LEBESGUE THEORY ON A BOOLEAN ALGEBRA

BY
JOHN M. H. OLMSTED

INTRODUCTION AND DEFINITIONS

Associated with a real-valued point function everywhere finite is the set-
valued function

E(a) = gLf(x) > al.

The function E(a) in turn determines f(x):
f2) = sup E[x € E(@)].

A necessary and sufficient set of conditions that a function, E(a), from real
numbers to subsets of a set .S, be associated, as above, with a real-valued point
function everywhere finite is

1. E(@) lasat;

2. Y a E(—n) =S, ]I E(n)=0;

3. 2y E(a+1/n) = E(a) for every c.

It is possible, therefore, to consider f(x) and E(a) as different aspects of
the same function, one more natural for algebraic combinations of functions,

and the other receiving emphasis in a theory of integration. However, one
may restrict oneself entirely to the second aspect. For example, if

A(a) = E[f(x) > al,
B(a) = Elg(x) > a],

C(a) = E[f(®) + g(2) > @],
then

Cla) = Zp: I1[4®, Bla - 8]

where the summation is formed with respect to any dense set of real num-
bers 8.

This fact frees us altogether from the point aspect of functions and en-
ables us to extend our attention to functions whose values are elements of a
Boolean algebra and which cannot in general be regarded as point functions.
If there is a measure function we may have “almost everywhere” instead of
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“everywhere” finite, and consider the new Boolean algebra of equivalence
classes of elements differing by elements of measure zero.

Chapters one and two deal with algebraic manipulations of functions and
extensions of partially ordered linear spaces with element 1 as defined by
Freudenthal [1](!). It is proved that any such space can be extended to a
partially ordered space of the same type which is also a ring, the multiplica-
tive unit of which is the element 1. Spaces analogous to the space M of
bounded measurable functions and, in the case of a measure on the Boolean
algebra, to the Lebesgue L? spaces are treated in Chapters three and four. In
Chapter five the notions of absolute continuity, indefinite integral, and de-
rivative are studied. It is shown that in terms of these concepts the Nikodym
theorem (cf. Saks [2, chap. 1, §14]) concerning absolutely continuous func-
tions is again available. Chapter six contains remarks on conjugate spaces,
regularity for a partially ordered linear space as defined by Kantorovitch [3],
and spaces of the type defined by Orlicz [4].

Spaces of functions based on a Boolean algebra have been considered from
a different approach by Carathéodory [5]. The present paper rests particu-
larly on the work of Kantorovitch [3] and Freudenthal [1].

Terminology will be in large part that used by Birkhoff in his Lattice
Theory [8]. Definitions given there will not be repeated here. The symbols
V and A will be used to represent the “sup” and “inf,” respectively, of a col-
lection of elements of a lattice. The notation of Kantorovitch, a—=\/(—a, 0),
where a is an element of a vector lattice, will be retained. A vector lattice will
also be called a K-space (Kantorovitch space). If a vector lattice has an ele-
ment 1, that is, an element 1 >0 with the property that

A 1) =0>a =0,

it will also be called an F-space (Freudenthal space). Real numbers will in
general be denoted by Greek letters, integers generally by m, n. The letters,
2, g will also on occasion be used for real numbers, generally = 1. Latin letters
will generally be reserved for elements of a lattice. We shall frequently write
f(®) to mean the function f(£) itself rather than its value at a point &. It will
be also convenient to denote the function by the single letter f if there is no
danger of confusion.

Throughout this paper the following fact holds. If the Boolean algebra
under consideration is an algebra of point sets (cf. Stone [6], Wecken[7]),
the theory reduces to the classical case.

I. THE sPACE

NOTATION. Let B be a a-complete Boolean algebra. Denote by Q the set of all
Sfunctions, f(at), from real numbers to elements of B, satisfying the conditions:

(*) Numbers in brackets indicate references at the end of the paper.
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1. fle) lasaT,

2a. Vaf(a)=1,

2b. Aaf(a) =0,

3. Vesaf(B) =f() for every a.

Remark. Because of the monotoneity condition 1, all \/ and A indicated
exist.

With proper definitions of ordering, addition, and multiplication by real
numbers, the set Q can be regarded as a o-complete F-space. The symbol Q
will be used to designate this space as well as the set of its elements. We shall
now define and discuss the operations in the space .

1. Ordering. We state the following definition.

DEeFINITION. If f(¥) and g(¥) are elements of Q, we define f(¥) <g(¥) to mean
that f(£) =g(£) for every &, (&) =g(¥) to mean that f(£) =g(£) for every &, and
J(&) <g(¥) to mean that f(¥) <g(¥), but f(&) #=g(¥).

Remark. Under this definition, £ becomes a partially ordered set.
THEOREM 1.1. If f,, g EQ, fo =g, then f=\/.fx exists and
1 = Vil@).
If fn, gEQ, fa2 g, then f = N\ .f» exists and

O =V A fale + 1/m).

m=1n

Iffi, -+ -, foEQ, then h=\/(f1, - - -, fn) and f=A\(f1, - - -, fn) exist and
f(E) =N (fx(f): ct rfn(E))°

Proof is omitted.
2. Addition. We state the following definition.

DEFINITION. If f(¥) and g(¥) are elements of Q, we define their sum,
h(E) =f(¥) +g(¥) to be the function

h(§) = \B/ A [78), gt — B) ],

where the “sup” is formed with respect to any countable dense set of real num-
bers B.

To speak of addition as thus defined we must show that the values of A(¥)
are independent of the dense set chosen and that the function so defined be-
longs to Q. Let us first observe that due to the normalization condition 3 a
function in Q is completely determined if its values over a dense set of real
numbers are known. We state two lemmas:
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LEMMA 1. If a, 1 and b. T are two increasing sequences of elements of B,
then
V/\=( Qp,y bn) = /\ (Vamy \/bn)s
Proof is omitted.

LEMMA 2. If h=f4g, as defined above, then for any & the value h(§) is inde-
pendent of the choice of the dense set (3.

To verify this it will be sufficient to show that for any p
V AL®), gt =B 2 A 1), g€ — 0]
)

The left-hand side is greater than or equal to

X A Lf®B), gt =B = V A [18), 2t — 9],

B>p

which by the distributive law for B is equal to
ALV 1), g = 0)] = A [f(0), 8& = 0]

B>p
THEOREM 1.2. If f and gERQ, then h=f+gEQ.

Proof. We shall verify the second of the three conditions.
Ad 2a: Form the sum with respect to a dense set {p}. Then

VVAIfe), g(—n—0]=VVAIlfp), g(—n—p)]
=V [A [f(), V g(— n — p)]]

=VIALG, 1] =1
Ad 2b: We have »

AV A [f(o), g(n — p)]
’ = /} V [V AN [f(P)r g(zn - P)J’ VA [f(P)y g(2n — P)]]

p>n p<n
S AV IVALm 1LV ALL W] = AV [f(), sm)]-
n p©>n p<n n

Because of the monotoneity of f(¥) and g(¥) we can apply Lemma 1. The last
expression above is therefore equal to zero.

THEOREM 1.3. Addition is commutative.
Proof is omitted.

TueoreEM 1.4. Addition is associative.

Proof is based on the associative and distributive laws for B.
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3. Multiplication by real numbers. We give first a definition.
DEFINITION. If >0, g=af is the function
8(8) = f(¢/a).
The function g = —f is given by
g =1—=AN flo)=1—=Nf(—&—1/n).
p<—t n=1
The function g =0=0f is given by
1, £<0,
= 0 =
(0 =00 = {02
If a<0, g=af is the function — [(—a)f].

There is no difficulty in showing in each case that the defined function
belongs to Q.

THEOREM 1.5. 1. a(Bf) = (aB)f, 2. (a+B)f =af +Bf, 3. a(f+g) =af +ag, for

all real numbers, o, B, and for any elements f, g of Q.

Proof. Ad 1: The following statements, from which the general form fol-
lows, are easily proved:

(1) —=(=H=f,

2) —(af) =al(—f), if a>0,
(3) 1-f=f,

@) (=1f=—f,

(5) —(0)=0, where 0=0(¥),

(6) a(0(¥)) =0(¥) for every «,

(7 aBf) =(aB)f, if =0, or if =0,

(8) a(Bf) =(aB)f, if >0, and B>0.

Ad 2: Proof involves such preliminaries as showing that f40=f and that
f+(—=f) =0, for any f. The only one involving any difficulty is the proof that
f+(—f)=0. For any real number £

[f+ =Dl =VALL=A B, f¢—-p]

B<—»p

If £20, there is no difficulty in showing that this expression is equal to zero.
Now let us assume that £ <0, and show that the above expression is equal to 1.
We know that it is greater than or equal to

VA [t = f&/2 - o), f& - 0]

Setting 2a= —§£, >0, and letting p run over the infinite range of values na,
for all integers n (we can add these values to the dense set of p without alter-
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ing the supremum), we see that the expression above is greater than or equal
to

Vi Alf(=n2), 1= f(— (n=Da)],- -,
A [f(= @), 1 = 7O)], A [f(0), 1 = f(e)], - - - ]
=V V I[A (=52, 1= f(— (n—Da)],- -,
A [f((n — D), 1 — f(na)]].

Iterating the relation V [Ala, 1-b), A®, 1—c)]=A(a, 1—c), where
a=b=c, we obtain the result that the last expression above is equal to

Ad 3: Proof is not difficult.

This completes the proof of Theorem 1.5.

It follows immediately from the definition of ordering that a necessary and
sufficient condition that an element f(¥) of @ be =0 is that f(¥) =1 for £<0.
It is now easily proved that if f>0, g>0, >0, then f4+g>0, af >0. Further-
more, if fEQ, then f+E€ Q. It is given by

1, £<0,
/e = {f(z), £20.

THEOREM 1.6. The space Q is a o-complete F-space.

Proof. We have only to show that there exists an element 1&Q. Such an
element is the function
1, £<1,

ua={Q£gL

Corresponding to any element a of B we define the function a(¥):

1, £<0,
a(£)={a,0_s_£<l,
0,1=<¢

If a is the element 0 or 1 of the Boolean algebra, the corresponding function
is the element 0 or 1, previously defined, of the space Q. In case there is no
danger of confusion, we shall use a to denote the function itself. We shall
borrow a term from real variable theory and call these functions “character-
istic functions.”

DEFINITION. Two elements, a and b, of a Boolean algebra are “disjoint” if
N (a, b) =0. Two elements a and b, of a vector lattice are “disjoint” if A\ (| al , | b| )
=0.
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RING PROPERTY OF

The space © bears a closer resemblance to a space of point functions than
the general o-complete F-space, for it admits the introduction of a multiplica-
tion and a raising of positive elements to powers, satisfying the usual laws.

NoTtAaTION. We denote by Qt the elements of Q which are =0.

DEFINITION. If f and g are elements of Q*, we define their product, h=fg, to
be the function

1, £<0,
Vs [f(0), 8(/0)], £ 20,

where the least upper bound is formed with respect to any countable set of points,
p, dense in the set of positive real numbers.

e - {

As in the case of sums, the values of £(£) are independent of the dense set
chosen. Similarly we have

THEOREM 1.7. If f, gEQ*, then fgEQt.

Proof is omitted.
Let us observe that if f=0, g =0, then a necessary and sufficient condition
that fg =0 is that A(f, g) =0, that is,

A[f(0), g(0)]=0.
DEFINITION. If fEQ* and if p is a positive real number, then g =f? is defined:
_ 1, §¢<0,
60 = {f(z"p), £z 0.

We now state the following theorem about functions €Q+:

TueoreM 1.8. 1. fg=gf, 2. (fe)h=f(gh), 3. f(g+k)=fg+fh, 4. f0=0,
5.f-1=f, 6. if a>0, (af)(g) =a(fg), 7. frf1=f7*9, for p>0, ¢>0, 8. frgr = (fg)?,
for >0, 9. if fg=0, then (f+g)?=f7+g?, 10. a?=a, for p>0, 11. \/[f>, g7]
=V 21 Al e?]= A )17, for p>0,12. Va(f2) = (\Vofa)?, for p>0.

Proof is omitted.

DEFINITION. For arbitrary elements of 2 we define
fe=rf¢"+ ¢ —frg—fe"

Lemma. (f)t=ftgt+f¢", (fo)~=ftg~+f¢*

Proof. The statement of the lemma is equivalent to stating

N (fret+ g fre+fgh) =0,
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which is equivalent to saying
(frer+ fe)(ffre +/gh) =0,
and by the distributive, associative, and commutative laws this is true be-
cause ftf~=gtg—=0.
We are now in a position to state a theorem regarding multiplication of
arbitrary elements of Q:

THEOREM 1.9. 1. fg=gf, 2. (fo)h=f(gh), 3. f(g+h)=fg+fh, 4. f-0=0,
5.f-1=£, 6. (aNg=a(fe), 7. |fe| =|f] -|e|. 8. |af| =]l -|f].
Proof is omittéd.
DEFINITION. If f =0, we define
_ 1, £ <0,
18 = {/\ [f®), a], £ 2 0.

For arbitrary fEQ, we define
fa= (f+)a - (f_)ao
One could now prove such statements as the following:
(fa={f)*; (f+2a=fatga; (fa)s=(fo)a =faw.ty; (fg)ﬂ =fofa;

if =20, fa=\Va/A(f, na). Results of this nature will be used after the notion of
integral has been introduced.

DEFINITION. A function f(¥) is “bounded above” if there exists an o such that
f(e) =0; f(¥) is “bounded below” if there exists a B such that f(B)=1; f(¥) is
“bounded” if it is bounded above and bounded below.

DEFINITION. 4 simple function is one which takes on only a finite number of
values. A super-simple function is a simple function which is greater than or
equal to zero and which takes on at most one value other than 0 and 1.

THEOREM 1.10. Any positive simple function can be represented as a sum
of disjoint super-simple functions. Any simple function can be represented as a
linear combination of disjoint “characteristic functions.”

Proof. We prove the first part. Let the given positive simple function be
1, £<0,
a, 0=t<a,
SE) =4 « o - e . ,
Uy an-1 = & < a,

0, an < &
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Define
1, £ <0,
as, 0=¢t<ay 1, £E<0,
wE) = - , W) ={a1—a 0SS ¢t<a,
Qny, an1 S £ < an, 0, ar < §;
0, a,=§

and v(¥) =u(¥)+1(%). Then
t(E)’ A [a21 t(E - a2)]9 t e ' » N\ [am t(‘e - an)]v
u(§), N\ [“(f - a1), 61 — 02],

and by direct comparison v(£) =s(£) for all £ Therefore a positive function
with at most #-+2 values can be represented as the sum of a positive function
with at most #+1 values and a super-simple function, for any positive in-
teger n. Induction completes the proof.

Given any two simple functions, s and ¢, we may write them as linear com-
binations of the same characteristic functions, that is, in the form

s=aia1+ - + anda, t=pHe1+ - + Baa.
Using the distributive laws, we can now write:
s+t=(aa+ B+ -+ + (an + Bn)an,
st = (aBr)ar + - - - + (aaBn)@a.

THEOREM 1.11. The simple functions of Q form an F-space possessing the
ring property.

o) = V{

Proof is omitted.
Since Q is a o-complete vector lattice it admits the introduction of a limit
(cf. Birkhoff [8, chap. 2]), with respect to which we can state:

THEOREM 1.12. The space of simple functions is dense, in the sense of this
limit, in the space .

Proof. Suppose f20. Take any countable dense set of positive real num-
bers, p., and letting 0<p:1< - - - <B, be the rearrangement of p;, - - -, pa
according to magnitude, define

1, £§<0,
f(Bl): 0 é E < Blv

f(Ba)y Bn-1 = & < B
0, B = &
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Then f, is an increasing sequence of simple functions and

V f2(&) =V f(p) = f(¥).
n >E
Finally, if f is an arbitrary function €, write f=f+*—f—, and let \/ g, =f",
Vahn=f", fa=gn—hs. Then f, is a simple function, and

lim f, = lim g, — lim k, = f+ — f~ = f.

THEOREM 1.13. Let f, gEQ*, and let s, and t. be simple functions €Q+. If
sa Tfitn 1 g, then sp+tn T f+gand sita 1 fg.

Proof. The first statement is proved by Birkhoff [8, p. 112]. The second
statement of the theorem follows from Lemma 1 preceding Theorem 1.2.

II. EXTENSIONS OF SPACES WITH ELEMENT 1

Let F be a o-complete vector lattice with element 1. As proved by
Freudenthal [1], there is a subset B of elements of F, between 0 and 1, which
form a o-complete Boolean algebra, where the partial ordering of B is the
same as that of F. The subset B is defined as follows: an element ¢ of F be-
longs to B if

A, 1—¢ =0

To an arbitrary element a of F can be made to correspond an element of B,
namely the greatest lower bound of all elements of B which are greater than
or equal to A(1, a). This “inf” exists, since it can be computed as the count-
able “sup:”

e(a) = ; A [(na)*, 1].
nm=l

The following relation holds for any element a of F: e(a) +e(—a) <1.
Now let ¢ be a fixed element of F. Then there is defined the function from
real numbers to elements of B:

fla) = ea = e(c — a).

Freudenthal proves that ¢ not only determines the function f(e), but that if
f(a) is given by an element ¢, it in turn determines ¢, by a Lebesgue-Stieltjes
integral representation. v

Let @ be the space of functions, as defined in Chapter I, determined by B.
Considering { as a set of functions, we have

THEOREM 2.1. If ¢cEF, and f(a) =e(c—a), then f(a) EQ.

Proof. We prove part two, observing first that the bounds indicated exist
because of the monotoneity of f(a).




174 J. M. H. OLMSTED [January

Ad 2b: We establish first the inequality A(mc—mn, n) <c, where ¢ =0,
and m and 7 are integers =0. Represent the left side of the inequality by «x.
Then x=n, and therefore —mn<—mx. Also x<mc—mn and therefore
x<mc—mx. That is, (m4+1)x =mc = (m+1)c, or x=c, as was to be proved.
Now, since 0 =Z¢,

V [A (mc — mn, n), 0] < ¢,
or, by the distributive law for F,

A [V (mc — mn, 0). n1 < c.
Therefore for every m and =0

n N [m(c — n)*, 1] = A [mn(c — n)*, n] < ¢,
and so for every n 20
n(o/ N [m(c — n)*, 1] = ne(c — n) < c.
m=1

Therefore for any ¢ and for every integer =0,

ne(c — n) = ne(ct — n) = ct.
Letting e= A,e(c—n), we have ne<c* for every n=0. But this implies that

e=0.
Ad 2a: We state without proof that for any a>0:

e(—c)+elc+a) = 1.

The proof is completed by application of part 2b, since for any positive num-
ber n:e(—c—n)+e(c+2n)=1.

NoTATION. If F is a a-complete F-space, if B is the Boolean algebra associ-
ated with F, and if Qs the space defined in terms of B, then denpte by P the sub-
set of Q consisting of all those functions which arise from elements of F by the
Freudenthal process. We shall denote this relationship:

F— & C Q.

The set ® may be a proper subset of Q. For example, let the original F
be the space L?, p =1, on the unit interval. Then the Boolean algebra, B will
be the algebra of equivalent classes of measurable sets, reduced modulo sets
of measure zero. Let f(x) be a fixed clement of L? (¢E F). Then e, will be the
equivalence class corresponding to

E[f(x) > a].

The space Q will correspond to the space of all measurable functions, and will
be a proper extension of F.
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Our problem now is to study the relation between the operations of the
space F and those of the space Q.

THEOREM 2.2. The space Q is an extension of the space F. That is, the corre-
spondence between the elements of F and ® is an isomorphism with respect to
ordering, “sup,” “inf,” addition, and multiplication by real numbers.

Proof. We shall use the following notation: a, b, ¢, dEF; f, g, h, kEQ}
a—f means that f is the function in ® corresponding to a in F. \/,(a,) is the
V in F. \/.(f.) is the \/ in Q. (Similarly with A, addition, and multiplication
by real numbers.)

LEMMA 1. Ordering is preserved.

If c—f, d—g, then ¢ =d->f=g. From the Freudenthal integral representa-
tion we conclude that f < g->c=d. Combining these statements with the fact
that c =d-<—>f =g, we have

c<d=<>f<yg

LeMMA 2. Suprema correspond. That is, if ca—fn, and if \/ ¢, exists and is
equal to c, then f =\/ .f. exists and

c—f.

Since the ¢, are bounded above in F, and since order is maintained by the
correspondence, the f, are bounded above in ®, and therefore in Q. Therefore
f=\afs exists in Q. It remains to be proved that

V VA Inlea — ), 1] = V A [m(V cn — a)*, 1].

n=1 m=1 m=1

Now

AmNVen—a)th1]l=AmV (Ve —a0),1]
= /\ [m\/ \/ (Cn - a 0)' 1] = /\ [\/m(c,. —a)"‘, 1].

By the distributive law the last expression is equal to

V A [m(ca — a)*, 1],

and proof is completed by application of the associative law.

LeEMMA 3. Finite infima correspond.

It is sufficient to prove this for two elements. With a simplification of the
notation, we wish to show that

AV A (net, 1), V A (nd+, D} =V A [n(A (c, d)*, 1].
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Because of the monotoneity of A(nct, 1) and A(nd*, 1), the left side can be
written VA { NA(nct, 1), N\(ndt, l)}. Application of the distributive law
completes the proof.

LEMMA 4. If c—f, —c—g, then f+g=0.
We wish to prove that for any a
1=V AR(=a*1] 2 AV A [ne+ 1/m)*, 1].
n mm=1l n

The left side is equal to

AA [V @+ 1/50),1].
ne=1
Forany m>0,and n=m:
AV (e+1/n0,1] S AlrV (a+1/m0), 1],
and since the first term | asn T,

ANV @+ 1/n 0, 1] = AA 8V @@+ 1/n,0), 1]

n=1 a>m

<V A [n(e + 1/m)*, 1].

Nl

This is true for every m, and therefore the left side is less than or equal to

AV A [na + 1/my, 1],

M=l nm=l .

LEMMA 5. If a—f, b—g, a+b—h, then h=f+g.
The problem is to show that

V/\{\?/\ [n(a = oy, 1], V A [10 + » — @), 1]}

n=1

S VA [ne+b— o)t 1]
nm=1
This will be accomplished if we can show that for any ¢ and b

A { V A (na*, 1), V A (nb+, 1)} <V A [n(a + b)*+ 1].
=1

ne=1 n=1

Because of the monotoneity of A(nat*, 1) and A(nb*, 1) this relation can
"~ be written
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\"} A [(na)+, (nb)*, 1] = \; A [(na + nb)t, 1].

n=1 na=l
This will be proved if we can show that for any @ and &
A (e, b+, 1) = A [(e + B)*, 1]

This is true since

A (a*, b%) = (e + b)*
Proof of this statement is omitted.
LEMMA 6. The zero elements of F and Q correspond.
Proof is omitted.
LEMMA 7. Negatives of corresponding elements correspond.

Suppose ¢c—f, —c¢—g. Then by Lemma 4, f4+g=0. But ¢+ (—c) =0—0,
and by Lemma 4, 0=f+g. Therefore f+g=0, or —c——f.

LEMMA 8. Sums of corresponding elements correspond.
Let a—f, b—g, a+b—hk. Then by Lemma 7,

—ae—>—fi,—bo>—g —a+(—-b=—(a+b—>—h
Therefore by Lemma 5, h2f+g, and —h2(—f)+(—g)=—(f+g), so that
h=f+g.

LEMMA 9. Infima correspond.

Suppose ¢,—f». Then —c,— —f.. Consequently
V(=¢)—V ("fn)

and

/\(Cn)= _V(_Cn)"')_\/("‘fn):/\(fn)-

LeEMMA 10. Multiplication by real numbers maintains correspondence.

Because of Lemma 7, and because multiplication by zero has already been
considered, we need prove this only for positive numbers. But this is simple
routine verification.

This completes the proof of Theorem 2.2.

If we apply the Freudenthal method of extracting a Boolean algebra from
a g-complete F-space to the space 2, we shall obtain precisely the character-
istic functions. Therefore if we construct the space @ a second time, we ob-
tain no further extension. The space @ is a maximal extension.
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We have already seen that the zero elements of the spaces F and Q corre-
spond. The same is true of the elements 1. In fact, we-can state

THEOREM 2.3. The correspondence between the elements of the Boolean alge-
bra B and the ckaracteristic functions of Q coincides with the correspondence be-
tween the elements of F and those of .

Proof is omitted.
Our statement regarding a maximal extension for any g-complete F-space
can now be worded:

THEOREM 2.4. All spaces with the same Boolean algebra possess a common
exiension having the same Boolean algebra.

Freudenthal [1] states without proof that if B is a o-complete Boolean
algebra, then a ¢-complete F-space can be constructed having B as its Boolean
algebra. The statement is not made in terms of maximal extension, nor is the
ring property mentioned, although a space having the properties of @ was
undoubtedly intended. Whether the construction of this space was to be simi-
lar to the present one, or more on the order of that of Carathéodory, we do
not know.

III. THE SPACE M OF BOUNDED FUNCTIONS

We consider in this chapter the analogue of the space of bounded measur-
able functions. It is easy to see that if Q is a -complete F-space then the sub-
space M of bounded functions is also a o-complete F-space. But it is also a
complete normed space. We introduce a norm first for the elements of M+.

DEFINITION. If fE M*, ||f]| =l.u.b. {a} where f(a) >0.

Lemua. 1. [[0]] =0. If £>0,||f]| >0. 2. Ifo<f =g, ||fll <lell. 3. If f 20, 2 20,
then ||af]| =<l|fl]. 4. If f, €20, then ||f+| <If]l +]el-

Proof is omitted.
DEFINITION. For arbitrary fEM, ||f|| =|||7]]|-
THEOREM 3.1. The space M is normed.

Proof. 1. [|ff| 20. [|f]] =0<—>s=0. 2. |f+gl| <[Ifl| +]¢]
and the second is true by the lemma above and because

. The first is trivial
ftel =17 +el.

THEOREM 3.2. The space M is complete.

Proof. We first establish a lemma, using the notation f,—°f to represent
(0)-convergence (cf. Birkhoff [8, chap. 2, §36]).

LEMMA. If f. is a sequence of elements of M+ such that (1) f.—°0, (2)
[|fn=Full =0, then

172l =0
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Proof of Lemma. By the assumption (2) above, given any 8>0, we can
find an N such that for n, m = N,

(h= 106 =V A1) 1 =AJul= 8+ = 1/p)] = 0.
» p=1
Because of the monotoneity of f.(—B8+p—1/p) as a function of p,
Nfn(=B+p—1/p) = N fu(—B+p—1/p) = fu(— 28+ p),
p=1 »>1/8

and therefore for any p

A [fa(p), 1 = fu(= 28+ p)] = 0.

In particular we may choose p =38, in which case we can state that for all
n, mZ N, A[f2(38), 1 —fx(8) ] =0. Therefore

VA G 1= @) = Al 1= AL | =0
m>N m>N

But since Anm>yfm(8) =0 by condition (1), f.(38) =0 for all n= N, and there-
fore ||f.|| 0.

Before completing the proof of Theorem 3.2 we remark that, for an arbi-
trary sequence f, of elements of M,

[£all = 0> fa—>°0

but the reverse implication is not true.
Assuming we have a sequence f, of elements of M such that

7 = 7all =0,
we wish to find an f in M such that

If = 7l —o0.
Following the remark above, we can state that

fo— fa—°0,

and therefore, as proved by Kantorovitch [3], there exists an element f of M
such that

f—fa—°0.
We shall prove that

”f - fn“ —0.

Let F,=f.—f. Then | F,| —°0. And, since | Fo—Fn| Z|| Fa| = | Ful |, we
have
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1) I FnI —° 0,
(@) ||| Fal = | Ful[| 0.
Therefore, by the preceding lemma,

I EI1 = l1#all = £ = Al > 0.

This completes the proof of Theorem 3.2.

We have seen that convergence according to ordering does not imply con-
vergence according to the norm. Furthermore the space M need not be regu-
lar (cf. Kantorovitch [3]). For example, the space of bounded measurable
functions on the unit interval is not regular.

IV. THE A? SPACES

In this chapter we shall be concerned with a Boolean algebra B with a
completely additive bounded measure.

DEFINITION, A Boolean algebra of type B, is a a-complete Boolean algebra B
with a real-valued (measure) function u(a) defined for every element a of B and
such that
0=u(a) =1 for every a of B,

u(a) =0<€>a=0,

w(1)=1,

if A(a, ) =0, uV (a, b) =u(a)+nu(d),
if an | O,pa, | O.

Remarks. 1. Ifa, | a,pa, | wa;if a, T a,pa, T ua.2. If (a;, as, - - - ) is any
non-empty countable set of elements of B, then

vV (a1, az - -+ ) S p(ar) + plas) + - - - .

If the elements are pairwise disjoint we have equality.

[ B R

THEOREM 4.1. A Boolean algebra B bf type B, is complete. In fact, if F is
any subset of B, then there is a countable subset F'C F such that \/(F') =\/(F).

Proof is given by Wecken [7].

In this section we construct spaces similar to the Lebesgue L? spaces and
belonging to the class of what Kantorovitch [3] calls spaces of type Bs, which
we shall call normed K-spaces. They are defined:

DEFINITION. A normed K-space is a a-complete K-space K with a norm || f”
satisfying the following conditions for the elements of K+:
- Jloll =05 ||| >0 if £>0;
N+l = Al +lell
el =allfl| where a>0;
- if £ <g, then||f]| <[lel|
Cif ful O, then ||fall | 054f fa 1 o, then ||fa] T .

U‘bF‘C»N'-
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For arbitrary elements, the norm is given by

Al =7

DEFINITION. A normed F-space is a o-complete F-space, where the element 1
has norm equal to 1.

DEFINITION. A space of type K?(F?), p=1, is a o-complete K-space
(F-space) such that A\(f, g) =0->||f+zl|>=|lfll>+] ll>.

We shall discover a close analogy between spaces of type F? and the
Lebesgue L? spaces. A similar problem, from the axiomatic viewpoint, has
been studied by Bohnenblust.

Let us reverse the direction of investigation for a moment and consider
the Boolean algebra of a space of type F?, p=1, when the latter is given.
Define the function on the elements of B:

u(@) = |d|>.

Then it is easily seen that the Boolean algebra is of type B,.

Returning to the main problem, let B be a Boolean algebra of type B,,
and let Q be the space of functions on B. Let p be any fixed real number =1,
and consider the elements of £+,

DEFINITION. If s is the simple function
s=a181+ ¢+ + andn,

where @;20,7=1,2, - - -, n,and A(as, a;) =0, 1547, then we define its integral:

fsdp, = aqud1 + ¢ -+ + aua,,

and its norm:
) = f o] = latuan - + ],
For an arbitrary fE Qt+ we define the integral:
f fdu = sup { f sdy} for all simple functions s, 0=s=/

If we denote by M7 the set of all fEQ+ such that [frdu< «, we can define
the norm of f, for any f& M?: ‘

i =[ [ rau]”

In order to prove that this norm satisfies the necessary conditions, we
establish a number of lemmas:
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LeMMA 1. If gEMP, 0Sf<g, then fEM? and ||f|| =|g||-

Proof is trivial. In particular, every bounded function of Q* belongs to M»
for every p=1.

LeEMMA 2. If s and t are simple functions, =0, then

f(s+i)dn=fsdu+ftdu,

lls + 4 = llsll + [l4]-

Proof rests on the fact that s and ¢, and therefore s+¢, can be represented
as linear combinations, with non-negative coefficients, of the same set of pair-
wise disjoint characteristic functions. The second relation follows from an ap-
plication of Minkowski's inequality.

In order to extend these relations to arbitrary functions in M7, we prove

Lemma 3. If {s,,} is an increasing sequence of positive simple functions
whose limit s the function f, then

f sndp f fdp,

whether the limit be finite or infinite.

Proof. If s is any simple function such that 0=<s<f, and if >0, we wish

to find an 7z such that
fsndy>f sdp — a.

The method of obtaining # is straightforward.
From this lemma follows immediately:

LeMMA 4. If fEMP, and if 0<s, | f, where s, are simple functions, then

lIsall 1 1I£]]- 4lso
15 = sup {10}

for all simple functions s such that 0 <s <f.

In the proof of Theorem 1.12 an increasing sequence of simple functions
was given having as limit a given function of Q+. From the form of those sim-
ple functions and from Lemma 3 we have

LEMMA 5. If fEQH, then [fdu, finite or infinite, is equal to the least upper
bound of sums of the form:

af(en) + (a2 — a)uf(ag) + - - - + (o — an-1)uf(an),

where 0San < - - - Sa,.
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Similarly we have

LemMA 6. If f& M?, then H f”P is equal to the least upper bound of sums of
the form:

atuf(e) + - - - + (an — an_Duf(an),

where 0Sau =< - - - S,
THEOREM 4.2. If f, gEMP?, p =1, then f+gE M? and

I+ ell = [I7I + [lell-

Proof. Let 0<s,1f, 0=t,Tg Then 0=Zs.+¢ | f+g and therefore

l[swttall TIf+ell. But [[sateall <[lsall +[2all <[Ill +leli for every . The in-
equality follows.

THEOREM 4.3. If f, gE M, then f+gE M* and ||f+¢|| =1l +]|gl|-

Proof. Let 0<s, Tf, 0=<¢, Tg; and given a>0, choose 7# so that
Jfdu< [s.du+a, [gdu < [t.du+a. Then

f(f+ gdp = f ($n + tn)du > ffdp, -I—fgdy — 2a.
The implied inequality combined with that of the previous theorem, gives the
desired equality.
LemMA. If A(a, b) =0, then

fa € MP, fr & M?P <> fvupn E M?
and

vl = lifdl> + 15l

Proof. We may assume p =1, and proof follows from Theorem 4.3.

TueoreM 4.4. If A(f, g) =0, then f, g& M? if and only if f+g& M», and
llf+ell>=ll7+lell>-

Proof. In the preceding lemma set a =f(0), b =g(0).

DEFINITION. Let A? be the subspace of Q consisting of all f such that | f| € M.
If fEA?, we define the norm of f:

AL =111

If fEAL, we define the integral of f:

f jiw= [ prau— [ rau.

Remarks. 1. M?»=[Ar]+, 2. if 1<p=<gq, A1CA>.
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THEOREM 4.5. If f, gEA!, then f+gEAL, and

[ +oran= [ an+ [ gan.

Proof. Since [f+g| < |fl +|g| f+gEA* Applying the additivity of the
integral for elements of [A!]* to the known equality (f+g)++f—+g =(f+g)~
+f*++g*, and rearranging terms, we have the desired relation:

[o+ora-[u+oa=[ra-[ra+[eu-[cu

We now state the fundamental theorem of this section:
THEOREM 4.6. A? is a space of type F?, p=1.

Proof. 1. If f, g&€EAP, then f+g&AP, since |f+g| <|f| +|g|
fEA?, a real, then afEA®, since |af| =|a||f|; 3. if fEA?, then f+€AP
since f+ =< lfl 4. if f<g=h,f, hEA?, then g&€A>, since |g| sht+f-;5. ”1”

Therefore A? is a g-complete F-space. We now verify the five condltlons
of the definition of a normed K-space.

Ad 1, 2, 3: Already proved, or trivial.

Ad 4: If 0=f<g, then 0 =f?<g?, and therefore

Wz = [ 1< [ o=l

Ad 5: We state without proof the lemma:
LeEMMA. If f,20, g=0 are elements of a vector lattice, and if f. | , then
fam A(fu ) L.

Assume that f, | 0,and that a is any number >0. We can find an N such
that f[fi— A(fi, N) Jdu <a. Then for every 7 [[fa— A(fn, N) Jdu <e. In order
to make [f.du<2a, we wish to find an n such that [A(fa, N)du<a. An n
which will accomplish this will be any one such that

ulfa(a/2)] < a/2N.

Now assume that 0=f, T =, and that |Ifall = M for every n. We shall ob-
tain a contradiction. Define

&) =V fa(®).

Then f(¥) must certainly belong to {, or we easily obtain a contradiction.
Now form the sum, for 0<3; < - - - <B,:

Bf(Br) + - -+ + (Bn — Ba-1)nf(Bn).
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Given a>0, choose &y, - - -, k, such that
slfeB)] > ulf(8)] — a/Bn,

.............

klfea(B)] > wf(B)] — a/Ba.
Letting N=max (ky, - - - , k), we have
ﬂlﬂf(ﬁl) + st + (Bn - Bn—l)l‘f(ﬁn)

is less than

Bilufw(B) + a/Ba] + - - - + (Bn — Bnr) [ufw(Bn) + a/Bn]
< Bufw(B) i - -+ + (Bn — Bat)nfw(Ba) + Biﬁ,. <M+e

Therefore fEA?. (Contradiction.) This completes the proof of Theorem 4.6.
Remark. As proved by Kantorovitch [3], a normed K-space is regular, and
convergence according to the norm is the same as star-convergence. This
statement is therefore true for the A spaces. Let us observe also that the
simple functions are dense, in the sense of the norm, in A? for every p=1.

THEOREM 4.7. Every space of type F?, p =1, is isomorphic to the space AP,
where the basic Boolean algebra of A? is the Boolean algebra of FP.

Proof. We have seen that the Boolean algebra of F? is of type B,, and that
therefore the corresponding spaces @ and A? can be constructed. As proved
in the second chapter, the space F? is isomorphic to a subspace of Q. This sub-
space is precisely the space A?. The isomorphism preserves norm. Details of
the proof are omitted.

V. ABSOLUTE CONTINUITY

In this chapter we shall study the space 4 C of additive absolutely con-
tinuous real-valued functions defined on a Boolean algebra of type B,, and
set up an isomorphism between A C and A

DEFINITION. A real-valued function, £E(a), defined on the elements of a
Boolean algebra B, of type B,, is absolutely continuous if, given any o >0, there
exists a 3>0 such that

wa) < B>|E0)| < a

DEFINITION. The space AC is the space of all additive absolutely continuous
real-valued functions, £(a), defined on the elements of a Boolean algebra B of
type B,, with the usual definitions of addition, multiplication by real numbers,
and ordering.

We shall show that AC is a space of type F! by obtaining an isomorphism
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between AC and A!. First we set up a one-to-one correspondence between
AC+and [A']*.

DEFINITION. We define the integral of a function, fEA', over an element of

the Boolean algebra B:
[ siw= [ guan

DEFINITION: The transformation X is defined by the equation

&a) = X[/(®)]

where fC [A']* and £(a) =[.fdu. The transformation X is an integration opera-
tion. We say that £E(a) is the indefinite integral of f(¥).

THEOREM 5.1. If fE€ [A']*, then X(f)EACH.

Proof. Positiveness and finite additivity are easily verified. Let >0, and
let f =f1+f2, where f1 and f; belong to [A!]*, f1 is bounded by N, and [f:du <a.

Then
ffdu <ff1d;.t+a.

Now, if u(a) < N/a, we have £(a) = [.fdu < 2a.

THEOREM 5.2. Let £(a) EACT and let «=0. Form the set S, consisting of
the zero of B and all a of B such that

0<bd=a>§0) > a uld).
Then S, is a principal ideal. That is, if
a = Ma) =V (Sa)
then a € S..

Proof. 1. If &, ES.., az=a,, then a, € S,. 2. If a,, a:ES,, then \/(a;, az) ES..
3.If a3, @s, - - - €S, then \/(ay, a2, - - - YES,. 4. If QCS,, then V(Q)ES..

Ad 2: We may assume a; and a; to be disjoint. Then if 0<b=Z V (a1, @2),
write b= \/ (b1, bs), where b= A(b, a1), ba= A(b, az). Then £(b1) Zau(b),
£(b2) 2 au(bs), where the strict > relation must hold in at least one case since
not both b, and b; can be zero. Therefore £(b) >au(b).

Ad 4: In a Boolean algebra of type B, any “sup” can be reduced to a
countable one.

DEFINITION. The transformation Y is defined by the equation

1® = Y[t@)]
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where £(a) EACt and
1, &£<0,
V (S, £20.

The transformation Y is a differentiation operation. We say that f(¥) is the de-
rivative of £(a).

THEOREM 5.3. If fE [A']*, then Y[X(f)]=f. That is, the derivative of the
integral of a function f & [A1]* is f.

Proof. Given any o 20, we wish to show:

1. f(a) ES..

2. aES>a=f(a).

Ad 2: Assume there exists an a >0 such.that the inequality a <f(a) does
not hold, 0<b=<a>fsfdu>au(b). But if we take b=a— Ale, f(a)], then
0 <b=a, and therefore [sfdu>au(b). This is absurd since fy(a) = A [b, f(a) ] =0.
The case S,=0is trivial.

THEOREM 5.4. Let £(a) EACH, =0, and let S, be the principal ideal defined
above. If a=\/(S.), N\(a, ¢) =0, then £(c) < au(c).

Proof. Suppose 0<c¢, A(a, ¢) =0, £(c) >au(c). Let 8. | 0.
Let m, be the least upper bound of u(d) for all d <c¢ such that £(d) < au(d).
Then m;>0. Find ¢, such that

f® = {

0<a<ec &)= aul), wule) >m — B

In general let m,>0 be the least upper bound of u(d) for all d such that
d<c—c1— - -+ —cCqa; E(d) =au(d). Pick ¢, such that

0<c,<c—c1— -+ — Cp1,y £(cn) = aulcn), wu(cn) > My —Bn.

Regarding the measures, we must have m, <8,_;, n = 2. For suppose there
is an n such that m, >B,_;. Then find an element b<c—¢;— - - - —¢n_1 such
that u(b) >Bn1 and £(0) Sau(b). Then u(cp1+5) >mu1—PBr1+Ba1="mn1.
But since ¢,_1+b<c—c1— - - - —cCn_g, and E(c,_1+b0) Sau(c.—1+b), we know
that u(c._1+b) <m,_,. (Contradiction.)

Form ¢'=\/,uic.=c. Then by absolute continuity, £(¢’) <au(c’), and
therefore ¢’ <c¢ and £(c—c¢’) >au(c—c’). Therefore there exists a d such that
0<d<c—c’, £&(d) Sau(d).

Now choose an # such that 8, <u(d). Then m, <u(d). Therefore, since
d<c—c— - -+ —cCn, u(d) Em,. (Contradiction.)

THEOREM 5.5. If £(a) EACH, then f(¥)=Y[¢(a) ] € [A]+.

Proof. We shall first verify that f& Q+. It is sufficient to verify parts 1, 2b,
and 3 in the definition of Q.
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Ad 1: If 0=2a<B, SCSa, f(B) <f(a).
Ad 2b: Suppose that for every n=1, 2, - - -

V (S.) 2d>0.

Then dES, for every n, and therefore £(d) >nu(d) for every n. But this is
absurd.
Ad 3: We wish to prove that for any a =0

n\_/lV (Sa+1/n) < v (Sc)

leads to a contradiction. Obviously the right side is >0. Let b,=\/(S.)
=V (Sat1/n). Then b, | 5>0. Therefore £(b) >au(b). Pick an M such that £(b)
> (a+1/M)u(b). Then there exists an N> M such that £(b) > (a+1/M)u(by),
so that £(by) > (a+1/N)u(by). Since A [by, \V (Sas1n) ] =0, the necessary con-
tradiction is provided by Theorem 5.4.

In verifying that f(¥) E[A!]*, we shall prove more. Let a be an ar-
bitrary positive element of B, and, for an arbitrary set of real numbers,
<< - - <a,, form

aw A [a, fla)] + - - - + an — (@t A [a, flan)].
Defining b;= A [a, f(a:)], we can write this sum:
arp(br — bs) + asu(bs — b3) + - - - + aau(bn).
Since b;—biy1 £b: < f(a:), we have £(bi—bi1) Zau(b; —bita), where the equal-
ity holds only if b;=b,,;. Therefore the previous sum is less than or equal to
E(b1 — bo) + £(b2 — b3) + - - - + E(ba—r — ba) + £(ba) = £(b1) = £(a).

Therefore [,fdu= [f.du=<£(a). The proof of the theorem is completed when
we set a=1.
The last inequality above implies the

LeEMMA. If £(a) EACH, then X[V (£(a)) ]| S &£(a).
The inequality can be replaced by an equality:

THEOREM 5.6. If £(a) EACH, then X [Y(£(a)) | =£(a). That is, every addi-
tive absolutely continuous function £(a) =0 is an integral. It is equal to the in-
tegral of its derivative.

Proof. We shall establish this theorem by means of lemmas:

LEMMA 1. If h=f,, and if a=0, then h(a) =\ (Sa.s), where Sa,. s the
set consisting of zero and all positive elements ¢ of B such that c<a, and
0 <b =Zc>£(b) >au(d).

Proof is trivial.
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LEMMA 2. If =0, 820, then
aulh(a) — hla + B)] < £[h(a) — ka + B)] = (a + B)u[k(a) — ka + H)].

Proof. The first inequality follows from the fact that k() —h(a+8) S k().
The second inequality is obvious if A(a+B)=#h(a). Assume h(a+pB) <h(c).
Then 0 <h(a) —h(a+B) Za, A[h(e) —h(a+B), k(@a+pB)] =0, and the inequal-
ity is a consequence of Theorem 5.4.

This result can be restated as

LemMaA 3. If p>0, @20, then for 0SB =p,
0 < ¢[h(a) — k(e + B)] — an[h(a) — ha + B)] = pulh(e) — k(a + B)].

LEMMA 4. Let C=\/(Sa), A=V (Sa,0)=N(a, C). If N(4, b)=0, b<Za,
then £() S au(b).

Proof. Since A(4, b) = Al(a, b, C)= A(b, C)=0, we can apply Theorem
5.4.

LEMMA 5. Given p <0, we can find ay<ae< - - - <o, such that
£0) — [amh(ar) + - - - + (@0 — an)uh(an)] < 3p.
Proof. By Lemma 4, and since %£(0) = \/(Ss..), we have £[a—#(0)] =0, and
therefore we can pick a; such that
&(a) — £[b(a)] <.
Choose N>a; such that £[h(N)]<p, and finally choose oy (as above)
<as< - -+ <ap=N such that a;—a;1<p, 1=2, - - -, n. Then
£@) — [owu(h(er) — klaw)) + - - - + awuh(an)]
= £[e — ha)] + E[A(a) = Bla)] + - - - + E[A(an)]
— am[h(ar) = Ma)] = - -+ — annh(an)
< o+ ole(h(er) — Baw)) + - - - + p(h(an-y) — h(en))] + »
= 20 + plu(h(e) — h(aw))] = 3.

This completes the proof of Theorem 5.6.
We shall now consider arbitrary elements of AC.

THEOREM 5.7. Let £(a) EAC, and let S be the set consisting of zero and all
positive elements a of B such that

0<b=a>&b) >0
Then S is a principal ideal.

Proof. Proof is similar to that of Theorem 5.2.
THEOREM 5.8. If A=\/(S), N(c, A)=0, then £(c) =0.
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Proof is similar to that of Theorem 5 .4.

As before, we can define S, to be the set consisting of all elements of the
form A(e, d) where dES. Then S, is also a principal ideal. We can also es-
tablish the

LEMMA. Let C=\/(S), A=V (Ss)=AN(a, C). If N(4, b)=0, and b=Za,
then £(b) <0.

DEFINITION. Given any £(a) EAC and any a EB, let at=\/(S,). (Then a*
15 a function of £(a) and a.) Define £+(a), £—(a):

Et(a) = &(a*), E(a) = — & — o).

THEOREM 5.9. If £(a) EAC, then £+(a) and £~(a) CAC and £+(a) =/ [£(a),
0(a)], £(a)=V[—£(), 0(a)].

Proof is omitted.

The space AC is therefore a vector lattice.

We proceed now to the establishment of the one-to-one correspondence
between the elements of 4 C and those of Al. We extend the definitions of X
and Y:

DEFINITION. Given any element fEAL, we define
t@) = X(f) = X(fY) — X(/) = §(a) — £(a.
Given any element £E(a) EAC, we define
f® =Y[ga)] =Yg @)] - Y[E@] = /1) — £®.

To prove that the transformations X and Y are inverse, we must show
that £'(a) = £%(a), £2(a) =£(a), f{(¥) =f*(¥), and f2(¥) =f=(¥); in other words,
that

A [E@), @)] = A [f1®), f2(®] = o.

Proof is omitted.

We have therefore a one-to-one correspondence between the elements of
AC and those of Al, and X '=Y, YV"'=X.

The transformation £(a) =X(J) can now be represented in general in the
form:

Ka) = f fau.

THEOREM 5.10. The transformations X and Y preserve addition, ordering,
and multiplication by real numbers. That is, X and Y are additive, homogeneous,
and positive:

X(of + Bg) = aXf+ BXg,  Y(ak + Bp) = a¥E + BY)p,
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f>0>X(@) >0,
ta) > 0> Y[t@)] > o.

Proof. We need prove only: 1. [i(af+Bg)du=af.fdu+B[gdu. 2. f20
> [.fdu =0, for every a. 3. f>0->[,fdu>0, for some a. 4. f not =0->/,fdu<0,
for some a. Details of the proof are omitted.

This completes the proof that AC is a space of type F!, since it is iso-
morphic to Al. Conversely, every space of type F! is isomorphic to a space of
absolutely continuous functions.

Remark. If a is an element of B, then the function of AC which corre-
sponds to the function a of A! is the function

E(b) = ”[/\ (ar b) ]‘

VI. CONCLUDING REMARKS

1. Regularity. Since a given Boolean algebra B determines and is deter-
mined by the corresponding space {2, we may wish to know the conditions
on B corresponding to the regularity conditions on €. A set of necessary and
sufficient conditions is contained in the

DEFINITION. A regular Boolean algebra is a a-complete Boolean algebra B
which satisfies the further conditions:

1. If F is any subset of B, then \/(F) exists, and there is a countable subset
F'C F such that

V (F) =V (F).

2. Ifa, l Oasn ] ,ak| a,as kT o, then there exists a subsequence, ar",
such that

A Var =0
n=1 m=n
3. Ifak(n) | Oask T o, for each m,n and ak(n) | Oasn T =, for each m, k,
then there exists a subsequence, arr(n), such that

0 0 km
AV an (n) =0.
n=1 m=1
Remark. A regular Boolean algebra is obviously complete.

THEOREM 6.1. A necessary and sufficient condition that S2 be regular is that B
be regular.

Proof is omitted.
We state, also without giving the proof:

THEOREM 6.2. A Boolean algebra of type B, is regular.
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We know therefore that the space of measurable functions on the unit in-
terval is regular, while the subspace of bounded functions is not.

2. Conjugate spaces. Riesz[10] has developed the theory of additive func-
tionals defined on a “fundamental domain.” Such a fundamental domain is
given by the positive and zero elements of any vector lattice. Riesz proves,
in different language, that the space of additive functionals, each bounded
above by a positive additive functional, defined on a vector lattice, is a o-com-
plete vector lattice. If the underlying space is o-complete we can restrict
ourselves to linear (continuous) functionals. In this case each functional is
automatically bounded above by a positive linear functional, and we can state

THEOREM 6.3. The space of linear functionals on a o-complete vector lattice
s a complete vector lattice.

Proof is omitted.

The notion of conjugate space becomes particularly interesting to us, be-
cause of the possibility of multiplying elements of @, and because of the
Nikodym theorem, in the case of the A? spaces. Following closely the methods
given by Banach [11] for the L? spaces, we can prove the following theorems:

THEOREM 6.4. (Holder’s inequality.) If fEAP, g€EA9, 1/p+1/q=1, then
feEAL If f, g20, then

f fedu < [ f f’du]l/p[ f g"dp]”q.

THEOREM 6.5. Every linear functional A(f) on A?, p>1, is of the form

) = [ saan
where gEAY, 1/p+1/9=1, and the norm of g in A is
Il = .
THEOREM 6.6. Every linear functional A(f) on A! is of the form
A = [ Jaan
where g & M, the space of bounded functions, and
llgll = [lll.

These theorems apply immediately to any spaces of type F?. Many other
theorems regarding L? spaces, such as those concerned with weak conver-
gence (cf. Banach [11, p. 197]) can be carried over to the A? spaces. Spaces
of the type defined by Orlicz [4] can also be extended to spaces on a Boolean
algebra of type B,.
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