ON APPROXIMATING CERTAIN INTEGRALS BY SUMS

BY
C. RAYMOND ADAMS AND ANTHONY P. MORSE

1. Introduction; the main problem and its setting. In a recent paper(!)
we showed that if E is a measurable linear set (bounded or unbounded), if
fEL(E), if k is a fixed real number =1, and if 4, and B, (n=1,2,3,---)
are sequences (finite or infinite) of measurable subsets of E satisfying the
conditions

An C B, 0<|B.| = k|A.|, diameter (B,) <8 (n=1,2,3,---);
| BuBn| =0 for m # n; D> B.=E,

then the following relation holds:

J 7= iim ?[L”f/lAul]lB..

The present paper is concerned chiefly with the generalization of this re-
sult obtained by replacing f(x) by ¢[f(x)]. From the statement above it
is evident that the order of the elements of the sequences 4, and B,
(n=1, 2, 3, - - -) is tmmaterial. It is therefore desirable to introduce a nota-
tion which will be free from any implication of order. To achieve this purpose
and to enable us to state our present problem with precision we formulate
several definitions as follows.

.

(1.1) DEFINITION. For B a non-vacuous linear set the diameter of B is
sup B—inf B; this is designated by the symbol diam B. For B vacuous diam B
is defined as zero.

It will presently be clear that diam B can be interpreted as the essential
diameter of B without disturbing any of the subsequent results, where by
essential diameter of B is meant ess sup B—ess inf B when | B| is > 0 and
zero when | B| =0.

Presented to the Society September 8, 1942; received by the editors August 22, 1942,

(*) Adams and Morse, Random sampling in the evaluation of a Lebesgue integral, Bull. Amer.
Math. Soc. vol. 45 (1939) pp. 442447, Theorem 4. Hereinafter this paper will be referred to
as RS,

A set of real numbers will be spoken of as a linear set. For E a linear set measurable in the
sense of Lebesgue and of positive measure, L(E) represents the class of functions f the domain
of each of which is E and for each of which the Lebesgue integral fgf(x)dx exists (finite). For
fEL(E) we usually abbreviate [gf(x)dx to [zf.

When and only when a linear set E is measurable in the sense of Lebesgue its measure is
designated by | E|.

All functions considered in this paper are real-valued.
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(1.2) DEFINITION. For E a measurable linear set and 0<3< = a o-partition
F of E is a countable family of measurable, essentially disjoint sets satisfying
the conditions

> B=E diamB<3$ for BEF.
BEF

F will be spoken of as an infinite family if and only if the sets BE F are infinite
in number. The aggregate of all é-partitions of E will be represented by T's(E).

(1.3) DEFINITION. For E a measurdble linear set L*(E) s the class of func-
tions defined by the condition fEL*(E) if and only if the domain of f is E and

the condition
- <L f f< @
B

1s satisfied for each measurable subset B CE with
| B >0, diam B < .

Clearly we have L(E) CL*(E), with L(E)=L*(E) if and only if E is es-
sentially bounded.

(1.4) DEFINITION. For fEL*(E) and B a measurable subset of E with
0<|B| < we define

o = [ 17131,
B

The set of numbers of the form Mpf, where B is a measurable subset of E of posi-
tive measure with diam B < «, will be designated by R(f) and the closure of this
set by R(f).

It is easily seen that when |E | is >0, R(f) is an interval, and that this
interval may be open, semi-open, or closed, as well as bounded or un-
bounded; the end points of this interval, whether finite or infinite, are
ess inf,c g f(x) and ess sup.cr f(x). The subset of E on which f is not in
R(f) is of measure zero.

(1.5) DeFINITION. For fEL*(E) and ¢ a function whose domain includes
R(f) we interpret

¢[Msf]| B| for BCE, |B|=0,
as zero. For 0< 8§ < © and FET(E) we assign to the numerical sum

3 o[Mmsf]| B
BEF

its natural intuitional meaning (to be made precise later in Definition (2.7)) and
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define two limits, which are actually of the nature of a lower integral and an upper
integral respectively over E, as follows:

S«(f, ¢, E) = lim inf X ¢[Msf]]| By,
30 FETHE) BEF

S*(f, ¢, E) =lim sup X ¢[Msf]| B|.
0 FET4E) BEF

That each of these limits exists (finite or infinite) follows from the fact that
0<8, X85 o implies T4 (E) C Ts(E).
When and only when these limits are the same we define
— o 25(f, ¢, E) = Si(f, ¢, E) = S*(f, ¢, E) = .

Similarly we define two other limits, involving the sampling procedure, for any
fixed real number k2 1:Sx(f, ¢, E, k) [S*(f, ¢, E, k)] s the lims of the inf
[sup] of numbers of the form .

ngd’[wzﬂf] IBl’

where FET(E) and A is a measurable linear set variable with F and for each F
variable within the restriction

(1.6) | B| < k| 4B| for B EF.
If and only if these limits are the same we write
— ® éS(f, @, E’ k) =S*(ft ¢, E, k) =S*(f’ @, E, k) S oo,

(1.7) DEFINITION. For E a linear set, f a function whose domain is E, and ¢
a function whose domain includes the range of f, we represent by ¢ f the function g
defined on E by the condition

g(x) = ¢[f(2)] for x € E.

Our main problem is to determine conditions on f and ¢ which will in-
sure the (finite) existence of [z¢:f and of S(f, ¢, E, k) and the equality

(1.8) fE 6:f = SUf, & E, B).

Actually the conditions which we obtain will insure

lim sup
40 FETyE) BEF

fB $:f — ¢[Masf]| B|

=lim sup . |Med:f — ¢[Muses]|| B| =0,
5=0 FETy(E) BEF

(1.9)

which implies (1.8).
For convenience of reference we attach numbers to the following particu-
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lar cases of (1.8) and (1.9) in which no sampling is involved:

(1.10) fE¢:f = S, ¢, E),
(1.11) lim sup 3 | Msoif — 6[Msf]|| B| = o.

-0 FET,E) BEF

The result quoted above from RS shows that the conditions fEL(E),
¢(y) =y for yER(f) are sufficient for (1.8). In RS the condition (1.9) could
equally well have been obtained, but it was not. It has also been shown by
Banach(?) that if E=1, the unit interval 0<x =<1, and if the sets BET';(I)
are restricted to be a finite set of intervals, the conditions fEL,(I), p>1,
&(y) =|y|? for yER(S) are sufficient for (1.10).

~ It should be noted that if ¢ is regarded as defined on the infinite interval
— o <y< x and fixed, the subclass of L(E) singled out by the condition
e :f exists may naturally be called L4(E), thus generalizing the familiar L,
classes of functions. This is by no means the first time that such generaliza-
tions have been considered. In fact they were introduced as early as 1924 by
W. H. Young(®) who used the term “super-summability” in this connection.
This notion was further developed, and related problems studied, by Young
and by others including Burkill, Kaczmarz and Niklibore, Orlicz, and Birn-
baum and Orlicz(4). There is no need to describe here these earlier investiga-
tions; it is sufficient to remark that the objectives of their authors were quite
different from ours and were such as to require hypotheses on the function ¢
more restrictive than those which we shall impose.

2. Further definitions and preliminaries. We collect here a number of
definitions which are to be used more or less generally throughout this paper.
Other definitions, of only local use in the subsequent developments, will be
formulated when needed. ‘ ‘

(2.1) DEFINITION. If Q is.a condition involving the symbol a, E,[Q] stands
- for the set defined by the condition bEE,[Q] if and only if Q is satisfied when b
s substituted for a.

(2.2) DEFINITION. If A is a set and a EA we define {a} as E.[x=a].

(2) Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations
intégrales, Fund. Math. vol. 3 (1922) pp. 133-181; especially pp. 175-177. We use L,(E) to
stand for the class of functions f with fEL(E), |f|"EL(E).

(3) W. H. Young, The progress of mathematical analysis in the twentieth century, Proc.
London Math. Soc. (2) vol. 24 (1925-1926) pp. 421-434.

(*) Burkill, The strong and weak convergence of functions of general type, Proc. London Math.
Soc. (2) vol. 28 (1928) pp. 493-500; Kaczmarz and Nikliborc, Sur les suites des fonctions con-
vergentes en moyenne, Fund. Math. vol. 11 (1928) pp. 151-168; Orlicz, Beitrige zur Theorie der
Orthogonalentwicklungen, Studia Mathematica vol. 1 (1929) pp. 1-39, 241-255; Birnbaum and
Orlicz, Uber Approximation im Mittel, ibid. vol. 2 (1930) pp. 197-206, and Uber die Veraligemei-
nerung des Begriffes der zueinander konjugierten Potenzen, ibid. vol. 3 (1931) pp. 1-67.
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(2.3) DEeFINITION. The symbol ~, placed above another symbol, negates the
meaning of the other symbol; in particular, if A is a set, a € A means that a is
not an element of A.

(2.4) DEFINITION. For a and b real numbers with a <b we define [a, b] as
the closed interval E.[a <x <b];for a <b the open interval E.[a <x <b] is repre-
sented by (a, b). The unit interval [0, 1] is designated by I.

(2.5) DEFINITION. If F is a family of sets B, we sometimes employ for the
set )_perB the abbreviation o(F).

It should be noted that x € (F) if and only if there exists BE Fwithx €B.

(2.6) DEFINITION. T'wo sets A and B are called disjoint if and only if AB is
vacuous (that is, AB=0). A family F of sets B is called disjointed if and only
if B1B: =0 whenever B F, Bo& F and B, B,.

Adopting the convention thata+ © = ©,@— © = — o when — © <a< ®
and that © — « is meaningless, we set up the following formal definition for
numerical sums.

(2.7) DEeFINITION. If H is a countable set with N (< «) elements and we
have — © Za.=< © for x € H, the numerical sum Z,e HQ 1S the unique number \
(— o £\ £ ), if any exists, such that

N
A= Za@i
=1
whenever
N
H=73 {x;} With Xm 7% Xn for 1 Em <n < N+ L

=1
If H is vacuous we understand

Za,=0.

zEH
It should be noted that |3 .cra.| < » implies Y .cx|a.| < «.

(2.8) DEFINITION. For J a linear interval with 0<|J| < © a 8-partition
of J in which each set B is an interval (open, semi-open, or closed) with | B I >0
is called an interval 8-partition of J; the aggregate of all such interval é-partitions
is represented by T's(J); and limits corresponding to those of Definition (1.5) are
designated by

g*(f) ¢y J: k)v g*(fy ¢) ], k), and so on.

(2.9) DEFINITION. For E a linear set the symbols C(E), UC(E), and B(E)
are used to designate, respectively, the classes of functions f the domain of each
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of which is E and each of which is continuous on E, uniformly continuous on E,
and bounded on E. R(I) stands for the class of functions each of which is (prop-
erly) Riemann integrable on I; R*(I) for the class of functions defined thus:
FER*(I) if and only if for eack N>0, fnER(I) where fx(x)=f(x) for
xEE.[-N=f(x)<N], fv(x)=—N for xEE.[f(x)<—N], fv(x)=N for
*EE.[f(x)>N], and limy_.[ifv exists (finite). The notation BC(E) [or
BUC(E) or BL4(E) or - - - | indicates the intersection of the classes B(E)
and C(E) [or UC(E) or Ly(E) or - - - |. The condition f&L(I)—R(I) means
that f is an element of L(I) but not of R(I). If A stands for any one of the classes
mentioned here the relation ¢ EA(E) is to be interpreted as meaning that ¢ is a
function of the class A on E; in contrast, the relation fEA(E) [¢p:fEA(E)] is
understood to mean that f [¢:f] is almost everywhere on E equal to a function
of the class A on E.

In §3 we prove some theorems in the theory of functions of sets. These
considerations are made in a generality considerably greater than is neces-
sary for our particular purposes, since they seem to us to be fundamental to
that theory and to possess some intrinsic interest. They are applied in §4,
where we determine certain properties of the sums that appear in Defini-
tion (1.5).

In §5 we prove a sequence of theorems of which Theorem (5.12), the
climax, gives a necessary and sufficient condition for (1.9) when fEL*(E)
and ¢ €EC(R(f)). A sufficient condition, in terms of the existence of a convex
dominant for |¢| and of such nature as frequently to be useful in testing,
is given in Theorem (5.13). The necessity of this condition is the subject of
inquiry in §§7, 8 following the establishment of a number of preliminary
lemmas in §6.

Obviously the condition f&EL*(E) is necessary for the mere formulation
of the main questions as expressed by (1.8), (1.9), (1.10), and (1.11). The ob-
ject of §9 is to show that the hypothesis ¢ € C(R(f)) is also essential. In §10
we analyze the circumstances under which the k-hypothesis on the sample
sets can be relaxed; that is, the condition (1.6) replaced by

(2.10) |4B| >0 for B EF € T'4(E).

In §11, we apply some of the earlier results to functions which are of bounded
variation or are absolutely continuous in a certain generalized sense.

Our results hold also for a measurable set E in Euclidean n-space. Even
in §6 where the treatment appears to be peculiarly 1-dimensional, one need
only alter Definition (6.1) to employ #-dimensional measure in connection
with the function # (and later f) and linear measure in connection with the
equimeasurable function v (and later g).

In general definitions, theorems, and displayed relations to which other
than local reference is made will be numbered sequentially in a decimal sys-



1943] APPROXIMATING INTEGRALS BY SUMS 369

tem with the first number indicating a section. A displayed relation referred
to only in the proof where it occurs will be labeled with a letter, such as (a).

3. Some theorems in the theory of functions of sets. In this section the
symbol 0 will always stand for the vacuous set. We understand that two
sets E; and E; are identical, and write E,=E,, if and only if x €E; implies
and is implied by x € E.; otherwise we call the sets distinct and write E;# E,.
Under this definition of distinctness there is only one vacuous set. An ag-
gregate of sets will usually be spoken of as a family.

(3.1) DEFINITION. A family ® is called a o-field if and only if (i) H a count-
able subfamily of ® implies a(H)E®, and (i) BE S implies o(®) —B& 6.

If ® is an arbitrary family, & ® implies 8Co(®).

If ® isao-field, (i) implies 0 =¢(0) € ®; from (ii) then follows ¢(®) EG;
whence we find that B,E®, B,E @ imply BiB,& ® and B,— B, =B, — BB, & ®.

The simplest and “smallest” o-field is {0}. If S represents Euclidean
n-space (1 =n< ) and ECS is a measurable set (of finite or infinite measure
in the sense of Lebesgue), the measurable subsets of E constitute a o-field ®
with ¢(®) =E.

(3.2) DeFINITION. If A and B are sets, we define
4+B=AE|[pCB].

The following theorem may easily be verified.

(3.3) THEOREM. If @ is a o-ﬁeld‘and BE®, then & »B is a o-field with
d(®+«B)=B.

(3.4) DEFINITION. For & a o-field F is called a &-partition if and only if F
is ¢ countable disjointed subfamily of & with o(F)=0(®). The aggregate of all
®-partitions is represented by ©~.

It may be noted that if ® is a o-field, {¢(®)} E®*; thus ®~ is never
vacuous. Also FE ®* implies F— {0} € &~.

(3.5) DEFINITION. If & is a o-field and f a function whose domain includes
®, f is said to be quasi-additive on & when and only when

< o,

2. f(B)

BEF

sup
FEG™

A well known theorem on the summation of absolutely convergent double
series yields a result which we find convenient for our present purposes to
put in the following form.

(3.6) THEOREM. If F is a countable family and for BEF, K is a countable
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family; Kp Kg,=0 whenever ByEF, By€F, Bi#By; S=) pcrKp;and f is a
function whose domain includes S and which satisfies the condition | sc sf(B) l
< (and therefore Y scs|f(B)| < ), then

> /B = 2 Z 1(8).

BE S BEF BEKp

In the rest of this section frequent use will be made of this theorem.

(3.7) THEOREM. If f is quasi-additive on & and BE®, then f is quasi-
additive on ® « B.

Proof. Let E=¢(®). In case E—B=0 we have @ *B=F+«E=0 +d(®)
=@ and the theorem is trivially true. If E— B0, we let F be an arbitrary
element of (& *» B)*, set F/' = {E —B} + F, note that F/ € ®r~, and observe that
the relation

l 2. /®
BEF

§|—f(E—B)|+lf(E—B)+Zf(I3)’

= | /B - B)|+|Zf(ﬂ)| #E-B)|+ s > 16|

| BEF”

completes the proof.

(3.8) LeMMA. If S is quasi-additive on ©, A€ ®, BEO®, A+B=7(0©),
AB=0, and f is bounded on & x A and on & « B, then f is bounded on ©.

Proof. Let E=¢(®),
= sup | 2 /B |,
FEOG™ | gEF

Let 4/ be an arbitrary element of @, a'=A(E—v"), 3’ =B(E—+’), and note
that /B8’ =By’ =v'a’=0. If a’++v’=0, the relation

[/ S N +] @) +]f8)| S N+ Na+ Na
is apparent; if a’+4v’#0 and B’ =0, it is a consequence of the inequality
| /) + f) | =
and if a’+v’70 and 8’50, it follows from the inequality
| f@) + 78) + f() | < N.
Thus the proof is complete.

Vo= sp /@], Na= swp | 78]
5 ﬂe@*B

(3.9) LEMMA. If f is quasi-additive but unbounded on ®, there exist sets A
and B with

AE® BEG A+B=d@), AB=0, |[f(4)]>1+]0)]l,
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f unbounded on ® » B.

Proof. Let E and N have the meaning assigned them in the last proof.
Since f is unbounded on ® we take BoE ® such that

| 7B | > N + 14| £(0)],
and let 4o=E — B,. Clearly we have B0 and
4 EG®, BE®, Ao+ Bi=E, ABo=0, |[f(Bo)|>1+]f0)],
| 740 | 2| £(Bo) | = | f(40) + (B |
>N +1+[f0)] - N=1+]50)].
From Lemma (3.8) we infer that f is either unbounded on & * B, or un-
bounded on ®& * 4,; in the first alternative the desired conclusion is reached
by taking 4 =4, and B =B,, whereas in the second case it is obtained by
taking A =Bgoand B=A,.
A proof of a well known theorem on completely additive functions of
sets(5), which was communicated to us some time ago by R. M. Robinson,

has been of use to us at this juncture. The following is a generalization of
that theorem.

(3.10) THEOREM. If f is quasi-additive on ®, f is bounded on ®. -

Proof. We shall show that the assumption of the hypothesis and the con-
trary of the conclusion leads to a contradiction. Let Bo=0¢(®). In view
of Theorem (3.7), Lemma (3.9), and Theorem (3.3) there exist sets
Ay A, As, - - - and By, B,, Bs, - - - satisfying the following recursive con-
dition: if # is a positive integer and

A, E®*B,, B,E®+B,;, A,+ B,=B,; A.B,=0,

[f( 4] > 140, f is unbounded on &+ B,,
then we have

An1 € G+ B, B,y1 € ©+B,, Ant1 + Buy1 = By, An41Bay1 = 0,
| f(Ans) | > 1 4] £0) |, f is unbounded on ® * B,
Clearly we also have
BoO>BiDByD---,
AmBy, CAnByy C AnBrm = forl1 =m < n.
Defining

0

Ao = By — 2 4, Fo= 3 {4},
=1

=0
we see that 4,4,=0 for 0 =m <n. From this and the fact that
(%) See, for example, Saks, Theory of the integral, Warsaw, 1937, Theorem (6.1), p. 10.
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| f(4a)| > 14| f(0)| implies An 0 (n=1,2,3---),
we infer
Ap # A, for0 = m < n.
But Fpis a @-pé.rtition; hence
Sin=| T so|sv<e
n=0 BEF,

and f(4,) tends to zero as m— o, in contradiction to the inequalities

|fd| >1+]f(0)| (n=1,2,3, - - ).

(3.11) DEFINITION. 4 family H is called hereditary if and only if the relation
BCAEH implies BEH.

It may be noted that the families 0 and {0} are hereditary.

For 0< 8= » let H; represent the family of all subsets of the real number
system having diameter <&; H; is then hereditary. If E is a measurable set
of real numbers and ® represents the family of all measurable subsets of E,
® is a o-field and we have

O~H; = I‘s(E).

(3.12) THEOREM. If ® is a o-field, H is an hereditary family, and f is a func-
tion whose domain includes OH, then the relation

sup | 2 f(B)|=N <
FeO™H | gEF
implies
sup 3 | fB)] < .
FE®™H gEF
Proof. Since sup 0= — o, the theorem is trivial in the case of &** H=0.

Henceforth we assume @** H#0; let E=0(®); let V be some fixed element
of O** H; for BEG let

Ve=VE[BB=0], K,= 3 ({B8};
X BEVS

and let g be a function with

gB) = X f(BB) for 8 € @.
BEVg

The first step in the proof is to show that the function g is quasi-additive
on ®. For any FE ®~ let

W =2 K,
BEF
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W is then an element of ®~ and since H is hereditary we infer W& &~ « H.
Moreover, it is readily seen that Kj Ks,=0 whenever BEF, B.EF, B15#f:

and also that { ﬂ,ﬂ} {Bzﬁ} 0 whenever BE F, 1 E Vp, B E Vs, f17%B:. Two ap-
plications of Theorem (3.7) thus yield the relation

%:Wf(v) Z Ef(‘r) P 2 0

1E€Kg BEF BEVE +E(Bs}
= E 2 f(BB) =2 4(8),
BEF BEVR BEF

an immediate implication of which is the inequality

PIWI(:)

BEF

=N

The second step is to establish the existence of a number M with

2 f8)

BED

EM<»

for every countable disjointed subfamily D of @H. Using the result of the
first step and Theorem (3.10) we infer the existence of a number N, with

|g()| = N1 < = for B € ©.

Let M=N+Ny; let D be any countable disjointed subfamily of GH; let
C=E—o(D); let

Fi=D+ Y, {BC},

BEVe

and note that F;E®~ + H. We have
E 18 = E 16 + Z 2 8 = Z 16 + Z f(BC)

BEF BEV¢ BE(BC) BEVe

= Z f(B) + g(C),
BED

whence

S/®|=N+N =

BED

Finally, let
FEG+H, Di=FE[f(g)20], D,=FE [/ <0].

We then have the desired conclusion:

zli®| =
BEF

ﬁé‘; f(ﬁ)|+ l ﬂ;L:, f(ﬁ)l < 2M < .
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It may be remarked that if in Theorem (3.12) we let H stand for the
hereditary family E¢c[CCo(®)], then G** H= G~.

4. Concerning the behavior of the sums. The sums considered in Defini-
tion (1.5) have a considerable number of properties which are seen immedi-
ately and which it is essential to note. Partly for convenience of reference we
assemble some of these properties in

(4.1) THEOREM. Let fEL*(E) and ¢ and ¢, be functions each of whose
domains includes R(f).

(i) Since 0<8,= 8, o implies ['s,(E) CTs,(E), the infrer, & [suprer; ]
of sums of the form

2 o[ Wusf]| Bl or X | Mss:f — ¢[Masf]|| B
BEF BEF

is non-decreasing [non-increasing) as & decreases (0< 6= ).
For 0< 8= o and FET(E) we have the following properties of sums:
(i) k=1 implies |AB| =|B| for BEF, |AE| =|E|, and

2 ¢[Masf]| Bl = X ¢[Msf]| B|;
BEF BEF

(iii) 0=Z¢(y) for yER(S) implies
Y o[Masf]| B| = & T o[Musf]| 4B|
BEF BEF

and
sup > ¢[Pusf]| Bl =k sup X o[Msr]| B ;

FETy(E) BEF FE&TI4E) BEF
@iv) ¢(y) =¢i(y) for y ER(S) implies
Y ¢[Masfl| Bl = X é1[Dasf]| B ;
BEF BEF

V) (p+¢1) () =0 +1(y) for yER(S) implies
Bélp @ + ¢ [Musf]| B| = BZE;F¢[9JzABf] | B +BZE:F¢1[9JEABJ‘] | B|

and
inf Y ¢[Musf]| Bl + inf 3 ¢1[Musf]| B
FETE) BEF FET4E) BEF
< inf X @+ é0[Musr]| Bl = sup 3 (@ + ¢ [Tusf]| B
FETyE) BEF FETHE) BEF
< sup > o[Musf]| Bl + sup X ¢1[Musf]| B.
FE&T4(E) BEF FET4(E) BEF

Corresponding properties of limits of sums are:
(Vi) S*(fr ¢, Ev 1) =S*(f, ¢1 E) éS*(fr ¢' E) =S*(f’ ¢r E’v 1);
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(vii) 0=¢(y) for yER(f) implies _
S*(f, ¢, E, k) = kS*(f, ¢, E);
(viii) ¢(y) =1(v) for y ER(S) implies
S«(f, ¢, E, k) = S«(f, o1, E, k),  S*(f, ¢, E, k) = S*(f, ¢1, E, k);
(ix) (p+91) ) =0()+¢1(y) for y ER(f) implies
Sx(f, ¢, E, k) + Sx(f, ¢1, E, k) = Sx(f, ¢ + ¢1, E, k)
S S*(f, ¢ + ¢u, E, k) = S*(f, ¢, E, k) + S*(f, ¢y, E, k).

It must be emphasized that when we write, as in the theorem above,

2 ¢[Manf]| B,
BEF

without inf or sup ahead of it, 4 is understood to be an arbitrary fixed set
satisfying condition (1.6); whereas, when
inf or sup . ¢[2m43f][ BI
FET4(E) FET4E) BEF
is written, 4 is understood to vary with F with the freedom allowed by condi-
tion (1.6). To define a notation that makes this distinction would introduce,

it seems to us, an unnecessary complication.
The next four theorems are fundamental for later developments.

(4.2) TuEOREM. If fEL*(E), ¢ is a function whose domain includes R(f),
and 0< 3= =, the condition

sup | > o¢[Msf]| B|| <
FETrE) | BEF

implies

sup 2 | ¢[Msf]]| B| < .

FeryE) BEF

Taking into account the remark immediately preceding the statement of
Theorem (3.12), one sees at once that this theorem is a corollary of Theorem
(3.12).

COROLLARY. If.fEL*(E) and ¢ is a function whose domain includes R(f),
the condition

- ® <S#(fr ®, E) = S*(f: ?, E) <
implies 0<S*(f, |¢|, E) < .

(4.3) TuEOREM. If fEL*(E), 0=¢(y) for yER(S), and 0<d = , the con-
dition » c . L
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sup 3 o[Maf]| B = M < =
FET,B) BEF

implies the existence of N=N(e) >0 with

0<N<w, sup 3 ¢[Msf]|B|<e for HCE-[-N, N].
Fers(H) BEF

Proof. Let F,&T'3(E) be such that
> ¢[w23f]|B| >M—e

BEF:

Clearly F; contains a finite family F, satisfying the same inequality. Let N
satisfy the conditions

0<N<w, ofy)C[-N,N]
For HCE—[—N, N] and FET(H), we then have the desired condition.
(4.4) TueoreM. If fEL*(E), ¢ €C(R(f)), 0=¢(y) for yER(f), 0<= =,

sup > ¢[Mas]| B| < o,
FETs(H) BEF

and H is a measurable subset of E, then we have

lim sup Y ¢[Msf]| B| = 0.
|H|-0 FET;H) BEF

Proof. Let

A(B) = ¢[Msf]| B| for BE F € T4(H),

M = lim sup Z A(B),
|H|—0 BEFETs(H)

M being finite on account of the hypotheses. If M is >0, there exists 7 >0
such that | H| <7 implies

A(B) = 3M/2.
BEFET;(H)

Let H, be a particular set H and F; ET';(H,) a particular family of sets satisfy-
ing the conditions

| B <n/2, X AB) > 4M/s.
BEFR

It is clear that F; can be taken as a finite family. If D is a measurable subset
of E, we have

lim f/|B—D[=fo/|B| for BEF, | B|> 0;

|D|—0 V B—D

hence, in view of the continuity of ¢ on R(f) and the finiteness of the family
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F,, there exists ¥ with 0<vy <7/2 such that ]D] <y implies
> A(B—D)>4M/5.
BEF:

Let H; be a particular set H and F: €T';(H;) a particular family of sets satisfy-
ing the conditions

| B <v, X AB) >4M/s.
BEFg .

Let
G=2 {B-H)

BEF1

and consider the family G+ F; of disjoint sets. We have

> IBl= X B+ X |Bl=|8:|+|H| <n/24+7 <0,
BEF BEF,

BE G+F,
whence
3M/2z 35 AB) =X A(B)+ X A(B) > 4M/5 + 4M/5,
BE G+F, BEG BEF,

a contradiction which implies M =0 and completes the proof.
Combining Theorems (4.2) and (4.4) we obtain the following result.

(4.5) TueoREM. If fEL*(E), 6EC(R()), and H is a measurable subset of
E, the condition

- ®© <S*(fv @, E) = S*(fr [ E) <

implies
lim S*(f, | ¢|, H) = 0.
|H|-0

In other words, the conclusion of this theorem is that S*(f, |¢| , H) is an
absolutely continuous function of a measurable set HCE.

5. Sufficient conditions for (1.9). Since (1.9) is trivially true when | EI =0,
we are justified in assuming |E| >0 in connection with the proof of each
theorem in this section. The first theorem is an extension of the lemma of RS.

(5.1) THEOREM. If E is essentially bounded, the conditions fEUC(E) and
dECR(S)) are sufficient for (1.9), even with (1.6) replaced by (2.10).

Proof. We may assume f itself to be uniformly continuous on E; then f is
bounded on E, and R(f) is seen to be a bounded closed interval. Thus
oS C(R(f)) implies pE UC(R(S)); ¢:f is uniformly continuous on E; and we
have

f¢:f= Z qu:f for FETHE),0 < = .
E BEF VY B



378 C. R. ADAMS AND A. P. MORSE [May

Let n=7(¢, €) >0 be such that
91 72 ERWP, | 31— 32| 0 imply (1) — 6(92) | < /(2| E]);
and let 6=24(f, ) >0 be such that
2, 22 € E, | 21— x| <6 imply | f(2) — f(x2)| < .
For FET(E), BEF, | B| >0, and 2,EB we then have
a= inf $[/(9)] < Mo/, ¢l(z)] = sup ¢lf(5)] = 8, B —a < ¢/2] E]),

a = inf f(x) < Musf, f(z1) £ sup f(x) =0, b—a=n,
z&B zEB

whence
| Moo:f — ¢[Mans]| < | Moo f — $[f(21)]|

(2) + | olf(20)] — ¢[Pusf]| < ¢/ | E|,

and

> | Meg:f — o[ Masf]|| B|] < e
BEF

REMARK. The relation (1.9) can be established by means of inequality (a)
on the individual terms of (1.9) only under very special circumstances, such
as those hypothesized in Theorem (5.1). That this cannot be done even in the
simple case of E=1, ¢(y) =y for yER(f), when £ is >1 and f has a single point
of essential discontinuity in I is illustrated by taking f on I to be the charac-
teristic function of the set E,[1/2<x<1].

(5.2) THEOREM. If E is essentially bounded, the conditions f EL*(E) =L(E)
and ¢ E UC(R(S)) are sufficient for (1.9).

Proof. If the interval R(f) is not a closed set, it has a finite endpoint which
does not belong to it. The hypothesis ¢ € UC(R(f)) implies that lim ¢(y) exists
as yER(f) approaches this endpoint. If at each such endpoint ¢ is defined
(or redefined) as this limit, we have ¢ € UC(R()). Clearly this extension of
the definition of ¢ (or this redefinition of ¢) does not affect the sums in ques-
tion; neither does it affect the value of [z ¢:f, since the set of points
E E.[f(x)ER(f)] is of measure zero. In other words, we may assume

€ UCR()-
Let 0<el<e/(1+|E[) and 9 =9(¢, &) >0 be such that

y1, 92 ERY), | 31— y2| < v imply | 6(3)1 — ¢(92) | < e1/4;
then we have
| 6(31) — d(y2) | S e1/4 + &1| 31— 32| /(4n) for 31, 32 ER(P.
Let K = [a, b] be a bounded closed interval containing all of E except for
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a set of measure zero which can and will be neglected; let f be a particular
function summable on E; and let x, satisfy the conditions

%1 € E, essinf f(x) < f(x1) = ess sup f(=), — o < f(#) < .
zEE z€E

Then f can be defined (or redefined) as f(x,) for x €K —E, so that f is sum-
mable on [a, 5] and the new R(f) is the same as the old R(f). On K the func-
tion f can be approximated arbitrarily closely in the mean by a function g
continuous on K and having the property

ess inf f(x) < ess inf g(x) < ess sup g(x) < ess sup f(%).
zEK ZEK ZEK €K

Thus we are assured of the existence of a function g satisfying the conditions
scvem, [ lr-gl<wrsa T CED.
E
In accordance with Theorem (5.1) let 6= (g, ¢, &1/4) >0 correspond to

€1/4 for the functions g and ¢. The function ¢:f is measurable on E and we
infer that it is summable on E from the inequality

[o[/()]] = | olg®]| + e1/4 + e f(2) — g(x) | /(4n) for z € E,

which expresses the dominance of l¢:f| by a summable function. For
FET(E) we now have

Bé L¢:f—¢[smmf]|3|‘
L¢38—¢[§U3ABK]IB|

SE(Ler= Lo+
+ | ¢[Mane] — ¢[Mass]|| B| )

éLI¢:f—¢:gl+el/4+B§F(el/4+qLBIg—fl/(4n|AB|>)|B|

Sea/tte f |1 — g| /(4n) + er/d+(a/4) | E|

+k61f|g—f|/(4n)<e;+e;lE|<e.
E

For use in proving subsequent theorems we introduce two definitions and
a lemma.

(5.3) DEFINITION. If fEL*(E), D121 J: will be called a normal expression
Jor R(P) if and only if the following conditions are satisfied: (1) for each i, J;is a
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bounded closed interval [a;, b;] CR(f), with
[ai?b‘]C‘I‘C"i+l (i=112)3y"');
(2) if inf R(f)=a is finite and a ER(Sf), aEJ: (=1, 2, 3,---); 3) if
sup R(f) =b is finite and bER(S), bET: (6=1, 2, 3, - - - ); and (4) 2o, J:
=R().
It should be observed that if ER(f) is a bounded closed interval, J;=R(f)
for each 7.

(5.4) LEMMA. Let fEL(E) and Y o, J; be a normal expression for R(f). For
0<8= o and FET(E) let GiCF represent the family of sets BEF deﬁned by
the condition

meem(f)— i (7'=112’3y"°)°
Then we have

lim sup 2 |B|=0.
i»o FETHE) BEG;

Proof. In case R(f) is a bounded closed interval, R(f) — J; is vacuous and
> sea:| B| =0 for each i. In case sup R(f) = = we have lim,.,, b;= w. For
each ¢ such that 5;>0, let H;C F represent the family of sets B defined by
the condition Mzf>b:. Then we have

S isl=% 81/ [1=% [rmur<am 11,

which tends to zero with 1.

In casesup R(f) =b< =, bER(f), we have lim,_,, b;=>b. Let H;C F stand
for the family of sets B defined by the condition Mpf>b;, and let ¢;=b—b;
(:=1, 2,3, - - -). For any particular ¢ and BEH; let

Bi=BE[b—e«<f(x)], B:=BE][f(x) <b— 2]
By=BE|[b— 2= f(x) Sb— e,

so that we have

| B.| | Bs| | Bs|
b—Ei<§me=_|—§T§mBlf+mszJ+—l_-—BT§mBJ
| B | Bs| | Bs|

b+ b—26) + — (b — &)
BB B
—b— 2| Bl /| B +| Bl /] B]),

whence, since ¢; is >0,
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2| Ba| /| Bl +[Bs| /| B < 1,
2| Bs| +| Bs| <| B| =| Bi| +] Ba| +| Bs,

| B:| <| B,
and

| B| < 2| Bi|+| Bs| = 2(| Bi| + ] Bs]).
Hence we obtain

> Bl =2|E[B - 2= f(0)]].
BEH;

But from the inequality €1 <€ (1=1,2,3, - - - ) we have

E[b— 21 < f(0)] CE [b — 26 < f()] (i=123: ")

which implies

0<lim sup > |B|=2lim|E[b— 2= f(x)]]
t—»» FECT4E) BEH; t—w

=2|TTED - 26 5 f0)] | = 2| E b s £(9)] | = 0.

The cases inf R(f)=—  and inf R(f)=e¢> — =, a€ R(f) are entirely
similar to those already considered, so that the lemma may now be regarded
as established.

(5.5) DEFINITION. For fEL*(E), ¢ €EC(R(f)), 0 =¢(y) when yER(Y), and
> Ji a normal expression for R(f), we call the sequence ¢; (1=1,2,3, - - +),
where for each i

¢(y) for yEJi= [as b,

inf ¢() for a:i>yERY,
$i(y) = { vstso;

inf ¢(t) for b <y ERY,

byst<y
a normal approximating sequence for ¢ on R(f).

We note that if R(f) is a bounded closed interval, ¢ is identical with ¢
for each 4. It is essential to observe also the following properties of a normal
approximating sequence:

¢ € UCR()),

#(y) — ¢i(y) =0 for yeEJ,

0= ¢i(y) So(y) for yERY), (=123--.);
lim ¢:(y) = ¢(y) for y ER().

t—w
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Since the set of points E E.[f(x)ER(f)] is of measure zero, it follows that
we have

5.6
T tim 0[] = 9 l1)]

) } for almost all x € E.

(5.7) THEOREM. The conditions fEL*(E) and ¢ EC(R(S)) imply

| [#1

Proof. Let ¢; (¢=1, 2, 3, - - - ) be a normal approximating sequence for
|¢l on R(f), and let H represent any essentially bounded measurable subset
of E. Theorems (5.2) and (4.1) (viii) imply

§f|¢:f|§5*(f, |o|, B) £ o
E

[ 805 = 5000 1) = suts, 00 B S 520, 1 0] ) £ 5,61 Lo, ) 3
(i=1,2,3,: )

and by aid of (5.6) and a well known theorem of Fatou we obtain

f | ¢:7| < lim inf f¢;:f,
H i~ H

fH|¢=fl < Se(f | ¢ 1, B).

whence

The desired conclusion then follows from the arbitrariness of H.

(5.8) THEOREM. The conditions fEL*(E), ¢ S UC(R(f)), 0=¢(y) | for
YyER(S), and S*(f, ¢, E) < = are sufficient for (1.9).

Proof. If E is essentially bounded, the conclusion follows from Theorem
(5.2) without use of the hypothesis S*(f, ¢, E) < «. Otherwise, this hypothesis
implies the existence of 7 satisfying the conditions

(5.9 0<y< e,  sup Z¢[9123f]|3|<°°
FEy(E) BE

In accordance with Theorem (4.3) let Ny = Ny(e/3%) >0 insure

sup > ¢[Msf]| B| < e/(3k) for HC E — [— Ny, N4).
Fery(H) BEF

From Theorem (5.7) we infer [gp:f < = ; thus there exists N with

NiSN< », f.¢:f<e/3. ~ forHCE-— [~ N,N].
H -
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Let ‘ : .
Ex=EE[-N—-n=<x<N+n),

and in accordance with Theorem (5.2) let §=4(f, ¢, En, €/3), 0< 8 =1, corre-
spond to €/3 for the functions f and ¢ on Ey. For FET(E) let F;CF stand
for the family of sets BEF defined by the condition BCEy, and let
F;=F— F.. Then we have, by aid of Theorem (4.1) (iii),

f¢f ¢[9ﬁ43f]|3||
% | [ o1r - slmanrl 5l + X F,f¢f+ > 6[Mass]| B|

BEF,

BEF

BGF;

<e¢/3+¢/3+k sup o[Msf]| B| <
FETy(H)

where H=0(F;) CE—[— Ny, N1].
For the proof of the next theorem the following lemma will prove help-
ful.

(5.10) LEMMA. Let fEL*(E), ¢ EC(R(f)), 0=¢(y) for yER(S), S*(f, ¢, E)
<, and ¢; (1=1, 2, 3, - - - ) be a normal approximating sequence for ¢ on
R(f). Then there exists n with 0 <n< o such that we have

lim sup E (0 — ¢2) [D4s7]| B| = 0.

i—»w FE&TyE) BE

Proof. If R(f) is a bounded closed interval, ¢(y) —¢:(y) =0 for yER(S)
(¢4=1,2,3, - - - ) and the conclusion is obvious with any % without use of the
hypothesis S*(f, ¢, E) < . Otherwise, this hypothesis implies the existence
of 7 satisfying conditions (5.9). In accordance with Theorem (4.3) let
N=N(e/2k) >1>0 be such that

sup > ¢[Msrf]| B| < ¢/(2k) for HC E— [- N, N|,
FEry(H) BEF

and in accordance with Theorem (4.4) let y =v(f, ¢, 1, €¢/(2k)) > 0 be such that
HCE, |H|<+y imply b P > ¢[Mar]| Bl < ¢/(2k).

Iry(H) BEF

Let Ey=[—N—n, N4+9]E and in accordance with Lemma (5.4) let m be
such that
- sup EIB[<7 - fori>m,
FE&Ty(EN) BEG;
where G;CF has the meaning ascribed to it in that lemma. For FET,(E)
let FyCF be defined by the condition BEF, if and only if [—N, N]B#=0,
and let Fo= F— F,. For each 7 we then have, by aid of Theorem (4.1) (iii),
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sup E (¢ — ¢) [Dusf]| B < sup Z (¢ — ¢:) [Msf]| B|
FEI‘.(E’) BEF

< ksup Z (¢ — ¢.)[‘mnf]|3|+ksup E (¢ — o) [Msr]| B,

F, BEF:

where the second term does not exceed

ksup Z o[Msf]| B| < ke/(2k) = ¢/2

F, BEF,

and for 2 >m the first term is less than or equal to

B osup X (¢ —¢)[Maf]| B| = ¢ sup Z(¢ ¢:) [Msf1] B|

FETy(EN) BEF FETy(EN) BEG;
Sk sup Y ¢[Msf]| B| < ke/(2k) = ¢/2.

FETy(Ex) BEG;
COROLLARY. The hypotheses of this lemma imply
lim S*(fr ¢ — &, Ev k) = 0.

—
(5.11) THEOREM. If fEL*(E), ¢ EC(R(S)), and 0=¢(y) for yER(), the
condition S*(f, ¢, E) < « is sufficient (as well as obviously necessary) for (1.9).

Proof. If R(f) is a bounded closed interval, the conclusion follows at once
from Theorem (5.8). Otherwise, the hypothesis S*(f, ¢, E) < =, by Theorem
(5.7), implies the existence of [z¢:f; and it also implies the existence of 7 satis-
fying conditions (5.9). Let ¢: (¢=1, 2, 3, - - - ) be a normal approximating
sequence for ¢ on R(f). Then for0< 6 én, FET4(E), and each 7 we may write

f¢f MJzABf]IBlI

BEF
@ s [ 1o =oisl+ T | [ s - lanr]| 5]
+ Bé | ¢:[Manf] — &[Musf]|| B].

From (5.6) and the inequality [z¢:f < © we infer, by Lebesgue’s convergence
theorem, the existence of a number N; with

fl¢v:f—¢.':f|<e/3 for ¢ > Ni.
E

Lemma (5.10) implies the existence of a number N= N, with

sup > | ¢:[Masf] — ¢ [Duss]|| B|
FET4(E) BEFP

= sup 3, (¢ — ¢)[Musf]| B|
FET;(E) BEF
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S sup X (¢ — ¢) [Musf]| B| < ¢/3 fori> N.
FETW(E) BEF

Having fixed > N, in accordance with Theorem (5.8) we let 6 =38 (f, ¢:, €/3),
0< 6 =7, be such that the second term on the right in (a) is <e/3. This com-
pletes the proof.

- (5.12) THEOREM. If fEL*(E) and ¢ EC(R(S)), the condition
- o < S*(fv ¢, E) = S*(f' o, E) < @
is sufficient (as well as obviously necessary) for (1.9).

Proof. By the corollary to Theorem (4.2), the hypotheses of the present
theorem imply S*(f, |¢|, E) < . For yER(f) let

613 = [ s | +61/2, 629 = [| 6(3) | — 2(0)]/2,
whence
(3 = ¢1(y) — $2(9),
and for =1, 2 we have
$: €ECR(), 0 = ¢:(y) = | 6() | for y ER), S*(f, 6, E) < S*(f, |6 |, E) < .

In accordance with Theorem (5.11), therefore, let 8;= 0; (f, ¢s, €/2) >0 corre-
spond to e/2 for the functions f and ¢; (¢=1, 2). Then we have, for
d=min [8,, 8;] and FET(E),

2

BEF

dez:f— ¢ [Manf] | B|‘

=2
BEF

L¢13f—L¢2:f—¢1[9ﬁAsf]|B| +¢z[9JzAsf]|B||

ésé:r L¢13f—¢1[§m,43f]|3| +B§F L¢23f—¢2[mABf]|Bll<6-

The following corollary is now evident.

COROLLARY. For fEL*(E) and ¢ EC(R()), the‘ conditions (1.8), (1.9),
(1.10), and (1.11) are equivalent.

(5.13) TaEOREM. If fEL*(E) and ¢ € C(R(F)), the conditions |$(y)| S¥(v)
Jor yER(), ¥ convex on R(f), and [sy:f < © are sufficient for

(a) sup | 2 ¢[Msf]| B|| < =, n = diam E,
FETE) | BEF .

and therefore for (1.9).
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Proof. Using Jensen's inequality (%) we obtain, for FEI'(E),

IIA

> o[Msf]|Bl| = X |61 B] = X v[Mss]] B
BEF BEF BEF

IIA

Z |B|9le/:f=f¢:f< ©,
BEF E

from which follows — o <S«(f, ¢, E) <S*(f, ¢, E) < =, the condition hy-
pothesized in Theorem (5.12).

It will be shown in the next three sections that the conditions specified
in this theorem are also necessary for (a), but are not necessary for (1.9).

COROLLARY. If fEL*(E), ¢ E€C(R({)) and0<¢(y) for yER(S), the condi-
tion ¢ convex on R(f) implies

wa —SU 6 E RS

Proof. The function ¢:f is measurable and non-negative on E. In case
Jep:f= o, Theorem (5.7) implies S(f, ¢, E, k)=S(f, ¢, E)= . In case
Jep:f < =, the equality follows from Theorem (5.13). -

6. Some lemmas. Throughout this section we assume that E is a measurable
linear set with

| E = u, | 0<p< ;
fEL*(E); ¢ is a non-negative function whose domain includes R(f); and

sup > ¢[Maf]| B] = M < =.

FET(E) BEF

We begin by developing a few properties of equimeasurable functions
which are needed for our special purposes and some of which may not be
immediately accessible in the literature.

(6.1) DEFINITION. Of two functions u and v we say that u on A is equimeas-
urable with v on B if and only if A and B are sets included, respectively, in the
domains of u and v and the sets

AE[u@) £3], BE(s) =]

are measurable and of equal measure for — o <y< o,

We now set

() See, for example, Hardy, Littlewood, and Pélya, Inequalities, Cambridge, 1934, pp.
150-152. The reader should bear in mind, here and later on, that the condition ¥ convex on an
interval implies ¢ continuous on the interior of that interval. -
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E[10) = 5] for — @ <y < w,

a(y) =

and on the open interval (0, u) define the function g by the relation
g(s) = inf E [s < a(y)], 0<s<up
(6.2) LEMMA. On (0, u) the function g is non-decreasing and equimeasurable
with f on E.

Proof. Obviously g is non-decreasing. Let — © <y,< «, let a =a(y,), and
set

E [g(s) = 3]].

The following properties may then be readily deduced seriatim:

(a) s = a(g(s) for0 <s < pu;
(b) g(s) = yo implies s = a(g(s)) S a(yo) = o;
(o) g(s) > yo implies s > a.

Since g is non-decreasing on (0, u) we have

sup({o} +E[gs) = yo]) =b= inf({u} + E [g(s) > yo]>;

this combines with (b) to yield d <a and with (c) to provide b=a, whence
a=>b and the lemma is proved.

(6.3) LEMMA. If D is an open interval and D’ a measurable set with
DCD'C(0, ), and if B’ is a subset of E such that f on B’ is equimeasurable
with g on D', then there exists a set BCB' such that f on B is equimeasurable
with g on D and f on B’ — B is equimeasurable with g on D’ — D,

Proof. Let (a, b) =D, and let

o = inf g(), ¥ = sup g(),
a<it<d ) a<it<d
B = B'E[f0) = '], Di=DE[) = o,

=B E[d <f() <¥], Dy=DE]d <g(s) <¥]
By =B'E [¢¢ <f® =¥], Ds= DE [¢" < g(s) = ¥'].
A simple check shows that

D, =D'E [’ <g(s) <V¥]

8
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and that f on B; is equimeasurable with g on D,. Clearly we have |D1| = l B,l
and | Ds| | Bs|. By considering the sets

(— %, 2)B; and (— =, x)B; . for 0 < x,
we find measurable sets 8; and 33 with
B1C By, BsCBs, |B]=|Di|, |8]=]|Ds.

Thus f on B, is equimeasurable with g on D; and f on 3; is equimeasurable with
g on Dj;. Accordingly, on account of the disjointness of the sets involved, we
may take B =f;+ By (s, note that D =D+ D;+ D3, and conclude that fon B
is equimeasurable with g on D. It then follows at once that f on B’'—B is
equimeasurable with g on D’'—D.

(6.4) LEMMA. If u on A is equimeasurable with v on B, then

fu=fv and |4 |=]|B]|.
A B

This well known result is easily seen.

(6.5) LEMMA. If © is a finite disjointed family of open subintervals of (0, ),

we have
> ¢[Mog]| D| = M.
DE®

Proof. Let the number of intervals in & be # and let
® = {Di} + {D:} + -+ + {D.}.

By repeated use of Lemma (6.3) we infer the existence of a disjointed family
F of n subsets of E such that

F={B} 4+ {B:} +--- + {B.},

with f on B; equimeasurable with g on D; (=1, 2, - - -, ). From Lemma
(6.4) we have

%B;f=wziD4g’ IB'|=IDoI (i=1121°"t”)v

whence

> 6 Mol | Di| = 3 6.1 Bl

t=1 t=1

Bé:qu[smsf] | B| = M.

(6.6) LEMMA. We have R(f) =R(g).

This result is almost immediate.

2. ¢[Mog]| D|
DE®
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(6.7) LeMMA. T 'f (@, b) is an open subinterval of (0, u) and if Y is a function
linear on an interval containing the image of (a, b) under g with

¥ [Mang] = 6[Mangl,
then we have

b
f Vig = 6[Meeng) — a).

Proof. Let J be an interval which contains the image of (e, b) under g and
on which ¢ is linear. We have

Vv(y) = 0y — wy + (%) fory €J,

where w is a suitable number and ¥ =M. g, whence

b 1 b
[vie=[ @ —ov+oais=o [ g - wre -2 + 06 - 0

= ¢(7)(® — a).
(6.8) DEFINITION. 4 family K is irreducible if and only if
o(K — {C}) # o(K) for C € K.

(6.9) DEFINITION. A finite irreducible family of open intervals is called a
chain if and only if 0(K) is an open interval.

Concerning chains the following remarks may be in order. No interval in
a chain is the vacuous set, but the vacuous set itself constitutes a chain.
The intervals in a chain may be ordered according to non-decreasing left-hand
[right-hand] endpoints; these two orders are the same. Taking alternate
intervals in this ordering one readily sees that a chain is expressible as the
sum of two disjoint families each of which is itself disjointed. If K is a chain,
K, CK, and ¢(K,) is an interval, then K, is a chain. If the interval farthest
to the left [right] in a chain is deleted, the remaining family is a chain. If K
is a chain and C is an open interval which overlaps ¢(X) but contains no ele-
ment of K, K+ {C} is a chain.

(6.10) Abbreviations. Let 5 be a positive number fixed throughout the
rest of this section. We set

W(D) = (1/2s)| D| + ¢[Me]| DI,
R* = {Em(o,,.)g} + the interior of RN(g).

For n a positive integer we employ (#) as an abbreviation for the following
statement:
If H is a set with 7 elements and if

Mo.wmg € HC R*,
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then there exists a non-negative convex function ¢ on — « <y < » which
dominates ¢ on H, a chain K with ¢(K) = (0, u), and for each- DEK a non-
negative function Fp on (0, u), all of which are so related that we have

m
f Fp < W(D) for D € K,
)

and 0 <s <pu implies the existence of a DEK for which these conditions are
satisfied:
s€D, ¥[gs)] = Fn(s).
(6.11) LEMMA. (1) s valid.

Proof. Let C=(0, u), H= {IMcg}, and ¢ be the non-negative convex func-
tion on (— «, «) defined by

¥(y) = ¢[Meg] for — © <y < .
Let K= {C } and define F¢ on (0, u) by
Fo(s) = ¢[Meg] o for0 < s < p.

We then have
N
f Fc = up[Meg] = ¢[Megl| C| < W(O),
0

and 0 <s <u implies
Fe(s) = ¢[Meg] = ¥lg(s)].

(6.12) LEMMA. If ¢ is continuous on R(f) and nis a positive integer, the valid-
ity of (n) implies that of (n+1).

Proof. Let H be a set with #+1 elements and assume
Mg € HCR*.

Either there is a number in H which is >, g or there is a number in H
which is <M, ,yg. For definiteness we assume henceforth that the former is
the case and we designate by » the largest such number. It should be clear
from the nature of the ensuing argument that analogous reasoning can be
brought to bear on the alternative case.

Let
H=H - {V},
so that H is a set of # elements and
Mouwg € HCR*

In view of the validity of (n), let ¥ be a non-negative convex function on
(— », ») which dominates ¢ on H; let K be a chain with ¢(X)=(0, u);



1943] APPROXIMATING INTEGRALS BY SUMS 391

and for each DEX let Fp be a non-negative function on (0, u), all of which
are so related that we have

"
(a) f Fp < W(D) forD € K,
[}
and
(b) 0 < s < u implies the existence of a D € K with

s€D, ¥[g)] =Fn(s).

In the case ¢(v) <Y(») it is apparent that (#+1) holds. From now on we
assume

(© v(») < o).
Recalling that M, g is <v we let £ satisfy the conditions
(6] 0<t<p Mewg=r.

Let C; be the interval farthest to the right in K. By moving only the right
endpoint of Ci a suitably small amount to the left we obtain an interval C;
which not only enjoys the property that its right endpoint is interior to the
interval

(E’ ﬂ') - U(K - {Cl})

but also, in view of the continuity of ¢, the property

M
f FC[ < W(Cz).
0

Recalling (a) and defining
(e) Fe, = Fe,, K,=K-— {Cl} + {Cz},

we see at once
I3
) f Fp < W(D) for D € K,.
[] .

Our determination of C: insures that K; is a chain in which the interval
farthest to the right is C,, whence

() s € o(K,)C: implies s € Ca

Making use of (b), the first relation in (e), and (g) we infer

(h) s € ¢(K,) implies the existence of a D &€ K, with

sED, Y[gs)] =Fo(s).



392 C. R. ADAMS AND A. P. MORSE : [May

Settin
g K=FK-KE[DCGn]

K=E+W@L

we note that K, and K are chains and ¢(K) = (0, u). Since v is interior to R(g)
we obtain from (d) the inequality g(£) <». Clearly there exists a function ¥
on (— », «) with

0 ¥(3) = ¥(3) for y < g(®),
¥ linearon E [¢()) = 3], () = ¢().
Let
G4) Fp =Fp for D € K;;
for D= (¢, pn) let Fp be defined on (0, u) by the relations
® Fp(s) = ¢[g(s)] fort <s<uy,
Fp(s) =0 for0<s = ¢

By aid of (c) we find
V() < 8() = ¥0);

from this relation and (i) it follows that ¥ is non-negative and convex on
(— =, ») with

¥(3) S ¥() for y < ».

Thus ¢ dominates ¢ not only on H, since each number in H is <», but on H
as well.

From (k), (d), (i), Lemma (6.7), and Abbreviations (6.10) we see that for
D= (¢, n) we have

» » »
f Fp =f Fp =f ¥ig = ¢[Mewgle — ) = ¢[Mpg] | D| < W(D).
0 H £
For D= (¢, p) the validity of the relation
M
1)) f Fp < W(D)
0

is thus evident; that it is valid for DEK, is clear from (f) and the relation
K,CXK,. From the definition of K we then have relation (1) for DEK.
For 0 <s=< £ we have s€a(K;) Co (X)), and by (h) there exists D €K, with

s€ED, Y[g9)] =TFo(s);
for this particular D it is clear that we have
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and hence, by aid of (i) and (j),
(m) s€D, y[ss)] = Fn(s).

The proof that 0 <s<u implies the existence of a DEK with property (m)
is now readily completed by reference to (k).
The proof of the lemma is now complete.

(6.13) LEMMA. If ¢ is continuous on R(f), H is a finite subset of the interior
of R(f), and n is an arbitrary positive number, there exists a non-negative convex
SJunction Y on (— «, ©) which dominates on H and satisfies the condition

.LWf<n+2M.

Proof. Let H*=H+ {szf } From Lemmas (6.4) and (6.6) we have
Mowg = Mef, R =R(Y;
hence, from the definition of R* in (6.10), we see that H* is a finite set with
Mo.ng € H* C R~

Lemmas (6.11) and (6.12) insure the existence of a non-negative convex func-
tion ¥ which dominates ¢ on H*, of a chain K with ¢(K)=(0, ), and for
each DEK a non-negative function Fp on (0, u), all so related as to have the
properties specified in (z) under (6.10):

(a) fo "Fp < W (D) for D € K,

(b) 0 < s < u implies the existence of a D € K with
s€D, ylgs)] = Fo(s).

It was pointed out in the remarks following Definition (6.9) that we may
write

K = ;4 O,

where ® is a disjointed family of intervals in K, ®; is likewise, and &, ®; is
vacuous. Thus, using (6.10) and Lemma (6.5), we have

S WD) = Y WD)+ 3. W(D)
DEK pe6, DEG,
<@m/2w) Y, | D]+ (/2w) X | DI+ X ¢[Mog]| D
DE@1 DE@, DE@]_
+ 3 o[Mog]| D|
DEW,

= /2084 (0/20)p + M+ M =9+ 2M.
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The relation
v[e)] = E Fp(s) for0<s<um
DEK

is an immediate consequence of (b) and the non-negativity of Fp. These last
two inequalities now combine with (a) to yield

f ¥t g<f (D}: Fp) P f"p,, <D§KW(D)§11+2M.

Since g on (0, u) is equimeasurable with fon E and E, [ (y) <a] is an interval
for —®» <a< =, it is readily shown that ¢:g on (0, u) is equimeasurable
with ¢¥:f on E. Accordingly, from Lemma (6.3) and (c) we have

fn'l':f=fo“¢:g<n+2M.

Since ¥ dominates ¢ on H*, it dominates ¢ on H. The proof is complete.

(6.14) LEMMA. If J is an interval and for each positive integer n the function
V¥ 1S non-negative and convex on J with

lim sup¢,(f) < forteJ,

fn—>©

then there exists a function Yo non-negative and convex on J and integers N;
(=1, 2, 3, -+ +) with the properties

‘1§N1<N2<N,,<~--,}Ewui(t)=¢o(t) fort e J.
Proof. Let Jpn= [am, bn] (m=1, 2,3, - - - ) be a sequence of closed inter-
vals with
(a) In CJImpn m=1,2,3,-..), ilfm=];
and let

c=3 {wl.

nm=]

For each pair of positive integers m and » the total variation of ¥, on J., is
less than or equal to ¥.(@w)+¥.(bn), a number which is also a bound
for ¥, on J,.. Thus there exists a sequence of non-negative numbers Mn
(m=1, 2, 3, - - - ) such that for each positive integer m and each Yy EC the
total variation of ¥ on J,, and the values of ¥ on J., do not exceed Mp.
From a theorem of Helly(?) we conclude that for each positive integer m the

(") Helly, Uber lineare Funktionaloperationen, Sitzungsberichte der Akademie der Wissen-
schaften in Wien vol. 121, IIa (1912) p. 283.
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family C is conditionally compact in the topology of pointwise convergence
on Jn; that is, each sequence of elements of C contains a subsequence which
is pointwise convergent on Jp.

Using a familiar diagonal process of selection and the properties (a) of
the intervals J,, we see that in the topology of pointwise convergence on J
the family C is also conditionally compact. Hence there exist integers N;

(¢6=1,2,3,---)with 1SN, <N;<N;< - - - such that
lim ¥, (¢) exists (finite) forte J.
{— 00

Defining ¥, on J as this limit, it follows at once that ¥, is non-negative and
convex on J.

7. Concerning convex dominants for the function ¢. In this section E is
to be understood as a measurable linear set with

|E|=p, 0<pus= o,

(7.1) THEOREM. If fEL*(E), ¢ is a non-negative continuous function on
R(f), and

sup 3 ¢[Maf]| B| = M < =,
FETr(E) BEF

then there exists a non-negative convex function ¥ which dominates ¢ on R(f), with

fg.p:fg M.

Proof. If the interior of R(f) is vacuous, R(f) consists of but a single
point; in this case Y may be taken as the non-negative convex function
¥(y)=¢(y) for yER(f) and the conclusion is apparent. Accordingly we as-
sume from now on that the interior of R(f) is not vacuous.

Let m >0 be such that the condition

| [—=m, m]E| >0
is satisfied. For each positive integer # let
E, = [— mn, mn)E;
let
{r} + {re} + {rad + -
be the set of all rational numbers; let f, be the function defined on E, by
fa® = f(2) ' for ¢t € E,;
let
H, = [interior of R(fu)|[{r1} + {re} +--- + {ra}];

and let %, be the characteristic function of E,. Finally, let
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(a) .  H=) H.
n=1
We see at once the relations
(b) ' lim %a() = 1 for t € E,
(C) m(fn) C 9?(]3.-;-1), Hn C Hn+l (” = 17 2» 37 tte )'
A more careful check shows
@ R = 2R,
n=1
) DO R(),

where H represents the closure of H.
For each positive integer #» we have

sup X ¢[Mafal| Bl = sup %pwwnm=M,

Feroo(E,.) BEF FET(E)

and H, is a finite subset of R(f,); by Lemma (6.13) there exists a non-negative
convex function ¢, on (— ®, «) which dominates ¢ on H, and satisfies the
inequality

Vaifa S 2M + 1/n.

E,
Let yoER(f). Recalling (c) and (d) we let 7, be such that y,ER(f,) for
n=no. Let By be a subset of E,, with Mg, fo,=v0. From the definition of f,
and the relations
EncEn+l (”=11213!"')
follows
vo = Ma,f = Mz, fa for n = n,,
and, by aid of Jensen's inequality,
2M + 1/n

#/,.(yo) = ¢/n [EIRBofn] = EIRBO‘Pn:fn = l BOI

for n = n,,

whence
lim sup y¥a(yo) < 2M/| Bo| < 0.
n—w
- By Lemma (6.14) we now infer the existence of a non-negative convex
function ¥ on R(f) and a sequence of integers N; (=1, 2, 3, - - - ) with the
properties

IS Ni<N <Ny <o, limyw,(y) =¥(3)  for y ER().
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Since f(x) ER(f) for almost all xEE, it may be inferred by aid of (b) that
}im th(x)'I’N.‘[f(x)] = }l-m ‘/’N'[f(x)] = ¢’U(x)]

for almost all x €E. Using a well known theorem of Fatou we then obtain

L‘p:fg lir‘xlinf Lh.-(x)n[w,.[f(x)]dx= lim inf . ynif

{— N

= lim inf Yn, fy; = lim YNt v
EN.’

i— EN.‘ p

< lim @M + 1/N,) = 2M.
{— o

From the second part of (c) and (a) it follows that Y dominates ¢ on H.
From (e), the fact that the convex function ¥ is upper semi-continuous on
R(f), and the continuity of ¢, we now conclude that ¢ dominates ¢ on R(f).

REMARK. In Theorem (7.1) the hypothesis that ¢ is continuous can be
dispensed with. To show this in detail appears to be a tedious process, but it
may be indicated roughly as follows. Employing properties of equimeasurable
functions as given in §6, Theorem (7.1) may be used to establish this result:

If fEL*(E), ¢ is a non-negative function on R(f),

sup 3 ¢[Mef]| B| = M < =,
FET»(E) BEF
H is a finite subset of R(f), and 1 is an arbitrary positive number, there exists a
non-negative convex function Y on (— «, «) which dominates ¢ on H and satis-
fies the condition

L¢:f§n+2M.

Usingf this fact and suitably redefining H,, as it was introduced in the
proof of Theorem (7.1), we may reach the desired conclusion. It is then easy
to remove from Theorem (7.3) below the hypothesis that ¢ is continuous.

(7.2) THEOREM. If fEL*(E), ¢ is a non-negative continuous function on
R(f), and
sup 3 ¢[Maf]| Bl = M < o,

FET«(E) BEF

there exists a non-negative continuous convex function ¥ which dominates ¢ on

R, with
f vif S 2M.
E

Proof. By Theorem (7.1) there exists a non-negative convex function ¥,
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which dominates ¢ on R(f), with [s,:f <2M. If the interior of R(f) is vacu-
ous, ¥ may be taken as . Otherwise let Y be the continuous function on R(f)
which is identical with ¥ on the interior of R(f). Since ¢ is continuous and ¥,
is convex, we have

() = ¥(3) = ¥o(y) for y € R(f)
and the conclusion is immediate.

(7.3) THEOREM. If fEL*(E), ¢ € C(R(f)), and

> ¢[Msf]| B|

BEF

sup
FET(E)

< ,

there exists a non-negative continuous convex function ¥ which dominates |¢|

on R(f), with
f¢:f< w.
E

Proof. Defining the function ® on R(f) by
2(y) = | 6(») | for y € R(f),

we infer from Theorem (3.12)

sup 3 &[Msf]| B| < .
FET(E) BEF

The conclusion then follows from Theorem (7.2).

It is almost superfluous to remark that in Theorems (7.1)-(7.3), if the
set E is essentially bounded, we have L*(E)=L(E) and T',(E) can be re-
placed by I',(E) where 5 represents the essential diameter of E.

8. Certain counterexamples. In order that the question at issue should be
completely covered, the theorems of §7 above must be supplemented by an
example to show that for fEL*(E) and ¢ € C(R(f)) the condition that ]¢| be
dominated by a convex function as specified in Theorem (5.13) is not neces-
sary for (1.9). In this section we shall give two examples and conclude with
a few supplementary remarks.

ExaMpLE A. The following example exhibits a function fEL(I) and a
non-negative function ¢ € C(R(f)) for which relation (1.9) holds but ¢ is
dominated on R(f) by no convex function ¢ with [ :f< «.

Let ¢, be defined on (— «, ) thus:for — © <y =<0, ¢:(y) =0; for n=1 and
odd, ¢1(2n) =2Cm" ¢;(2n+42) =2@"9*; for n22 and even, ¢1(2n) =2Er+D?
$1(2n+2) =2@+2% on each closed interval [2#, 2n+42] (n=0,1,2,--.),
¢1 is linear. Let ¢, be defined in the same manner except for interchange of
the specifications when 7 is odd and when # is even..It may be verified at
once that the slope of ¢; (=1, 2) on the interval [2n, 2n+2] is an increasing
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function of #; thus ¢; is convex on (— «, ). For each y&E(— «, «) let
é(y) =min [¢1(y), ¢2(y)], so that ¢ is continuous on (— «, «).

Let I, (=1, 2, 3,-.:) be a sequence of disjoint intervals with
| I,| =1/2@m™» 1,C[2/3, 1] for n odd, and I,C [0, 1/3] for n even. Let the
functions fi, f2, and f be defined on I by

2n for x € I, and » odd, 2n for x € I,, and % even,
fi(x) = { . 2(x) = { .
0 otherwise, 0 otherwise,

f(®) = fi(x) + fo(x) forx & I.

One verifies at once fiEL(I), foEL(I), and hence fEL(I).

Under the condition diam (B)<é=1/3, which we now assume to be in
force, a set B which contains a point of either interval [0, 1/3], [2/3, 1] con-
tains no point of the other. From the definitions of fi and f it is therefore
clear that

f1> 0 implies fo=0
4B

AB

and vice versa. Thus, for FETI';(), we have

> ¢[Masf]| B| = X ¢[Masfi + Masfe] | B
BEF BEF
B§F¢[we43f] | B| + B§F¢[93243f] | B,

as well as

f¢3f=f¢3(f1+fz) =f¢3f1 +,f¢o:fz for BEF.
B B B B
We may then infer from Theorem (5.13)

lim sup 3 | Mso:f — ¢[Masf]]|| B

&0 FETI) BEF

=lim sup 2 |Mep:fi — ¢[Munfi]|]| B |

—~0 FET () BEF

+lm sup X | Mepife — ¢[Musfe] || B| =0,

—0 FEry (D) BEF

since ¢ is dominated by the convex function ¢; with
f ditfi < D 20em20mMn = o (i=1,2).
I na=1

We shall now show that if ¢ is any convex function dominating ¢ on
(— o, »), [ry:f does not exist (finite). Let # be odd and =1 and consider
the interval [27z, 2n+2]. On this closed interval ¢, and ¢. are linear, with
derivatives that we may designate, respectively, by w1 and pe (u1>us), and
their graphs intersect at a point (a, 8), 2n <a<2n+2. On the subintervals
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[27, ] and [«, 2n+2] we have respectively ¢ =¢; and ¢ =¢,. The function ¢
defined thus on (— «, «),

¢1(y) for2n £ y < a,

linear for — © < y < q,

¢2(y) fora = y < 2n + 2,

linear fora < y < o,

$(y) =

is concave on (— ®, ), with {(y) S¢(y) for — © <y < «. Hence there exists
a function ¢* linear on [2n, 2n+2], with derivative po and with ¢*(a) =8,
satisfying the conditions

M1 = Mo = M2
¢*(y) = ¥(y) for2n =y = 2n 4 2.

Now a line through the point (¢, 8) with slope u cuts the verticals through
(2n, 0) and (2n+-2, 0), respectively, in points whose ordinates are

hp) =B+ u(2n — o), ho(p) = B+ u(2n + 2 — a).
From the condition ¥(y) 2¢(y) =0 on — © <y < », we infer

[wr> [ wrt [ wir=wenyzewio 1 pien + jzemnenn
) I I, Ins1

= ¢*(2n)/20M n 4 ¢*(2m 4 2)/2@m D) Hntl
= hy(uo) /2™ 4 hy(uo) /2D 0+l = H (),
where
H(x) = In(u)/207% 4 hy(u) [20m+0% e,
Since H is a linear function of u, at least one of the inequalities

H(po) = H(py), H(uo) = H(po)

holds. But, since no one of the numbers k;(u;) (¢, 7=1, 2) can be negative,
we have

H(py) = ho(u)/20@m0 041 = 2(2n+a)’/2(2n+2)’+}»+1 = 23+
H(us) = hi(ug)/2@m*n = 2@ /20m 0 = 23nt1

whence

£¢:f > 23n+l

and the fact that [;¢:f does not exist (finite) follows from the arbitrériness
of the odd integer .
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Another question which it is natural to raise is answered by

ExaMpLE B. The following example shows that in Theorem (5.13) the
hypothesis that [¢| be dominated by a convex function ¥ cannot be weakened
to the hypothesis that |¢| be dominated by a strictly monotone function ¢
even if one takes E =TI and insists that f be continuous on I save at one point,
that no sampling be indulged in, and that the restriction FETs(I) be im-
posed.

Our example is one in which f is non-negative on I and ¢ itself is positive,
continuous, and strictly continuous on the interval 0 <y < o, with [i¢:f< .
In order that our purposes later in §11 may also be served we construct this
example to satisfy the additional condition

}“2 o(3)/y = .
To fit completely into the situation of §11 we should extend the interval on
which ¢ is defined to (— ©, «©) by setting

o(y) = 16 + »? for — o <y <0,

for example, so that ¢ is continuous and positive on (— «, «) with

limyine¢(®)/|y] = .
Let

an = 1/22’%’ Mp = (an+l)”2 (n = 1’ 2y 3: tt )v

so that lim,, @, =0 and for each » we have

4 2 2 ’
Qnt1 = Qg Mn = Qny1, My = Qn, A1 < My < @A, Sa = 1/16.
On I let g be defined by the conditions
g(0) =0, g(x)=1 for1/16 < x < 1,

m_,.m for anp1 < x = my,
g(x) = )

n=1223--.
for m, < x = a,, ( ),

and let )
£(0) =0, f(x)=fg for0 < z < 1.

The function f is then absolutely continuous on every interval [e, 1], ¢>0,
but the relation

ma
f g = my (mn — Ga) =1 (i — )

Gn+1

= m,. (1 —m,) > (15/16)mn (n=1,2,3---)

implies lim 0 f(x) = .
The inequality
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Gn
(a‘) f f/(a"l - G,.+1) > f(m’h) (ﬂ = 19 21 3: st )
Gp +1
may be shown as follows. For arbitrary # let
a= a,..,.l,. C = My, b= ay.
Then we have

@ =s0+ [ g=f®+06-2 frcszss
0 = 1®) + 6 — o),

whence
b

[r=6-0®+06-972=0-070 - 6~y

and ’ k

f(®) = f) +fcg =fc) +c¥4(c—2x) fora=<x=yg,

fcf = (¢ — a)f(c) + c¥4(c — a)?/2.
Thus we obtain
b
[ 1=06-010 + e — a1 = 6= 12,

where
cSc—a)— (b— )= c%4c— D)2 — (b— ) > M1 — )2 — b2
= (1 — ¢)? — ¢ > ¢¥4(15/16)2 — ¢
= ¢3/4[(15/16)% — c/4] :
> ¢34[(15/16)% — (1/16)*/4] > 0.
From the definition of g we have
0<g(a) < a9/4 for0 < x.=1,

whence

1 1
(b) 0 < f(%) =f g §f £t < 4zt for0< xS 1.

Thus we infer fEL(I). Moreover, as x decreases from 1 toward 0, f is strictly
increasing as well as continuous, and f increases from 0 toward « ; that is, to
each y, 0 =y < o, corresponds one and only one x with 0<x =<1, y=f(x). For
0=<y< = we may therefore define ¢(y) by the conditions
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#(0) =16, ¢[f(x)] = 162112 for0 < x =< 1.

Clearly, ¢ is continuous and strictly increasing on the infinite interval
0=<y< », with f,¢:f< . On the other hand, from (a) we have for each n

¢[ f - f/(an — a»+1)] (8 = Gny1) > S[f(m.)](Gn — @ny1)

8.1)

= 16m7 " (an — Gus1) = 1645 (an — an)
= 16(1 — ap) > 16(1 — a,) = 16(15/16) = 15,

which implies

im s %ol [1718]]18]= =

—0 FET(I) BEF

and from (b)
o[f(#)] = 162112 = (42142 > [f(x)]? for0 < z < 1,

which implies )
lim ¢(y)/y = .

y— o

Finally, we may point out that no real generality is added to Theorem
(5.13), when diam E< © and ¢ EC((— », «)), by assuming only deferred
application of the dominance of |¢[ by ¥ or of the convexity of the dominant
function ¢. For, if the conditions

$ EC((— », ), |o()]| =¥ for0 <M =|y] < =,
¥ convex on (— o, ©), f¢:f< s
E

are satisfied, let a=maxm51u|¢(y)l. Then ¥1(y)=¢(y)+a is convex on
(—w, ®), |¢| is <Y1 0on (=, ©) and [e¢1:f=[e¢:f+ [z @< ©. Again,

if the conditions
$EC((— ©, @), |¢()| =¥ on(— », ®), ¥ EC(— », »)),

Y convexfor — o <y = Mandfor M £ y < =, f¢:f<oo
E

are fulfilled, let @=maxysx|¢¥(y)|. Then ¢i(y) =max [{(y), a] is convex,
and |¢| is ¢, on (— w0, ®). If {(y) =¢1(y) —¥(y) on (— , ), it is easily
seen that {ESUC((— », »)), whence fEL{(E) by Theorem (5.2); thus
Jeba:f=Jeb:f— [5t f exists.

9. The essential nature of the hypothesis of continuity on ¢. The extent
to which this hypothesis is essential to the result embodied in Theorem (5.12)
- is rather clearly indicated by the following theorem.
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(9.1) THEOREM. If ¢ is a function on (— ©, ©) and fEBL4(I) implies

o7 - o

then ¢(y) is continuous on (— o, =),

To prove this theorem we shall show that the assumption of the hypothe-
sis and the contrary of the conclusion leads to a contradiction. For simplicity
we first consider the case in which ¢(y) has an hypothetical discontinuity at
y=0, with

(a) #(— 1) = ¢(0) = ¢(1) =0, linlsrw(y) >a>0.

We make these assumptions, and with the object of constructing a function
FEBL4(I) which will yield a contradiction we proceed presently to establish
a lemma. For this purpose the following notation will be convenient:

i} =ElG-D/2ns25j/2"] (1=123-- ;j=12---,27,
S0 = (/L o[ 2 f( y 1]
P() = E[| /(=] > 0].

We also define certain sequences of functions as follows. For n=1,
0<£<1, and ACI let h,,; be defined on I by

1 for j/2n—g2nSxSj/2r G=1,2---,2%,
bae(2) = {"1 for 3/4 — /4 = x<3/4+¢/4,
0 otherwise;
let H, ; be defined on (— «, «) to be periodic of period 1/2* with
‘ H, i((x/27) = hy, (%) forx eI,
let 8,,4 be defined on I by
0 for x€ {j,n} if A{j,n} =0 (G=12---,2%,
bn.a(2) = {1 otherwise;
and let g, 4 be defined on I by
gn,2,4(%) = 8n,4(2)H,, o) forx € I,
so that P(g,.t.4) is a closed set. These functions being defined, we assert

LEMMA 1. If A is a closed subset of I and 0 <£<1 we have
() gt 4 (@) =0fora € {j,n} if A {j,n} =0 (n=1,2,3,- - - ;j=1,2,---,2%);
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(ii) for integers m1, my with ne=Zn 21,
f gﬂz.S.A(x)dx =0 (j =12.---, 2»1);
(i) ) .

(iii) (the hypothesis of Theorem 8 being assumed)
lim San(gn,t.) = (1 — | 4])e(8)/2.

n—>c0

Conclusion (i) is immediate from the definition of 8,,4. To prove the other
conclusions we regard 4 and £ as fixed, drop these letters as subscripts, set

8"([(].—' 1)/2"+j/2”]/2) = Mn,j (" =123- - ;j =12, 12")1

and proceed as follows. From the definition of %, we have

fhn=0 (n=1,2v31"');
I

whence, for such #» and j=1, 2, - - -, 27,

f ez = n; | Hu(2)dz = oy [ Ha(a)ds
{7.n} {i.n}

{1,n}
Mn,j
Zn

fH“(x/Z")dx = M—"—jf ha(x)dx = 0.
I 2 Jr
For n;=27n:=1 we then have

j2mrm }
f 8ns = Z f g'lz'—"o (j=1v2v°.'"2m)v
(i} y= (=12 41 Y {y,ny)

and (ii) is proved.
As for (iii) we observe first

lim Sa(k4,) = lim (1/2")§ ¢ [2"j;j'”’ h,.]

®) = lim (1/2%) {if_:l + j_;:m }¢[2~ f( y hn]

= (1/27¢(E)2" 1 + | ¢:ha = ¢(8)/2,

1/2

by applying the hypothesis of Theorem (9.1) to the function on I which is
zero for x&[0, 1/2] and equal to k, for x&[1/2, 1]. Next we note, for
v=1,2,--.,2"
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f ¢[22"f( gn(x)dx]= % ¢[22"Lj’2"’6n(x)3,,(x)dx]

e (r=1)2"41 ji2n} j=(r—1)2"41

»v2n

: ‘ on
S > ¢[22" m(x)dx] > ¢[22»
{7.2n} =1

je= (r—1)2"41

H,.(x)dx]

{j.2n}

= i f_‘”: o[ [ muGeris] - > o[ 2 / 3 )iz |

{in} =1

= Un,y2"Sn(hs).

Hence for integral n =1, we have

Sonlen) = <1/22»>’§¢[22» f( sa(s)d ]

jv2n}

—wmy 3 ¢[22n ﬁ o gn(x)dx]

ye=l je=(v—1)2"+1

on o
= (1/2*") Z Bn,»2"Sa(hn) = Sa(ha) Z bin/2% = Sa(ha) fté,.(x)dx.
ye=1 v=1
From the fact that I—A4 is an open set, the density of the set of points
i/2* (n=1,2,3, -+ -;7=0,1, - -+, 2" in I, and the definition of §, one may
infer limp— f10a(x)dx=1— lA I . Using also (b) one obtains conclusion (iii).
Returning now to the proof of Theorem (9.1), let 5 be an arbitrary number
satisfying the inequality 0 <% <1, and for each integer >0 let £, be a num-
ber satisfying the conditions 0 <£,<7%/2", ¢(£,) >a.
We are ready to begin an inductive definition of a sequence of functions f,
(n=1,2,3, ). Let 4o be the vacuous set; and let N, =1 be so large that,
upon defining fi=gx,,t,.4, We have in accordance with Lemma 1 (iii),

Sani(f1) Z #(61)/2 — 1/2.

For the second stage of the procedure let 4,=P(f;); and let N:>2N, be so
large that, upon defining f>=gn,.t, 41, We have in accordance with Lemma 1
(iii) and the hypothesis of Theorem (9.1),

Savy(fo) = (1 — | 41] )2 /2 — 1/22,

| Sewy(f1) | = 1/22
We observe | 41| =é..
For the third stage, let A;=P(fi)+P(f;) =A1+P(f2); and let N3>2N; be
so large that, upon defining fs =gn,.¢, 4, We have in accordance with Lemma 1
(iii) and the hypothesis of Theorem (9.1),

Sova(fs) = (1 — | s )b(Es)/2 — 1/28,
| Savy(f1 + f2) | < 1725
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The inequality IAzl < {1+ &:should be noted. In general, f; j=1,2, + + -, n—1)
having been defined, let A,_1=A4, 2+ P(f.-1); and let N,>2N,_, be so large
that upon defining fa=fv,, ¢t,.4,~, We have

© Sw,(fa) 2 (1 = | 4a-a| )8(80)/2 — 1/27,
| Sawy(fi + fat - -+ + fa-t) | S 1/27

We note | An-a| <tr+Ea+ -+ + +En.
Finally we define

©

F(x) = if,-(x) for x €1, A= A4,
=1

=1
observing that P(f)=A4 and that 4,C4;11 (j=1,2,3, - - - ) implies
|4] =1lim |4;] = X &<
J—re0 ,‘_1
For n =2 we may write
n—1 0
F=3f+f+ 2/
yaxl y=n+1
and obtain
n—1

@) Son,(F) = Szzv,( > fr) + Saw,(fu).

This arises from the fact that for each j (j=1, 2, -+ -, 22¥s) weZhave by

Lemma 1 (ii)
[ (Z#)-Zf 1-0
{7,2N,) \ pmntl vant+1V {7,2N,}

and by Lemma 1 (i)

[, BN, -

which together imply

| ¢ [zm”j;i.wnl F] = [zmn'[;i.ﬂvnl ( §f’ 2 j:i»mnl f"]
n—1
= [ZM” f(i.m,.} ( ,_Zl ik ] te [ZZN" fu.w,,} f"].

From (c) and (d) we have
Sw,(F) 2 (1 = | Ana] )0(E)/2 = 1/272 2 (1 = | 4| )a/2 — 1/27,
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whence
lim Son,(F) = (1 — | 4| )a/2 > (1 — n)a/2.

n—o

But from the hypothesis of Theorem (9.1) we obtain

lim S,(F) = f 6:F = 0,
n—rw I

an obvious contradiction. This completes the proof of Theorem (9.1) in the
case characterized by conditions (a).

We shall now show how a proof of Theorem (9.1) in the general case can
be obtained from the particular case already considered. Let 8 stand for the
class of functions f each of which is measurable on I and assumes no more
than three values. A function ¢ defined on (— =, «) will be said to possess
property (B) if and only if

f € B implies lim (1/27) Y ¢[2" f‘ }f] = f ¢:f.
n—wo n in I
The result obtained above may now be formulated thus:

(1) If ¢ has property (B), with ¢(—1) =¢(0) =¢(1) =0, then lim sup o+ ¢(y)
is 0.

We assert

(i1) A necessary and sufficient condition that ¢(y) be continuous for all y is
that it possess property (B).

The necessity of the condition may be inferred at once from Theorem
(5.2). To prove the sufficiency we first verify without difficulty that if ¢
and ¢. have property (B), so also do ¢1+¢2 and c¢,(ay+b), where a, b, and ¢
are arbitrary real numbers. Now let ¢ be assumed to have property (B) and
to be discontiriuous at an arbitrary point y;; then ¢:1(y) =¢(y —y:1) has prop-
erty (B) and is discontinuous at y=0. Also, for — © <y < «, let

¢2(3) = ¢1(— Dy(1:— )/2 + e:1(0)(y + D(y — 1) + 6:(D(— 31 + 3)/2,

so that ¢., being continuous, has property (B). The function ¢3;=¢;+¢. then
has property (B), with ¢s(—1) =¢3(0) =¢3(1) =0, and ¢; is discontinuous at
y=0. Of the four functions +¢s(+ ), at least one is a function ¢4 possessing
property (B), with ¢4(—1) =¢4(0) =¢4(1) =0 and with lim sup,o+ ¢4(y) >0,
in contradiction to (i).

This completes the proof of Theorem (9.1).

REMARK. In connection with Theorem (9.1) it is worth noting that the
conditions ¢ E C((— », «©)), fFEBL4(I) imply the existence of a function ¥
convex on (— «, ») and depending upon f, with |¢(y)| =¢Y@)on (— o, )
and fELy(I). It would be of some interest to prove or disprove either of the.
following conjectures. (1) The hypothesis of Theorem (9.1) implies that to
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each f&L4(I) corresponds a functiony convex on (— =, ), with l¢(y)| =¥(¥)
on (— o, ©)and fELy(I). (2) The hypothesis of Theorem (9.1) implies the
existence of a function y convex on (— «, «©), with |¢(y)] =Y(y)on (— 0, =)
and L4(I)CLy(I) (that is, Ls(J) =Ly(I)). Attempts which we have made in
-this direction have met with no success. .

10. Concerning the replacement of hypothesis (1.6) by (2.10). In this sec-
tion we propose to determine as definitely as possible under what circum-
stances the sample sets need only be of positive measure; that is, the “k-hy-
pothesis” (1.6) can be relaxed to (2.10). A basic, though simple, result of this
kind is embodied in Theorem (5.1). In RS it has been seen that, in case E=1
and ¢(y) =y for all y, the question turns entirely on whether fE R([), the class
of functions Riemann integrable on I. Thus it is natural to restrict the con-
siderations of this section to the case in which E is a bounded interval, say
E=1I.

We begin by establishing

(10.1) THEOREM. If fEL(I), € C(R()), ¢:fEL(I)—R(I), and (1.6) is
replaced by (2.10),

im Y ¢[Mass]| B
§—0 BEFET(I)

does not exist. Thus, when ¢:fSL(I)— R(I), the k-hypothesis is indispensable
to Theorems (5.2)—(5.13).

Proof. However small >0 may be, let FETs(I). If ¢:f is not essentially
bounded on I, there is at least one interval BE F on which ¢:f is not essen-
tially bounded; that is, for arbitrary M >0 there exists a measurable set A CB
with

|4] > o, |olf(x)]| > M for x € 4.
The set

C = BE [f(x) ER(f) for f on B]
is of measure zero. Hence A(B—C) is of positive measure, and there exist
points x; with
| o[f(x)]]| > M, % € R() for f on B;
that is, there exists a measurable set 4, CB with
| 4[>0, [o[Mas]] > 2.

Thus the sum in question is unbounded.
Secondly, if ¢:f is essentially bounded on I and BEF, let

ess inf ¢ [f(x)] = I, ess sup ¢ [f(x)] = L.
z&EB zEB
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The same reasoning now suffices to show that the sum in question can be
made arbitrarily close to either the essential lower or essential upper Darboux
sum for ¢:f corresponding to the family of intervals F. Hence the lim;_,o of
the sum does not exist.

We next proceed in the direction of obtaining a favorable result when
FER(I). Without the k-hypothesis, even the conditions f&C(I) and
¢ E C(R(f)) are shown to be insufficient for the existence of [; ¢:f, and hence
insufficient for (1.9), by the trivial example

flx) =x for x&€1, é(y) = 1/y for y & (0, 1) = R(f).

The nature of Theorems (5.8)—(5.12) suggests that we consider assuming

(10.2) FfERU), $ECRY), lm sup X |6[Musf]|| B| < .
-0 FETry) BEF

We assert, however,
(10.3) THEOREM. The conditions (10.2) are equivalent to the conditions
fE€RI), ¢ & BCR().

Proof. It is evident that this pair of conditions implies the set (10.2). On
the other hand, if ¢EB(R(f)), let a€R(f) be an endpoint of R(f) in every
neighborhood of which ¢ is unbounded; and let F be an arbitrary family
€T4(I) for any §>0. Then at least one interval BEF has the property
that the ess inf, or ess sup, of f on B is a. Since a8R(f), it follows at once
that as A B ranges over the subsets of B having measure >0, I, sf assumes
all values in a unilateral neighborhood of a. Hence ¢[M4zsf]|B| is an un-
bounded function of 4B, and the sum in (10.2) is unbounded for each §>0.

As a preliminary step in the desired direction we next establish

(10.4) TuEOREM. The conditions fER(I) and ¢ EC(R(S)) are sufficient for
(1.9), even with (1.6) replaced by (2.10).

Proof. We may assume f itself to be an element of R(I), with f(x) ER(f)
for x€1. R() is a bounded interval, whence ¢ € UC(R(f)). Thus to €>0 cor-
responds 7 =7(e) >0 such that the conditions

¥, 72 ERW, | 31— 32| < imply | 6(31) — ¢(32) | < ¢/6;
and we then have
| 6(y1) — 6(32) | < ¢/6 + €| y1 — 32| /(6n) for y1, y: € R().
Let g and % be functions continuous on I and satisfying the conditions

g(®) < f(%) < h(x) for xET, meil} g(x) ERY), maz g(x) ERD,

min k(x) ER(f), max k(x) ER(, f(h —g) <n
z&1 ze1 I
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Let 8= 6:(h—g, ¢1, 7) >0 correspond to 7 for the functions 2 —g and ¢1(y) =y
(— » <y < ») in accordance with Theorem (5.1); let 6; = 8:(k, ¢, €/6) >0 cor-
respond to €/6 for the functions % and ¢ in accordance with Theorem (5.1);
and let §=min [8;, 8;]. For FETs(I) we then have

2 | ot:f = 9[Darf] || B]
=3 f|¢:f—¢:hl+ > | Mop:h — ¢[Musk]|| B
B BEF

BEF
+ 2 [o[Musk] - o[ usf]|| B
BE&CF
On the right the first term is

Slor—enl<aste [ 11=nl/on s /o + [ 0= g/em
I I I
< ¢/6 + ¢/6 = ¢/3.

By the choice of § (< 8§.) the second term on the right is <e/6. The third
term is not greater than

ng{6/6+6|W3A3h—5muf|/(6ﬂ)}|B|
é€/6+6/(677)BAZ.:F{IBlimAB(h—g) —L(h—g>+L<h—g>}

S /6 +o/(6n) T | Mot — & = Mot = 0| B + /(o0 fo-9,
B&CF I

which by the choice of § (= 4,) is less than
/6 + [¢/(6n)]n + ¢/6 = ¢/2.

The proof is now complete.

For use in demonstrating the next theorem the following lemma will be
convenient.

(10.5) LeMMA. Let fER(I), $ EBC(R()), supsenen [¢(9)| <M < w,
a = inf f(x), B = sup f(x), B—a>0,
zc1 z€1

aER [BERPI,
0<n<@B—-a)/2, and

E,=E[f® sa+1] [E, =E[f(a) 28-1]]

To €>0 corresponds n=n(e) >0 and §=20(n) >0 such that if FET(I) and F,
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represents the subfamily of F in which each set B has the property IBE,,| >0,
we have ZBEFllBl <e/M, whence

2 | Mee:f|| Bl <e and 3 |¢[Musf]|| B| <
BEF1 BEF:

Proof. We have 0 = | E,[f(x) =a]| =lim,| E,| ; let n satisfy the conditions
0<n<(B—ea)/2, |E|<e¢M.

We may assume f itself to be an element of R(I). Any point xEE,—E,,
where E, represents the closure of E,, is then a point of discontinuity of f;
and since the discontinuities of f are a set of measure zero, we have |E,|
=|E,| <e¢/M. Let
I - E., = E Oi,
t

where Z.-{O.-} is a countable set of disjoint open intervals. Let k be a finite
number of these intervals with the property

k
ZIO{' >1—¢/M.
=1

From each end of each O; (:=1, 2, - - -, k) delete a semi-open interval to
leave an open interval O/, in such manner that we have

k
lof|>1—¢Mm;
=1

and let the measure of the smallest deleted interval be & (6 >0). For FET';(I)
and F,=F — F, we then have

2 |Blz X|ol|>1-¢/M, 2 | B| <M,

BEF, i=1 BEF:

2. | Mso:f|| B] < Me/M = ¢, g | #[Mans]|| B] < Me/M = e.
B&C Py

BEF:

(10.6) THEOREM. The conditions fER(I) and ¢ S BC(R(S)) are sufficient for
(1.9), even with (1.6) replaced by (2.10).

Proof. Let f itself be an element of R(I). If R(f) =§Tt(-f), the conclusion
follows from Theorem (10.4). If a=inf.cr f(x), B8=sup.er f(x), B—a>0,
2FR(N[BER(H) ], and 0<9<(B—a)/2, let

() =t for = € E [/(#) < a +]
[fo(2) = B = for x € E [f(x) > 8 —n]];
and for other values of x let f,(x) =f(x). One easily sees

L ERI), R =R{F) CRY), ¢ € CRF).
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Let 7 and 86,>0 correspond to €/9 in accordance with Lemma (10.5); let
82 = 8x(f4, b, €/9) >0 correspond to ¢/9 for the functions f, and ¢ in accordance
with Theorem (10.4); and let §=min [8,, 8;]. For FETI';(I) we then have

B%Fl Mod:/ — ¢[Manf]| | B

< 2 | Medif — Mes:fo| | Bl + 2 | Mot fy — 6[Masnfy] || B
BEF BEF
+ 2 | ¢[Musf] — ¢[Musf]|| B

BEF

< 2 | Met:f|| Bl + X | Dugifal | B| + /9
BEF: BEF:
+ 2 |o[usfu]|| Bl + X |6[Dussl]| B] <,

. BERM BEF:

where F; has the significance attached to it in Lemma (10.5).
The question of whether the k-hypothesis can be relaxed under the con-

ditions __
fELU) —R(I), ¢:fERI), ¢&UCRY)
is still open. That it sometimes can is illustrated by the trivial example
f € L(D), ¢(y) = const. for — 0 <3y < .

That it sometimes cannot, even if ¢ is a very simple convex function and f is
bounded, may be shown as follows. Let ¢(y) = ]yl for —1=y=<1;let ECI
be a non-dense perfect set, with | El =1/2,and let f(x)=1for xEE, f(x) = —1
forx€I—E. For each m (m=1, 2,3, - - - ) let F,&€T1(I) be the family of 2=
equal subintervals of I. In each one of these intervals there exists a subset
of I—E of measure >0. In each one of at least half of these intervals there
exists a subset of E of measure >0, and hence a subset 4B with IABI >0,
such that M4 sf=[45f=0. In any one of the remaining subintervals the maxi-
mum absolute value of the integral mean of f on any subset is 1. Hence we
have

liminf 2. ¢[Masf]| B| = 1/2<1=f¢:f.
I

m— o BGF,,.
This example being in hand, some interest may attach to

(10.7) THEOREM. The conditions fEL(I), ¢:fER(I), ¢ convex on R(f), and
(1.6) replaced by (2.10), imply

lm sup o[l B] s[4/ < .
-0 FETHD I
Proof. We may assume ¢:f itself to be an element of R(I). Let € be an
arbitrary positive number and let g be a function continuous on I and satisfy-
ing the conditions
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@ s tor z€r, [-sn<an

In accordance with Theorem (5.1) let 6= B(g,- ¢1, €/2) >0 correspond to ¢/2
for the functions g and ¢1(y) =y (— © <y < »). Using Jensen'’s inequality we
then have, for FET;(1),

> ¢[Musf]| Bl = 2 [Duseif]| Bl = X [Muse]]| B
BEF BEF BEF

<flg+e/2 <fr¢:f+e.

In the example last cited above f is in the class L(I) —R(I) because of
the fact that, though bounded, it has discontinuities at a set of positive meas-
ure. This gives rise to the question: do there exist examples in which it is
impossible to relax the k-hypothesis when f&L(I)—R(I) because f is un-
bounded, even though f is improperly Riemann integrable on I, ¢:fER(I),
and (1.9) holds with the k-hypothesis in force? Should no such example exist,
it would probably be possible to enlarge the class of cases already determined
by Theorem (10.6) in which the k-hypothesis can be relaxed by obtaining an
affirmative answer to some such question as the following. Do the conditions

FER), #:JERD, éE UCRY))

imply that the k-hypothesis can be relaxed?
The answer to this question, however, is negative, as one may see from
the ensuing example. Let

0 for y=2(2"-1) (n=0,1,2---);
¢m={”fmy=ﬂﬂ—n—r4 (h=1,2,3);
linear between consecutive values of y for which ¢ is already defined ;

22~ — 1) for 1/[4(2m+ — 1)2] < x < 1/[4(2" — 1)?]

0 for 1/22< x=<1, x = 0;
ﬂ@={
(n=1,2,3---).

Then we have fER*(I), since it is a non-negative function dominated on I
by f1 where fi(x) =1/x'2for 0<x =<1, f1(0) =0; ¢ :fER(I), because it vanishes.
identically on I; R(f) =R(f) =E4[0=<y < « ]; and ¢ EUCR()), for its graph
consists of the upper sides of an infinite sequence of similar triangles all with
bases on the y-axis. If now FET1(7) is the family of 2* equal subintervals of I,
the terms of the sum

Y ¢ [Muss]| B
BEF
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are all non-negative and the value of the term containing the interval
B=0, 1/2*] can be made arbitrarily large by a suitable choice of 4. Thus
the lims_,o of the suprersay of such sums is infinite.

In the foregoing example ¢ is unbounded. It is natural therefore to ask
if the situation is the same when ¢ is bounded; in answer we have theorems
as follows.

(10.8) THEOREM. The conditions fER*(I) and ¢ EBUC(R(S)) are sufficient
for (1.9), even with (1.6) replaced by (2.10).

Proof. To €>0 corresponds 7=7(e) >0 such that the conditions
Y, Y2 E SR(f)r | Y1 — y2| < n imply I ¢(}’1) - ¢(y2)| < 6/16,

whence

| 6(y1) — ¢(y2) | < ¢/16 + €| 31 — 32| /(167) for y1, y2 € R().

Let M satisfy the condition |¢(y)l <M< » for yeR().

Let DI be the set of points defined by the condition x €D if and only if
ess lim sup,-_.z|f(x")| = . Clearly D is closed, with | D| =0. Let the open set
I—D be constituted of the disjoint open intervals O; (1=1, 2, 3, ‘),
and let m be such that > m,|0:| >1—¢/(8M). From each end of O;
(¢=1, 2, 3, - - -, m) delete an open interval of length e¢/(16 Mm) and desig-
nate the remaining closed interval by F;, so that ZZ’.‘_II F;I >1—¢/(4M). On
each interval F; the function f is essentially bounded. Let Fy be the truncated
function f specified in the definition of the condition f&R*(I) as given in §2,
N being chosen to satisfy the conditions

flf—fN|<n, esssup | f(#)| < N < o G=1,2---,m).
I zEF;

Finally, let 8, = 6:(f, ¢, €¢/8) >0 correspond to ¢/8 for the functions fx and ¢
in accordance with Theorem (10.6); let 8, =¢/(16 Mm); and let § =min [3;, &.].
For convenience let F/ represent the closed interval obtained from F;
(¢=1, 2, - - -, m) by deleting from each end of F; a semi-open interval of
length €¢/(16 Mm), so that we have Z;"_,I F! | >1—3¢/(8M) and l I-> " F! |
=1 —ZZ’L,I F! | <3e¢/(8M). For FETs(I) let F; represent the subfamily of F
defined by the condition BE F; if and only if BD ., F! #0;and let F;=F— F,.
For FET;(I) we than have

gé"p | Mso:f — ¢1Mans] || B
éf |o:f —difw| + 2 | Mos:fw — ¢ [Manfr]|| B|
I BEF

+ X | ¢[Musfn] — o[ Masf]|| B|.
BEF
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On the right the first term is less than
16+ [ 7= ful /(16n) < /16 + /16 = ¢/
I

By our choice of § (<4;) the second term on the right is <e/8. The third
term may be written

{ =+ % Hotuan] - sl 5.
BEF, BEF,

Since & is =<&,, each set BE F, contains only points of >.m F:; whence, by
choice of N and fu,

E | ¢ [Manfv] — ¢[Masf]]| B| = 0.

BEF1
As for the remaining sum, from the relation Y_zer,BCI —>m F! we infe.r
2 | #[Wanf] — o[ Musf]|| B| = 2M3¢/(8M) = 3¢/4,

BEF,
which completes the proof.

(10.9) THEOREM. The conditions fER*(I) and ¢EBC(R(f)) are sufficient
for (1.9), even with (1.6) replaced by (2.10).

Proof. Let M satisfy the condition |¢(y)| <M< » for yER(f); and let ¢;
(¢=1, 2, 3, - - - ) be a normal approximating sequence for ¢ on R(f), as de-
fined in (5. 5) Let sets O;, F;, and F! be defined as in the proof of Theorem
(10.8). Let the positive integer N satisfy the conditions

2M | Exy| < ¢/8 where Ey = E[|f(x)]|> N],
esssuplf(x)|<N (i=1,2,---,m).
zEF;

Let 8:=6.(f, ¢n, €/8)>0 correspond to ¢/8 for the functions f and
dnEBUC(R(S)) in accordance with Theorem (10.8); let 8.=¢/(16 Mm); and
let 8=min [8y, 8;]. For FET(I) and Fi, F; defined as in the proof of Theorem
(10.8) we then have

> | Ms:f — ¢[Masf]|| B

BEF

§f|¢:f—¢N:f|+ > | Magw:f — o [Muss]|| B
I BEF
+B§F | ¢ [Danf] — ¢[Musf]|| B

<e/8+e/8+{ 2+ X }I«fm[smsf] — ¢[Massf]]|| B].

BEF1 BEF,
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By the choice of N, each term in )_ser, vanishes and the sum _zer, is not
greater than 2M3e/(8 M) =3¢/4.

11. Generalizations of boundedness, continuity, bounded variation, and
absolute continuity of a function. The principal object of this section is to
sketch in a background behind certain well known properties of the L, (p=1)
classes of functions, which will throw these properties into rather clear relief.
For our present purposes E will be taken as the unit interval I, f as a function
whose domain includes I, and ¢ as a non-negative function whose domain
includes the set of numbers

(11.1) [f®) — f(a)]/(d — a), where0 £ e < b = 1.

The results to be obtained will lose only a little of their significance if ¢ is
regarded as a fixed function whose domain includes the interval (— o, ),
while the function f is left free to vary; and this case is probably the one of
greatest interest.

(11.2) DEFINITION. The function f shall be said to be ¢-bounded on I if
and only if there exists a number M with

b —
¢[f() f(@)

b ](b—a)§M<co for0=a<bd=1.
—a

(11.3) DEFINITION. For a €1 the function f shall be said to be ¢-continuous
at a if and only if the condition

(a) lim ¢[f;————(x) _f(a)]lx —al=0

z& I,z—a xX—a

is satisfied; f shall be said to be ¢-continuous on I if and only if f is p-continuous
at each a1, uniformly ¢-continuous on I if and only if condition (a) holds
uniformly with respect to a for a&1I.

(11.4) DEFINITION. The ¢-total variation of f on I is

7() = lim sup i ¢[M:| (25— 2p1) S @,

5—0 Xj— Xj-1

where

O=2<m < - <ay=1, d = max (x; — %-1).
1SN

If and only if TE(f) is < =, f shall be said to be of ¢p-bounded variation on I.

(11.5) DEFINITION. The function f shall be said to be p-absolutely continuous
on I if and only if to each €>0 corresponds a 8=238(e) >0 such that, [a;, b;]
(@;<bj;7=1,2, -+, N) being any finite set of closed subintervals of I disjoint
except perhaps for common endpoints, the inequality Y i(b;—a;) < & implies
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Z ¢[M] (b; — a;) <e

b;— a;

Several consequences of these definitions are plain. (I) The defining prop-
erties here employed reduce to those of ordinary boundedness, continuity,
and so on when ¢(y) = lyl for — o <y< . (II) If f is ¢-absolutely continu-
ous on I, it is uniformly ¢-continuous on I and of ¢-bounded variation on I.
(III) If ¢ is bounded on the set of numbers (11.1), f is ¢-absolutely continuous
on I; in particular this hypothesis will be satisfied if f satisfies a Lipschitz
condition (of order 1) on I with Lipschitz modulus M and ¢ is bounded on
the closed interval [— M, M].

The observation that ¢ continuous on (— «, ) and f continuous and
¢-continuous on I do not imply f uniformly ¢-continuous on I or f ¢-bounded
on I is justified by the following example. Let 0 <l < « and g(x) =lxforxE 1.
Let [@n, ba] (@a<bn;n=1,2,3, - - - ) be an infinite sequence of disjoint closed
subintervals of I with the properties b, =1,

limb,=0; bpp1<an M+ 1= mun n=1,2,3---),

fn—r o0
where

Mo = [by — (= 18,)]/(bs — @n) = Ubn + @,)/(bn — a,).

0 for 2=0,
f(x) = { b, for x= by,

—la, for =z = a,, n=1,23- .-.),

Let

and on each closed interval [a,, b,], [bat1, @] (n=1,2,3, - - - ) let f be linear.
Let ¢ ©C((— », «©)) be arbitrary save for the satisfaction of the conditions

¢(mn) = 1/(bn - an) (” =123 -- )'

Then f is easily seen to be continuous and ¢-continuous on I but not uni-
formly ¢-continuous on I. If p, (n=1, 2, 3, - - - ) is any infinite sequence of
numbers with

mn<?n<mn+l (n=1r2’3)"')v

it is clear that ¢ can be so defined on the points p, (with lim,_,., ¢(p,) = ©)
that f will not be ¢-bounded on I.

In the subsequent discussion we shall have occasion at times to sub-
ject ¢ to one or more of the following conditions: continuity (usually on
— o <y< ), convexity (usually on — o <y< =),

(11.6) lim inf $(3)/| 5[ > 0,
Y |— e
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(11.7) Jim o/ | y| = =,

the last two being suggested, respectively, by the particular cases ¢(y) = l yl ,
63 =|y|? (p>1) on — = <y< .

The function ¢(y) = |y| » (p>1) is convex and satisfies (11.7). For this
function ¢ it is well known (8) that ¢-bounded variation of f implies ¢-absolute
continuity of f, so that the two conditions are equivalent; also that a neces-
sary and sufficient condition for f to be the indefinite integral of a function g
with g€ Ly=L, is that f be ¢-absolutely continuous. It seems to us of some in-
terest to determine (1) whether these properties are enjoyed by a more
general class of functions Ly, and (2) whether convexity of ¢ or the satis-
faction of (11.7) by ¢ is the more important contributing factor in bringing
about these properties.

One may easily prove

(11.8) LEMMA. The condition (11.6) is equivalent to the condition that there
exist positive numbers a, b with a-+bep(y) = I y| for — o <y< o,

Using this lemma one obtains at once

(11.9) THEOREM. If ¢ satisfies (11.6) and f is ¢-bounded [or ¢-continuous,
or of ¢-bounded variation, or ¢-absolutely continuous] on I, f is bounded [or
continuous, or of bounded variation, or absolutely continuous, respectively] on I.

More generally, in fact, if @1, @2 are such that there exist positive numbers
a, b with a4+b¢:(y) 2¢2(y) for — 0 <y < », ¢1-boundedness or ¢;-continuity
or and so on of f on I implies the corresponding ¢s-property of f on I.

(11.10) THEOREM. If ¢ satisfies (11.7) and f is of ¢-bounded variation on I,
[ s absolutely continuous on I.

Proof. Let T§(f) =B; let 6:>0 be such that

~ Y — f(x.
> ¢[M] (xj — x;1) < 2B for & < &y;

=1 Xj— ¥j-1
let M= M{(e) >0 be such that 3B/M <e; and let Q=Q(M) >0 be such that
s/ |y >u for | y| z Q.

Then we have
MQ + ¢(y) > M| y] for — o <y < e,

If the norm 8 of the intervals [a;, b;] is <), we have

(®) See, for example, Titchmérsh, The theory of functions, Oxford, 1932, pp. 384-386.
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b;) — f(a;
2B >3] ¢|:—f(—b)f:—{l(fa—)] (65— ay)

>3 [M] 16D = fla) | = MO, — )]
= M 2| J0) — fle)| — MQ X (b; = a);

and if >_;(b;—a;) is <B/(MQ), we obtain
M| ) — f(a))| < 2B+ MQB/(MQ) = 3B,

and

2| 1) — fle)| < 3B/M <.

REMARK. If ¢ is convex on (— «, =) and satisfies (11.7), and f is abso-
lutely continuous and ¢-continuous on I, it does not follow that f is uniformly
¢-continuous or of ¢-bounded variation on I. This is shown by the example

¢(¥)=y*on (— =, ),
1/2» for x=1/27,
0 for x=1/2" £+ 1/2%%, (n=23,4,5"--);
flx)=¢ 0 for x=0,1;
linear on each closed interval between consecutive points for
which f is already defined.
(11.11) THEOREM. If ¢ is continuous on the closure of the set of numbers
(11.1) and f’ exists (finite) almost everywhere in I, we have [1¢:f' < Tt(f) < .
Proof. Let S, (n=1, 2, 3, - - - ) represent a sequence of points of subdivi-
sion of I,
Sa: 0=200< 2,1< < Xuw, =1,
with
limé, =0, 06, = max (%.,;— % 1),
n—wo 1S7SN,

f(%n.5) — f(%n,5-1)
[

Xn,j — %n,j-1

T, = lim Z¢

N0 Gl

](xn.i = %n,j-1).

For each n let p, stand for the polygonal function inscribed in f with
Pa(x) =f(x) for x ES,, so that we have

Ti(f) = lim ¢p,.

n— 0
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Since f’ exists almost everywhere, p,/ tends to f almost everywhere(?) in I.
The function ¢ being continuous and non-negative on the closure of the set of
numbers (11.1), a well known theorem of Fatou yields

f¢f’<1un pipl <

fn—r

the desired conclusion.

ReMARK. The hypothesis of continuity on ¢ cannot be deleted from this
theorem. For the example ¢ non-measurable on I, f(x) =x%/2 for x €1, shows
that [1¢:f may not then exist. And the example ¢(y)=1 for — « <y =0,
¢(y)=0 for 0<y< «, f a non-decreasing singular function constant on no
subinterval of I, yields [; ¢:f' =1>0=T%(f).

(11.12) TuEOREM. If f is absolutely continuous on I and ¢ & C(R(f")), the
condition S*(f’, ¢, I) < o implies that f is ¢-absolutely continuous on I and
Jro:f =Tt(f) <.

Proof. The hypotheses imply the existence of § satisfying the conditions

0<é6=1, sup E¢[§))?Bf’]]B|<°°
Feryl) BE

For b;—a;<6 (j=1,2,3, + - - ) we have
bJ 2 bi
D> o[ =L 6, - o - Sol [ 1105 a) |- e
< sup X ¢[Msr']| B,

FeryH) BEF
where

H= Z la; ,].

By Theorem (4.4), this sup tends to zero with | H| ; hence the first conclusion
follows. The hypotheses also imply, by Theorem (5.11),

ftqﬁtf’ = i‘i‘i ’_Zl ¢[j;: /(=5 — xi—l)] (x5 — x51)

= lim ﬁ: ¢[M](xj— %) = T;(f) < .

-0  j=1 Xi — X1
From Theorem (5.13) we obtain the

CoROLLARY. If f is absolutely continuous on I and ¢ EC(R(f')) s domi-
nated by a convex function ¥ with [1 Y:f'< », the same conclusions may be
drawn.

(%) See, for example, Titchmarsh, loc. cit. pp. 385-386.
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Another immediate consequence of Theorem (5.11) is

(11.13) THEOREM. Under the hypotheses of Theorem (11.12) or its Corollary,
if kis =1 and the intervals [a;, b;] satisfy the conditions

05 b; € [x500, 2], O0<ax—x a2 kb;j—a) (G=12---,N),
we have
N b) — fla;
a o =im o[22 s,
=0  jm1 bj - aj;

The next theorem is an application of Theorem (10.9).

(11.15) THEOREM. If f is absolutely continuous on I with f'ER*(I),
SEBC(R(f")), and the intervals [a;, b;] satisfy the conditions

a5 b€ [xj1, 2], 0<bj—a; (G=1,2,---,N),
we have (11.14).

The next three theorems are immediate consequences of Theorems (11.9),
(11.10), and (11.11).

(11.16) THEOREM. If ¢ is continuous on (— », «) and satisfies (11.6),
a sufficient condition for f' ©L4(I) is that f be of ¢p-bounded variation on I.

Proof. By Theorem (11.9), f is of bounded variation on I and f’ conse-

quently exists (finite) almost everywhere in I; since f is of ¢-bounded varia-
tion, Theorem (11.11) yields [ ¢:f' < TE(f) < .
Similarly we obtain

(11.17) THEOREM. If¢ is continuous on (— o, «) and satisfies (11.6), a
sufficient condition for

11.18)  FELD, A=) = f0) + fo Tt for zEl,

is that f be ¢-absolutely continuous on I.

(11.19) THEOREM. If ¢ is continuous on (— o, ) and satisfies (11.7),
a sufficient condition for (11.18) is that f be of ¢p-bounded variation on I.

Proof. By Theorem (11.10), f is absolutely continuous on I'; and from The-
orem (11.11) we have [1¢:f' S T$(f) < .

That no one of the sufficient conditions given in Theorems (11.16),(11.17),
and (11.19) is necessary is shown by Example B of §8. For, let the function
called f in that example be designated now by f’ and let f be defined on I by

f(x) = fzf’(t)dt forx € I.
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Defining ¢(y) =16+4y? for — « <y <0, we obtain a non-negative ¢ which is
continuous everywhere and satisfies (11.7). And although f is absolutely con-
tinuous on I, with f'&€L4(I), it is not of ¢-bounded variation on I in virtue
of inequality (8.1).

The following example achieves the same result in a different way, ex-
hibiting a non-negative ¢ which is continuous everywhere and satisfies (11.7),
and an f which is absolutely continuous on I, with f'&L4(I), but has an
“infinite ¢-discontinuity” at x=0.

Let g(x)=x%3 for x €1, so that g’ ELy(I). Let 0=a<b=1; and let k(x)
for xE [a, b] be linear with k(a) =g(a), #(b) =g(b). Simple computations then
yield

(ab) /3
a3 + (ab)V/3 + b2

[ =i+

a

3] (bY/3 — gl/3) < 2(bY/3 — glI3)
(11.20) .
< (8/3)(bY3 — ali3) = 2 f [¢']=

In view of the fact that g is concave on I with g’ increasing continuously and
monotonically toward « as x decreases from 1 toward 0, there exists a se-
quence of numbers a, (n=1, 2, 3, - - - ) decreasing monotonically toward 0
and satisfying the following conditions:

a =1,
ay) — a a
0<a;<ay ll=g(1) g(2)<g(l)=m1=l,
a; — Gs ay
(120 () — glonr) _ 800
an) — glay [
0<an+1<any mn—l<ln=g g + < g = n
Qn — Gnt1 (128

(n=2,34,--:)

Each of the sequences {l.}, {m.} then increases monotonically toward o
with # and between each pair of consecutive numbers from either sequence
occurs one and only one number from the other sequence. Hence there exists
a sequence of closed intervals {I,.} with the following property: for each
n, I, has m, as its midpoint and I, contains neither I, nor l,,;. That is, the
set >_=_,I, contains no point of the sequence {l.}.

Let f be defined on I as follows: f(0) =0; for each #, f(x) is linear on the
interval [@n11, @n] With f(@ns1) =g(@n41), f(@s) =g(a.). From inequality (11.20)
we infer f’ELy(I). Since f is monotone and continuous on I, and on each in-
terval [¢, 1] (0<e<1) it is polygonal and so absolutely continuous, it isab-
solutely continuous on 1.

For ynotin ) I, let ¢(y) =y fory=m, (n=1,2,3, - - +), let p(y) =34
in each closed half (that is, left and right half) of each interval I,, let ¢ be
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linear. Then ¢ is continuous for — © <y<  and satisfies (11.7). We also
have, by aid of (11.20),

f, ¢:f’=§l o= " rr<:x (" r=2 f [¢']: = 8/3.

Gn 1 n=1¢ an41 n=1% an41

On the other hand if x tends to 0 over the sequence {a,}, we have

flan)/aa = 0 [t =1/a)" = ma,  $(ms) =mn = 1/a)",

a, —
From the Corollary to Theorem (5.13) we obtain at once

(11.22) TaeOREM. If f is absolutely continuous on I and ¢ is convex and
continuous on R(f'), we have [1 ¢:f' =T{(f) < .

Using Theorem (11.12), we obtain the

COROLLARY. If f is absolutely continuous on I, ¢ is convex and continuous
on R(f'), and f is of p-bounded variation on I, then f is d-absolutely continuous
on I.

Theorem (11.22) implies that if f is absolutely continuous on I and ¢ is
convex and continuous on R(f’), we have

(11.23) T{(f) = lim They(f) < (0<e<1).
0

That the assumption of convexity on ¢ is essential for (11.23) may be seen
from the following example, which exhibits an f which is absolutely continu-
ous on I and a ¢ which is continuous everywhere and satisfies (11.7), but f has
a “finite ¢-discontinuity” at x =0, with lim sup,_,0 ¢ [(f(x) —£(0))/x]x=1; and
for each positive e<1

f is ¢-absolutely continuous on [e, 1],
Tten() <424 T{() = Tha(f) = «.

Let g(x) =xV2 for xE&1, so that g’ Ly;(I). Let 0<a<b=1; and let h(x)
for xE€ [a, b] be linear with k(a) =g(a), 2(b) =g(b). Simple computations pro-
vide the inequality

bl/4 + a1I4

b
f [hl]3/2 = m (b1/4 — 01/4) < 2(b1/4 —_ a1/4)
a a

b
= 21/2f [g']"/z.

(11.24)



1943] APPROXIMATING INTEGRALS BY SUMS 425

As in the example last described, g is concave on I with g’ increasing continu-
ously and monotonically toward « as x decreases from 1 toward 0, and there
exists a sequence of numbers {a,.} satisfying conditions (11.21). This time
let I, (n=1, 2, 3, - - - ) be a sequence of closed intervals with the following
property: for each #, I, has I, as its midpoint and I, contains neither m,
nor M.

Let f be defined on I as in the preceding example, so that it is absolutely
continuous there. From (11.24) it is clear that f'&Ls2(l). For y not in
Z,‘,‘_,I,., letp(y) =y2;fory=1I,(n=1,2,3, - - - ), letp(y) =»*2; in each closed
half (that is, left and right half) of each interval I,, let ¢ be linear. Thus ¢
is continuous for — «© <y < » and satisfies (11.7).

On the interval [¢, 1], f satisfies a Lipschitz condition; let M= M(e)
satisfy the inequality

| f(x1) —f(x2)| =S M|x— x2| for x1, s € [e, 1].

On the interval [0, M], ¢ is bounded; hence ¢ is dominated on the interval
(— , ») by a convex function ¢, with f:|//:f’< ». From the corollary to
Theorem (11.12) we therefore infer the ¢-absolute continuity of f on [e, 1]
and, in view of (11.24) also, the relation

Tten(f) = f g1 = f < f, [/]pre < 202 f g1 = 4.2

For 0 <x =<1 we also have f(x)/x=1 and
olf(@)/z]x < [f(2)/x]x = [g(0)/2]*x = 1,
whence
lim sup ¢ [f(x)/x]x < 1;
z-0

and if x tends to 0 over the sequence {a.}, we have

f(@)/an = g(an)/0n = 6" Jan = 1/a2" = mn,  $(ma) = mn = 1/an,
o[f(a)/an]a. = 1 (n=1,2,3--),
which implies
lim sup ¢ [(2)/x]x = 1.
z0
To show the property T 4= (0<e<1), we choose a particular se-

quence {a.,,}; namely a,=1/22-D (=1, 2, 3, - - - ). This clearly satisfies
the principal inequality of (11.21),

8(an-1)/0s1 < [g(aa) = g(ans1)]/(an — nr1) < g(n)/0n,

which reduces to
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l/ayl.-/-zl < 1/(‘1:»/2 + arllfl) < l/a:ns

since we now have

1/2 1/2 n—2 1/2

o+ e =127 412" = /272 + 1/8) < 17277 = 0,1
From the obvious inequality

lg(en) = g(ans2)]/(an — Gnya) < g(an)/an = ma,

we infer that a line drawn from the midpoint P, of the segment of f standing
over the interval [a,;2, @nsa), With slope m,, meets the segment of f over
[@n41, @] at a point Q, to the left of the midpoint P, of that segment. Thus if
Cn, d, are the abscissae of P,,1, Qn, respectively, it is clear that the intervals
[cny da] (=1, 2,3, - - -) are disjoint, with

(8r = @n12)/2 > dn — Ca > @pg1 — Cn = (Gny1 — Gny2)/2.

But for each # we have
[(dn) = f(e))/(@n = ca) = mn = g(an)/an = 1/a," = 2",
¢(m") _ m: — 22(n—l) ,
¢(ma)(dn — €a) > $(Ma)(@ni1 — Any2)/2 = 22=D(1/2%m — 1/2%4D) /2 = 3/32,

Since d, —¢, is <(@»—@n42)/2, which tends to 0 with 1/, and the intervals
[cn, dn] (n=1, 2, 3, - - - ) are disjoint, it follows that in any interval [0, €],
and for an arbitrary norm §>0, the sum whose lim sup is T{, 4(f) can be
made arbitrarily large by a suitable choice of points of subdivision of [0, €].

We conclude with two more theorems which show that well known prop-
erties of the L, (p=1) classes of functions hold for certain more general Ly
classes.

(11.25) THEOREM. If ¢ is convex on (— ©, =) and satisfies (11.6), a neces-
sary and sufficient condition for (11.18) is that f be p-absolutely continuous on I.

The sufficiency of the condition follows from Theorem (11.17), the neces-
sity from the Corollary to Theorem (11.12).

(11.26) THEOREM. If ¢ is convex on (— », ») and satisfies (11.7), a neces-
sary and sufficient condition for (11.18) is that f be of ¢p-bounded variation on I.

The sufficiency is a consequence of Theorem (11.19); the necessity follows
from Theorem (11.22).
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