ON THE PARTIAL SUMS OF FOURIER SERIES AT
POINTS OF DISCONTINUITY

BY
OTTO SZASZ

1. Introduction. Consider a Fourier sine series

(1.1) f(6) ~ > b, sinwg, b, = (2/1r)f f(0) sinvdds, 0<6<m,
1 0
and write
(1.2) sa(6) = X b, sin v8, n=1213,-.
1

Fejér proved (cf. Zygmund [5, p. 181])(?) that if f(8) is of bounded variation,
and if #8,—a as 0,—0, then

(1.3 a0 = @/n)f(+ 0) f ) 12’—’ dt = (2/m)f(+ O)I(a).

In particular, choosing a so that I(a) =r/2= [ ¢ sin tdt (thus [T ¢~ sin tdt
=0), we get s,(8.)—f(+0), which is half of the jump of f(8) at 6 =0.
On the other hand for a =, which gives I(«) its maximal value

* sin ¢
MM*&#M+®L 7—w=ﬂ+mXL%%mu.

Thus the limit points of the partial sums as §,—0 cover an interval which
extends beyond f(+40), if f(40) 0. This is called Gibbs’ phenomenon.

It was also proved by Fejér and Csillag (for references and further results
see Szész [4]) that for functions of bounded variation

(1.4) n=130 vb, — (2/m)f(+ 0), asn— o.
1
These facts suggest the consideration of
id sin v8,
sn(0s) = > vb, ) 6, — 0,
1 14

as a transform of the sequence {nb,,} , that is, as a special case of the triangu-
lar type transform

Presented to the Society, September 8, 1942; received by the editors September 8, 1942.
() Numbers in brackets refer to the literature at the end of this paper.
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(1.5) Ton= 2 Gun
1

where now 7, =»b,, @,,=v~! sin v0,. We shall not restrict ourselves to regu-
larity conditions, and we shall not assume convergence of the sequence {T,,} ,
but merely Cesaro summability of some order. We then seek simple necessary
and sufficient conditions for the convergence of the transform T, (in general
to a different limit). The application to Fourier sine series yields a generalized
Gibbs’ phenomenon, and also a new device to determine the generalized
jump of a function. Our results are in close relationship with some results of
Rogosinski [1, 2].
We consider more generally the transform

(1.6) T(pn,y 0,) = E 'r,,p:.v_1 sin vl,, pn—1,0,—0,
1

which in the case 7, =vb, becomes > _"pb, sin 8, =s,(pn, 0,), where s.(p, 0) is
the nth partial sum of the harmonic series Z{" p*b, sin 0.

2. Permanency with respect to convergent sequences. It is well known
that the convergence of the sequence {f,.} implies the convergence of the
transform T, if and only if

lim a,., = 0, forv=1,2,3,:---;

n—

2| aw| = 0(1), asn— «;

y=1

n
lim ) @. = o exists.

n— 0 1
We then have lim T,=¢ lim 7,. If we restrict ourselves to sequences 7,—0,

then the last condition can be omitted. Applied to (1.6) this yields the neces-
sary and sufficient conditions:

2.1) > p:v—ll sin 20, | = 0(1), asn— o;
1
(2.2) lim 3 o sin v6, = 0.
1

In particular the last condition is s,(p,, 0.)—0 for the harmonic series
> rp'vlsin W=arc tan {(psinf)/(1—p cos ) b
We first assume

(2.3) 0 < lim inf pn < lim sup py < ;
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in this case for some ¢, >0, ;>0
L .o -1 LA
ay,v |smr0|<}:p,.v Ismv0|<022v |smv0|,
1 1 1

thus (2.1) reduces to

2.9 > vt sin .| = O(1), asn— o,
1

Now for any § >0

(2.5) > vl sin | < né,
1 .

hence 7n6,=0(1) implies (2.4). To prove the converse let 8,<1<0,(n—1),
and put [0:']=kx.=k, so that x=6;!'<k+1=u#. Now D 1v~!|sin 18,]
>(1/2)2_1v~1(1 —cos 246,), and

> vt cos 2v8,

n
> vt cos 210,
1 &+1

< iv“'l-l-
1

A
> cos 216,

x+1

<1+ logk+ (1/(xk + 1)) max

x<ASn

<1+ log6;' + 6,/sin 6, < 3 — log 6,
Thus

2> vt sin v, | > log n + log 6, — 3 = — 3 + log (n,);
1

hence (2.4) implies 70, =0(1). For null sequences only this is required.
To satisfy (2.2) consider the case that 0is a limit point of the sequence { n.} ;
for a subsequence of indices #: #6,—0, and for that subsequence, using (2.5)

3 o sin vh, = o( )> v | sin 8, l) = O(nf,) = o(1).

Hence o, if it exists, is 0 and then every convergent sequence is transformed
into a null sequence. Next:assume lim inf #6, >0. We choose a subsequence of
integers n=n' for which p} and 78, have limits 7', —8>0, pli—e" say; by
(2.3) v is finite. Furthermore from log p/(p—1)—1 as p—1, n’'(p. —1)—.

Suppose first ¥=0, that is pv—1, and #’(p,-—1)—0. Now, as # runs
through the sequence {7’}

3 (o — 15 sin 90, | < | pn — 1] O(m) 3 57| sin 8 | = 0(1)0(n8,) = o(1),
1 1
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hence
R N RN
lim 3 pv sinv8, = lim X » sin vf,
1 1

for n=n'— =, if either side exists. But

Z::v—l sin 9 =1L'($cosvt)dt= - (1/2)0_!_];’ sin (7 + 1/2)t

2 sin (¢/2)
(nt1/2)0 sin udu

(2n+ 1) sin (#/(2n + 1))

= — (/20 + f
hence

sin u udu

Gnt Dsmwantiy T°

n 8
> vtsinih, = — (1/2)0, +f
1 0

B sin u
— du
0 %

as n— o through the sequence {n' }. The consideration of the case ¥ 0 re-
mains; we write

(1

n
> p'vtsin 18

1
[ n
=f (Zp’ cos vt)dt
L] 1

f‘ cos ¢ —p?4-p™t2 cos nt—pnt! cos (n+1)¢ i
B 1—2p cos t+p?

[}
_ 0 1—p?—(1—cos £)+p*+[cos nt—cos (n+1)¢] — (1—p)p™** cos nt &
~Jy (1—p)*+2p(1—cos ¢) '
thus
n [ dt
vl sin 8 = (1 — p?
Lot = (=0) ) o e @)
) f’ sin? (¢/2)dt
2.6) o (1 = p)*+ 4p sin? (¢/2)

4 cos nidt
o (1 —p)?+ 4psin? (¢/2)
® sin (¢/2) sin (n + 1/2)¢dt
+ zp”“fo (1 — p)* + 4psin? (¢/2)

— (1 = p)p~tt
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Now
on sin? (¢/2)dt 0,
- —0 as n — o,
o (1 — pu)?+ 4p, sin? (¢/2)  4pa
Next
2 On dt
(on — l)f - -
o (1 = pa)? 4p, sin? (¢/2)
) Y au
=n pn - n
’ o n2[(pn —1)2 + 4p, sin? (u/2n)]
2 [7 2 = 2are an (6/)
- = 2 arc tan .
Y o v+ u? Y
Similarly
0
nt1l [0 cos nitdt
Gn = 05" [ :
o (1 — pa)?+ 4pn sin? (¢/2)
L bl [ cos udu 8 cos udu
= ”(Pn - I)Pn f - - ——)fyg‘/f _
o #2[(ps — 1)2 + 4p, sin? (u/2n)] o V24 u
and

ap1 [*0 sin (¢/2) sin (n + 1/2)tdt
o fo (1 = po)? + 4pn sin? (4/2) |

_an (U2 (20 4 1) sin {u/(2n + 1)} -sin udu

— fo n(2n+ 1) [(0a— 1)+ 4p, sin? {u/(2n+1)} ]

B u sin udu
- (1/2)e7 f o sin wan
) o Y+l
Summarizing
LI ”7e7cosu+e7usinu—éy
> pay  sin v, — du
1 0 72+ u?
f‘”" e(¢sinyt + cosyt) — 2 i
0 14 ¢ )

The case (2.3) is now completely discussed. We next assume

. n
lim sup p, = o,
n—ro
so that for a subsequence n=n':pl— . We first prove that (2.1) implies
n'0,-—0. Otherwise for a subsequence n’’ of n':n’'0,,—f>0. For these in-
dices
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Zp,.v |smv0,.| > 2 oy Ismvo l,
rSa/b,

where « is so chosen that 0 <a<f and aa=<7/2. Now

y =1 ., » 2P»9n P:ao;l] -1
E PV Ism 1'0,.| > (2/7)0, D pa = ’

rSafl, ™ Pn — 1

hence (2.1) implies
an/2B
Bnpn = O(ps — 1)1

which by virtue of log p./(ps —1)—1 yields #8, =0(1). Furthermore
(2/m)6, Y pu < > p:,v_ll sin V0,.| <6, Om
1 1

thus, if for a subsequence of indices pp— «, then for these indices (2.1) is
equivalent to

oﬂp: = O(pﬂ - 1)'
If this condition is satisfied, then in view of #8,—0

-~ ~ v - L i 0n
0<'0”Zp”_zp"”ISin70n=0ann(1_ sin i )
1

v0,,

sin 76,
<o< Ep,.—»o

hence (2.2) holds if and only if lim 6,03/ (p, — 1) exists, which is then the value
of a.

Finally assume that lim inf p, =0; thus for a subsequence of indices p*—0
(y=—®). If n9,=0(1), then le,,v"ll sin #0,| =0Q_1v=1|sin 1.|) =0(1),
which is (2.1). If on the other hand for a subsequence 7n8,— «, then

Zp,.l' Ismvﬁ l > Z pa¥

071<r 2

» -1 1 — cos 2i6,

but pp»~! | asv T, hence for ,<1

&, 4 1+651] 1 F1
Z pnv  €OS 200, | < py ——————— max cos 240,
071<» 1+ [0_1] ASa ORZ‘:Q'

< /2.

sin 0"
Furthermore
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& ,-1 &8 SA Y -
pv = 2. v exp(vlogp) > Ef % . exp (— u log p, )du
1< 01<r »
L T 1 (n+1)log 7t
= f u exp (— ulog p, )du = f tletde;
1416571 (14 [631]) log p51

thus in this case (2.1) implies 6,=0(log 1/p,), or 8,=0(1 —p,). If this con-
dition is satisfied, then

z": p;v-1| sin 10, | = 0(0,,i p:.> = 0(0./(1 — pn)) = 0(1),
1 1

hence (2.1) holds. To satisfy (2.2) now, we note that

n

3 oo™ sin v = o(a,, - ) = 0(0) = o(D),

n+1 = Pn

hence (2.2) holds if and only if

S v =1, Pn sin 6,
> pav  sin ¥, = arc tan
1 1 — p, cos b,
has a limit, and ¢ is then this limit. But
pn Sin 6, Py sin 0, 0, 1 0,

1= pncostn 1—potpa(l—c0s0) 1—pn 1401 —pn) 1—opn

l;ence o exists, if and only if lim#6,/(1—p,)=06<+4 . We then have
o =lim arc tan {6,/(1 —p,.)} =arc tan 8. To summarize our results put

B sin u
a(8, 0) = f du,
0 %

()

B ye cos 4 + €7 sin 4 — 2 '

o8 7) = f Y Y du, for finite v # 0,
0 v+ ul
: Onpm
(®) o(0, ) = lim ——>—,
Pn — 1
. 0n
(c) o(8, — ) = lim arc tan ] = arc tan § < w/2.
— Pn '

We then have

THEOREM 1. Necessary and sufficient conditions that for every convergent se-
quence nb,—T the transform Y _wplb, sin 19, has a limst, are that one of the follow-
ing three cases holds:
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(@") n(pa—1)—y finite, nf,—B < =,
(b") n(pn—1)—+ w0, lim 0,pp(pn— 1)~ exists,
(c") n(pa—1)—>— @, lim 0,(1 —p,)~1= 5 exists, 0S5 < oo.

The limit of the transform is then 7o, where ¢ is defined above for the re-
spective cases. Different subsequences may belong to different cases (B, ) if
only the corresponding ¢ attain the same value, and with the restriction
70, =0(1) in case (a’).

3. Permanency with respect to (C, ) summability. Given the sequence
{7}, write

0 L3 LAY
Tn = Tay Tn = Tn ”t"=172139’°°;
pa=1
also

(x+1)~-A-(x+n) n*

~— asn— o,
nl k!

(3.1) An = Cojen =

The sequence { r,.} is summable (C, k) to the value 7, if 7;/A5—7 as n—x;
(C, 0) is evidently convergence.
We write

A7, = g, Alr, = ATy = Tp — Tay, A, = A(AF17,);
then by induction
3.2) . Afr, = io (= 1)CepTotn k=0,1,2,---,
Abel’s transformation yields for finite sums
PIPTRD SRV SP
1 1 1

where ap41=0, an32=0, - - « . Applying this to (1.5) we get

n

T, = Z T:A‘ann

=1

where @,,=0 for »>#n. Thus the transform converges for every (C, k) sum-
mable sequence if in addition to the conditions of §2

> 4;] A%, | = 0(1) asn— o,
Pl
In particular for the transform (1.6) we have the conditions (2.1), (2.2) and
(3.3) S 4| A sin b, |+ X 40| 8] = 0(1) asn— o,

=1 n—x+1
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where, from (3.2)

=2 ’ , sin (A + »)0,
6)=Z(— I)C",p);'- —__(———_—?-—._, ”__K<x§n.
=0 AN
We first consider (C, 1) summability (k=1). Now (3.3) becomes

n—1
S+ 1)| Ay sin o8, | + (n + 1)pn 57| sin 8, | = O(1),
1
or

n—1

(3.4) X v|pw  sinvby — pu v+ 1) sin (v + 1), | + pu| sin n8, | = O(1).
1

We consider in succession the different cases of Theorem 1.
(a’) For a sequence of indices n8,—8< «, n(p,—1)— finite, that is,
pr—e*>0. Thus p} sin 78, is O(1), and

n—1

> vp:.' y sin v8, — p.(v + 1)-l sin (v + 1)0,‘|
1

n—1

< S von| v sin b — (4 1) sin (v + 1)6, |
1
n—1 v
+ |1 —=pa| X pnlsin (v + 1)6,].
1

Now

| 1= pul ’fpll sin (v 18| <| 1= pu| 2 o0 < pul 1= pi| = 0(D),
and ' '
v| v1sin 18, — (v + 1)t sin (v + 1)0, |
=| (v + 1)~tsin (v + 1), — 2 sin (1/2)8, cos ((2v + 1)/2)6, | < 26,;
hence

n—1

> v | " sin v, — (v + 1) sin (v + 16.| < 20,.i pn = O(n8,) = O(1).
1

1

Hence in this case no additional condition results.

b") n(p,—1)—>+ =, 0,p5(p,—1)"1—0. Hence #8,—0, and now p}; sin nf,
=0(1) is equivalent to 7n6,03=0(1). Thus 0,.03(p.—1)"'=nb.p4n=1(p,—1)"!
—0, that is, ¢ =0. Now

n—1 n
' 1- Pnl Z.Pnl sin (" + l)onl = O[(Pn - 1)0,.2 Vpn]
1 1

= O[8upn(on — 1] = 0(1);
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furthermore

n

00> pn = Ol0upn(on — 1)7'] = o(1);
1
hence (3.4) holds. Finally:
(c’) If lim 0,/(1 —p,) < » exists, and #(p,—1)— — =, that is, p—0, then
p <pp sin n6,—0, I 1 —p,,lZ’l"lp,',[ sin (u+1)0n| < —p) D cpi=1,and

kid 1 4 0"
on E pn <
1 = Pn

= 0(1).

No additional condition appears in this case. Summarizing, we have

THEOREM 2. Necessary and sufficient conditions that when lim n=1) b, =7
exists the transform Y plb, sin v, has a limit: 7o, are either of the alternatives:

(a”) ”(Pn - 1)'_)‘7) ﬁniter non'—’ﬂ <,

(") n(pn—1)—+ ®, 100z =0(1),

) n(pa—1)—>— 0, lim 6,(1 —p,)~! exists.

The value of ¢ is in the cases (a’’) and (¢’’) given by (a) and (c). In case
(b’’) ¢ =0. Different subsequences may belong to different cases if only ¢ has
the same value, with the restriction 76, =0(1) in case (a’’).

We now consider (C, k) summability for k> 1. First of all, to satisfy (3.3)
we must have

n—mt» SIN (. — m + v)0,

(3.5) 7" (= 1)Cerpn =0(1), m=0,1,--+,k— 1.
) n—m-+vy

Or

n‘—lp: sin n8, = O(1),

« » (sin (n — 1)0, sin 74,
n Pn{__ — Kpn = 0(1),
n—1
............................ ,
«nfsin (n — x4+ 1)6, 1 x—1 Sin 70,
np..{ (et d) R T }=0(1)
n—x+1

This is equivalent to

n‘_lp: sin 8, = 0(1),

n‘_lp: sin (n — 1)6, = 0(1),

oooooooooooooo

n‘-lp: sin (n — x + 1)6, = O(1).

(3.6)
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In case (a’’) the first condition becomes sin 18, =0(n'*), as n— ; in par-
ticular sin 16,—90, thus in view of (a’’) #n6,—\m, A a positive integer or zero.
On putting 76, =Ar+e¢,, we get sin €, =0(n!"*), or 0, —Ar =0(n'~*). From
the second condition now cos 78, sin 8, = 0(n!~*), as n— ©, or A7 +€, =0(n?*);
hence for k=2, (3.6) reduces to

3.7 n8, = Ax -+ O(n).
For k>2 we must have
Wy — A\t = €, = O(n'*) and Ar + ¢, = O(n?%),
hence A=0, and
3.7) n8, = O(n**).
It then follows that
n=!sin (n — v)8, = O(1) forvr=0,1,---,k— 1.
Furthermore, for the rest of (3.3)
”fA” A“p:.v_l sin v, | = 0( “if v'l A'p:.v»l sin 16, | )
1

1

Now
]

A%p’v~1 sin v = A%p” f

9 .
cos vidt = R f Argrdt, z = pe't,
0 [}

and, using (3.2)
0 .« ]
A%p’ysin vd = R > (= 1)Cepz™dt = R f 2’(1 — z)+dt,
0 =0 0

hence
[] . '}
|asotsind| < [ 11 petlrar < [ {1 = o)1+ pi}eias
[] 0

< 0p7{(1 — p)? + pB2} =2,
Thus

S A% sin vh, | < ( > v {1 = o) + et}
1 1
(3.8) < {n2(1 - P»)2 + Pa”’O:} ‘/30” i P;
1

1

and, from p}=0(1),
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0.3 oo = O(nd) = O(1).

Hence in case (a’’) the additional condition is (3.7) for k=2, and (3.7') for
k>2,

In case (b""): n(pn—1)—+ o, nb,pp=0(1), as n—>x; hence pi—-+ o,
and 70,—0. Now (3.6) becomes

(3.9) 7' pubn = O(1).

For large n evidently p,>1, and
60 o < #Bupn = O(1)
1

(from (3.9)). In view of (3.8) now (3.3) holds. Thus in this case the additional
condition is (3.9) (for k=2).

Finally, in case (c¢’’): #(p,—1)—— « (that is p;—0), and lim 6,,/(1 —p,)
=§< o exists. Now pp <1/(n(1—p,)), hence n8,p3=0(1); thus for k=2 con-
dition (3.6) reduces to npj sin #6,=0(1). While for x>2 (3.6) reduces to
n*lpy sin n6,=0(1) and n*,p,=0(1). Furthermore, as p,<1, O"ZSp;
<6./(1—p,)=0(1), hence, in view of (3.8) now (3.3) is satisfied.

We summarize our results in

»

THEOREM 3. In order that lim D _iplb, sin 0, =70 exists, whenever (C, k)
lim nb, =7 for some k22, necessary and sufficient conditions are the alternatives:

@’""") n(pa—1)—y, finite, and for k=2: nf,=Awr+0(n=1), \ an integer, for
k>2:0,=0(n"");

(b""") n(pn—1)—+ o, 8, =0(1);

) nlpp—1)—>— o, limb,/(1—p,)=08<o exists, and for x=2:
npy sin 70, =0(1), for k>2: n=1p3(0.+ |sin n8,|)=0(1).

The value of ¢ is given in case (a’’’) by (a), where for k=2: 8=Am, for
k>2:8=0,0=0;in case (b’’’): ¢=0; in case (c’’’): ¢ =arc tan 4.

4. Application to Fourier series. First consider a function of bounded
variation and its Fourier sine series (1.1). It follows from the introduction
that lim nb,, if it exists, is (2/7)f(4+0). Under the assumptions of Theorem 1
on p, and 6,, s,(pa, 0,)—>70=(20/7)f(+0). In particular whenever o >7/2,
then we have an analogue of Gibbs’ phenomenon. It is known that for func-
tions of bounded variation

(1/n>$ by — (2/m)f(+ 0);

more generally if (cf. Szdsz [3, Lemma 6])
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[}
.1) 2:0) = @/0) [ s0a— 3, as6 | 0,
0
and
n+x
(4.2) lim liminf min >, =0,

dlo n— o 0<k<s, g
then

(l/n)é vb, — j/=.

Hence, applying Theorem 2 we have
Sa(on, 02) = (j/m)a (B, 7), as n(pn — 1) > v and 76, — B;

j is the generalized jump of f(6) at 6 =0. For ¢ =0 this yields a generalization
of formula (1.4). Note that

’ S 1 - v0 had in (»0/2) \ 2
fi(e) = 67 fo Jdt = 2 b, —— = = O/ X ob (————smy;/z/ )) :

(20/7) {so/ 2421 ((sin 8) /v0)2s, } is called the Riemannian mean of the second
kind corresponding to the sequence {s,.} . It is a regular transform, as is seen

from the identity
20 hd in »0\?
26 1/2+Z(smv)}=l.
T 1 vl

If we assume only that (C, 2) lim nb,=j/m exists, then Theorem 3 yields
again a Gibbs’ phenomenon in the case (a’’’) and A >0.
In this connection we introduce two lemmas.

LemMma 1. If
(4.3) a- r)i Ta" 7T asr 11,
and |
(4.4) T = ?h > = pn,

Jor some p>0, and all n>0, then
4.5) ,2)lim 7, = 7.
We have from (4.3)
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A= rlrm—or I asr 1 1,
1

hence
A=n2> (rd +pm)rr >+ p asr 1 1;
1
in view of (4.4) a theorem of Hardy and Littlewood yields

i () + pv) ~ (1/2)(r + p)n?,

or

n

Sl ~ (1/2)mn?, asn— o,
1

which is (4.5).
LEMMA 2. If (4.1) holds, then (1 —7))_rnb,r*—j/x. [3, Lemma 5].

Combining these two lemmas it is seen that (4.1) and the assumption

n

(4.6) - S ovh, > — pn for some p > O and all #» > 0,
1

imply (C, 2) lim nb,=j/wx. With reference to Theorem 3 the assumptions
(4.1) and (4.6) again yield a Gibbs’ phenomenon.

In closing we remark that the existence of f(+40) implies itself (C, 2) lim nbd,
=(1/2)f(40). A more general result will be given elsewhere.
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