ON MEASURE IN ABSTRACT SETS

BY
DOROTHY MAHARAM

INTRODUCTION

In their paper (') Sur les décompositions dénombrables Banach and Tarski
obtained a result which can be restated as follows:

A necessary and sufficient condition that two Lebesgue measurable, eu-
clidean sets a and a’, shall have equal measure is that there exist null sets
n<a and n’ <a’, such that a—n and a’—n’ are the respective unions of se-
quences of disjoint measurable sets, of which corresponding sets are con-
gruent.

If we then identify sets differing on only a null set, there exists a class of
transformations on the measurable sets such that two sets are of equal meas-
ure if and only if they correspond under some transformation of that class.
Then just as the elementary notion of the volume of an #-dimensional interval
is generalized to that of any measure function on a Borel field, so the equally
elementary notion of equality of volume, defined for these figures by the rela-
tion congruence, can be generalized to the notion of equality of measure de-
fined for some field of sets by a suitable class of transformations. This is done
as follows:

In Part I, we consider a complemented, distributive o-lattice M with a
zero element, and a class ® of ¢-isomorphisms on the principal ideals of M.
The lattice M is to be taken to correspond to a family of measurable sets
modulo the null sets, and ® as a semi-group .of measure-preserving trans-
formations. Then ® generates an equivalence relation a~b between elements
of M which is countably additive and hereditary in the sense that a~b,
a’<a imply that there exists a b’ <b such that a’~b’. It is then shown for
the bounded elements of M, that is, those which are not equivalent to any
proper subelement, that the relation a~#b is also preserved by subtraction and
by taking limits of monotonic sequences. It may be remarked that these latter
results yield an independent proof(2) of the theorem of Banach and Tarski.
A construction is also given leading to a definition of a complete measure. In
Part I1, the measure of an element of M is defined as the totality of its equiva-
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(*) Fundamenta Mathematicae, vol. 6 (1924), pp. 244-277. The theorem quoted is on
page 277. This result has been extended to the case of the Haar measure on a locally compact
group by Professor John von Neumann in a series of lectures at the Institute for Advanced
Study.

(%) See Example 15.3 for a proof in a generalized form.
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lent elements, that is, of images under ®; and a partial ordering and an opera-
tion of addition are defined in the set of measures. A necessary and sufficient
condition is then given that the set of measure values be order and addition
isomorphic to a set of positive numbers. Such an isomorphism is necessarily
unique, up to a multiplicative constant. These results will be analyzed in de-
tail in another paper. In Part III, a sufficient condition is given that, for a
family of sets upon which a numerical measure is defined, two sets of equal
measure shall correspond under some measure-preserving transformation, and
so that the given measure shall be derivable by the procedure of Part II. It
turns out that this is the case for a measure on a separable Borel field, pro-
vided there are no minimum sets of positive measure. However, a trivial gen-
eralization of the theory of Part II can be seen to be applicable to any
measure function.

Part I

1. Ideals and isomorphisms in the lattice M. Let M={a, b,¢,--- } bea
complemented distributive o-lattice with a zero element; i.e., satisfying the
system (a):

i. M has a partial ordering a <b (b contains a) such that a <b excludes a =b.

ii. Every sequence (a,)C M has a supremum and an infimum Y _a, and [ [an,
respectively. If (a,) is monotone increasing (decreasing), we denote Y a, ([a.)
by lim a,. We also write a+b and ab for the supremum and infimum of (a, b).

ili. M has a zero element 0. Any elements a, b such that ab=20 are called dis-
joint.

iv. If a<b, then there exists a unique element, which will be written b—a,
such that (b—a)a=0, and a+ (b—a) =b.

v. For any sequence (a,) and any a, a(D_a,) =2 _aa,.

1.1. DEFINITION. 4 class M'C M is called a o-ideal if o’ <aE M’ implies
that a’ EM', and if (a.) CM' implies that D_an,&EM'. The ideal M’ is called
principal if there exists an element a such that a’ © M’ if and only if a’<a.
The principal ideal corresponding to an element a will be written I(a).

1.2. DEFINITION. A univocal correspondence ¢ defined on a o-ideal M'C M
onto a o-ideal M''C M is called a a-isomorphism if for every sequence (a,) C M,

d(O_an) =>_¢(an), and ¢([Ja.) =]1p(an). The correspondence inverse to ¢ is

also a a~isomorphism which will be written ¢~1.

1.21. For any o-isomorphism ¢, ¢(a) =0=a=0; a’ <a=¢(a’) <¢(a), and
¢pa—a’)=¢(a)—¢(a’).

1.22. Let m be a o-ring of subsets of a set s; %, a o-ideal in m; and M, the
residue class ring m /7. Then any univocal point correspondence between the
subsets a and b in m which leaves the rings m and % invariant leads to a
g-isomorphism of the principal ideals in M corresponding to a and b.
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1.23. DEFINITION. Let (¢,) be a sequence of g-isomorphisms between the
principal ideals I(a,) and I(b,). If the sequences (a,) and (b,) are each dis-
joint, then (¢,) is said to have a sum Y ¢, ; namely, the isomorphism ¢(a’) defined
for a’ 3 aa by d(a’) =2 ¢a(a’ay).

2. The class ® of o-isomorphisms. Equivalence. Boundedness. Let ® be a
class of o-somorphisms each defined between principal ideals of M, and satis-
fying (B):

i. The 1nverse of any isomorphism in ® is in ®.

ii. If ¢, @' are in ®, and are defined on I(a), I(a’), respectively, then the
resultants pp’ and ¢’¢, defined on adp’(a’) and a’¢p(a), are in P.

iti. If (¢p.)C P, and if D_®, exists, then D ¢, EP.

iv. At least one isomorphism of ® is defined on any principal ideal of M.

2.1. DEFINITION. Two elements of M are called ®-equivalent if they corre-
spond under some isomorphism of ®. This relation will be written a~b.

2.2. The relation ®-equivalence has the following properties:

i. It is an equivalence relation, and so partitions M into a set of exhaustive
and mutually exclusive classes M,. The unique class containing an element a
may be denoted by M(a). Obviously, M(a) = M(a’) if and only if there is an
isomorphism ¢ of ® such that a’ =¢(a).

ii. If (a.), (b.) are sequences of disjoint elements of M such that a,~%b,,
then D_a,~2 b,; i.e., ®-equivalence is countably additive.

iii. It is hereditary in the sense that if a~b, and a’ <a, then there exists a
b’ <b such that a’~b’.

2.3. DEFINITION. An element a of M is unbounded (with respect to ®) if
there exists an element a’ <a such that a~a’', and a—a’#6. Otherwise a s
bounded.

2.31. i. If @ is bounded and @’ <a, then a’ is bounded. ii. If a~a+b, and
b—ab0, then a is unbounded. iii. If a~a’, then @ and a’ are bounded or un-
bounded together.

2.32. DEFINITION. 4 class M, of equivalent elements of M is bounded or un-
bounded according as its elements are either all bounded or all unbounded.

2.33. THEOREM. A necessary and sufficient condition that an element a be un-
bounded is that a contain a sequence of disjoint equivalent elements a, 0.

Proof. Suppose such a sequence exists. Then by 2.2, ii, )_a,~ as.; and
since D as._17%0, D a, is unbounded. Conversely, if a is unbounded, there
exists an element ¢’ <a and an isomorphism ¢ of ® such that ¢’ and ¢ —a’ are
different from 6 and ¢(a) =a—a’. Then an infinite sequence of elements satis-
fying the required conditions can be defined inductively by the formula a;=a,
and for n>1, a, =¢(a._1).
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3. Equivalence of complements of bounded equivalent elements. The re-
sults of this section can be summarized as follows:

If a~b, and if either (i) there exists a a-isomorphism ¢ of ® under which ab
s 1nvariant, or (ii) the elements a and b are bounded, then for any ¢> (a-+b),
c—a~c—b.

The assertions leading to this statement are the following:

3.1. A necessary and sufficient condition that for any element ¢= (a+b),
¢—a~c—b,is that a —ab~b —ab. The necessity is obvious, and the sufficiency
follows from the fact that ¢ — (@ +b)~c— (a+b) (identity), and a —ab~b—ab
(by hypothesis). Since the terms on either side are disjoint, their respective
sums are equivalent and ¢ —a~c—b.

3.2. THEOREM. If a~b, and a and b are bounded, then a —ab~b—ab.

The general argument of the proof is as follows: First it is shown that there
exist sequences (a,) and (b,) of elements of M contained in ¢ —ab and b —ab,
respectively, such that ¢"(a,) <ab, and ¢**t'(a,) =0b,. From this it is verified
that both families are disjoint. Finally it is shown that Y a,=a—ab and
Zb,.=b—ab, which proves the theorem.

Let us first restate this in the more convenient form:

If a+x~b+x, where a+x, b+x are bounded, and ax =bx =0, then a~b.

Proof. We have given that there exists an isomorphism ¢ of ® such that
¢(a+x) =b+x. We shall write this as

(1) a+x~b+ x(¢).
Then

2 ap~'(b) ~ b (a).

By taking differences on both sides we get

(3) ap(x) + x ~ bo (2) + =.
If we can show that

() ap~'(x) ~ b (x),

then by summing corresponding sides of (2) and (4), we get the required re-
sult. Now let

(5, 1) a0 = a¢p™'(x) = a — a¢™'(d),

(8, ii) bo = bop(x) = b — b¢(a),

(5, iii) x0 = ¢(ag) = x.

Since ¢ is defined on x<a+5, we can define inductively for >0
(6) Xn = 2¢(2n_1).

It can be shown by induction that the elements a, %o, xi, * - +, arc dis
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joint. For since a¢<a, and x¢=x, ao and x, are disjoint. Suppose that
@o, Xo, * * * , Xa1 are disjoint. But for 0 <k =n, ¢—'(xx) < xx-1, and ¢~(xo) =ay.
Hence for 0 <k <#, the elements ¢—!(x;), and so also the elements x;, are dis-
joint by the hypothesis of the induction, which is now complete. We define

(7 b = bop(2._1), n=1,2,3---.

Since ¢=1(bs) Sx,-1, it follows that the elements b, are disjoint. Further, since

¢(x") =—<“¢(x) é b+x1

(8) & (%n—1) = 2¢(%n_1) + bp(Xn_1) = %n + b,
that is,
9) X1~ %n + ba (@) forn=1,2,3---,

and we also have
(10) a0~ %o ().

Since the terms on the right (the left) side of (9) and (10) are disjoint, their
respective sums are equivalent and

() (ao + z x) ~ ( z - z b,,) (4).
But from (3) and (5)

(12) a + x~bo+ x (¢),

and for n =1, b, <b¢(x) =bo, whence the respective differences of correspond-
ing sides of (11) and (12) are equivalent; that is,

@ S~ (n-Eu)+(e- )

Since a+x is bounded, so is x —E&”x,., and hence
(14) bo— 2 b= 0.
1
For all n, ¢~! is defined on x,, and
(15) ¢ (%) S Xno1.
From thic it follows that ¢—" is defined on x, and satisfies
(16) ¢ (xn) S ¢ (Xamr) = - S ¢7Hwn) = w0,

and hence that

an ¢~ D (x,) < ¢~ D(x, ) = ao for any &k < n,
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But from (8) we have

(18) ¢ (bs) = %1 — ¢7(24),

so we can define for n =1 |

19 an = ¢~ (b,) = ¢ ™(wno1) — ¢~V (x,) = a0

It follows from (19) and (16) that for £>0

(20) Gtk S 0™ TP (Ln4a1) = 0 H0(2) =0,

and hence that the elements a., n=1, 2, 3, - - -, are disjoint to each other.

From this and from the fact that by definition a,~b, (¢"*!), we have

(21) 2 an~ 20 by = bo
Since the element x is disjoint to both sides of (21), this yields
(22) ian+xn~bo+x,
which with (12) gives
(23) ian+x~ao+x.
1
But by hypothesis a+x is bounded, and so
(24) G — 2 aq = 0.

We now have, by combining (21), and (24),
(25) Qo ~ bOy

which completes the proof of (4) and so of the required theorem.
4. Consequences of Theorem 3.2. We prove first the following statement.

4.1. THEOREM. If a, b are bounded and if a’ Za and b'< b, then a~b and
a’'~b' implies that a —a'~b—1b'; i.e., for bounded elements, $-equivalence is sub-
tractive.

Proof. Let a~b (¢) and a’~b’ (¢’) ; then a’~b'~¢~1(d’) <a. Then by (3.2)
a—a'~a—¢ 1 (b")~b—b’ (¢). Therefore a —a’'~b—b".

4.11. TueoreM. If (a.) and (b.) are monotonic sequences of bounded ele-

ments of M and if an~b, for all n, then lim a,~1im b,; i.e., the respective limits
of monotonic sequences of bounded equivalent elemenis are equivalent.

Proof. Let us call these limits a and d, respectively. Suppose (a.) and there-
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fore also (b,) are non-decreasing. Then ¢ =a;+ (a2 —a1) +(as—az2)+ - - -, and
b=b1+4(ba—b1)+ (b3 —b2)+ - - - . Then since a, and b, are bounded and a,~b,
for all #, by 4.1 we may sum corresponding sides and so get a~b. If the se-
quences are non-increasing, then from 4.1 ¢,—a,-1~b,—b._1. Therefore
a1—a~b1—b. Since further a;~b,, by again applying 4.1 we get a~b.

4.12. THEOREM. The sum of any finite collection of bounded elements is
bounded.

Proof. We shall prove 4.12 for the case of two bounded, disjoint elements
a1 and a,, since the general case is readily reducible to this. Suppose then that
under these conditions a1~+a2 is unbounded. Then there exists an element
a’#0 contained in a=a1+as such that a—a’#6, and a~a’. Then a1+a:
~a{ +as, where al =¢(a1) and ay =¢(az). From 3.2 we have

¢y a1 — aef ~af — aaf,

(2) as — asad ~ ad — asaq.

But since a/ —aa! =a{ a2 and a1 —ai1al =(a1—a1a’) +aias we have
3 (a1 — a1d’) + a1ad ~ af a,,

and similarly

(4) (az — a2d') + axa{ ~ ad a,.

Now since the left-hand members of (3) and (4) are disjoint, we may substi-
tute in (4) for a{ a7 and we get

(%) (a2 — a2d) + (a1 — a18’) + @184 ~ @107 .
But aiaf is bounded and so
(6) (a2 — a2d’) + (a1 — a1d’) = a—a’ =0,

contrary to hypothesis. Therefore a is bounded.

It may be noted that the class M of all bounded elements of M is a finitely
additive ideal (and a restricted o-ideal) in M, and that the set of all limits of
(sequences of) bounded elements is a o-ideal in M.

5. Lattices M derived from rings of sets. Let m be a o-ring of subsets of
a fixed set s; %, a g-ideal in m; and IT a class of univocal point transformations
11,, defined between pairs of sets in m and leaving m and # invariant. Let M
be the residue class ring m/n, and suppose the isomorphisms on M derived
from the transformations of II (see 1.22) satisfy (8). Suppose further that con-
ditions () hold:

5.1. i. If x is any subset of s and if there exists a set nE&n such that xZn, then
xEn.

ii. If xCs, then there exists a set x*&Em such that (a) xCx* and (b) if
xCa&Em, then x* —x*aEmn.
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Let us denote the residue class of a set x&m by m(x) or by x’. Then

5.11. If x* and xs* satisfy ii, then x* =x5*.

5.12. If xCx/, then x*Cx'*.

5.13. For any xCs, there exists a set x4 of m, namely, x*— (x* —x)*, such
that i. % Cx; ii. if x¢' Cx, then x¢' Cxx, and iii. if x« and yx satisfy i and ii,
then xx =y«.

5.14. A set xCs is in m if and only if x* =xx, in which case x* =x« =x.

5.15. If x,Cs, then for any x.*, x., m(Q_x.*) =Zm(x,,*); m [ xa)x ]
2m(Q %) ; m [(Hxn)*] = m(IIXn*) ym [(IIxn)* 1= m(IIXn*)-

Since the proofs of these relations are all alike, we shall prove only the first.
From the fact that (Q_x.)*=> x,>x for all 7, m(x,*) <m[(Q_x.)*], and so
m [ xn)*] Zm[D_x.*]. Similarly, x* = x, for all , and so >_x,* = _x,. There-
fore m(Q_x,*) >m[(D_x.)*], and the relation is proved.

5.16. LEMMA. A necessary and sufficient condition that x Sm is that for any
yCs, (xy)*(y —xy)*En.

Proof. Suppose x&m. Then for any x*, x* —x is not in » and so not in 7.
Then from i of (v), (x*—x)* is not in #n. Now let y =x*. Then (xy)*(x—xy)*
= (x*—x)*&n. If xEm, then for any yCs, (xy)* <x, and so m [(xy)*] < m(x).
Also y —xy <s—x<(s—x)*—(s—x)*(xy)*, which with ii of (y) completes
the proof.

5.17. If w is any transformation of II defined on a set a&m, then for any
xCa, we define 7(x) as the image of x under 7. Then since 7 leaves m and # in-
variant, 7(a) €Em, and m(a)D7(x*) D7 (x), so m[r(x*) ] >m[r*(x)]. But since
7*(x) D7 (x), it follows that 7—![r*(x) | D x. Therefore 7! [7*(x) |2 x*, whence
m[w(x*) ] =m[r*(x)]. By a similar argument with reference to x, we also have
m|[w(xx) | =m[me (x)]. That is, m(x*)~m[r(x)*], and m(x)x ~m[r(x)x].

Part I1

6. Measuring systems in abstract sets. A set s is said to have a measuring
system (m, n, ®) if m is a o-ring of subsets of s; 7, a o-ideal in m (notice that
under these conditions M =m/n satisfies () of §1); and ®, a class of o-iso-
morphisms defined on M and satisfying (8) (§2). If () of §5 also holds, the
system (m, n, ®) is complete. Any set has a trivial measuring system, namely,
(the totality of its subsets, the void set, the identity transformations on every
subset). In euclidean space, the Lebesgue measurable sets, the null sets, and
the transformations derived from direct sums of rigid motions form such a

system.

Now let us consider a set s with a given system (m, n, ®). An isomorphism
of ® is said to be measure-preserving, and the elements a, b, ¢, - - -, of M to
be measurable and of measure M(a), M(b), M(c), - - -, (2.2, i), respectively.
Henceforth these measures will be written a or m(a), bor m(d), ¢ or m(c), - - - .
In particular, the element # is said to have null measure m(n)=0. The ele-
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ments ¢ and b are of equal measure if and only if they correspond under some
measure-preserving transformation, i.e., if and only if a~b. If the system
(m, n, ®) is complete, a set aEm is said to be measurable and of measure
m(m(a)), where m(a) is the residue class of a. For any xCs, the elements x*
and x« (§5) are called a hull and a kernel of x, respectively. Then m(x*) and
m(xx), which will now be written £* and r«, will be called the outer measure
and the inner measure of x.

7. Partial ordering of the measure-values. Addition. Let IM*=(a, b, ¢, - - -)
be the totality of measures, and let I be the subset of bounded measures
(2.32). Henceforth a < « shall mean a is bounded.

7.1. DEFINITION. If a< o, we define a<b to mean that there exist corre-
sponding elements a and b in M such that a <b. It follows that a < b is a (proper)
partial ordering of M. The null element 0 of M* is the zero of the ordering.

7.11. Any monotonic increasing (decreasing) sequence (a,) has a supre-
mum (an infimum) written lim a,. For suppose a, increasing, and let a, be a
sequence of corresponding elements from M. For each n, there exists an
a. <@, such that @, ~a,. Then m[D(a.41—a,’)] can be verified to be the
desired supremum.

7.2. DEFINITION. If (a,)CIN*, and if there exists a sequence (a,) of disjoint
corresponding elements in M, then (a,) is said to have a sum Y a,, namely,
mQ_a,). A binary sum will be written a+b.

It follows from the considerations of Part I that:

7.21. Whenever it exists, the sum is unique, and the operation of addition
is commutative and associative, and )_a,=lim Y_ra;.

7.22. If a;=a for all 4, then we write )_ra; as na. If either side of the fol-
lowing exists, so does the other; and na+ma=(n+m)a; n(a+5)=na+nb;
n(ma) =m(na) =nma.

7.23. For any a&EIMM*, a+0 exists and is equal to a; if a < o then a4+b=qa
if and only if b=0.

7.24. Binary addition has a unique inverse for bounded elements; i.e.,
a+1=b< « has a unique solution for fixed a and b, denoted by b—a.

7.25. A necessary and sufficient condition that a<b is that for some c¢,
a+c="D0 holds. If a<b< = then there exists a maximum integer » such that
na=<bh.

7.26. If 3 m(a,) exists, then D_m(a,)=m(}_a,), and equality holds if and.
only if the elements a, are disjoint, in which case D_m(a,) does exist.

8. Algebraic properties of IM*.

8.1. We now sec that any measuring system (m, n, ®) gives rise to a set
IN* of measure-values with a commutative and associative operation of
addition defined for certain denumerable sets of elements of IM*, in terms of
which apartial ordering of the bounded elements can be derived. Then
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i. There exists an element O such that as£0 implies that a >0 and a+0=aq.

iil. Ifa< », and a<b, then m(a) <m(b).

iii. Y m(a,)= m(Za,.) and equality holds if and only if the elements a, are
disjoint.

If, further, the measure defined is complete, then to any xCs there corre-
sponds an outer and an inner measure r* and g«, respectively, and

iv. If x*< «,and x<y, then t*<p*.

v. If (x.) is a sequence of sets such that Y _x.* exists, then m(Zx,.)*gz L
if O oxa)*< 0.

vi. The set x is measurable if and only if the equivalent conditions a and b
(the Carathéodory condition) hold:

a. x*=uxy, 1n which case x*=xy=x, and

b. for any yCs, m(xy)*+m(y —xy)*=y* [=m((xy)* - (y —xy)*)].

9. Ordered sets of measure-values. In the remainder of Part I1I it is as-
sumed that the system (m, n, ®) satisfies condition (4).

(8) For any a, b of M either there exists a b’ < b such that a~b’ or there exists
an a’ <a such that a’~b.

9.1. A necessary and sufficient condition that (8) hold is that for any two ele-
ments a and b of IM* either there exists an a’ such that a+a’=bora b’ such that
b+b'=a.

We shall show that (8) is a sufficient as well as a trivially necessary condi-
tion that M be order and addition isomorphic to a set of positive numbers.

9.2. For any bounded measures a and b, a << b implies that a=b;i.e., M is
linearly ordered, and either b—a or a—b exists.

9.21. From 9.2, one and only one of the following occurs: a. I contains
the single element 0; b. there exists an element a of M such that a0, and
if a’<a, then a’=0; c. for any a>0 there exists an a’ such that 0<a’<a.
In the last case, we may assume that 2a’<qa, for we can take the lesser of a’
and a—a’.

9.22.If a,, a are bounded, and a, £ a,41(as 2 @,41), then a <lim a, (a >lim a,)
implies that there exists a k such that a Zax (a =ax).

9.3. i. For any a, b in I, there is a unique integer » such that b=na-4c,
¢<a.ii. If a and b are bounded, then for every integer # such that na and b
exist, #a and nb stand in the same relative order as do a and b.

9.4. There exists an element s of M* such that a < « implies that a<8.
If 34 «, the sum of any two bounded elements always exists;if 8< o, a4+ b
exists if and only if the equivalent conditions a <8 —b and b<8—a hold. In
this latter case, the element s is unique; and for any a of M, a<s.

9.5. If I satisfies b of 9.21, that is, if there is a least element a; >0, then
it follows from 9.3 and 9.4 that the elements of It are of the form #na;, and
that according as 8 is unbounded or bounded and equal to ka;, » will assume
all positive integral values or all those not greater that k.

9.6. LEMMA. If M satisfies c of 9.21, i.e., M has no minimal non-null ele-
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ments, and, if each element of IN is contained in one or the other, but not both of
two non-void subclasses M’ and M'' and if every element of M'’ is greater than
every element of ', then either there is a least element of M'’ and no greatest
in M, or there is a greatest element in M’ and no least in M.

Proof. Since neither M’ nor M’/ is void there exist elements af in M’ and
a/’ in M’/ with af <af’. From c, there is a third element between the two,
so both cannot be the extreme elements of their respective classes. If either
one is, the lemma is proved; if not, since there is some ¢;>0 such that
2a=a/’ —af, there is a maximum integer #; such that af +#z:ic;<I’, and a
maximum integer n{ =Z#, such that af +n{ci<a{’. Let a7 =a{ +7,¢; and let
as’ be either af +(n{ +1)c; or af’, according as n{ >n1 or n{ =n;. Then
a EM', a' EM’’, af Sad <ad’ Zaf’, and 2(az’ —as )< (af’ —a/). Let ¢ be
the minimum of a/’ —#n{ ¢ and ¢—(af’ —#n/c1). Then 2¢2=c¢; and hence
4= af’ —af. Either if a/ is the maximum of its class, or if af’ is the mini-
mum of its class, the assertion holds. If not, we define a; and af’ just as in the
preceding case. By proceeding in this way, we arrive at a pair of sequences (a./ )
and (a,’) of elements of M’ and M/, respectively, such that a,! < a/ 1= al)y,
=<a,;’ and 2" Y(a,)’ —a/)<a/’ —a/. The sequences are monotonic and con-
tained in M, so their respective limits a’ and a’’ exist and are bounded.
Also, since for any b’EIMN’ and for any integer m, b’ <a,’, it follows from
7.11 that b’'<a’’=lim a,’. In particular this relation holds for all elements of
(a),and so a’=lim a, < a’’. Further since a, <a’<a’’Za,’ for all #, it fol-
lows that a’’—a’<a,)’ —a,) <2 (af’ —a{) and hence that a’’—a’=0, i.e.,
a’=a’"=aqa. From the fact that a is the limit of a sequence from I’ and of
one from IR’ it follows that a is the greatest or the least element of its class
according asitisin I’ orin M’’, and that the class to which a does not belong
has no extreme element.

10. Isomorphisms of It onto sets of positive numbers.

10.1. THEOREM. Under condition (8) the set M of bounded measure-values is
isomorphic to a subset T of the set of non-negative numbers; i.e., there exists a
one-to-one mapping f(a) of M onto T such that whenever Y a, exists and is bounded
then E f(a.) converges to f(Za,.), and whenever Ea,. exists and is unbounded,
then )_f(a,) diverges to infinity. The mapping f is completely determined up to
a multiplicative constant; that is, if f’ is any other mapping of M onto T" with the
above property, then there exists a constant £ such that for all a < «, f(a) =£f'(a).
According as conditions a, b, or c, of 9.21 hold, the set T will consist of a. the
number zero, b. the set nf(ai), where n=1,2,3,--- or1,2,---,k orc. the
interval 0SESf(8), or 0SE< =, according as the element 8 of 9.4 is bounded
or unbounded.

The theorem follows immediately for cases a and b. In case c, we shall use
the following lemma:
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LEMMA. To every ordered pair (a, b) of bounded elements different from 0,
there corresponds a unique positive finite number u(a, b) such that

i. 4f Y a, exists, then u(Q_a,, b) =>_u(a,, b),

il. p(a, a)=1.

Proof. For any a0, the set IMN'CTIN of elements a’ such that 2a’<q, and
the set M’'CIM of elements a’’ such that 2a’’ >a, satisfy the hypotheses of
9.6. From this it follows that there exists an element a! such that 2a! =, and
such that for every integer # an a® exists such that 27q®»=aq. Then

(1) ar = Zkan+k’
P P
2) Za"‘=(22"“"‘>a"‘ fn;>mfori=1,2,---,p.
=1 1
Further if a’ >0, there exists an z such that a’>a". For by 9.4 there exists

a k such that a=ka’+a’’, where a’’ <a’, and we may take n=k-+1. More
generally,

3) if a’ > a’’, there exists an # for which a’ < a’’ + a”.

For every pair of elements a and b there exists an integer u.(a, b) such that
a=p.b"+ ¢, where ¢, <b". From the previous, it follows that the u, satisfy

(4) 2“7& é Mn—1 é 2(/11; - 1);

(5) if ¢ > a, there exists a k such that for all p > 0, pry(c, ) > urip(a, b);
P P

(6) Mk( > am, a) = > w(a™, a) forn; > kfori=1,2,---, p;
i=1 1

) (0 + kar, a) = p.(b, a) 4+ k/27, for any b.

From (4) the sequence of numbers p.(b, a) is monotonically increasing and
bounded and therefore approaches a unique limit u(b, a). We have at once

that

(8) p(0,0) = 0;  u(as a) = 1/2%;
9) if ¢ < b, then u(c, a) < u(b, a);
(10) u(c + kar) = p(c) + k/2".

Also for any finite p, p(Q_%a;, a)=D 2u(a:, a). For D Za;=» Zux(a’, a)a*
+>°7.,aL, where aj;<af. It can be seen that we(Q_P-1ai, a) <p; then apply-
ing (10), dividing by 2* and passing to the limit give the desired result. Now
suppose that a*=)_a; exists.If a* < «, then since for every n u.(a*, a)a"< a*
it follows that there is a p, for which u.(a*, a)a=<> 2a:. Then u,(a*, a)/2»
=p[ua(a*, )ar] S Lqa:, a)<u(ar, a), or p(a*, a)—p(Q %a;, a)<1/2° If
3 ra:;< ©, then for any n, na <P °a;, whence p(Q_a;, @) >u(na, a)Zn.
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Complete additivity of u(b, a) follows from these last two relations and
the finite additivity;i.e.,

(11) p(2 ai a) = D u(ay, a).

Relations i and ii of the lemma are now proved, and it remains to show for
each ordered pair b, a that u(b, a) is unique. But any u’(b, a) satisfying i
and ii can be seen to be such that

(12) ky'(a®, a) = k/2" = p(a, a), for all % and #;
and so

(13)  4'(b, a) = p'(lim pa(b, a)a") = lim p'(ua(b, @)a") = lim p./2" = m(b, a).
We can also verify by a limiting process that if none of a, b, ¢ is 0, then

(14) w(a, ) = u(a, u(c, b).

Then the isomorphism required in 10.1 can be given by f(a) =u(a, a;) for any
a; >0. From (14), f(a)/f(b) =u(a, a1)/u(b, a1) =u(a, b), which is independent
of f and of a;. But if g{a) is any mapping whatever satisfying the conditions
of 10.1, then the ratio g(a)/g(b) satisfies the conditions of the lemma, and so
is equal to u(a, b). Therefore g(a) =g(a1)u(a, a;), and g(a)/f(a) =g(a1), a con-
stant.

Let £ be any positive finite number less than u(8, a), where a0, and 8
satisfies 9.4. Then £ can be expressed uniquely in the form {+£/2% where
is an integer, £,=0 or 1 and an infinite set of the £ are zero. It follows from
9.3 and relation (11) that all the sums £.a* exist and that u(Q_£)a=£. There-
fore the range of any isomorphism, which must be of the form f(b) =u(b, a),
is a closed finite or infinite interval with left end point zero. This completes
the proof of 10.1.

10.2. Let s’ and s’/ be any two unbounded elements of M, if such exist,
which are the respective limits of monotonic increasing sequences (s, ) and
(si") of bounded elements. Then there exist subsequences (s.]) and (s,!’)
such that s,;<s,/’ <Spgyp It follows that 8’=8’/, that is, all unbounded limits
of bounded elements of M are of equal measure, which we denote by .
If the system (m, n, ®) is such that

(e) every element of M is the limit of a sequence of bounded elements,
then the range of measure-values in IN* is 0 ES 4 oo,

11. Isomorphisms of IR onto the infinite half-interval. Conclusion. We
have shown that for any set s, any system (m, n, ®) satisfying («) and (8)
leads to a set IM* of measures, the bounded subset M of which satisfies con-
ditions which may be regarded as a generalization of the Lebesgue conditions
on a numerical measure. If in addition (8) holds, the set I* of limits of
bounded measures is isomorphic to either a set of successive non-negative
integers or to a closed interval with left end points zero. If (¢) holds, i.e., if
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M+ = M*, the measure determined by (m, n, ®) can be represented by a func-
tion f(a) which is unique up to a multiplicative constant, assumes the values
0= {=< =, and is such that f(a) =0 if and only if a =0; f(a) =f(b) if and only
if @ and b correspond under some measure-preserving transformation, and
f(a) < « if and only if ¢ < «. It may be pointed out that no reference is made
to any topological or metric properties of the set s.

It is not necessarily true that every numerical measure can be derived by
the procedure above, for this would require the existence of a measure-pre-
serving transformation between any two sets of equal measure. However, it
is shown in Part III that this is true for many important measures. The gen-
eral case can be treated by introducing into M an equivalence relation, equal-
ity of measure, which is countably disjointly additive, hereditary in the sense
of 2.2, and for bounded elements is also subtractive and preserved by taking
limits of monotonic sequences. It can easily be verified that the entire theory
of Part II would hold in this case. Further if M has a countable basis, a family
of isomorphisms can be defined which generate the given congruence, which
reduces this case to the previous one.

ParT 111

12. Lattices satisfying (). Bases. Let M be a lattice satisfying (o) of §1
and Ial be a functional defined on M and satisfying ({):

ia. 0= |a| < », foranya of M, and |a| =0if and only if a=10;

ib. if |a| = o, then there exists a sequence of elements a, such that la] < o,
and Zan =a;

ii. IZanl =Z| @n|, for any sequence of disjoint a,;

iii. for any a# 0 there is an a’ <a such that 0= |a| £ >;

iv. for any a of M, there is a countable set of elements a. of M such that for
any a’ <a, and for any € >0, some subsequence (an) covers a’ and [>an—a’ | <e.

The object of the next sections is to prove under conditions ({) that if
| aI = Ia'l then there exists a o-isomorphism ¢ of I(a) onto I(a’) (see 1.1) such
that for any b<a, |$(b)| =|b|, which in turn leads to the result that the |al
can be determined up to a constant multiple by a set of isomorphisms satisfy-
ig (8).

Henceforth a family of elements a, satisfying iv of ({) will be called a basis
of @, and any element of a basis a base element.

12.1. From the fact that if each element of a basis can be expressed as
the sum of elements of a family (a./) then (e, ) is also a basis, it follows that
a has a basis of the following form:

Let (b,) be any basis of a. Then let a, be the nth element of the form
br—2_%'b; which is different from 6; let a,,0 be the first element of the form
@nbisi, where a, is derived from b, such that 6<a.bis:i<a.; and let
@w1=8n—0no. Then if @, is defined for every sequence v=(n, €, - - -, &),
e;= +1, as some product €b; - - - &b where —b=a—b, then a,,is given
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by €b: - - - €xbibn, where m is the least value for which 0<ebd; - - - €bibm
<eb - - - ebr,and a,,1=a,—a,,o. It follows at once that every b, is the sum of
a finite set of the a,. Therefore (a,) is a basis. Let #(v) be the number of terms
in the sequence », and I’y the totality of sequences v such that n(v) =k. We

define ¥ <v, where y=(n, €, - -+, &) and v=(n', ¢, - - -, &) if k>k’,and
(n'v €1, 7€k)E(n,v e1’1 R rek’)'
12.2. Then

i. > a,=a, yET,, for any fixed n;

il. a,a,=0if n(v)=n(y);

iii. a,<a, if and only if » <v;

iv. ay=2_a,, v<7, n(¥) =no<n(y).

Now let (a,) be any basis satisfying 12.2. It follows that:

12.3. If (a,,) is any finite set of distinct base elements, then (a) I1a., is
equal either to 8 or to the (necessarily unique) element of least subscript vy,
according as the sequence is or is not nested; (b) if »;<v then a, —Za,‘. is
the sum of a finite set of disjoint base elements of subscripts v{ such that
n(v!) =n(v:); (c) any countable sum of base elements can be expressed as the
sum of disjoint base elements. (For Za,‘=2(a,‘—zi<¢a,ia,‘), where the
terms of the right side are disjoint, and from (b) each consists of a finite sum
of disjoint elements.)

Further, if (a,) and (b,) are bases of a and b, respectively, which satisfy
12.2:

12.4. For any finite sequence (v;) of which we suppose v, the least (a)
either both [Ja,,=]1b6,,=6,or[[a,,=a,,and [ ]b,,=0,,; (b)if v >»;,then either
a,=Y.a,, and b,=Y_b,,, or there exists a sequence (»}), such that a,—2 a,,
=Za,; and b,.—Eb,,.:Zb,,;. (c) For corresponding subsequences (a,,), (b;)
of (a,) and (b,) there exists a sequence (»/) of subscripts such that (a,}), (b))
are disjoint and ) _a,, =Ea,;., Zb,i=2b,;..

12.5. DEFINITION. Any (finite) union of base elements of any a of M is
called a finite o-element of the basis (a,). The o-element Y _a,, will be denoted by
spala).

From the previous results it follows that the o-elements of any basis (a,)
of an element a have the properties listed below:

12.6. All finite products, all countable sums, and the relative complement of a
finite o-element with respect to any o-element are all either o-elements or equal
to 0. All g-elements can be expressed as the sum of a sequence of disjoint base
elements.

12.7. Any element b<a is the product of a nested sequence of a-elements si(a)
such that lim |sk(a)| = Ib|

For from the definition of a basis, for any sequence of positive numbers
e,—0,there exists a sequence of g-elements s,(a¢) >b, and such that | Sa— bl < €.
But from 12.6, the elements [J% ;s, are g-elements and satisfy the required
conditions.
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12.8. If (a.), and (a)) are bases of a and a’, respectively, and if the corre-
sponding o-elements s.(a) §Ea,‘.(a) and sq.(a’) EZa,,.(a) are denoted by s, and
Sa , then, for any sets of corresponding o-elements s; and s! either both members
of any one of the pairs [[¥s; and [[fs! (where k is any finite number), D _s;
and Y s!, and the pair of symmetric differences s,—ssand s{ —s{ ,are equal to 0,
or in each case there exists a pair of corresponding o-elements s., and s.,, or
Say @NA Sa) , OF Sagand s,! , such that [[¥si=sq, and [[¥s! =5, 0r D s:i=54, and
Dosl=5al, 07 s1—S3="5a, and s{ —s{ = s,

13. Infinite products. Regular bases. We prove first

13.1. LEMMA. If (a,,) is any infinite sequence of base elements with distinct
subscripts, then [ a,,=9.

Proof. We may assume that the sequence can be arranged so that »; <v;_y,
and so that a,,<a,,_,, for otherwise from (a) of 12.3 the conclusion that
I1a..=0already holds. If under this restriction I1a..=a’ 8, there exists a v,
such that |a,a’| 0. Then since for all 4, a,a,,8, it follows for all but the
finite set of the a,, for which #(v;) <n(v,), that a,,<a,,, and so further that
a,,>a’. By iii of ({), since a’ 0, there exists an a¢’’ <a’ such that § <a’’ <a'.
But every g-element s covering a’’ must also contain a’, and hence |s—a"’|
> [ s—-a’l >0, which contradicts iv of ({). Therefore a’=6.

13.2. LEMMA. If (a,) is a basis of a satisfying 12.2, for any finite positive
£E< | a| there exists a o-element s such that I sl =£. More specifically, to any such &
we can make correspond a unique o-element s¢ such that |s¢| =%, and if
0<ti<Es |a|, s¢, <S¢, Hence further each o-element corresponds to at most
one number £.

Proof. Since, for any n, Za,,=a, where v&T,, if we order the a, of T',, ac-
cording to the first differences into a sequence @, and if we let s, =2 10..;
then for each £>0 there corresponds a k=k(&, n) such that

(1) | sa| < & = | sapnal,

and further

(2) Sk < Sntlikprr < Sntl kbl < Snkntle

From (1) and the fact that the clements a,,; are nested, we have
©)] £—|lim s,:| = lim | @nx| = 0.

Therefore |Es,,,k| = £ and since if £ <§; then for each n k. ¢, <ka g, we also
have D sn.kce1) <D Sn.k(tp), and we can define 55=Zs,._k”'£.

13.21. LEMMA. Every element a such that |a| = =, is the sum of a set of
disjoint elements a, such that |a.| =1 for each n.

Proof. Every such element a is the sum of a set of elements a,/ such that
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la,.’l < «, and which we may suppose disjoint and different from 6. Let &;
be a monotonic set of integers such that |ax,| <i< | @k:y,|, and let us define
a nested sequence of elements a#* as follows: If the lower inequality holds,
let a¥=a{ ;if i>|as!|, let a¥=arror;, where a!’ <da's,,,—a’k;, and |a}'| =i
—|ak,.’|. In either case, |a,~*| =4, and ar,£a¥<ai,, whence lim aX*=a.
We can therefore define the required elements @, as a¥, a.f—a*,_1.

13.3. DEFINITION. Let v be any number of the form k+m/2", where k is
a positive integer, 0 Sm <2*, and m/2" is expanded dyadically into o sequence
of n(v) terms. Then a basis (a,) of an element a %6 is called regular when | aI <
if0Sv<land |a,| =|a| /2" ,and when|a| = ©if 0Sv< ® and |a,| =1/2"".

13.4. THEOREM. Every a %0 has a regular basts.

Proof. Suppose !a[ < o, and let (a,)) be any basis satisfying 12.2. Then
there exist o-elements s,,, for n=1,2,---,and m=1, 2, - - -, 2% such that
| s,.,,,,l =m| al /27,and such that m/27>m’/2* implies that s,,m > Sa,m. Then
if v is the dyadic expansion of m /2", m <2*, then we define a, as Sa,mi1—Sn,m,
and we make the convention that a,=0. If s, =Za,,.’ , where »; are the
dyadic expansions of the numbers m’/2"%, m’ <m <2", thena) =5z m1—52m
=Za,j, where |s’,,_,,.| <v;= ,s,,,,,.+1| . Therefore from 12.1, (a,) is a basis, which
can easily be seen to be regular. If |a| = o, let (a;) be a sequence satisfying
13.21, and combine their bases for a basis for a.

13.5. If |a| = la'l #0, and if (a,), (a’)) are regular bases of a and a’,
respectively, and if as previously we denote the corresponding o-elements
sa(a) =Za,,.(a) and s, =Za’,,,.(..) by s« and s respectively, then for any set of
corresponding pairs it follows from 12.8 and from the fact that la,,|‘= a/ ghat
[sa| =|sd|; |s1=s2| =|s{ =s{|, where the differences are symmetric; |3 s:|
=|2s!|; and |[Tis:| = TLis! |-

14. The isomorphism ¢. We are now in a position to establish the theorem
referred to in §12, namely, that

14.1. THEOREM. If |a| =|a’|, then there exists a a-isomorphism ¢ of I(a)
(see 1.1) onto I(a’) such that for any b=<a, |$(b)| =|b].

Proof. The theorem is trivial if a =a’=0. Otherwise, let (a,), (a/ ), be regu-
lar bases of @ and a’ respectively. Then by 12.8 for any b <a there exists a

nested sequence of g-elements s;>b such that lim |s;—5| =0. We define for
any b<a.

(1) o0) = ¢(I1 s) = I o(s'n).

Obviously, ¢ assigns at least one image to every element of I(a) and at least
one counterimage to every element of I(a’). Further from 13.5 for each &,
Iskl =|s¢ | , whence for any image ¢(b)

) |$®)| =lim | s/ | =1lim | s] =]8],
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and the functional |a| is invariant under ¢. Also, if by=]Iss1 and da=]]ss.2

are any two elements of I(a), then for each k&, |sk,1—sk,g| =|s’k,1-—s’k,2|
where the differences are symmetric. Passing to the limit with respect to &,
(3) by = by if and only if (ﬁ(bl) = ¢(b2),

that is, the isomorphism ¢(b) is univocal.

Now suppose b EHsk,lébzsnsk,g. Then from 12.8, the elements
Sk,3=Sk15k2 form a nested sequence of og-elements such that by Zsi,3=<sz.e.
Again from 13.5 for each &, 5" 3=15"k,15"k,2 SO

(4) ¢(01) = 1 st.s < IT sk.e = 6(bo).
Applying this same argument with reference to ¢—1, we see that
(5) by < be if and only if ¢(b;) = ¢(b2).

Let (a,) be a sequence of elements of I(a), and for each 7 let (s¢,.) be a
nested sequence of o-elements such that a,=]]ss,. and such that Isk,,—a,|
<1/2%+, Then for each &, D_,sx,, is a g-element and

(6) Z ar § Z Sk,r é Z Sk—1,ry

2o (20)-]

é Elsk,r_ arl é 1/2",

E Sk — Z (123
¢

™

and so

(8) m=g<;%J

From (5), for each r, ¢(a,) £¢(D_a,), and so further
© 2 d(a) = ¢(2 an).

But for each k,

2 sk — 2 ¢(ar)

10) 3 = l s,’c',. — ¢(ay) I = 2 [I slf:.rl - l ¢‘(ar)| ]

=3 (| skr| =] a]) = 1/2%

and passing to the limit with respect to & gives

(11) > d(a) = ¢(> a).

From 12.6 for each finite 7 the elements [ [5s+,: form a nested sequence of
g-elements such that H{fa; _S_H,;a; gH{,sk,;. If for some % Iai| < o, and if (r;)
is an increasing sequence of indices such that |[]5a.| — MIge.| <1/24,
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T 00 rs T s o0
(12) H Sk — H ag,» H Sk — H a, H a — H a,|.
1) 0 0 0 0 0

But since si,,< [[5a,+2 5 (sk,-—a,), (12) yields

<

+

(13) Hs,, — I a | < 1/2%+,
0 0-
whence
0 0 Tk
(14) o = [I( Ts)-
0 k=0 r==0
From (5), for each 7, ¢dI,a,) =<¢(a,),and so
(15) (11 a) = IT ¢(a).
On the other hand,
©w © © o0 o 1k
16) X o(a) = IT I sk = IT IT sbr = TT 11 i = &(IT a0,
r=0 k=0 k=0 r=0 k=0 r=0

which with (15) gives
(7 I ¢(a) = (11 av),

if for some 4, |a;| < ». If forall 7, |a,| = =, let (a1,;) be a sequence of elements
such that > _a;,;=a; and lal,;| < o for all j’s. Then from (11) and (17),

(18) o(Ila) = ¢[ > ( I al,,-a,)} > [ II ¢(al.,-)¢(a,)] =TT 6(en),

1 1
and this holds for any sequence (a.,).

It is now verified by statements (2), (3), (11), and (18) that ¢ satisfies
the conditions required in Theorem 14.1, the proof of which is now completed.
We have as an immediate corollary to 14.1 that

14.11. The class ® of all o-isomorphisms ¢ between pairs of principal
ideals of M is non-void and satisfies (8) of §1.

15. Application to Part II. Examples.

15.1. If now m is a field of sets upon which a measure function |a| is de-
fined, and if % is the ideal of sets for which |a| =0, then we define a functional
|a| on the residue class ring M =m/n as the common value of |a| for all the
sets aca. If la[ is such that (¢) holds, then by Theorem 15.1 we have a meas-
uring system (m, n, ®) (§6). If as before we denote the measure in the sense
of Part II of any a€ M by a, then a=b if and only if |a| =|b|, a=0 if and
only if a=0, that is, if and only if |a|=0; and a=D a, if and only if
|a| =>"|a.|. Further from 13.2, a is bounded in the sense of Part II if, and
from 15.21 only if, |a| < . From the fact that ¢ <b if and only if |a| <|3],
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it is clear that the system (m, n, ®) satisfies () (§9) and (e) (§10). Therefore
the correspondence f(a) =f(a) = |a| is an isomorphism of the type described
in Theorem 10.1 of the set M of measure values onto a closed interval. It
follows from 10.1 that the ratios |a|/|b| are uniquely determined by the
system (m, n, ®) as the numbers u(a, b) of the lemma to 10.1, and so that Ial
is determined up to a multiplicative constant.

15.2. EXAMPLEs. Let s be any locally compact metric spaces and let |a|
be a positive functional on the open sets with compact closures such that
| a| =0 only on the empty set, and such that with any set of concentric spheres
a; of radius ¢, lim |a.| =0. Then the measure generated in the usual fashion
from |a| satisfies conditions (¢) and so on can be obtained as in Part II.
The Haar measure on a locally compact group is also covered by Part II,
since the decomposition theorem of Banach and Tarski can be extended(?) to
this case; if the fundamental space is not a group, but metric and locally com-
pact(*), we need make only a trivial examination of the case in which points
have positive measure.

15.3. The theorem of Banach and Tarski mentioned in the Introduction
can be generalized under conditions of 15.1 in the following sense: Let (s,)
be a regular basis of s (13.3). An isomorphism ¢ of ® is called a congruence if ¢
is defined between two base elements, say s, and s,,, where obviously
n(v) =n(v’), and satisfies the following condition:

Let », v/, be the dyadic expansions of m/2", m’/2", respectively. The
elements s, <s, [s,-<s,] are those such that m/2" <y <m+1/2", [m'/2" <+’
<m'+1/2"]. We define ¢(s,) for all suchy as s,, where ¥y’ =m’'/2*+ (y —m/2").
Obviously, ¢ is completely determined for any s’ <s by the above relation.
Then under conditions ({) and with this definition for congruence, a necessary
and sufficient condition that two elements a and &’ be of equal measure is
that there exist sequences (a.), (a,) of disjoint elements such that a =) a,,
a’=>_a,. and a,and a,/ are congruent for each .

The sufficiency is obvious. The necessity will be proved for the case for
which |a| =|a’| < » and both @ and a’ are different from s, from which the
general case follows at once. The required proof then reduces to that of the fol-
lowing statements: a. If Ial =|a’| < o, then each element @ or a’ is the limit
of a nested sequence of o-elements of finite measure, of which corresponding
elements have equal measure. b. Each of two o-elements of equal measure is
the sum of a family of disjoint base elements, corresponding elements having
equal measure and so being congruent. For if a and b hold, and if we let the
class of all sums of congruences, which class can be seen to satisfy (8), be @,
then we can apply Theorem 4.11 (which states that the respective limits of

(3) See Footnote 1.

(*) As in the “Note on Haar's measure,” by S. Banach, in Saks’ Theory of the Integral,
Appendix II.
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monotonic sequences of bounded equivalent elements are equivalent) and so
get the desired theorem.

To prove a, we consider nested sequences of g-elements sx>a, and s{ >a’,
such that for some € >0, |s| >e= |si—a| 22| si—a|,and |s{ —a’| <|si—a].
It follows that (lsk| —Isk’ | ) <(|sk_1| _Isk'-ll ). But for each p, the elements
(s,) for which n(v) = can be ordered into a sequence (s,,,). Then for each &
and p, there is an integer 2=1;,, for which ]Z}:és,-,p+sk’ ! = |sk| - lsk’ |
<|> t.0sip+si|, and the proof proceeds as in 13.2. Relation b is obvious
in the case of two finite sums of base elements, for each can be expressed as
the sum of elements s, such that n(v) =»*, where #* is the maximum value
of n(v) occurring in the given summands. Otherwise we write both summands
as infinite sums. But two infinite sums can, as a result of 13.21 and the regu-
larity of the basis (s,), be expressed as sums of infinite disjoint sets of finite
sums, of which corresponding finite sums have equal measure. Hence our as-
sertion is proved.

In the case of euclidean r-space (&, - - -, £;) we may consider our class ®
as sums of rigid motions and the regular basis as the family of cubes
[m/2r<&:<(m+1)/2%],i=1, - - -, 7. Our result then reduces to the theorem
of Banach and Tarski from the fact that every open set is the union of a set
of disjoint half-open cubes, and that every measurable set is G5, modulo the
null sets.

It can be deduced from the results of Part III that under the conditions
of 15.1 that M =m/n and the totality ® of measure-preserving. transforma-
tions on M are respectively isomorphic to the field M’ of measurable sets
modulo the null sets in euclidean space, and to the totality ' of measure-
preserving transformations on M’.
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