OPERATIONS IN BANACH SPACES

BY
MAHLON M. DAY

The starting point for this investigation was an attempt to generalize the
well known theorem of Silverman-and Toeplitz [25](!) on regularity of a
sequence-to-sequence transformation. This theorem may be stated as follows:
If a transformation of sequences {t,.} of real numbers to sequences {s,,. } s defined
from a matrix {@ma}, m,n=1,2, - - -, by the equations sm=2 » Amnts, the trans-
formation is regular—that is, is defined everywhere and takes every convergent
sequence {t,.} into another convergent sequence with the same limit—if and only
if the matrix { a,,m} satisfies the conditions (a) lim,, E,. amn=1, (b) lim, @n,=0
for each n, and (c) there is a K such that Z,.[ a,,.,,l =K for every m. In the special
case under consideration, the fact that regularity implies condition (c) (the
non-trivial part of the proof) can be derived from a theorem of Banach |3,
p. 80, Theorem 5]: If A and B are Banach spaces, and if U.,n=1,2, - - - , are
linear operators on 4 to B, such that lim sup., || U.(a)|| < » for each @ in 4,
then lim sup, || U|| < «.

If the sequence of integers is replaced by a directed set X, it is known
that 4, B, X, and U, can be chosen for which the similar statement relating
lim sup; || U.(a)|| and lim sup, || U,| is false; sections 1-3 of this paper con-
sider these cases in an attempt to solve the problem of boundedness: Charac-
terize those Banach spaces 4 and B, and directed sets X such that choosing
the linear operators U, on A4 to B so that lim sup, || U.(a)|| < « for each a in 4
implies that lim sup, || U.|| < ®. Section 1 is a review of pertinent facts about
directed sets and convergence (mostly due to Moore and Smith [19], G. Birk-
hoff [5], and Tukey [27]). Section 2 studies the relations among three topolo-
gies in the space of operators on 4 to B. In §3 the problem of boundedness
is studied but not completely solved.

The second part of the paper is concerned with certain special operators on
some function spaces. In §4 the space is that of the totally measurable func-
tions on a set Y to a Banach space B; a class of operators on this space is de-
fined in terms of additive, real-valued set-functions and the relations among
various topologies in this set of operators is given; this is used in §6 to give a
general form to a theorem of Vulich [28]. In §5 the functions studied are the
measurable functions on Y to B; the operations on this space are defined in
terms of completely additive, limited, set-functions whose values are transfor-
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mations instead of real numbers. A corollary of the results obtained there is
this: The real-valued, finitely additive set-function ¥V has the property that
> V(E,) converges for every sequence {E.} of disjoint measurable sets if and
only if the total variation of ¥ is finite. This has as a corollary the well known
result that a completely additive, real-valued set-function is of bounded
variation.

Section 6 contains the applications of these theorems on Banach spaces
to the problems which originally started the investigation beginning with two
general theorems on regularity conditions. The first includes the Silverman-
Toeplitz theorem and many others of the same type; the second generalizes a
result of Vulich which says that a transformation defined by a matrix {am,.}
takes every convergent sequence of points of a Banach space B into another
such sequence with the same limit, if and only if the transformation defined
by {@ms} is regular for real sequences. The section closes with some sample
corollaries of these results.

1. Directed sets and convergence. This section contains a short discussion
of properties of directed sets which will be useful throughout this paper. A
non-empty set Y of elements y is called directed by a relation > (read “fol-
lows” or “succeeds”) if the pairs of points 1, ¥ for which the relation y; >y,
holds are subject to the conditions (a) if 1>y, and y:>y; then y;>y; (transi-
tivity) and (b) each pair of points ¥1, ¥, in ¥ has a common successor in Y;
that is, there is a y; such that y;3>v; and y; >y, (composition).

Probably the most used directed set is the set of integers ordered by mag-
nitude. Other examples are (1) the neighborhoods of a point in a topological
space ordered by inclusion, and (2) lattices.

A subset Y’ is cofinal in Y if each y in ¥ has a successor y’ in Y”. It can eas-
ily be shown that the cofinal subsets of ¥ satisfy the following conditions: (3) If
yois any element of ¥, then the set(2) {y I y >y} is cofinal in ¥ and its com-
plement {y | y >y} is not. (4) If Y1 is not cofinal in ¥ and Y»C ¥3, then Y,
is not cofinal in Y. (5) If Y1 and Y, are not cofinal in Y, then Y1+ Y; is not
cofinal in Y. (6) If the order relation in a subset of Y is that imposed upon it
by the order relation in ¥, then every cofinal subset of Y is a directed set.

If f is a real-valued function defined on a directed set YV, let lim sup, f(y)
be the least upper bound of those numbers K for which {y| f(y)>K} is co-
final in Y;let lim inf, f(y) = —lim sup, (—f(y));if lim sup, f(y) =lim inf, f(y),
then call this common value lim, f(y). The Cauchy criterion is a necessary and
sufficient condition for existence of lim, f(y) and the limit defines an additive,
homogeneous functional on those f’s for which it is defined.

G. Birkhoff [5] first extended this definition of convergence to a topologi-
cal space. Let S be a neighborhood space, satisfying, say, the axioms defin-
ing a Hausdorff space [2]; if f is a function defined on the directed set ¥ with

(2) €, C,and soon will have the usual set-theoretical meanings; {y | - -« } will mean the
class of those y satisfying the condition following the vertical bar.
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values in the space S, s =lim, f(y) if and only if for each neighborhood N of s
there is a yy in ¥ such that f(y) EN if y >yn. If Sis a complete metric space
and if the neighborhoods of a point are the spheres about that point, then the
Cauchy criterion is again necessary and sufficient for the existence of a limit;
if S is a linear space with a uniform topology—that is, a topology in which
addition of elements and multiplication of elements by real numbers are con-
tinuous operations—then this limit defines an additive, homogeneous function
over the linear set of f’s on ¥ to S for which it exists. In particular if Sis a
Banach space in any of the usual topologies, this is the case.

Tukey [27] has shown the importance of certain directed sets (first used
by Moore) and has defined an order relation among directed sets which will
be useful in later sections. For any ordinal number »>0, let D* be a set of
power N,; the stack A is the directed set whose elements are the finite subsets
0 of D7, where 6> 6’ means 6 &'; D’ is the base of the stack A”. It is clear that
if two stacks have bases of the same power, then there is an isomorphism—
that is, a 1-1 order-preserving correspondence—between the two stacks.

A directed set X is a cofinal part of a directed set YV if there is an isomor-
phism between X and a cofinal subset ¥’ of Y. X and Y are cofinally similar
(symbol: X ~7Y) if there is a directed set Z of which X and Y are both cofinal
parts. X follows ¥V (symbol: X > Y) if and only if there exist two functions,
hon X to Yand g on Y to X, such that if y is any point of ¥ and x>g(y),
then k(x)>y. Tukey showed that X>Y¥ and Y>X if and only if X~7,
that > is a reflexive and transitive ordering among directed sets, and that
cofinal similarity is a reflexive, symmetrical and transitive relation, the equiv-
alence relation associated with >.

The reader can easily see that w, the class of integers ordered by magni-
tude, is a cofinal part of A, the stack on a countable base, and that the stack
A follows every directed set of power less than or equal to 8,; also A > A= if
and only if »=u, so A’~A* if and only if »=u. From this it follows that
A°>X if X is any countable directed set. If A®> X either X has a last ele-
ment—that is, an x, such that x>« for each x in X—or A°~X. In all of what
follows the trivial case will be explicitly rejected; that is, no directed sets
mentioned hereafter will have a last element.

If X is a directed set, let A(X) be the smallest ordinal number u such that
a subset of X of power 8, has no upper bound in X; that is, A(X) is the small-
est ordinal u not satisfying the following condition: If X’'CX and the power
of X’ <N, thereis an xyin X such that xy>x’ for every x’ in X’. For example,
A(AY) =0 for every v; Mw) =0;N(Q,) =z for any integer z if Q,is the set of all
ordinals of power less than N, ordered by magnitude. From the definition it
can readily be seen that if X > ¥, then A(X) <A(Y), so AM(X) is invariant under
cofinal similarity. The next lemma is useful in §3.

LemMA 1.1, If X is a directed set, then N(X) =0 if and only if X >A°.




586 M. M. DAY [May

If X >A®, then 0SN(X)<A(A?) =0. If \(X) =0, a countable set {x,} ex-
ists with no upper bound; by induction and the composition property a se-
quence {x,} can be defined so that x,,1>x, and x, ; then {x.} has no upper
bound and is monotone. Define » on X to w and g on w to X by letting
g(n)=x,foreach nin w; h(x)=n+1if x, <x<Lxni1.

The interested reader can also prove that no X can be chosen for which
A(X) =w; this fact clarifies some steps of the proof of Theorem 3.6.

2. Neighborhoods and convergence in operator spaces. This section con-
siders relations among two Banach spaces(®) 4 and B and the space U=A4:B
of all linear(*) operators defined over all of A with values in B; Ul is also a
Banach space if H U” =Supj|a||=1 ” U(a)” for each Uin U. In the special case in
which B is By, the set of real numbers, 4 : By is the space A* of all linear func-
tionals on A. There are three natural ways in which a topology can be im-
posed on 1; by analogy with the case in which 4 = B =Hilbert space(5) these
will be called norm, s*, and w* topologies in U. Itis sufficient (see Wehausen,
[29]) to define the neighborhoods of #(%); the neighborhoods of the other
points of U are defined by translating the neighborhoods of 6.

NorM: For any e>01let N=N(e)={U | ||U| <e}.

S*: For any integer k,any a, - - - ,arin A,and e>01let S=S(ay, - - -, ax; €)
={U| | U] <efori=1,---, k}.
W*: For any integer k,any a1, - - - ,arin A, and By, - - - , Bu in B* and any

e>0let W=W(ay, - - -,ai;1, - - - ks&)={ U| | B:(U(a:))| <efori=1, - - - k}.

The families R, &, and W of these sets N, S, and W are, respectively, the
norm, s*, and w* neighborhoods of 8 in U; in the special case B= B, both s*
and w* topologies reduce to the ordinary weak* topology in A*(7). If X is any
directed set and if U.€ U, the notations Uy=#%n—lim, U,, Uy=s*—1lim, U, and
Uy=w*—lim, U, mean that U, converges to U, in the corresponding topol-
ogy.

The first half of the next theorem is used in §3. Two neighborhood systems
N’ and N’ of 6 in 4 : B will be called equivalent (symbol: N'~N’’) if each N’
contains an N’’ and each N’’ an N’. Clearly each W contains an .S and each
S an N. A Banach space B is called finite-dimensional (symbol: fd) if there
exist a finite subset by, - - - , bx in B such that every b in B is a linear combina-
tion of these b;.

(3) A Banach space [see 3] is a complete normed vector space. In all that follows the trivial
space consisting of just one point will be ruled out and all spaces considered will be at {east one-
dimensional.

(*) Linear is used in Banach’s sense, to mean additive and continuous.

(®) See J. von Neumann [20], for this case; others who have considered topologies in a
Banach space are A. E. Taylor [25], and Alaoglu [1].

(%) 6 will be used for the zero element of any linear space under discussion.

(") See Taylor [25].
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THEOREM 2.1. R~ if and only if A is {d; S~ if and only if B is {d;
hence N~ if and only if both A and B are fd(®).

If A is fd, there is a basis ai, - - -, @i of linearly independent points of
A with a=2,~§k taii, ta; real, for each @ in 4. Since every two k-dimensional
Banach spaces are isomorphic there is a K >0 such that Y.< It.,;[ <K if
lla| 1. Recall that || U]| =supjja=1 || U@)||; if UES(ay, - - -, ax; ¢/K), then

Ke
U@ = Z | tai| || UCad)]] < Sk

if ||a|| < 1. Therefore N(e)DS(ay, - - - , ax; €/K) and N~ when 4 is fd. If 4
is not fd and S=S(ay, - - -, ax; €) is any s* neighborhood of 6, there is an «
in A* such that a(a;) =0 for each i <k, while ||| >0. If ||5]| %0, the element
U..of Udefined by U.(a) =na(a)bis in Sfor every n while || U,|| =n]|o]| ||]| — «
as 7 increases, so .S is not contained in any sphere.

If Bisfd, letB, ---,B,and by, - - -, b, be conjugate bases in B* and B,
respectively; that is, choose them so that B;(b;) =1, B:(b;) =0 if 254, and
By, -+ +,Bgand by, « - -, b, are linearly independent and are bases in their re-

spective spaces; then any bin Bis of the formz,-gqﬂ,-(b)bj. IfS=S(a1, - - -,axr;€)
is given, the w* neighborhood for which |B,—( U(ay)) | <e/(qsup; ”b,-”) for every
1=<k,j=qliesin Ssince

lluees)| =

> ﬂ,-<U<a.~))b,-H < T80 )] <«

if |8;(U(a:))| <e/(g sup; ||j]]) for all 4, j; hence S~®. If B is not fd and if
W=W(a, -+, a; B1, -+ -, Bx; €) is given, there is a point b in B with
B:(b) =0 for all 2 <k while “b” >0.Ifac4, if Ha” #0 and if a is any element of
A* for which a(a)#0, each U, defined by letting U,(a’) =na(a’)b for each o’
in A4 is in W since B:(Un(a)) =na(a)Bi(b) =0; || Un(a)|| =] a(a)| [|b]| >~ as
increases so W cannot lie in any S(a, €) for which ||a|| 0.

3. The boundedness problem. The theorem of Banach [3, p. 80, Theorem
5] already mentioned asserts that if { U,.} is any sequence of elements of 4: B
such that lim sup, || U.(a)|| < « for every a in 4, then lim sup, || Ua|| < . The
boundedness problem is to characterize those triples 4, B, X such that
lim sup, || U.|| < @ if lim sup, || U.(a)|| < = for each a. Some unsettled ques-
tions connected with this problem are collected at the end of this section.

Consider the following conditions:

(a) lim sup, ” U,(a)” < o for each @ in 4.

(b) lim, || U.(a)|| =0 for each a in 4.

(8) Even in the unit sphere 1, in U, the s* and w* topologies are generally different; this
can be seen from the result, more general than one of Alaoglu [1], that U, is bicompact in the s*
topology if and only if B is fd, while U, is bicompact in the w* topology if and only if B is re-
flexive.
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(¢) limsup, ||U.|| = .

(d) lim, || U] = =.

The first step in the solution of the boundedness problem is to show that
the nature of B is unimportant.

THEOREM 3.1. If A and X are given and if a B exists such that linear opera-
tors U, can be defined on A to B so as to satisfy any combination of the conditions
(a)-(d), then for any B’, U, can be chosen in A : B’ to satisfy the same conditions.

If the linear operators U, on 4 to B are given, for each x let 8, be an ele-
ment of B* such that ||8.]| =1 and

U]l = sup ||U(a)]| =2 sup |B(U:(a))].
llall =1 lall=1

Let a, in A* be defined by a.(a) =B:(U.(a)); then |a.(a)| <|| U.(a)| while
|| U.|| <2||a]| so the e, satisfy those conditions which are satisfied by the U..
If B’ is any other space, let b’ be any point in B’ for which ”b’“ =1 and define
U/ by the equation U/ (&) =a.(a)b’; then || U! || =||e.|| and || U (a)|| = | a=(a) |
so the U,/ have the same properties.

For any combination of the conditions (a)-(d) let P with those subscripts
be the class of all pairs [4, X ], where 4 is a Banach space and X a directed
set, such that a, in 4* exist satisfying that set of conditions; for example, P,
is the set of all [4, X ] such that a, in 4* exist with lim sup, |a,(a)| <  for
each a in A and lim sup, ||e,|| = . The problem of boundedness is to char-
acterize PB,.; related to this are the problems of characterizing the sets
Baa, BPoe, and Pra. There are several obvious relations among these classes;
Boa C PBaa C Bacr BoaC Boe CBac, and PaD Paa; to be proved later (Theorem 3.7)
is the fact that Paa= Ppa.

Consider first some “monotony” properties of these sets. A Banach space
A’ will be called a linear image of a Banach space 4 if there is a linear
operator U on A to B whose values fill up B. If U is such an operator and if
Ao={a [ U(a) =0}, then A’ is isomorphic to the Banach space 4/4,(°).

THEOREM 3.2. If [4, Y]EBsa, Boc, 07 Bac and X > Y, then [A, X ] is in the
same class. If A' is a linear 1mage of A and if [A’', X |E Bsa, Bse, 07 Bac, then
[4, X ] is in the same class.

If X> 7, there are functions g on Y to X and %2 on X to Y such that
h(x)>vif x>g(y). If [A, Y]E Bsa, there exist a, in 4 *such that lim, |a,,(a)| =0
for each a in 4 and lim, ||a,|| = . Let a, = ; then for each a in 4 and

(°) If Aqisa closed linear subset of 4, the elements of 4 /4oare the cosets Eqs = {a: | a —a.E 4 }
where || Ei|| =inf,,ck, |la:||; with the usual definitions of the vector operations 4/4, is a Banach
space. If 4o=U"1(9), the elements of A/A¢are the sets E= U~(a’), a’ in 4'; the transformation
T on A/Aq to A’ defined by T(U-Y(a’))=a’ is linear and 1-1 so [3, p. 41, Theorem 5] it is an
isomorphism.
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€>0 there is a y, such that |ay(a)| <eif y>y.. Let x.=g(y.); if x>x,, then
|a.(a)| = | anw(@)| <esince k(x) >y., so lim, |a.(a)| =0; similarly lim, [|a]|
= 0,

If [4, Y]EPBac or Bee, let o in A* have the corresponding properties. De-
fine k, on X to Y as follows: Suppose that %, is already defined on a subset
X’ of X so that (1) X’ contains every predecessor of each of its elements,
(2) for each x’ in X' there is a sequence {x,}CX’ such that x, >x’ and
lim, ||e, || = ©, and (3) ki(x’) >h(x’) for every x” in X'. If X' X, let x be
any element of X — X’ and let {x.} be any sequence of points of X — X" such
that %41, for each # while x1>x. Since lim sup, ||e,|| = «, for each 7 there
exists a point Ai(x,) in Y such that hi(x,)>hk(x.) and “a;.l(,”)H >n. Let
X'=X"+ {x"l an 7 exists for which xn>x”} ; for each 2’/ in X'’ for which
hi(x’") is not already defined let hi(x’’) =h(x’’); then h, is defined over X'’
with the properties (1)-(3). Starting with X’ equal to the empty set and
applying transfinite induction defines k; over all X with the properties (2)
and (3). From (3) and a repetition of the argument in the preceding para-
graph it follows that the . defined by a, =au, (s satisfy (a) or (b) if the a, do;
(2) implies that «, satisfy (c).

Suppose that the linear operator U maps 4 onto all of B, let 4,=U—1(0),
and construct 4/4,. If a] €EA'*, define a, in A* by a.(a) =a (U(a)); clearly
the «, satisfy (a) or (b) if the @, do. For each x _

[|eef| = sup (| as(a) | /llal)) = sup ( | «f (U(a)) | /||a]])-

For each €>0 there is an a’ of norm one such that &/ (a’) >||e! || — €; if (%)
E=T-'(a"), ||E|| =||T-Y| so there is an a in E of norm less than || 7| +¢;
hence ||a.|| > (e || —€)/(|T-Y|+¢) for every e>0 or ||ai =]l ||/||TY-
Therefore the a, satisfy (c) or (d) if the o/ do.

We now consider a case in which [4, X ] can be shown to be in the smallest
of these classes.

THEOREM 3.3. If A is not {d, if B is any Banach space, and if &, the s*
neighborhood system of 0 in A: B, is directed by the relation S> S’ if SCS’, then
[4, 8]E€ B

If SE&, there is a least integer k such that S=S(a;, - - -, ax; €). If 4 is
not fd, by Theorem 2.1, S contains a point Us for which || Us|| > &; then Us de-
fined in this way have the properties (b) and (d). If &4 and €¢>0 is given,
UsESCS(a; €)if S>S(a; ¢), s0 || Us(a)|| < eif S>S(a; €) or lims || Us(a)|| =0.
If S=S(ay, - -+, ar; € CS'=S(al, - - -, a]; €), then each a/ is linearly de-
pendent on the a;. For suppose that some a/ does not depend on the a;; then
[3, p. 57, lemma] there is an « in 4* such that a(a;) =0 for all s while a(a}) =1.
Take b0 in B and let U(a) =a(a)b; then kUES for every k, but if k||]| > ¢/,
kUES’; this contradicts the assumption that SCS’. If af, -, a/ are
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chosen linearly independent, then S(ay, - - -, ax; €0 CS(al, - -+, a,;1/¢) im-
plies that k=g, so | Us|| >¢if S>S(a!, - - -, a;; 1/g), and lims || Us|| = .

Banach’s theorem asserts that [4, w]&B.. for any 4; a converse of this
is contained in the first half of the next theorem.

THEOREM 3.4. A°> X if and only if there is no A for which [A, X ] is in Pa.
(or Bue). A is {d if and only if there is no X for which [A, X ] is in Bac (07 Bsa).

If [4, X]EPoc and A*> X, then [4, w] EPac, by Theorem 3.2; this contra-
dicts Banach’s theorem. If A} X, no countable subset of X is cofinal in X. Let
A =c¢o(X, By)(*), where By is the space of real numbers, and define o, in 4*
in a way similar to that used in the proof of Theorem 3.3. Suppose that the o,
have been defined on a subset X’ of X to satisfy the conditions (1) X’ con-
tains every predecessor of each element of X', (2) for each x’ in X', there is
a monotone sequence {x,.’ } CX' such that lim, “a,,n” = o, and (3) for each
x"in X', a, is defined by @, (a) =k.-a(x’) for each a in 4, and some constant
k.. Then take any x not in X’ and any monotone sequence {x.}CX—X’
such that x1>x and for each # define a,, in A* by a, (a) =na(x,) for each a
in 4 ; define &, in A* for those predecessors x’ of any x, for which it is not al-
ready defined by setting a, =6. As before, this and transfinite induction serve
to define a, for every x in X so that lim sup, ”a,” = . For each a in 4 the set
E.={x| |a(x)| >0} is countable, hence not cofinal in X; therefore there is an
x4, in X such that no x in E, follows x,, so lim, a.(a) =0 for each a since
a,(a) =0 if x>x,. This shows that [co(X, Bo), X |EBsc unless A°>X.

If A is fd, by Theorem 2.1, norm and strong neighborhoods systems are
equivalent; using this fact it is clear that no [4, X ]&EPs.. To show that no
[4, X] can be in P, requires only an application of the method of proof used
in that theorem. If 4 is not fd, Theorem 3.3 asserts that an X exists with
[4, X]in Bsa.

We turn now to a characterization of the nature of & considered as a di-
rected set rather than as a neighborhood system.

THEOREM 3.5. A is not {d if and only if for every B there is an ordinal num-
ber v>O0 such that A is a cofinal part of the directed set © of strong neighborhoods
of 6in A :B; v is unique and depends cnly on A.

Proof. If 4 is not fd, let A’ be a vector basis in 4 ; that is, a set of points a’
of norm one, such that no a’ in 4’ is linearly dependent on any of the others,
while every element of 4 is a linear combination of elements of A’. Let » be
the ordinal for which the power of 4’ is W,. If B is any Banach space, we shall
show that A* with this choice of » is a cofinal part of &, the strong neighbor-
hood system in 4 : B; clearly v does not depend on B but only on 4.

Let f be any 1-1 correspondence between the class of neighborhoods
S(a;1),ain A’, and D’, the base of the stack A”; extend f to all of A” by letting

(19)This is defined before Corollary 3.3.
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f(8)=S(f(dy), - - -, f(dr); 1/k) if dy, - - -, di are the elements of 8. Then f de-
fines a 1-1 correspondence between A* and a certain subset &’ of &.

&' is cofinal in &, for if S(ay, - - - , ax; €) EG, there exist a;;in 4’ and real
numbers ¢;; such that a;=2,§k‘ tijaij. Then S;, the neighborhood such that
| U(a.-;)l <e/(>i; |t.~,~| ), is contained in S. If enough additional elements of 4’
are used to make 1/k smaller than ¢/(D_;; It;‘jl ), S; contains some S’E&’, so
&' is cofinal in &.

f preserves order between &’ and A’. Obviously f(8) >f(8’) if 6> 8’. Sup-
pose that S=S(ay, - - -, ax; 1/k) and S’=S(a{, - - -, a/; 1/qg) are in &’ and
that SCS’. By the argument used in Theorem 3.3, each ¢/ is a linear combi-
nation of the a;, 2 S k; henceeach a/ must be an a;,s0 ¢ <k and f~1(S) >f~1(S’).

This shows that A¥ is a cofinal part of & if 4 is not fd; v#0 since A°>S
if v=0and no function on & to U can exist satisfying Theorem 3.3. v is unique
since & and A” are cofinally similar and (see §1) no set can be cofinally similar
to two different stacks. If 4 is fd, S~N~A? so no A’ with »>0 can be a
cofinal part of & in this case.

If Aisfd, let »(4) =0;if 4 is not fd, let »(4) be the ordinal greater than 0
whose existence is asserted by this theorem.

CoroLLARY 3.1. If 7(A) =min v(A') where the minimum is taken over all
non-fd linear images A’ of A, and if X >A"® then [A, X |EPsa.

Since the set of ordinals »(4') is well-ordered by magnitude, there is a
smallest one, so (A4 )is defined ; let 4’ be an image of 4 for which »(4’) =75(4).
By Theorems 3.3, 3.5, and 3.2, [4’, A*4) ] EPs4, so, by 3.2, [4, X ]|EBsa
if X>An4,

COROLLARY 3.2. If A =BV, [4, X |EPsa if X >A7E¥; if 4 =B@+D,
[A) X]G%ba 1,f X>Av(8**)(11).

This follows from Corollary 3.1 and this theorem: Let 4 be isomorphic to a
conjugate space and let A, be the subset of A** consisting of all those points a,
defined for each a in A by a.(a) =a(a) for every ain A*; then there is a projection
of A** into A(12).

If Y is any set of points ¥ and B is any Banach space, there are certain
easily defined Banach spaces of functions f on ¥ to B(3). Let m(Y, B) be the

(11)B™ is defined by induction from B® = B, B(r+D) = (B(n))*

(1?) This need only be proved if 4 =B* for some B; in this case reducing each a defined
over B** to a function defined only over B, defines a transformation of 4** into 4: mapping
back to 4; by the usual method gives the desired projection. Phillips [23] has shown that c is
not the range of a projection of m =c¢**; so some restriction on 4 is needed; it is not known
whether 4 is isomorphic to a conjugate space if A4, is the range of a projection in 4**,

(1) Most of the results given in this paragraph for these spaces of functions on ¥ to B can
be adapted to the more general spaces of functions f on ¥ for which the value f(y) always lies
in some fixed space By; if all B, =B, this reduces to the case discussed in the text. For example,
see [9] for one case where ¥ is countable.
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space of those f’s such that “f“ =Ssupy ”f(y)” < oo ;forany p with 12p< = let
1,(Y, B) be the space of those f's for which ||f|| =(E,,”f(y)“")l“’< o (1); let
co(Y, B) be the set of f’s for which {y | If(y) I > €} is a finite set for every €>0.
In the special case ¥ =w, B = B,, these spaces reduce to the well known spaces
m, l,, and co. It may be noted that the conjugate spaces of ¢o( Y, B), (Y, B),
and /,(Y, B) with 1<p< o are, respectively, equivalent to I;(¥, B*),
m(Y, B*) and I,.(Y, B*) where 1/p+1/p'=1.

If Y’ is any subset of Y, let T be the operation which takes a function f
on Y to B into the function Tf defined by Tf(y)=f(y) if yE€Y’, Tf(y) =0 if
y€& Y’. Then it is clear that T defines a projection of norm 1 in each of the
spaces m(Y, B), 1,(Y, B) and ¢o(Y, B) and that the range of T in these cases
is equivalent to m(Y’, B), 1,(Y’, B) and ¢o(Y’, B). Also, if ¥ is an infinite set,
the spaces m, I,, and ¢, are, respectively, linear images of m [V, B], 1,[V, B]
and ¢ [V, B].

CoOROLLARY 3.3 If Y is any infinite set and B is any Banach space,
[m(¥, B), X), [l.(Y, B), X] and [co(Y, B), X |EPsa if X >AY where R,
s the power of the continuum.

This follows from 3.2 and 3.5 since the power of a vector basis in m, /,,
or ¢y, is that of the continuum.

The next result gives some conditions involving M(X); if 4 is not fd, let
u(A4) be the smallest ordinal such thata fundamental set(®) of power N, exists
in 4.

THEOREM 3.6. If N(X) >u(A) >0 and iflim, U,(a) exists for every a in A,
then there is an xosuch that U, = U,, if x>x,, so [4, X |&EPBs.. If N(X) >v(4),
[4, X ]&EBac. If MX) =u(4) >0, then [A, X |EPs.

Let A’ be a fundamental set in 4 of power N, ); if lim, U.(a) exists for
each a, then for each ¢ in 4’ and integer k there is an x,: in X such that
” U.(a) — U,'(a)” <1/kif x, x' >xer. If N(X)>u(A4), for each k there is an x;
which follows all x, so “ U.(a)— Uzr(a)H <1/kforallain A’ if x, x’ >xy. Since
A(X) >0 there exists an x¢ following all x4; so, if xe>x¢, U.(a) = U, (a) for
allain A’ if x>xo; hence U.(a) = U, (a) forallain 4.

A similar argument if N(X) >»(4) and if lim sup, la,(a)l < « for every a
shows that there is an x¢ in X such that, for each a, a k,>0 exists with
|az(a)| <ka if x>xo. That lim sup, ||a|| < » follows from a theorem of Hilde-
brandt [15] which has as a special case this theorem(%): If A is a Banach

(M) If ¢ is a real-valued, non-negative function defined over ¥, 2 ,¢(y) is defined to be
sup,,z,,e.ﬂ&(y), where the supremum is taken over all finite subsets nof ¥. Hence the assumption
that Y ,é(y) < ® implies that {y | ¢()>0} is at most countable.

(%) A set A’ is fundamental in 4 if the set of linear combinations of elements of 4’ is dense
in 4. It is known [18] that u(4)=»(4) if and only if N, is at least as great as the power of the
continuum.

(1%) Banach’s theorem is a corollary of Hildebrandt’s in its more general form; the reader
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space, if X is a directed set and if a, EA*, then lim sup, “a,” < « if a sequence
{x,.} C X exists with the following property: For each a in A there exist integers
ko and m, such that | a,(a)| <ks if >%m,.

If \(X) =u(4) >0, transfinite sequences {x,} CX and {a,}C4 can be
defined as follows: (1) » ranges over all ordinals <w, (), the first ordinal
of power N, 4); (2) x,>x%, if v>p and {x,} has no upper bound; (3) the sev
{a, | v<w.)} is fundamental in 4. Let n(») be the largest integer such that
v—n is defined and define a, in 4* so that a,(a,) =0 if p <» while ”ayl =n(»).
If @={v | v<w.w}, then [4, @] EPs, for if aE 4, there is a sequence {a. }
of linear combinations of the a, such that ||a —al|—0; hence there is a
va<w,(a) such that a is in the smallest closed linear manifold containing
{a, | v<v.}; hence a,(a) =0if v>w, so lim, a,(a) =0 for every a in 4 ; clearly
lim sup, ||| = . Also X >, for defining g(v) =x, and k(x) =inf » such that
x$x, gives two functions with the desired properties. Therefore [4, X | &€ P
when AM(X) =u(4) >0.

CorOLLARY 3.4. If A=1,(Y, B) or ¢o(Y, B), if Y is uncountable, and if
X >y, the set of denumerable ordinals, [A, X |EBs.. Under the hypothesis of
the continuum [m(Y, B), X |EBe. if X > and Y is any infinite set.

We conclude this section with a theorem giving some relationships among
the sets P.

THEOREM 3.7. If A exists for which [A, X |EPa, then \(X) =0. If A\(X) =0,
[A, X]egBac if and only if [A, X]Esta, 50 Baa=Poa. Boc= Boa.

If [A, X]EBa, there exist a, in 4* and a sequence {x,}CX such that
[l >n if €>xn; if N(X) >0, then an x, must exist following all x, so that
[letzy|| = =, which is impossible. If A(X) =0 and [4, X ]EB.., let {x.} be a
monotone sequence with no upper bound in X and let a, in 4* satisfy (a)
and (c). Define 2 on X to X so that k(x) >x for every x while Ha,.(,)” >n?
if xa<xPan;let blx)=x if xPx. Let o) =(1/m)ane if 2, <xPxny1,
al =a, if xPx;;then lim, o/ (a) =0 for every a while lim, ”a,” =,

Since PraCPaaC BacBa, Bra= Paa. If X is the set of denumerable ordinals,
or any other set such that A(X) >0, [co(X, Bo), X | EPBs by the construction
in Theorem 3.4; by the first statement of this theorem [co(X, Bo), X | & Boa.

COROLLARY 3.5. If [A, Y] EBae, if X >V, and if X >A°, then [A, X |EPsa.

The major problem remaining here is to reduce the number of pairs whose
class is unknown. Other problems are these: (1) Is PBp.=PB..? (2) A corollary
of Theorem 4.2 is that if A’ is the range of a projection in 4 and if [4’, X ]
is in some class, then [4, X ] is in the same class; is this true if 4’ is any
closed linear subset of 4 ? (3) A special case of (2) is to decide whether or not

will note that the characterization sought in this section is not to involve the special choice
of a;; in that sense Hildebrandt’s theorem is a useful tool but not a result of the desired type.
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there is an X such that [co, X ] is in some class while [, X ] is not. This might
also be settled by the answer to (4). Is [4*, X ] in one of these classes if
[4, X]is?

4. Totally measurable functions and real operators. In this section let
Y be an abstract set, let Y be a field(!") of subsets of ¥, and let B be a Banach
space. If E is any set in 7, let ¢, the characteristic function of E, be 1 on E
and O on its complement. A function f on ¥ with values in B is called simple
if there exist a finite number of sets E; in ¥ and points b; in B such that
f=2;§k¢g‘b.-. Let V be the space of all functions f on ¥ to B for which there
exists a sequence {f,} of simple functions which converges uniformly to f; if
|lfll =supycv ||f(»)||, V is a Banach space. In the special case in which B = B,,
the space of real numbers, call the space V.. If 8 is any element of B* and
fEV, the function §f defined by Bf(y) =B(f(3)) is in V, and ||8f]| =||8]| |I7|; if
¢EV, and bEB, the function ¢b defined by ¢b(y)=¢(y)b is in V and
llodll =]l¢ll l|2]|; moreover these functions of the form ¢b, with ¢ in V., and &
in B, form a fundamental set in V, since every ¢gb is of this form. Also if
¢E V, there exist 8 in B* and b in B such that Bpb=¢; in fact any choice
such that 3(b) =1 will do.

Let U be V:B, the space of linear operators on V to B. Gowurin [13] has
shown that each U in U can be defined by means of a certain integral: Fo1
each EET define ®(E) in B:B by the relation ®(E)b= U(¢gb) for every b
in B; then (1) each ®(E) is a linear operator on B to B, (2) ® is additive;
that is, ®(E,)+ ®(E,) = ®(E,+E,) if E, and E; are disjoint sets in ¥ and
(3) @ is limited; that is,

W&(Y) = sup

lisk
where the supremum is taken over all choices of b; with “b.” =<1 and all parti-
tions of Y into a finite number of disjoint sets Ey, - - -, E¢ in Y(!8). On the
other hand each & satisfying these three conditions defines a U in U by
means of the Gowurin integral: If f=) .<ipb;, let [fd®=) ;< P(E:)bi; then
| fa®l| = weW|Ifl| so [|/(fa—Fm)d ®][ =0 if [|fa—ful|-0. If FEV, let {fa}
be a sequence of simple functions converging to f and let [fd® =lim, [f.d®. If
U(f) = [fd®, then UEN, || U|| = W®(Y), and & is derived from U by the rela-
tion U(¢gb) = P(E)b for every b in B.

Some of these set functions are of the form ®(E)=WV(E)I where [ is the

(1) Y is a field if fini‘e sums of sets in Y are in Y, if Y€ and if complements of sets
in Y are in Y. The reader is asked to distinguish between Y, used here, and T used later in this
section.

(1) It is easily verified that if ®is limited and additive and if W&(E) =sup||2_:<s®(E:)bq|,
where the supremum is taken over all finite partitions of E into disjoint sets E, - - - , Exin T,
and sequences of points by, - - + , b of norm less than or equal to 1, then W is a bounded, real-
valued non-negative function on Y such that W&(E,) £ We(E\+E;) < We(E,) -+ W S(E;) for
every pair of disjoint setsin .
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identity transformation in B and V¥ is a bounded, additive, real-valued func-
tion on 7. For such a ® write U(f) = [fd¥ instead of [fd®; then || U]| = V¥(Y)
=sup ) isi| ¥(E;)| where the supremum is taken over all partitions of ¥ into
a finite number of disjoint sets of 7. All the elements of V}* are of the form
T(¢) = [pd¥ for some bounded, additive real-valued ¥ defined on Y(*). The
correspondence 7 associating Uin V:Band rU="Tin V*if T(¢) = [¢pd ¥ for all
¢ in V,and U(f) = [fd¥ for all f in V is one-to-one and norm preserving be-
tween V¥ and a subset U, of V:B. The reader can easily prove the following
results:

(1) If BEB*, UEU, and fEV, then B(U(f)) =7 U(B).

(2) U&E, if and only if U(f) is a linear combination of the values of f when-
ever f is a simple function in V.

Since U, is a subset of 11, the topologies defined in §2 impose three topolo-
gies in U,. If N, © and W are the norm, s* and w* neighborhood systems of 6
in U, let N,, &, and W, be the intersection of these with 1,; that is, N.ENR,
if there is an N in R such that N, = N1,, and similarly for &, and B,.

THEOREM 4.1. N,~@, if and only if V, is {d; &,~B, if and only if one
of the spaces B or V, is {d. Hence W,~W, if and only if V, is fd.

If V, is fd, there exist ¢y, - - -, ¢% in V, which form a basis in V,, so
that for each €>0 there is a >0 such that ||T||<e if |T(¢:)| <o for
i=1,---, k. Take B; in B* and f; in' V, say f;=¢.b;, such that B.f;=¢; for
i=1,-- k.M Uisin W,=W,(fs, - - - ,fus B1, - - - , Br; 8), then | B(U(f))| <8

for all 7, but
[BUUN | = | 1B:f) | = 1(s9) |

so ||U||=||T|| <€ and UEN,(e); that is, if V, is fd, there is a W, contained
in each N,, so N,.~S,~W,.
If Bisfd, 8~ ;so &, ~W,.

If V., is not fd, consider two classes of neighborhoods S.(fy, - - -, fi;-¢€),
first taking all f; to be simple functions. Let f; =E,-§k‘¢g..,.b,-,~; then, for every
in B*, Bf; =Zj§k'~¢Ei’-B(b.‘j), so the set of functions {ﬂf; | Bin B* i=1, - . -, k}

can all be expressed as linear combinations of the characteristic functions of
the finite number of sets E;; Hence the smallest linear manifold in V, con-
taining all the Bf; is f{d and therefore does not fill up V,; by a lemma of Banach
[3, p. 57] there exists an T in V* such that T(8f:) =0 for all f; and B, while
|7l >0. Let U=7=1T, then B(U(f:)) =T(8f:) =0 so U(f;) =0 for each ¢ while
| U]| =||t]| >0. For each K>0 there is a point U’=KU/||U|| such that
|U'|| =K and U'E€S.(fu, - - -, fs; €).

This holds if the f; are simple functions; if fi, - - -, fx are any functions
in V, there exist k sequences of simple functions {f:.} such that ||fiw—f{| <2

(1%) See Kantorovich and Fichtenholz [11], or specialize Gowurin’s integral.
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for each i <k. Hence, for any UEU,, ||U(fin—f:)|| <27 U]|. For any K>0
and €>0 take 7, so that 2= < ¢/4K; then in S(fing, * * - , fin,; €/4) thereisa
point U with [|[U|| =K. || U(fin,—f:)|| <K2-™<e€/4 so ||U(f:)| <e/2 and
UES,(fy, - -, fr; € while l U” =K. This construction can be carried through
for any S, in &,; so no S, lies in an N, if V, is not fd.

If neither V, nor B is {d, there is an fo in V such that no fd subspace of B
contains all the values of fo; consider S.(fo; €) and any W,=W.,(fy, - - -, f;
By - -+, Bk; 8). Let y1, - - -, yx41 be points of ¥V for which the £+ 1 points
fo(y:) in B are linearly independent. Then 2+ 1 numbers ¢; exist which are not
all zero and which satisfy the k equations Y _;<x41£;8:(fi(y;)) =0,i=1, - - - , k.
Let U in U, be defined by U(f) =2 j<is1t;f(y;); then UEW, since
Bi(Uf:) =B« iswsr tifi(¥)) =D isen tiB:(fi(y,)) =0, while || U(fo)|| >0 since
the points fo(y1), - -+, fo(yr41) are linearly independent. For every K,
KUEW, but for K large enough KU&S,; hence &, is not equivalent to W,
in this case.

One remark on the problem of boundedness may be made for such spaces
and operations.

COROLLARY 4.1. For any B, V, is a linear image of V; hence n(V) =v(V,).
If X>&, and V, is not {d, U, in U, can be chosen so that lim, || U.(f)|| =0 for
every f while lim, ||U,|| = . If V, is {d, then no X and U, in W, exist which
satisfy these conditions.

Note that V, is {d if and only if Y has only a finite number of distinct
elements; Vis {d if and only if both B and V, are fd.
The next lemma is used in §6.

LemMA 4.1. If U.and UsEW, and if Y. =71U., then Uy=w*—lim, U, if and
only if To=1Up=w*—1lim, T,.

Uo=w*—lim, U, if and only if lim, B(U.(f)) =B(Us(f)) for every 8 in B*
and f in V; that is, if and only if To(8f) =lim. T.(8f) for every 8 in B* and f
in V. But the set of such Bf fills up V,; so this is true if and only #
To(¢) =lim, T.(¢) for every ¢ in V,; that is, if and only if To=1w*—1im, T.(2°).

5. A completely additive integral. That the class of totally measurable
functions is rather limited is clear from the fact that the sct of values of such
a function f is a totally bounded subset of B; that is, for each €>0 there is a
finite set of spheres of radius e which together cover the sct of values of f. If
a measurable function is defined to be a function which is the limit of a point-
wise convergent sequence of simple functions, then the class of bounded,
measurable functions includes the class of totally measurable functions; the
two classes are the same only if B is fd or if Y has only a finite number of

(29) This lemma is a restatement of the fact that the equivalence r of V,* and U, carries &,
into the set of weak* neighborhoods of 8 in V,*. Note that the proof of (2) of Theorem 6.2 shows
that the w* and s* topologies are the same in the unit sphere of U, although they are different
in the unit sphere of U itself.
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distinct elements. Birkhoff [4], Bochner [6], Dunford [10], Gelfand [12],
Pettis [21], Phillips [22], and Price [24], among others, have defined and
studied integrals of a Lebesgue-like nature for functions with values in a
Banach space; Gowurin [13] and Bochner and Taylor [7] have considered a
“Riemann-Stieltjes” integral; as far as I know, no attempt except in [24] has
been made to define a completely additive integral similar to Gowurin’s.

In this section Y is any set and B is a Banach space(?!); 7 is further re-
stricted to be a o-field(??). A function f on Y to B will be called kalf-simple if
it is bounded; that is, if there is a K >0 such that ||f(y)|| <K for all y, and if
there exist a countable number of disjoint sets { E;{ in T such that f has the
constant value b; on E;.

LeEmMA 5.1. B, the class of bounded measurable functions on Y to B, is the
class of all functions on Y to B which can be uniformly approximated by half-
simple functions; hence B is a Banach space if ||f|]| =sup, ||f()].

Every half-simple function is in 8B; so every f which can be approximated
uniformly by half-simple functions {f.}. is in B; the construction of a se-
quence of simple functions converging to f is as follows: Suppose that
fu(y) =binif yEE;, and enumerate {E.,} and {b:.} as single sequences { E} }
and {b} }. For each j let Ej be any enumeration of the disjoint sets obtained
by intersecting all possible combinations of the E/, ¢<j, and their comple-
ments. Define f/ by f/ (y) =0 on Y=Y .<; E!, f} (y) =b; on Ej; where b}, is a
b!, 1<j, for which sup,ecz}, ”b{ —f(y)” is a minimum; then the f] are simple
functions and converge pointwise to f. If fE®, there is a sequence f,.}
of simple functions such that [|f.(y) —f(¥)||—0 for each y in ¥ and ||f.|[=||fl;
enumerate the values of these f, in a sequence {b,-}. For any €>0 let
E! ={y | |If(»)—bi|<e};then> : E! = ¥ and each E! €Y, because yC E! if
and only if there is an # such that, for every &>n, ||fi(y) —b4| <e; that is, if
and only if yEZ,, Hk>,. E.; where Ei;= {y | “fk(y) —b.-“ < e}. Each E;;is in
Y, soeach E/ isalsoin ¥;let Ey=E{, E;.i=Eln —Zkg.- E/, and define f. by
fe(y) =b;if yEE,. Since the E; are disjoint, are in T, and cover Y, f. is half-
simple; clearly ||[f—f{| < e so every element of B can be approximated uni-
formly by half-simple functions.

From this lemma it is clear that the difficulties of defining an integral for
functions in B are mostly concentrated in defining the integral of every half-
simple function. Gelfand [12] calls a series )_; b; of points of a Banach space B
unconditionally convergent if 3 ,; | 8(b;)| < o for every Bin B*. If A% is the stack
whose elements are the finite sets, §, of positive integers, Alaoglu has shown

(2) Throughout this section we shall consider that B is imbedded in its second conjugate
space B** by the usual transformation associating b in B with b, in B** if b,(8) =8(b) for every
Bin B*,

(22) T is a o-field (sometimes called a Borel field) if T is a field and if the sum of any
countable collection of sets of ¥ is a set of Y.
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that ) ; b; converges unconditionally if and only if lims ) :cs 8(b:) converges
for every 8 in B* and if and only if sup; ||2_:cs b4 < . Let the sum of the un-
conditionally convergent series »_; b; be that point b of B** for which
b(B) =lim; B(bs) for every B in B*, where bs= s bi; then ||b|| <lim sup; |[54|.
If ®is a limited, additive function defined over the o-field T with values in
B:B, if {E.} is any sequence of disjoint sets in 7, and if {b;} is any sequence
of points of norm not exceeding 1, then Y_; ®(E;)b; is unconditionally conver-
gent because [|Xics ®(E)b{|| < W(Y) for every 8. ® is called completely
additive (symbol: ca) if for each b in B and sequence {E:} of disjoint sets
of Y, ®(E,)b=®(: E:)b; complete additivity clearly implies finite addi-
tivity. A theorem of Orlicz [3, p. 240, (3) ] asserts that if every subseries of a
given series converges in Gelfand’s sense to a point of B, then the series con-
verges in Orlicz’ sense; that is, lim, HZ,E, b; ——Z; b;“ =0. Hence, if ® is ca,

> (E)b — ¢<;E..)bl|—>o

i€

for every b in B and sequence {E.} of disjoint sets of 7.

If ® is ca and limited and if f is a half-simple function with the values b;
on the disjoint sets E; of T, let [fd® be the sum of the series D _; ®(E;)b;; from
the complete additivity of ® it is easily shown that this sum is independent
of the decomposition { E;} as long as f is constant over each set E;. The argu-
ment used to show that Y _; ®(E;)b; is unconditionally convergent also shows
that || [fd®|| <||f|| W®(Y) if f is half-simple. If f is any element of B, let {f.}
be a sequence of half-simple functions converging uniformly to f; then the
points b, = [f,d® form a Cauchy sequence in B** and must converge to some
point of B**;let [fd® =1lim, [f,d®. This value is easily shown to be independ-
ent of the choice of the sequence {, } converging uniformly to f. If U(f) = [fd ®,
then U is a linear operator on V with values in B** and || U|| = W®(Y).

In many cases it is desirable to have [fd® in B for every f in B. This is
equivalent to requiring that [fd® be in B for every half-simple function f;
that is, to requiring that Y _; ®(E.)b; be in B for every sequence {E;} of dis-
joint sets of Y and every bounded sequence {;} of points of B. By the theo-
rem of Orlicz mentioned before, this is equivalent to requiring that Y ; ®(E;)b;
converge in Orlicz’ sense for every such choice of {E;} and {b:}; & will be
called convergent if this last condition holds. From this we have the following
result.

THEOREM 5.1. If ® is limited and ca, [fd PE B for each f in B if and only
if ® is convergent; hence [fd®C B if B is weakly sequentially complete(®) or is

() B is weakly sequentially complete if the existence of lim, 8(b.) for every 8 in B* implies
that a by in B exists such that lim, 8(b.) =g(b,) for every 8 in B*.
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reflexive or if ® is of bounded variation(*) or if & =VT where ¥ is a real-valued,
ca set-function and T is any element of B:B.

THEOREM 5.2. If ® is additive and convergent, WP(Y) < o ; if ® is ca, then
W : E;) =lim, W®(D_icn E:); if ® is ca and convergent, then WP(Ey) de-
creases to zero for every decreasing sequence {Ei} of sets of Y with empty inter-
section. '

Suppose that ®is additive and convergent and that W®(Y) = « ; say that
a set Yy of T has property (A) if ¥, has two disjoint subsets ¥y and Y’ such
that W®(Y{) =« and W®(Yy’) = . Then only a finite number of disjoint
sets of T can have property (A) for if an infinite number have this property,
then there would exist a sequence {Y;} of disjoint sets of ¥ such that
W®(Y;)= » for each 2. Choice of E;;in T and b;; of norm not greater than
one could then be made so that the series Y _;; ®(E;,)b;;reordered in any way
as a simple series would have unbounded partial sums, thus contradicting
convergence of ®.

Therefore there exist disjoint sets ¥y, - - -, ¥, k=1, whose sum is ¥, such
that ECY,and W®(Y;—E) = = imply that W®(E) < « ; let ¥V, represent any
one of these Y. Define the sequence {E:}CY of subsets of ¥, as follows: If
among the sets EC Y, such that W®(V,—E) =  there are any such that
W®(E)>0, let » be the smallest integer such that such an E; exists with
W®(E,) >1/n; if E;, i<k, are defined and disjoint, let #; be the smallest
integer such that a subset E; of Yo—2 i<k E; has W®(E;)>1/n; and
W@(Yo—Ek) = o,

If an n, exists such that W®(E;) >1/n, for an infinite sequence of these E;,
then a series ) _:; ®(E:/)b;} could be found with partial sums not tending to
zero which again contradicts convergence, so W®(E;)—0 as +— «. Consider
Ey=Y-Y ;E;, and ) ; E;; by the definition of Y, either W-®(E,) or
WoQ i E)<w.If WSO E;) < o, then WP(E,) = = since WP( V) = o ;
hence there exist a sequence {Ek,-} of partitions of Eq and a sequence {bk,-}
of points of norm not exceeding 1 such that

[ > S(Ee)be|| > ks

isSn

the partition {Ej41;§ may be made a refinement of the partition {E:;}. By
definition of E,, if ECEsand W®(E,— E) = «, then W®(E) =0, since other-
wise E would have been chosen among the E; at some stage. Hence for each
k there is a ji such that || ®(Eyj)|| = 0if i1, so, letting E{ = Ex;, and b{ =by;,,
|| ®(EZ)b2|| >k and WP(E{ ) = ». Therefore E{41CE{ and W®(E{ —E{4,)
=0, so ®(E/41) =P(E() for every k. It follows that || ®(E{ )b/ ||— » while

(*#) & is of bounded variation if sup chk[[Q(E.-)” < « where the supremum is taken over
all partitionsof ¥ into a finite number of disjoint sets of 7.
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[|6£]] <1, but this is impossible since ®(E,) is a linear operator on B, so
W®(E,) < =.

This leaves the alternative hypothesis that W®(D_; E;) = «. A more care-
ful repetition of the preceding argument, letting {E;;} be a partition of
E.>k E;, leads to a contradiction here. This shows that W®(Y,) must be
finite, but ¥, was any one set in a finite partition of ¥ so W®(Y) < « also.

Next assume that &® is ca. Clearly the sets E; mentioned can be taken
to be disjoint; suppose then that

W@( ZE) >K = li'r‘n Wd)( > E,~>;

iSn
then there exists a partition E, - - - , EF on; E; into disjoint sets of Y and a
set of points by, - - -, by of norm not greater than 1 such that
> ®(ENb;|| > K + 2¢
isk

for some €¢>0. By complete additivity of ®, » can be chosen so large that

H S(ENb; — D ®(E:Eb;

1<n

€
<3
2k

for each j<k, so “Ziék Z;g,, tI>(E.~E")b,-“ >K+e€ The sets E;Ei,i1<n, j<k,
form a partitition of Z.-;,, E;soK+e< W<I>(Z,-§,. E;) £K; this contradiction
shows that W<I>(E,~ E) <lim, W®(_:s. E;). Since W®(E) increases with E,
the conclusion holds.

The other conclusion is a simple consequence of these two; the assump-
tions that W®(E;:) | 2¢ >0 and that ®is ca show that there exists a sequence
{k:} such that W®(E,— Ex,,,) > € for every i; this contradicts convergence.

If B =B,, the space of real numbers, each ®(E) is a real number and & is
convergent if and only if ) _; ®(E:)¢: converges for every bounded sequence
{t.-} of real numbers and every sequence {E.} of disjoint sets of T; that is,
if and only if 3 | ®(E:)| < » for each such sequence {E.}.

COROLLARY 5.1. If and only if the real-valued, additive set-function ¥ on Y
has the property that Y _; W(E;) converges for every sequence {E.} of disjoint sets
of Y, V¥(Y) < .

This is true since V¥ (V) =W¥(Y) in this case. Since a ca real-valued set-
function has the property that

2 W(E)| = W(E) + |¥(E

where E’ is the sum of those E; such that V(E;) =0, and E’’ is the sum of
those E; such that W(E,) <0; from this follows a well known theorem.
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COROLLARY 5.2. 4 ca real-valued set-function is of bounded variation.

If B is any fd space and the values of ® are in B: B, both these corollaries
hold for such a ¥, although V®(Y) and W¥(Y) are no longer so simply re-
lated.

THEOREM 5.3. A linear operator U on V to B can be expressed in the form
U(f) = [fd ® where ® is ca and convergent if and only if U(f) =lim, U(f.) when-
ever ” f,,“ 1s uniformly bounded and f, converges pointwise to f.

If f. converges pointwise to f, if Exn={y | [|f(s) -f,,.(y)” >1/kif m>n},
then for each &, Ex, | 0, so by the preceding lemma lim, W®(E,) =0 for each
k. Then

||U<f)—v<f,.>||§H Ek"(f—fn)d<1>”+”f (f—fn)dé“.

—Egn
For given €>0 take k>1/¢ and take % so large that W®(E;,) < ¢; then
[U() = Ul < dlf = full + ewa(®).

If U satisfies the last condition of the theorem, let ®(E) be the operator
on B to B defined by ®(E)p= U(¢rbd) for each b in B. Then ® is additive
and limited since || Ul| = W®(Y). If f is a simple-function, U(f) = [fd® is an
element of B. If f is half-simple with values b; on sets E;,

o ( gere)
. i€s

but no matter in what order the sets E; are arranged lim, Y s, U(¢z,:) = U(f)
s0 2_: ®(E.)b; is convergent in Orlicz’ sense and ® is convergent.

= iAo,

> ®(E)b;

i€s

> ®(E)b = lim Y U(pgd:) = lim U( quE,.b) = lim U(¢ . Eib)
I n iZn n iSn n iSn
= 4’( Z E;) b
so P is ca.

In case @ is equal to W1, where ¥ is real-valued, this integral is consistent
with, say, Dunford’s integral for bounded, measurable functions.

A desirable property for an integral is this: If fis in 8 and T is in B:B,
then T[fd® = [Tfd®, where Tf is the function in B such that Tf(y) = T ( ().
With this integral this does not hold for all T and f for two reasons, [fd ® may
not lie in B, and T may not commute with all ®(E). The first difficulty can
be avoided; if T is an operator on B to B, define T*, the adjoint(%) of T, to

(%) Banach [3, p. 99] calls T* the conjugate of T and represents it by 7.
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be that operator on B* to B* such that 7*3(b) =8(Tb) for every b in B and
8in B*. Then (1) ||T*| =||T]|, (2) (T1T2)* =TT and (3) if T**=(T*)*, the
operator T** agrees with T over B.

THEOREM 5.4. If ® is limited and ca, T commutes with all ®(E) if and only
if [Tfd®=T**[fd® for every f in B.

If there is an E in T such that ®(E) does not commute with T, let b be
a point such that T®(E)b> ®(E)Tb and let f=¢gb; then T**[fdd =T P(E)b
#P(E)Tb=[Tfd .

If f is half-simple with values b; on disjoint sets E;, Tf has values Th; on
the same sets E;. [fd® is that point b of B** for which

b(B) = lim D_ B(P(E:)b:) = lim B( > <I>(E.-)b,-).
5 i€ 5 i€s

T**b(8) = b(T*B) = H:n_ T*B( 2 @(E;)b,-) = H;n B [ T< Z <I>(E'.)b'-)]

i€ HST

= lim a( > TtI>(E.-)b.~) = liin B( > <I>(E,-)Tb.~)

8 i€s i€
= lim 2 B(®(E:)Tb).
5 iEs

But [7fd® is the point b, of B** for which
b:(8) = lim };‘,,3(@(E,~)Tb.~),= T**b(B)
& €3

for every 8 in B*.
Since all the operators involved are continuous and since the half-simple
functions are dense in B, the conclusion follows.

COROLLARY 5.3. If ¥ is ca and real-valued, then T [fd¥ = [Tfd¥ for every f
in B and every linear cperator T on B to B.

In this case V¥ (Y) < « so [fd¥ € B for each fin B. Every T in B: B com-
mutes with multiplication by real numbers.

This section closes with some examples. Let ¥ be the class of integers
and let Y be the class of all subsets of Y; for every real-valued function f
on Y and every set E in Y let ®(E)f =¢xf; that is, ®(E)f(n) =f(n) if nEE,
®(E)f(n) =0 if nGE. If B is I,=1,(Y, Bo), 1Sp<», then ®(E)fEB if f
does, so each ®(E)EB:B as ” <I>(E)” =1 for every E. This function is ca since
> ®(E)b=®(O_; E.)b for every b and sequence {E;} of disjoint sets in V.
However, W®(Y)= « so the theorem that a real-valued ca set-function is of
bounded variation is not true if the words “real-valued” are deleted, even if
“limited” replaces “of bounded variation.”
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If B=c, instead of /,, each ®(E) again defines a linear operator of norm
less than or equal to 1 on B to B. Since W®(E) =1 on every non-empty set
E in 7, this gives an example of a function such that W®(Y) <  while & is
not convergent. For example, defining b; in B by b.(n) =1, bi(n) =0 if i#n,
gives a sequence of points such that(?) ., ®((n))b, is in m instead of in ¢,
since the sum is that f for which f(n) =1 for every .

For one more example, take B=m and let ® be defined by ®(E)b=¢zfod,
where fo is the function for which fo(n) =1/n. Then ” <I>(E)“ =W®(E)
=sup.cz 1/7, so P is convergent, but ® is not of bounded variation since
2| =220 1/n= .

A more general integral is easily defined with properties almost precisely
the same as those discussed here. If B and B’ are two Banach spaces and if the
set-function ® has values in B:B’, then limited, ca, and convergent set-func-
tions ® can be defined almost as before; in this case [fd® is a point in B’** or,
if ®is convergent, in B’. An illustration is furnished by the last example above
if the values of ® are interpreted as transformations of m into ¢o. Theorem 5.4
does not carry over to this case.

6. General summability theorems. Silverman and Toeplitz and others
have given conditions on a matrix {am.} of real numbers which are neces-
sary and sufficient that it transform every convergent sequence {t,,.} into
another convergent sequence {s,,.}, where s, =, @mat,, which converges to
the same limit. The theorem has a great many generalizations; one of these
arises naturally from using functions on a directed set instead of sequences,
another from letting the values of these functions be points of a Banach space
instead of real numbers. The form of the theorem to be stated is suggested by
the fact that ¢, the space of convergent sequences of real numbers, is a Banach
space if || {t.}|| =supa |#.| ; in fact it is a space of the form considered in §4 if
the field is the smallest field containing all the finite sets of integers.

Let ¥ be any directed set and B any Banach space; let A be a Banach
space whose elements are functions f on Y to B with the property that
lim, f(y) exists (in the norm topology) for each 4. Define the operator L on 4
to B by setting L(f) =lim, f(y) for each fin 4; then L is additive and homo-
geneous but need not be continuous(??). A set A"CA is dense in limit in A if
for each f in A and €>0 there is an f’ in A’ such that [|f—f]| <e and
L) —L()] <

Note that in the simple case 4 =c¢, above, the set 4’ of sequences which
are ultimately constant is dense in ¢, and hence dense in limit in ¢ because L
is continuous in this case. The conditions (a) and (b) of Silverman-Toeplitz

(%) (n) is the set whose only element is 7.

(27) The referee quite justly remarks that any additive homogeneous function L’ on any
Banach space 4 to B could be considered with similar results; for example, letting L’(f) be the
weak limit instead of the norm limit of f would give analogous results.
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assure that every ultimately constant sequence will be taken into a sequence
with the same limit.

If X is a directed set, for each x in X let U, be a linear operator on 4
to B; the transformation { U,} thus defined on 4 to a class of functions on X
to B is called regular on a subset A’ of 4 if lim, U.(f) =L(f) for every fin 4.
Clearly if {U,} is regular on A’ and A’CA"’, { U.} is regular on 4"'.

THEOREM 6.1. (1) {U.} is regular on A if it satisfies the conditions (a’)
there exists a set A’ dense in limit in A such that {U,} is regular on A’, and
(b") lim sups.| U,[ <w. (2) If L is discontinuous on A and {U,} is regular
on A, lim sup, || Ud|| = . (3) If 4 is fd, if A°> X, if N(X) > u(A4), or if for any
other reason [A, X |is not in By, and if { U, } is regular on A, then lim sup H U,“
< o and L is continuous. (4) If L is continuous on A, { U.} is regular on A if
and only if L=s*—1im, U,. (5) If L is continuous and X >A"™ or if for any
other reason [A, X|EBie, there exists 'a {U,} regular on A such that
lim sup. || Us|| = © (in the first case { U,} exists such that lim, || U,|| = «).

(1) is a minor adaptation of a standard theorem on convergence of linear
operators [3, p. 79, Theorem 3]. (2) is obvious since || Z|| <lim sup. || U.||. (3)
follows from various results of §3. (4) is a restatement of regularity on 4.
(5) follows from the definition of B, and, for the last part, from Corollary 3.1
and Theorem 3.2.

In the special case in which 4 is a space V, as considered in §4, lim, f(y)
can exist for a simple function if and only if f is ultimately constant; in par-
ticular lim, ¢b(y) exists if and only if either E or Y —E is not cofinal in V.
The properties of cofinality mentioned after the definition show that if T,
is a field of subsets of ¥, and if T is the subclass of those sets E of Y, for
which either E or Y—E is not cofinal in Y, then 7 is also a field. Use sub-
scripts to indicate the field involved.

LeEMMA 6.1. If f can be uniformly approximated by functions simple Yo, and
if limy f(y) exists, then f can be uniformly approximated by functions simple T.

If ¢>0 is given, there exists a function f. =Z-‘§k ¢£,b; where the E;€ Y,
such that “fe(y) —f(y)” <e€/3 for all y in Y. Also there is a y. in ¥ such that
Hf(y) —bo” < ¢/3if y>y., where bo=lim, f(y). Let E'=)_ E; where the sum is
taken over those E; which contain a successor of y.. Define f¢ on ¥ to B by
fl(y)=boif yEE', f{ (v) =f(y) if y&E'. Then Y —E’ is not cofinal in ¥ so
E’'EY;no E; disjoint from E’ can be cofinal in ¥ so the other E are alsoin Y.
Hence f! is simple Y, but ||f! —f|| <e.

From this lemma.it follows that for this section it suffices to assume that T
is a field of this special sort; that is, T satisfies (C): for each E in T either E
or its complement is not cofinal in V. In this case L is continuous on V, in fact
HL” <1. It is clear from the criterion (2) of §4 that L&U,. Since the simple
functions are dense in V, the condition (a’) of (1), Theorem 6.1, for this
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special space can be replaced by (a’’) lim, U.(¢yd) =b for each b in B,
lim, U.(¢zb) =0 for each bin B and each E in T such that E is not cofinal in Y.
(2) of that theorem can not occur in this case; it is known that (V) 2 »(V,).

The special case in which 4 is a space V of this type while each U. is
in U, presents a situation more general than one studied by Vulich [28]. He
considers convergent sequences {b,.} of points of a Banach space and trans-
formations U,, defined by means of a matrix of real numbers {@n.} so that
Un({bs}) =2 _n @maba and this series converges absolutely for each {b,} so
that ), | @ma| < @ for each m. Vulich proves that lims Un({b.}) =lim, b, for
every convergent sequence {b,.} of points of B, if and only if the matrix satis-
fies the Toeplitz conditions; that is, if and only if the matrix defines a trans-
formation regular on real sequences.

From Lemma 4.1 we have, letting T=7U, asin §4.

LeEMMA 6.2. If each U.E,, {U,} is regular on V if and only if L=s*
—lim, U,; {T.} is regular on V., if and only if L =w*—lim, U.,.

We use this to derive the following extension of Vulich’s theorem.

THEOREM 6.2. Let Y be a directed set, Y a field of subsets of Y satisfying (C),
and V the Banach space of functions totally measurable with respect to this field;
Let X be a directed set, for each x in X let U, be in U,, and let T,=7U,. (1) If
{U.} is regular on V, {T.} is regular on V,. (2) If {1.} is regular on V,
and lim sup, || U,|| =lim sup, ||T.|| < «, then { U,} is regular on V. (3) If Bis
fd and {T.} is regular on V., then { U,} is regular on V. (4) If V., is {d, or if
A°>X, or if N(X)>u(V,), or if for any other reason [V, X|&EBs., then
lim sup, || U.|| < w if {T.} is regular on V,, so, by (2), { U.} is regular on V.
(5) If neither V, nor B is fd and if X >A*V9, then U, can be chosen from U, so
that {Y.} is regular on V, while { U,} is not regular on V.

(1) By (2) of §4, LEW,;if A=7L and L =s*—lim, U, =x*—lim, U, then
A=w*—lim, T,; clearly A(¢)=lim, ¢(y) for each ¢ in V..
(2) If¢EV,and bEB, then pb& V and

|| U(sb) — L(¢b)|| = sup | B(U (4)) — B(L(¢)) |

= sup | T.(8(8)8) — A(B(B)®) |

IBl=1
= | T.(¢) — A(9) | sup. |8) | = [o]| | T=(e) — Ae) |-

Hence || U.(¢b) — L(¢b)||—0 for every ¢ in V,and b in B if {T.} is regular
on V,. But the set of all ¢b is fundamental in V, so, by (1) of Theorem 6.1,
{U.} is regular on V.

(3) is true by Lemma 6.2 and Theorem 4.1. (4) follows from Theorems 4.1,
3.4 (the known half) and 3.6.
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(5) If neither V, nor B is fd, s* and w* topologies in U, are different;
hence there is a neighborhood S of L which contains no w* neighborhood of L.
For each w* neighborhood W of L let Uw in U, be in W,—S,; directing B, by
inclusion gives L =w* —limw Uw while L can not be s*—limwy Uy. Since the
weak* neighborhood system in V,* is isomorphic to B, as a directed set,
AV ~,; in the usual manner if X >A*(Vn, { Uz} can be defined in terms
of the { Uw} to have the same properties.

As an example let us consider multiple sequences. Let ¥ be the set of
n-tuples y=yy, - - -, ¥, of positive integers, directed by y>y’ if y;=y/,
1=1,.--,n,n>1. Let B be any Banach space and let b¢c(Y, B) be the set of
those bounded functions f on Y to B for which lim, f(y) exists. Then bc(Y, B)
is a subclass of m(Y, B), which, since Y is countable, is a space B of the sort
considered in §5. Let X be the set of m-tuples x =x,, - - - , x, of positive'in-
tegers, directed as Y is, and for each x in X let &, be a convergent, ca set-
function defined over all subsets of Y. Then A°>X and each &, defines a
linear operator U, on bc(Y, B) to B by the relation U,(f) = [fd®, using the
integral of §5.

THEOREM 6.3. Under these conditions { U,} s regular on bc(Y, B) if and
only if (1) s*—lim, ®,(¥) =1, (2) | U.(f¢)|| =0 if fEbc(Y, B) and if E is any
set not cofinal in ¥, and (3) lim sup, W®.(V) < .

If Bis fd, (2) can be replaced by (2’) s*—lim, ®,(E) =8 (or lim, || ®,(E)||
=0) if E is not cofinal in Y.

A smaller class of functions on this Y is the class rc(Y, B); let Y’ be a
subset of ¥ which is directed by the same order relation holding in Y itself;
then fErc(Y, B) if and only if lim, f(y’) exists for every such directed subset
Y’ of Y. A simple investigation shows that any such Y’ has the following char-
acteristics:

(a) There exists a set of integers 4y, -+« , 45+« +, %, 0Zp=m, 1;=n for
allj=1, .-, p and a set of integers n,, - - -, n,, such that y;;<n; for every
j= 1, .-, p.

(b) The set Y’ of those y in Y’ such that y;;=n;for j=1, .-, pis co-
final in ¥’ while ¥/ — Y’’ is not.

Define a slice ¥’ of ¥ tobe any set of the form {y | y;;=n,for j=1, - - -, p}
for any choice of 0 =p =, and ¢;<n: for example, if n =3, the slices obtained
by fixing 3, 2, 1 and 0 elements of each y are, respectively, single elements,
columns, layers, and all of Y. Then each slice is a directed subset of ¥ (in
case n elements of y are fixed we have the trivial directed set with one ele-
ment) and the characteristics (a) and (b) show that Y’ is a directed subset of
Y if and only if there is a slice Y’/ such that the intersection Y’’Y¥” is cofinal
in both Y’' and Y’ while Y’ — Y’/ is not cofinal in ¥’. Letting 7 be the small-
est field containing all the slices in Y, it is easily seen that rc( Y, B) is the space
V associated with this Y.
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Taking X as before to be the set of m-tuples x;, « + -, xm, let $, be any
limited additive set-function on Y to B:B and define U,(f) = [fd ®, for each f
in r¢(Y, B), using the Gowurin integral.

THEOREM 6.4. Under these last conditions {U.} is regular on rc(Y, B) if
and only if (1) s*—lim, ®.(Y) =1, (2) s*—lim, ®,(E) =0 for every slice E not
cofinal in Y, and (3) lim sup, W&, (V) < .

The usual modification if ® is real-valued can be made.

These examples suffice to show something of the generality of the theo-
rems of this section; Theorem 6.1 contains as special cases a number of
theorems due to Toeplitz, Hamilton [14], Hill [16], the writer [8] and others.
Its use is restricted by the requirement that the class of functions under dis-
cussion is a Banach space under some norm adapted to the problem; this is
not the case, for example, of the class of all convergent double sequences(?2?).
Further information about the problem of boundedness would also improve
the results here.
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