SUFFICIENT CONDITIONS FOR A WEAK RELATIVE
MINIMUM IN THE PROBLEM OF BOLZA

BY
E. J. McSHANE

1. Introduction. The past decade has brought forth great advances in the
theory of the Bolza problem in the calculus of variations and in the theory of
the problems (Lagrange, Mayer, and so on) subsumed under it. Ten years
ago the necessary conditions of Weierstrass, Clebsch and Jacobi (or Mayer)
were established only for minimizing curves normal on every subarc, while
the sufficiency theorems needed even more drastic normality assumptions.
Now the sufficiency theorems are established under the assumption that La-
grange multipliers Ag20, Mi(x), - - -, An(x) exist with which the curve Ei
satisfies the Euler equation, the transversality condition, and the strength-
ened Weierstrass, Clebsch and Jacobi conditions. The Euler equation, trans-
versality condition, Weierstrass condition and Clebsch condition are proved
necessary with no normality assumptions. Yet normality requirements have
not been entirely dispensed with. I have shown(*) that for minimizing curves
with order of abnormality 0 or 1 there are multipliers with which all the
standard necessary conditions are satisfied. But an example shows that mini-
mizing curves exist, having order of abnormality 2, which do not satisfy all
the standard necessary conditions with any multipliers. Thus if the gap is to
be closed and the necessary and sufficient conditions brought together for
abnormal problems, our only hope is to strengthen the very strong sufficiency
theorems of Hestenes, Morse, and Reid.

In a paper to be published in the American Mathematical Monthly, I have

considered the problem of minimizing a function f°(x)=f%(x!, - - -, x™) sub-
ject to conditions
(1.1) fi(x) =0 B=1,---,m).

Subject to fairly obvious conditions of definition and differentiability, I have
shown that the following condition is necessary in order that f° have a mini-
mum subject to (1.1) at a point x, satisfying (1.1).

(N) Toeach set (u, - - -, u™) satisfying the conditions(?)
(1.2) Falz)u' =0 B=1,--,m)

Presented to the Society, May 2, 1941; received by the editors April 4, 1941, and, in revised
form, October 11, 1941.

(1) On the second variation in certain abnormal problems of the calculus of variations, American
Journal of Mathematics, vol. 63 (1941), pp. 516-530.

(2) We use the summation convention, summing on all repeated indices.
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- there correspond multipliers ly =0, L, - - -, I not all zero such that
1.3)  lofu(z) =0
and
(1.4) Iof stas(wo)uiui 2 0.

Correspondingly, we show that the following condition is sufficient for
f°(x) to have a proper minimum subject to (1.1) at a point x, satisfying (1.1).

(S) To each set of numbers (u, - - - , u™) not all zero satisfying (1.2) there
corresponds a set of multipliers lo=0, 1, - - - , L such that(1.3) holds and the left
member of (1.4) is positive.

Here we have no normality assumptions whatever, and still the gap be-
tween conditions (N) and (S) is no greater than that between the necessary
condition and the sufficient conditions for a minimum of a function f(x) of a
single real variable, without side conditions. The distinctive feature of condi-
tions (N) and (S) is the dependence of the multipliers y, - - - , I on the solu-
tions #!, - - -, u® of equations (1.2).

Let us now consider the Bolza problem of minimizing a functional

(1.5) 8o (@), 2 3 + [ S 3 )i

in the class of functions

(1.6) ' yimyix) (=1, ma S s S m)
satisfying certain differential equations

1.n ¢*(x, 9, 9) =0 - (a=1,--- , m<n;x < x= xy)
and certain end conditions '

(1.8) V(1 y(®), 72 (x2) = 0 =1, pS 2m+2)

Under the usual hypotheses on the functions, we are led by the theorems of
the preceding paragraph to the following conjectures.

CoNJECTURE (N). If a curve
(1.9) Eyy: v = yi(x), 21 S xS xy

minimizes the functional (1.5) in the class of curves satisfying (1.7) and (1.8)
then for each set of functions n'(x) and numbers &, & which satisfy the equations
of variation of (1.7) and (1.8) there are multipliers \° =0, N*(x) not all zero such
that for the function

(1.10) F(x, 3, ', N) = Nf(x, 3, ¥) + M (x)¢*(x, ¥, ¥)
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the Euler equations, transversality condition, Weiersirass condition and Clebsch
condition are satisfied, and the second variation formed in the usual way from F
and 1 and the end functions is non-negative.

CONJECTURE (S). In order that a smooth curve (1.9) shall give a strong proper
relative minimum to the functional (1.5) in the class of curves satisfying (1.7) and
(1.8), it is sufficient that the following condition be satisfied. To each nonidenti-
cally zero set [n(x), &1, & ] satisfying the equations of variation of (1.7) and (1.8)
there shall correspond multipliers N°=0, N*(x) with which the Euler equation,
transversality condition and strengthened Weierstrass and Clebsch conditions
hold, and the second variation is positive. e

These conjectures are now being investigated, the first by Miss Mary Jane
Cox and the second by Mr. Franklin G. Myers(®). The purpose of the present
paper is to establish the analogue of Conjecture (S) for weak relative minima.
The proof is made by expansion methods, not as a matter of choice but rather
as a matter of necessity. The field theory hardly seems applicable. We cannot
even find a conjugate set of accessory extremals; worse, we cannot even set
up an accessory problem because of the dependence of the multipliers on the

7%(x).

We shall obtain a sufficiency theorem for the parametric form of the prob-
lem, and from this we shall deduce a theorem for the non-parametric problem.

2. Statement of the problem. We shall study the Bolza problem in para-

metric form. On an open set R, of points (y, r)= (3% - - -, ¥ #% - - -, #") in
(2n+2) dlmensmnal space we are given functions
f(y! )v ¢”()’: ) (B= 1, .- rm<”)

of class C2. We assume that if (y, r) is in Ry so is (y, kr) for all >0, and that f
and the ¢# are positively homogeneous of degree 1 in r. Also, we are given
functions

0(a), Ti(a) (=0, l,A- ce,ms=1,2)

defined and of class C? on an open set R; in an r-dimensional space of points
(al, R ’ a’)-
If Cis a rectifiable curve, having a representation

2.1 C: y=9() (WSt<tyi=01,--,n)

with absolutely continuous functions yi(¢), and « is a point in R, we say that
the set (C, «) is admissible, or that C is admissible with parameters «, if for
almost all ¢ the point:(y, ¥) lies in Rj:and satisfies the equatiors

(3) Added in proof, June 1942: Miss Cex has established Conjecture N; Dr. Myers hés
shown that the hypotheses of Conjecture S yield a semi-strong mmlmum, and for certain
integrands guarantee a strong minimum.
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(2°2) ¢ﬂ()’(¢)» y(t)) =0 (ﬂ ='1’ Tty m),
and the end conditions ‘
(2.3) , yit) =Ti(@) (G=0,1,-+-,n35=1,2)

are satisfied.
~ The problem of Bolza is the problem of minimizing the functional

2.4) Jw@—aw+ffm»yma

on the class of all admissible sets (C, a).
Following Carathéodory, we shall denote by (%) the ‘vector (y"’ ®, -
y*'(t)) if this vector is defined and ﬁmte, and the vector (0, - - -, 0) other-
wise. We shall denote the length of a vector’ by enclosmg the vector between
vertlcal bars; thus

|;.1—y2|=.{z”:(3’1—)’2)‘})2;:

ol = { S}

The concept of weak relative minimum’ has been given several equlvalent
formulations. For simplicity of notation, let us suppose that C, is a curve of
class C!, represented by equations

(2.5) y = ‘yo(t) _ S o (tl = t =)

in which the functlons y (t) are of class ! and I y l #0. A curve C is in the
first order e-neighborhood of C, if ‘it has a ‘Lipschitzian representatlon (2.1)
such that

(2.6) |ﬂo—%mr<e - (St t)
and : ' ' o
(2.7) - Lub [0 = 5@y /] 50 <

This neighborhood is easily seen to be independent of the particular repre-
sentation of C.

We say that the functional J(C, a) has a weak relative minimum at the
admissible set (Cy, ay) if there is a positive number e such that

J(C, a) = J(Co, )

for all admissible sets (C, a) havihg C in the first order e-neighborhood of C,
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and Ia—aol <e. The minimum is proper if equality is excluded from (2.7) ex-
cept when (C, a) = (Co, ay). In this paper we shall set forth conditions which
ensure that a set (Cy, ) gives a proper weak relative minimum to J(C, «).

3. Statement of the theorem. We use a slight modification of the summa-
tion convention. The repetition of an index in a term connotes the summation
of the values of that term over all values of the repeated index, except that
the indices ¢ and s are exempted; we never sum over values of g or of s. As
usual, for each set of numbers \?, - - - , \™ we define

(3.1 F(y, r, N) = Nf(y, ) + Noh(y, r).

Henceforth we suppose that (C,, a) is an admissible set, the curve Cybeing
represented by (2.5) with functions y4(¢) of class C! which have I 4 | >0. The
curve C, satisfies the Euler equations with multipliers A°, NI(¢), - - -, A\»(¢) if

d
(3'2) E "‘(yo(t)r )’0' (t)’ )‘) = Fu‘(yo(t)’ y0’ (t)v x)
(t=0,1,---,m;4, £t = 1y).

The set (Co, ao) satisfies the transversality condition with multipliers
AN, - - -, Am(2) if

N04(a) + Fulyolt), 39 (1), Nt) T () |
(3.3) = Fo(yo(t), 39 (), ) T (a0) = 0
(h=1,---,7),

the subscript % denoting partial differentiation with respect to .
For the curve Gy it is well known that the quadratic form

(3.4) Frirs(30(2), 30 (8), No'o?
vanishes whenever the vector v is linearly dependent on y¢ (¢); that is, when-
ever there is a number k such that

'IJi = ky:’(t) (i = 0) 17 T ”)'

The curve C, is said to satisfy the strengthened Clebsch condition if for each ¢
in the interval (3.4) and every vector v linearly independent of y*(¢) and satis-
fying the equations

(3.5) Si(yo(), yd &) = 0 B=1,--,m)

the quadratic form (3.4) is positive.

Our definition of allmissible variations is somewhat more inclusive than
the usual definition. We define an admissible variation set to be a set
[2(), u]=[n°@), - - -, 9*(t), 4!, - - -, w*] in which the functions 5%(¢) are ab-
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solutely continuous, have derivatives integrable together with their squares,
and satisfy the equations of variations of (2.2), that is, the equations
8 ) 8 i 8 K
(3.6) @ 9) = é,(yo()), 33 (D)1 (&) + dre(30(), 35 (D)7 () = 0
(ﬂ=17"’ym;tlét§t2)y

for amost all values of ¢ in the interval [t, £ ], and the numbers #* satisfy the
equations of variation of (2.3), which are

(3.7) n(t) — Th(ag) =0 (s=1,2;i=0,1,---,n).
If [, ] is an admissible variation set, and \?, - - -, A™(¢) are multipliers, we
define the second variation due to [5, %] by the equation
t2
(3 "8) J2 ["71 Uu, x] = bhkuhuk +f 2“"(‘7 7, il)dt’
31
where
(3.9) bax = Onr(ao) + Fri(yo(ta), 36 (), Mtz) Tx(a)
' — Fu(yolts), 3¢ (12), Mt2)) The(ao)
and
(3.10) 2w(t, 1, p) = Fysyum'n’ + 2Fy,m'o? + Fu1p%p7,

the arguments of the functions in the right member being (yo(¢), ¥4 (), N(2)).
An admissible variation set [7, «] will be called essentially null if

(3.11) ut =0 (k=1,---,7)

and there is a function p(¢) such that

(3.12) ni(t) = p(t)y;’(t) (tLSt=ty;i=0,1,---,n).

For such sets the second variation is known to have the value 0.
We can now state our principal theorem.

THEOREM 1. Let the following hypotheses be satisfied.

. (1) The set [Co, o) is admissible and the curve Co is a simple arc of class(*)
C?, represented by equation (2.5) with functions yo(t) of class C2.

(2) For all t in the interval [, t;] the matrix .

llbreCyo®), 3¢ )]

has rank m.
(3) To each admissible variation set [y, u)] which is not essentially null there
corresponds a set of continuous multipliers N°=0, N'(¢), - - - , N™(8) with which

(*) If we assume C to be of class C!, in the presence of hypothesis (3) we can show by the
Hilbert differentiability theorem that it must be of class C2.
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the Euler equations, transversality condition and strengthened Clebsch condition
are satisfied, and with which the inequality

(3.13) 12(’7) Uu, x) > 0

holds.
Then (Co, o) gives J(C, a) a proper weak relative minimum on the class of
admissible sets (C, o). ’

4. A change of parameter. There is no loss of generality in assuming that
(2.3) is the representation of Coin terms of arc length, so that £,=0 and % is
the length of Cy and

4.1) lyd ()] =1 L (i St=h).

Our proof will be indirect; we assume the theorem false, and arrive (in §9)
at a contradiction. ' '

If the theorem is false, there exists a sequence of admissible sets [C,, o]
(g=1, 2, 3, - - - ) with the following properties. Each set (C,, a,) is distinct
from (Co, ao). The curves C, have Lipschitzian representations

(4.2) Cot 3 = 5() (h=t=t)
such that .

(4.3) lim y,(t) = yo(9)

. L B g—®o

uniformly‘ in [#, t] and
4.9 lim (yo(t) — 3o(£))* =0
g— .

uniformly in [t, f]. The o satisfy

(4.5) lima:=a: (h= 11""1’)'
. g—r .

And finally

(4.6) J(qu aq) = J(CO’ aO) (q = 1) 27 co )°

For convenience in our proofs it is highly desirable to choose a particular
type of representation of the curves C,. Specifically, we shall prove the follow-
ing statement.

(4.7) There is no loss of generality in assuming that the representations (4.2)
satisfy the equations

(4.8) [ya) — yo®]yo () = Aot + By,

where A, and B, are constants.
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The range of definition of the functions y5(f) may easily be extended to
an interval £; — e <t <{f3+ € in such a way that they remain of class C? and the
curve y‘=1v4(¢) remains a simple arc. Consider the equations

(4.9 [y — %(®]y()) — 4t — B =0.
The equations have the initial solutions .
(4.10) Y =9(); hStSh; A=B=0

On a neighborhood of the set (4.10) the left member of (4.9) is of class Cl
on the set (4.10) the partial derivative of the left member with respect to ¢
has the value 1. Hence by a known theorem on implicit functions the equa-
tion (4.9) has a solution

(4.11) t=t(y, 4, B)
defined and of class C! for all (y, 4, B) in a set
(4.12) |4l <5, |B|<s |y— @] <s (LSt < t;6>0)

and assuming values in the interval (f,—¢, f2+¢€).

The constants A,, B, of (4.8) are determined by giving ¢ the values #, #.
By (4.1) and (4.3) the left member of (4.8) approaches zero uniformly, hence
A, and B, both tend to zero as ¢— . We may therefore assume

(4.13) |4,] <8  |B,| <38

for all ¢. For all but a finite number of values of ¢, which we discard, each
point y,(7) (L=7=1,) lies within a dlstance 6 of some pomt of C. Hence the
functions

(4.14) tq(f) = U(y4(7), 4o B,) . hsTt=t)
are defined and satisfy the equation
(4.15) [y2(r) = 0 (ta(r)) 130 (¢a()) = Aghe(r) + B,

The functionSAtq(f) are clearly Lipschitzian. The constants 4, and B, were
so chosen that equation (4.8) is satisfied at ¢ and ¢, whence

(4.16) L) = b, t,(t2) = ta.

By (4.3), y,(7) tends to y,(r) uniformly in the interval [#, tz_], so by the defini-
tion (4.14) we have

(4.17) lim 2,(7) = (30(7), 0,0) = 7

g—®
uniformly for £ <7 <t,. Since

| ¥o(7) = yo(ta(™)) | £ | 34(r) = 30() | +| yo(r) = yolta(™)) |,
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relations (4.3) and (4.17) imply
(4.18) lim | 3,(r) — yo(ta(r)) | = 0
g

uniformly on 4 =114,

Let M, be the set of values of 7 in # <7 <1, for which y, (7) is defined; this
set constitutes almost all of the interval {; 7 </{,. On this set the function #,(7)
also has a derivative, as we see from (4.14). For all 7 in M, the inequality

419 |9/ () = 5 (] = | 50 (0) = ¥ @ |+ 38 () = 53 ()]

holds. So if 4 is an arbitrary positive number, for all large ¢ the inequality
(4.20) | 34 () — 93 (ta() | < v

holds on M,, as follows from (4.19), (4.4), (4.17) and the continuity of y{.
By differentiating both members of (4.15) we find that on M, the equation

(4.2)  [Ag+ 1= {5(0) = 3t }30" G () = 57 ()30 ()

holds. Let 5 be an arbitrary positive number less than 1. Since 4, tends to
zero and (4.18) holds, the quantity in square brackets in (4.21) lies between
(147/2n)~Y2 and (1+1/2n)V? for all sufficiently large ¢g. Since lyo’ | =1, by
(4.20) with proper choice of (¥) ¢ the right member of (4.21) lies between the
same bounds for all large ¢. Hence for all sufficiently large ¢ we have

7\7? n
(4.22) (1+—) <t <14—-
2n 2n

In particular, if we choose =1 we find that for all but a finite number
of values of ¢ (which we discard from further consideration) the value of #; (7)
exceeds 2/3 on M,, which is almost all of <7<t Hence #(r) has a Lip-
schitzian inverse; we denote it by 7,(¢). By (4.16) we see that
Tq(tl) = tl, Tq(tz) = tz.

If N, is the image of M, under the mapping ¢=¢,(7), then N, constitutes al-
most all of #,<¢=<1t,. On it the derivative of 7,(¢) exists and is the reciprocal
of the derivative of #,(7), so by (4.22)

7\™? n
(4.23) (1+—> <t <14—
2n 2n

for all ¢ in N,, g sufficiently large.
We now show that the equations

Y = ya(ra(®) hstst)
(%) The choice v =1—(1417/2n)~V2 will serve.
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form the desired representation of C,. By (4.15) the equation (4.8) is satisfied.
By (4.18), the new functions satisfy the convergence condition (4.3). Let n be
an arbitrary number between 0 and 1. In (4.20) we choose y=7/4n. For all
large ¢ inequalities (4.20) and (4.23) hold on N,; and ¢ being arc length on y,,
we have

d
= [ = 340)] [ = | 3! (el () — % )]

S| 90 (re®) — 3@ 7{ @) + |74 (&) — 1)

n n

14+ — —

<7( +2n>+2n
n

<—--
n

By integrating we see that each component

T i

Yao(1o(8)) — 30(2)
satisfies a Lipschitz condition of constant 5/#, so the derivative has absolute
value at most /% where it is defined. Thus

(4.29) | {ye(re®) — yo®} | < n

- whenever all the derivatives are defined. Elsewhere inequality (4.24) is trivial,
the left member being zero. That is, the left member of (4.24) tends uniformly
to zero as g— %, completing the proof.

5. A convergence lemma. For each ¢ we define a non-negative number
k, by the equation

(5.1) kg =|ag— a0 + (max | y,(t) — o) |)* + f | 948 — i @) |"dz.

These numbers are actually positive; otherwise (C,, @,) would be identical
with (Cy, o), contrary to hypothesis. Next we define

h h h .
(5.2) “q’—‘(aq"'aO)/kq (h==1,’-',r;q=1,2,~-),

(5.3) 10 = (va(® = yo(®)/ kg
' (1=01,---,n9=1,2,--- ;61 St = t).

From the preceding equations we have at once for each ¢ the equation
t2

-9 |+ max [na@ 2+ [ 0 1t = 1,
4.

so that each summand on the left is at most 1. By the Bolzano-Weierstrass
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theorem we can select a subsequence of the u, which converges to a limit .
There is no loss of generality in supposing that {u,} is already such a se-
quence, so that

(5.5) lim u, = ug - (h=1,---,7).

q—®

Let (a1, B1), - - -, (a1, B1) be a set of nonoverlapping subintervals of [t, %],
and let E be the set consisting of the sum of these intervals. Then by the in-
equality of Schwarz

B;
[

1 l
Sl 18 = maled| = 2

j=1 1
(5.6) < fEIﬁqldt [ fElﬁqut]”?[ fEm]m

< 1-[mE]2 = [ z::'(ﬁ-' - di)]1/2~

IIA

In particular, letting /=1 we see that the #, are equi-continuous. Since
they have the uniform bound 1 by (5.4), we know by Ascoli’s theorem that
the sequence {7,} contains a subsequence converging uniformly to a limit
function 70(f). We may suppose that {7,} is already such a subsequence, so
that

h .8 i .
(5.7) Lim 7,(8) = no(#) (i=01,---,n)
N g—ro
uniformly on the interval [4, :]. -
If we let ¢ tend to « in (5.6) we obtain

1 l 1/2
S ln) —mied | 5[ SEi-ai]

so that the functions 7}(¢) are absolutely continuous. We wish now to show
that their derivatives have integrable squares.

LEMMA 1(8): Under the hypotheses on the g, the squares of the derivatives of
the n4(t) are summable, and.

) t2 t2
(5.8 f | 40 |2d¢ < lim inf f | g |2d2 < 1.
h v or o va _

Q) This is in fact a corollary of almost any theorem on semi-continuity of integrals in non-
parametnc form. Lemma 3 is also a consequence of known theorems. But it seems preferable to
give the fairly simple proofs of these lemmas rather than refer the reader to some exposmon
containing complications not essential for our present needs.
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For each positive integer £ we subdivide the interval [, #] into 2* equal
subintervals by points

5.9) h=1<71< "+ < 7okq1 = by,

and define piecewise linear functions pi(¢) which coincide with 7i(¢) at each
7. (I=1, - - -, 2¥41) and are linear between. Since the derivatives of these
functions are constant on each subinterval we find

t2 2k :
(5.10) f l Dk Izdt = g:l no(Ti1) — 170(1'1) Iz/('rz.g — 7).

1

By Schwarz’ inequality,

T z : T
| ne(rirs) — nolrd) |2 < [ f SN dt] < (ra— 1) f | 4, |2de.
T 1’,

1

Hence

'H-l . N
(5.11)  liminf | 9 |2dt 2 | no(res1) — mo(ra) |*/ (7102 — 7).
g— o

71

This, with (5.10), yields

t2 t3
(5-12) lim inf | 4 |22 = f | B 2t.

g t 4
The integrand on the right is non-negative, and except on the set bf measure
zero on which one or more of the functions 7o, #1, - - - are non-differentiable
its limit as k— w is |#o(¢) | 2 By Fatou’s lemma,

a— o

. ¢ te B X
(5.13)  lim inf ’lﬁqlzdt_Z_liminff l;sklzdtgf’lﬁol?dz.
t k- 6 t

This establishes the lemma.
6. The equations of variation. In order to show that the no(¢) satisfy the
equations of variation (3.6) it is convenient to prove a lemma.

LEMMA 2. If g(t) is summable together with its square on the interval [t, t;],
then
t2 i i ¢
§(&)(ng — mo)dt = qlilii

3%

6.  lm gt — i)dt = 0

(i=01---,n).

4
The vanishing of the first limit in (6.1) is easily established, for

t

t2 . . 3 $ &2
6.2) - ’f g&)(ng — 'ﬂo)dtl < max |1, - 0] - f | g| at,
31 1
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and the right member tends to zero by (5.9). Consider then the other limit.
Let e be an arbitrary positive number. As is well known, it is possible to find a
- polynomial p(¢) such that

t2
6.3) f () — p(t))%dt < &/16.
3
By (5.4) and (5.8), we have
t2 . 1/2
(f (ﬁ;)’dt) <1 (m=0,1,2---).
t .
So by Minkowski’s inequality
2 ie \Y?
([ Ge—iva) sz (@=12--).
3

From this and Schwarz’ inequality we obtain -

I i LI i
f g’(ﬁq - ﬁO)dt - f b (".Iq - "70)‘”
t 4

6.4) !
< { f‘ :’(g - p)’dt} m{ f‘ :,(.ﬁ: - ﬁi)’dt} Yoz

By integration by parts,

t2 . . . i t2 i i
659 [ 20— i = 20— = [ PO~
N 138 t
The first term on the right tends to zero by (5.7), and the second tends to

zero by the part of the lemma already proved. Therefore for all g greater than
a certain ¢. we have ‘

.9 f t:zp(t)(ﬁi — iir| < o2

Now (6.4) and (6.6) imply

t2 i i
[ e - m)dt} <e
4 .

if ¢>¢., and our lemma is established.
The curves Cy and C, are admissible; so the equations

(6.7) P(34(2), 34()) = ¢*(30(8), y0 ) = 0

hold for almost all ¢ in the interval [¢;, &;]. Hence, recalling (5.3), the equation

(6.8) AT Wmy) + BY (agt) = 0
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holds for almost all ¢, the coefficients being defined by equations

. 1
4750 = [ 6300 + 7150 = 201, 358D + 7130 = 3 O,
(6.9) . °1
B = fo $ei(so + 7lve — ], 34 + 750 — 3¢ Dar.

From (4.3) and (4.4) we deduce

(6.10) lim 4"() = Sni(yo(d), 3¢ ),
(6.11) lim B} () = éhi(yo(d), 3¢ ()

uniformly on ¢, S¢<t,. For each such ¢ we have, by (6.8),

(4 ma() + doalyo, 38)in(e) }d

3%

(6.12) . o
= [ "téhon 30 - Bl 0Yinoa

By the Schwarz inequality, with (5.4) and (6.11), the right member of
(6.12) approaches 0 as g— «. The limit of the left member is readily found
with the help of (6.10) and Lemma 2; we obtain

(6.13) f (8u(nd), 38 O)ma(t) + Sein}dt = 0.

. (Here and henceforth we indicate the arguments only in the first function in
a bracketed expression whenever the remaining terms have the same argu-
ments.) By differentiating both members of (6.13) we find that 7,(¢) satisfies
equations (3.6) for almost all ¢ in the interval 4 St <t,.

Since the sets (C,, ao) and (C,, «,) are admissible, the equations

Yolte) = T ()
Yolt) = T ()
are satisfied. With (5.2) and (5.3), this implies

(6.14) (i=01---,n;5s=1,2)

(6.15) Rana(ts) = T (a0 + koug) — T (a).

So by the theorem of mean value there is an &, on the line segment joining aq
and ¢, such that

i is h
(6.16) Ng(ts) = T (&) %e.
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By passage to the limit we find .
(6.17) m(t) = Ta(adue  (i=0,1,---,n;s=1,72).

Thus it has been shown that [no, %,] is an admissible set, as defined in §3.

7. A semi-continuity proof. In the course of our proof we shall have need
of a generahzatlon -of Lemma 1. Let us suppose that aiit), bii(t), ciit)
@, j=0, 1, . - -, n) are functions defined and continuous on the mterval
h=t<t,. We deﬁne : -

(7.1 I(n) = f [an(t)’? (t)"l’(t) + an‘ﬂ 'l' + Ctm'ﬂ']dt
13
Concerning such integrals we prov.eia*s‘sequence of three lemmas, the last of

which is the one needed later.

LEMMA 3. If for edch t in the interval [tl, t.] the quadratic form c,;v'v' is posi-
tive definite, then . A

(7.2) lim inf 7 (ﬁq) Z I(no).

e
It is.évident that there is no loss of generality in assuming
(73) a,,(t) = a;i(#), cii(t) = Cvis(t) o (;lwé t = b, -7,,-; 0,1,---,n).
We readily eofhpute | o |
acmana + Zb.mm + Cisigia = aimama + Zb.mono + c.mono
) e Z(Gsmo + bu"lo)(ﬂq - ﬂo)
7.9 + 2(1’;'.'70 + .Cemo.)(ﬂq - 70)
‘ - + ai(ng - n;).(n; — o)
+ 2b¢i(7; — 1) (g — 1i0)
| i — o) Gig — 10)-
The last term is non-negative, hence

1 ("lc) = I(no) + 2 (d.mo + bs:"?O) ("Iq - ﬂo)dt

4

+2 @%+meﬂ—%m
31 .

(7 . 5) ts . . . ‘ N .
+ f a:i(ng — o) (ng — mo)dt
51
t2

+2 | bii(ng — m0) (5 — n0)dt.

&
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The second and third terms in the right member approach zero by Lemma 2.
The fourth tends to zero by (5.7). The last term can be shown to approach
zero by using Schwarz’ 1nequa11ty and recalling (5.7) and (5.4). This estab-
lishes the lemma.

LemMA 4. If for each t in the interval [tl, t2] the quadratic form
CiV iyd

s positive for all non-null vectors v which satisfy the equations

(7.6) $ri(yo(8), 3 )y =0 B=1,--,m),
then inequality (1.2) s satisfied.

Let E be the set of points (¢, v) in (#+2)-dimensional space satisfying the
conditions #; <t<t;, |[v| =1. For each positive integer p we define U, to be
the set of all points (¢, v) at which . :

i LA i2
(7.7) G + p 2 ($ri(30d), 35 (H)0) > 0.
B=1
Every point of E which satisfies (7.6) is in ‘Up for all p; every point of E at
which (7.6) is false is in U, if p is large enough. By the Borel theorem a finite
number of the U, say those with subscripts p;, - - -, P&, cover E. Let N be
the greatest of these subscripts; then

(1.8) cii(®)vivi + N 3 (¢,0%)2 > 0
=1
for h=t=<t and | | =1. By homogeneity, (7.8) continues to hold if £, <t =<¢,
and | 9| 0.
Now define

ty
u»)1M@=j'{wm-+nwn+amn+Nzxmm+¢w>}
t

B=1

The terms quadratic in # constitute the left member of (7.8), so Iy satlsﬁes
the hypotheses of Lemma 3, and

(7.10) S lim inf In(ng) Z In(no).

Since 7, satisfies the equations (3.6), the terms added to, I(no) in (7.9)
vanish, so that '

(7.11) o I() = IN(no) ,
This is not true of 7. But from (6.8), thh (7.9) and (7 1), we ﬁnd
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te ;
Iy (ﬂq) -1 (’7«) = f N ¢v‘¢v/"7q’7q + 2¢v‘¢rﬁ7q’7¢ + ¢r‘¢rfﬂq’7¢}dt
131

(7.12) A

te
{[4:.,@,,: — 4, 4, Ingng
+2[¢,1¢,f-A "By Tnaia + [6rs — BY B Tagia) de.

The quantities in square brackets tend uniformly to zero, by (6.10) and (6.11),
and the integrals of the absolute values of their coefficients are bounded; so

(7.13) lim [In(ng) — I(ny)] = 0.

g—®

From (7.10), (7.11) and (7.13) we obtain the conclusion (7.2) of our lemma.

LEMMA 5. If for each t in the interval [t:, t2] the quadratic form c.p'vi is non-
negative whenever the vector v is linearly independent of y¢ (t) and satisfies equa-
tions (7.6), then inequality (7.2) is satisfied.

Let € be an arbitrary positive number, and let
t2
(7.14) I(n) = f lasmn’ + 2bimi + cii'n? + eiié]at.
v 0 .

The quadratic form c;;v i/ is here replaced by

cipivi + evivi,
This is positive for all non-null vectors v which satisfy equations (7.6). For
the second term is positive, while the first is non-negative, by hypothesis if v

is linearly independent of y¢ and by continuity if v is a multiple of y{. So I,
satisfies the hypotheses of Lemma 4, and

(7.15) lim I(ng) 2 I.(no).
From (5.4) we deduce

o,
(7.16) 0< f it < 1.
3%
Hence
(7.17) I(ne) =1 ('flo) lim inf I.(n,) < lim inf I(5,) + e.
g—o g—o

Since € is an arbitrary positive number, this implies inequality (7.2), and the
proof of the lemma is complete,

8. First case. We now distinguish two possible cases.

Case 1. Either uo=(0, - - -, 0) or else the functions n4(t) do not all vanish
identically.
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Case 11. The numbers u} are all 0 and the functions n4(t) all vanish identi-
cally.

In this section we shall discuss the first case.

Under the hypotheses of Case I, the set [, #] is not essentially null. This
is obvious from the definition if some #* is not zero. If all the #* have the value
0, we have by (4.8) and (5.3)

(8.1) 130 () = (Ao/ k)t + (Bo/ ko).

The left member converges uniformly as 0— 0, so its limit 7,yy must be
linear in ¢. But since #o=0 equations (6.17) show that this linear function
vanishes at ¢; and at £, so it is identically zero:

(8.2) n(8)30'(8) = 0 (<15 0
Now 75(t) cannot have the form p(£)y} (£) (=0, - - -, n); for then (8.2) would

give p=0, contrary to the hypothesis that the 5§ do not all vanish identically.
By the hypotheses of Theorem I, there are multipliersA*= 0, A(¢), - - -, A™(¢)
with which the set (Co, o) satisfies the Euler equations, transversality condi-
tion and strengthened Clebsch condition and with which J2(n0, %o, N) is posi-
tive. This last condition will not be used until the last paragraph of this
section.
Since N is non-negative, inequality (4.6) implies

(83) )\°J(C.,, aq) - XOJ(Co, Olo) é 0.

Recalling that along an admissible curve we have F=X\Y, this can be written
in the form

(8.4)  N0(cg) — N%(axo) + f Z{F(y.,, Yoo N) — F(yo, 9d, N }dt < 0.

By Taylor’s theorem with integral form of remainder, this implies (with (5.2)
and (5.3)) :

1
N On(ao) kgtty + A" f (1 — 7)0n(cro + 7hotte)ussdr
0

s ko [ PO, YOO+ Pl

t2 1 ..
+ k?zf f (1 - 7') {Fu’uf(y + Thong, yl + Theng )‘)’7«71;
) 0

+ 2F iomuis 4 Fouosigis} drdt < 0.

To the third term in (8.5) we apply the usual integration by parts. Since
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by hypothesis the Euler equations are satisfied, this term has the value

(8.6) kaFreng | 2.
But

Eang(t) = yq(ts) — yo(ts) .
(8.7) = Té(ag) — T%(a0)

is h 2 ! is Aok
koTh (co)uy + g f (1 — 7) Tl + Thug)uu.dr.
0

We substitute this in (8.6), and substitute expression (8.6) for the third term
in (8.5). Since by hypothesis the transversality condition is satisfied, inequal-
ity (8.5) yields, after division by #2/2,

1
D, = Zf 1-17 {)\oehk(ao + Thou,)
°

+ Fri(yo(ta), 39 (22), X(fz))T;:(ao + 7hou,)
(8.8) — Fuu(yo(t1), yd (8, )\(tl))T;:;:(ao + ko) }“:“:df

7] 1 i
+2 f | f (1 = D) {Fysyo + rhine % + rheio Nnr,
i1 0

id Gy,
+ 2F yt,maiig + Friviigia} drdt < 0.
Therefore it is clear that

(8.9) . lim sup D, £ 0.

g— o

Since by (5.3)
i i i ¢ ‘
yo(8) + TEmo(®) = yo(&) + 7[¥,()) — yo(®)],
with a like equation for the derivatives, we see by (4.3) and (4.4) that

(8.10) lim Fri4(y0 + Tkene, 36 + Thaiiay N) = Frizi(yo, y¢, N)
g—®

uniformly for 0=7=1 and #; <¢=<1,. Relations similar to (8.10) hold for the
other coefficients in (8.8). Hence if € is an arbitrary positive number, for all
sufficiently large values of ¢ the replacement of k, by 0 in (8.8) alters each
coefficient by less than e. But after this replacement the variable 7 has dis-
appeared from (8.8) except in the factors (1 —7), whose integral from 0 to 1
has the value 1/2. The result is that the left member of (8.8) takes the form
J2(ng, #g, N) (cf. (3.8)). Since each coefficient was changed by less than €, we
thus find with the help of Schwarz’ inequality
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Do s w5 o Sa)+e (Sl +al o

h=1 1 =0

(8.11) .
s frlnl + 20+ 0 [ Ul + i har}-

The coefficient of e is bounded, since (5.4) is satisfied, and e is arbitrary. Hence

(8.12) lim [D, — J2(ng, s N)] = 0.

[ audd

Relations (8.9) and (8.12) imply
(8.13) lim sup Jo(ng, %4 N) < 0.

g—©

By (5.5) we have
(8. 14) lim bh;,u:u: = b;.ku’su’;.

q—®
The integral in (3.8) satisfies the hypotheses of Lemma 3, since the strength-
ened Clebsch condition holds. Hence from Lemma 3 and equation (8.14) we
obtain
(8.15) lim inf Jo(ng, %g N) = Ja(no, tho, N).
g—ro
But now we have reached our desired contradiction. For by the choice
of the A® and A=(¢) the right member of (8.15) is positive, so inequalities (8.13)
and (8.15) are incompatible.
9. Second case. We still have to dispose of Case II, in which the %, and
no(t) are all zero. The hypotheses of Theorem I do not mention such variation
sets, so we must prove a lemma.

LeEMMA 6. Under the hypotheses of Theorem 1, there exist admissible varia-
tion sets which are not essentially null.

Bliss(?) has shown that there exist functions ¢7(¢, 7) of class C* (y=m
+1, . - -, n+1) such that the determinant
8
é:4(y0(2), ¥ ()
$ri(t, ¥4 (1)

does not vanish on the interval £, £¢ <. In the interval we choose #+3 points
7 such that

(9.1)

t15T1<‘7'2<"' <Tn+3§t2.

(") G. A. Bliss, The problem of Mayer with variable end points, these Transactions, vol. 19
(1918), pp. 305-314.
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Forl=1, - - -, n+2 we choose functions {}(¢) (=1, - - - , n4+1) with the fol-
lowing properties. If =1, - - - , m, then {}(¢) is identically zero. Except on
[71, 7141] the other {F(2) also vamsh 1dent1cally On [7;, 7131] the £¥(¢) are con-
stants, and the vector

9.2) @, L 8T )
is linearly independent of
9.3) (o (), -+, b 3 (D).

This last condition can be satisfied since by hypothesis m is less than #, so
that we have the free choice of at least the last two components of the vec-
tor (9.2).

By known theorems on differential equations, for I=1, - - -, n+42 the
equations

9.4)  oi(yor Y H + di(vo, vOVHY =0, ¢i(t, y)HY = 61(2)
\(6-—_—1,-'..’m;7=m+1’...’n+1)

have unique solutions H; vanishing at #. The n+41 homogeneous equations

(9.5) CHits) = 0 (i=0,1,--,n)

in the #+42 unknowns ¢; have a non-trivial solution. We define

(9.6) ) = cH) (h St w).

Then 7(¢) satisfies the equations (3.6), because of (9.4). Since 7 vanishes at #;
and at f,, it satisfies (3.7) with 4 =0. Hence (7, %) is an admissible variation
set. If it were essentially null, there would be a function p(¢) such that

(9.7) P = ey ®) (<t <)

This p(t) is easily seen to be continuous and to have corners only at the
points 7,. If \ is the least integer such that ¢y50, then 7%(¢) is identically zero
~on [ti, m\]. By (9.7) and (9.6)

H;l(n +) = ﬁi,(n +)/ex = p'(n +)y;’(7x)/6»

Since Hi(t\) vanishes, by (9.4) we see that for / =X\ the vector (9.2) is a multi-
ple of (9.3), contrary to its choice. Lemma 6 is therefore established.

Now by Lemma 6 and hypothesis (3) of Theorem I there are multipliers
A0=0, A(#), - - -, A»(¢) with which the Euler equations, transversality condi-
tion and strengthened Clebsch condition hold. From the last mentioned con-
dition we see that the form



1942] PROBLEM OF BOLZA 365

(9.8) Fr‘r!(yo(t)y yo' (t)r x)vi‘vi

is positive on the set of unit vectors v which are orthogonal to yJ and satisfy
equations (3.5). This set of vectors is bounded and closed, so on it the form
(9.8) has a positive lower bound, which we denote by 2e. It follows that on
the set of vectors v just described the inequality

(99) F,0%7 — evivi > 0 -
holds, since the coefficient of € has the value 1. By homogeneity, (9.9) con-
tinues to hold all non-null vectors v which are orthogonal to yJ and satisfy
equations (3.5).

Let v be any vector which satisfies (3.5) and is linearly independent of y{ .
It can be resolved into components
9.10) v = 5 + 535 (0),

where v, is orthogonal to y¢ . Since v is linearly independent of y¢, the com-
ponent 9o is not null. The homogeneity of F and ¢# entails the well known
consequence

7 i B
(9.11) 90 (OF tri(¥0, 36, N) =0,  ya'¢pt = 0. .

Now y¢ and v both satisfy the linear equations (3.5), hence by (9.10) v, also
satisfies those equations. Therefore (9.9) holds with v, in place of v, and with
the help of (9.11) we deduce

(9.12)  Foues(y0, ¥4, )\)vivi - e[vivi - (y;'vi)z] = F,tmi05 — evop > 0.

Inequality (9.12) shows that the integral

(9.13) I(n) = f (20t 1, 4) — el — (i) ]}de

1

satisfies the hypotheses of Lemma 3, so that
(9.14) lim inf I.(ng) = I.(no) = 0.

Since u, approaches #,=0 as ¢— «, this and (3.8) together imply
L i
015 timint {1t s = ¢ [ i — G¥i et b2 0
t
By (4.8) and (5.3) the function
30 (ng(#)

is linear in ¢, and it converges uniformly to zero, since 7, is zero. Except on a
set of measure zero we have
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iy 1
yo ﬂq = (3’0 ﬂq) — Yo Mg
and both terms on the right tend uniformly to zero. So the last term in the
square bracket in (9.15) can be omitted without affecting the limit. In (5.4)
the first and second terms tend to zero, so the third term tends to 1 as g— .
Thus (9.15) implies

(9.16) lim inf J5(ng, %4 \) — € = O.

On the other hand, the considerations leading, to inequality (8.13) are
applicable to Case II as well to Case I, so inequality (8.13) must hold. This
contradicts (9.16). Hence in each of the two possible cases we have arrived
at a contradiction, and Theorem I is established.

10. Statement of problem in non-parametric form. From Theorem I we
can deduce its analogue for problems in non-parametric form. We use the
formulation due to Morse and Myers(3?). The functions

f(x,z,p)=f(x,zl,---,z",p1,~-~,p”)
¢5(x,z,p)=¢3(x,z1,-~-,z",p‘,~~,p”) (ﬁ=1'1m<n)

will be supposed to be defined and of class C? on an open point set S; in
(x, 2, p)-space. The functions T*(a) (¢=0, - - -, n; s=1, 2) are defined and
of class C? on an open set Ry in (!, - - -, o’)-space. An admissible set [z, ]
is a set of functions z(x) absolutely continuous on an interval [z, x2] such
that for almost all x in [x1, x2] the point (x, z(x), 3(x)) is in S; and satlsﬁes
the equations

(10'1) ¢ﬂ(x’ z(x), é(x)) =0 (6 = 17 B} m)v
together with a set of parameters o in R; with which the end conditions
(10.2) %= T%%(a), 2(x) =T()  (c=1,--,ms=1,2)

are satisfied.
The problem of Bolza in non-parametric form is the problem of minimizing
the functional

(10.3) J[z, ] = O(a) + fzzf(x, 2, z’)dx

in the class of admissible sets [z, a].
Let [2q, ao] be an admissible set in which the functions

(10.4) 2 = Z:(x) (#10=L 2= x205¢=1,2,---, 1)
(8) M. Morse and S. B. Myers, The problems of Lagrange and Mayer with variable end points,
Proceedings of the American Academy of Arts and Sciences, vol. 66 (1931), pp. 235-253.
(*) M. R. Hestenes, Sufficient conditions for the problem of Bolza in the calculus of varmtwns
these Transactions, vol. 36 (1934), pp. 793-818.
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are of class C!. The set [2o, ao] satisfies the Euler equations with multipliers
N, Al(x), - - -, A™(x) if the functions

(10.5) F(x, z, p, N) = Nf(x, 2, p) + NP(x, 2, p)

satisfy the equations

d .
(106) : d—ch(x, 20, Zo , )\) ,c(x, %0, 20 y )&) (C = ‘1, . ' Ty n).
It satisfies the transversahty conditions with multlphers A, AL(x), - - -, N(x)
if . . i
(10.7) xM@+W—%Mﬂ+MﬂL (h=1,+--, 7).

As usual, ¢ has the range 1, - - -, #n. The square-bracketed symbol in (10.7)
is. to be understood as follows. The functions F, and so-on are first evaluated
at (x,,0, 20(%s,0), 2¢ (%s,0), N(%s,0)), s=1, 2. Then the value of the sum .inside
the square bracket is evaluated for s =1 and for s —2 and the former value
subtracted from the latter.

The set [zo, ) satisfies the strengthened Clebsch condition with. multxphers

A, Al(x), - , Am(x) if for each x in [x1,0, %2,0] the inequality

(10.8) pc,,a(x, 20(x), 20 (x) )\(oc))zv“vd >0 _
(summed over ¢, d=1,-.- -, n) holds for all sets of numbers (vl <o, 9"
#(0, - - -, 0) satisfying the equations

(109) ¢pc(x’ Zo(x), 20 (x))‘o = O (ﬁ = ly Tt m)°

An admissible variatwn set [¢(x), u] is a set consrsting of n functions, ab-
solutely continuous and having derivatives whose squares are summable over
[x1 o, %2,0] and satisfying the equatlons -

(10.10) gl 50, 5)5" () + ez 50 3008 <x>do  B=1-.m)

for almost all x, and a set of numbers (ut, - - -, u) w1th whnch the equations

(1011) e (x._o) = [Th (ao) - Zo (xs,o)Th ]uh (S =1,2h=1,--- ’ f)_

hold.
If [¢, #] is an admissible variation set, we define the second variation due
to [¢, #] by the equation :

(10.12) hka—MMM+f 2w(z, ¢, §)dx,

where
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0 8 3
bae = NO(ao) + [Fz — 20 F)Th Ty + (F — 20'Fp) T
(10.13) 08, cs
+ Ty Ty + TYTh) + FpeThe]s
and
(10.14) 2w(x, ¢, ) = Foeaa(x, 20, 20 , N)§C? + 2F sopaten® + Fpepamend.

The concept of a weak relative minimum will be carried over unchanged
from the parametric problem. Let the functions (10.4) be of class C!, and con-
sider another set of absolutely continuous functions

(10.15) =2(), mHnIzrZn

We can use these functions to define a curve C in (n+41)-space by means of
the equation

(10.16) x=1t  2°= z(f) (212t S x0,¢c=1,---,m),

and likewise for the set (10.4). For these curves the concept of first order
e-neighborhood has already been defined in §2, and so has the concept of weak
relative minimum.

For problems in non-parametric form we shall establlsh the following ana-
logue of Theorem I.

TuEOREM 11. Let the following hypotheses be satisfied.

(1) The set [0, cto] defined by (10.4) is admissible, and the functions z5(x)
(c=1, - - -, n) are of class C*.

(2) For each x in the interval [x1,0, x2,0] the matrix

(10.17) || @he(, 20(x), 2d ()] B=1,-,mc=1,---,n)

has rank m.

(3) To each nonidentically vanishing admissible variation set [¢, u|there cor-
responds a set of absolutely continuous multipliers \° =0, N(x), - - - , A\™(x) with
which the set (2o, o] satisfies the Euler equations, transversality condition and
strengthened Clebsch condition, and with which the inequality

(10.18) Tat, u,A] >0
is satisfied.

Then the set [zo, o] gives J [z al a proper weak relative minimum on the
class of admissible sets [z, a].

In the next two sections we shall show that this theorem is in fact a con-
sequence of Theorem 1.

11. Transformation into parametric form. We prove Theorem II by re-
placing the non-parametric problem of §10 by an equivalent parametric prob-
lem. The symbols 9°, »!, - - -, ¥* will be used as alternative names for the
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x, 2%, - - -, z*axes in (n+41)-space. In the (24 2)-dimensional space of points
(y, =% -,y r% -, r") we define R, to be the set of points (y, r)
having 7°>0 and such that (y° y%, - - -, y», #1/7% - - - [ */7") isin S;. On R,

we define functions g(y, 7), ¥#(y, 7) by the equations
g(yr 1‘) = "of(}’or ylr ) y”’ rl/ror Ty ,n/,o)’
VA(y, 1) = r°¢F(y% Y - o,y 10 e /r0).

These have the continuity and homogeneity properties specified in §2.
From (11.1) we deduce

(11'2) 8(3’0, Sty y": 1, 'l’ Tty rn) = f(}’or )’”, ’ly Sty f"),

from which by differentiation we obtain similar identities for all existing par-
tial derivatives not involving differentiation with respect to 7°; for instance,

(11'3) gvo(yor CT Ty y"» lr rly Tty rn) = fz(yoy R ynr rl, Tty f”).

Moreover, identities analogous to (11.2) and its corollaries are also valid for
each of the functions ¢#.

We now have the data needed for setting up the parametric problem of
minimizing the functional

t2
(11.4) I(C, o) = 0(e) + f (v, 30t

t

(11.1)

in the class of sets (C, «) for which the curves C:y=y(¢) have (y, y) in R, for
almost all ¢, satisfy the djfferential equations

for almost all ¢, and satisfy the end conditions
(11.6) yi(t,) = T () (1=0,1,---,ms=1,2).

From (11.1) it is.evident that if the set [z, ] with functions z(¢) defined
by (10.15) is admissible, and C is defined by (10.16), then (C, «) is admissible
for the parametric problem, and

(11.7) I(C, a) = J[3 a].

(The converse also is true; if (C, @) is admissible for the parametric problem, C
can be represented in the form (10.16), and the functions z°(x) thus obtained
are admissible with parameters a for the non-parametric problem. But we do
not need this.) Theorem II will therefore be established if we can show that
its hypotheses imply that the corresponding parametric problem satisfies the
hypotheses of Theorem I.

12. Verification of the hypotheses of Theorem I. Hypotheses (1) and (2)
of Theorem I follow at once from the corresponding hypotheses of Theo-
rem I1.



370 E. J. McSHANE _ [September

Let [n(t), #] be an admissible variation set for the parametric problem.
We define
i i c iy 0 . .
(12.1) §(x) = 1(2) — yo(x)n (x) (1=0,-"",m %10 = & = %2,0).

(The notations x and ¢ for the independent variable are interchangeable,
because of (10.16); and for the same reason z°(x) and y°(x) are identical,
c=1,2,---,mn)

If we recall that
(12.2) y0 () =1

a well known consequence of the homogeneity of the ¢# implies (with (3.6)
and the analogues of (11.1))

Bee(, 0, 508" + Gpel, 20, 50§ |
B : i iy 0 B, . $77 0 i,
_ =y, ¥) = yom) ¥ — 3 n — o )

. . : o B ¢ B i
(12.3) = — 5 [Yyy0 + ¥reyo ]
. o 8

e = —1 [y (3, 3]

= 0.

So equations (10.10) hold. Equations (10.11) follow at once from (12.1) and
(3.7). Therefore, by hypothesis (3) of Theorem II there exist multipliers
A=0, A(x), + - -, A™(x) with which the Euler equations, transversality con-
dition and strengthened Clebsch condition hold for the non-parametric prob-

lem, and also the inequality (10.18).
Let us define

(12.4) G(y, 7, N) = Ng(y, r) + NYA(y, r).

The Euler equations for the non-parametric problem constitute the last # of
the n+1 Euler equations for the parametric problem. But from the homo-
geneity of G it can be shown that the equation

. d
(12.5) () {;;G»(y, YN = Guly, o' x)} — 0

holds for any admissible curve yi=9i(f) of class C%. Since (12.2) holds and
the last # of the factors in braces vanish for y(¢), the first also vanishes, and
all n4+1 Euler equations are satisfied.

From the homogeneity relation

(12.6) Gy, 1, N) = 1Gu(y, 7, M),
with (12.2) and (11.1), we find that
(12.7) Go(yo, ¥4, N) = F(a, 20, 5', N) — 20 Fpe(%, 50, 3, V).
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This shows that the transversality conditions (10.7) imply the transversahty
- conditions (3. 3) for the parametric problem.

Let (% - - -, v™) be a vector linearly independent of y¢ (f) and satisfying
the equations (3.5) with ¢# in place of ¢f. Define
(12.8) w =10 — vy, (1) =1, , ).
By the analogue of (12.6) and (12.2),

8 ¢ B, i [
bpe(, 30, 20 )W = Yra(v — 0 y0)
g i 08 :
=¥ — ¥ (yo, )
= 0.

Also, the w* are not all zero, since (¢°, - - - , ") is not a multiple of y{ (¢). Since
by hypothesis the strengthened Clebsch condition holds,

(12.9) - F pega(x, 20, 20, N)wew?® > 0.

A consequence of the homogeneity of G is

(12.10) Grtes(y, 7, Nri = 0.

From this and (12.8) we have

(12.11) Gr1:1(Y0, Y9, N)viv? = Fpepa(x, 20, 20, \) wew?,

which is positive by (12.9). Therefore the strengthened Clebsch condition
holds for the parametric problem.
Let us define

(12.12)  26%( m, p) = Gyna(ya, 3, N + 2G,m's’ + Grapipipi,
This is a symmetric quadratic fdrm in (n,:p), whence
(12.13) 20 (4, m, p) = nwyi(t, m, p) + piwpiCt, 1, p)
and v . _ _
(12.14)  ault, 1, ) + Bwyi(t, m, p) = n'oylt, 7, B).+ piwpslt, 7, ).

(These.identities can also be established easily by direct computation.) It is
well known that for every set of functions 7i(¢) of class C? the equations

- T N
(12.15) yo () Ewpt(t, mn') — wpt,m,0’) ¢ =
are satisfied identically. We now prove a lemma o

LEMMA 7. If the functions v(t), 7°(), : < -, h*(¢) are absolutely contmuous
and the squares of their derivatives are summable, then : - s
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fa L7 * Ty, *
* t,n, 7 t,n,n){dt
1216 f L it n ) + (st m )
= YO Gy (3(®), 38 @), M) |-
Let us first suppose that the 7i(¢) are of class C2. By an jntegration by
parts, with use of (12.15), the left member of (12.16) is reduced to
(12.17) 'yy;'wftl::.

The énalogue of (12.6) holds for G,:, and with the help of this and (12.10)
the expression (12.17) transforms into the right member of (12.16). Hence the

lemma holds if the 7%(¢) are of class C2.
By hypothesis, the derivatives of the 5’ are of class L», so by a known
property of the Lebesgue integral there is a sequence of polynomials

p;’(t) (i=091"")u;q=112y”')
such that

t2
(12.18) lim 14— pd |2t = 0.

g—o 4

By the iﬁequality of Schwarz, the functions
N . t
P =at) + | p(Dds
2]

converge uniformly to 7*(). The coefficients of the form w* are continuous, so

(12.19) lim ’2": {[wi',‘f(t, Pa 20) — wnilty 1, ﬁ)]2

[ tp =0

+ lupilt, por $3) = wpilt, m, D] }at = 0.
For each p, the analogue of (12.16) holds, so by Schwarz’ inequality
t i i
{(rye) gty m, ) + (vyodaonslt, n, ) }dt

3}
t2 i i
(12.20) =lim | {6y wpilly pu 94) + (v30Jorslls pur 90) )t

= lim 'YP;GV‘()’O' yl; ’ )‘) I::
g—o

i ts
= mGulyo, 38, M|,

Tﬁis establishes the lemma.



1942] , PROBLEM OF BOLZA 373

By definition (3.8),

t2
(12.21) Ta(n, u, N) = Nbw'u' + f 20" (8, m, Wdt,
t
where -
(12.22) bre = Nowe + [Goi(t) Tha(eo) |-
From (12.13), (12.21) and (12.1) we deduce :

12(’13 Uu, )‘) = kob:kuh“k +f {gjw:‘(t: & f) + ?iw:“ar e f)}dt
131 N

t2 . .
+ f (ot 1 vo, (0 390)') + Eomilt, n 50, (0 y0)) }dt
4

t2 7] . 1y .
(12.23) + | {0 yownt & ) + (") wnelt, ¢, £}t

51
: 2 9 i % 0 [N
+ | {0 yowntlt, n 30, (n 30)")
131 .
0 s 0 0
+ (0 30) wpilt, 7 30, (v 90)) .
The integrand in the first integral in the right member is 2w*(¢, {, é‘), which

by (12.12) is the same as 2w(t, {, {), since {°® vanishes identically. By Lemma 7,
the third integral has the value

(12.24) nEGulyo, 38, M [}

Since {*=0, by (12.4) and (11.1) this is equal to

(12.25) n 8P, 30,38, M|

By the same argument, the fourth integral has the value -

(12.26) 77 90Gutlye, 34, M 7.

By (12.14), the second integral has the same value (12.25) as the third. We
substitute these evaluations in (12.23), and for the end values of %° and {° we

substitute the values given by (3.7) and (10.11). On collecting terms and re-
calling (12.7), (10.12) and (10.13), we find

(12.27) I2(77’ u, x) = J2[g-r u, x]1

which is positive by hypothesis.
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We have now verified all the hypotheses of Theorem I for the parametric
formulation of our problem, so by that theorem the set (Cy, ato) gives a proper
weak relative minimum to J(C, &) on the class of admissible sets (C, «). This
immediately implies that [z, a] gives J[z, a] a proper weak relative mini-
mum on the class of admissible sets [z, «], and Theorem II is established.

13. A corollary. If it were not for our unusually inclusive definition of ad-
missible variation set, Theorem II would at once include Hestenes’ sufficiency
theorem for weak relative minima(1?). For Hestenes assumes the hypotheses
of Theorem II, with the additional requirement that the multipliers can be
chosen independently of the sets [{, »]. However, it requires some proof to
show that in this case the assumption that the second variation is positive for
all variation sets admissible in the sense of §3 is necessarily satisfied if the sec-
ond variation is positive whenever [{, #] is an admissible set and the {*(x)
are of class D1. We establish this for the normal case; as Bliss has shown(1!),
the theorem of Hestenes can be deduced from the sufficiency theorem for the
normal problem.

For each real number a, let us define

' 2,0 v
(13.1)  Q.[¢, u, A] = Nbuwtut + autu® +f {2w(x, &, §) + a;‘”i‘”}dx

Clearly ‘
(13.2) Qolt, u, N] = Ja[g, w, A].

As in the discussion of (7.7), we can show that if a is sufficiently large the
quadratic form

(13.3) Nobjutu* + autut
is positive definite and
(13.4) 2w(x, §, 9) + afge

is positive for all nonidentically zero sets (¢, v) satisfying (10.9). We choose
such an a; then there is a positive e such that

(13.5) Nbttu* 4+ auru* = eutuh
and
(13.6). 20(x, §, §) + agte 2 eltese + £

whenever'f satisfies (10.9).
Let K; be the collection of admissible sets [¢, #] such that

(1°) Hestenes, loc. cit., p. 816. - :
() G. A. Bliss, Normality and abnormality in the calculus of variations, these Transactions,
vol. 43 (1938), pp. 365-376.
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(13.7) whuh f ™ veredz = 1.

For any [¢, ] in K; and any number b we have
(13.8) Qalt, u, \] — Qsl¢, u,\] = a — b.

Since the forms (13.3) and (13.4) are non-negative, Q, has a non-negative
lower bound m on the class Ki. Let [{,, #,] be a sequence of sets in K, for
which Q, tends to its lower bound m on K;. By (13.5) and (13.6),

2,0 '

(13.9) Qalt, w,A] 2 e{uhuh+f .(|r|2+lr’|2)dx},

T o
so the value of the expression in braces is bounded on the sequence [{4, %,].
The boundedness of the integral of | {'.,I 2 implies the equi-continuity of the ¢,
as in (5.6). The boundedness of qul implies the boundedness of | yq(x,,o)l ,
and this with the equi-continuity of the {, implies their uniform boundedness.
By Ascoli’s theorem, we can select a subsequence converging uniformly to a
limit {o(x); we suppose [{,, #%,] such a sequence. We may also.suppose that
the u, converge to a limit #,. As in §5, the {§ are absolutely continuous, and
the squares of their derivatives are summable, and by Lemma 2 °
(13.10) " Qalto uo, ] = lim inf Qa[tq, ue, N] = m.

g— o
But [{o, o] also belongs to K3, so inequality is impossible in (13.10). That is,
[¢0, #0] minimizes Q, on the class K;. :
By (13.8), [¢o, %o] also minimizes Q._ on K, and

Q.,_m [g'o, %o, )] = 0.

Since Qs_m is homogeneous of degree 2 in [{, {, #] we see that Qu_m is non-
negative for all admissible variation sets, and on this class [{o, #o] minimizes

Qu—mo
Now we need only a slight extension of Bliss’(1?) proof of the multiplier rule
to show that there are absolutely continuous multipliers u®, ul(x), - - -, p™(x)

such that for the function
20(s, ¢, m, 1) = 2u'w(x, m, 1) + B[S, 20, 20)8° + dper’]

the du Bois-Reymond relation is satisfied:

Que(, Cor £0) = . +f ' Quel, o, Fo)de,

(22) G. A. Bliss, The problem of Lagrange in the calculus of variations, American Journal of
Mathematics, vol. 52 (1930), pp. 673-744.
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where a. is a constant (c=1, - - - , #). But if the minimizing curve is normal,
so is [{o, #0]. So we may suppose uo=1. It follows that

Qrera(x, Co, $0)7°0% = F popa(x, 20, 24 )09,

and this last is positive for all nonzero sets (v, - - -, v*) satisfying (10.9).
From this we deduce without trouble that {, must be continuous, so that ¢
is of class C'. )

Now by (13.2) and (13.8) we have

Jz[g-Ov Uo, )‘] = Qa—-m[{Oy Uo, k] —a +m =m — a.

But since ¢ is of class C!, by hypothesis the left member is positive. Hence
m—a is positive, and the minimum of J; on the class Kj is positive. It follows
by homogeneity that J, is positive for all nonidentically vanishing admissible
variation sets [7, %], as was to be proved.

Since the proofs in this section are rather long, the following remark may
not be amiss. Most of the theory of the calculus of variations, originally de-
veloped for functions of class D!, can be extended without difficulty to ab-
solutely continuous functions. It seems reasonable to suppose that in the ma-
jority of specific problems in which the inequality J:[¢, %, ] >0 can be
established for functions ¢ of class D!, it will be possible to use essentially
the same proof to establish the positiveness of J, for all variation sets admissi-
ble in the sense of §3.

14. An example. We now exhibit an example of a problem to which Theo-
rem I applies, but which is not covered by any previously published theorem.
A simpler example could be given, but this one will have the virtue of being
non-trivial. It is convenient to use subscripts instead of superscripts for enu-
meration of variables, and so on, since we need to use exponents.

Interior to the interval [0, 1] we choose three disjoint closed intervals
81, 85, 03 all of the same length € (necessarily less than 1/3). It is easy to find
functions v1(x), ¥2(x) of class C2 on [0, 1] such that v, has the value 1 on §
and the value 0 on 8, and 8, while v, has the value 1 on 8, and the value 0 on
0;and d;. We define

(14‘1) f(xf 21y 3y Ply Tty Pﬁ) = ?f + ?: + P: - 421?1 - 4Z2P2~

The problem is to minimize

1
(14.2) J [z, a] Ef f(x, 3, 5")dx
0
in the class of sets [z1, - - - , 25, ay, s, a3 ] with absolutely continuous functions
2i(x) (¢=1, .- -, 5) which satisfy the end conditions
(14.3) x1 = 2i(x1) =0 (i=1,---,95),
% =1, z4(x2) = 25(x2) = 0,

z1(x2) = ay, 29(%2) = g, 23(x9) = ag,
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and the differential equations
o1(%, 2, 2') = 2{ + 23] — 2227 + v1(x)zd® = 0,
ba(x, 2, 2') = 3¢ + 212] + 28] + v2(2)2{® = 0.
By use of Theorem II we shall show that the set |
(14.5) zi(x) = 0, ag=a=a=0 0==x=<1)

(14.4)

gives J[z, @] a weak relative minimum on the class of admissible sets [z, a].
As usual, we define F=N\of+M(x)p1+N2(x)@2. The Euler equations sim-
plify to the form :

. xl' = x2' = 0,
and therefore are satisfied for all sets of constant multipliers. Henceforth we

assume \; and )\, constant. The transversality condition is identically satis-
fied. The quadratic form (10.8) is

(14.6) Do(o1 + 93 + 93),
while equations (10.9) become
64 =95 = 0.
Hence the strengthened Clebsch condition holds if and only if \, is positive.
Equations (10.10) take the form
§4=0, §=0,

and are therefore satisfied by any set ({1, - - -, {5) with {4 and {s constant.
Equations (10.11) become

f,(0)=0 (i=1715)'
S(1) = w1, $2(1) = us, $3(1) = us, $4(1) = §6(1) = 0.

Thus an admissible variation set is a set [{, ] in which ¢, and {5 vanish
identically and the other three {; vanish at x =0 and are absolutely continu-
ous and have derivatives summable with their squares, and in which the %,
satisfy (14.7).

The coefficients by, are all zero, so if we observe that certain of the terms
in 2w are perfect differentials and make use of (14.7) we obtain

(14.7)

1
Ts [, u] = 20 f @+ 6+ )de — ol + 4d) + Ml — ud)
0

(14.8)
+ 2)\2“1“2.

If for every nonidentically null admissible variation set we can choose con-
stants Ao >0, A; and A, for which this is positive, all the hypotheses of Theo-
rem II will be verified,
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If the derivatives {; vanish almost everywhere, the {; are constants. In
this case, by (14.7) the {; vanish identically and the u; also vanish, so [{, «]
is identically null. Therefore if [{, %] is not identically null, the integral in
(14.8) is positive. If u; =u, =0, the choice Ag=1, A\; =Xy =0 serves. Otherwise
we could choose Ng=u}+5, M =4(u} —ul), N2 =8usus. Then

t2
Tale ] = 21+ w) | 61+ &2+ Edx > 0.
131 .

It is easy to show(®) that it is not possible to choose any one set of multi-
pliers with which the second variation is positive for every nonidentically zero
admissible variation set [{, #]. '

To show that the problem is not a trivial one, in which the extremal (14.5)
isisolated, and also that the problem does not impose any hidden end condi-
tions, let us choose any three numbers a4, @z, a;. Let 2i, 23 be any Lipschitzian
functions vanishing at x =0 and assuming the respective values au, oz at x =1.
We determine three numbers, a,, a, a3 by the conditions

eas + (1/2)(as — a3) = 0,
(14.9) ety + aras = 0,
| e(ar+ a2 + az) — a3 = 0.

(The number € was defined in the second paragraph of this section.) Let 35 be
the function which has the value’a; on the interval §; (1 =1, 2, 3) and is zero
elsewhere, and let

z3(x) =f123(x)dx.
0

By the last of equations (14.9) we have 23(1) =a;. The functions z,, 25 are de-
termined by (14.4), with the initial values 0. If we integrate from 0 to 1 in
(14.4), by (14.9) we find 24(1) =3z5(1) =0. Hence the functions z;(x) satisfy the
conditions (14.3) and (14.4). Furthermore, it is clear that they can be made
to lie in an arbitrarily small first order neighborhood of (14.5) by restricting
| 1] and || to be uniformly small and restricting a, s and as to lie near
zero. e :

15. Extension to rectifiable curves. The proofs of our sufficiency theorems
did not depend in any essential way on the continuity of the derivatives
94 (¢) or 2 (x). Theorem I, for example, can be generalized by letting Cy be a
rectifiable curve. This of course requires an investigation of the concept of
first order neighborhood in the space of rectifiable curves. Such an investiga-

(33) E. J. McShane, On the second variation in certain normal problems of the calculus,of varia-
tions, American Journal of Mathematics, vol. 63 (1941), §5.
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tion has already been made(®). Also the formulation of the strengthened
Clebsch condition must be altered. The condition as stated in §3 is equiva-
lent, when the functions y(¢) are of class C?, to the following.

There is a positive number € such that the inequality

(15.1) Frins(30(8), ¥4 (8), Mool = €| o2

holds for all t and all vectors v orthogonal to y{ (2).

It is this latter form which seems appropriate for extension to the case of
rectifiable curves. We say that a rectifiable curve Co: y* =y5(¢), ti <t <t,, satis-
fies the strengthened Clebsch condition if (15.1) holds for almost all ¢ such
that y{ (¢) is defined and is different from (0, - - - , 0) and for all v orthogonal

to yo (£).

(1) E. J. McShane, Curve-space topologies assoctated with variational problems, Annali della
R. Scuola Normale Superiore di Pisa, (2), vol. 9 (1940), pp. 45-60.
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