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1. Introduction. Consider a Fourier sine series

(1.1) /(0) ~ Z b> sin v6,     b, = (2/x) |   f(») sin itfä»,      0 < 0 < tt,
1 •/ o

and write

n

(1.2) s„(0) = J^by sin p0, ra = 1, 2, 3, • • • .
l

Fejer proved (cf. Zygmund [5, p. 18l])(x) that if f(B) is of bounded variation,

and if w0„—as 0„—>0, then

r a sin t
(1.3) 5„(0„) -* (2/tt)/(+ 0) I -dt m (2/x)/(+ 0)/(a).

«J o J

In particular, choosing a so that 1(a) =t/2=Jq t~l sin Ja7 (thus /" t~x sin 2o7

= 0), we get s„(0„)->/(+O), which is half of the jump of/(0) at 0 = 0.

On the other hand for a=ir, which gives 1(a) its maximal value

/' *  sin t
-it = /(+ 0) X 1.08949 • • • .

o t

Thus the limit points of the partial sums as 0„—»0 cover an interval which

extends beyond/( + 0), if/( + 0)^0. This is called Gibbs' phenomenon.

It was also proved by Fejer and Csillag (for references and further results

see Szasz [4]) that for functions of bounded variation

n

(1.4) «-1Z"^-»(2/t)/(+0)1 as n —» oo.
i

These facts suggest the consideration of

"       sin k0„
Sn(0n) = Zs pby -> 0„—>0,

1 v

as a transform of the sequence {nb„}, that is, as a special case of the triangu-

lar type transform
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(') Numbers in brackets refer to the literature at the end of this paper.
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(1.5) Tn = 52 &*rTr)
1

where now rt = vbv, anv = v~1 sin v8„. We shall not restrict ourselves to regu-

larity conditions, and we shall not assume convergence of the sequence {r„},

but merely Cesäro summability of some order. We then seek simple necessary

and sufficient conditions for the convergence of the transform Tn (in general

to a different limit). The application to Fourier sine series yields a generalized

Gibbs' phenomenon, and also a new device to determine the generalized

jump of a function. Our results are in close relationship with some results of

Rogosinski [l, 2].

We consider more generally the transform

»     , _i

(1 • 6) T(pn, 0n) = J2 TyPnV   sin vOn, p„ —* 1, 0„ —> 0,
l

which in the case ry = vbp becomes 52iPnb* sin v8n = s„(pn, 8n), where sn(p, 8) is

the nth partial sum of the harmonic series 52i' P"b, sin v8.

2. Permanency with respect to convergent sequences. It is well known

that the convergence of the sequence {r„} implies the convergence of the

transform Tn, if and only if

lim any = 0, for v = 1, 2, 3, • • • ;
n—»»

n'

52 I an, I = 0(1), as n —> oo ;
y i

n

lim 52 an? — o" exists.
n—*oo i

We then have lim Tn = a lim r„. If we restrict ourselves to sequences r„—>0,

then the last condition can be omitted. Applied to (1.6) this yields the neces-

sary and sufficient conditions:

*,  „ _i,

(2.1) 52 Pn"   I sin j>0„ I = 0(1), as n —* <* ;
l

■A  » -i
(2.2) lim 52 P"v   sin      = <r-

i

In particular the last condition is sn(pn, 8n)—>>a for the harmonic series

52iP*v~1 sm v0 = &tc tan {(p sin 0)/(l — p cos 8)).

We first assume

(2.3) 0 < lim mf pn ^ lim sup pn < co ;
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in this case for some Ci>0, c2>0

"        — 1 "        T   — 1 "        —1

Ci 52 "   I sin vd I < 52 P*v   \ sin vd \ < c252 v   I sin vB \,
l l l

thus (2.1) reduces to

(2.4)

Now for any 0>O

(2.5)

52 v-11 sin vBn I = 0(1),
l

52 v~y I sin vB I < n6,

hence w0„ = O(l) implies (2.4). To prove the converse let 0„<1 <0„(« — 1),

and put [6n~1]=Kn = K, so that n^d^1 <k+1 ^n. Now S**-1!sm I

>(1/2)Z">,_1(1 -cos 2v6n), and

Z v_1 cos 2vdn
l

< E + y_1 cos 2vdn

< 1 + log k 4- (1/(K 4- 1)) max Z cos 2e0„

Thus
< 1 + log 0„ + 0„/sin 6n < 3 - log 6n.

252 "~l I sin vdn I > log « + log 0„ - 3 = - 3 + log (»0„);

hence (2.4) implies «0„ = O(1). For null sequences only this is required.

To satisfy (2.2) consider the case that 0 is a limit point of the sequence {w0„};

for a subsequence of indices n: »0„—»0, and for that subsequence, using (2.5)

52 P»v 1 sin v6n = 0 ^ 52 * 11 sin v$n |^ = O(»0„) = o(1).

Hence <x, if it exists, is 0 and then every convergent sequence is transformed

into a null sequence. Next assume lim inf »0„>O. We choose a subsequence of

integers n — n' for which p„ and «0„ have limits «'0„<—>/3>0, pj—N»* say; by

(2.3) 7 is finite. Furthermore from log p/(p —1)—»1 as p—>1, ra'(p„' — 1)—*y.

Suppose first 7 = 0, that is pj—>1, and n'(p„> — 1)—»0. Now, as n runs

through the sequence {n' \

52 (p'n — 1> 1 sin vdn
l

< I p„ - 11 0(n) I sin vdn I - o(l)O(«0„) = o(l),
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hence
n    r —1 n    —1

lim 52 P»"   sm v"» = hm 51 v   sin ̂ »
l i

for « = «'—->«>, if either side exists. But

" r'/A       \ f9 sin («+ l/2)f
£      sin vÖ = I   ( 52 cos - (1/2)0 4- j -1—J-L
x i,\T        / J,    2 sin {t/2)

(n+l/2)» sin m(^m

(2w+ 1) sin(w/(2»+ 1))'

dt

- (1/2)0 + f

hence

" r" sin m udu
52     sin rf» = - (1/2)». + I- . + o(l)
i J 0     u     (2n + 1) sin («/(2w -f- 1))

sin m
-d«

0 m

as «—>=° through the sequence {«'}. The consideration of the case 75^0 re-

mains; we write

n

52 pV"1 sin vd
1

= J*   ^ £ p' COS f/^ df

-T
Jo l-2p cos/+p2

= f
•/ a

0  \ 1

'9 cos t-pt+pn+2 cos nt-pn+1 cos («+l)/

'»1 — ps— (1-cos f")+p»+i[cos nt — cos (»+l)/]-(l-p)p"+i cos »<

(l-P)2+2p(l-cos 0

thus

n /»e

y; pV"1 sin vd - (1 - p2) I -
i Jo (1 - p)2 + 4p sin2 {t/2)

r' sin2 (f-/2)d*

~2J0 (1 - p)2 + 4P sin2 (t/2)

cos «/a<

- (1 - p)p»+i f —•/ 0 (1'o (1 - p)2 + 4p sin2 (Z/2)

■/ 0

sin (//2) sin (» + l/2)tdt

\    (1 - p)2 + 4P sin2 (t/2)
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Now
sin2 (t/2) dt dn

<-> 0 as n —> oo.
/• °" s

Jo   (1 - Pn)„)2 + 4P„ sin2 (//2) 4P„

Next

T.-
0      (1  — Pn )2 4- 4p„ sin2 (t/2)

du
= n(pn — l)(p„ + 1) I

J ao   «2[(p„-l)2 + 4Pnsin2(M/2«)]

rß du
-> 2T       —- = 2 arc tan

J o 72 + «2

Similarly

n+1 /*e» cos ntdt

(p„ - 1)p„   Jo   - _ — - — gin2 —

/. nö„ cos ^idu r ß cos «dw

= «(p„-1)p»     J        w2[(pji _  1)2 + 4pn sm2 (m/2w)] _>7ß7 J0   yl + „«'

and

n+1 r6n sin (//2) sin (n + l/2)tdt

P"   Jo   (1 - p»)2 + 4pn sin2 (t/2)

(n+l/2)e„     (2« + 1) sin {m/(2« + 1) } - sin udun+i r
= Pn I

J 0

- (1/2)* f
J o    7 + «

f»(2« + 1) [(p.- I)2 + 4Pn sin2 {u/(2n+1) } ]

' u sin udu

Summarizing

"   „ _i /**' yey cos m + e7m sin u — 2y
Hpnv   sin»0„^ -—-

l J o 7 + »'
dw

f(/ sin 7< + cos 7/) — 2
■-o7.

1 4- t*

The case (2.3) is now completely discussed. We next assume

lim sup p„ = 00 ,

so that for a subsequence » = «' :p"'—> oo . We first prove that (2.1) implies

n'On'—>0. Otherwise for a subsequence »" of n':n"dn-'—>ß>0. For these in-

dices
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n      V   — 1 V   — 1

X) Pn»   I sin j/0„ I >  52 P»"   I sin vdn I p

where a is so chosen that 0<a<ß and a^.ir/2. Now

445

X) P»" J| sin v0„| > (2/ir)0„22 pn =
2pn0n     Pn — 1

Pn — 1

hence (2.1) implies
an/20

0nPn = 0(p„ — 1),

which by virtue of log p„/(p„ —1)—»1 yields «0„ = o(l). Furthermore

n     —l n

(2/7r)0„ZPn <5~2 Pnv   I sin vd„ I < 0„ 52 P»l
1 1

thus, if for a subsequence of indices p"—then for these indices (2.1) is

equivalent to

0nPn = 0(p„ — 1).

If this condition is satisfied, then in view of w0„—*0

"   „       "   , _i                  "   v /      sin k0„\
0 < 0n Zs P» — Z-< P»1'   sin v6n = 0„ 2^ P» I 1-■)

11 1 \ f0n /

/      sin ndn\ " ,
< 0n( 1-) Zp„^o,

\        »0«  / j

hence (2.2) holds if and only if lim 0np"/(pn — 1) exists, which is then the value

of <r.

Finally assume that lim inf p" = 0; thus for a subsequence of indices p|J—»0

(7=-°o). If «0n = O(l), then ^»-»Isin jtf„| = 0(l>-i|sin v6n\) = 0(l),
which is (2.1). If on the other hand for a subsequence w0„—* °°, then

»   „ _i ä*   , _j 1 — cos 2v6n
2_j PnV     I Sin v9n \   >    2-,   Pn" -~- ;
l «r'<» 2

but        [ as v X , hence for 0„ < 1

52  PnV     COS 2>>0„
»;'<-

< Pn max

0»

sin 6n

1 + (Cl

< x/2.

X) cos 2j>0„
«n'O

Furthermore
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X) PnV   = X) v   exp (v log p„) > X) I     «   exp (— « log p„ )<f«
«-i<, e-i<„ J,

/> n+1 /• (n+Dlogp-1

m   exp (— « log p„ )d« = I tr1e~'dt;
" (i+tfl^Dioepri

thus in this case (2.1) implies 0„ = O(log l/pn), or 0„ = O(1—p„). If this con-

dition is satisfied, then

ZZ p'nv'11 sin p#. I = O^0„ X P») = O(0„/(l - p„)) = 0(1),

hence (2.1) holds. To satisfy (2.2) now, we note that

X Pn""1 sin r0„ = o( 0„    P"    ) = 0(p") = o(l),
n+1 \     1 — Pn/

hence (2.2) holds if and only if

*   , _» p„ sin 0„
2_, Pni*   sin v0„ = arc tan

1 1 — Pn COS 0„

has a limit, and <r is then this limit. But

pn sin 0„ p„ sin 0n 0„ 1 0„

1 — p„ COS 0„       1 — p„ + p„(l — COS 0„)       1 — pn   1 + 0(1 — Pn)       1 — pn

hence a exists, if and only if lim 0„/(l —p„) = 5< + oo. We then have

a = lim arc tan {0„/(1 — p„)} = arc tan S. To summarize our results put

c 08. 0)

(a)

sin u
-du,

o u

/'ß ye"> cos u +     sin « — 2y
-du, for finite y 0,

o              72 + m2

0nPn
(b) <r(0, oo ) = lim-»

Pn — 1

0n
(c) <r(5, — oo) = lim arc tan -= arc tan 8 < tt/2.

1 — Pn

We then have

Theorem 1. Necessary and sufficient conditions that for every convergent se-

quence nbn—rr the transform X^iPn0* sin vOn has a limit, are that one of the follow-

ing three cases holds:
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(a') M(p„—1)—>7finite, «0B—>/3<°o,

(b') «(p„ —1)—>+ «>, limdnp„(pn — I)'1 exists,

(c') «(p„ — 1)—»— 00, lim 0„(1 — p„)-1= 8 exists, 0^5< oo.

The limit of the transform is then r<r, where <r is defined above for the re-

spective cases. Different subsequences may belong to different cases (ß, y) if

only the corresponding a attain the same value, and with the restriction

wt?„ = 0(l) in case (a')-

3. Permanency with respect to (C, k) summability. Given the sequence

{t„}, write
*   «—i

23 T»  >         n, k — 1, 1, 3,
0   . i        x-, «-i

r„ — r„, rn
i

also

, (K + 1) ■ ■ ■ Qc + n) n'
(3.1; An = C„+,,n =-;-~ — > as » —* oo.

«! k!

The sequence {r„} is summable (C, k) to the value r, if t„/^4b—*r as n—»oo;

(£7, 0) is evidently convergence.

We write

A°r» = t„, = Ar„ = t„ - t„+i,      A'r„ = A(A«-1r„);

then by induction

(3.2) A'rn = 23 (- l)'C«.rT»+„ k = 0, 1, 2, • • • .
i—O

Abel's transformation yields for finite sums

n n     1 ft     2 2

23 a'T' = 23 r,Aa, = 23 T»A a„ = • • • ,
li l

where an+i = 0, a„+2 = 0, • • • . Applying this to (1.5) we get

Tn = 23 T>A An»,
i

where anr = 0 for v>n. Thus the transform converges for every (C, k) sum-

mable sequence if in addition to the conditions of §2

n

23 A, I A an, I = 0(1) as n —* <*>.

In particular for the transform (1.6) we have the conditions (2.1), (2.2) and

n— k n

(3.3) 23^;| A'pnf" sin p0n I + 23 A' I 5,1 = 0(1) as n   ► oo,
71 — *+l
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where, from (3.2)

5\ = Zs (~ 1) C.,vpn ->      n — k < \ S n.
»_o X + v

We first consider (C, 1) summability (k = 1). Now (3.3) becomes

n-l f _t

X (" + 1) | Ap«"   sin ?0„ \ + (n+ l)p" «-11 sin nOn | = 0(1),
l

or

(3.4)  2_,"|Pn"   sin «0„ - p„ (f + 1)    sin (y 4- 1)0„ | + p„ | sin »0„ \ = 0(1).
l

We consider in succession the different cases of Theorem 1.

(a') For a sequence of indices nd„—>/3<<»l n(pn — 1)—vy finite, that is,

p"->e?>0. Thus p" sin «0„ is 0(1), and

ä ,. _i _!
2J vpn I v   sin j<0n — pn(v + 1)    sin (v + l)0n |

l

V-*1     v I   —1 -1

= Z3 "Pn I »"   sin vdn — (v + 1)    sin (v + 1)0„ |
l

+ I 1 — P" I  52 P» I Sm (" + l)0n | .
1

Now
n—1 n

I 1 - Pn I  52 Pn I Sin f> + 1)0„ I  < I 1 - p„ I   52 p„ < p„ | 1 - p" |  = 0(1),
1 1

and

I f-1 sin k0„ — (f + I)-1 sin (v 4- l)0n |

= I ("+ I)"1 sin (v + 1)0„ - 2 sin (l/2)0„ cos ((2v 4- l)/2)0„ | < 20n;

hence

n-l

52 "Pn I " 1 sin »0„ - (» 4- 1) 1 sin (x 4- 1)0„ | < 20n52 pi = 0(ndn) = 0(1).
l

Hence in this case no additional condition results.

(b') n(pn — 1)—»4- oo, 0„p"(p„ —1)_1—»<r. Hence «0„—»0, and now p" sin «0n

= 0(1) is equivalent to «0npB = O(l). Thus 0„pn(pn-l)-1 = «0nP„«-1(Pn-l)_1

—>0, that is, o- = 0. Now

n—1 r- n-l

I 1 - Pn I  52 Pn I Sin (v + 1)0„ I  = 0 |^(p„ - 1)0„ X) "PnJ

= O[0„p„(p„ - l)"1] = o(l);
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furthermore

önZ) p' = OKp"(p„ - 1)   ] = o(l);
1

hence (3.4) holds. Finally:

(c') If lim 0„/(l — p„) < oo exists, and »(p„ —1)—» — », that is, p„—»0, then

p<pn sin «0„^O, |l-p.|E;-1p:|sin (f+l)0„| <(1 -p„)£0"P»= 1, and

0»EpI<7^- = 0(1).
1 1 — Pn

No additional condition appears in this case. Summarizing, we have

Theorem 2. Necessary and sufficient conditions that when lim n~15^"vby = t

exists the transform 2~2iPnby sin v6n has a limit: tot, are either of the alternatives:

(a") n(p„ — 1)—>7, finite, ndn—>/3< »,

(b") »(p.-l)-»+oofnf3BpS = 0(l),

(c") n(pn — 1)—>— oo, Hm 0„(1 — p„)-1 exists.

The value of <r is in the cases (a") and (c") given by (a) and (c). In case

(b") <r = 0. Different subsequences may belong to different cases if only a has

the same value, with the restriction w0„ = O(l) in case (a").

We now consider (C, n) summability for k>1. First of all, to satisfy (3.3)

we must have

■ r n-m+y Slli (« — M + v)Bn

(3.5) » £(- 1) C,„Pn   +-— = 0(1), m = 0, 1, • • • , k - 1.
»_o n — m + v

Or

k— In. s\r .\
n   p„ sin ndn = 0(1),

, „ (sin (n — 1)0„ sin ndn\
n p„<-Kpn-> =0(1),

{    n — 1 n )

, „Jsin(» — k+ 1)0» ,     s,_i  ,_i sin «0„1
npA-—-+ (-1)    «Pn -^=0(1).

\    n — k + 1 n )

This is equivalent to

k—1 n

n   pn sin »0„ = 0(1),

«' V» sin (w - l)0n = 0(1) ,
(3.6)

»

n   pn sin     — K + l)0n = 0(1).
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In case (a") the first condition becomes sin »0„ = O(»1-"), as »—►<»; in par-

ticular sin «0„—>0, thus in view of (a") »0„—»Xt, X a positive integer or zero.

On putting «0„=X7T+€„, we get sin e„ = 0(n1~'), or w0„ —X7r = 0(«1-')- From

the second condition now cos w0„ sin 0n = 0(m1_')> as n—*», or Xx+e. = 0(n2~');

hence for k = 2, (3.6) reduces to

(3.7) ndn = \t + Oin-1).

For k>2 we must have

n6n - \ir = e„ = 0(»1—)   and   Xir + <■„ = Ofa2-"),

hence X = 0, and

(3.7') «0„ = O(«1-).

It then follows that

sin (« - v)6n = 0(1) for v = 0, 1, • • • , k - 1.

Furthermore, for the rest of (3.3)

n— k / n—k ■ , \

X Ü»| A p„f   sin f0n I = 0 ^ X)    I A'p'f   sin v6n | j.

Now

cos j'idi = R I   A'z'd/, z = peu,
0 «^0

and, using (3.2)

/• e   k pt
2~2 (- DKJ.+z^dt = R I   z'(l - z)'dt,

0   x-o J 0

hence

I 1 - pe«'' \'dt < p' I    {(1 - p)2 + pt2}<>2dt
o o

< 0p'{(l - p)s + p62\'l\

Thus

23 / I Apnf     Sin V0n |  <      23 * VnJ { (1 ~ Pn)   + P»0n }" 6n

(3.8) <   { «S(1 - Pn)2 + P„nVn } 'n6n 23 Pn
1

and, from pj = 0(1),
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0„ Jj Pn = 0(ndn) = 0(1).
1

Hence in case (a") the additional condition is (3.7) for /c = 2, and (3.7') for

k>2.

In case (b"): n(pn — 1)—>+ °o, w0„p" = O(l), as «—hence pü—►+«>,

and »0„—»0. Now (3.6) becomes

(3.9) npX = 0(1).

For large n evidently p„ > 1, and

n

0«Zp» < «0»p" = 0(1)
i

(from (3.9)). In view of (3.8) now (3.3) holds. Thus in this case the additional

condition is (3.9) (for k2:2).

Finally, in case (c"): «(p„ — 1)—>— » (that is p"—>0), and lim 0„/(l — p„)

= 6<oo exists. Now p"<l/(w(l—p„)), hence nd„p„ = 0(1); thus for k = 2 con-

dition (3.6) reduces to np„ sin w0„ = O(l). While for k>2 (3.6) reduces to

m'-VH sin «0„ = O(1) and ^"-^„ = 0(1). Furthermore, as p„<l, 8nzZopn

<0„/(l—p„) = 0(1), hence, in view of (3.8) now (3.3) is satisfied.

We summarize our results in

Theorem 3. In order that lim T^"pU>„ sin vBn = Ta exists, whenever (C, k)

lim nbn — r for some «2:2, necessary and sufficient conditions are the alternatives:

(a'") n(pn— 1)—>7, finite, and for k = 2 : M0n=X7r-r-O(»-l)i X aw integer, for

k >2 ■ 0n = 0(w~") ■

(b"0 W(pn-i)^+cc, W'pn0n = O(l);

(c'") w(p„ —1)—>—re, lim 0„/(l —p„) = S< =o exists, and for k = 2:

npl sin ndn = 0{\),for k>2: n^1p*(en+ [sin «0„|)=O(1).

The value of tr is given in case (a'") by (a), where for k = 2: ß=\r, for

k>2:)3 = 0, <r = 0; in case (b'"): <r = 0; in case (c'"): o- = arc tan 5.

4. Application to Fourier series. First consider a function of bounded

variation and its Fourier sine series (1.1). It follows from the introduction

that lim nb„, if it exists, is (2/ir)/( + 0). Under the assumptions of Theorem 1

on p„ and 6n, s„(pn, ö„)—>r<r = (2cr/ir)/(+0). In particular whenever a>ir/2,

then we have an analogue of Gibbs' phenomenon. It is known that for func-

tions of bounded variation

(l/«)I>i,-»(2/,r)/(+0);
l

more generally if (cf. Szäsz [3, Lemma 6])
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(4.1) 2fM = (2/6) f f(t)dt->j, as 6 1 0;

and

n+it

(4.2) lim lim inf   min   E °* = 0,
Bio       n->«       0<«<ä„ n

then
n

vkp-*j/r.
i

Hence, applying Theorem 2 we have

sn(ßn, &n) —* (j/ir)(r(ß, 7), as w(p„ - 1) -> 7 and «0„ -» /3;

7 is the generalized jump of f(ß) at 0 = 0. For 7 = 0 this yields a generalization

of formula (1.4). Note that

/'6              "      1 - cos vd             »       /sin (vd/2) V
f(t)dt * E h- = (0/2) E vbA-) ;

0 1 vd 1       \    vd/2 /

(20/7r) {^o/2+E"((sm v0)/v9)2sy} is called the Riemannian mean of the second

kind corresponding to the sequence {sn}. It is a regular transform, as is seen

from the identity

20 ( " / sin vOy)

If we assume only that (C, 2) lim nbn=j/ir exists, then Theorem 3 yields

again a Gibbs' phenomenon in the case (a"') and X>0.

In this connection we introduce two lemmas.

Lemma 1. If

00

(4.3) (1 - r)zZrnrn-^T as r T 1,
1

and

n

(4.4) r„' = E t, > - pn,
1

for some p>0, and all «>0, then

(4.5) (C, 2) lim rn = r.

We have from (4.3)
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(1 - r)2XTn'r»-*r as r T 1,
l

hence

00

(1 - 02Z W +#»)f"-*t + # asrTl;
l

in view of (4.4) a theorem of Hardy and Littlewood yields

Z (r,' +      ~ (l/2)(r + p)n\
l

or
n

E r/ ~ (1/2)t«!, as « —»°o,
l

which is (4.5).

Lemma 2. 7/ (4.1) holds, then (1 — r)2Zinbnrn-*j/ir. [3, Lemma 5].

Combining these two lemmas it is seen that (4.1) and the assumption

n

(4.6) Z v°v > — pn      for some p > 0 and all n > 0,
l

imply (C, 2) lim nbn=j/w. With reference to Theorem 3 the assumptions

(4.1) and (4.6) again yield a Gibbs' phenomenon.

In closing we remark that the existence of/(+0) implies itself (C, 2) lim nb„

= (l/2)/( + 0). A more general result will be given elsewhere.
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