.10) for § =27
2kr — 7/8 = b1+ 37 £ 2kn 4+ 7 + /8.

The left-hand side of this inequality implies £ <1, the right-hand side 221,
so that =1 and (2.8) is proved.

If we set wi=fi(e®), wp=f1(ei®+») then (2.6) shows that Q(6; &) for
0=6 =6, is identical with the determination of arg (w;—w) chosen in (2.1).
Hence, by (2.1), Q(8; 8)—m as 6 and & approach 0 simultaneously. Similarly,
we infer from (2.7) and (2.2) that Q(8; 8)—2m as 0—2m and 6—0 with the
restriction that 0 < 2w — 6.

Finally we note that there exists an M >0 such that for all 0<0 <27 and
all0<d=do

(2.11) |Q®;8) | = M.

For 0=60=<6, this follows from (2.6) for 6,—86=<60=<27r— 46 from (2.7), for
2r—0=60 =27 from (2.10) with =1, and for 6 £0<60,— 6 from (2.3), (2.4)
and the fact that v has a continuously turning tangent.

(iv) For fixed & < 8y, the function

o flen) = A1) o
g(ﬁ‘, 6) = f(e“ _ 1) for g‘;é(), g(Or 6)_f1 (O)»
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is regular in |{| <1, continuous in |{| £1, and never vanishes because fi({)
is univalent in |§‘| <1. Therefore, any branch of arg g({; 6) is harmonic in
| §‘| <1 and continuous in | §‘| =<1. We choose that branch of arg g({; 8) which
reduces to

0(6;8) —3/2 — 6 — /2, 0<0<2m
for |¢| =1. Consider now, for |{| <1, the harmonic function
(2.12)  P(;9) = arg [g65 )@ — )] = arg g(559) +arg ¢ = 1),

where arg ({ —1) is determined by the condition that it reduces to 7 for { =0.
P(¢; 8) is bounded in | §‘| <1 and it has continuous boundary values on l§‘| =1
except at { =1. Hence it can be represented by the Poisson integral

2x (1 — p2)d0

1
P(5;8) = — P(e; 8
(t59) 2w J ( )1+p2—2pcos(0—-a)’

¢ =pes, p<lL

(v) Let >0 be given. Then by our statement at the end of section (iii)
there exists an 7 =7(¢€) < €/4 such that, for all positive § <min (8o, 1):

(2.13) | Q6;8) — m| < e/4 for0 <6 <7

and

(2.14) |Q;8) — 27| <e/d for2r —n<8§=2r—o.

Observing that, for the determination of arg ({ —1) selected in (2.12)
a.rg(e""—l)=—z—+izr-: 0<6<2m

we find, for 0<6 <,

| (et 8) — x| = | 0030) = — — 6 "+(0+W> x
o) — | = §) m — = — 4 (—+ 1) =
’ 2 2 2 2

5 e
é'Q(055)—W|+‘2—+7
d U]
élQ(o;a)*Wl'i‘——-l'?’

2
and for 2r—n<0=27w -,

) 0
| P(ei®; 8) — 7| §|Q(0;8)—21r|+?+l7—7r

<10(;8) — 20| 4~ 4
=1 Ty,

Because of (2.13) and (2.14), we have therefore
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€ € € €
2.15 P(e*%; 8) — <—F—4+—=—=
(2.15) | P(ei?;8) — | Tt e
for0<f0=7nand 2r — 9 <0 < 27 — 4.

To estimate the difference [ P(¢; 8) —7r| we decompose the Poisson integral

as follows:
1 n 2x—n 2x—6 2x
D A A b
2w 0 L} 27—y 2x—8

Then we find, from (2.15), (2.12), and (2.11),
1 e (1 — p?)do
IP(B&) _WI éi;?j:, 1+ p2—2pcos (8 —a)
M+ 27 2r(1 — p?)
2r 1+p2~—-2pcos(n—|a|)
1 e 278 (1 — p%)db
;r? 2r—y 1+ p*2— 2pcos (6 — )
M+ 27 6(1 — p?)
w  (1—p)?
Now we keep ¢ fixed and let 6—0. Since M is independent of §, we find
1 — p?
l+p2—2pcos_(n—la|).

larg [ ()¢ — D] — 7| < e+ (M + 20)

Hence, as {—1,
(2.16) lim sup |arg [f{ )¢ — )] — 7| < ¢

q.ed.

(vi) It remains to prove the theorem for the original function f({). The
inverse function of w=f({) maps R; onto a region E of the circle |§‘| <1 and
the arc P;OP; of T; onto an arc of the circumference |{| =1 which contains
¢{=1 as an interior point. If {={(s), {(1) =1, is a suitably chosen function
which maps the circle lsl <1 onto E, then fi(s) =f(¢(s)). By Schwarz’s reflec-
tion principle, ¢(s) is regular at { =1 and ¢’(1)=0. Now we have, in a suffi-
ciently small neighborhood of { =1, |{| <1,

arg f'(§) = arg fi(s) — arg {'(s)

and

—1
arg [F©)¢ — D] = arg [ ()(s — 1)] — arg £(s) + arg >

S —
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Letting {—1 in |{| <1 and consequently s—1 in |s| <1, we find the desired
result from (2.16).
3. An application. As an application of Theorem I we prove the following

THEOREM II. Let S be an L-strip with the boundary inclination ¥ =0 at
u=-+ . Let w=W(3), 2=x+1y, map the strip ]yl <w/2 conformally onto S
in such a manner that RW(x+1y)—+ © as x—+ ©. Then

(a) For a suitable choice of the branch of the argument, lim, .., arg W’(z) =0,
for unrestricted approach.

(b) For z1 and 22 in any fixed strip ]yl =B<w/2 which satisfy the condition
|22—2:| SM (M a constant), lim [W'(2:)/W'(z1)]=1 as x1=Rz: (and hence
x2=Rz2) approaches + », uniformly in I y| <B0).

Proof. (a) The transformation w=1/w maps S onto a region R bounded
by a closed Jordan curve(®) I' in such a manner that » =+ « corresponds to
w=0. Let w; and w, be two points on one of the boundary curves C,. or C_ of S
and w;=1/w, and wy=1/w. their images on I'. Since .S is an L-strip with the
boundary inclination y=0 at =+ o, the principal value of arg w
(—w<arg w=m) is single-valued in S if « =Rw is sufficiently large, and arg w,
and arg w, approach 0 as w;, and w; approach « along C; or C_. Hence, it
follows from the relation arg (ws—w;) =arg (w1 —w.) —arg w; —arg we, which
holds when the principal value is taken for each of the arguments, provided
Rw,>Rw, and both are sufficiently large, that I' has an L-cusp at w=0.

Let now, for || <1, z=log [(1+{)/(1—¢)] be the branch of the logarithm
which is 0 when {=0. The function

1+4¢
’ z = log
W(z) 1-¢

maps the circle || <1 conformally onto R. It can be defined as a continuous
function in |§‘| =<1, and then f(1) =0. Hence by Theorem I,

lim arg [/ ()¢ — D] =1

w=f¢) =

exists, or

lim arg W’(z) = lim arg [(W(é))?f’(?) £ 1] =1
z—+ o &1 2

exists. That this limit is O for a suitable choice of the branch of the argument
can be seen in the following way. The image L in the w-plane of the real axis

(7) Part (b) is due to Ostrowski [1, p. 185, relation (68.6), and p. 177, relation (64.2)].

(8) If the arc C, of the boundary curve of S passes through w= «, T will have a double
point at w=0. In this case, however, T will be a Jordan curve on the Riemann surface of
(w—a)¥2 for a suitable choice of the point a (a #0).
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in the z-plane by means of w=W(z) has a tangent at the point W(x) which
forms the angle arg W’(x) with the positive u-axis. If [0, we may assume
that / is also not a multiple of 2w. Since L lies in S, the slope of any chord
through two points W(xo) and W(x1), xo fixed, will approach 0 as x;— «, no
matter how large x, might be chosen. On the other hand, lim, .., arg W'(z) =!
implies that L has an L-tangent with the direction / at # = + «, which is im-
possible unless /=0 or a multiple of 2.

(b) To prove part (b) we note first: If F(z) = U(z)41V(2) is regular for
lyl <w/2 and if lim,.,, V(2) =V, in Iyl <w/2, then uniformly in any fixed
sub-strip |y| B <7/2, lim, .1 F'(2) =0(%).

This statement follows immediately from the integral representation(!?):

i 2r i 2x
F'(z) = — f V(z 4+ re?)e0df = — f [V(z + re¥) — Vo]e-#4s,
wrJo TrJdy

where 0<r<w/2—8, z=x+1y, ]yl =B.
Now, if z; and 2. are points in Iyl <B<w/2, and ]22-21] <M,

| F(z2) — F(z) | =

fzzp'(i')dﬁ" =0(| 2. — z|) = 0o(1)

as x;— o, uniformly in Iyl =B. Applying this result to
F(z) = log W'(z) = log [ W'(z)I + i arg W'(2)
and using the result of part (a), we have, for |22—21| <M,

lim [log W'(z) — log W'(z1)] = 0
z,—+ o
o | W' (z)
b4
lim 2 =1,
zl—o-[-ao W'(Zl)

q.ed.
4. Some auxiliary results. As an application of Theorem II we prove the
following

LEMMA 1. Let S be an L-strip in the w-plane with the boundary inclination 0
at u=+ . For all u exceeding a certain number u,, let 1, denote a line segment
within S which joins the point w=u-+1i¢p_(u) of C_ with some point of C, and
which forms the angle y(u), limy .y v(u) =0, with the positive v-axis(*'). Let

(%) This result is well known; see for example, Wolff [1, p. 221, §6], Ostrowski [2, p. 23,
Theorem V, Part 3]. For the last part of this proof compare Ostrowski [2, p. 31, Theorem VII .

(19) Copson [1, p. 88, Example 1].

(1Y) The angle ¥ which a line forms with the positive v-axis is the smaller of the two angles
between them (if there be a smaller one), and it is considered as positive if the direction of rota-
tion from the positive v-axis to the line is counterclockwise.
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z2=Z(w) =X (w)+iY(w) map the strip S conformally onto the strip | y| <w/2
in such a manner that lim, ., X(w) =4 «. If

x* = max X(w), xzx = min X(w), m(u) = max I arg Z'(w) l,
= wEL wEl

then, for all sufficiently large u,
a* — xy < 2r tan {m(u) + | v(w)| } =0 asu— 4 .

Proof. By Theorem I, a suitable branch of arg Z’(w) approaches 0 uni-
formly in S as u——+ «. Let, for u=us = uy, |arg Z’(w)| <w/8, l'y(u)l <w/8.
The image of I, in the z-plane by means of z=Z(w), is an arc A\, joining

=Z(u+1i¢_(u)) on y=—x/2 with a point on y==/2. If w€l, (w in the in-
terior of S), then A\, has a tangent at z=Z(w) which forms the angle
r=arg Z'(w)+v(u) with the positive y-axis. A simple application of the
mean value theorem shows that no point of A, is in the exterior of the isos-
celes triangle whose top is at z*, whose base is on y=m/2 and whose angle
at z*is 2 [m(u)-l— | ¥(%)| ]. The base of this trlangle is 27 tan [m(u)+|v(w)| ],
and therefore x* —x4 <2 tan [m(u)+ I y(u)l

TuEOREM I11. Let S be a simple Jordan strip and let z2=Z(w) = X (w) +1 Y(w)
map S conformally onto the strip | yI <w/2 in such a manner that lim, .., X (w)
=+ . Let wy=u1+1v1, wWe=1us+1vs, Uo U1 S Uy, X1= X('wl) x9=X(ws). Then

(a) the integral

(4.1) f " = + 4
. ™ — Y2 — X1 5
w 0(u)
(b) if S is an L-strip with the boundary inclination 0 at =+ =,
vz dy
(4.2) 7rf —— = 2y — 21 + o(1) asu— + o,
up 0(“)

uniformly with respect to vy, ve.

Proof. (a) Part (a) is a theorem of Ahlfors (see Ahlfors [1, p. 10] or
Nevanlinna [1, p. 92]).

(b) In the proof of (4.1) an inequality (Ahlfors [1, p. 8, relation (3) or
Nevanlinna [1, p. 90, relation (35)]) is first derived which contains the fol-

lowing
vz dy
T,
w  0(u)

1

where x4 =min,go, X (w), x5 =max,eo, X (w). Now, by Lemma 1, (applied
with /,=0,), x#f—x:—0 and x;—x4—0 as u3;—+ . Hence, if we write
x5 = a3+ (x5* — x2), X41 =21+ (x41—2x1), the result (4.2) follows immediately.
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II. THE FIRST BASIC INEQUALITY
5. Statement of Theorem IV. The content of Theorem IV (b) will be re-
ferred to as the first basic inequality.

THEOREM IV. Let S be a simple Jordan strip and let the functions v =¢. ()
and v=¢_(u) representing the boundary curves C, and C_ of S have uniformly
bounded difference quotients for u =u,. Let

0(u) = ¢r(uw) — d_(w),  Y(u) = 3o (0) + ¢_(w)].

Suppose that the function w=W(z) = U(z) +:iV(3), 2=x-+1y, maps the strip
|y| <w/2 conformally onto S in such a manner that x= -+ o corresponds to
u=-4 . Let 2, =x1+1y1 and 35 =x2+1y; be two points in Iyl <m/2, x1<xq, and
let uy=U(21), us= U(zy).

@) If | ¢4 ()| and |¢>_’ (u)[ = m for u=uo, there is an xo, depending on u,,
such that for xo < x1=<x,

u /2 ug f’2
(5.1) xz—x1§1rf S C P B O
w  0(n) 12J., 6w

(b) If S is an L-strip with the boundary inclination vy=0 at u=+ «, then

w1y w0
.___—du J—
6w 12J., 6w

du + 87(1 + 4m?).

(5.2) xz—xlévrf du + o(1)

as x1—+ o, uniformly with respect to yi, ys.

REMARK. Ahlfors proves [1, pp. 12-16] the following theorem. Let S be a
region represented in the form —60(x)/2<v<0(u)/2, — © <u < -4 =, where
0(u) is of bounded variation in any finite interval and 0 <8(u) <L for all «.
Then, if x1, x2, %1, 43 have the same meaning as in Theorem IV,

)

“ du o+ V
(5.3) xg-—x1§1rf —— + 87 + 167L?
w 0(%) O

where 0,, is the infimum of 6(x) for uy—4L <u=<wu,+4L and V is the total
variation of 62(x) in this interval. (It should be noted that ¥(u)=0 here be-
cause S is symmetrical with respect to the real axis.) While the hypotheses of
Theorem IV regarding the smoothness of the boundary of S are more strin-
gent than those of Ahlfors’ theorem, Theorem IV contains norestrictionas to the
symmetry of S or boundedness of 6(x). Moreover, since V=22, 0(u)

]de(u)l , for continuous 6(u),

O+ V L wmurtiL | df(u) |
(5.4) t6rLt =" 2 16m 1+2f ,

—u—aL  O(n)

m m
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and this shows that under the hypotheses of Theorem IV (b) the “remainder”
term j},‘:(t?’?(u) /0(u))du-+o(1) is smaller than the one in (5.3) if %, is suffi-
ciently large. This becomes important in the case when lim inf, ., 8(x) =0,
since then (5.4) is not bounded as uy—+ » (u, fixed), while [i7 (6"2(x)/6(x))du
converges for very general classes of functions 8(x).—In the proof of Theorem
IV (as well as in that of Theorem VI below) we make use of Ahlfors’ method
of relating area and arc length employed in the proof of his inequalities.

6. Proof of Theorem IV. 1. Let for x;<x<x;, a <U(z) <b. We assume
first that the functions ¢+(«) and ¢_(«) have two continuous derivatives for
a=u=<b.

The functions

u dt v — Y(u

(6.1) a=h(u)=f S, L ek i)
w )1+ )12 0(w)
map the domain S(a, b): {¢_(u) Sv=<¢(u), a<u=<b} in a one-to-one and
continuous manner onto a rectangle: {a<# <85, |5 <1} of the w-plane,
@ = #+19. The function W(2) maps the line segment {x, Iy[ <7/2}, ;1 SxSx,,
onto a rectifiable arc /, in .S and the transformation (6.1) carries I, into a recti-
fiable arc 7, within the strip ]1‘)! =1 of the w-plane. If the variable arc lengths
of I, and I, are denoted by s and 3, respectively, the

, m > 0, a constant,

- ds */2 g .
length of I, = —ds = f — | W'(x + iy) | dy.
. ds —x/2 ds
Since 7, connects a point on the line 5= +1 with another on = —1, its length

is greater than or equal to 1. Hence,

co1s{ [ Lwarimlot s [ (S)wet il

—x/2 ds xs2 \ds

Now, if u(s), v(s) denote the parametric representation of I, in terms of s,

ds\* ([dua du\? 09 du 39 dov\?
()-GD+Ga+sns)
- [,,/2(,4) n (ﬁ’)] (‘L")Zr R (ﬁ”)?@?)’
du ds, du dv ds ds dv/ \ds

<o (Y)Y

2 2212 (v -+ (2 )" (2)(2)
dvlldsllds ou dv/ \ds
{4 (20 |2
u ds dvllds
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Hence, by Schwarz's inequality,
() =+ G+ GG+ (B)]
ds “ ou 9 ds ds
i+ () ().
u _ D k)
ou v

since (du/ds)?+ (dv/ds)?=1. Observing that (we leave off the argument #)
Y o + (v — ¢)8’ w1

ou 02 v (]

IA

(¥’', 0’ are derivatives with respect to «), we find at every point («, v) of I,

6.3) ( )2 7? 6%’ + 2(v — )08’V + (v — ¥)%"?
0-(u2 4 1) 64

Hence, from (6.2)

= f(u, v).

/2
1<~ J(UR), V(@) | W'(x + iy) |2dy.

—x/2
Integrating this inequality between the limits x;, x; with respect to x, we find

/2

(12— 2) S 7 f “ax [T j0@, vE) | W + i) .

1 —‘l’/z

Now, introducing the variables (%, v) in place of (x, ¥) by means of the
transformation w= W(x+14y), we obtain

Xe — %1 = 1rf (%, v)dudy
)

where T is the image of the rectangle x; <x <x., Iy[ <w/2, in the w-plane.
If ux1=miny <. U(x1+1y) and us* = max)y| <2 U(xa+1y), it is clear that T is
contained in the region ¢_(x) <v<¢,(u), usx1<u <ug*. Using this fact and
substituting the value in (6.3) for f(u, v) , we find

6, () /2 ¢, (u) dvd
—x1§1rf f +¢(u)ddu+1rnf f+ oo
- 60%(u) ¢ () 0(“)(“2 +1)

¢+ 2(v — ¥)06"Y + (v — \0)20'2
+7 f L

W 6

dvdu.

The integration with respect to v can be easily carried through. The first two
integrals yield the result
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1+ %) fu; du
——d 2 .
"f oy T Trw

The third integral is equal to

v w2 76\*0 T [ 8'%(u)
21rf O—du+7rf ——) —du = — du.
w 3\2/ 6 12J ., 6(w)

Hence we finally obtain

i 1+ ¢'%(u) A fw du
— < 4 — d 2 .
hTn= Tf i TR w ™) T e

This inequality is true for every 7. Keeping x, x» fixed and letting 7—0 we find

(6.4) u.

vt 1 4 '%(w) T [ 0"%(u)
xz—xISrf ——du + —
w, 0(u) 12J.., 6(w)

2. If the hypothesis made at the beginning of part 1 of this proof (that
¢, (u) and ¢_(u) have continuous second derivatives for a £u <b) is not satis-
fied, we replace the arcs 8,: v=¢,(x) and B_: v=¢_(u), aSu=b' (b'>b) by
certain arcs BS’_” and ™ for which this assumption is true and which converge
to B+ and B_ , respectively, as n—+ « . We proceed as follows:

Since ¢,(x) and ¢_(x) have bounded difference quotients, ¢, (#) and
¢’ (u) exist almost everywhere in a S# <b’ and are, in absolute value, less
than or equal to m. There exist therefore two sequences of continuous func-
tions, ¢/ (u; n) and ¢! (u; n), a Su <b, such that

b b
(6.5.1) f I ¢4 (u; n) — b (w) [ du—>0,f I o (u;n) — o (u) |du—->0as n—o,
(6.5.2) |¢i(u;m)| < 2m,|¢_(u w|<2m eSusbn=123" -,

(6.5.3) d—.d;i(u; n), ;— ¢L(u; n) exist and are continuous for ¢ = # < b.
u "

Now we define

6.0 duluim) = 6.@) + [ oL Mt 65 = () + [ elasman,
aZu=<h.

Furthermore, we may assume that ¢,(5)#0 and ¢_(5)#0 and set for
b=u=sd’

¢+(b; "_)

1—¢n
q+(u; m) = gn + — (u — b) where ¢, =

o —b ¢+(b)
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. _(b;
?b (w — b) where p, = M;

¢_(b)

1
g-(u; ) = pn+
and define

(6.7)  ¢(u;n) = ¢p1(w)qr(u;n), ¢_(u;n) = ¢p_(u)g—(u;n) fordb=u
Then it is evident from (6.5.1), (6.6) and (6.7) that the arcs

IIA

.

B v=o.(usn) and B7: v=0_(u;n), a

I\
;S

IIA
S

converge to the arcs B+ and (B_, respectively, in the sense that

(6.8) lim ¢ (u; n) = ¢(u), lim ¢ (u;n) = ¢_(u), uniformly fora = u = b'.

n— oo n—ow

If now, for sufficiently large #, the arcs 8+ and B_ are replaced by [3(1(‘) and
B™, respectively, we obtain a Jordan strip S, whose boundary curves satisfy
the hypotheses stated in the theorem and in the beginning of part 1 of this
proof. Let W,(2) be the function which maps the strip |y| <w/2 onto S, in
such a manner that x =+ « corresponds to =+ © and that W,(0) = W(0).
Then we may define ) and u® for W,(2) in the same way as ux; and us*
are defined for W(z). Since 8 and B™ converge to B, and B_, respectively,
in the above specified manner,

. (n) . *(n) *
(6.9) lim %1 = ter, lim us = us(12).

n— o n—o

Let 0,(%) and ¥.(x) have the same meaning for S, as 6(x) and ¥(u) for S.
We now apply (6.4) to the region S,, where % is sufficiently large, and obtain
an analogous inequality in which 6, ¢’, 6, us:, and us* are replaced by
0., ¥, 0., 4, us™, respectively. Here we let n— 0, and it follows from
(6.5.1) and (6.5.2), that the inequality holds for the original region .S without
the assumption of the existence of the second derivatives of ¢ (%) and ¢_(u).

(12) To see this, we may assume that w=0 is neither in S nor on the boundary of .S and
transform S and S, by means of the function w=1/w into limited regions Rand R,, respectively.
R and R, are bounded by closed curves T and T\, respectively, which coincide except for the
arcs -yr’ and 73') of Ty, the images of 5:') and ﬁf", and v, and y-of T, the images of 8, and 8_.
From (6.8) it follows that the curves I', converge to I' in the sense that their Fréchet distance
approaches 0. (The Fréchet distance d of two Jordan curves C and C’ is defined as follows:
For any continuous one-to-one transformation of C onto C’, the distance of corresponding points
has a maximum. The greatest lower bound of these maxima for all possible transformations
is d.) If wa(¢) and w(¢) map |§‘| <1 conformally onto R, and R, respectively, and if wn(0) =w(0)
and wa(1) =w(1) =0 (the image of # =+ ), then it follows from a theorem of Radé [1, pp. 180~
186] that wa(¢)—w(¢) uniformly in |(| <1 as n— ». Now the functions W,(z) and W(z) of the
text are

1+¢

Wa@@) = [wa(O)], W) = [«(O]7, where z = log

)

1-¢
and it follows therefore that W,.(z)—W(z) uniformly in any fixed rectangle £, Sx < &, 'yl =x/2.
This implies (6.9).
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3. Now the proof is easily completed. We treat the cases (a) and (b) of

our theorem separately.
(a) By Theorem III (a),

i du ui dy
1rf —— = %1 — 21+ 47 = 4, 1rf —— =< 4.
Usy 0(“) ug 0(“)

Moreover, since

1+ y¢%u) s 1+m?,  0%u) < 4m?,

we find (5.1) from (6.4).
(b) In the case (b), we have by Theorem III (b),

f"' ), f".’—d“— = o(1)
uey (%) uw 0(n)
as u;—+ =, and by hypothesis

lim ¢/(») = lim ¢'(u) = 0.

%0 n—+wo
From these facts (5.2) follows immediately.
7. A corollary of Theorem IV. If S is an L-strip with the boundary inclina-
tion vy=0 at u=+ o, for which the integrals

(7.1 Rad P o C)
ug 6(u) ug 0(u)

and if z=2Z(w) =X (w)+1Y(w) maps S conformally onto the strip |y| <m/2,in
such a manner that lim, .., X(w) =+ o, then there exists a constant \ such that,
Jorw=u+wwES,

du converge,

v dt
(7.2) X(w) =N+ 1rf O(_t) + o(1) as u— + «, uniformly with respect o v.
U

Proof. First we note that(7.1)implies the convergence of [,. (8'%(x)/0(x))du
and [, (Y'%(u)/0(u))du. Applying now Theorems III (b) and IV (b) we find
that, for w; =u1+1v1, Wy =us+1v: in S, 13 S u,,

ue ¢ ue ¢
(7.3) "ful o o(D) 3 X(wn) = X(w) "f.,l i + o

where 0(1)—0 as ui, u;—>+ ©, uniformly with respect to »;, vs. If we set
A(w)=X(w) - [y, [6(£)]'dt, then (7.3) means that for every e there exists
an N(e) such that
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| A(ws) — A(w) | < e if up = uy > N(e).

Hence (7.2) is true by Cauchy’s convergence principle.

The condition (7.1) is very restrictive, since 8(%) might be of smaller order
of magnitude than ¢,/2 (x) and ¢_2 (»). Our next aim is, therefore, to establish,
in place of Theorem III (b), a lower bound for the difference xs—x; in terms
of the integral j},‘f{ (14y¢'%(u))/8(u) }du and of a suitable “remainder” term.
This inequality, combined with Theorem IV, will yield an asymptotic repre-
sentation for X(w) which will require only the existence of the integral
Ju(02(w) /8(w))du in place of (7.1).

I1I. THE SECOND BASIC INEQUALITY

8. Preliminaries. In order to derive the inequality indicated at the end
of §7 we shall establish several preliminary results.

(a) Let S be an L-strip in the w-plane with the boundary inclination 7,
—w/2Ly<7/2, at u=+ . Moreover, let its boundary curves C;: v=¢(%)
and C_: v=¢_(u), u=u,, satisfy the hypothesis that ¢/ (#) and ¢.! () are
continuous and of bounded variation in any finite interval contained in % = u,.

(b) Let s denote the variable arc length of C_ measured from « =wu, and
w=w(s) the parametric representation of C_ by means of s as parameter. Let
a(s), —w/2<a(s) <m/2, be the angle of inclination of the tangent to C_ at
the point w(s).

(c) Since the boundary inclination of S at u=+ « is v, there exists a
half-plane H.: u=c, such that the angle of inclination of a tangent at any
point of C, or C_ in H, satisfies the relation

I | <=
a—y —

8
Let C;* and C_* denote the parts of C; and C_, respectively, which lie in H..
Application of the mean value theorem shows then that any straight line with
the angle of inclination 8, where

#=(+3)

can intersect C;* and C_* in but one point each. Hence, there exists a number
>0 such that any normal to C_ at w(s), where s 2o, will intersect C;* and

_* in exactly one point each. The segment of this normal which lies in S
will be denoted by 4,, its length by A(s). Evidently A(s) is a continuous func-
tion for s2o.

Denote the point w(s) by 4, the other end point of A, (on C;) by B and
the point #+¢, (u) by C (u =Rw(s)). Since, in the triangle A BC, the angle 4
approaches 'yl and B approaches 7/2 as s— «, it follows by the law of sines
that

™
<—
8
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A(s)

m
u—+ o e(u)

(8.1) = cos v, u = Ruw(s).
(d) For the following two lemmas we assume that hypothesis (a) is satis-
fied.

LemMA 2. If a'(s) is continuous for ¢ Sa <s=b, and if A(s)a’(s) <1 in the
open interval a <s<b, then no two normals A,, a <s <b, intersect in S(13).

Proof. We show first that no two normals A, of any closed subarc
a<a=<s=fB<b of the arc a <s<b, intersect. If this assertion were not true,
there would exist a point 4 (s=a,) and a point By (s=b;) on C_,a=a:<b: B,
such that A,, and A;, would intersect at some point D;&S(%). Let I, be the
arc a;<s=<b,. The curvilinear triangle 4,B,D; lies entirely within S. Let
s’=(1/2)(a1+b1). Then A,  enters this triangle at the point s=s’ of C_ and
will intersect either 4,D; or B.D; or both at some point D;&S. If D, lies on
A1D,, we let I, be the arc a2 <s=<s’ and denote its end points by 4. (s=as)
and B; (s=b;) where a;=a1, by=s’. Then A,,» where s''=(1/2)(as+bs), will
intersect either A,D; or B:D; or both at some point D;. If D, does not lie on
A1Dy, let I, be the arc s’ <s £b where now a;=s’ and b, =b; and the end points
of I, are again denoted by A4, and B,. Everything said about A, holds then
for this second choice of I,. Continuing in the manner indicated, we obtain a
sequence of intervals I, (r=1,2, 3, - - - ) whose end points we shall denote by
A, (s=a,) and B, (s=b,), a=a,<b,=p, such that lim,., a.=lim,., ba=c¢
exist and that A, and A, intersect at some point D,ES. By the law of sines,
we obtain from the triangle 4,B,D,:

sin D, sin A,

A.B,  B.Dn

Since the angle 4, approaches 7/2 as n— » and the angle D, = a(b,) —a(a.)
=0, and since B,D, < A(b,) we find

o a(bs) — alay) . sin 4, 1
lim ———— = lim =
n—eo b,, — Qn n—w A(b,.) A(C)

or
o' ()A(e) 2 1,

which contradicts the hypothesis.

To complete the proof of the lemma we must show that no 4,, a <s<b,
intersects A, or As. Suppose A,, a<so<b, intersected A, at some point Do.
Then any A,, with so<s1<b must intersect Ay, since it must intersect A,, or A
and it cannot intersect A,, (by the part already proved). Let B denote the
point s=b on C_. The point D, at which A,, intersects A, must lie on the seg-

(13) The closure of a point set M in the complex plane will be denoted by M.
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ment BD, of A, (for otherwise A,, would meet A,;) and hence BD;<BD,
<A(D).

Let now {s,.}, n=1,2,3, -, 50<5,<8,41<0b, denote a sequence which
converges to b as n—», and let A, intersect A, at D,. For all n, BD,<BD,
<A(b). Call A, the point s=s, on C_. Then, by the law of sines,

sin D, sin 4, - sin 4,

A.B BD, BD,
Since the angle 4,—m/2 as n— and since D,=a(b) —a(s,),

i @0) = als) . t
noo b —s, BD, ~ A(b)

y or A(b)a'(d) > 1,

while the continuity of A(s)-a’(s) implies that A(d)a’(b) 1. A similar argu-
ment applies to the point s=a.

LEMMA 3. Let A, and Ay, 0 <a<b, intersect at a point C in S. Suppose that
any of the angles, which a chord of C_ or of Cy through the end points(™) of A,
and A, a <s<s'2b, forms with A, and A,., differs from w/2 in absolute value
by less than €, 0<e<w/8("). Then

b ds a(b) — a(a)
(8.2) j:, A(s) = cos? (2¢) '

Proof. Call the points s=aand s=bon C_, 4 and B, respectively. Draw 4A,,
a<s<b, and denote its end points on C_ and C; by D and E, respectively.
DE will intersect either AC or BC or both. Suppose it intersects BC at a
point F. Call C’ the end point of A, on C,. From the two triangles BDF and
C'EF we find by the law of sines
sin B sin C’

— ., FE=FC-—-.
sin D sin E

DF = BF

Since, by hypothesis, sin B>sin (7/2—¢€) =cos €, sin C’ >cos ¢, we have
(8.3) A(s) = DF 4+ FE > BC’ cos € = A(b) cos e.

If A, intersects A, we obtain in a similar way

(8.4) A(s) = A(a) cos e.

Now, by the mean value theorem, [J[A(s)]-'ds=(b—a)/A(5) where
a<3<b. Hence, by (8.3) or (8.4)

(M) If the end points of A, and A, on C, coincide at a point P, then a chord through these
end points on C, means the tangent to C, at P.
(%) This condition will always be satisfied if a is sufficiently large (because of the hypothesis

in §8 (a)).
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b ds
f L - ———
o A(S) A(a) cos €

or

b ds 1
f = (b - a) —_—
s A(S) A(d) cos €
respectively.

From the triangle ABC we find

sin B COoS € cos
- = AB ——, A(d) = AB

sin C sin C sin C

Ae) = AC = AB

’

so that

f” ds < sin C b—a'

e A(s)  cos’e AB

Observing that the hypothesis regarding the chords of C_ implies that('¢)
AB

cos (2¢)

and that the angle C=a(b) —a(a), we obtain (8.2).
9. “Invariant” formulation of the second basic inequality. We prove now

b—a =

THEOREM V. Let S be an L-strip which satisfies the hypothesis of §8 (a) and
let a(s), A, and A(s) be defined as in §8 (b) and (c). Suppose that z=Z(w)
=X (w)+1Y(w) maps S conformally onto the strip | y| <7m/2 in such a manner
that X(w)—+ © as u—~+ . Let w, and w, be points in S and A,, and A,,
normals to C_ which pass through w, and w,, respectively (7). Let x1=X(w,),
x9= X (ws). Then, if s3> s1,

82 d 2
On  m-mzef X(‘sg"'““(‘”f | des) | + o(1)

where the second integral on the right-hand side is taken in the sense of Stieltjes
and 0(1)—>0 as s;—+ o, uniformly in w, and w,.

(1) The tangents to any two points of the arc AB: a <s=<b, of C form an angle not exceed-
ing 2e. By the mean value theorem it follows therefore that the chord AB forms an angle of
measure less than 2¢ with the tangent to any point of the arc AB. Hence, if the arc 4B is repre-
sented in the form y=f(x), AB being the x-axis, 4 the origin and B the point (I, 0), we have

b—a= L' (U + [F@F) 1z < 11+ tan® Q)2 = -

(1) 1f Rw, and Ru are sufficiently large, there always exist normals A,, and A,, passing
through w; and ws, respectively.
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Proof. 1. It is sufficient to prove this theorem under the assumption that
v =0since the statement of the theorem is invariant with respect to a rotation
of the coordinate system in the w-plane through the angle v in the positive
direction. Since Sis an L-strip with the boundary inclination y=0at # =+ o,
there exists for every ¢>0, e<w/8, a half-plane H,: u=c, such that the angle
of inclination «, Ial <w/2, of the tangent at any point of C; or C_ in H,
satisfies the condition

|a| < ¢/2.

Let an e be fixed. We assume s, so large that all A, with s = s, lie entirely in H,,

say s >o01.
2. We assume first that a’(s) exists and is continuous for s;<s=<s.. Let

8 = max X(w), %251 = min X(w).
wEA,, WEAol

Then we prove that

(9.2) . S f" ds T fc:l '()!d
. X2 X1 = T " A(s) cos? (25) . a (S S.

Let I,: a1 <s <by, be a largest opén arc of I: s1<s <s;, where

9.3) A(s)(s) < 1.
If there is no such arc we have on I

(9.4) A(s)a/(s) = 1
and hence

f s s f 22
- _— a'(s)ds £ 0 = x5 — %41,
[ A(S) 81 )

so that (9.2) is evidently true. If there are several such arcs, let I, be one
of them. By Lemma 2, no two normals A, of the closed arc Ti: a1<s<b,
will intersect. If there are any normals A, with b;<s <s; which intersect A,
let Ay be the one for which b/ is as large as possible. Otherwise we set b/ =b:.
If there are any A, with s;<s<a, which intersect A,,, let A, be the one for
which a/ is as small as possible. Otherwise we set af =as.

Call I the arc af <s<b{. No normal A, of the arcs (I —1{) will intersect
any of the A, of /..

If (I—1{) is void we do not proceed any further. In case (T—1{) is not
void, either (9.4) holds for all s&€(I—1{), or else there exists a largest open
arc Ip: a;<s<by, I, C(I—1{), where (9.3) is true. By Lemma 2 again no two
normals A, of I, will intersect. If there are any normals A,, s&€(I—1I{), with
s> by which intersect A;,, let Ay, be the one for which b4 is as large as possible.
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Otherwise let b =b,. Similarly, if there are any A,, s&€(I—1I{), with s<a,
which intersect A,,, let A, be the one for which a; is as small as possible.
Otherwise let a7 =a,. Call I the arc a; <s<bs. I{ and I5 have no points
in common, except possibly an end point. Moreover, no normal A,
sE {f—(I{ +fg’)}, will intersect any of the normals of I, and I, and none
of the normals of I will intersect any of the normals of I,.

Continuing this construction in the manner indicated as long as possible
we obtain a finite or infinite sequence of arcs I,: a,<s<b,, in which (9.3)
holds, I,, being a largest open arc of the set (I— 3-1I¢) for which (9.3) is
true. With each I, we obtain an arc I, : a) <s<b, containing I, which is
defined in the following manner: If any A,, s&€(I—Y #Z1I{), with s>b, in-
tersects A, , let Ay, be the one for which s=5,/ is a maximum, and if any 4,,
s€(I =2 32iI¢), with s<a, intersects A,,, let A, be the one for which s=a,
is a minimum. We set b,/ =b, or a. =a., if there are no such A, for s>b, or
s <a, respectively. Then no normal A,, s&€(I—Y_»_,I}), intersects any of the
normals A, with s& 1, (k=1,2,3, - - - ,n). This implies that the normals of I,
and I, n>m, do not intersect. For no A,, s&(I—>_r ,I/) intersects any of
the A,, s€I (k=1, 2,---, m), and I,C(I—>_m ,I!), since n>m. More-
over, since, for s&I, any A, with s<a{ cannot intersect any of the A, with
s>bf (E=1, 2,3, ), itis easily seen that any two arcs I,/ and I/, n=m
have no points in common except possibly an end point. Hence, the same is
true for (I/ —1I,) and (I, —I,) if m>~n. Let

4=X1 B=I-3I C=%@-1I),
k=1 k=1 k=1

so that =4+ B+ C. By our construction, we have
(9.5) for sE A4: A(s)d'(s) < 1.

If B is not void, we have
(9.6) for s € B: A(s)d'(s) = 1.

If (9.6) were not true, there would be for at least one
9.7 so € B: A(se)d(sg) < 1.

Then there exists an open arc JCI containing s, such that (9.3) holds for
s&J. We show first that no arc I/ CJ. Such an arc I{ (af, b{) must neces-
sarily coincide with its subarc I (ax, bx) on which (9.3) holds, for otherwise
A, and A, or Ay, and Ay, would intersect and that is impossible by Lemma 2
since ay, ax, by, b are all points of J, where (9.3) holds. Let I,/ be the first
arc in the sequence {I. } (in the order in which the I.. were constructed)
which is entirely contained in J. Since s¢is not in any I,/ , I,/ lies either to the
right or to the left of so. In either case it follows that, in choosing I,, we did
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not select the largest available interval in which (9.3) holds, since in the first
case at least the arc (s, @) and in the second case the arc (b, so) should be
part of I,.. Thus, no I,/ can be entirely contained in J.

Therefore, there can be in J at most one left end point a/ >s, of some
arc I/ and one right end point b/ <s, of some I,/ and the subarc b, <s<a, of
J must remain free of any points belonging to any arcs I, (m=1,2,3,-- ).
But this is impossible: The set of arcs I,, is at most denumerable and, if in-
finite, the lengths of the I,, approach 0 as m— «. Since at each step of our
construction a largest possible arc in which (9.3) holds is being taken for an
I, the arc b/ <s<a, would have to be included at some step in the sequence
{I,,.} . If there is no end point @, or no end point 4, in J, an even larger subarc
of J remains free of points of any 7., and this again is impossible. The as-
sumption (9.7) thus leads to a contradiction, and hence (9.6) is true. We
obtain therefore

ds
(9.8) f(B) 20 §£B)a(s)ds=£3)|a(s)lds.

Finally, by Lemma 3, on each of the two arcs of I,/ —I,, a. <s<a.and
bmn=s5=<b, , we have

fam dS < 1 |a(a)—a(a’)l
o, A(s) T cos® (2€) " mon

fb;. ds < 1 |a(b')-—a(b)|
o A(S) — cos? (2€) " m

Hence,

ds 1
(9.9) fw) AG) = o (29 fw) | o'(s) | ds.

3. Consider now an arc I,: a,<s<b, of 4. The points on a normal A,
are given by the equation

(9.10) w = w(s) + wtete®), 0=t A(s).

The integral
A(s)
f | 2/ (w(s) + itei=®) | dt = f | Z'(w) | dt = =,
0 4,

since it represents the length of the image of A, in the z-plane. By Schwarz’s
inequality,

1'.2
— = f |2 (w) |2dt.
S A,
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If s€I, and a’(s) 20, we have, because of (9.5),
0=1—-d@)As) 21— d(s)t for 0 £ ¢t = A(s);
and if &'(s) <0, we have

1=1—d(s)¢ for 0 = ¢t < A(s).
Hence, in either case

bn b ds bn INO)
_,f% |a(s)|ds+1rfa ) gj;n dsj; | Z'(w) |2(1 — o (s)d)dt.

By what was said in part 2, no.two normals A,, a,<s=<b,, will intersect,
and the transformation (9.10) maps therefore the region {0<t<A(s),
a,.<s<b,.}, of an (s, ¢)-plane in a one-to-one manner onto the (limited) sub-
region T, of S which is bounded by C_, C,, A,, and A, . The Jacobian of this
transformation is (1 —a’(s)t). Hence, the last double integral may be written

as
f f | Z'(u + iv) |2dudo.
T’I)

d 0
(9.11) —7r2f |a’(s)|ds+1r2f < fo | 2/ (w + i) |*dudb.
) @ A@B)  amd Jay

Since, again by the discussion of part 2, the normals A, of any 7, do not inter-
sect those of any other I,, (n=m), the regions T, for n=1, 2, 3, - - - do not
overlap. Each T, is mapped by z=Z(w) onto a subregion of the stripl yl <w/2
whose area is given by [[ir,|Z’(u+14v)|?dudv. Since the T, do not overlap,
their images in the z-plane do not overlap either, and the total area which
these images cover is therefore less than or equal to w(x* —x41). Hence, from
(9.11)
ds

(9.12) - 1rf | &'(s) | ds + 7rf < 2 — xa

) w A(s)
Combining (9.12) with (9.8) and (9.9) we find (9.2).

4. In order to prove now the general case of the theorem (where o'(s) is
not necessarily continuous) we approximate the arc 8: w=w(s), s1<s<s;of C_
by a sequence of arcs B,: w=w,(s), s1<s=<s; (n=1, 2, - - - ), with the follow-
ing properties(18):

(1) wa(s), wa (s), wi’(s) are continuous for s1=<s=ss, w.(sx) =w(sy),
w, (sx) =w'(sk), (=1, 2), and B, does not intersect any part of the boundary
of S except B.

Summation over 7 gives

(18) The functions w,(s) may be found as follows: Let a(s; k) = (1/k) f; +"a(t)dt, s=s1, h>0.

Then a(s; k) —a(s) as k—0, uniformly for s; S5 <s2. Let a(s) =ai(s) —az(s), where au(s), az(s) are
continuous, non-decreasing functions. The total variation of a(s; k) in 5, Ss<s; is
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(i1) wa(s)—w(s) and w, (s)>w’(s) as n—, uniformly for s;<s=<s,. This
condition implies that if 0 =0.(s) is the variable arc length of 8., measured
from s=s;, and if a,(s) is the angle (Ia,.(s)l <w/2) which the tangent to 8,
at w,(s) forms with the positive real axis, then

(9’ 13) ¢T'n(s) S5 = Sy an(s) - a(S) asn — o,

uniformly for all s,<s=s,.
(iii) The total variation

(9.14) f" | daa(s) | —»f" | da(s) | asn— o,

Denote by S, the region obtained from .S when the arc 8 is replaced by B,.
For sufficiently large #» and s =s,, A.(s) can be defined for S, as A(s) is defined
for S (see part 1 and §8 (c)). Condition (ii) implies that, as n—,

(9.15) An(s) = A(s) uniformly for sy < s < ss.
By a well known theorem, it follows from (9.13) and (9.15) that
2 daa(s) 2 ds
(9.16) f - f :
8==8] Aﬂ(s) 81 A(S)

Finally let S, be mapped onto |y| <7/2 so that =+ © and x =+ » cor-
respond to each other and that a point w, which is in S and in all S, is carried

f.:l deds; )| §%f':d[£ﬁhal(t)dt]+—'17£:d[j:.+hag(t)dt].

Since
1 (7Y sth 1 a2 1 s s+h
" f-,d[ﬁ a.-(t)dt] = 7fs, [aiCs + &) — ai(s)]ds = qu dsf‘-' dai(?)
1 perth ¢ asth
< — dai(t ds = doi(t ,
Tk smgy ( ) ’ft—k 3 J“-‘l ‘()
we have

S datsinl s [t + [ gt

Thus, for & < hy, the total variation of a(s; k) in 51 <5 <5, is uniformly bounded, and there exists,
therefore, by a theorem of E. Helly, a sequence %#.—0 as n— , such that, for &(s)=a(s; ks):

83 L) a2
an (s)| ds = dan(s)| — | da(s)| asn— o,
Jh@ola=["lao - ["
Let wi* =w(s1), w* =w(sz). Then we set

wi* — w*
wa(s) = wi* +

750+ (ans + b = 55 = 5,

&n L
where g, = /#¢*~?d¢ and @, and b, are so determined that . (s) =w’(s1), wa (s2) =w'(s). It is
easily seen that limp.tw gn=w#*—w¥* lims.w @¢»=liMn.. b»=0 and that the w.(s) satisfy the
three conditions (i), (ii), (iii) of the text.
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into Z(wo). Let x and x3*™ be defined for .S, as x1 and x4 are for S. Then(!?)

. (n) . *(n) *
9.17) lim 241 = %41 and lim s = x».

n—ro n—ro

For sufficiently large %, S, will satisfy the condition stated at the end of
part 1 of this proof, since S satisfies it. Moreover, since (3, has continuous
curvature, we have by (9.2)

22 2 d n S n n

- lda,.(s)l-l—wf a()éx:()—-xil).
cos? (2€) 4y, o An(s)

Letting n— we find because of (9.14), (9.16), and (9.17),

T 82 2 s *
——f Ida(s)|+1rf —— = ¥ — Fx

cos® (2¢) VJ oms; a0 A>9)

Finally, to prove (9.1) we need only observe that by Lemma 1 x5 —x,—0
and x1 —xx1—0 as s;— and that e may be taken arbitrarily small, provided
s1 is chosen sufficiently large. This completes the proof of Theorem V.

10. A definition and further lemmas. Theorem V will enable us to obtain
a lower bound for the difference x;—x; of the type mentioned in §7. We in-
troduce first the following definition.

DEFINITION. Let S be an L-strip in the w-plane with the boundary inclina-
tion v, I 'y| <w/2,atu=-+ . Let v=¢,(u) and v=¢_(u) represent the bounda-
ary curves Cy and C_ of S, respectively. We shall say that S is a strip with finite
boundary turning at u=+ » if ¢/ (u) and ¢ (u) are continuous for all suffi-
ciently large u, say u =u,, and if the integrals

/ I wwl, | I d6) |

Our object will be accomplished by the following lemma.

converge.

LEMMA 4. Let S be an L-strip in the w-plane with the boundary inclination v,
|‘y| <w/2, and with finite boundary turning at u=+ . If A(s) and w(s) are
defined as in §8, then for u=Rw(s) and s1<s2 (u1=Rw(s1), u2=Rw(sz))

ds  rul4ye) 1 e 6 S
(101) j:l A(s) —-j:‘l —o(u)——du 4£l O(u) du+0(1) as § .

Proof. Denote the point w(s) on C_ by 4, the other end point of A, by B
and the point u#+i¢.(u), where #=Rw(s), by C. Suppose, for the present,
that B lies in the half-plane to the left of AC. In the triangle 4 BC the angle

(*%) This follows from the theorem of Radé used in the proof of (6.9); see (12).
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A=a=a(s). To find the angle C, observe that by the mean value theorem
there exists a point w* =u*+1¢,(4*) on the arc BC of C, such that the tan-
gent to C; at w* is parallel to the chord BC. If the angle of inclination of this
tangent is 8%, |6*| <w/2, then the angle C=m/2—3*. Let 8, ]6] <w/2, denote
the angle of inclination of the tangént to C; at C. By the law of sines we ob-
tain from the triangle ABC:

AC _ 6(w) _sin(A+C) _cos (8 —a) _cos[B—a) + (6 = 9]

(10 )E - A(s)  sinC  cosB*  cos [B+ (B* — B)]

Since «, 8, * approach ¥ as s— « and since |'y| <w/2, we may write
(10.2) in the form

6(u) _cos B — a)
A(s) T cos B

(1+o( s -8|) as s — o,

Now
B* — B| < |tang* — tan g| < lf | do(®) | ’
t=u

Moreover,

sin 4
|u— u*| < BC = 0(u) < 6(wu)
sin B

for sufficiently large #, since B—w/2 and 4—|v| as u—+ . Hence

u+0(u)

(10.3) |6* — 8] < &4(n) = | dei(t) |

t=u—0(u)

The quotient

M_——_a) =1+4+tanatanB =14 ¢, (0 (u) =1+ ¢ (u) [6’(1:)] ,
cos B cos a 2 |
so that
L sy — S5 ETIWT o (8
AG) ( (14 v 0(w) [ ] +0<0(u) °°S“>

as u—+ . This relation is also easily verified if B lies to the right of AC.
Observing now that cos o -ds =du, we obtain

R M e A R S

1 1 u1

The result (10.1) follows now immediately from

LeMMA 5. Under the hypotheses of Lemma 4 the integral
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u+0(u)
(10.4) f +(u) du  converges, &,.(u) = f |d¢4'.(t) .
0(u) t=u—0(u)

Proof. We have for b<c:

G Al e MR

c 1 u ,
+f ——[f |d¢+(t)|:|du=Il+Ig.
b o(u) t=u—0(u)

Interchanging of the order of integration in I, gives

c+0(c) du
f Id¢+(t)|fm o(u) +f | do’(®) | . W

fc+0(c) I I
=< dei(t f —_
t=b #+(0) o(0) 9(14)

where u =g(t) is the inverse function(2°) of ¢t =u+0(u) for b+0(b) <t <c-+0(c),
u=gt)=b for b=<t=<b+0(b). Now 0=t—g(t) =0(g(t)) for b=t=c+06(c).
Hence, by Lemma 7 (which is proved in §15),

6(u) = 36(g(2)) for g) S u =14,

provided only b is sufficiently large. Thus

f,:od“/ 6(u) < 2[(t— g())/0G(®)] < 2,
and hence »
I‘§2f | del(d) .

-5
Similarly,

I2§2f |doy )],
t=b—9(d)

if b is sufficiently large, so that

c+6(c) ,
I§4f | dg’(®) |
2

=b—0(b)

Hence (10.4) follows from the hypothesis that S has finite boundary turning
atu=+ .

11. The second basic inequality. We are now in the position to prove our
second basic inequality.

(20) The inverse function of ¢ =u-+0(u) exists if b is sufficiently large, since d¢/du=1+6'(u),
and therefore approaches 1 as u—+ o,
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THEOREM VI. Let S be an L-strip in the w-plane with the boundary in-
clination y=0 and with finite boundary turning at u=-+ . Suppose that
2=Z(w) =X (w)+1Y(w) maps S conformally onto the strip l yl <w/2 and that
limy.je X(w) =+ . Let wy=u1+1v1, Wy=1us+1ve, u1<us, be two points in S
and let x1=X (wy), x2=X(w2). Then

uz { /2 ug 0’2 u
w6 0(w)
as uy and hence uy approach + «, uniformly in v, and v,.

Proof. Let w(s) be defined as in §8 (b), and let Rw(sx) =ux, X (ur+1p_(uz))
=x{ (k=1, 2). By Theorem V we have, since [;,.|d¢ ()| < =,

du + o(1)

22 (s
(11.2) X — xf = rf ? + o(1) as s;and hence 5o — .
L

By Lemma 1, limy, .40 (x2—x5 ) =0 and limy, .4, (x1—x/) =0 so that the dif-
ference x; —x{ in (11.2) may be replaced by xz—x1+0(1). The result (11.1)
follows now immediately from Lemma 4.
IV. A DISTORTION THEOREM
12. A lemma. If in Theorems IV and VI it is assumed that the integral
= 8w
f du converges,
6(w)

then their combination yields an asymptotic expression for xs—x,

u2 /2

(12.1) xz—x1=f 1-l-L(u)du+o(1)asu1anduz—>+ 0,
uy 0(u)

One of the hypotheses under which this formula is obtained is that the bound-

ary inclination of S at # =+ « is ¥ =0. It is easy to modify it so as to obtain

a result which holds for any 7, l'y| <1r/ 2. For this purpose we prove first the

following lemma.

LEMMA 6. Let S be an L-strip in the w-plane (w=wu-+1v) with the boundary
inclination vy, |'yl <w/2, and with finite boundary turning at u=-+ . Let
v=¢,(u) and v=¢_(u) represent its boundary curves C; and C_, respectively.
Suppose that a new set of coordinates @, v (%+19=w) is introduced by means of
the rotation % =we='" and that, for sufficiently large 4, C and C_ are represented
in the new coordinate system by 1= ¢, (@) and 9= ¢_(#), respectively. Set

0(u) = ¢() — ¢_(), 0(n) = ¢+(2) — o_(4).

If u and @ are connected by the relation
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(12.2) # = ucosy + ¢_(u) sin v,

then, for sufficiently large u,
u+0(u)

12.3 7@ =2{|0W| + 2w}, B = f | (o) |
t=u—0(u)

Thus, the convergence of the integral
© 0’2 m
f ®) du
0(u)
© 6’2 7
f i (%) i
0(#)
(by (8.1) and Lemma 5).

Proof. Let » and % satisfy (12.2). We denote the points %+1¢_(%) and
i#+1i¢, (%) of the w-plane by A and B, respectively. The coordinates of 4
and B in the w-plane are then u+4¢_(u) and u,+1¢. (1), respectively (where
u, is determined by the relation e=iY(u1+1i¢, (u1)) = d+igp,(%)). Finally, we
call C the point u+i¢, () of the w-plane. In the triangle ABC, AB=0(a),
AC=0(u) and the angle 4 = |v|.

Let o, (%) and a_(u) denote in the w-plane the angles of inclination of the
tangents to C, and to C_, respectively, at a point with the abscissa %. Then

implies that of

¢ (u) = tan a_(u), bi(u) = tan ay(u);
o (1) = tan {a_(u) — v},  ¢+(#) = tan {ay(w) — v}.
Hence,
§(@) = tan {ar(w) — a()}- {1 + eZ(@¢1(@)}.
Since ¢/ (%) and ¢ (#) approach 0 as #—+ ©, we may write:
(12.) 7@ | = {10 ] +]eiw) — si@) | (1 +o(1)
asu—+ . Now

sin 4 ; <
3 (u) = 6(u)

|y — u| £ BC =

for sufficiently large u, since the angle B—7/2 and 4 = l'yl <w/2. Hence,
|ps (w) —by ()| <] [ihu|dbs (8)| | £ ®4(w), and (12.3) follows from (12.4).
13. First form of the distortion theorem. We prove now

TueoreM VII. Let S be an L-strip with the boundary inclination 7,
!'yl <w/2 and with finite boundary turning at u =+ . Moreover let the integral
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- 03()
(13.1) f du  be convergent(2).
0(u)
Suppose that z=2Z(w) =X(w)+1Y(w) maps S conformally onto the strip
lyl <w/2 in such a manner that lim,.,, X(w) =+ . Let A,, A(s) and w(s)
be defined as in §8. Then, if s1<ss, wiEA,,, waEA4,,,

2 ds
(13.2) X(wg) — X(wy) =1rf -A—(-s—)—+o(l) as sy and s; — o,

uniformly with respect to w, and w..

Proof. As in Lemma 6, let there be introduced a new set of axes (4, 7),
#+19=1w, by means of the rotation w=e""w. Let ¢,(%), ¢_(x), 8(@) be de-
fined as in Lemma 6 and let » and % be two numbers related by equation
(12.2). Then, by Lemma 6, (13.1) implies that

 8%(a)
(13.3) f = du
0(n)
converges. Let 4, and . be the abscissas of the points w(s1) and w(s;) (on C_)

in the (#, #)-system, and let x{=X(w(s1), % =X(w(s:)). If ¢(w)
=1[¢,(#)+¢_(%)], we have by Theorem IV,

Ezl+_l2,ﬁ w92
xg'—xl’éwf —_'/,&ldﬁ L _()dﬁ-l-o(l),
u1 0("2) 12 u1 0("‘-‘)
as s; and s;— . By Lemma 4 and by (13.3) we obtain
82 ds
(13.4) xd — xf £ f —— 4+ 0o(1) as §1,°Sg —> .,
a0 A®)

Finally, application of Lemma 1 shows that lim,, ., (x1—x{) =1lim,, .., (x2—x7 )
=0 (xx=X(wx)), so that the difference x5 —x{ in (13.4) may be replaced by
x—x;. Combining this result with Theorem V, we obtain (13.2).

14. Second form of the distortion theorem. For some applications the fol-
lowing form of Theorem VII will be more convenient.

THEOREM VIII. Let S be an L-strip satisfying all the hypotheses of Theorem
VII, and let z2=2Z(w) be defined as in that theorem. Then for w,=u1+1v, and
Wy =us+109 11 S, Uy <us,

(') Condition (13.1) is automatically satisfied for L-strips with finite boundary turning at
u=+ o for which 0<¢;<6(x) <c: (a1, ¢; constants). For

b b
— f log 0(u)d6’(u).

f PO du = 6'(u) log 6(u)

0(u)
Since [log 6(x)| is bounded and /. |d6"(x)| exists, (13.1) follows.
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X(w2) — X(w)) = wf” }—%;(l)du

[va —Y(us) v — Y(w)
+ -

0(u) 6(w1)
as w1 and us——+ o, uniformly with respect to v1 and v,.

Proof. Let A,, A(s) and w(s) be defined as in §8. Let A,, and A,, be two
normals of C_ which pass through w, and w., respectively. By Theorem VII,

] tan vy + o(1),

2 (s
X(w2) — X(w;) = 1rf m— + o(1) as sy, S — ®,

Let Rw(s;) =u{, Rw(sz) =uJ . By Lemma 4 and (13.1) this equals

u’ 1 /2
Wf +—¢(11)'du+0(1)1 asu’lru2—_)+°°)
o’ 6(w)
or
(14.1) X(wy) — X(w;) = rf, + 1r-f +1rf "+ o(1).

We estimate the first and third of the integrals in (14.1). Assume, for the
present, that ¥ >0. Denote the points u;+4¢_(u1), w(s1) and w1 by 4, B, and C,
respectively. In the triangle 4BC the side AC=v,—¢_(u), the angle C—y
and the angle B—w/2 as uy—+ «. These limits, as well as all following in this
proof (taken as uy,— + «) exist uniformly with respect to the position of wion 0.,
Now

u{ — u; = BC sin (y + &), lim ¢ =0,
u—+w
. sin 4 cos {y +
BC = ac S2A _ yocslrt e lim & = Q,
sin B sin B U+
and hence
1
(14.2) u{ — ur = [v — ¢_(w1)] sin (y + &) cos (v + &) =F

This result is also easily verified when y 0.
Now, by the law of the mean

ui 1 /2 1 2 *
f + ¢'%(u) du = (! — up) ____'__'li_(u_) (u* between %, and u{ ).

. 6(w) - 8(u*)

Since, by (14.2), |u{—u1| <0(u:) for sufficiently large u,, it follows from
Lemma 7 (which is proved in §15) that (8(«*)/60(x1))—1 as u;—+ . Further-
more, as #;—~+ ©, 1+¢’2(u*)—1/cos? v. Hence
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LAY m = g(m)
J, ooy e
) 1
= [————-B(ul) + 5 ] tan v + o(1)

as u;—+ . An analogous result is obtained for the third integral in (14.1).
Substitution of these expressions into (14.1) proves the theorem.

CorOLLARY OF THEOREM VIII. Under the hypotheses of the theorem, for
w=ut+weEsS,

14 ¢9'%(2) v — ¥(u) ]}
14.3 li X - —dt —_— =N
(14.3) T { () [’r f 6 LT S
exists uniformly in v and s finite.

For, if the difference within the braces in (14.3) is denoted by 4 (w), Theo-
rem VIII states that for any given e>0 there exists an N(e) such that for all
w; and w. in S for which Rw: >Rw:1 > N(e):

I A(W2) _ A(w,) I < e

THEOREM 1X. Let S be an L-strip satisfying.the hypotheses of Theorem VII
and let z=Z(w) be defined as in that theorem. Then, for w=u-+wwE&S,
w1 /2 t —_ —_
Z(w) =)‘+Wf _j__'p_()dt_‘_,rv—'/’(ultan.y.{_ i,rf__i(ul
w 0 6(w) 6(u)

as u—+ o, uniformly in v. \ is a real constant.

+ o(1),

This result follows immediately by combining (14.3) with the result (18.1}
of Corollary 1 of Theorem X (which is proved in §18).

V. ASYMPTOTIC BEHAVIOR OF THE MAPPING FUNCTION
OF AN L-STRIP AND OF ITS DERIVATIVE

15. Preliminary remarks and lemmas. We shall establish now asymptotic
expressions for Z(w) and Z’(w) under the mere assumption that S is an
L-strip. These results will be less sharp than those of Part IV. While in Part
IV (Theorem IX) we obtained, under more restrictive assumptions, an ex-
pression f(w) such that the difference Z(w)—f(w) approaches a finite limit,
as u— - o, we shall find here expressions for Z(w) and Z’(w) which represent
these functions merely in the sense of asymptotic equivalence (that is, the quo-
tient of the function in question and its asymptotic expression approaches 1
as u—+ »). None of the results of Parts III and IV will be used here.

Throughout this part we assume S to be an L-strip in the w-plane with
the boundary inclination 7, I'yl <w/2 at u=+4 «, and Z(w)=X(w)+1 Y (w)
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a function which maps S conformally onto the strip | yl <w/2 in such a man-
ner that lim,.;, X(w) =+ . The inverse of z=Z(w) will be denoted by
w=W(e)=U@E)+:V(2).

We shall make use of the following simple lemma.

LEMMA 7. Let, for uo<wui<us,

0*(uy, u2) = max 0(u), 04(%1, ws) = min 6(u)
u Susu, u,Susu,
and let
(15.1) Uy — U1 = k0*(uy, us), k a constant.

Then, uniformly for all u,,
O (11, 02)

wmt o 0% (21, us)

Proof. Let 0*(u1, u2) =0(b) and 0x(u1, us) =0(c), ua=<b, c Su,. If u, is suffi-
iently large, we have

| 0(b) — 000 | =] [ | s [Cloe|ans - w) s [¢6l,

1 uSusu,

(where supulgugu,w’(u)l denotes the least upper bound of |0’(u)l in
uy <u Zu,). Hence by use of (15.1):

0 (w1, u2) LM m

0=<1- sup [0’(u)|§k sup |0’(u)|—>0,
<u=<

0*(u1, us2) = 0% (w1, us) wysusy, u,Susu,
as w1—+ «, by hypothesis. This proves the lemma.
COROLLARY. Let
(15.2) 0= 22— %1 = c, ¢ > 0, a corstant,

and wy=min|y <.z Ux1+1y), ue=max y z.2 U(xa+13y). Then, uniformly fo}
all x., satisfying (15.2),
0*(uy, u
lim D)
z—+w 0*(ulr u2)
Proof. From Theorem III (a) we have
Uz dy
7rf ——-éxz-—x1+41r§c+41r
w  0(u)

by (15.2). On the other hand, since us = u;,

f“’ du U — U1
= ’
w 0(w) — 6%(u1, us)
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and hence 0=Zu,—u; = { (47r+c)/1r}0*(u1, u2). Thus the result follows from
Lemma 7

16. Asymptotic expressions for Z(w) and Z’(w). We prove now the follow-
ing

THeEOREM X. If S is an L-strip with boundary tnclination 0 at u=+ «, we
have

(i) For w=u-+1 in S, uniformly in v,

. Z(w) .
lim ——— =, uo defined as in §1 (a).

U+t f“ dt

u 6(2)
(i) Uniformly in any fixed strip |y| SB<w/2 (z=x+1iy)(??),
N LACIS log | W'(3) |

1i — (u = U(2)), lim
z—+w 0(u) ™ ( ( )) T+ l Zl

(iii) The straight line A,: y =const., lyl <w/2, is mapped by Z(w) onto a

curve L, which for sufficiently large u is represented by an equation of the form
0(u)

(16.1) v =fy(u) = Y(u) + —>y + o[0(u)] asu— + o,
™

uniformly in | y| <m/2(%%).
(iv) Let the image of the strip

2 {—mo <2<, |y =al, 0<a< /2
by means of w=W(z) be T, and let Sg be the region
v — U
{u>uo, ___1#_(_) <£}, ()<‘3<.I..
0(w) T 2

If 0<ate<w/2, €>0, then there exists an N = N(e; a) such that the part of Ty
which lies itn u = N, contains that part of Sa_. which is in w= N and is contained
1:” Sa+g-

(22) Since arg W’(2)—0 as x— + =, the first of these relations implies that even
W'z 1
im =—
z—+o O(u) T

(%) This implies the following fact: If A is a curve in the strip Iyl < /2 which approaches
the line A, as an asymptote, as x—+ «, then, for any point (%, v) on the image L of A in the
w-plane, v=¢(u)+(0(u)/7r)t+o[0(u)] as u—+ . (L need not be representable in the form
v=f(u).) For, if ¢>0 is given, there exists an x; such that the part of A for x=x; lies “between”
the lines A, and Ay (if lti e] <w/2;incaset=m/2ort=—m/2, it lies “between” A (y/2_c and
Axpzor “between” A_(x/2) and A_(x2)4¢, respectively). The image of that part of A lies in a certain
half-plane # =2 u, “between” the curves L._c and Lye (or L(x/2)—¢, Lxsz ot L_ps2, L_(z/2y1¢, respec-
tively). Since e may be taken arbitrarily small, this proves the above assertion.
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(v) Inany region Sg, 0<B<w/2, B fixed,
(16.2) lim [|Z'(w)|6w)] = =, w=u+ i, wC S
u—+4 o

REMARK. Part (iii) may be considered as an extension in a certain direction
of Carathéodory’s well known result, which states that the map of the interior
of a closed Jordan curve I' onto the circle |{| <1 is “quasi-conformal” at a
boundary point wo with a corner of measure 3>0, i.e., that the angles at corre-
sponding boundary points wo and {o are transformed proportionally(24).
Transformation of the interior of I' onto a strip S by means of the function
w=Ilog [1/(w—ws)] and of I{] <1 onto the strip ]yl <m/2, in such a way that
¢ =¢o corresponds to x =+ «, leads to the following statement of Carathéo-
dory’s theorem: Let C be a closed Jordan curve through w= » which, in a
neighborhood of w= «, consists of two branches C; and C_ having the lines
v=¢, and v=¢_, respectively, for asymptotes as u—+ © (¢, —¢p_=0>0).
If W(z)=U(2)+:V(2) maps Iyl <w/2 onto the interior S of C and if
lim, .4 U(2) =+ », then
(16.3) V(2) =%[¢++¢_]+%y+o(1) as x — + =,
uniformly in ly[ <w/2.

If S is a simple Jordan strip, the hypothesis,regarding the asymptotes of
C, and C_ means that

lim ¢, (¥) = ¢, and lim ¢_(u) = ¢_ exist.

u—+ o0 u—+w

Similarly, Part (ii) can be considered as an extension in a certain direction

of a theorem of Ostrowski which (formulated for infinite strips) states: Under
the hypothesis of Carathéodory’s theorem

6 : [log | W' | ]

lim | W ()| = —> lim | —————
z—+ ™ T+ IZI

’

uniformly in any strip |y| =B <w/2. Here § may be greater than or equal
to 0(2%).

() Carathéodory [1, pp. 40-41]and [2, pp. 19-93]. See also Lindelsf [1, p. 87]. Carathéo-
dory’s theorem has been generalized in two other directions: 1. The assumption that C, and C_
approach distinct asymptotes has been replaced by the condition that C, and C_ “oscillate”
within the strips ¢, —k Zv=<¢,+k; and ¢_—k_=<v=¢_+k_ respectively (k,, k_ constants).
2. It has been extended to the case where C; and C- may be arbitrary continua forming the
boundary of S (and not necessarily Jordan curves). For these extensions see Gross, [1, p. 278],
Ostrowski [1, pp. 172-174], Wolff [2, p. 42] and [3, p. 46], Warschawski [2, p. 674]. Ostrowski
[2, p. 77] gives a necessary and sufficient condition in order that the mapping function of a
simply-connected region onto a half-plane preserve angles at an accessible boundary point.

(%) Ostrowski [1]; the first of these equations is his relation (11.3) of page 101, the second
follows, for 6 >0, by combination of his relations (62.2) and (62.1) of page 174, and, for 6=0,
by combination of his relations (68.7) of page 185 and (62.1) of page 174.
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Both of these theorems do not require that C, and C_- have an L-tangent
at u=+ o, as our Theorem X does. Our extension, however, refers to the
fact that (iii) might be substituted for (16.3) when C; and C_ have no asymp-
totes and that in (ii) the asymptotic behavior of | w’ (z)| at x =+ « is given,
whether 6(u) =¢,(u) —¢_(u) approaches a limit as #—+ « or not.

17. Proof of Theorem X. (i) By hypothesis, y'(#) and 6’(x) approach 0
as u—+ . Hence it follows from Theorem IV (b) that there exists, for every
€>0, an Ni(e) =up such that for all w=u-+14v and wy=wu1+4v, in S for which
uZu = Ni(e):

X(w) — X(wy) = 1r(1+e)f ——+e_ (l-l-)f ———+e

0(2)
Hence,
X(w) — X(wy)
_——"__d_t_— sr(1+e¢+ —“d_—t- .
w 0(2) uo 0(2)

Keeping here w; fixed and letting u—+ « we find, since [ [0(¢)]-'dt— = as
u—+ o,

. X(w) : .
lim sup————— = (1 + ¢), uniformly with respect to v.
u—tw v dt
u 0()

Since the left-hand side of this inequality is independent of e, we may let e—0
and find

X(w)
(17.1) lim sup <
y—+ o u dt
u 0(?)

On the other hand, by Theorem III (a), uniformly with respect to v,

. X(w)
(17.2) lim inf — = =,

y—+4 oo f u dt
D)

and (17.1) and (17.2) together imply that, uniformly in v,

(17.3) i )

u—w f“ dt
up 0(2)
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The result (i) follows now from (17.3), if we observe that Z(w) =X (w)+1 ¥ (w)
and that | Y(w)| <w/2, while f2[6(f)]-'dt— o as u—+ .

(ii) Let L denote the image in the w-plane of the real axis of the z-plane by
means of w=W(z). Let 2,=3n (n=1, 2, 3, - - ) and w,=W(2,) =u.+1,.
Observing that lim,. . ¥’/ (%) =lim,.., 6’(%) =0, we have, by Theorem IV
(b), for all sufficiently large n,

untt dy
3=3(n+1)-—3n§27rf — 41,
Un 0(“)
or
unt1 .
(17.4) wf B
wn  0(n)

Let €>0 be given. By Theorem IV (b) there exists an no(€) such that for
n g no(é)

€ unt1 €

X(wat1) - X(wn) éw(l +7)f -0(—::-)-.5__;

(175) “n+.:n du )
=1+ e)f Tu)-,

because of (17.4). Similarly, by Theorem III (b), there is an n1(€) = n.(€) such
that for n=n(e€):

unt1 gy € T f“"ﬂ du
>
u.

(17.6) nmm—xwogﬂf pal

w 0() 14e 14

Since arg W’(2)—0 as x—+ «, the curve L can be represented for suffi-
ciently large # in the form v=f(x) where f'(u) exists and approaches 0 as
u— -+ . Evidently, for all sufficiently large #, w,=wu,+14f(«,). The func-
tions X (u+if(x)) and f¥[0(¢)]-'dt are differentiable for u,<u=<u,1, and
d/duf} [0(t)]~'dt >0 for u 2 u,. Hence, by the extended mean value theorem,
for sufficiently large n, say n=n, = n,:

X(wnt1) — X(wn X X

j‘“ﬂﬂ du ou |, v v,
w, O(u)

where u, <u, <t,y1 and w, =u,] +if(u,). Thus, we obtain from (17.5) and
(17.6):

X
< 0(ud) [_

X
4+ —
w), dv

™

1+4+e

ﬂmﬂéwu+q
ou wh
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Since
X X
— =|Z'(w)| cos (arg Z'(w)), — = —|Z'(w)| sin (arg Z'(w))
ou v
and

lim [arg Z'(w)] = hm f’(u) =0,

u—+o

we have, for all sufficiently large =, say n =n; = n,:

A= ul)| Z'(wl)| £ 7(1 4 o2

Let 2. =Z(w, ). Evidently 3n=<z,/ <3(n+1). Since Z'(w.)=1/W'(z.) we
have also
1 l W'(zd) | 1+
(1 +e)2 o(ud) =,

Now let z=x+17y be a point in the strip lyl =p with x=3#n;, and let »
be such that 3n<x <3(n+1). Since then |2/ —x| <3, we infer from Theorem
11 (b) that, uniformly for |y| <8,

W'(2)
W'(z)
Moreover, by the corollary of Lemma 7, we have for u = U(2), 3n Sx <3(n+1),

. 0w
lim
u—+w 0(“,,’ )

lim

z—®

Hence, if x is sufficiently large,
1 _1wel _ "@ [ W] owd) _(+9°
L+ 6w Wiz!) | 6(ul) 6w T o«

and this proves the first relation of part (ii) of the theorem.
To prove the second relation we use the first one:

17.7)  log | W'(2) | = log 8(u) — log = + log (1 + ¢), lim § = 0,

2o+

uniformly in |y| =B. Now, by part (i), uniformly in Iyl <m/2, as x—+ x,

“0'(r)
log 6(x) ful 00 dt + log 6(u,)
| z! v dt )

w 00)

(17.8)
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Here #, may be chosen arbitrarily large, but fixed. Let €>0 be given. We
choose u; such that |6’(f)| <e for ¢=u;. Then by the mean value theorem

“g'(t
f (®) dtl
w 00) ,
—— = |P®| < u < §<u
v dt
w ()
Keeping u, fixed and letting #—+ «, and hence x—+ «, we find from (17.8)
log 6
lim sup _oé_(ﬂ é €,
-+ 2z

and the result follows from (17.7).
(iii) a. We shall first prove the weaker statement that (16.1) holds uni-
formly for all y with |y| <8, B being any fixed positive number less than /2.
The image L, of A, is represented in parametric form by the equations
u=U(x+1y), v=V(x+1y), where x is the parameter, — © <x< =, and y is
fixed. Evidently

(17.9) V(s + iy) = V(x)+f_"aV(’;: in) in
[]

For { =x+in, |9 <]y,
aV(x + in) {dW(r)
—— T T _Qg
an at

} =| W) | cos (arg W'()),

and by Theorem II (a), the first of the relations (ii), and the corollary of
Lemma 7, we have for u = U(x)

vV (]
(g.)"'ﬁ(l-l‘ o(1)) asu— + o,
dn
uniformly for ln| =p. Therefore,
(17.10) Vit i) = V@ + Ly o], aszort =,

uniformly for |y| 8.
Since arg W'(2)20 as x—+ », uniformly in |y| <m/2, there exists an N’
such that for u = N” every curve L,,, |y| <m/2, is representable in the form
v=f,(u), where dfy(u)/du is continuous and approaches 0 as #— - «, uni-
formly for Iyl <w/2. Let u=U(x), "= U(x+1y) and let x be so large that u,
u’'=ZN'" 2 N’,where N’ is so chosen that | dfy(u)/du| <1foruz=N''. Hence (%)

(%) 6*(u, ') =max 6(t) for ¢ between u and #'.
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f“' di

. 001
By Theorem III (b), f¥[0(¢)]-'dt=0(1) and, by the Corollary of Lemma 7,

0*(u, u')/0(u)—1 as u—+ . We find therefore

) = V(z+i9)| =] fu(w) = ()| <| 85— o] < 6*(n, &)

| fu(w) — V(x + i9) | < 6(w) o(1), asu— + o,
unifgrmly in lyl <m/2. Hence we obtain from (17.10)
0(w)
(17.11) folw) = V(x) + —= y + 0[6(w)] asu— + o,
™

uniformly for |y| 8.

Let now an ¢, 0<e<w/8, be assigned. We may apply (17.11) for the par-
ticular value of 3=m/2—e¢. Let the curves L, for y=7/2—eand y= —7/2+¢,
for sufficiently large u, be represented by the equations v =f, (%) and v=f_(u),
respectively. Then it follows from (17.11) that

1 €
Folw) = V(=) + 6) [7 - 7] + oo,

1
Jo) = V(x) + 6(x) [; - 7] + o6

as u—-+ . Addition and subtraction of these expressions give

J+(uw) + f-(u)

V(x) = 5

+ o[6(w)],
(17.12) )
Fol) = () = 0(u) [1 _ —;] + ol6)],

respectively. Substituting 6(#) =¢,(u) —¢_(u) into the second expression we
find

v 2¢
[6+(w) — fr@) ] + [/-(w) — ¢-(w)] = - 8(x) + o[6(w)].
Since each of the summands on the left-hand side is greater than or equal to 0,

2e
0 % ¢u() — fulw) < [-; + o<1>] o(u),

2e
05/ (w) — ¢(w) [; + o(1>] 0(u).

Hence we obtain from the first of the relations (17.12)
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(17.13) V(x) = M;-ﬂﬁ—_(@ + [)\ -z-i + o(l)] 6(u)
for a suitable A, I)\I =<1. Substitution of (17.13) into (17.11) gives
0 2¢
fu(w) = $(d+(w) + ¢-(w)) + L:)—~3' + [—W— A+ 0(1)] 0(u) asu— + o,

uniformly for Iy] =<p. This proves our result in the above stated weaker form,
since it shows that, for all Iy] <8,

0(w)
(718 | ) - v -2 y‘

<[ 2+ ot o < ),
™
for all sufficiently large u, say u=N=N(e; B)=N"'.

b. Using this (weaker) result only we shall prove part (iv) of our theorem
below. Anticipating here part (iv), we can readily prove (16.1) in the com-
plete form, namely that 0[6(x)] in (16.1) holds uniformly for lyl <w/2.

Let ¢, 0<e<m/8, be given. Choose 8=m/2—¢/2 and determine the index
N(e; m/2—€/2) so that (17.14) holds. Let 7/2—e€/2<y<w/2. Then, by part
(iv), there exists an Ni(€) = N such that all points w=wu41if,(u) with «= N,
lie in the exterior of Ss_¢, i.e., either

(/] T
W) + %(7 - ) < S) < $a(u)

or

6(u) g
8- < 1) <9 + 22 (e = ).
Since we assumed 7/2—¢/2<y<w/2 and limy.,/ f,(#) =@+ (), the first in-
equality holds. Similarly, if —7/2<y< —w/24¢/2, the second inequality
holds. Hence, for all « = Ni(e),

6(u)
fo(u) — Y(u) — — y‘ < ef(u) for all I y| < /2.

(iv) Let € be given as stated in the theorem. By (17.14) there exists an
N=N(e/m; @) such that all points w& T, with Rw= N are contained in the
region

() —@a ORI, +-0(%)a 4+ o)

u = N.

€
™ T

This proves that the part of T, which lies in = N is contained in Sai.. In
a similar manner it may be seen that it contains the part of S, within = N.

(v) Relation (16.2) follows immediately from the first of the relations (ii)
and part (iv) if we observe that, for w=W(z), Z'(w) =1/W'(3).
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18. Corollaries of Theorem X. We now prove the following corollaries.

COROLLARY 1. If S is an L-strip with boundary inclination v, l ’yl <w/2at
u=+ o, then parts (iii) and (iv) of Theorem X remain unchanged and parts (ii)
and (v) are to be replaced by the relations

(ii*) limyayw | W (2)| /6(u) = (cos ¥) /m, lim, .., [log | W'(2)| /| 2| =0, uni-
formly in y,

v*) limy.qe [l Z'(w)| 0(u) ]| =m/cos v, wuniformly for w=u-+ivESs,
0<B<m/2, respectively. Moreover, uniformly for wc.S,

v — ¢(u)
6(u)

To prove the corollary we rotate the coordinate system through the angle
v in the positive direction, thus obtaining a new set of coordinates (%, 7),
#+19 =12, where w=¢~i1w. Let, for sufficiently large @, 7=¢4(%) and 5= ¢_(%)
represent C, and C_, respectively. Consider a point C: w=u-+4w&S and let
w=e¢ ""w. Denote the points u-+i¢p_(u), u+ip,(u), in the w-plane, and
%+1i¢_(1%), 4+1i¢p, (@) in the w-plane by A, B, 4, B respectively. In the tri-
angle 4AC, the angles 4 and A approach 7/2 and 7/2—|v| respectively,
and in BBC, the angles B and B approach /2 and 7/2— |v| respectively as
u—~+ o, uniformly with respect to the position of C on 4B. Hence

AC  sin4d 1 BC 1

— —

AC sind  cos v’ BC cos«y

(18.1) Y(w)=7= + o(1) as u— + o,

(18.2) as 4 — + o.

and therefore (0(%) =, (@) —p_(4%))

AB _ o(w)
(18.3) 6(u) = AB=AC+ BC = —— + o(AdB) = —— (1 + o(1))
cos v cos vy

as 4 — + o,

the convergence in (18.2) and (18.3) being uniform with respect to the posi-
tion of C on AB.

Now (ii*) follows immediately if we observe that for W (z) =e~i*W(z) by
Theorem X (ii) and subsequently by (18.3), uniformly for lyl =B:

1 w w’ —
— = lim l;Z)I = lim I-—ﬂ, a4 = RW(z); u = RW(a),
T z—+ o 0(12) z—+ o 0(14) COoSs vy

and that

log | W'(3) | _log | W'(2) |

| 2] |2
To prove now that part (iii) of Theorem X remains unchanged, we note
that in the figure which was used above, AC=v—¢_(u), BC=¢,(u)—v,
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AC=9—¢_(u), BC=¢,(#) —9. From (18.2) we obtain therefore (leaving off
the arguments , )

- 1 —
(18.4) v—¢_ =@ — o) ——+00), ¢+ —v= (¢4 — ) + 0(9),
cos v

cos y
as u— + o, uniformly with respect to the position of C on 4 B. By Theorem X
(iii), there exists an N (independent of y), such that any line A,: y =const.
(|y| <7/2) is mapped by =W (2) onto a curve L, which, for all #=N, can
be represented in the form (¢ =3 [¢,+-]):

i=y¢+—y+o@ as 4 — + o, uniformly for | y| < =/2.
™

Hence, for %= @+ # on L, (#=N), uniformlyfor |y| </2,

ﬁ—$-=§[§+y+o<1>], $+—a=§[§—y+o<1)]

as u— -+ . Substituting these values for #—¢_ and ¢, — ¥ into the first and
second equations of (18.4), respectively and using (18.3) we find that there
exists an N (independent of y) such that any point w=u-+won L, with u =N
satisfies the relations

1.9 s=¢-=2[Zaytom] s-o=2[T-ytom],

as u—+ o, uniformly in |y| <m/2. Subtraction of the second equation in
(18.5) from the first gives

(/]
(18.6) v=y¢ 4+ — 9y + o0(f) as # — + oo, uniformly in Iyl < /2.
™

It may be shown now by use of (18.6) (as in the proof of part (iv) of Theo-
rem X) that the statement of part (iv) remains unchanged in the case of any v,
l'yl <w/2. Part (v¥*) of the corollary follows then from part (ii*) in the same
manner as part (v) of the theorem follows from part (ii).

Finally, (18.1) is obtained by solving (18.6) for y, since for w=u-14v on L,:
Y(w) =t.

COROLLARY 2. Let S be an L-strip with the boundary inclination 7,
lv| <m/2, at u=+ .
(i) If ¥ =0, then for z1=x1+1y1, 22 =x2+1Ys, lxz—xll <M (M=const.),

0(u)

(18.7) U(zs) — Ulz) = (%2 — x1) + 0[0(w)]

w
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uniformly for |y| <w/2 as x1, x2—+ . Here u may be taken equal to any num-

ber between u, and u,.
In particular, if lim, .., 0(u) =0 exists, then (18.7) becomes

(18.7%) U(ze) — U(z) = i (%2 — x1) + o(1).

(ii) If lim supy.q., 0(u) =0%, lim inf,.., 0(x) =04, then, uniformly in
ly| </2,

04 cos? U(z U(z 0* cos?
8.8 7 < imint 79 < tim sup @ LA
™ z—+w x z—+o x ™

Thus, if lim y .4 0(u) =0 exists:

Uz 0 cos? w 0 cos
(18.8%) i J@ Gty @ Y

z—-+teo X ™ z—+w 2 ™

e,

REMARK. In the case that

(18.9) lim ¢.(%) = ¢, lim ¢_(u) = ¢_ exist,

u—+wo u—+ o

both of these parts are known theorems(??).
Proof. (i) Let ;= U(21), ua= U(22), x2=x1. By Theorems III (b) and IV (b)

2 dy
18.10 - f —_ - 1 f —_— s
( ) a+w W = 21 = 7(1 + ) 0()+€3 |
lim ¢,.=0, 2=1,2,3.
zlﬁ+w

By the corollary of Lemma 7, for any u between %; and u,:

[ e - w e,  lm =0
w 60 o T N

Substituting this value of [2[6(¢)]-'d¢ into (18.10) and observing that
| x2— 21| <M, we find (18.7).

(?") In the case that ¢,.—¢_=0>0, (18.7*) has been proved under the less restrictive
hypothesis that S is a region as described in the statement of Carathéodory’s theorem in the
remark of §16, whose boundary curves C, and C_ (which approach the aysmptotes v= ¢, and
v=¢_ respectively) satisfy an additional dition regarding their “oscillation” (“Regulire

Unbewalltheit”). See Wolff [1, p. 217], Warschawski [1, p. 326], Ostrowski [1, p. 117, relation
(21.2)]. For =0, Ostrowski [1, p. 177] proved (18.7*) under the assumption that .S is an
L-strip satisfying (18.9). Compare also Ostrowski’s extension of the first case (6 >0) to regions
with general boundaries [2, pp. 88, 95].—Part (ii) of Corollary 2, under the assumption (18.9)
is due to Ostrowski [1, p. 174, relation (62.1)].
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(ii) Assume first that 4y =0. Then it is sufficient to prove that

(18.11) =< lim inf < lim sup

%
— < —, uniformly for w € S.
™ u—+ o X(W) u—+ oo X('IU) ™
Let €>0 be given. Take u, so large that
s — e =< 0(u) < 0*+ ¢ for u = u,.

By Theorem X (i), uniformly for wES, as u—+ «,

u u u 0(5)
~ = . 9y u]_ < E < u.
X(w) v dt u—u T
w 0(2)
Hence, keeping u, fixed, we have
0x — € u u 0* + ¢
* < lim inf < lim sup = .

Since € is arbitrary this proves (18.11).

If 50, let w=e"irw, W(2) = U(z) +iV(2) =e~"W(2). Moreover, let 8(%)
be defined in the w-plane as 6(x) is in the w-plane. Then, by the part just
proved,

1 _ TU(s Uz 1 _
(18.12) — lim inf 6(%) < lim inf ) < lim sup @ < —lim sup 6(%).

T -+t z—+w X z—+ X e

Now

- - - V(z
U(z) = U(2) cos ¥y — V(z) sin y = U(z) cos 7{1 — ﬁ tan 7}.
U(z)
Here V(2)/TU(2)—0 as x—+ o, uniformly for | yl <w/2. Using this relation
in connection with (18.3) we obtain (18.8) from (18.12).

VI. APPLICATIONS

19. The general result. We shall now apply our results to the study of the
mapping function in a neighborhood of a finite boundary point w, of a region
boundeéd by a closed Jordan curve. First we derive from our results a theorem
which deals with a certain general boundary configuration and then apply
it to various special cases.

(a) Let R be the interior of a closed Jordan curve T in the w-plane and
let w=0 be on I'. Suppose that in a neighborhood of w=0, say |w| <a, T con-
sists of two arcs I'y and I'_ which are represented in polar coordinates in the
form

¢ = q>+(P)v ¢ = q>—(F’)r
0<p=a q)+(p) < q:'—(P)r
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respectively, the functions ®,(p), $_(p) being continuous in the interval
0<p=a. The region

0<p<a 2.(p) <9¢ < 2(p)

is contained in R. We set O(p)=®_(p) — P, (p) and ¥(p) =1[P_(p)+ P, (p)].

Suppose that ®,(p) and ®_(p) are absolutely continuous in any closed in-
terval within 0 <p <a and that p[d®,(p)/dp]| and p[dP_(p)/dp), which exist for
0<p=a except possibly for a set of measure 0, approach the same limit, tan 7,
l'yl <m/2,as p—0.

Finally, let { =¢(w) map R conformally onto the circle |§‘—1| <1 in such
a manner that w=0 corresponds to {=0 and let w=w({) denote its inverse
function.

(b) Logarithmic transformation of R by means of the function(?8)
w=log (1/w) and of the circle |§‘—1| <1 by means of z=log [(2—{)/¢] gives
at once the following results:

THEOREM XI(A). Under the above stated hypotheses we have(?®):
(i) If ¥=0, then for any branch of log ¢(w), |w| =p, uniformly in R,

. log ¢(«)
Iim———mmm = — 17

0 f" dr
I3 "@(")
(ii) Uniformly in any angle larg ¢ ] <B<7/2, as {—0,

)] e
() l T
$

. o] = o

(iii) Amny circular arc \,, t fixed, ltl <m/2: {arg {(2—§')/§‘} =t, l;’—ll <1 }
is mapped by w(¢) onto a curve 1, which in a neighborhood of w=0 is represent-
able in the form

¢=‘P(p)—9@t+0[9(/3)] asp—0,

iy
uniformly for ltl <w/2.

(?®) R is transformed by w=log 1/w into an L-strip S whose boundary curves C, and C_
are given by the equations v=¢,(u) = —&,.(¢™), v=¢_(u) = — &_(e™™), respectively. To see
that C, (and similarly C_) has an L-tangent at # =+ «, one only has to note that

- 1 P2 d@. t: P2 d
D+(t) — b)) _ J’ = — (L4 o) an v f*_g
Uz — uy — wmJ, dp Uz — thvp, p
I — 1
=—(1+e)tan'yM=(1+e)tan'y,
o —

where ¢—0 as p;, p2—0.
(#) Part (A) follows from Theorem X and Corollary 1 of this theorem.
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(iv) Let o, denote the region within | &— 1] <1 which is bounded by the two
circular arcs arg {(2—{)/¢} =a and arg {@=0/t}=—a, 0<a<n/2, let 7.
be its image in the w-plane by means of w({), and let sg (0<B<m/2) denote the
region {0<p<a, |¢—T(p)| =(B/7)0(0)}.

If0<ate<w/2, €>0, then there exists an r =r(€; ) such that the part of 7o
which lies in 0 <p <7 contains that part of s.—. which is in p <r and is contained

1:” Sa+te-
(v). Uniformly in any region ss, 0<p<w/2,
| ¢ @) | u
~ as | wl =p—0.
¢(w) O(p) cos v
w
(vi) Uniformly in R, for w=pe‘,
4
(19.1) arg {{w) =7 f——gp—) + o(1) as w— 0.
6(p)

THEOREM XI (B). If in addition to the hypotheses stated in §19 (a),
p[df1>+(p) /dp] and pld®_(p)/dp] are continuous for 0<p =<a and the integrals

a a a ’2
.2 [ laeeen], [ laeelenl, [ dp comerge,
p=0 p=0 0 ®(P)
then there exists a constant ¢ >0 such that, for w=pe?,
¢ 14 (r¥'(r))? ¢ — ¥(p)
(19.3) |¢w)| =ce {— f —————dr 4+ 7——— tan +o(l)}
@l =ce =), o0 e 7

as w—0 in any way at all in R(°).
(c) REMARK. If T is a curve as described in §19 (a) and if, in addition the
integrals

¢ (d®.\? dp ¢ (d®_\? dp
(19.4) f p(———) —— and f ol — ) —— converge,

0 dp / O(p) 0 dp / O(p)
then v=0(*\) and the integral [,(p¥'*(p)/O(p))dp exists, and therefore by the
corollary of Theorem IV (§7), (19.3) reduces to

dr
r0(r)

(d) COROLLARY. Let R be a region in the w-plane satisfying the hypotheses

(19.5) | ¢(w)| = ¢’ exp {— rfa + o(l)} as w— 0 in R (¢’ = const.).

(3°) Part (B) follows from the corollary to Theorem VIII (§14).
(3!) If v were not 0, the convergence of either of the integrals (19.4) would imply that of
f: [r®(r) ] 'dr, and this integral diverges.
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of §19 (a). If in addition, lim, .o ©(p) =0 exists, then we have(®?):
(i) If y=0, for {1 and &2 in | —1| <1, for which 0<c,<|t1/8| <ea (e, c2

consts.),
9/x

wlts) 1+ 0(1)) as {1, §2—0,

w(1)

uniformly in the circle |{ —1| <1.
(i) As¢—01in |§— 1| <1 in any way at all,

$2

$1

1 0 1
(19.6) Ml_)_ 2 , 08 w(g‘) —_— ei‘y COS 7.
log | g‘i ™ log ¢ T
(iii) As {0 in any angle |arg | Sa<n/2(®),
1 ’
(19.7) igL‘-)—(—r)-l-——)—cosz'y - 1.
log [¢]

We now apply these results to various special cases.

20. Boundary ‘‘elements” with bounded argument oscillation. Let I" be a
curve as described in §19 (a) for which ®,.(p) and ®_(p) are bounded for
0<p=a. Then, necessarily, ¥ =0(*), and the results of §19 hold with v replaced
by 0. We consider the case where

(20.1) lim &,(p) = ¢, and lim ®_(p) = ¢_ exist.
P—0 0

(@) Corners. If 6=¢_—¢ >0, then T' has an L-corner of measure 0 at
w=0 (see §2). In this case parts (ii), (iii) and (vi) of Theorem XI (A) are
known, (ii) has been proved by Ostrowski, even under the weaker hypothesis
that T has a corner at w=0 (and not necessarily an L-corner), and (iii) and
(vi) express the fact that the map is quasi-conformal at w=0. Furthermore,
the results of the corollary for this case as well as those for =0 are due to
Ostrowski (see (27)).

Formulas (19.3) and (19.5) give expressions for the order of magnitude of
I $(w) I . One may ask here, when, in particular, {(w)~cw™® as w—0 tn R+T
(¢ =constant70). This question has received much attention in the recent lit-

(32) For parts (i) and (ii) see Corollary 2 of Theorem X (§18, (18.7*) and (18.8%)).
(3) The relation (19.7) follows from Theorem XI (A), (ii) and (19.6) if one observes that
e
log | '(¥)] = log | w(¥)| — log | ¢| + log [ gcos 7] + o(1)

as¢—0in |arg ¢| Sa<w/2.
() If v were not equal to 0, we would have since (d®,/dp)p—tan v, (p1 <p2),

[ 82 Ltans] o dr
dp 2 P 4

P,

| @4(p2) — ®4(p)| =

for all sufficiently small p, and p;. Keeping p. fixed and letting p;—0, we would find that &, (p)
is not bounded.
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erature, especially for the case § =7 where this means that {(w) possesses a
nonvanishing derivative at w=0. Since by (19.1) lim,.¢arg ({(w)/w*?) exists, it
is sufficient to consider lim,.o |{(w)/w™?|. The remark of §19 (c) yields the
following result which does not even presuppose any assumption regarding the
existence of 1im, .o 0(p) or that of the limits (20.1).

THEOREM XII. If T is a curve as described in §19 (a) and if the integrals
(19.4) converge, then a necessary and sufficient condition that, for some positive 6,
lim,.o |§' (w) /w""| exist for unrestricted approach and be different from O is that

*6 — O(p)
(20.2) f ————dp converge.
o 0

For, we have, uniformly in R,

$(w) , e dr T a T

| = ¢’ exp {—Wj; 00 + r log 7 3 log ¢ + o(l)}
— M { fao_®(') dr + (1)}
= ¢ exp T 00 r+o

as |w| =p—0 (¢’ is a constant different from 0).
Combining this result with (19.1) we find:

THEOREM XIII. If T s a curve as described in §19 (a) and if the integrals
(19.4) converge, then a necessary and sufficient condition in order that for some
0>0, limg.o (§(w)/w*!%) exist for unrestricted approach and be different from 0 is
that the conditions (20.1) and (20.2) be satisfied and that ¢p_—d =0.

The sufficiency of the conditions stated is clear. That (20.2) is necessary
follows from Theorem XII. That (20.1) and the relation ¢_—¢, =0 are
necessary is immediately seen if we observe that arg { ¢/ (@) ]’/"} approaches
a limit as {—0in |§'— 1| <1, and then let {—0, first along the upper and then
along the lower semi-circle of l{— 1| =1.

For 6 = this theorem gives a criterion for the existence of the derivative
of {(w) at a boundary point. Several criteria (sufficient conditions) for the
existence of the angular derivative (i.e., lim;.o (w({)/¢) in any fixed angle
|arg ¢| Sa<w/2) are known which apply to even more general types of re-
gions than those bounded by Jordan curves. (For sufficiently smooth bounda-
ries the existence of the derivatives for unrestricted approach can be inferred
from that of the angular derivative.) The sharpest of these criteria to date is
due to Ahlfors(®*). Since our theorem refers to a smaller class of regions it
obviously does not contain that of Ahlfors(¥). On the other hand, the follow-

(%) Ahlfors [1, p. 36].
(%) However, by use of Theorem XII (B) and a modification of Ahlfors’ proof of his cri-
terion, one may obtain a sharper criterion for the existence of the angular derivative.
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ing example shows that it also is not contained in Ahlfors’ result: Let I' be a
closed Jordan curve through w=0 and let, in a neighborhood of w=0
(0=p=a), T consist of the two branches I'y and I'_ represented by

= @,() = — % +61(p), ¢ = d_(p) = g + 8(p), 8:(p) > 0, lim 8:(p) = O,

p—0

where [ [8:(p)/pldp is divergent (i=1, 2), [*{]81(p) —82(p)| /p}dp conver-
gent, pd/ (p) continuous, p(8/ (p))? integrable, 0= p=a. It is easily seen that
the hypotheses of Theorem X111 are satisfied and that therefore lim, ¢ [ (w) /w]
exists and does not equal 0. However, one of the conditions of Ahlfors’ cri-
terion is not satisfied. Suppose I' is mapped by the function w=Ilog (1/w)
onto a strip. The images C; and C_ of Ty and I'_ are represented by the
equations

™ ™
v =¢4(u) = 2 d1(e™), v=¢_(u) = — 5 da(e™™),

respectively. Then (in Ahlfors’ notation [1, p. 36]) the series D, ,m, does
not converge. For, if vk<u < (v+1)k are the intervals for which the m, are
formed, then

n n O+ k (nt+1)k
B m, = di(e*)du = f di(e)du — +
=1 k

k=1%Y vk

as n— . However, the convergence of this series is one of the conditions of
his criterion.
A corollary of Theorem XIII is the following

THEOREM XIV. Let T be a closed Jordan curve through =0 which has an
L-corner of measure 0 at w=0, formed by the two branches Ty and T'_. Suppose
that the angles of inclination of the tangents to T'y and T'_, considered as func-
tions of p, are of bounded variation in a neighborhood of w=0, 0= p=a. Let { (w)
be defined as in §19 (a). Then, a necessary and sufficient condition that
lim,.o ({(w)/w™®) exist and be different from zero is that the integral (20.2)
converge. (P1(p), P_(p) and O(p) in (20.2) are defined as in §19 (a).)

Proof. We represent I'y and I'_ in the form ¢ =®.(p) and ¢ =P_(p) re-
spectively, 0=<p=a, and show first that the integrals (19.4) converge. Let
7.(p) denote the angle of inclination of the tangent to I'; at w= pe!®+® (if the
tangent exists), 7,(p) being so chosen that lim,.o 7, (p) =¢; (see (20.1)). As
is well known,

I2:0) _ o [rale) — 82(0)].

dp
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To prove the convergence of the first integral in (19.4) it is sufficient to show
that

e ad.
(20.3) L[mm—@wl

+(p)
dp converges.
dp

Integration by parts gives (0 <e<a)

a dq, a
f[u—m];¢=—f(mw—mMM»—mm]
€ P p=€

4 (@4(0) — 6)(ra(p) — B4(0) |
= — [7 @ - 0ims0o

[T (@) = 62[8406) — 041 + M 0,

where M(¢, a) is continuous at e=0. Since 7, (p) is of bounded variation and
&, (p) is continuous for 0 < p =Za, the first of the last two integrals converges
as e—0. The second of these integrals has the value [$(®;(p) —¢4+)%]? and it
approaches, therefore, a finite limit as e—0. This proves (20.3).

Similarly it is shown that the second integral in (19.4) converges and
Theorem XIV follows now from Theorem XIII.

(b) Cusps. Suppose now that I' has an L-cusp at w=0. Our main results
here are the formulas (19.3), with ¥ =0, and (19.5) which give asymptotic ex-
pressions for |§‘(w)|. Parts (iii) and (vi) of Theorem XI (A) take the place
of the quasi-conformality in the case of a corner. Part (ii) of this theorem
(with ¥=0) is an extension of Ostrowski’s result which states that under the
weaker assumption that I' has a cusp at w =0 (and not necessarily an L-cusp),
lim;.o [w'(€)/(@(®)/¢)] =0, in any fixed angle |arg g[ <B<m/2 (cf. the remark
to Theorem X, §16). Similarly, part (i) of Theorem XI (A) can be considered
as a sharper form of (19.6), since it gives the order of magnitude of log | ()]
while (19.6) merely states that (log l ;‘(w)l /log lwl )—+ © as w—0. The re-
sults of the corollary are due to Ostrowski (see (*7)).

ExaMpLE. It might be of some interest to apply our results to a cusp
formed by two arcs I'y and I'_ which have “finite order of contact.” T'y and T'—
are represented in Cartesian coordinates (£, 7) by the equations

(20.4) 7= [a+ )¢, 7= [b+ &) ]em, 0<¢s k.

Here a, b, n, m are any real numbers, n2m>1; if n>m then >0, if n=m,
b>a; €(£), 8(£) have continuous first derivatives, 0= ¢=< £, and approach 0
with &. It is clear that I'y and I'_ form an L-cusp so that Theorem XI (A)
holds. We examine, therefore, the possibility of applying part (B).
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We introduce polar coordinates about w=0. Using p as parameter and

writing ¢ =®,(p) on 'y and ¢ =P_(p) on I'_ we cbtain from (20.4), p >0,

(20.5) psin ®,(p) = [a+ (&) ]o™ cos™ ®.(p), psin ®_(p) = [6+ () o™ cos™ &_(p).

Hence

sin [®_(p) — ®4(p)] =p™{(b+8) cos™ &_ cos &, — (a+e€)p™ ™ cos™ & cos d_}.

Thus we find

Op) = d_ — &, ~bp™! if n>m; Olp) ~ (b — a)p™! if n=nm,

as p—0. Furthermore, differentiation of the first relation of (20.5) with re-
spect to p gives

ad,
cos ®4(p) —— = (2 + I(n — e {1 + o(1)} as p— 0,
P
so that
p (d2y )2
—(——) = 0(p™?) as p — 0,
®(p)< dp :
and similarly
p (dcb_ )2 06om?)
—_—— ) = p™2),
B(p) \ dp

Hence the conditions (19.4) of the remark of §19 (c) are satisfied and there-
fore (19.5) holds.

21. Boundary ‘‘elements’” with unbounded argument oscillation. Sup-
pose that T' is a curve as described in §19 (a) and that lim,., ®.(p) and
lim,.o ®_(p) are both 4+ « (or — »). In this case I'y and I'— are two “con-
current” spirals having w=0 as an asymptotic point. Our results of §19 de-
scribed the behavior of {(w) and {’(w) as w approaches the asymptotic point.

However, our methods still apply to a case not included in §19, in -which
p(d®,/dp) and p(dP_/dp) both approach + » (or — »). This case is con-
tained in the following more general configuration.

Let R be a simply-connected (single-sheeted) region whose boundary con-
sists of the spirals

Tyt p=pi(d), T-: p=pL(9), $0=¢ < o,

and of a Jordan arc connecting the end points (¢o, pi+(¢o)) of Ty and
(0, p—(po)) of T'_. It is assumed that p,(¢) and p_(¢) are positive and ab-
solutely continuous in any interval ¢o<¢ <¢1< =, and that (1/p,(¢))dp,/d¢
and (1/p—(¢))dp_/dp which exist for almost all ¢ ¢, both approach the limit
—tan vy, l'y| <m/2 as ¢— . The region

(21.1) $o<¢ <o, pd) <p<p(e)
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is contained in R. We set

1 1 1 1 1
O(p) =1 -1 , =—]1 1 .
@ =log oy 18 gy YO =7 [°g or(e) 18 ,,_(.,,)]

There exists a function {(w) which maps R conformally onto the circle
l§—1| <1 in such a manner that lim {(w) =0 as arg w—+ «, w being in the
region (21.1). The inverse function of {(w) will again be denoted by w({).

The function w=u+iv=1log (1/w)=1log (1/p)+¢ maps R onto an
L-strip S in the w-plane with the boundary inclination vy at ¥ =+ . We map
the circle |¢— 1k<1 onto the strip |y| <m/2 by means of the function
z=log {(2—{)/;‘ (2=0, when { =1). In this way we have again reduced our
problem to that of a strip. We can carry over all our theorems on L-strips
thus obtaining results on {(w) and w({) as arg w—+ « for w in (21.1) and
¢—0in [¢—1] <1.

To apply Theorem IX and to obtain the analogue of Theorem XI (B) we

assume here that the integrals
™ 4 o i © @2
f i (P+(¢) ) l’ f J (P (¢) >[ ’ (¢) ds
$=b0 p+() $=00 p—(4) s O(¢)

converge. There is no difficulty in actually writing out the results obtained
for this case.
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