ON STRUCTURES OF INFINITE MODULES

BY
R. E. JOHNSON

Much of the literature on the structures of modules applies to those
modules which possess a finite basis. The present paper is the development
of a structure theory for particular infinite modules with countable bases.
Generality of results is not as much the aim of the paper as is the application
to problems concerning infinite matrices.

For a commutative field P, = is assumed to be a universal P-module
which has a countable P-basis. A principal ideal ring Q which contains P is
considered as an operator domain of E. Then the main topic studied is under
what conditions submodules of E have proper Q-bases.

In the first place, a complete characterization is given for the proper
Q-bases of any Q-submodule of E. This is represented as an infinite matrix,
and is called the characteristic matrix of the submodule.

The finite case is studied in the third section. The results obtained are
comparable with those of Ingraham and Wolf [3](*) and Chevalley [1]. The
principal theorem is that every Q-module which possesses a finite Q-basis
has a proper Q-basis.

The concepts of primitivity—defined somewhat as Chevalley defines it—
and index play an important role in determining conditions for a Q-module
to have a proper Q-basis. In order to find these conditions, the non-regular
elements H of % are split from E. The resulting Q-module Z/H is regular.
Then necessary and sufficient conditions are found for both H and E/H to
have a proper Q-basis.

If the operator domain of = be considered as Q/(m), m not a unit of Q,
then in the fifth section it is seen that & possesses a proper Q/(m)-basis.

As an application of these results, 5 is taken to be the set of all vectors
over P of order type w which are finitely nonzero. The total operator domain
of X is a certain ring of infinite matrices, M.. Then any element 4 of M, can
be transformed into a direct sum of finite matrices only if = has a proper
P[4 ]-basis. :

The algebraic theory assumed herein can be found in almost any book
on modern algebra—specific attention is called to MacDuffee [4] and
Zassenhaus [5].

1. Introduction. Let P denote a commutative field, and Q a principal ideal

Presented to the Society, April 18, 1942; received by the editors April 28, 1942, and, in
revised form, October 13, 1942,
(*) The numbers in brackets refer to the bibliography at the end of the paper.
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ring which contains P(?). The universal P-module (linear set over P) of all
modules discussed below will be labelled by E. It is assumed to have Q as an
operator domain. While & will in general have an infinite number of elements,
yet only finite sums are ever considered. Small Greek letters will always de-
note elements of Z, capital Greek letters will stand for.subsets of =, and
small Latin letters will be used for elements of Q.

For subsets =i, Zg, - -+ of =, Z;VE:V - - - is used to denote the least
P-module in E which contains all =;, while Z; AZz/\ - - - denotes the set-
theoretic intersection of all =;. If the =;, ¢=1, 2, - - -, are P-modules, and

E'=E,VEV - - -, then E is the supplementary sum of the Z;, written

B =Ei+ Bt

in case the representation of every element of &’ by sums of elements in the
E; is unique. This is equivalent to the condition

Ek/\(ElVEzV"'VEk—l)=Oy k=2137"'0

For =, CE,, Ey— Es is the set of all elements of E; not in Z,.
The universal P-module X is said to have the P-basis (&, &, - - - ), finite

or infinite, if
E=P[Elr$21"' ])
this last being the set of all finite combinations Y af;, a;EP. If the set

(&1, &, - - - ) is P-linearly independent—that is, for every finite sum )_a,£; =0,
all a;=0—this basis is called regular. In this case one has

E=Ph+ Pt -, Ph= Pl
The following axiom is assumed throughout the paper.
FUNDAMENTAL AX1oM. The universal module = has a countable P-basis.
A consequence of this axiom (see Ingraham [2]) is
TueoreM 1.1. Every P-submodule E, of E has a proper P-basis.

The set (&, &, - - - ) is a Q-basis for E; in case 21 =Q[&, &, - - - ]. The set
E. is a Q-module in case Q¢ CE,; for every £¢EE,.

DEFINITION 1.2. 4 set of elements (&1, &, + - - ) is a proper Q-basis of =i,
and is thus Q-linearly independent, if and only if

(1) gt‘;éov 1:=1)21""
and
(2) E1=Qh+ QL+ ---.

(?) As a particular instance of these concepts, we can consider P as the rational field and Q
the ring P [x] of all polynomials in the indeterminate x with coefficients in P. The first part of
§6 might well be read first to give one a concrete example of the sets Q and E.
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An element a of Q is an annihilator of ¢ if a¢=0. If a; and g are two an-
nihilators of £, then bia;+beas is an annihilator of £ for any two elements
b, and by of Q. Thus the set of all annihilators of £ form an ideal. Since Q is
by assumption a principal ideal ring, this ideal is principal of the form (k).
As k divides all annihilators of £, it will be called a minimum annihilator of &.
It is unique up to a unit factor.

DEeFINITION 1.3. If at=0 implies a =0, then £ is called regular. If every
nonzero element of a Q-module =, is regular, then =y is called regular.

If £ and 5 are two non-regular elements of & with minimum annihilators
a; and as, respectively, then for any elements b; and by of Q, biE+ben is
annihilated by aias. Thus the set of all non-regular elements of = forms a
(Q-module which we shall label H. Suppose (n, 52, - - - ) is a P-basis for H,
with %; the minimum annihilator of ;. Then we have defined a set (p1, ps, * - )
of primes of Q, which are all the distinct prime factors of the #;,7=1,2, - - -
(p and q are not distinct if p =gc, ¢ a unit). Now any element # of H is of the
form n =ZZ‘= 144y, a;E P, so 7 is annihilated by some product of the primes p;.
For any element p of Q, let H, be the set of all elements of H annihilated by
some power of p. Then H, is a Q-module.

THEOREM 1.4. H=H, +H,,+ - - -.

To prove this, let 7 be any element of H, and let I1z 2% be its minimum
annihilator. Then there exist elements s; such that

n n t"
2si I #i =1
=1

t=1,17]

If
n t
n;i=s; I pi'n

i=1,i% §
then 7€ H,;, n=m+m+ - - - +na
As an immediate consequence of this theorem, we have that for any
Q-module H,CH,

H1=H1/\Hp1+H1/\Hp2+"' .

Any P-module &, is fundamentally an abelian group, so that the quotient
group =i/=. is well defined for any P-submodule =. of =, and is itself a
P-module. Likewise, if Z; and Z; are Q-modules with H,C Ey, then Hi/Fqis a
Q-module.

If H, is the set of all non-regular elements of the Q-module &y, then =/ H;
has elements of the form (¢4 H,;) (this should not be confused with the supple-
mentary sum—it means the set of all elements of the form £+4n, n&EH,) for
£€ . Suppose a(¢é+I,)=(H,) for some element ¢ &Q, £€E,—H;. Then
at{ € H, so that a=0. Thus E,/H, is a regular Q-module.
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2. Invariants of proper Q-bases. Let 5, a Q-module, have a proper Q-basis
(71, mey + + +, &1, &, - - - ), the &; being regular elements, and 7; having mini-
mum annihilator g;, =1, 2, - - - . If Hy=Q[n1, 13, - + - |, =0t &, -+ ],
then B, =H,+Q, HiCH.

DEFINITION 2.1. The infinite matrix (n.; r=0,1,2,.-.;5=1,2,...),
in which n,, is the number of the q;, j=1, 2, - -+, divisible by p; but not by
it for r,5=1,2, - - -, and mo, is the cardinal number of the set (&1, &, -+ + ),
s=1, 2,--+., is called the characteristic matrix(®) of the proper Q-basis
(m, ey + + +, &, &, « -+ ). The elements of this matrix are integers or N,.

THEOREM 2.2. The characteristic matrix is an invariant of the class of all
proper Q-bases of Ei.

To prove this, let (s, 752 -+ +, &n, &2, ¢+ ), j=1, 2, be two proper
Q-bases of F), with the £;; regular and 7;; annihilated minimally by gy,
i=1, 2, - - - . The number of elements of the set (g1, g;2, - - - ) divisible by p!
but not by pi*! is denoted by #;,, 7, s=1, 2, - - - . The cardinal number of the
set (£;1, &2, - - - ) is denoted by #;¢,, so that #;0n=mn;e= -+ -. We shall first
show that 71 =nen.

Select 7;; from Q so that gi;=p{¥r;; with the greatest common divisor of
p1 and 7;;, denoted (p1, 7:;), equal to 1. The nonzero elements of the set
(rir mj1, 32 M2y + - - ) are Q-linearly independent: let us relabel these nonzero
elements (a1, @, ¢+ + - ). Then

M Qann + Qazz + + -+ = Qagr + Qazs + - - -,

this being the set H,, of all elements of H; annihilated by some power of pi.

If i =na1=N,, the first step of the proof is concluded. Thus assume
nin =n<N,. Let us separate the o;; into the sets (81, B2, * + * ), (Yi1, Yizr = * * )
with the first set being all the «;; annihilated by #1, and the second set the re-
mainder of the ¢;;. It is observed that no member of the set (Bu, B2, * « * , B1a)
could be in the module Q[va1, ¥2, - - - ]. For if

t
fu = E CiY 24
=l
then each ¢; must be divisible by p1 as p; annihilates 311, but does not annihi-
late any v;i. Thus Bu=p1y. However, YEQ[Bu, B2, * * * » Y11, Y12, - * * |, say

8 r

v =2 dibu+ 2 e
=l =1

so that fn =Z§_1p1e,~'yl.~, which is impossible. From (1), we have

() This bears no relationship with the ordinary concept of characteristic matrix. The name
was chosen because of the connection between this matrix and the characteristic divisors of
certain infinite matrices.



1943] STRUCTURES OF INFINITE MODULES 473
my
Bii = 2 biiiBej + pidui, 81 € Qlyay, v22 - -+ |,
=1

Bas = 2 baiiBrj+ pides, 82 € Qlyan, yiny - -+ |
=1
A substitution yields, if we let m be the maximum m;, and b1;;=0, m;<j<m,

Bu= 2, > bighaiBus + 101,
=1 k=1

(2) .
Bai = X D baih1iBak + pida.

=1 kel
From the Q-linear independence of the sets (81, Bj, * * * » ¥it, Yizs * - - ) One
must have p;8, =18, =0. If the matrices B, and B; are defined as

Bi=(ysyr=1,:-+,n;5s=1,---,m),
By = (bargsr=1,-++ ,mys=1,--+ n),
then from (2) one can conclude (using Iy as the unit matrix of order £2)
BBy =1,  ByB; = In.

However B; and B, have elements in the field Q/(p1), so that m and # must
be equal. Also, from (2), for ¢>n,

n m -
Bae = D D baijbijuBax
=1 k1
which is impossible, as the set (81, Bas, - - + ) is Q-linearly independent. The
conclusion is that there are # elements in the set (B, Ba, - * + ), so that
111 = Mo11.

In order to show that #11, =, consider the set p{" H,,,, which has the two
proper (if we exclude the zero elements) Q-bases (p} 'aj, pi'a, -+ ),
j=1, 2. From the paragraph above, the number of nonzero elements annihi-
lated by p1in each basis is the same. This number must be the number of g;;
divisible exactly by pi—so that n1, =ns,.

We need only to show that 7,9 =#301 to complete the proof. Let

"Il"
£17= D bugma + > dijibas, 7i=12--, mo,
k

k=1
maj

E2j= D bagmue + D dejibui, 7i=12 -, n
k k=1

Case 1. Let 7101= WNo, 7201 finite: if m be the maximum mg;, j=1,2, - + + , #a01,
then E:CQ[m1, M2, * -+, Eu, 12, - -, £1m] Which is impossible.
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Case 2. Let n101, 1201 both be finite: then there exists an element c&Q such
that

7201

ckrj = ¢, dujia, i=12 -+, mo,

=1

niot

ckaj = CZ d2jik1i i=1,2,+++, ta201.

=1
If Di=(dw.), =1, 2, then by the method above
CD1D2 = CI”m], CD2D1 = CIn,m.

As Q can always be imbedded in a field, we can consider D; and D, as having
elements in a field, so that 7,9 =730. Thus the characteristic matrices of the
two bases must be equal.

Consider again the proper Q-basis for ; given at the beginning of this
section. If g1=cpi - « - pi, ¢ a unit and all £ 1, then let

ts tn 4, ts ta 3} th—1

M1 = Piy*t Pighy M2= PaPig* Piiy sy Nn = Piy* * * PipoMe
We see that Qm=0Qnu~+0mz+ - - - +Qn,. where each #; is minimally an-
nihilated by a power of a prime. Now this can be done for every 7,, so it is
apparent that E; has a proper Q-basis (81, B, + * -, &, &, - - + ), with the &
regular and the (3; possessing powers of primes as minimum annihilators.

With the use of this basis, the completeness of the invariant characteristic
matrix (n,,) will be shown by the following

THEOREM 2.3. For any set (r1, rs, « « - ) of elements of Q such that the number
of these elements divisible by p: but not by pi** is n,., there exists a proper Q-basis
(a1, g, + + +, &1, &, + + + ) of Eu, with r; the minimum annihilator of a;, and ny
the number of elements in the set (&1, &, « - ).

If ri=cp -+« pi, all £:>0 and ¢ a unit, then let j; be the minimum integer
such that 8; has minimum annihilator p, and, in general, let j, be the
minimum integer such that B8; has minimum annihilator p¢. Now define
a1=0;+B;,+ + - - +Bi, so that oy has minimum annihilator 7;. Discard
Biw Bin  + + 4 Bi from the set (B, Be, - - - ), and with the remaining set carry
through a similar process for re, obtaining as. From Theorem 2.2, there will
be precisely enough elements in the set (81, Bz, - + - ) to carry this process to
completion, using all the 7. We can use the same regular elements in the
new basis as in the old one. This completes the proof.

COROLLARY 2.4. If all the elemenis of H, are annihilated by some power of
the prime p, and H, has a proper Q-basis, then the number of elements in any
proper Q-basis of Hp is an invariant of H,.
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If a proper Q-basis has an infinite number of elements, obviously any
Q-basis has an infinite number of elements. Suppose (7, - « -, 7,) is a proper
Q-basis of H,, and (ay, - * *, am) any Q-basis. Then

m n
n= D Gijej aj= 2 b,
J=1 k=1

so that
Ed,','b,‘kE 1mod p if j =k,
=1

= Omod p otherwise,
which is possible only if 7 = #. This leads to

THEOREM 2.5. If H, has a proper Q-basis, then the number of elements in
any Q-basis cannot be less than the number of elements in a proper Q-basis.

3. The finite case. Before the general case is studied, it is necessary to
consider those submodules of & which have finite Q-bases.

LeEmMA 3.1. If E; has a finite Q-basis, and EC i, Ea a Q-module, then =,
has a finite Q-basis. The Q-basis for Ey can be chosen so as not to have more
elements than the given Q-basis for Ei.

To prove this, let (£1, &, - - -, £.) be a Q-basis of 5;. For any m <#, there
exists a maximum ideal a,CQ such that

mém = Omod E; V Q[£y, &2, - - -, Ema].
As Q is a principal ideal ring, amn = (sm). Select 7, & = so that
T = Smimmod Q[£1, &2, - -, Ema1],  m =0 if s.=0.
Suppose 7 E E,, so that 17=Zf_1a.-£,~ with a.é,#0. Then
arfr = nmod Q[&, &5, - - -+, faal,
which implies .
7 = bimxmod Q&1 &2, - - -, Ea)-

Thus 7—be EQ[£1, &2, - -+, £4-1), and by induction 5= _5_,b:7;. This shows
that (m1, 72, - * , 7s) is a Q-basis for =, and establishes the lemma.

If (&, &, - - -, £,) is a P-basis for the Q-module E,, then for any element
£€E, and any element bEQ, b not a unit, the set (&, b¢, - - -, b7¢) must be
P-linearly dependent. Thus Z}'.la,-b‘ij=0 for some elements a;EP; we have

LemMA 3.2. If E is a Q-module with a finite P-basis, then =, CH.

LeMMA 3.3. If E, is a Q-module with a finite Q-basis, and 5y CH, then =,
has a proper Q-basis.
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To prove this, let Zy=Q[#, &, - - +, £,] with £; annihilated minimally by
7:, so that [ [ ,7; annihilates 5. Let (p1, p2, * * + , pm) be all the distinct prime
factors of the 7;, =1, 2, - - -, n. If H; denotes the set of all elements of &,
annihilated by some power of p;, then from Theorem 1.4,

51=H1+Hz+"'+Hm-

We will prove that each H; has a proper Q-basis, which will imply a proper
Q-basis for E;.

Denote by # the minimum integer such that p#H; =0. Then there exists
an element 7, EH; for which p% is the minimum annihilator. Recursively, if
t is the minimum integer such that p¥H;=0 mod Q[ni, 72, - -+, M1,
then there exists an element 7,&H; which has p¥ as minimum annihilator
mod Q[m, Nay + + +, Me—1). It follows that H=6= - - - Sk

Assume that the set (11, 72, * * + , M—1) is Q-linearly independent, and that
%20, From above, we must have

0 k=1 v
P = E am;.
=1
If this equation be multiplied by the (tk_l—tk)th'v:fpower of p,, it is appar-
ent that p%*|ar_1 (p% divides ar_1). Similarly}it can be verified that p%|as,
i=1,2, ..., k—1, so that a;=b;p¥. Then if

=1
e =16 — D bans,
=]

the set (1, M2, * * *, N1, 7x) is Q-linearly independent. If this process were
not finite, we would have a submodule of =; containing an infinite proper
Q-basis. This is not possible in view of Theorem 2.5 and Lemma 3.1.

THEOREM 3.4. If E, is a Q-module with a finite Q-basis, then Z; has a proper
Q-basts.

This follows from Lemma 3.3 if all the elements of E; are non-regular.
Thus let Hy=E; AH#0, so that &;/H; is regular. As =; has a finite Q-basis,
so must =;/H;: denote this basis by (&1, &, - - -, &), all £50.

Assume every Q-module contained in =;/H; which is generated by k
or fewer elements has a proper (finite) Q-basis. Also assume that the set
(&1, &, - - -, &) is Q-linearly independent, and that &1 has a nonzero mini-
mum annihilator gi1 mod Q[&, &, - -+, &). Then there exist elements
1, * + +, & Q such that

k+1

2qti=0, (g, qn -, @) = 1.

=1

In the case under consideration, it is well known (see MacDuffee [4,
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p. 227]) that there exists a matrix C=(c,,) of (£+1)? elements with cx41;=¢;,

j=1,2,---, k+1, such that |C| =1 and C has a unique inverse B = (b,,).
Let .

k+1
a;=20.-;£,-, 1:=1,2,"-,k..
o1

Remembering that Y ttlci1:£:=0, we see that

k k+1
Zb‘iai=zbiccnt£t=£c‘p 1=1,2,---,k+ 1.
=1 8, t=1

Thus Qou, as, -+ -, ax]=0Q[&, &, - -+, &x41]. By assumption, this set has a
proper Q-basis. An obvious induction leads to a proper Q-basis for =/H;.
If this basis is (81+Hy, Be+Hy, - - -, Be+Hy), then

Ei=Hi+ Q8+ QB+ - - - + 0B

and the theorem follows.
4. The general case. We now turn to the consideration of any Q-sub-

module of E, and develop conditions under which it possesses a proper
Q-basis.

DEFINITION 4.1. For the Q-modules =y, Fa with Fo C 5y, Ea is called primitive
in =, if, for every EC Ey such that pEE E,, pE#O, there exists an element £, € F;
for which p£1=0, and £+ £ E E,.

DeFiNITION 4.2. If E, is a Q-module, then the index of an element £C E,,
written 1(£, E1), s defined as follows:

(1) For EEEiN\H, £ minimally annihilated by [ [5_.6%, pi a prime of Q and
;=1 for j=1, 2, .-, k, i(¢ Ei) is the maximum integer s for which there
exists an element 1€ 1 such that

k k k

tj—1 8j+t—1
I e=11p/" Zsi=s
=1 J=1 =1

(2) For & regular, i(§, E1) is the maximum integer s for which there exist
primes qi, @z, - + + , qn in Q and nE E; such that

k E
t=Jlglnmed s AH, Xsi=-s
=1 =1

If in either case this maximum does not exist, (£, =) = = : (0, =) =0.

If &, has non-regular component H;, and 7n &€ H,, then obviously 4(y, H;)
=1(n, E1). Also, for EyC 5y, nE Es, i(n, E2) Si(n, ).

THEOREM 4.3. Let 5, be a Q-module, and Ey\NH=H,+H,+ - - -, H;
=5 \H,,. Then for any n€E;\H so that n=m+n+ - - - +n., 7,EH;,
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n

i(‘”r El) = E 1:("1'9 El)-

j=1
To prove this, we first refer back to Theorem 1.4. If n has minimum
annihilator H?_ 1 i‘, then there exist elements a;EQ such that

0 za, I » ni=a; II pin

t=1,15j =117

If i(n, E1) =s < =, then there exists an a € &, such that

) II = 12 % Yosi=s
=1

=1
From (1) and (2) we derive
t—1 tit+e— it
pi ni=p; (aJ H PH- )
=187

so that ¢(n;, Z1) =s;. Thus

n

i(n, E1) S 2 i(nj Ea).

=1
On the other hand, let 7(n;, E1) =r;, so that

ri+ti—1 .
?1’73"?’ Qjy j=12,---,m

From (1), this implies
r;-l-l i—~1
3 aHi" n—E Taj, a—Za,H pi.
t=1,i5¢§

As (@, p))=1,j=1,2,: -+, n, a8+ pp1ps - - - pa=1 for some @, EQ. If we
define ¢; and d;, j=1, 2, - - -, m, as solutions of the equations

r,+l‘ t; .
GJH iPi’:l’ ]=1’21"'1n1
f=1,35¢ §
then for B;=c;aj, j=1, 2, - - -, n it follows that
i 7"'+tt .
aj=II 2" 8 i=12-,n
=1,i7
A substitution of this in (3) yields

147 (5, TL pe),

i=1 i=1 j=1 Gm=l,ipj
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so that

n
i(n, En) Z 2 ilnj, En).
=1
In case (g, Hi) = », it will be possible to find an « in (2) for which s ex-
ceeds any given number. Thus it must be possible to find an « for which one
of the s; exceeds any given number. This implies 7(5;, =;) = « for some value j.
Thus the theorem is seen to hold in all cases.
If n&EH,, p a prime, and n minimally annihilated by ¢, then for any
aEQ, a=p"a;, with (a,, p) =1,

i(an, Hy) = i(n, Hp) + r
in case 7 <{. This immediately leads to the following

COROLLARY 4.4. For nEE,A\H, 1 minimally annihilated by [[-.p%, and
a=a [ .p¥, a1 a unit, m=n, and an0,

n
i(an, Ea) = i(n, E) + 2 14

J=1,r;<t;

For a regular element & of =i,
i(at, Ex) = i(¢ E) + 2 7;.
=1

The importance of the concepts of primitivity and index in connection
with our problem is seen in the next theorem.

THEOREM 4.5. Let the Q-module E; be primitive in the Q-module =, and
either E.CH, for some prime p or E, be regular. Then, for any element & of
Ea— By such that 1(§, Ei/Ez) =0 and & has the same minimum annihilator
mod E; and mod 0, E;+QF is primitive in E;.

In the first place, if 5, CH,, then £ will have some power of p, say p!, as
minimum annihilator. By assumption, a£=0 mod =, implies a£ =0, so that
the sum Z,+Qf is supplementary. Let p* be the minimum annihilator
mod (Z:+Q%) of an element 7€ &, with p*7£0 mod E,. Thus p*n=af mod E,
forsome a&EQ, so thati(a&, 51/ Es) =s. If a =bp", (b, p) =1, then i(af, Ei/ ) =7
by Corollary 4.4. Thus s <7, so that p*(n—p"*b£) =0 mod E,. As E, is primi-
tive in E;, there must exist an element & of E; for which £, =0 and
n—p bt +£ E Ep. This last can be written 7+£ € E;+Q¢, which establishes
the primitivity of Es+Qf in E;.

In case E, is regular, let 7 be a nonzero element of =, for which
an=0 mod Hz+Q%, 0. This means that there exists an element d6&Q such
that an=5b¢§ mod E,. If (a, b)) =d=ra+sb, b =db,, a =da, then let £, =rf+sn.
We then see that afa=d{ mod =., or, because of the primitivity of E, in F,
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t=afs mod E,. As i(§, Ei/Ep) =0, a; must be a unit of Q so that a|b and
n=a7'0:£ mod E,. Thus 7€ E2+Q%f and the theorem is established.

Now suppose &, is a Q-module,and &;/H; has a proper Q-basis, H; being the
set of all non-regular elements of Z;. Let this basis be (&,+Hy, &+ Hy, - - ¢ ).
IfZI‘_Ia.-&EO mod H,, then a;£;,=0 mod H,, 1=1, 2, - - -, n, so that =0,
t1=1,2,---,n Thus

Ei=H,+ Q4+ Qt+---,
and the following theorem is seen to hold in view of Theorem 1.4.

THEOREM 4.6. If =, is a Q-module, then =i has a proper Q-basis if and
only if

(1) each nonzero =1 /\H,, has a proper Q-basis, i=1,2, - -, and

(2) Ei/Ei/A\H has a proper Q-basis in case Fy#= Ey N\H.

THEOREM 4.7. If E, has a proper Q-basis, then all the elements of =, have
finite index in E,.

To establish this, suppose first that 2(», &) = « for an element nEH A E;.
From Theorem 4.3, we see that there must exist an integer  and an element

a&EH, A\ E;such thati(a, Hp, \E;) = . Let H, AE1=Qm~+Qn2+ - - -, and
a=)_r_.am:. By assumption, if & has minimum annihilator p!, there exist

elements a; EH,, /\ E; and integers 4 </;< - - - such that
-1 t .
?ra=p'faj’ ‘ ]_—_-1’2’.-0‘

If a; =Z:’;1ai;n;, then

-1 ] . .
Pr ami=?'a’-m" 1,=1’2,...'n;]=1’2’....

However, each 7; is annihilated by some power of p,: therefore this last equa-
tion implies that }~’a =0, which contradicts our assumptions. Thus no non-
regular element of =, can have infinite index.
Now assume (£, E;) =« for a regular element £ of E;. Let a proper
Q-basis of Ey be (g, 72, - -+, &, &, - - - ), with the 7;EH and the &; regular.
 Thus p&=pY_r,a:&i, p70. By assumption, there must exist nonzero elements
g; r;€Q and B;EE, such that r;£=r,g;8;, j=1, 2, - - -, with the number of
prime factors of g; increasing with j. If

s
riBi=r;D asks i=142-.-,
[
then
prid. aki= pariY azts, i=12,---.
=1 =1

Thus
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pri(a"_Qjaﬁ)gi= 0, i=1, 2, ’n;j= ,2,---,
so that
' a; = q;Q;ji, i=1’21°"!";j=1121"°'

If a; has ¢; prime factors, then j can be taken so large that ¢; has more than ¢;
prime factors, =1, 2, - - -, n. This is impossible, so that no regular element
of E; can have infinite index. This establishes the theorem.

THEOREM 4.8. Let Hy be a Q-module with the property that every element of
H, is annihilated by some power of the prime p. Then H, has a proper Q-basis if
and only if for every primitive set HeCH,, Hs having a finite Q-basis, all the
‘elements of H1/H; have finite index.

To prove the necessity of this condition, let Hi=0Qn+4Qn2+ - - - and de-
fine Hy=Qm+Qna+ - -+ +0n. For any Q-submodule H, of H; which
possesses a finite Q-basis, there exists an integer # such that H,CHy. Thus

Hy/Hs = Qay + Qaz + « - + + Qatm
by Theorem 3.4. This shows that

Hi/Hy = Qa1+ Qaz+ « -+ + Qam + Qg1 + Qtngz + - - -,

and thus all the elements of H,/H; have finite index by Theorem 4.7.

To establish the converse, let (71, 72, - - - ) be any Q-basis of Hy. Assume
that ' is a Q-module primitive in H;, I'" has a proper Q-basis (a,03, * * + , &m),
and #(a;, H/Ti1) =0, j=1, 2, - - - , m with I'’=0. Also assume

QO ma -+, me—a) CT™ C Hy.
If <(qx, H1/T™) =2>0, with p" the minimum annihilator of 5, mod I', then
there exists an a1 € H; such that
[’"_lﬂk = pr—l—tl—laMl mod rm, PH'“am-}-l = Q.

Thus #(@m+1, H1/T™) =0, and by Theorem 4.5, 't =T"+4Qam41 is primitive
in H,. If p" is the minimum annihilator of 7, mod I'"+1, then #, <#,. As above,
there exists an amys ©Hi, 2(@my2, Hi/T™t1) =0, and I't1+Qapyg is primitive
in H,. There will exist an integer # and elements amy3, Cmi4y * * * » Amin ©H,,
with I'"""=Qay+Qas+ - - - +Qamyn, i(aj, Hy/Ti"1) =0,j=1,2,--., m+n,
and I'**" primitive in H;, such that

Q[ﬂlr N2 *° ﬂk] Crm»»C H,
Thus, by induction, there exist elements a;, as, - - -+ €H; such that
Hy =Qa+Qas+ -+ .

COROLLARY 4.9. If the Q-module =, is annihilated by a nonzero element
hEQ, then =, has a proper Q-basis.
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If k=]Ti.p¥, then
Ei=Hi+Ho+ - +Ha piHi=0, i=1,2-,n

Thus for any Q-module H! CH;, all the elements of H;/H/ have finite index,
and the corollary follows from Theorem 4.8.

THEOREM 4.10. If 5, Ei/\H, then E./E/\H has a proper Q-basis if and
only if, for every regular Q-module K C =y such that K has a finite Q-basis and
HANE1+K is primitive in =, all elements of Z1/E1/\H+K have finite index.

The proof of this theorem is similar to that of the last theorem. If
Ei/\H=H,, and E; has a proper Q-basis, then E;=H;+, @ a regular
Q-module. Let (&, &, ---) be a proper Q-basis for €. For any regular
Q-module K which possesses a finite Q-basis there exists an integer # such
that

Hi+KCH 4+ Q4+ Q2+ -+ - + Qfa.

As in Theorem 4.8, we see that =;/H;+K has a proper Q-basis, and thus all
its elements have finite index.
Conversely, let Z;=0Q][B1, B2, - - - |\V Hi, all B; being regular. Assume that

we have found regular elements &, &, - - -, & in E; which are Q-linearly
independent such that, if I'*=Q& 4 Qb+ - -+ +Q&,+H,,

(n (€5 E/T7Y) =0, J=12,m,
and

(2) Q[By B2 - -+ 4 Bia] V HL CT™ C En.

Thus I'" is primitive in Ey. If ¢(8, Ei/I'™)#0, then there exists an element
£n41€ Ey such that

Bi = atmp1mod T™,  i(kmy1, E1/T™) = 0.
Thus
0B, B2y -+ 4 Bl V HLC ™1 C &y,

and the theorem follows by induction.

It is always desirable to have the important properties of any set carry
over to “admissible” subsets. In this case, the property of a module having a
proper basis should carry over to submodules. This was seen to be the case
for P-modules in Theorem 1.1. That such is also the case for Q-modules is
demonstrated in the next theorem.

THEOREM 4.11. If E; has a proper Q-basis, then any Q-submodule E; of Ey
also has a proper Q-basis.
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This is a consequence of Theorems 4.8 and 4.10. Let H;=H, N\ E;,j=1, 2,
and assume H,7#0. Then for any primitive set H;CH,, H; having a finite
Q-basis, and any element nEH,, i(n, Hy/Hs) <i(n, Hi/H;). Now, even though
Hj need not be primitive in Hy, i(y, Hi/H;) < . Thus i(y, Hy/H;3) < © so
that H, has a proper Q-basis. A similar argument also shows that =Z;/H/\ E,
has a proper Q-basis, so that =, has a proper Q-basis by Theorem 4.6.

5. The modular case. The statement that Q is an operator domain of &
carries with it the assumption that a£=5¢ for all £€ E implies a =b. We will
now consider the case in which ¢£=05¢ for all £E€ E implies a=b mod %, % not
a unit. This is equivalent to the statement that Q/(%) is an operator domain
of E. Let R=Q/(h) and h=]]:..p¥, p: primes of Q and £;=1,4=1,2, - - -, £.
As above, PCR, and the Fundamental Axiom will still be assumed.

If & is a prime, then R is a field and Z is a regular R-module. Otherwise,
it is apparent that the minimum annihilators of the non-regular elements of
= are divisors of k. In this case, if £ is regular, $:¢ is non-regular, so that in
view of Theorem 1.4 we have

(1) E=Hp1+sz+"'+Hm-
THEOREM 5.1. The set = has a proper R-basis.

If R is a field, this follows from Theorem 1.1. Otherwise, the proof will be
to show that H,, has a proper R-basis, which will lead to a proper R-basis
for E in view of (1). For simplification, let H, =H, ti=n, p1=p, and de-
fine H; to be the maximum submodule of H annihilated by %, 0<¢<#, H,=0.
Thus Ho.CH,C - - - CH,=H.

The R-module Hy/Hp-1, 0<m Zn, is annihilated by p. Let (1, &, - - - )(4)
be a P-basis for this R-module. Now discard all £,=0 mod R[&;, &, - - -, £:i1]
VHpn1. If we label the remaining set (£, &, - - - ), then this set is a proper
R-basis for H,,/H 1 and is R-linearly independent in H,,. For, if

k
p™1 0k =0, ar # Omod p,
=1
then a;£,=0 mod R[§, &, - - -, E—1]\VHn_1. However, as a; has an inverse
mod p, this implies that £ =0 mod R, &, - - -, &-_1]VHn_1, which is im-
possible in view of the method of selection of .
Assume that H/H, has a proper R-basis (a4, a2, - - - ) for some integer
m, 0=m<mn—1, this basis being a R-linearly independent set in H. Let
(B, Be, « - - ) be a proper R-basis for Hpuy1/Hn. Now discard all 8; such that

ﬁj = 0 mod R[aly Qgy * ° ] V Hn, R[ﬂl: B2y o, ﬁj—l]-

Denote those remaining by (v1, 7z +--). From the way that the set

(*) The basis is in reality (§1+Hm-1, f2+Hm_1, * * - )—see the last paragraph of §1.
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(oa, @2, * * *, Y1, Y2, + - - ) was chosen, it can be seen that it is a proper R-basis
for H/H,.. To show that this set is R-linearly independent in H, suppose

r k
PR ais = p™ 2 cavi
=1 =1
where ¢ is not congruent to zero mod p. Then ¢, has an inverse mod p, so
that

YE = 0 mod R[aly (27 TARA ] V HnV R[')'ly Y2y *t ‘Yk—l]-

This contradicts the method of selection of . Thus, by induction, H=H/H,
has a proper R-basis.

6. Applications to infinite matrices. The ordered set (1,2, -, %, - -- ) of
type w will be denoted by A. In what is to follow, x will denote a commutative
indeterminate over P, and P[x] will denote the polynomial domain in x
over P. The P-module to be used as the & above is defined as follows:

DEFINITION 6.1. & is the P-module composed of all vectors (a:; 1ESA) with
elements in P such that only a finite number of the elements in each vector are
different from zero. Addition is ordinary vector addition.

The vector (a;; 1EA) with a;=1, a;=0 for 757 is denoted by §;. The set
of vectors (81, 8s, - - - ) is a proper P-basis for =, and thus the Fundamental
Axiom is satisfied.

The total matric algebra of order #2 over P is denoted by I,. If 4 is an
element of M,, and 7 is an element of the total vector space B, of order n
over P, then 47 (considering 7 as an #X 1 matrix) is again an element of %,.
Thus 4 is an operator of 8B,, and I, is the total operator domain of B,.

A total operator domain exists for =, and is equivalent to the ring M.
below.

DEFINITION 6.2. M, s the set of all matrices (a,s; 7, SEA) over P with the
property that the vectors (ar; r EA) are in = for all sEA.

For A, BEM.,, A =(ars; 7, SEA), B=(b,s; 7, s€A), the sum and product
of these are defined as usual—that is,

AB=<Za,.-b.-.;r,s€A), A+ B= (ars‘l'brn;rrsEA)'

Under these operations of (finite) sum and product, M, is a ring. The ele-
ment I=(a,,; r, s€A), with a,,=0 for r>s, and a,,=1 is the unit element
of M.. The notation above will be simplified by omitting the range of the
indices when there is no chance of ambiguity. The notation )_; means that
the summation is taken over A.

The matrices of M, are left operators of = under the following definition:
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fOl' Aemm ﬂez With A =(an): ‘)]=(C"),
An = (Ea;ic;;iEA).
j

One can think of M, also as a vector space with elements from Z. If
AEM,, A =(a), then 4 =(a;; 1EA), where o;= (a:;; 1EA).

An element 4 of I, is regular in case 4 possesses an inverse in M. The
ring M., possesses elements which are semi-regular—that is, elements which
have a right inverse but not a left, or vice versa. Such an element is NV defined
below (Definition 6.10). The element 4 is algebraic in case there exists a
nonzero m(x) EP [x] such that m(4) =0. Thus, if 4 is algebraic, there exists
a polynomial %(x) of minimal degree, called the minimal polynomial of 4,
such that £(4) =0.

For any non-algebraic element 4 of M., the polynomial domain P[4] is
a principal ideal ring. In what is to follow, these principal ideal rings corre-
spond to the ring Q used above. In case 4 is algebraic with minimal poly-
nomial %(x), then P[4] is isomorphic to the ring P[x]/k(x), and the theory
of §5 is applicable.

THEOREM 6.3. If (&, &, - - - ) is a proper P-basis for E, then C=(&;;1EA)
is a regular element of M.

To prove this, we see that there must exist a;;E P such that Zﬂ¢i£;=6,~.
Let A =(a,,); then CA =1, so that 4 is a right inverse of C. Now CAC—C=0,
so C(AC—1I)=0. If (AC—1I)=(b,,) #0, there exists an integer # such that
7= (brn; 7EA) 0. Then Cp= b:nt;=0, which contradicts the hypothesis
that (&, &, - - - ) is a proper P-basis for E. Thus AC=1, and C is regular.

DEFINITION 6.4. An element A of M., is said to be reducible if and only if &
has a proper P[A ]-basis.

The definition of direct sums of finite matrices (see [4, p. 237]) can be
carried over to MM.,. Thus an element 4 of M,, is the direct sum (4) of the
elements A4, of M, and A of M,, A =A4,+4,, if and only if, for 4 =(a,.),
A= (aln)y Ay= (azn), Qry =01, fOr 7, S=mn, Qrin,e4+n = A2rs for 7, sEA and other-
wise a,,=0. By iteration, the direct sum of an infinite number of finite
matrices can be defined.

DEFINITION 6.5. An element A of M, is in reduced form in case A is the
direct sum of finite matrices.

As in the finite case, two elements 4 and B of IMN,, are similar in case there
exists a regular element T of M, such that B=T-14T.

THEOREM 6.6. If A is reducible, then any element B similar to A is also
reducible.
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Let E=P[4]&4+P[A)&s+ -+--, B=T-'AT. Now define 7,=T"1%,,

n=1,2,--..Then E=P[Bln+P[Bln.+ - - -, so that B is reducible.
THEOREM 6.7. If A is in reduced form, then A is reducible.

That this is true is a consequence of the fact that 9B, has a proper
P[B]-basis for any BEM,.

THEOREM 6.8. If A is reducible and all the elements of E are non-regular
with respect to P[A), then A is similar to an element B in reduced form.

‘Let E=P[A4]&a+P[4)&+ - - -, with h;(4) the minimum annihilator of
. If ¢; is the degree of ki(x), then

ti—1
hi(x) = x% 4 D aixl.
=1
Now define
T= (Elr Asl’ ct Atl_lglv 52’ AEZ: Sty A"—lfz, A )y

so that TEIN... By Theorem 6.3, T is regular in M,,. If 4, is the companion
matrix (%) of ki(x), so that 4.&M,,, then

T—IAT=A1+A2+"°,

and the theorem is established.
This theorem does not include the important case of algebraic matrices.
However, in view of Theorem 5.1, a similar proof leads to

THEOREM 6.9. If A is algebraic with minimal polynomial m(x), then A is
similar to an element B in reduced form. If B=B,+By+ - - -, then each B; is
the companion matrix of some divisor of m(x).

DEFINITION 6.10. The elements N and N of I, are defined as follows:
N = (85,85, - ), N =0,
Ne = (N&l, N2y, N253, N384, N365, N33, - - - ).

That powers of NV are of fundamental importance in the study of reducible
matrices is seen in the following

THEOREM 6.11. If A is reducible, A not algebraic, and = is a regular
P[A)-module, then A is similar to some power of N.

To prove this, let
E=Plala+ Pla)ea+ - - - + P[4t
If n< o, let

(5) This is the #;X¢; matrix with 1’s directly below the main diagonal, —as, —aa, - - *,
—ai1i— as the last column, and 0’s elsewhere.
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T= (El) 22, MR Em Aflv AEZ) Tty AEm Az&l' A2£2; Tty A2Em cce )'
Then T4 T = N~ However, if n=, let

T = (&1, A&y, &2y A%, Absy £3, -+ - ).

Then T-'AT =Nv*, and the theorem follows.

The author intends to deal at greater length in a subsequent paper with
matrix algebras of different order types. However, a matrix algebra of order
type w2 will be considered briefly here.

Denote the ordered set (1, 2, - - -, w+1, w+2, - --) of type w2 by A,.
Let =, be the P-module composed of all vectors (a;; 1 EAy) over P, with only
a finite number of the elements of any vector being different from zero.
M.z is the ring of all matrices (a.; 7, s EAs) over P with all (a,.; rEA) in E,.
Let 6/ be the element of E; which has 1 in the sth place and 0 elsewhere,
1EA,. Then (8! ; 1EA;) is a proper P-basis of .

For AcM., A’&EM.s, the correspondence

4 0
A(——»( )=A’
0 0

defines an isomorphism between M, and a subring of M.s. (Under a different
correspondence, M., and M. can be shown to be actually isomorphic.) Using
the notation of direct sum, 4 A4’'=4+0.
If A4 is reducible so that E=P[A]&+P[A]&+ -+, then define
&} = (&, auri; 1E€A), all a44s=0: thus £/ €E,. Then
By = PlA' ]+ PlA' ]+ - - + P[4 ol + P[4 Jo0ia + - -,
so that 4’ is also reducible.

THEOREM 6.12. If A is reducible, then A’ is similar to B+ N* where BEM,,
is in reduced form and k is an integer or w.

To prove this, let
Ey= PlAd'ln{ + PlA’']nd + --- + P[A')e{ + Pl A')E, + - - - + P[4']ed,

the £/ being regular and the %/ non-regular, with 4;(x) the minimum annihi-
lator of /. The degree of k;(x) is labeled #;. Then T'EM.: can be chosen
(assuming k finite) as :

T = (ol ,A{, -, A™ Il qd, A'nd, - - A ], oo B E, B,
A8 A8, - JATEL )
Theorem 6.3 is seen to carry over for =g, and thus
T'-'A'T’ = B + N¥,
B reduced. If k= «, the £/ in T’ can be arranged as in Theorem 6.11.
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From Theorem 2.2, we see that every reducible matrix 4 of I, has an
associated characteristic matrix. The characteristic matrix of a reducible
matrix is of importance in determining the similarity of matrices, as the fol-
lowing theorem shows. '

THEOREM 6.13. Two reducible matrices A and B of M. are similar if and
only if their characteristic maltrices are equal.

To establish this, first assume that E=P[4]&+P[4]&+ -+ and
B=T-'AT. Then, by Theorem 6.6, E=P[B]n+P[B]n+ ---, where
n:=T-1¢;. For any m(x) EP[x], m(4)&;=Tm(B)n., so 7, is regular with re-
spect to P[B] if &, is regular with respect to P[4 ]. Also, if m(x) is the mini-
mum annihilator of &; with respect to P[4 ], m(x) is the minimum annihilator
of 7; with respect to P[B]. Thus the characteristic matrix of 4 equals the
characteristic matrix of B.

Now assume A and B have the same characteristic matrix. For any
proper P[4 ]-basis (&1, &, -+, M, M2, + + + ) of E, & regular and 7; minimally
annihilated by m;(x), #; being the degree of m;, there exists a proper P[B]-
basis (&, &, + - -, 1, 7e, - - - ) of E with §; regular and %; minimally annihi-
ated by m;(x). There is a 1-1 correspondence §;<¢;, #:<>n; between these
. two bases. Then let

T= (Elv n1, Anlr Tty Am—lnlr AEI) &2, 12, A’727 co 'Anz—l,n, Azflv AE% £3, -+ )i

and S be the same as T with A4 replaced throughout by B. Then
T-'AT=S"1BS, so A and B are similar, and the theorem is established.

THEOREM 6.14. If A is reducible and regular, then A is similar to a matrix
in reduced form.

If 5 possesses a regular vector with respect to P[4], then any proper
P[A]-basis of E must have a regular element £. Select T as in the proof of
Theorem 6.13 with £ the first vector of T. Then T-!4T has its first row (or
column) composed of zeros. This implies 774 T is not regular which means 4
is not regular. Thus & can have only non-regular elements with respect to
P[A], and the theorem follows from Theorem 6.7.

As an example of the reduction of an element of I, to reduced form, take

A = (8, + 83, — 83, 82 — 83, — 83 + 84, — 83 + 85, — O3+ S, -+ + ).

It can be verified that 4 is algebraic with minimal equation x*—1=0. Then
E=P[A]6,+P[A](8:+8)+P[A])(8:48)+ - - -, with 43—1 the minimum
annihilator of §; and 4 —1 the minimum annihilator of 6,+6;, 2=4, 5, - - -,
Then T can be chosen as
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T = (61, 61+ 83, 61 + 62, 61+ 64, 61 + 65, - -+ )

T'= (b, —01+ 83 —081+ 0z —1+0s — 01+ 05-")

so that
T7AT = (621 68: 611 84’ 851 50, cet )'
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