ON THE APPROXIMATION TO INTEGRABLE
FUNCTIONS BY INTEGRAL FUNCTIONS

BY
H. KOBER

1. Introduction. The problem of uniform approximation to a function
f(z) on some finite point set D of the z-plane (z=x-14y) (a) by polynomials
and (b) by rational functions is classical. The theory has been summarized
by J. L. Walsh(?), who himself has proved a great number of important
theorems some of which are fundamental.

Let D be a point set containing the point z= . In that case only problem
(b) has a meaning; there is, however, another generalization of problem (a),
the approximation to an arbitrary function, defined in D, by integral func-
tions. Not much attention appears to have been paid to that problem up to
now, except for the work of S. Bernstein(?).

Among the point sets D extending to infinity the following are the sim-
plest ones and appear to be of particular interest:

I. The real axis — o <x< 0, y=0.

II. The positive part of the real axis 0 <x < o, y=0.

ITII. The half-plane — o <x< 0, y>0.

IV. The strip — 0 <x < @, a <y <b.

V. The exterior of a circle.

In case V-, however, the uniform approximation by integral functions is
not a reasonable problem, nor for any other domain of which z= « is an
interior point. In that case there is a circle C, with radius R and center at
the origin, such that the boundary of D lies interior to C and C interior to D.
Let {f,,(z)} (n=1, 2, - - -) be a sequence of integral functions approximat-
ing to f(z), then |f(z) —fn(z)l <e, for |z| =R, where ¢,—0 as n— . Hence
]f,,(z) —f;(z)| =< ¢+ €, uniformly for Izl =R, and, by the maximum-modulus
theorem, for |z| <R. By the Liouville theorem, the function f,.(2) —fi(2) re-
duces to a constant, ¢,, say, therefore f(z) is an integral function, represented
in the form f(2) =f1(z) +c+f.(2) =c —c¢,, where c=lim ¢, (n—> ).

Presented to the Society, April 24, 1943; received by the editors July 27, 1942.

(*) Interpolation and approximation by rational functions in the complex domain, Amer.
Math. Soc. Colloquium Publications, vol. 20, New York, 1935.

(2) Lecons sur les propriétés extrémales des fonctions analytiques d'une variable réelle, Paris,
1926. Bernstein gives some results concerning problem I; see Theorem 3(d), §6, of the present
paper. See, furthermore, the Bernstein Theorems 12 and 13 (pp. 105-107); they deal with se-
quences {f.(s)} of integral functions of exponential type, converging uniformly on the real
axis to a function f(z) of the same kind, or to a function f(z) possessing some derivatives. A
problem connected with the latter one has been treated by M. Krein, C. R. (Doklady) Acad.
Sci. URSS. vol. 18 (1938) pp. 619-623.
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The cases I and II will be treated in the present paper, the cases I1I and
IV in a further paper. We shall deal with approximation both in the sense of
convergence in mean with index p (0<p < ) and in the sense of uniform
convergence (p= »). The order of the approximating integral functions will
be required to be finite and to be as small as possible. Whenever in an infi-
nite(®) interval a given function is approximated by integral functions of
order p then it can also be approximated by integral functions of any order
p'>p (§5). The “best possible” value of p is unity in problem I, while it is
one-half in problem I (§§6-8). Therefore the integral functions of finite types
of the orders p=1 and p=1 play a dominant part in the results. Problem II
presents the greatest difficulties. It will, in substance, be reduced to prob-
lem I, for 1<p < o, however, by means of the approximation by rational
functions (§7). The problem of “best approximation” will be treated in §9,
and a generalization of problem I in §10. A number of auxiliary results will be
needed, some of which are possibly of interest in themselves. They will be
proved first (§§2-4), in order to simplify the presentation of the main results.

I am greatly indebted to W. H. J. Fuchs, Aberdeen, in particular for sug-
gesting to me the use of the Mittag-Leffler functions.

By |f(t) | » we denote

(fw | 7(8) ]Pdt)l/p or ess.ub. | f(2)]

—o<t< o

for 0<p< © or p= =, respectively; by ||f(t)||,, we denote

(fT1500a)" o esub |0l

By G (0<B< ») we denote the set of integral functions F(z) such that
|F(z)| <A.eBtolzle (4,=A4(¢)) for any €>0, by G® the set of integral func-
tions of order not greater than p. We write G4 for G{°. Evidently G >G\
when 0<p<o.

2. Generalization of a Hardy theorem and of a Plancherel-Pélya theorem.

LeMMA 1. Let 0< p; < o, and let f;(z) be analytic for | 2| <R(j=1,2, - - -, n).
Then, for 0<r =R,

(2.1) W(r) = f ) }nj| fi(rei®) |ridg

15 @ monotone increasing function of r, and log W(r) is a convex function of log .

For n=1 the result is due to G. H. Hardy(*). The general case can be de-

(3) In consequence of the Weierstrass theorem, in a finite interval a continuous function
can be approximated uniformly by integral functions of any order.
(*) Proc. London Math. Soc. (2) vol. 14 (1915) pp. 269-277.
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duced by an argument due to G. Pélya and G. Szegs(5).

LeMMA 2. Let F(z2)EG, and F(t) be bounded in (— =, ). Then, for
<y <, | Flxtiy)| Sesl] F(®)| .

LeMMA 2'. Let P(z) be a polynomial, let F(2)EG., let 0<p< o and
P(t)| F(t)| PELy(— », ). Then

(a) P@)|F@t)|P—>0 as t— + «.

® [ P+ | |[Fa+ i) rax s et [ 20)|[FO) |
For 0<y< «, Lemma 2 is proved by applying a Phragmén-Lindelsf theo-
rem(®) to the function ei(e+92F(z) (¢>0) first in both quadrants of the upper
half-plane, and then in the upper half-plane, and finally by letting e—0. For
P(z)=1, Lemma 2’ has been proved by M. Plancherel and G. Pélya(”); the
general case can be deduced in a similar way, starting from the inequality

1 2%
| P ]| 8|2 5 [ 7] Plau -+ re) || 200 + re) |30,
Y

where &(z) is regular for | 2—3| <r. This inequality is a simple application
of Lemma 1.

3. On the spacesG.,,,and Gf,',,/,z).Let pandabe fixed (0<p =< 0,0<a< »),
By Ga., or G{{? we denote the set of functions f(z), belonging to G, or G&/
and such that f(¢)) EL, (— », ©) or L,(0, »), respectively.

LEMMA 3(%). Let fu(2)EGayp (n=1, 2, - - -) and |fu(t) —fu(t)| ,—0 as
m>n—s . Then there is an element f(3) of Ga,p, such that |f(t) —fa(t)| ,—0 as

n—> o,

LemMA 3'. The preceding result holds when G, , is replaced by GI/2, and
| &) =Fa)] 5 0y £ (@) =Fa |50 |7 —=Fa ()] 5 03 [|F®) =F2(D)| |-

The lemmas do not hold whenever the order p of the integral functions is
greater than 1 or }, respectively(?).

(5) Aufgaben und Lehrsitze aus der Analysis, Berlin, 1925, vol. I, pp. 143, 144, nos. 302, 310.
We start from the lemma: Let f;x(s) (j=1,2, - -+, m;k=1,2, - - -, n) be regular and If,;;,(z)]
be one-valued in the closed domain D, let 0 <p; < ». Then the function Z:_l| Sf1.6(2) | Pl] fo.k(2) | Pg

oo | f,,.,,,(z)] Pm attains its maximum value on the boundary of D.

(¢) E.g. E. C. Titchmarsh, The theory of functions, Oxford, 1932, p. 177.

(") Comment. Math. Helv. vol. 10 (1937-1938), §§27-30.

(®) For p= =, the result is equivalent to the Bernstein Theorem 13.

(®) Let p>1 or p>3}, respectively, be fixed, let f(¢) be continuous for —1=¢t=<1 and
f()=0for |t| 2 1. Then f(¢) is not equivalent to an integral function in (— «, «) nor in (0, »).
On the other hand, by Theorem 3(b), §6, and by the argument of §5, there are integral functions
gn(2) of the type unity of the order p, approximating to f(¢) in (— «, =) or (0, «), respectively,
as n— o ; therefore |g,,.(t) —g,.(t)[ »—0 or ||g,,.(t)—g,,(t)||p—>0. For p=® and $4<p=1, how-
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Let fa(2) EGa,p. In consequence of the hypothesis, there is a constant 4,
independent of #, such that | fa(t)| <4, and a function ®(t) EL,(— », =)
such that I B(t) —fa(2) I »—0 as n— oo, Take first p= . By Lemma 2, we have
|fa(2)| <Aex,

3.1) | fm(2) — fa(@) | S €91 | fu(®) — 1) |-

Consequently the f.(3) converge to an analytic function f(z), uniformly in
any finite domain of the z-plane. Therefore, for any value of z, we have
| f(z)l <Ae*¥, and so f(z) EG,. Since, uniformly in any finite interval
(=M, M), f(®) —f.(8)—>0 as n— o, we have f({)=®() in (—M, M) and,
therefore, in (— «, ®),

Let now 0<p< o, and put fm,.=fn—fs By an argument due to Plan-
cherel and Pélya(1?%), we have

’ 1 1 1
|fm,n(x){"§7f ar [ Jua 14 ) |t

1 ot w
< —f drf | fmin(s + 47) | 7ds.
-1 —c0

™
Using Lemma 2’(b), with P(¢f)=1, we have
3.2) | fmn(@) | £ @/m)7e| fma® |, (= ® <2< ).

By the argument used in the first part of the proof we deduce the existence of
a function f(2) belonging to G, and such that, in any finite interval (— M, M),

M
f If(t) — fa(?) l"dt-—>0 as n— .
—-M

Hence f(¢) = ®(¢) in (— M, M) and, therefore, in (— «, »).

The case f,(z2) EGY/? is more difficult. Taking F.(2) =f.(2?), F.(2) is an
even function and belongs to G.. By this transformation, the result for p = «
is readily deduced from the corresponding result on G,. Let now 0<p < o,
and F,.(2) =f.(z?). Then we have

(3.3) [720]1» = | Fa@®)1 e1¥7], < 4 n=1,2---)
G 1) = 2@l = [ 15 ~ R 2] .

We have to prove the existence of an even function F(z) EG. such that
] {F()—F.(0)} ]tl y PI »—0 as n— ». In consequence of the hypothesis, there

ever, we can prove: Let f..(z)EGi ) let y=2m—mxp, let C consist of two straight lines starting

at the origin and making the angle v between them, and let, uniformly for z on C, fm(z) —fa(z)—0

as m>n— o, Then there is an element f(2) of fo) such that, untformly on C, fu(2)—f(3) as n— .
(*) Loc. cit., §30(73). The proof is based on the Hardy theorem.
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is an even function ®(f) such that ®(f)|¢|Y»EL,(— », =) and that
|p(t)| t| > — F.(#)| ¢| 7| ,—0 as n— . Using the Plancherel-Pélya argument
and Lemma 2’(b), we have

1 1 1
| z]||Fa) |» = — drf |2+t + ir|| Fu(z + t + ir) |7t
(3.5) T Y

1 1 w© 2 »
< __f dfe“p|”+'|f |F,,(t) |v| tl dt £ — eap(1+lul)”fn(t)”p.
TJ —% 4
Similarly

(3.6) | 2| Fu(@) = Fu(@) [» £ (2/m)eer 190 fu(t) = fu(@)]]5-

Hence, if k is an integer greater than p~! and M any positive number, we have
28 Fp(2) — 28 F.(2)—0 as m >n— o, uniformly for —MSx<M, —M=y=M.
Consequently 2*F,(2) tends to an analytic function ¥(z) as n— «, uniformly
in any finite domain of the z-plane. By (3.5) and (3.3), there exists a con-
stant A’, independent of 7, such that |z| | F,.(z)| <A’ for |z| =<1. By the
maximum-modulus theorem, we have | F.(2)|?<A4’ for |z| <1. Therefore,
for || <1, we have |¥(z)| 4’| z|* which shows that F(z) =z*¥(z) is an
integral function. Since 2*F,(z)—¥(2), from (3.5) and (3.3) we deduce that
¥ (2) and, therefore, F(z) belong to G,. We are left to show that F(f) = ®(¢)
in (— », ®). Let M be any positive number, and E be the set consisting of
the two intervals (— M, —M~') and (M~!, M). By the uniform convergence
of the sequence {z"Fn(z) }, we have

f |F() — F.() |7| t] dt = fEI\IJ(t) — () |7 | t]|-rrdt — 0

as n— . Hence F(¢f)=®(¢) in E and, therefore, in (— «©, ©), and F(¢) is an
even function; so is, therefore, F(3).

We remark that, in the terminology of S. Banach, G.., and G&/? are (B)
spaces for 1 <p < o (1), For 0<p <1, they are (F) spaces if the distance of
an element f(z) from the null-element is defined by | f(t)|,’, or H f(t)”’,f, respec-
tively.

4. Further basic lemmas.

LemMMA 4. Let k(2)EG,. Let 1SpS o, 1=5q=S o, p'4+qg 21 and
FOELN(— o, ®), k(()EL(— =, =). Let

4.1) ga(2) = af c{a(t — 2)} f()dt (z = x+ iy).
Then g.(2) belongs to G,.

Proof. Let p’=p/(p—1). Then we have p’'=q and, by Lemma 2'(a),
k() EL,(— ©, ©). By Lemma 2'(b), we have

(1) With “norm” l f(t)l p OF || f(t)”,,. S. Banach, Théorie des opérations linéaires, Warsaw,
1932, Chapters IIT and IV.
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4.2) |xlat — a(x+ N} | = | k(at — aiy) |, < V7191 | k(@) | .
Therefore, by Hélder’s theorem, from (4.1) we deduce that

(4.3) | ga(a) | < at/Pectvl | k() [, | f() ], < Aee1l.

Let C be the circle { =2Re* (0=¢ <2w), and let |z| =<R. Then

1 « @ ® kya(t —
1o g df:ﬁf f(‘)‘”fc {;t md;

2ride ¢ — 3 — 32

(4.4) -
= o [ “efats = )01 = .02,

the interchange of integrations being justified by absolute convergence. Hence
g.(2) is an analytic function for |z| =<R. Since R is arbitrary, g.(z) is an in-
tegral function, which completes the proof.

LEMMA 5. Let k be a positive integer, let k(2) EG1 and t*k(t) EL(— o, »).
Let f(t) be measurable and bounded in any finite interval and f(t) =0(|t|’°)
(t— £ «). Then the function g.(z), defined by (4.1), belongs to G,.

Obviously k() EL,(— », »). We have If(t)l §A(1+|t|’°)§A'(1+|zl’°
+ ] t—z| ¥) for — o <t< «. Therefore, taking xo(z) = 2*k(2), we deduce that

| ga(2) | = a""A'fw | ko{a(t — 2)} | dt

—

4.5 -
(4.5) +A/(|z|k+1)f | k{a(t —2)} | 4,
Iga(z)l 4" + | zlk)ealﬂ’

using (4.2), with p’=1. It is easy to show that (4.4) holds which completes
the proof.

LEMMA 6. Let 1=q< «, let k—1 be a positive integer and p =qk™?, let ¢(x),
Y(E)EL(— @, ®) and M=max {|¢(x) |, [¥(x)|,}. Then

| {¢(x) } k— {xﬁ(x) } k ,p = k)‘Mk—ll (%) — ¥(x) |q (N =max (1, (k — 1)/‘1))
Proof. Applying Hélder’s inequality, we have

00 0 k—1 ¥4
f | o% — y*|rd =f (|¢ — || X pigrt-i ) dx
—00 —c0 7=0
» k—1 P
Sle— vl | X et :
i=0 a/ (k=1)
| ¢i'/’k_l._i|q/(k—1) (¢ |;/(k_l) |y |411—j/(k_1))k_]l =< Mk_l,

which gives the required result. Obviously it holds in (0, «).
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5. Preliminary approximation theorems.

THEOREM 1. Let 0<p < o, let f(2) belong to L,(— =, =) or L,(0, »), let
p<1 or p<3, respectively. Let f(t) be approximated by elements g,.(z) of G®
(n=1, 2, - - -), that s,

(5.1) |f(t) — g.(8) |,,—->0 or Hf(t) - g,,(t)H,,—»O as n— ®

for p<1 or p<3%, respectively. Then f(t) reduces to a constant which is zero
Jor 0<p< o,

, 1. The interval (— o, »). Here the theorem is a corollary of a result due
to V. G. Iyer('?). It can also be deduced from the Lemmas 2'(a) and 2 by
means of the Liouville theorem.

I1. The interval (0, ). Since p<3%, we have g.(2) EG{’?. Hence the
even function F(2)=g,(2?) belongs to G,. Since g.(f{) EL,(0, =), we have
ltl UrF,(t)EL,(— », «) and, therefore, F,(t) EL,(— «, ). We can again
employ the Lemmas 2’(a) and 2, which proves the theorem.

THEOREM 2. Let 0<p < » and let f(t) belong to L,(— ©, «) or L,,(O, ©),
respectively, let f(t) be approximated by elements g.(2) of G® (n=1, 2, ),
and let o be any number greater than p. Then f(t) can be approximated by in-
tegral functions of order o.

I. The interval (— , »). By Theorem 1, we may suppose that p=1,
a>1. We need only find a single integral function W(z) of order ¢ such that
W) EL,(— o, ©) (0<p= ). For (5.1) implies that |f(£) —ka(t)| ,—0 as
n— o, where h,(3) =g.(2)+n"'W(2), and the integral function %,(2) is of
order o.

Let 0<A<1. The Mittag-Leffler function

0 gn

5.2 E\(z) = —

(5.2) A(2) ,E)l"(1+)\n)
is well known to be an integral function of the type unity of the order A\—1.
Let 0<e<1—A. Then, uniformly in the angle (7/2)(A+e¢€) <argz<2r
—(7/2)(A+¢), we have

(5.3 Ex(z) = 0(| z|-Y) (| 2] = ).

When £ is any integer greater than p~! then the function W(z) = (Ey,(i2))*
has the required property.

I1. The interval (0, »). It will suffice to take o >1/2. The integral func-
tion W(z) = (E1/,(—%))*is an integral function of order o, and W(¢) €L ,(0, «),
which proves the theorem.

(?) Quart. J. Math. Oxford Ser. vol. 7 (1936) pp. 294299, Theorems 2 and 4.
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6. Approximation functions of lowest order. Let 0<p=<o and
f@)EL,(— =, ©), and let f(t) not reduce to a constant. By Theorems 1 and 2
there exists a lower bound of the p’s, provided that f(¢) can be approximated
at all by integral functions of finite order. This minimum is in fact attained.

THEOREM 3(a). Let 0<p < « and f(t) belong to L,(— o, =) or L,(0, =),
respectively. Then there are functions g.(2) EGq or €EGL/? (0 <a—> ) such that

| /&) — ga® |, =0 or || — ga®|,—0 as a— o.

THEOREM 3(b). Let f(t) belong to L,(— =, x) or L,(0, ©), respectively.
A mnecessary and sufficient condition for the existence of functions g.(2) EG, or
EG? (0 <a— ») such that

[ /&) = g e >0 or [[f() = ga)|le =0 a5 a—> o
1s that f(t) or f(22), respectively, is uniformly continuous in (— o, ).

The following theorems concern classes of functions f(¢) which need not
belong to any L,(— «, ©) (0<p=< w).

THEOREM 3(c). Let, for some r (0<r=1), and uniformly for — o <t;< «
(G=1, 2), f(¢) satisfy the Lipschitz condition
(6.1) FOREFOIEFIPES
Then f(t) can be approximated by functions g.(2) EG. (0<a— ), uniformly
n (— ®, °°)-

TH;EOREM 3(d). (Bernstein’s theorem) (%), The preceding result holds if f(t)
s continuous and f(t) —fi(t)—0 as t— = and f(t) —f2(£)>0 as t— — =, where
f1(¢) and f2(t) are linear functions.

T
.

7. Proofs of Theorems 3.
I. The interval (— ©, »). We start from the following result().

LEMMA 7. Let f({) EL,(— w0, ©) (1=p < ), orletf(t) belongto L (— x, )
and be uniformly continuous in (— o, ©); let k(t) EL(— =, ») and f:ox(t)dt
=1, and let g.(x) be defined by (4.1), replacing z by x. Then, as a—x,
[f®) = ga(®)] ,—0 (1 Sp = ).

Let k() satisfy the conditions both of Lemma 4 and of Lemma 7. Take,
for instance, the Féjer kernel «(2) =(wz?)~!(1 —cos 2). Then Theorem 3(a),
for 1<p < =, and the sufficiency of the conditions in Theorem 3(b) is an im-
mediate consequence of the lemma. The necessity of the condition in 3(b) is
readily deduced from the Bernstein(!%) theorem:

(1) Loc. cit., 106, footnote. It can be deduced from Theorems 3(b) and (c).
(1) E. Hille, Trans. Amer. Math. Soc. vol. 39 (1936) pp. 131-153 §1.
(18) Loc. cit., 102, Corollary 7.
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LEMMA 8. Let g(2) EG. and |g(t)| <4 in (— o, ©). Then |g'(t)| Sad in
(— =, =), therefore g(t) is uniformly continuous in (— o, ©).

Let now 0<p<1 and f({) EL,(— =, «). Let k be an integer not smaller
than p~! and kp=gq. Defining {f(f)}'/* in a suitable way, we have {f(¢)}/*
€L,(— », »). Let k(2) be defined as above, and let

e = (S f_(f - “—z){ﬂo}”kdt)k — {nB}Y

k k k

where B=ak~!. Then |f(t) —ga(t)lp-—>0 as a— x. Obviously vs(z) €Gg, and
e5=| {f(t)}”"—'yp(t)lq—m as f—». By Lemma 6, we have

L f&) = {vs@}E], = A {fO}VE — 75D |, — 0 as B— w,

since _
1/k 1/k 1/k
max ([ /" |o [ [ S|/ o+ e =]/0], +ea<4a’
Hence | F(@) —g.(8) I »—0 as a— =, and obviously g.(2) EG,.
To prove Theorem 3(c), we take, for instance,

1 : © dt t T
(7.2) k(z) = az~*sint—, el = f —sint— = — .
4 —w B 4 96
Since k(z) and, by (6.1), f(¢), with =1, satisfy the hypotheses of Lemma 5,
the function g.(z), defined by (4.1), belongs to G.. We have

1@ = @) = [ s () — 1+ 0}
Hence, by (6.1), )

| () — ga(#) | < Aaf“’ | k() || 2]dt = Aa—rf” | | at,

which tends to zero as a— «, uniformly for — © <x < . This completes the
proof of the assertions concerning the interval (— «, «).

As an application of Theorem 3(c) we obtain the following result:

Let 0<r<1, and let 27 be uniquely defined by —m/2 <arg 2=<3n/2. Then
i can be approximated by functions g.(2) EG. (0<a— ), uniformly in
(— @, °°)' .

The result follows immediately from the inequality | —#| <21—|t,—t]".
It holds for 0<r< », and the corresponding result holds for the interval
(0, =), with g.(2) EG/?; this will be shown in the paper indicated above.
We remark that, for r#1, 2, 3, - - -, ¥ cannot be approximated by rational
functions in (— %, «) or (0, =),

I1. The interval (0, «). This case is, for p= =, readily deduced from
the corresponding result for the interval (— «, ©). We have to take into
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consideration that F(¢) =f(#?) is an even function and, therefore,

1 © 1 — cos a(t — 2)
(7.3) Va(z) = — F(t)dt
Ta J_, @t — 2)?

is an even function as well. Let now p=1 and again F(¢) =f(t?). Then
tF(8) EL(— », =). Replacing F(¢) by tF(¢) in (7.1), we see that v.(z) is an
odd function, and that | tF(t) —va(2) | 1—0as a— . Taking g.(3) =2"12y,(2'/?),
we have g.(2) EGL’® and ||f(£) — ga(8)||:—0 as a— .

For the further investigation, we need

LeMMA 9(%). The sequence {r“’z(i—t)"(i+t)—"‘1} (n=0, +1, +£2,...)
is a complete orthonormal system with respect to L,(— o, ») for 1 <p< oo,

Consequently (%), for 1 <p < 0, any element f(¢) EL,(0, »), can certainly
be approximated, in the mean of order p, by finite linear forms of the
(z—1t)"(¢41t)~""1. Therefore we need only show, that, given ¢>0 and any in-
teger 7, there is an element g.(z) €GY/? such that || (i —£)*(@G+£) " —g.(2)||,
<, or that there exists an even function v.(2) EG, such that

© (i _ t2)"

(7.4) f P
ol (i F £2)mH1

Let x(2) be defined by (7.2), and let

P
— (0| | 2] dt < en.

0 (‘t — t2)n
ga(3) = af_mx{a(t - z)} o tz)’ﬁ_—l dt
Then, for a=A4 =A4(¢), we have
(1 — )
(7.5) Gt t2)n+—1 — ga(?) ) <e

The function g.(2) is even, and we have

=° (i — 2)ndt @ H(i — )
xga(x) = — wao{a(t - x)} W+af_wk{a(t - x)} GG+ 12)n+l
= ¢a(x) + ‘pa(x)r

where ko(2) =2x(2). Obviously |t(i—t?)"(i—l—t?)—"‘1 A0 | »—0 as a— o ,
while, by a well known convexity theorem(17),

| a(2) |5 < a7t k(@) 1| G + 2371,

(%) H. Kober, a forthcoming paper in Quart. J. Math. Oxford Ser. For the case p=2,
see also E. Hille, Compositio Math. vol. 6 (1938) p. 99.

(1) E.g., Inequalities, G. H. Hardy, J. E. Littlewood and G. Pélya, Cambridge, 1934, Theo-
rem 204.
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Hence ]¢a(x)|,,—>0 as a— « ; consequently, for some >4, we have
(7.6) | (5 — 2903 + )71 — tg,(8) |, < e

By Hadlder's inequality, from (7.5) and (7.6) we deduce (7.4). For, taking
X)) =(@E—1)"(i+12)~""1 —g.(t), we have

-] 0
[kl lelae= [l xS a2 <
* Thus we have proved the theorem for 1 <p < . The case 0 <p <1 is treated
as the corresponding case in (— », «).

8. Uniqueness. By the argument used in Theorem 2, it is evident that
the sets of approximating functions, occurring in Theorems 3(a)—(c), are not
at all unique. We can construct approximating functions of order p=1 or
p =13, respectively, with types tending to infinity, even when f(¢) reduces to a
null-function. Certainly for f({)E L,(— «, ©) or €L,(0, =), however, the
types tend necessarily to infinity provided that f(t) is not equivalent toa
constant or to an integral function of finite type of the order p=1 or p=1,
respectively. We can prove

THEOREM 4. Let 0<p= 0 and f({)EL,(— o, ©) or EL,(0, =), respec-
tively, let f(t) be approximated by functions g.(3) EG, or €GL'?; let B, be the
actual(*®) type of g.(2), and let c=lim inf B, (a— =) be finite. Then there is
an element F(2) EG, or EGM?, respectively, such that f(t)=F(f) in (— ©, ®)
or in (0, x).

By the hypothesis, there is a sequence {a.} (#=1, 2, - - - ) such that
ga,—f, n— o, and that the sequence {8.} of the actual types of the g.,(z)
tends to ¢. Given €>0, we have 8,=c+e for n=4 =4 (¢€), g.,(2) EGcye OF
G%?| respectively, and

| gan(® = 8nD [, >0 or [[gan(®) = g, (0)][,— 0
as m>n—». By Lemma 3, the g,,(2) converge to a function F(z) belonging
to G.ye or G2, respectively. We can take e—0. Evidently F(f)=f(f) which

proves the theorem.
9. The problem of best approximation.

THEOREM 5. Let 0<p =< and f({) EL,(— =, ») or EL,(0, »), respec-
tively, and let o be fixed. There exists a function g(3) EG. or €GL7® of best
approximation to f(£), satisfying the inequality |f(t) —g(t)|,»=< I &) =h(@®)|, or
lfe -z, =]l f(8) —h(t)||, for any h(z2)EG. or €GL/, respectively. For
1<p< =, go(2) is certainly unique.

Let f(() EL,(— =, »), and let ko(2) be an arbitrary element of G,.,, (§3).

(%) Ba=lim sUp,.o max .- (log | ga(2)| /7).
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Denoting by E the set of elements 4(2) of G, such that | f(2) —h(t)l,,ng
= | f(@®) —ho(2) I » by the argument of §3 we deduce that, uniformly for k(2) EE,
|h(z)| <A.e*l, By a well known argument(*®) we can now deduce the re-
quired result, using the Lemmas 3, 3’ and, in the proof of the last assertion
of the theorem, Minkowski’s inéquality. The interval (0, «) can be dealt with
in a similar way.

THEOREM 5. Let f(£) ELy(— o, ). Then the sequence of best approxima-
tion is {ga(2)} = {D.f} (0<a— =), where

(t—

Do = D.lfis] == [ D

is the Dirichlet singular integral.

By Lemma 4, we have D,f&EG,. Let F(u) be the Fourier transform of f(¢).
It is well known(?°) that

D.[f; ] = (21r)“”2f F(u)ei=*du.
Hence ®(u), the Fourier transform of f(x) —D,f, vanishes for |u| <a. By the.
Paley-Wiener(?!) theorem, ¥(u), the Fourier transform of D,f—k(x), vanishes
for Iul >a whenever 4(3) EG. .. Since the Fourier transform is isometric, we
have

[ 4@ = D@ =F@ix = [ @ = o.

-0

Consequently

[ 715 = b ra = 715 = Dapltan+ [ Dug = b e

The right side is greater than ] f(x)—D.f |§ when h(x) is different from D,f,
which proves the theorem. It can be shown that there exists a constant a =2
such that, for a <p <  and for 1 <p <a(e—1)"1, D.f is not a function of best
approximation of f(¢).

10. A generalization of problem I. Let C be a point set possessing the
following properties:

(i) There exists an integral function w= ®(z) which maps C on the real
axis of the z-plane in a one-to-one correspondence.

(ii) The inverse function z2=¥(w) is continuous in (— ©, «©),

(1) J. L. Walsh, loc. cit., chapter 12,
(2°) E.g., E. Hille, loc. cit. footnote 14, §5.
+ (®) Fourier transforms in the complex domain, Amer. Math. Soc. Colloquium Publications,
vol. 19, 1934, pp. 12-13.
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Again let C’ be a point set satisfying (i) and, instead of (ii), the weaker
condition

(ii)’ ¥'(w) exists and is finite for almost all w in (— %, ©). From Theo-
rems 3(a) and (b) we can deduce

THEOREM 6. Let f(2) be bounded and uniformly continuous on C, or let, for
p=1,1/2,1/3, - - -, f(8) EL,(C"), that is to say, let f(z) be measurable on C’
and the integral

f | /(2) |7| dz| = fw | [T (w)) |7| ¥ (w) || dw| (7! a positive integer)
¢ —w

be finite. Then there are integral functions ha(z) such that, as a— x,

(10.1) ess. uéb. If(z) — ha(2) | —0
or

10. — ha Pldz| — 0,
(10.2) fC,|f(Z) (2) |7 dz|

respectively, and |ho(2)| <A.e*1®@! or <Aa| P/ ()| Vretel,

Making use of Theorem 3(c), we can, in the general case 0 <p < =, con-
struct integral functions %,(2) satisfying (10.2), certainly if C’ satisfies (i) and
the following conditions:

(ii)’ ¥'(w) is bounded in (— », ).

(iii) For some 7 (0<r=1) and uniformly in (— =, «),

| (W (wy))~17 — (W(wp))~V7| S A| w1 — wel".

For instance, taking w= ®(3) =22~ 2{e, a >0, and taking C’ as the upper
branch of the hyperbola xy=a, it will be seen that, for }<p< e, C’ has
the required properties, with r =1, 4 = (8a)/?(4ap)™*.
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