A THEORY OF CROSSED CHARACTERS

BY
REINHOLD BAER

The characters of the finite group(!) G in the cyclic group E of order(?)
m are just the multiplicative, single-valued G to E functions. To define
crossed characters we have to consider apart from G and E a homomorphism
C of G into the group of automorphisms of E; and we denote the map of the
element g in G under C also by g. A single-valued G to E function f(g) is
termed a C-character (or a crossed character) of G, if it is a solution of the
following functional equation (3): f(wv) =f(u)*f(v) for # and v in G. The
C-characters, like the ordinary characters of G, form a finite abelian group,
the C-character group(*) of G; and as in the classical theory of characters
one aims at establishing a duality between G and its C-character group.
But here the similarity ends. For in the classical theory the following three
properties are equivalent: (a) 1 is the only element in G which is mapped
upon 1 by every character of G; (b) it is possible to establish a duality be-
tween G and its character group; (c) G and its character group are isomorphic.
But if one substitutes in these properties C-characters for the ordinary char-
acters, no such equivalence holds. Though still (c) implies (b) and (b) im-
plies (a), only a few of the groups satisfying (a) meet the requirement (b);
and only rarely a group satisfying (b) may be shown to satisfy (c).
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() Only finite groups will be considered in this investigation; for this reason we shall use
the term “group” always in the sense of “finite group.”

(® It will be apparent immediately why it is not advisable to consider some “absolute”
value group like the group of all the roots of unity.

(3) Apparently the first to investigate this functional equation was I. Schur. Recently
functions meeting this requirement have been termed crossed characters, though it might have
been more in conformity with accepted usage to term them “crossed homomorphisms” and to
reserve the term “crossed character” for the crossed homomorphisms with values in a cyclic
group. For investigations of this functional equation; see 1. Schur, Uber die Darstellungen der
endlichen Gruppen durch gebrochene lineare Substitutionen, J. Reine Angew. Math. vol. 127
(1904) pp. 20-50; 1. Schur, Bemerkungen zu der vorstehenden Arbeit des Herrn Speiser, Math.
Zeit. vol. 5 (1919) pp. 7-10; A. Speiser, Zahlentheoretische Sitze aus der Gruppentheorie, Math.
Zeit. vol. 5 (1919) pp. 1-6; R. Baer, Automorphismen von Erweiterungsgruppen, Actualités
Scientifiques et Industrielles no. 205, 1935; S. MacLane and O. F. G. Schilling, Normal algebraic
number fields, Trans. Amer. Math. Soc. vol. 50 (1941) pp. 295-384; A. H. Clifford and S.
MacLane, Factor sets of a group in its abstract unit group, Trans. Amer. Math. Soc. vol. 50
(1941) pp. 385-406; S. MacLane and O. F. G. Schilling, 4 general Kummer theory for function
fields, Duke Math. J. vol. 9 (1942) pp. 125-167.

(*) The C-character group of the Galois group of an algebraic extension is of importance in
the theory of radical extensions as will be shown elsewhere.
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In Chapter III of this investigation we characterize those groups G and
homomorphisms C which meet the requirement (a); and those satisfying con-
ditions (b) or (c) are determined in Chapter V. In Chapter II the order of
the C-character group is evaluated and conditions for equality of the orders
of G and of its C-character group are derived; this latter property is later
seen to be intermediate between (b) and (c). Chapter IV is devoted to a char-
acterization of the groups G and homomorphisms C satisfying the following
postulate: the C-character group of G is the only group T of C-characters of G
such that 1 is mapped upon 1 by every C-character in T This property stands
between (a) and (b) and is important by its applications to the theory of
radical extensions of fields(®).

CHAPTER I. PRELIMINARIES

I. 1. The classical theory of characters. In this section we give a resumé
of the classical theory of characters of finite abelian groups in the form best
suited to our purposes; and we indicate how to derive these statements from
the theorems customarily found in the various texts(®).

If G is a finite (not necessarily abelian) group, and if E is a cyclic group
of order m, then a character of G in E is a single-valued G to E function f(g)
satisfying the functional equation f(g)f(h) =f(gh) for g and & in G; in short,
a character of G in E is a homomorphism of the group G into the cyclic group
E. If ' and f'’ are characters of G in E, then f'(g)f'’(g) is a character of G
in E which is called the product f’f’’ of these characters. It is readily seen
that the system of all the characters of G in E is a finite abelian group, the
character group of G in E.

Basic for many constructions of characters is the following extension prin-
ciple.

Lemma 1.1.1. () If S is a normal subgroup of the group G, and if f is a char-
acter of the quotient group G/S in E, then there exists one and only one character
of G in E which maps S upon 1 and which induces f in G/S.

(b) If G is an abelian group the orders of whose elements are divisors of m,
if f is a character of the subgroup S of G in E, then there exists a character of G
in E which induces f in S.

We denote by G’ the commutator subgroup of G and by G™ the subgroup
of G which is generated by all the mth powers of elements in G.

THEOREM 1.1.2. G'G™ is the subgroup of all the elements in G which are
mapped upon 1 by every character of G in E.

To prove this theorem one notes first that the characters of G in E are

(®) This application of the present theory will be treated elsewhere.
(%) For example, E. Hecke, Theorie der algebraischen Zahlen, Leipzig, 1923, in particular §10.
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homomorphisms of the group G into a cyclic group of order m, and that homo-
morphisms of this kind map both G’ and G™ upon 1; and one deduces from
Lemma I.1.1 that there exists to every element not in G’G™ a character of G
in E which does not map it upon 1.

THEOREM 1.1.3. If G is a finite group and E a cyclic group of order m, then
each of the following properties smplies the others: ,

(1) 1 ¢s the only element in G which is mapped upon 1 by every character
of Gin E.

(2) G is an abelian group the orders of whose elements are divisors of m.

(3) G and its character group in E are isomorphic groups.

The equivalence of (1) and (2) is essentially a restatement of Theorem
I.1.2. Property (2) is a consequence of (3), since the character group of G
in E is abelian, and since the mth power of every character of G in E is 1.
That (2) implies (3) is a classical theorem(7).

If S is a subgroup of G, then we denote by K(S) the group of all the char-
acters f of G in E which map S upon 1, that is, K(S) = {f(S) = 1} ;and if T
is a group of characters, then we denote by G(T) the set of all the ele-
ments g in G which are mapped upon 1 by every character in T, that is,

G(T)={T(g)=1}.

THEOREM 1.1.4(8). If G s @ finite abelian group the orders of whose elements
are divisors of m, if E is a cyclic group of order m, then

(a) G(K(S)) =S for every subgroup S of G;

(b) K(G(T))=T for every group T of characters of G in E;

(c) mapping the subgroup S of G upon K(S) constitutes a duality(®) of G
upon the character group of G in E.

REMARK. If T is a group of characters such that G(T) =1, then every char-
acter of G is contained in 7.

I. 2. Fundamental concepts. We are concerned with a cyclic group E
of order m and a homomorphism C of the finite group G into the group of
automorphisms of E. We shall use the same symbol g for the element g in the
group G and the automorphism which corresponds to g under C, or as we shall
say, the automorphism of E induced by the element g in G. Every auto-
morphism of E consists in raising every element in E to a fixed power which
is prime to m and which is uniquely determined modulo m; this integer
(modulo m) which corresponds to the automorphism induced by the element
g in G also shall be denoted by g¢.

The elements in G which are mapped upon the identity automorphism of

(") See, for example, Hecke, op. cit. p. 36.

(®) See, for example, Hecke, op. cit. pp. 36-38.

(°) A duality is a monotone decreasing, 1:1 correspondence between the elements in two
partially ordered sets.
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E by C form a normal subgroup G¢ of G; and G/Gc is essentially the same as a
group of automorphisms of the cyclic group E. This implies in particular the
commutativity of G/Ge.

It will be convenient to denote by Co the homomorphism of G which maps
every element in G upon the identity automorphism of E; clearly C, is char-
acterized by G¢,=G.

The cyclic group E of order m =[] ,p™(® is the direct product of (uniquely
determined) cyclic groups E(p) of prime power order p™(». Every automor-
phism of E induces an automorphism in every E(p). If p is some prime, then
we denote by Cp the homomorphism of G which maps the element g in G
upon the automorphism of E(p) which the automorphism g of E induces in
E(p). It is readily seen that G¢ s the cross-cut of all the Ge,.

A C-character of G (in E) is a single-valued G to E function f(g) which satis-
fies the functional equation f(gh) =f(g)*f(k) for g and k in G. Clearly the
Co-characters of G are just the ordinary characters of G in E which we dis-
cussed in I.1.

If f/ and f'’ are C-characters of G, then f'(g)f’’(g) may be verified to be a
C-character too; and this C-character of G is termed the product f’f’’. The
set of all C-characters of G thus forms a finite abelian group, the C-character
group L=L(G, C) of G; and the orders of the C-characters of G are divisors
of the order m of E.

The order of a C-character f of G is a power of the prime number p if,
and only if, fis at the same time a Cp-character of G, since f is of order a power
of p if, and only if, f maps G upon a subgroup of E(p).

If v is any element in E, then f(g) =97 for g in G is a C-character of G,
since y1—oh =gl—hyh—oh = (y1—0)byl=h_Such C-characters of G have been termed
unit or principal characters; and the group of all these characters may be called
the principal genus. It is a cyclic group which is generated by the unit char-
acter e~ ¢ for e a generator of the cyclic group E.

LemMa 1.2.1. If f is a C-character of G, and if G(f) is the set of all the ele-
ments g in G which satisfy f(g) =1, then (a) G(f) is a subgroup of G, and (b)
f(g) =f(h) if, and only if, gh=* is in G(f).

REMARK. It is easy to construct examples of C-characters f such that G(f)
is not a normal subgroup of G.

Proof. If g and % are both in G(f), then f(gh) =f(g)"*f(k) =1 so that gk also
belongs to G(f), proving (a). From 1=£(1) =f(hk=) =f(h)""'f(h~1) one infers
that f(gh™!) = f(@)* f(h1) = (f(g)f(B)~)*" and this makes contention (b)
evident.

LemMA 1.2.2. If the automorphism a of the group G has the property that g
and g® are mapped by C upon the same automorphism of E, then the function
fo(x) =f(x) is a C-character of G whenever f(x) is a C-character of G; and in this




1943] THEORY OF CROSSED CHARACTERS 107

faskion the automorphism a of G induces an automorphism a of the C-character
group of G.

REMARK. The inner automorphisms of G meet the requirement imposed
upon the automorphism ¢ in the lemma, since the group of automorphisms
of the cyclic group E is abelian.

Proof. If f is a C-character of G, and if g and g* induce the same auto-
morphism of E, then fo(gh) =f(g°h®) =f(g*)¥'f(he) =f(g)*f*(h), as was to be
shown.

If p is a prime number, then we denote by H(p) =H(G, p) the set of all
the elements g in G which are mapped upon 1 by all the Cp-characters of G. It
is a fairly immediate consequence of Lemma 1.2.2. that H(p) is a normal sub-
group of G, since with f(x) every f(g~'xg) =f'(x) for g in G is a Cp-character
of G.

The cross-cut H of all the H(p) is just the set of all the elements g in G
which are mapped upon 1 by every C-character of G, since every C-character
of G is a product of Cp-characters of G, as the Cp-characters of G are exactly
the C-characters of order a power of p.

The cross-cut H(p) of all the H(q) for ¢ p will prove important occa-
sionally; this normal subgroup of G is readily seen to consist of all those ele-
ments g in G which are mapped upon elements in E(p) by every C-character
of G.

The determination of the subgroups H(p) will be one of our most impor-
tant problems (see II1.2 below); in this direction we now prove the following
statement.

LeMMmaA 1.2.3. H(p) =G, for every prime number p.

Proof. If the element g in G does not belong to Ge,, then it induces in
E(p) an automorphism which does not leave every element invariant. Thus
there exists in E(p) an element v such that v%v9. The C-character f(x) =91-= is
a Cp-character and satisfies f(g) #1 so that g does not belong to H(p).

CoROLLARY 1.2.4. H=<Ge.

This is an immediate consequence of Lemma 1.2.3, since G¢ is the cross-
cut of the G¢,, and since H is the cross-cut of the H(p).

I. 3. C-complete groups and the extension of C-characters. The group G
is termed C-complete, if 1 is the only element in G which is mapped upon 1
by every C-character of G, that is, if the subgroup H, introduced in 1.2, is
equal to 1.

THEOREM 1.3.1. The group G is C-complete if, and only if, the following three
conditions are satisfied by G and C:
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(i) G is abelian;
(1) the orders of the elements in G¢ are divisors of the order m of E;
(iii) every (Co-)character of G¢ in E is induced by a C-character of G.

Proof. Every C-character of G induces in G¢ an ordinary, that is, a Cy-
character in E. If G is C-complete, then 1 is the only element in G¢ mapped
upon 1 by every Co-character of G¢ which is induced by C-characters of G.
The necessity of conditions (i), (ii) is now a consequence of Theorem I.1.3 and
the necessity of condition (iii) may be deduced from Theorem 1.1.4.

Assume conversely that conditions (i) to (iii) are satisfied by G and C.
It is a consequence of Corollary 1.2.4 that only elements in G¢ are mapped
upon 1 by every C-character of G. If g#1 is an element in G¢, then we infer
from conditions (i), (ii) and Theorem I.1.4 the existence of a Co-character d of
G¢ in E such that d(g) #1; and there exists by (iii) a C-character f of G, in-
ducing d in Gg, so that in particular f(g) #1. Hence G is C-complete.

CoROLLARY 1.3.2. If G is C-complete, then
(iv) g xg=x? for x in G¢ and g in G where the exponent g is the modulo m
uniquely determined integer corresponding to the element g under C.

Proof. If x and y are elements in G¢, and if g is an element in G, then
g and xgy induce the same automorphism in E. Hence C-characters f of
G satisfy f(g~'xgx=7) =f(g™")== "f(x) =" f(e)=" flx~?) = f(g~") *f () f (x) *f (x~*)
=f(g'g)f(x)?f(x)~?=1, since f is a Co-character on G¢, and since x and x—¢
are in G¢. Thus g~'xgx—¢ is mapped upon 1 by every C-character of G; and
this implies g~lxgx—?=1, since G is C-complete, as was to be shown.

REMARK. If S is a subgroup of G¢, and if the conditions (i), (ii), (iv) are
satisfied by G and C, then S is a normal subgroup of G.

LemMA 1.3.3. If the normal subgroup S of G is part of Ge, then the homo-
morphism C of G induces a homomorphism C of G/S; and every C-character of
G/S is induced by one and only one C-character of G which maps S upon 1.

The proof is obvious.

LemMA 1.3.4. If the conditions (i), (ii), (iv) are satisfied by G and C, if S
is a subgroup of Gc and T a subgroup of G such that G=ST, if the C-characters
sand t of S and T respectively coincide on the cross-cut ST of S and T, then
there exists one and only one C-character of G which induces s in Sand tin T.

Proof. Every element g in G has the form v for % in S and v in T since S
is a normal subgroup of G=ST. If 4, »’ are elements in .S and v, v’ elements
in T such that uv=u'v’, then v and v’ induce the same automorphism in E,
u'u'=vv’~! is an element in SN\T, and s is a Co-character in .S; and hence
we find that
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s(u)?t(v) = s(u)*(vv'~1’) = s(u)*t(vo'~)*"t(x’)
= s(u)Vs(u ) 't(v") = s(u')?' ().

This shows that f(uv) =s(u)?#(v) for # in S and v in T is a single-valued G

to E function.
If u, ' arein S and v, v’ are in T, then

fluvw'') = fluvu'v=09") = flun'*"'v0’) = s(uu'>"")*"t(w’)
= 5@ (0 Vs(u'* ™) H(e)
= [s(u)*t()]'s(u)"t(s") = f(uv)* f(u'v")
= fluv)** f(u'"v),

proving that f is the desired C-character of G.

That f is the only C-character of G meeting our requirements is obvious;
and likewise it is obvious that the condition of the equality of s and ¢ on
ST is indispensable.

If the conditions (i), (ii) and (iv) are satisfied by the group G and the
homomorphism C, then there exists one and essentially only one smallest
group M which contains G¢ and which is a direct product of cyclic groups of
order m. If x is an element in G, then there corresponds to x under C a
modulo 7 uniquely determined integer x; and thus y* is a well determined
element in M, whenever x is in G and y is in M. There exists therefore one
and essentially only one group V which contains G and M as subgroups,
satisfies V= MG and the rule x~'yx =y for x in G and y in M. This group V
we shall always denote by MG; and we note that M is a normal subgroup of
MG whose cross-cut with G is exactly Ge.

THEOREM 1.3.5. If the conditions (i), (ii) of Theorem 1.3.1 and condition (iv)
of Corollary 1.3.2 are satisfied by the group G and the homomorphism C, then the
followsng property of MG is a necessary and sufficient condition for C-complete-

ness of G:
(v) There exists a subgroup R of MG such that MG=MR and MNR=1.

REMARK. The elements of the subgroup R figuring in (v) form a set of
representatives of the cosets of MG modulo M. Borrowing a term from the
theory of extensions one may therefore restate (v) as follows: M splits G.

Proof. Since MNG=Gg¢, there exists a uniquely determined homomor-
phism of MG into the group of automorphisms of E which coincides with C
on G and which maps every element in M upon the identity automorphism.
This extension of the homomorphism C we denote by C too; and we mention
that (MG)c= M.

(+) G is C-complete if, and only if, MG is C-complete.

If MG is C-complete, then G is C-complete, since every C-character of MG
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induces a C-character in its subgroup G. If conversely G is C-complete, and
if fo is a Co-character of M in E, then fo induces in G¢ a Co-character f;; and
we infer from Theorem 1.3.1 (iii) the existence of a C-character f; of G which
induces fi in Ge. Since fo and f; coincide on the cross-cut G¢ of M and G,
since M =(MG)¢, and since conditions (i), (ii), (iv) are satisfied by MG
and C, we deduce from Lemma 1.3.4 the existence of a C-character f of MG
which coincides with f, on G and with fo on M. Thus conditions (i), (ii), (iii)
of Theorem 1.3.1 are satisfied by MG and C; and MG is C-complete, if G is
C-complete.

(++) MG is C-complete if, and only if, condition (v) is satisfied by MG.

If condition (v) is satisfied by MG, then there exists a subgroup R of MG
such that MG=MR and MNR=1. Since conditions (i), (ii) and (iv) are
satisfied by MG and C, and since (MG)¢= M, we deduce from Lemma 1.3.4
that every Co-character of M in E is induced by one and only one C-character
of MG which maps R upon 1. Thus conditions (i), (ii), (iii) are satisfied by
MG and C; and we have shown that the C-completeness of MG is a conse-
quence of condition (v).

For the proof of the converse we need two lemmas which will prove useful
in later investigations. If g is an element in G and f a C-character of G, then
we put:

* FORSIOX

LeMMA 1.3.5.1. F, is, for every g in G, an ordinary character of the C-char-
acter group of G in E.

This is an immediate consequence of the definition of product of C-char-
acters.

LemMMA 1.3.5.2. If G is C-complete, then g’ =g'’ is a necessary and sufficient
condition for Fy = Fyo.

F, = F, if, and only if, f(g") =f(g"’) for every C-character f of G. We de-
duce from Lemma 1.2.1 that this is the case if, and only if, f(g'g’’~*) =1 for
every C-character f of G; and this last fact is equivalent to g’ =g'’, since G is
C-complete. '

We suppose now that MG be C-complete; and we denote by K the C-char-
acter group of MG, by L the group of ordinary characters of K in E. It is a
consequence of Lemma I.3.5.1 that F, for x in MG is an element in L. If
7, s are elements in M, then F,(f) =f(rs) =f(r)f(s) =f(r)f(s) = F:(f) F:(f) or
F, = F,F,; and we infer from Lemma 1.3.5.2 that F, is an isomorphism of M
upon the subgroup Fu of L, since MG is C-complete. Since E is of order m,
it follows that L™=1. Since M and therefore Fy is a direct product of cyclic
groups of the maximum order m in L, it follows that Fy is a direct factor of L,
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proving the existence of a subgroup L’ of L such that L is the direct product
of Fyr and L',

We select in every coset X of MG/M a representative 7(X), in particular
r(M)=1. If A and B are cosets of MG/M, then (4, B)=(rAB)~'r(4)r(B)
is an element in M. Considering that C maps all the elements in the coset X
upon the same automorphism X of E, we find for every C-character f of MG:

FrunF ap(f) = f(r(AB))f((4, B)) = f(r(4, B))“4-®f((4, B))
= f(r(AB)(4, B)) = f(r(A)r(B)) = f(r(4))2f(r(B))
B

= r(A)FT(B)(f)'
Since F,x, is an element in the direct product L of Fy and L’, there exist
elements ¢(X) in M and ¢’(X) in L’ such that F,x, = F.x)¢’(X). Since (4, B)
is in M, since the cross-cut of L’ and Fy is 1, we deduce now that ¢’(4B)
=¢'(A)Bc'(B) and thatFcus Fu,p = F5u4,F.. Since we have shown before
that F effects an isomorphism between M and Fa, we may infer from the last
identity the following equation: ¢(4B)(4, B) =c(4)Bc(B) for A,Bin GM /M.

Now we introduce new representatives of the cosets of MG/M by the

definition: 7' (X) =7(X)c(X)~! for X in MG/M. Then

7 (AB) = r(AB)c(AB)~! = r(4B)(4, B)c(4)"B¢(B)~!
= r(A)r(B)c(4)~Bc(B)* = r(4)c(4A)~(B)c(B)!

= r'(4)r'(B);

and this shows that the representatives 7(X) of MG/M form a subgroup of
MG, that is (v) is satisfied by MG. This completes the proof of (4++); and
our theorem is an immediate consequence of (+) and (++).

The criterion (v) for C-completeness has the disadvantage of not being an
“interior” property of G, since it involves extensions of the group G. This
makes this criterion hard to handle in applications and for this reason we
shall attack the problem from a different angle in Chapter III, in particular
Theorem I11.3.3.

The last paragraph of the proof of Theorem 1.3.5 as well as the criterion
(v) contain a comparatively simple method for actual construction of C-com-
plete groups. This may be indicated briefly: If G is a C-complete group, then
G is an abelian group which we shall denote by B, and B is part of the group
M which is a direct product of cyclic groups of order m. The quotient group
G/Ge is a group A of automorphisms of the cyclic group E of order m and is
at the same time a group of automorphisms of M, since we may identify every
element x in 4 with an integer modulo m that is prime to m. To determine
G completely as an extension of B by 4, realizing the given automorphisms
of B, we need only the “factor sets” (a, b) for a and b in 4 which had been
discussed in the last paragraph of the proof of Theorem 1.3.5, and criterion
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(v) states—as has been pointed out during this proof—exactly that there
exists a single-valued 4 to M function c(x), satisfying:

(**) c(x)%(y) = c(xy)(=, y) for x and y in 4.

Putting k(x) =Bc(x) for x in 4 we obtain a single-valued 4 to M/B function
satisfying h(x)vh(y) =h(xy) for x, y in A, that is a crossed homomorphism
of A into M/B.

If ¢’(x) is another solution of the functional equation (**), then the func-
tion ¢’'(x) =c'(x)c(x)~? satisfies ¢’'(x)%’'(x) =c''(xy), and is therefore a
crossed homomorphism of 4 into M. Passing from the factor set (a, ) to an
“associated” factor set (@, b)’ =b(y)~1b(x)~¥b(xy)(x, y) for b(z) in B clearly
does not change the crossed homomorphisms of 4 into M /B at all.

That conversely every crossed homomorphism of 4 into M/B may be
realized in the fashion just described is readily seen.

CHAPTER II. THE C-CHARACTER GROUP

It is the object of this chapter to give a somewhat crude description of the
group of all the C-characters of a group G. This discussion, however, will be
sufficient for determining the order of the C-character group of G, in case G
is C-complete.

II. 1. The automorphisms of a cyclic group. For the convenience of the
reader we collect here a number of known facts concerning the automor-
phisms of finite cyclic groups(19).

If E is a cyclic group of order m 0, then the group of all the automor-
phisms of E is a finite abelian group. If g is an automorphism of E, then g
determines and is determined by a modulo 7 uniquely determined number g.
Automorphism and number g are related to each other by the fact that the
automorphism g of E maps every element in E upon its gth power. A number
belongs to an automorphism if, and only if, it is prime to m. This relation
between automorphisms and numbers is an isomorphism between the group
of automorphisms of E and the multiplicative group of integers prime to m
modulo m.

It is sufficient to discuss the case of a primary group E. Then the order
of E is a prime power m = p*.

Case A. p is odd. Then the group of all the automorphisms of E is a cyclic
group of order p*1(p—1).

Each of the following properties of an automorphism g of E and of the
corresponding integer g modulo m implies all the others:

(1) The automorphism g is not of order a power of p.

(2) 1 is the only element in E which is left invariant by g.

(3) The integer g is not congruent to 1 modulo p.

(1) See, for example, Hecke, op. cit. §13.




1943] THEORY OF CROSSED CHARACTERS 113

It will be convenient to term the automorphisms of order a power of p
regular automorphisms of E and those meeting the requirements (1) to (3)
srregular automorphisms of E.

If g is an irregular automorphism of E, then g—1 is prime to p and the
order n of the automorphism g is the least positive integer £ such that
(g¥—1)/(g—1) =0 modulo m.

The (regular) automorphism g is of order p*7 for 0 <j<p if, and only if,
the integer g is congruent to 14 p7g’ modulo m for g’ an integer prime to p.
Then (g” ™ —1)/(g—1) is divisible by p*~7, but not by pri+1,

Case B. p=2. If E is of orders 1 or 2, then the identity is the only automor-
phism of E. Thus we assume that 1 <u. Then E contains one and only one
element of order 2 and this is left invariant by every automorphism of E.

The automorphism of E which maps every element in E upon its inverse
shall be termed the ¢nversion of E and shall be denoted by z. The group of all
the automorphisms of E is the direct product of a cyclic group of order 2#—2
and of the group of order 2 which is generated by the inversion z.

The following two properties of an automorphism g of E and of the corre-
sponding integer g modulo m are equivalent:

(i) The elements of orders 1 and 2 are the only elements in E which are
left invariant by the automorphism g.

(i1) g= —1 modulo 4.

We shall term the automorphisms of E meeting the requirements (i), (ii)
irregular automorphisms of E, the others regular automorphisms of E. We note
that the inversion is an irregular automorphism.

If the automorphism g of E is different both from the identity and the in-
version, then the corresponding integer g is of the form g= +1427g’ modulom
where g’ is odd and 1 <j <py; and the order of the automorphlsm g is 21,

If g is a regular automorphism of order 271, then (g% —1)/(g—1) is di-
visible by 27, though not by 27+, If g is an irregular automorphism of order 27,
not the inversion, then (g2 —1)/(g—1) is divisible by 2#~!, but not by 2~

We extend the definition of a regular automorphism of E, in case E is of
orders 1 or 2, by saying that the identity automorphism is always regular.

The classification of automorphisms of E leads naturally to a classification
of the homomorphisms C.

Suppose that E is a cyclic group of order m =[] ,p™», E(p) the subgroup
of prime power order p™(®, that G is a finite group and that C is a homomor-
phism of G into the group of automorphisms of E. If every element in G in-
duces (under C) in every E(p) a regular automorphism, then C is termed
regular, otherwise trregular. If in particular 1 <m(2) and an element in G in-
duces the inversion in E(2), then C is said to be singular (so that a singular C
is always irregular). We note that every G/Gc,is of order a power of p, if Cis
regular, though this condition is not sufficient for regularity, since G/Gcs is
always of order a power of 2.
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II. 2. The C-characters of automorphism groups of primary cyclic groups.
In this section we are concerned with a complete determination of the C-char-
acters of a group G which is mapped isomorphically by C upon a group of
automorphisms of the cyclic group E of prime power order.

THEOREM 11.2.1. Suppose that Cis a non-singular isomorphism of the group
G into the group of automorphisms of the cyclic group E of prime power order
m=ph.

(a) Every C-character of G belongs to the principal genus so that the C-charac-
ter group of G is a cyclic group.

(b) If C is regular, then G and its C-character group are of equal order.

(c") If C is irregular and p is odd, then the C-character group of G is of
order m = p*.

(c'") If C is irregular and p =2, then the C-character group of G is of order
2+,

Proof. We may assume throughout that G=1.

Case A(1Y). p is odd. Then the group of all the automorphisms of E is a
cyclic group. Hence G is a cyclic group, generated by some element g.

Case A’. C is regular. Then the integer g corresponding to the automor-
phism g of E is of the form g=14p7¢g’ modulo m where g’ is prime to p and
0 <j<u;and the order of g (and of G) is pr—i=mn.

If fis a C-character of G, then 1=f(g")=f(g)* where the exponent
s=1+g+ - - - +gri=(g” " —1)/(g—1) is divisible by p*77, but by no
higher power of p. Consequently f(g) is an element in E? =E!~9¢. There
exists therefore an element v in E such that f(g) =v'~¢ and it is readily verified
that f(g?) =v1~¢. Thus every C-character of G belongs to the principal genus;
and G and its C-character group are of the same order p*~7, since the unit char-
acter e!~“ for e a generator of E is of order p*—7.

Case A''. C is irregular. Then neither G nor g is of order a power of p.
Hence g—1 is prime to p so that E=E9 There exists therefore to every
C-character f of G an element v in E such that f(g) =v'~¢; and it is readily seen
that f(g?) =v'~¢". Thus every C-character of G belongs to the principal genus;
and the order of the C-character group is m, since e~# for ¢ a generator of E
is of order m.

Case B. p=2. G contains just one element of order 2, since G does not
contain the inversion of E. Hence G is cyclic (and 2 <u). Denote by g some
element generating G.

Case B’. C is regular. Then g=1+2ig’ modulo m where g’ is odd and
1<j<p;and an exact repetition of the argument used in Case A’ shows that
every C-character of G belongs to the principal genus, and that G and its
C-character group are of the same order 2+,

(1) These cases refer to the analogous cases in I1.1.
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Case B''. C is irregular. This occurs if, and only if, g= —1 modulo 4,
that is if, and only if, g is of the form —1+27g’ where g’ is odd and 1 <j <y,
since g is not the inversion of E. Then 1 —g=2—27g’ =2¢"’ modulo m where
g'’ is odd. Hence E'=¢=E? showing that the order of the principal genus is
2#=1, The order of the automorphism g and of the group G is 2*~7=n. Thus
every C-character f of G satisfies 1=f(g")=f(g)* where the exponent
s=14g+ - - - +gm1=(g¥"" —1)/(g—1) is divisible by 2*~!, but not by 2.
From this fact we deduce that f(g) is an element in E2=E'7; and it follows
as usual that f belongs to the principal genus, completing the proof.

THEOREM 11.2.2. Suppose that C is a singular isomorphism of the group G
into the group of automorphisms of the cyclic group E of order m =2+,

(a) The principal genus is of order 2= and the C-character group of G is
of order 2+,

(b") If G is cyclic (of order 2), then the C-character group of G is cyclic.

(b"") If G is not cyclic, then the C-character group of G is the direct product
of the principal genus and of the cyclic group of order 2 which consists of all the
C-characters of G mapping the inversion z upon 1.

Proof. We distinguish two cases.

Case 1. G s cyclic. Then G consists of the elements 2z and 22=1, since 2
generates a direct factor of the group of all the automorphisms of E. If v is
any element in E, then f(2) =v defines a C-character of G because of f(2)*f(z)
=1. Hence the order of the C-character group of G is m. If u is the unit char-
acter e!'~?, then u(z) =el~*=e? so that the principal genus is of order 2+~

Case 2. G is not cyclic. Then there exists a basis of the abelian group G
which contains 2, and which therefore has the form 2, g where g is an element
of order n=2#7 with 1 <j<u.

If fis a C-character of G, then f(g)~'f(2) =f(g)*f(2) =f(g2) =f(2¢) =f(2) *f(g)

or
(+) f&) = 1&)=>.

Put v=f(2). Then v'*=192=f(2)? and v'~9=f(2)1"9=f(g)?; and f(x)?=v'"2is
a consequence of the fact that z and g generate G. Thus we have shown that
the square of every C-character belongs to the principal genus.

It is a consequence of Theorem 11.2.1 that every C-character of the cyclic
group generated by g belongs to the principal genus. Hence there exists to
every C-character f of G an element v in E such that f(g) =v'~7; and we de-
duce from (+) that 92(-9 =f(2)'=¢, Since E is cyclic and g an automorphism,
not the identity, this implies that f(2) is in E2. If wis an element in E such that
f(2) =w?, then the C-character f'(x) =f(x)w*"! has the property that f'(z) =1;
and we have shown that every C-character f of G is modulo the principal
genus congruent to a C-character of G which maps z upon 1.

Suppose now that 7 is a C-character of G such that 7(z) = 1. Then it follows
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from (+4) that r(g)?=1. If »(g) =1, then »=1. Since the element of order 2
in E is left invariant by every automorphism of E, there exists one and only
one C-character of G (which is at the same time a Co-character of G) which
maps 2 upon 1 and g upon the element of order 2. Hence the principal genus
is of index 2 in the C-character group of G. If the C-character 7 of G satisfies
r(2) =15£r(g), then r cannot be in the principal genus, since otherwise there
existed an element s in E, satisfying s?=s'"*=r(2) =1 and s'=?9=r(g) #1, an
impossibility since g is odd and 1 —g is even. Thus we have shown that the
C-character group is the direct product of the principal genus and of a cyclic
group of order 2. The order of the principal genus is 2#~1, since E2=E!~2; and
this completes the proof.

The following statement is an immediate consequence of the two pre-

ceding theorems.

CoroLLARY I1.2.3. Suppose that C is an isomorphism of the group G into
the group of automorphisms of the cyclic group E of prime power order m = p~.

(a) The C-character group of G is cyclic if, and only if, G is cyclic.

(b) The C-character group of G is equal to the principal genus if, and only if,
C is not singular.

We conclude this section with a proof of the following fact.

CoroLLARY 11.2.4. Suppose that C is an isomorphism of the group G into
the group of automorphisms of the cyclic group E of prime power order m = p~.
Then the C-character f of G belongs to the principal genus if, and only if, one of
the following conditions is satisfied:

(1) 4 does not divide m;

(2) 4 is a divisor of m, but none of the elements in G induces in E the inver-
sion z;

(3) 4 s a divisor of m, the group G contains an element z which induces in E
the inversion z and f(2) is in E2, f(g) =f(2)0—92"" for every g in G.

Proof. It is an immediate consequence of Corollary I1.2.3(b) that every
C-character of G is a principal character, if condition (1) or (2) is satisfied.
Thus we assume now that neither (1) nor (2) be satisfied by G and C. If (3)
is satisfied by the C-character f, then there exists an element v in E such
that f(2) =v?; and f(g) =f(z)(1'”>2_f=v1‘” for every g in G is a principal char-
acter. If conversely f is a principal character, then there exists an element e
in E such that f(x) =e!~= for every x in G. In particular f(z) =e!=*=¢? is in E?
and f(g) =e'~7=f(2)1—92"", since g is odd and 1 —g is even.

11.3. The principal genus. It is obvious that C-characters in the principal
genus map G¢ upon 1. The problem to be discussed in this section is therefore
that of characterizing the principal genus among the C-characters mapping
G¢ upon 1. We use the following notations:

(11.3.%) E is a cyclic group of order m =]],p™®, E(p) the cyclic subgroup
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of prime power order p™® of E; G is a group and C a homomorphism of G
into the group of automorphisms of E.

TureoreM 11.3.1. The C-character f of G belongs to the principal genus if,
and only if, the following conditions are satisfied by f:

(1) if the automorphism induced by the element g in G leaves every element
in E(p) invariant, then the order of f(g) is prime to p;

(2) <f 4 is a divisor of m, and if the element z in G induces the inversion in
E(2), then f(2) belongs to E? and f(g)™* ™" =f(2) 4=0m2 ™™™ for every g in G.

Proof. If f is any C-character of G, then f»»™® =f, is a Cp-character of G.
If f is a principal character, then there exists an element v, in E(p) such that
fo(x) =v,"% is a principal Cp-character of G. Consequently f,(x) =1 for x in
Gep, or equivalently, the order of f(x) is prime to p for x in Ge¢,. But x is
in G¢, if, and only if, the automorphism induced by x leaves every element in
E(p) invariant, showing the necessity of (1). The necessity of (2) is an im-
mediate consequence of Corollary I1.2.4 (3). If conversely conditions (1), (2)
are satisfied by f, then we infer from (1) that f, maps G¢, upon 1; and hence
it follows from (2) and Corollary 11.2.4 (3) that f, is a principal Cp-character
of G. Thus there exists, for every prime p, an element v, in E(p) such that
fo(x) =v,7% for every x in G. Since mp—( is prime to p, there exists an integer
1(p) such that mp—™(P{(p) =1 modulo p™»). Put v=]],#?. Then it is readily
seen that f(x) =v'~2 for every «x in G, showing the sufficiency of the conditions
(1), (2.

In the enunciation of the next theorem we make use of the fundamental
subgroups H(p), introduced in I.2. We note that H(p) is exactly the set of all
the elements in G which are mapped upon 1 by every Cp-character of G; and
that H(p) £Gc¢, by Lemma 1.2.3.

TueoREM 11.3.2(12). The principal genus consists of all the C-characters of G
which map Ge upon 1 if, and only if,

(1) H(p)Gec=Geyp for every p, and

(2) C s not singular.

REMARK. If E is of prime power order, and if G is C-complete, then condi-
tion (1) is automatically satisfied.

Proof. It has been pointed out before that H(p) < H(p) G¢=<Gc,; and it
follows from the very definition of H(p) that G/H(p) is a Cp-complete group.
Thus it follows from Theorem 1.3.1 that G¢,/H(p) is an abelian group the
orders of whose elements are divisors of p™(®, and that every Cy-character of
Gep/H(p) is induced by a Cp-character of G/H(p). We note furthermore the
obvious fact that every Cp-character of G/H(p) is induced by one and only"
one Cp-character of G, since Cp-characters of G map H(p) upon 1.

(12) Corollary I11.2.3 below improves upon this theorem.
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If H(p)G¢<Gep, then it follows from Theorem I.1.4 that there exists a
Co-character of G¢,/H(p) which maps H(p)G¢ upon 1, though it does not
map every element in G¢, upon 1; and consequently there would exist a
Cp-character of G which does not map G¢, upon 1, though it maps H(p)G¢
upon 1. It is obvious that such a C-character maps G¢ upon 1 without belong-
ing to the principal genus, proving the necessity of (1). )

If 1 <m(2), and if there exists in G an element 2z inducing the inversion
in E(2), then we infer from Corollary 11.2.3 (b) the existence of a C2-character
of G which maps Ges upon 1 and which does not belong to the principal genus,
proving the necessity of (2).

Suppose conversely that conditions (1), (2) are satisfied by G; and that
the C-character f of G maps G¢ upon 1. Clearly f is the product of uniquely
determined Cp-characters f,, since a C-character is a Cp-character if, and only
if, its order is a power of p. Since f, is a suitable power of f, it follows that f,
maps G¢ upon 1. Since H(p) is mapped upon 1 by every Cp-character of G,
we infer from (1) that G¢, is mapped upon 1 by f,. Now it follows from (2)
and Corollary I1.2.3(b) that every f, belongs to the principal genus, showing
that the product f of the f, belongs to the principal genus too. The conditions
(1), (2) are therefore sufficient.

CoRrOLLARY 11.3.3. The principal genus consists of all the C-characters of G
which map Ge upon 1, if the following two conditions are satisfied:

(1) if the automorphism g corresponding to the element g in G leaves the ele-
ments in E(p) invariant, then its order is prime to p;

(2) C s not singular.

Proof. Suppose that g is an element in G¢,. Then it follows from (1) that
its order modulo G¢ is prime to p. Consequently g=g’g’’ where the order of g’
is prime to p, the order of g'’ is a power of p, and where g’’ belongs to Ge.
Since g’ is an element in G¢, whose order is prime to p, and since Cp-charac-
ters of G induce Co-characters in G¢,, it follows that g’ belongs to H(p); and g
belongs therefore to H(p)Ge¢, proving that G¢,=H(p)G¢. Our contention is
now an immediate consequence of Theorem I1.3.2.

I1.4. Imbedding of C-complete groups into direct products. It will be well
to remember that C-complete groups may be characterized in two equivalent
ways: a group G is C-complete if 1 is the only element mapped upon 1 by every
C-character of G; and this is the case if, and only if, 1 is the cross-cut of the
subgroups H(p).

The following concepts will prove convenient for the enunciation of our
imbedding theorem: suppose that E(p) is a cyclic group of order p™® and
that C, is a homomorphism of the group G, into the group of automorphisms
of E(p), where the primes p range over all the prime divisors of some in-
teger m. We form the direct product E of the E(p), the direct product G* of
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the groups G, and we define the homomorphism C* of G* into the group of
automorphisms of E as follows: if [ ,¢, for g, in G, is an element in G*, then
the automorphism of E corresponding under C* to this element induces in
E(p) the same automorphism as the automorphism corresponding under C,
to g,. This homomorphism C* will always be referred to as the direct product of
the homomorphisms C,.

THEOREM 11.4.1. If C is a homomorphism of the group G into the group of
automorphisms of E, and if G is C-complete, then G may be imbedded into the
direct product of the quotient groups G/H(p) in such a way that the direct product
of the homomorphism Cp induces C in G.

Proof. The homomorphism Cp of G into the group of automorphisms of
E(p) is well defined on G,=G/H(p), since H(p) <G¢p by Lemma 1.2.3. We
denote by G* the direct product of the groups G, and by C* the homomor-
phism of G* into the group of automorphisms of E which we defined as the
direct product of the homomorphisms Cp.

If g is an element in G, then put g*=]],H(p)g an element in G*; and it is
readily seen that a homomorphism of G upon a subgroup of G* is defined by
mapping g upon g*. If g¥=1, then g is contained in every H(p) and g=11isa
consequence of the C-completeness of G. Thus G has been mapped isomorphi-
cally upon a subgroup of G*. The automorphism of E corresponding under C*
to g* induces in E(p) the same automorphism which corresponds to g un-
der Cp, that is the automorphism of E corresponding to g* under C* is the
same as the automorphism of E which corresponds to g under C; and this
completes the proof.

If we denote by k(p) the index of H(p) in G, that is the order of G/H(p),
then the following statement is an immediate consequence of Theorem II.4.1.

CoROLLARY 11.4.2. If G is C-complete, then the l.c.m. of the h(p) is a divisor
of the order of G; and the order of G is a divisor of the product of the h(p).

We have introduced the cross-cut H(p) of all the H(q) for g#p; this sub-
group H(p) consists exactly of those elements in G which are mapped upon
elements in E(p) by every C-character of G. If G is C-complete, then the cross-
cut of H(p) and H(p) is 1 so that a coset of G/H(p) contains at most one ele-
ment in H(p).

THEOREM 11:4.3. If G is C-complete, then each of the following properties
implies all the others:

(1) G is (essentially) the direct product of the G/H(p).

(2) The order of G is [ [ h(p).

(3) Every coset of G/H(p) contains an element in H(p).

(4) G s the direct product of the H(p); and H(p) is the direct product of the

H(q) for g=p.
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Proof. The equivalence of (1) and (2) is an obvious inference from Corol-
lary 11.4.2 (and Theorem I1.4.1). To prove the equivalence of (1) and (3) we
consider the map of G into the direct product G* of the quotient groups
G/H(p) which we used in the proof of Theorem I1.4.1. Clearly G is the direct
product of the G/H(p) if, and only if, G is mapped by this transformation
upon the whole group G*; and this is the case if, and only if, the following
condition is satisfied:

(3") If C(p) is, for every prime p, a coset of G/H(p), then the cross-cut
of the sets C(p) is not empty.

Suppose now that (3’) is satisfied; and that, for some given p, U(p) is a
coset of G/H(p). Put U(g) =H(q) for g#p. Then there exists by (3’) an ele-
ment % contained in all these U(r). Clearly « is in H(p), proving that (3)
is a consequence of (3') and therefore of (1).

Suppose conversely that (3) is satisfied, and that C(p) is for every prime p
(dividing m) a coset of G/H(p). There exists by (3) to every p an element
¢(p) in the cross-cut of C(p) and H(p). Put c=]1,¢(p) (the order of the factors
does not matter). If p is some prime, then ¢=c¢(p) modulo H(p), since ¢(q)
for g#p belongs to H(g) £H(p); and this shows that ¢ is an element in the
cross-cut of the C(p). Thus (3’) is a consequence of (3); and (3) implies (1),
since (3’) implies (1).

If G is the direct product of the H(p), then it is clear that H(p) is the
direct product of the H(g) for g, and that G is, for every p, the direct prod-
uct of H(p) and H(p). But this last fact shows that (3) is a consequence of (4).
If conversely (3) is satisfied by G, then G is the direct product of H(p) and
H(p), since in C-complete groups the cross-cut of H(p) and H(p) is 1. Thus
H(p) is of order k(p) and the product of the subgroups H(p) is their direct
product and is of order T1.%(p), showing that G is, by Corollary 11.4.2, the
direct product of the H(p). Hence (3) and (4) are equivalent.

COROLLARY 11.4.4. If G is C-complete, and if h(p) and h(q) are relatively
prime for p#q, then G is the direct product of the G/H(p).

REeMARK. This criterion is satisfied, for example, whenever A(p) is, for
every p, a power of p.

Proof. If k(p) and k(q) are relatively prime for p #¢q, then the l.c.m. of the
h(p) is equal to their product. Hence we deduce from Corollary 11.4.2 that
I1.%(p) is the order of G. Consequently we may infer from Theorem I1.4.3
that G is the direct product of the G/H(p).

I1.5. The order of the C-character group. Noting that H(p) <G¢, by
Lemma 1.2.3, we may decompose the index k(p) into the product A’(p)h’'(p)
of two indices where

k' (p) =index of H(p) in G¢p; and

k' (p) =index of G¢p in G.
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Furthermore we define an invariant b’’’ (p) as follows:

B'(p)=h""(p), if Cp is regular.

R (p) =p™P if p is odd and Cp is irregular.

h'(2) =2, if C2 is singular.

h'"(2) =21 4f C2 is neither regular nor singular.
The motivation for this definition of A’’/(p) will be found in Theorems I1.2.1
and I1.2.2.

Lemma I1.5.1. &' (p) is a power of p, and B’/ (p) Sh'"'(p).

Proof. Considering that, by the definition of H(p), the group G/ H(p) is
Cp-complete, it follows from Theorem 1.3.1 that &’(p) is a power of p. Since
G/Gc, is essentially a group of automorphisms of the cyclic group E(p) of
order p™®, it follows that &’/(p) is a divisor of p™»~-1(p —1), which makes
' (p) =k’ (p) evident.

THEOREM 11.5.2(13). The order of the C-character group of Gis [ [ .5 (p)h"" (p).

REeMARK. If in particular E is of order a power of p, and if G is C-complete,
then the order of the C-character group of G is &’'/(p) times the order of Ge.

Proof. Denote by K(p) the group of those Cp-characters of G which map
Gep upon 1. Then the order of K(p) is, by Theorems I1.2.1 and 11.2.2, ex-
actly 4'"’(p), since every Cp-character of G/Ge¢, is induced by one and only
orte Cp-character of G which maps G¢, upon 1. It is a consequence of Theo-
rem 1.1.3 that the group of characters of G¢,/H(p) in E(p) is exactly of order
B'(p). From Theorem 1.3.1 we deduce that every character of G¢,/H(p) in
E(p) is induced by one, and therefore by k'’’(p), Cp-character of G, since
G/H(p) is Cp-complete. The group of Cp-characters of G is therefore of order
B (p)R"'(p). But the C-character group of G is the direct product of the Cp-
character groups of G, showing that its order is [ [,4'(p)h""" (p).

CoroLLARY I1.5.3. Suppose that G is C-complete.
(a) The order of G does not exceed the order of the C-character group of G.
(b) G and its C-character group are of equal order if, and only if, C is regular.

ReMARK. If Cis regular, then every 4'’(p) is a power of p. Hence h(p) is a
power of p too, from Lemma IL.5.1. Consequently we may deduce from
Corollary I1.4.4 that G is the direct product of the quotient groups G/H(p).

Proof. It is a consequence of Corollary 11.4.2 and of the C-completeness
of G that the order of G is a divisor of [ [,4(p). We infer from Lemma I1.5.1
that k(p) =k'(p)k’"'(p). Hence (a) is a consequence of Theorem 11.5.2.

(1%) It may be deduced from Theorem I11.2.2 (a) and Corollary 111.3.2 below that [[,#'(p)
equals the order of G¢ multiplied by [, () where k" (p) is the index of GcH(p) in Gey.
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If G and its C-character group are of equal order, then we deduce from
(a) and Lemma I1.5.1 that &’(p) =h'"'(p). This equality implies the regu-
larity of C, as follows immediately from the definition of 4’//(p). If conversely
C is regular, then we infer from Corollary 11.4.4 and Theorem 11.4.3 that
I11,%(p) is the order of G; and from the definition of %’’/(p) we infer that
B''(p)=h"""(p). Hence G and its C-character group are by Theorem I1.5.2 of
equal order, if Cis regular.

CHAPTER III. CHARACTERIZATION OF C-COMPLETE GROUPS

II1.1. The case of primary E. The following lemma will prove helpful in
our discussion.

Lemma I11.1.1. If G is a cyclic group of order n, generated by the element g,
if E is a cyclic group of order m, if C is a homomorphism of G into the group of
automorphisms of E, and if vis an element in E, then 1 =v1+o+- - -+0" i5 g neces-
sary and sufficient condition for the existence of a C-character f of G such that

flg) =v.

Proof. The necessity of the condition is an immediate consequence of
1=f(1) =f(g") =f(g)t+o+ - ~+o"" If the condition is satisfied, then a single val-
ued G to E function f is defined by f(g?) =o'+ " +¢" for 0<i=<n; and this
function satisfies v=£(g), 1=f(g”) =f(1). If 0<4, j<n, then there exists a
uniquely determined integer £=0, 1 such that 0<:+4+j—kn=<n; and we find
that f(gigi) =f(giti—kn) =gl+- - +o'+i-kn-l=gl+---+0"7 gince, in case k=1, we
may multiply by 1 =g+ +" 0", and we find that

f(g‘g’) = glt-- .+gj—1vgi+ eeepgiticl it .+gi—lv(1+ eeotgi—l)gi — f(gj)f(gi)gi’

as was to be shown.

TrEOREM I11.1.2. If E is a cyclic group of prime power order m =p*, and
if C is a homomorphism of the group G into the group of automorphisms of E
then the following four conditions are necessary and suflicient for C-complete-
ness of G:

(i) G is abelian;

(ii) the orders of the elements in G¢ are divisors of m;

(iii) g xg=x9for gin G and x in G¢;

(iv) if p=2, and if the inversion of E is induced by the element z in G,
then z2=1.

Proof. If G is C-complete, then we may infer conditions (i), (ii) from
Theorem 1.3.1, condition (iii) from Corollary 1.3.2; and the necessity of (iv)
may be seen as follows: if the element z in G maps every element in E upon its
inverse, and if f is a C-character of G, then f(2?) =f(2)*/(2) =f(2)"f(2) =1; and
the C-completeness of G implies z2=1.
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We suppose now that the conditions (i) to (iv) are satisfied by G, C.

Case 1. G/Ge¢ is cyclic(). Then there exists an element g which generates
G modulo G¢. We denote by 7’ the order of G/G¢ which is at the same time
the order of g modulo G¢; and we put g*=g"". If {y} denotes the cyclic group,
generated by the element v, then { gle= {g*}.

The proof of the following statement will be the most important step.

(4) There exists a C-character f of { g} such that g* and f(g*) are of equal
order.

We distinguish several cases.

Case 1. n’ is not a power of p. Then p is odd, g—1 is prime to p; and it
follows from (ii) that x¢=x for x in G¢ implies x =1. Hence it follows from
(iii) that g*=g1g*g =g*7 and that therefore g* =1. (+) is trivially satisfied.

Case 2. p=2 and g induces the inversion in E. Then it follows from (iv)
that g?=1. Hence either g*=g?=1 and (+4) is obvious; or else g=g* is an
element in G¢; and the existence of the desired C-character which is a Cy-char-
acter is a consequence of (ii).

Case 3. n’ is a power of p; and in case p =2 the integer g corresponding to
the element g under C is congruent to 1 modulo 4. In this case the integer g
is of the form g=1+4pig’ modulo m where g’ is prime to p, 0 <j=u, and where

p=2,1<p imply 1<j.

Then we infer from the remarks in II.1 that »’=p*7 and that 14+g+4 - - -
+g7'~1is divisible by p*—7, but not by p*—i+1, We note that »’ is a divisor of
the order # of g so that n=n'n'" where both n’ and »’’ are powers of p,
since n’’ is the order of the element g* in G¢ and since we may therefore
apply (ii) on g*. Since n’ is the order of the automorphism g of E, it fol-
lows that g»"=1 modulo m; and thus it follows that n=%'n"’ is a divisor of
n''(14+g+ -+ - +g¥Y=14g+ - - - +g* ' modulo m. Finally we infer from
condition (iii) that g*=g-lg*g=g*? or g=1+p7g’=1 modulo »n'’, since n"’
is by (ii) a divisor of m; and this shows that »"’ is a divisor of p7, since n’’ is a
power of p whereas g’ is prime to p. Hence n=n'n""=p+*—in’’ is a divisor of

pl‘:m.
From the last remark we infer the existence of an element v of order »
in E. Since it has been shown that n is a divisor of 14+g+ - - - +g*!it follows

that vt*te+t - +"*=1; and we infer from Lemma III.1.1 the existence ,of a
C-character f of {g} such that f(g) =v. Then f(g*) =f(g"') =plto+t - +" g
an element of order n/n’=n'’, since 14+g+ - - - +g~~! is divisible by
n’=p+=i, but not by n’p. Since g* is of order n'’, the C-character f of {g}
meets all the requirements of (+).

Case 4. p=2, 1<pu, g=—1 modulo 4, g&£ —1 modulo m. In this case the
integer g is of the form g= —1+27’ where g’ is odd and 1 <j<pu. Then we

(1) A proof of our theorem in Case I may be constructed which makes use of Theorem
1.3.5. '
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infer from the remarks in II.1 that »'=2*"7 and that 1+4+g+ - - - +g*1is
divisible by 2#~1, but not by 2%,

It is a consequence of (ii) and (iii) that g*=g~1g*g=g*7 or 2—27g’ is di-
visible by the order »n’’ of g*. Since n'’ is a power of 2, it follows that '’ =1
or 2, that is that g*=1 or g* is of order 2.

If g*=1, then (+) is obvious. If g* is of order 2, then n=2n’,
14g+ - - - +gr1=2(14¢g+ - - - +g™~!) modulo m, since g* =1 modulo m.
If v is any element of order m in E, then 1=g*o+ - -+¢"" since 14g+ - - -
+gn1 is divisible by 2 2#"'=m; and it follows from Lemma III.1.1 that
there exists a C-character f of {g} such that f(g) =v. Then f(g*)=f(g"")
=gl+o+ - +0" 7 is of order 2, since the exponent is divisible by 2#~1, but
not by 2#; and this shows that f meets all the requirements of (4).

Thus we have completed the proof of (4).

Suppose now that fy is a Co-character of G¢ in E. Then it follows from (+)
that there exists a C-character f; of {g} which coincides with f, on the cross-
cut {g*} of Gc and {g}. Hence we may infer from Lemma 1.3.4 the existence
of a C-character f of G which induces fo in G¢ and fi in {g}, since G=Gelg},
and since the conditions (i) to (iii) are satisfied by G and C. This shows that
every Co-character of G¢ in E is induced by a C-character of G. But this
implies C-completeness of G, as follows from Theorem 1.3.1, since (i), (ii) are
satisfied by G and C.

Case I11. G/G¢ is not cyclic. In this case p=2; and G/G¢ is the direct prod-
uct of a cyclic group V by a cyclic group Z of order 2 such that the element of
order 2 in Z maps every element in E upon its inverse (note that 2 <u). We
denote by W the uniquely determined group between G¢ and G which satisfies
W/Ge=V; and we infer from what has been shown in Case I that W is
C-complete.

If z is any element, representing the coset of order 2 in Z, then it follows
from condition (iv) that z is of order 2. We note finally the obvious fact
G=W{z}.

The proof of the following statement will be the most important step.

(4++4) Every C-character of W is induced by a C-character of G.

Mapping every element g in W upon the element zgz effects an automor-
phism of W;and g and zgz clearly induce the same automorphism of E. Hence
it follows from Lemma 1.2.2 that fi(x) =f(zxz) is a C-character of W whenever
fis a C-character of W.

Suppose now that f is any C-character of W. Then it follows from the last
remark that fo(x) =f(x)fi(x) =f(x)f(2xz) is a C-character of W. If y is any
element in G¢, then it follows from (iii) that zyz=y~!; and since C-characters
of W induce Co-characters of G¢, we find that fo(y) =1 for y in Ge¢= We.
Since none of the automorphisms of E which are induced by elements in W
maps every element in E upon its inverse, we may apply Theorem I1.2.1 upon
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f2. Hence f; belongs to the principal genus of W, that is there exists an ele-
ment v in E such that v=2=f,(x) =f(x)f(zxz) for x in W.

Since W is a normal subgroup of G, and since z is an element of order 2,
generating G modulo W, it is possible to represent every element in G in one
and only one way in the form g =w(g)z*® for w(g) in W and 0=<4(g) <1. Con-
sequently a single-valued G to E function is defined by

1'(8) = f(w(g))Viwyite)

where v is the element in E introduced before.

The element g is in W if, and only if, i(g) =0 and g=w(g), proving that f
and f’ coincide on W. If g and y are elements in G, then gy =w(g)z*@w(y)z'®
=w(g)z!Vw(y)zi@z¥0+i®»_ Thus w(gy) =w(g)z*@w(y)z*®@ and i(gy)=1i(g)
+2(y) modulo 2, since W is a normal subgroup of G. From the choice of the
element v it follows that f(zixz®) =v'~=f(x)V’ for x in W and ¢=0, 1. This
implies that

f['w(gy)] = f[‘w(g) ]w(”)f[zi(“)w(y)zi(a)]
= f[w(g) ]w(”)f[w(y) ](—l)‘(v)vl—w(y)i(ﬂ).

One verifies furthermore by substituting the possible values for 7(g) and 7(y)
that

[1 = w(y)@)(= D©O+H® 4 i(gy) = i(y) + i(Qu(y)(— D).
Consequently we have finally

I'(gy) = Jlw(gy) |0 @yien
= f[w(g)]w(u)(—-n"(v)“(wf[w(y)](~1)f<'I>vi<u>+i<a>w(u)<—1)‘<V>
= {f[w(g)](—l)‘(')vi(a) }w(u)(—x)"(v)f[w(y)](—1)“}07,1'(:;)
= f(@¥f'(3).

Thus f’ has been shown to be a C-character of G which induces f in W;
and this completes the proof of (++).

Since W is C-complete and contains G¢= Wy, it follows from Theorem
I.3.1 that every Co-character of G¢ in E is induced by a C-character of W;
and hence we infer from (4 +) that every Co-character of G¢ in E is induced
by a C-character of G. The C-completeness of G is now an immediate infer-
ence of Theorem 1.3.1 and conditions (i), (ii); and this completes the proof

of the theorem.
We note that we have proved the following statement:

CoroLLARY I11.1.3. If E is a cyclic group of order m=2+, 1<u, if Cis a
homomorphism of the group G into the group of automorphisms of E such that
some elements in G are mapped by C upon the inversion of E, if G is C-complete
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(satisfies (i) to (iv) of Theorem 111.1.2), and if the subgroup W of G contains Ge,
does not contain elements z inducing the inversion in E, though G is generated
by adjoining z to W, then every C-character of W is induced by a C-character of G;
and if f is a C-character of W, v an element in E, then there exists a C-character
of G which induces f in W and maps z upon v if, and only if, v~ =f(x)f(2x2)
for x in W. )

II1.2. Determination of the subgroups H(p). Throughout this section we
shall make use of the notations (I1.3.*). For the enunciation of the next theo-
rem it will be convenient to introduce the subgroup Hi(p)=(Ge¢p)*" " (Geyp)’
where X'’ is the commutator subgroup of the group X. Clearly Hi(p) is the
smallest subgroup of G¢, such that G¢,/Hi(p) is an abelian group the orders
of whose elements are divisors of p™® and H;(p) is a normal subgroup of G.

TueoreM 111.2.1. (a) Hi(p) SH(p) =Gep.

(b) If Cp is not singular, then H(p)/H.\(p) is generated by the elements
g wgx? for g in G/Hy(p) and x in Gep/Hi(p).

(c) If C2 is singular, then H(2)/H,(2) is generated by the elements g~ 'xgx=?
for g in G/H1(2), x in Geo/ Hi(2) and by the squares of those elements in G/H1(2)
which induce the inversion in E(2).

Proof. It is a consequence of the definition of H(p) that G/H(p) is Cp-com-
plete. We infer H(p) <G¢, from Lemma 1.2.3; and we deduce from Theorem
II1.1.2 the validity of the following conditions:

(1) Gep/H(p) is an abelian group the orders of whose elements are di-
visors of p™®,

(2) gxg=xfor gin G/H(p) and x in G¢,/H(p).

(3) z2=1, if C2 is singular, and if the element z in G/H(2) induces the in-
version in E(2).

Condition (1) implies Hi(p) S H(p).

Now we define the subgroup H:(p) between Hi(p) and H(p) as follows:
If Cp is not singular, then Hy(p)/H\(p) is generated by the elements g—lxgx—?
for g in G/Hi(p) and x in Gep/Hi(p). If, however, C2 is singular, then
H,(2)/H,(2) is generated by the elements g~'xgx— for g in G/H\y(2), x in
Geo/Hi(2) and by the squares of those elements in G/H1(2) which induce the
inversion in E(2). From conditions (2) and (3) it is immediately deduced
that Hy(p) < H(p).

It is an immediate consequence of the definition of the subgroup Ha(p)
and of Theorem II1.1.2 that the group G/H.(p) is Cp-complete. Thus it fol-
lows from Lemma 1.3.3 that H(p) < Ha(p), proving the desired equality of
H(p) and Hy(p).

We denote by p?® the order of the subgroup of all those elements in E(p)
which are left invariant by every automorphism of E(p) that is induced by an
element in G. Thus the integer corresponding to the element g in G under Cp
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is of the form g=1+4p'®g, modulo p™® for g, a suitable integer. From the
facts enumerated in I1.1 one readily deduces the following two statements:
J(p) =0 if, and only if, m(p) =0 or G/Ge¢, is not of order a power of p.
1<J(2) whenever 1 =m(2).
For the investigations concerning the principal genus it is important to
determine the subgroup H*(p) of all those elements in G which are mapped
upon 1 by all the Cp-characters of G mapping Ge upon 1.

Lemma I11.2.2. (a) H*(p) =H(p)Ge.

(b) If Cp is not singular, then H*(p)/Ge=(Gcp/Ge)? ™.

(c) If C2 is singular, then H*(2)/G¢ is generated by the elements in
(Ge2/Gc)? and by the squares of those elements in G/G¢ which induce the inver-
ston in E(2).

We note that J(2) =1, if C2 is singular.

Proof. It is an immediate consequence of the definition of H*(p) that
H(p)Ge<H*(p). Since G¢ is mapped upon 1 by the principal genus, and
since there exists to every element not in G¢, a principal Cp-character which
does not map it upon 1, it follows that H*(p) £G¢,. If wis an element in Geyp,
though not in H(p)Ge, then we infer from the Cp-completeness of G/H(p)
and from Theorems 1.3.1 and 1.1.4 the existence of a Cp-character of G which
maps H(p)G¢ upon 1, though it does not map w upon 1. Thus w cannot belong
to H*(p) and hence H*(p) =H(p)Ge.

G/G¢ is essentially a group of automorphisms of a cyclic group. Hence
G/G¢ is an abelian group. It is an immediate consequence of the definition
of H*(p) that G/H*(p) is Cp-complete; and thus it follows from Theorem
I11.1.2 that

(1) the orders of the elements in the abelian group Ge,/H*(p) are di-
visors of p™®,

(2) x=gxg=x° for x in G¢,/H*(p) and g in G/H*(p),

(3) 22=1, if 1<m(2) and if the element 2z in G/H*(2) induces the inver-
sion in E(2).

From (2) we infer that the orders of the elements in G¢,/H*(p) are di-
visors of p/®. Thus we define the subgroup H**(p) between G¢ and G¢, as
follows: If Cp is not singular, then H**(p)/Gc¢ = (G¢p/Ge)?'®. If C2 is singu-
lar, then H**(2)/G¢ is generated by the squares of elements in G/G¢ which
induce in E(2) the inversion or the identity. From what has been shown thus
far we deduce H**(p) <H*(p). (The condition (1) may now be discarded,
since J(p) =m(p).)

If x is an element in Ge,/H**(p) and g an element in G/H**(p), then it
follows from the construction of H**(p) that G/H**(p) is commutative, that
the orders of the elements in G¢,/H**(p) are divisors of 7, and that there-
fore g~wg=x=ux9 for x in Gep,/H**(p) and g in G/H**(p). Hence by Theorem
I11.1.2 we have the Cp-completeness of G/H**(p), proving H*(p) = H**(p).
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THEOREM 111.2.3. The principal genus is exactly the set of the C-characters
mapping Go upon 1 if, and only if,

(1) Cis not singular, and

(2) [Gep:Ge) s prime to p for every prime p such that m(p) #0 and G/Gc,
is of order a power of p.

REMARK. J(p)#0 if, and only if, m(p) #0 and G/G¢, is of order a power
of p, as follows from the remarks in II.1.

Proof. Suppose first that the principal genus contains every C-character
mapping G¢ upon 1. Then it follows from Theorem I1.3.2 that (1) is satisfied
by G and that G¢,=H(p)Gc. Hence we may deduce from Lemma I11.2.2(a)
that Ge,=H*(p), and from Lemma II1.2.2(b) that G¢,/Ge=H*(p)/Gc
=(Gep/Ge)”®. Consequently J(p) =0 implies that the order of Ge,/Gc is
prime to p; and this shows the necessity of condition (2), since J(p)#0 if,
and only if, m(p)#0 and G/Ge, is of order a power of p.

If conversely conditions (1) and (2) are satisfied by G, it follows from
Lemma III.2.2(a) and (b) and the above Remark that (GcH(p))/Ge
=H*($)/Ge=(Gcp/Gc)”’ ™ =G¢p/Ge. Thus GeH(p) =Gep; and we infer from
Theorem I1.3.2 that the principal genus contains all the C-characters, mapping
G¢ upon 1.

II1.3. The case of composite E. We remind the reader of the fact that
C-completeness of the group G is equivalent to the property: the cross-cut
of all the subgroups H(p) is 1. This latter property implies that the cross-
cut of H(p) and H(p) is 1, for every p, since H(p) is the cross-cut of all the
H(q) for ¢ p. The importance of the last criterion rests on the fact that H(p)
consists of the elements mapped into E(p) by every C-character of G.

TueoREM 111.3.1. Each of the following properties implies the others.

(a) Gis C-complete.

(b) H(p) does not contain elements of order p in G¢(¥).

(c) Ge is abelian and the cross-cut of H(p) and Gc consists of the elements of
order prime to p in Ge(*5).

Proof. If y is an element of order p in G¢, then y belongs to H(p), since
C-characters of G induce Co-characters of G¢ in E. If G is C-complete, then
the cross-cut of H(p) and H(p) is 1 so that elements of order p in G¢ cannot
be in H(p). If G is not C-complete, then the cross-cut H of the subgroups
H(p) is different from 1 and is part of G¢ so that there exists an element w
of prime order 7 in H. This element w in G¢ belongs to H(r), since it belongs
to H; and thus we have shown the equivalence of (a) and (b).

If G is C-complete, then G¢ is abelian by Theorem I.3.1 so that G¢ is the
direct product of groups P and Q where P is of order a power of p and Q of

(1) Conditions (b) and (c) are supposed to be valid for every prime p.
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order prime to p. It is a consequence of (b) that the cross-cut of H(p) and P
is 1; and it is a consequence of Theorem II1.2.1 that Q is part of H(p), that is
Q is the cross-cut of G¢ and H(p). That (b) is a consequence of (c) is obvious;
and this completes the proof.

CoroLLaRrY 111.3.2. G is C-complete if, and only if, H*(p) is, for every
prime p, the direct product of H(p) and the p-component of the abelian sub-
group Ge.

Proof. If G is C-complete, then Ge is abelian by Theorem I11.3.1(c). If G¢
is abelian, then it is the direct product of two subgroups U(p) and V(p)
where U(p) consists of the elements of order a power of p in G¢ and where
V(p) consists of the elements of order prime to p in G¢. Since C-characters
of G induce Co-characters of G, it follows that V(p) < H(p). Hence we deduce
from Lemma II1.2.2(a) that H*(p) =H(p) U(p). If G is C-complete, then it
follows from Theorem III.3.1(b) that H*(p) is the direct product of H(p)
and U(p). If conversely H*(p) is the direct product of H(p) and U(p), then
the C-completeness of G is a consequence of Theorem II1.3.1(b).

The criteria for C-completeness contained in Theorem II11.3.1 and Corol-
lary II1.3.2, though sufficient for many applications, are unsatisfactory, since
the subgroups H(p), H*(p) which are defined in terms of C-characters are in-
volved, whereas a satisfactory criterion should involve nothing but structural
properties of G and C. We note that Theorem I11.3.1(2) is really a family of
conditions, namely one for every prime p. To solve our problem it is both
sufficient and advantageous to find for every preassigned prime p, a criterion
assuring the absence (') of elements of order p in the cross-cut of H(p) and Ge.
The following concept will be used in the enunciation of such a criterion.

(IT1.3.*¥) Q=Q(p) is the set of all the elements in G¢, whose order is
prime to p.

THEOREM I11.3.3. If G¢ is abelian(Y?), and if p is a prime, then the following
conditions are necessary and sufficient for the absence(®) of elements of order p
in the cross-cut of H(p) and Ge:

(1) Q(p) is a normal subgroup of G and Ge,/Q(p) is an abelian group of
order a power of p.

(2) If v is an element in G and x an element in G, such that xy~'x~ly is
of order a power of p, then (xy~w=')?"" PP =1; and if furthermore x»'®
is an element of order a power of p in Ge, then(18) y~lxy=xv,

(1) This is property (b) of Theorem I11.3.1, stated for one prime number $ only.

(1) Theorem II1.3.1 (c) shows that the commutativity of G¢ is necessary for the com-
pleteness of the group G.

(18) Here the exponent y stands for a suitable integer which is modulo p™(» congruent to
the integer corresponding to the element y under Cp. It can be shown, however, that the order
of the element x is a divisor of pm(®,
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(3) Suppose that p=2, 1 <m(2) and that the element y in G induces the in-
version in E(2)(?).

(3") If ¥%is an element of order a power of 2 in Go, then y2=1.

(3"") If g is an element in G such that the integer corresponding to g under
C2 is congruent to —1 modulo 4, if x is an element in Gy such that x, g~ xgx™1
and y~'xyx—! are of order a power of 2, then(?®) g~lxgx—' = (y~lxyx—1) -2 7",

Proof. A. Assume that there are no elements of order p in the cross-cut
of H(p) and Ge.

We infer from Lemma 1.2.3 that H(p) £Gc¢,p; and from the definition of
H(p) that G/H(p) is Cp-complete. Thus it follows from Theorem II1.1.2 that:

(1) Gep/H(p) is an abelian group the orders of whose elements are di-
visors of pm™®;

(1i) v"xv=x" for v in G/H(p) and x in Ge¢,/H(p);

(iii) 22=1 for z an element in G/H(2) inducing the inversion in E(2) pro-
vided p=2 and 1<m(2).

As an abelian group G¢ is the direct product of subgroups P and K where
P consists of all the elements of order a power of p in G¢ and where K con-
sists of all the elements of order prime to p in G¢. Since P and K are charac-
teristic subgroups of G¢, they are normal subgroups of G. We infer from (i)
that K < H(p); and from our hypothesis, that the cross-cut of H(p) and P is 1.
Hence K is the cross-cut of H(p) and Ge.

From (i) and the commutativity of G/G¢ it follows that the commutator
subgroup G¢, of G¢, is part of the cross-cut K of H(p) and G¢. Hence
G¢p/K is abelian and is therefore the direct product of groups .S and T where
S consists of all the elements of order prime to p whereas T consists of all the
elements of order a power of p. Denote by S* the subgroup of G¢, which
contains K and satisfies S=S*/K. The orders of the elements in S* are
prime to p, since this holds true for the orders of the elements both in K and
in S*/K, thatis S* <Q(p). If 7 is an element in Q(p), then its order is prime to
p and it is contained in a coset of G¢,/K whose order is prime to p, thatis 7 is
in a coset belonging to .S; and thus we have shown that Q(p) =S*. Thus Q(p)
is a subgroup of G¢p; it is therefore a characteristic subgroup of G¢, and a
normal subgroup of G. Since K =Q(p) and Ge¢,/K is abelian, G¢,/Q(p) is
abelian of order a power of p, proving the necessity of condition (1).

If y is any element in G, then we also denote by y some integer that corre-
sponds modulo p™® to the element y under Cp. From the definition of J(p)
we infer the existence of an integer y, such that y=1+4p/ @y,

If y is an element in G and x an element in G¢,, then we infer from (ii) that

(19) This condition is vacuous, if none of the elements in G induces the inversion in E(2).

(2%) The exponent (1 —g)2~1 stands for any suitable integer meeting the obvious require-
ments; it is a consequence of the first part of condition (2) that the value of (y~lxyx~1)a-o2™
is independent of the particular choice of (1 —g)271
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yleyarv = yleyxlxlv = y—lxyx—1x_p1<p),,o

is an element in H(p). If both y~lxyx—! and x»’® are elements of order a
power of p in G¢, then y~xyx— is an element of order a power of p in the
cross-cut of H(p) and G¢ so that y~lxyx—¥=1, proving the necessity of the
second part of condition (2). If we do assume only that y~lxyx~!is an element
of order a power of p (in G¢), then we infer from (i) and the above equation
that

1= (y_lxyx_y) pm(®)~J (p) = (y_lxyx_lx_pJ(p)yo) pm(p)—J(P)
= (y_lxyx_l) pm(@)=J (p) x_pm(p)yo = (y_lxyx_l) pm(2)=J (p) modulo H(P)

so that (y~lxyx—1)?"P7? is an element of order a power of p in the cross-

cut of H(p) and G¢. But such an element is equal to 1, completing the proof
of the necessity of (2).

Suppose now that p =2 and 1 <m(2), that the element y in G induces the
inversion in E(2) and that y? is an element of order a power of 2 in G¢. Then
it follows from (iii) that y?is an element of order a power of 2 in the cross-cut
of G¢ and H(2), that is y2=1, showing the necessity of (3').

If p=2,1<m(2), if y induces the inversion in E(2) and if the integer cor-
responding to the element g in G under C2 is congruent to —1 modulo 4,
then (1—g)2~!is an odd integer. If g7lxgx~! and y~'xyx~! for x an element
in G2 are elements of order a power of 2 (in G¢), then we infer from the com-
mutativity of Ges/H(2) (see (i)!) that

g—xxgx—l(y—lxyx—l)(g—l)z“ = g lagar a1y layxx—?) (g—-1)27!
= —1xgx—g(y—1xyx)(g—l)z"lxg—lx—2(g—1)2"‘

= g lagao(y~lxyx) @2 = 1 modulo H(2)

by (ii); and thus g~lxgx—'(yxyx—1)@-D27" =1 as an element of order a power
of 2 in the cross-cut of H(2) and Ge, proving the necessity of (3'').

B. Assume that the conditions (1), (2), (3) are satisfied by G, C, p. We
distinguish two cases.

B.1. Cp is not singular. We select a p-Sylow subgroup M of G¢,. The
cross-cut of Q(p) and M is 1; and M contains the subgroup P of all the ele-
ments of order a power of p in Ge, since P is a normal subgroup of G. Since
any two p-Sylow components of G¢, are conjugate in G¢,, and since every
element in G transforms M into another p-Sylow subgroup of Gc,, it follows
that every coset of G/G¢, contains elements from the normalizer of M in G.
It follows from the special hypothesis B.1 that G/G¢, is a cyclic group; and
thus we have shown the existence of an element g in G which generates G
modulo G¢, and which transforms M into itself.

It is a consequence of condition (1) that Q(p) is a normal subgroup of G,
and that every coset of G¢,/Q(p) contains one and only one element in M.
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Thus M and G¢,/Q(p) are isomorphic groups and we infer from (1) the com-
mutativity of M.

If we denote by N the subgroup of G which is generated by adjoining the
element g to M, then M is a normal subgroup of N, every coset of N/M is
represented by some power of g, and all the elements in the same coset Mgt
of N/M induce in M the same automorphism.

G‘——-NG(:,,
O

H*(p)=H(p)Gc=H(p) X P

M O H(p)

S Q+=G€':(p)=Mpm(p)Q(p)

QQ(?)

GeN\M=P O K=GcNH(p)

1= MOH(p)

We put Q+=Q*(p)=G&™”. From Q(p)=0(p)*"® and from the com-
mutativity of M (together with the fact that every coset of G¢,/Q(p) contains
one and only one element in M) we infer that

) 0+ = Q.

Clearly it follows from (1) that G¢,/Q*(p) is an abelian group the orders of
whose elements are divisors of p™®. It is readily seen now that Q*(p) is
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exactly the group Hy(p) introduced in Theorem III.2.1; and we infer from
this theorem that H(p) is the uniquely determined subgroup of G¢, which
contains QF such that H(p)/Q* is exactly the subgroup of G¢,/Qt which is
generated by all the elements v—'wvw for v in G/Q* and w in G¢,/Q*.

Since Ge¢,/Q* is by (1) an abelian group the orders of whose elements are
divisors of p™®), it follows that every coset V of G/Ge¢, induces a well-deter-
mined automorphism in G¢,/Q* which we denote by V also. Thus v—lwrw—
=w""? for v in G/Q%, w in G¢,/QF and V=Gepw. From our choice of the ele-
ment g we infer the existence of an integer ¢ such that V=_Ge,g?; and for the
integers corresponding under Cp to these elements it follows likewise that
v=g* modulo p™®). If we put Z=Gc,g, then we find for v in G/Q* and w in
Gep/QF:

v lwpw? = WV = @0 = @ T ek 420 T T 20

From this equation one readily deduces the following fact:
() H(p)/Q" = (Gep/QH)%.

Now let g stand for any integer which modulo p™® corresponds under Cp
to the element g in G. If x is an element in H(p), then we infer from (') the
existence of an element ¥ in G¢,/Q% such that Q+tx =Q* Y%, But Y contains
an element y in M. Hence it follows from (’) that x is in

QH (@ y)o™ = Q*glygy™ = QMg ygye.

Thus we have proved the following statement.
(""") Every element in H(p) has the form:

pm(® 1 —g
2

X = XoXy g XogXx for x0 in Q(p), x1 and x, in M.

We note that by the choice of g the element g—lx.g is in M too so that x5 x be-
longs to M.

Suppose now that x is an element of order a power of p in the cross-cut
of H(p) and G¢. Then it follows from (’’’) and the remark following (’’’)
that both x and x5 'x belong to M, since P < M. Hence x, is in the cross-cut
of Q(p) and M so that xo=1. Since gx,gx5! is in the cross-cut P of M
and G, it follows that x(g lxsgaxs)~'=x7""x,"? is in P too. (Use the
commutativity of M.) From the definition of the integer g and the invariant
J(p) we infer the existence of an integer g* such that 1 —g=g*p/@; and since
the element g generates G modulo G¢,, that is the automorphism correspond-
ing to g under Cp generates the group of automorphisms of E(p) induced by
elements in G, it follows that g* is prime to p. Hence

pm@P)=I(®) g* pI P pm® 19
(21 X2 = %1 X2
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is in G¢ and even in P ; and it follows from condition (2) (second part) that

—1, pm@-JI@) g+ pm@=J(®) g g
£ (N %2 )g = (%1 x2 ),
-1 —g. g* —1 g* —g*g pm@=IP g 1 —pm@)-J(P)
(g xagx2) =g x2g%2 = m g %1 g

and consequently we find that

o* g*pm® 1

—g, 9
x =0 (g x2g%2 )
g*pm®)  pm@-J@(1—g*pI @) _ —pm(®—=J(P)
=% % (g %18)
pm (P)=J(P) -1 -1 _pm@®-J®) —1 —1 _pm@-J®
= (g x1 g = (x1g % &)
=1

as follows from the first part of condition (3). But g* is prime to p; and hence
it follows that x=1; and we have shown that the only element of order a
power of p in the cross-cut of H(p) and G¢ is 1, as we desired to do.

B.2. p=2 and C2 is singular. Then J(2) =1, as has been pointed out be-
fore.

We select a 2-Sylow subgroup N of G and denote by M the cross-cut
of N and G¢. Since Ges is a normal subgroup of G, it follows that M is a
2-Sylow subgroup of G¢s. Since both G¢2/Q(2) (by (1)) and G/Ge: are of order
a power of 2 (see II.1.B), it follows that every coset of G/Q(2) contains one
and only one element in NV; and we infer from (1) the commutativity of M,
as M and G¢o/Q(2) are isomorphic.

We denote by Y the set of all the elements in G which induce the inver-
sion in E(2). Clearly Y is a coset of G/G¢2 and the cross-cut Y* of ¥ and N
is a coset of N/ M.

We denote by Q*=Q+(2) the subgroup G%';'m; and as in B.1 it follows
that Q*(2) =Q(2) M?"® and that G¢/Q*(2) is an abelian group the orders of
whose elements are divisors of 2™(®, Then one deduces from Theorem II1.2.1
that

(4+) H(2) is the uniquely determined subgroup of G¢: which contains
Q+*(2) such that H(2)/Q*(2) is generated by the elements y? for y in ¥ and
by the elements v—'wvw= for v in G/Q*(2) and for w in G2/ Q*(2).

It will be convenient to start with the investigation of a (possibly smaller)
subgroup, namely the subgroup Q° between Q+(2) and H(2) which is uniquely
determined by the property that Q°/Q is generated by the elements y2 for y
in the coset ¥ of G/G¢s [consisting of all the elements in G/Q* which induce
the inversion in E(2)]. Noting that every coset of G/Q(2) contains one and
only one element in N and that the inverses of elements in ¥ belong to ¥,
it is readily verified that every element x in Q° has the form:
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2@ 2 2 . . .
X = XoX1 Y1+ Vi for0 < k, % inQ, x;in M, y; in YV*,

If 1<k, then it is possible to simplify this normal form for elements in Q°
as follows: Since every y; is an element in N which induces the inversion in
E(2), all the elements y; are in the same coset Y* of N/M; and hence there
exist elements z; in M such that y; =2;y:. Since all the elements in ¥* induce
in the abelian group M the same automorphism which we denote by Y*, it

follows that y2=2"Y"y2. Since 2; and j? are elements in the commutative
group M, we deduce that 32 - - - y2=(3, - - - )*¥Y*y}*. Considering that an

odd power of an element in Y* is an element in V¥, we see finally that every
element x in Q" has the form:

" om@ 147" 2b
( ) X = XoX) X2 X3

for xoin Q, x1 and x2 in M, where x;=1if A=0 and x; is in Y*if 0<A.

Now we distinguish two cases:

B.2.1. G/Ggs is of order 2. Then the elements in G induce in E(2) the in-
version and the identity; and it follows from (+) and (*) that every element
x in H(2) has the form given in (¥*). Suppose now that such an element x
belongs to P (is an element of order a power of 2 in G¢). Since P < M, since
M is an abelian 2-group, and since x¢!x and x both belong to M, it follows
immediately that xo=1. We note furthermore that x}*~! belongs to the cross-
cut P of G¢ and M, since it belongs to the commutator subgroup of G which
is part of Ge.

If #=0, then x=a""%1*"" and consequently (22" 'x,)?® =22"®x2
=xx3" " is an element in P. Hence it follows from the second part of condition
(2) that (2" “7x,) " = (" " "xs)"1 or xl Tl=xr 02" 454 thus we find
that

am@_ (Y*§1)2m@-1 (1-Y*)2m@-J @)
X = x = x =1

by the first part of condition (2).
Next if 2=1, then

om(2) 1+Y‘ 2 om(2) 2 2»;(2)—1(1_]7') 2m(2)—l(1+y*) 2
x=x1 %2 X5 =x (%x5) = a0 %1 (%25)
om(2)—1( I—Y') om(2)—1 2
= %1 %9%3)

and this shows that 22" ® "« is an element in ¥* whose square is in P. Thus

it follows from condition (3’) that this square is 1 so that x =x(-¥YH2"®~®
=1 by condition (2) (first part).
If finally 1 <#4, then 2*-1—1 is odd; and we find that

om@-1(1—y") = am®-1 2 (2t-1-1)2
X =X X1 XoX3) X3
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Since both xf @™~ and xfmz)_ XX are elements in Y*, there exists an ele-
ment 2z in M such that x2 o= "ok =zx3" " ; and consequently we have
=224 The first of the factors is 1 as a consequence of the
first part of condition (2); and hence x =1 is a consequence of the second part
of (2). This completes the proof of the fact that in the case under considera-
tion the cross-cut of P and H(2) is 1.

B.2.2. G/Ges s not of order 2. Then we infer from I1.1.B and from the
existence of elements in G which induce the inversion in E(2) that there
exists a basis Z, Y of G/G¢y where Y induces the inversion in E(2) and where
the integer corresponding to Z under C2 is congruent to —1 modulo 4. We
note that the cross-cuts Z* and Y* of Z and Y respectively with IV are cosets
of N/M which induce the automorphisms Z* and Y* respectively in the com-
mutative group M.

Now one derives from (+4) and (*) with the same arguments as were
used in B.1 that every element x in H(2) has the form:

- m®@  14Y° Z'—g 2
( ) X = XoX%1 X2 X3 X4

where xg is in Q(2), where x1, x» and x3 are elements in M and x4 is an element
in Y*if 0<h, and x,=1 if 0=4%, and where g is an integer which is modulo 2™
congruent to the integers corresponding under C2 to the elements in Z*,

If x is an element in the cross-cut of H(2) and P, then it follows as usual
that xo=1. It follows from condition (3’’) and the first part of condition (2)
that x{I-¥"?"®™ =1 and that x{Z"~9+(+¥)e=D2"" =1 and thus we find that

m@-1(14Y")  1+¥Y" (1+Y")(1—-g)21 2k
X =X X2 X3 X4 .

If xih =1, then x is the (14 Y*)th power of some element in M, and x=1
is a consequence of the second part of condition (2).

If h=1, then x =9*¥"x% = (vx,)? for v an element in M and vx; an element
in Y*; and it follows from condltlon (3’) that x=1.

If 1<#h, then x=vl+”’x3x§2"-'—1)2=wl+”‘ for some element w in M (the
existence of w is seen as in case B.2.1) and we infer again from the second part
of condition (2) that x=1. Thus it follows that the cross-cut of P and H(2)
is 1; and this completes the proof of the theorem.

REMARK. From condition (2) one derives readily that x#™” =1 for every
element x in G¢, such that x»™® is an element of order a power of p in Ge.

p™(P)

CHAPTER IV. UNIQUENESS OF THE C-CHARACTER GROUP

The group B of C-characters of the group G shall be termed complete, if 1
1s the only element in G mapped upon 1 by every C-character in B; and the com-
plete group B of C-characters of G may be called strictly complete, if B con-
tains the principal genus. The C-character group of G (that is, the group of
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all the C-characters of G) is obviously complete if, and only if, G is C-complete.
Thus there arises the problem(?!) of determining conditions assuring that the
C-character group of G is the only complete (the only strictly complete) group
of C-characters of G; and we devote this chapter to a solution of this problem.
IV.1. Criteria depending on the nature of the homomorphism C only. If G
is C-complete, then G is by Theorem 1.3.1 an extension of the abelian group
G¢ by the abelian group G/Gc¢; and the homomorphism C effects an isomor-
- phism of G/G¢ into the group of automorphisms of the cyclic group E. The
criteria in this section will depend (like the investigations of Chapter II) only
on the nature of the isomorphism C of the quotient group G/Ge.

THEOREM IV.1.1. If the group G is C-complete, if the order of Gcp/Ge is
prime to p whenever 0 <m(p) and G/Gc, is of order a power of p, and if C2 is
not singular, then the C-character group of G is the only strictly complete group
of C-characters of G.

Proof. If B is a complete group of C-characters of G, then it follows from
the C-completeness of G and from Theorems 1.3.1 and 1.1.4 that every
Co-character of G¢ in E is induced by some C-character in B. Thus there exists
to every C-character f of G at least one C-character b in B such that f and b
coincide on Ge. Since fb—! is a C-character of G which maps G¢ upon 1, it
follows from our hypotheses and Theorem II1.2.3 that f6~! belongs to the
principal genus. If B is strictly complete, then f6~! is in B, showing that f
itself belongs to B, that is, every strictly complete group B of C-characters
of G is the (full) C-character group of G.

THEOREM 1V.1.2. If G is C-complete, if C is regular, then the C-character
group of G is the only complete group of C-characters of G.

Proof. It is an immediate consequence of Corollary I1.5.3 and our hy-
pothesis that G and its (full) C-character group are of equal order N. Suppose
now that B is a complete group of C-characters of G. Then its order N* cer-
tainly does not exceed N [is a divisor of N].

If g is an element in G, then we define a single-valued B to E function(22)
F,(f) by the rule F,(f)=f(g) for every f in B. It is readily verified that F, is
a Co-character of B in E; and we note that B is an abelian group the orders
of whose elements are divisors of the order m of E. The elements x and y
in G satisfy F,=F, if, and only if, f(x) =f(y) for every f in B; and this is
equivalent to

1= [f@f71" = f@) ) = f@v 1) = fey™)

(*) A solution of this problem is important by its applications to the theory of radical
extensions of fields, as will be shown elsewhere.
(®) Cp. V.1 below for a more detailed study of this operator F,.




138 REINHOLD BAER (July

for every f in B. Since B is a complete group of C-characters of G, it follows
that F, =F, if, and only if, xy7'=1 or x=y. Thus we have shown that
the set Fg of all the Co-characters F, of B consists of exactly N characters.
It is a consequence of Theorem I.1.3 that the order of the group of all the
Co-characters of B in E is exactly N* showing that N <N*. But we have
pointed out before that N* does not exceed IV showing that N = N*, that is,
B and the (full) C-character group of G are of equal order and are therefore
equal, as was to be shown.

We note that the methods employed in the proofs of the two preceding
theorems are completely exhausted by these theorems.

The following lemma will prove useful in the future.

Lemma IV.1.3. If G is C-complete, if G* is a subgroup of G such that
G=GcG*, if B is a group of C-characters of G such that every C-character of G*
is induced by some C-character in B, and if to every element w in G ¢ whose order
modulo(?®) G* is a prime there exists a C-character in B which maps G* but not w
upon 1, then B is the full C-character group of G.

Proof. If f is a C-character of G, then there exists a C-character b in B
such that f and b coincide on G*. Thus fi=fb—!is a C-character of G which
maps G* upon 1. If B* is the group of all the C-characters in B which map G*
upon 1, then it follows from our hypotheses that G¢* is the set of all the ele-
ments in G¢ which are mapped upon 1 by all the characters in B*. Hence it
follows from Lemma 1.3.4 and Theorem I.1.4 that every Co-character of G¢
in E which maps G¢* upon 1 is induced by one and only one C-character in B¥*;
and thus it follows that the character fi, constructed above, belongs to B*,
Hence f=fib belongs to B; and this completes the proof.

IV.2. The case of primary E and cyclic G/G¢. Throughout this section
we impose the following hypotheses(*):

(IV.2.*) E is a cyclic group of prime power order m = p#, C is a homomor-
phism of the group G into the group of automorphisms of E, and G is C-com-
plete.

These hypotheses imply the cyclicity of G/G¢, if m is odd, but not in the
case of even m. Thus we add the following requirement:

(IV.2.**) G/G¢ is cyclic.

THEOREM 1V.2.1. The C-character group of G is the only strictly complete
group of C-characters of G if, and only if, C is not singular.

Proof. If the condition of the theorem is satisfied, then the hypotheses of
Theorem IV.1.1 are satisfied too, showing the sufficiency of our condition.

(3) More precisely, modulo the cross-cut of G* and Ge.
(#) Without restating them in the hypotheses of the various theorems of this section.
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If the condition is not satisfied, then p =2, 1 <u and there exists in G an ele-
ment z inducing the inversion in E. Because of the cyclicity of G/G¢ it follows
that z generates G modulo G¢; and 22=1 is a consequence of the C-complete-
ness of G, as follows from Theorem II1.1.2. We denote by B the group of all
those C-characters of G which map 2z upon an element in E% From v!—?=y?
for v in E we infer that B contains the principal genus.- From Lemma 1.3.4 and
22=1 we deduce that every Co-character of G¢ in E is induced by one and only
one C-character of G which maps z upon 1; and this implies that every
Co-character of G¢ in E is induced by some C-character in the group B. Hence
it follows from the C-completeness of G and Theorems 1.3.1 and 1.1.4 that
there exists to every element y#1 in G¢ a C-character in B which does not
map y upon 1; and if y is an element in G though not in G¢, then y is mapped
upon elements different from 1 by the principal genus which is part of B.
Thus B is a strictly complete group of C-characters of G. But we infer from
Lemma 1.3.4 and 22=1 the existence of a C-character of G which maps G¢
upon 1 and the element z upon an element not in E?, that is, B is not the full
C-character group of G as was to be shown.

THEOREM 1V.2.2. The C-character group of G is the only complete group of
C-characters of G if, and only if, one of the following (mutually exclusive) condi-
tions is satisfied:

(1) If p is odd and G#=Ge, then either m=2p or the order of G/G¢ is divisible
by p.

(2) If p=2, G/Gc of order 2, and if C is irregular, then G§ <G>.

Proof. If G=Gg¢, then the C-characters of G are Cy-characters of G in E;
and it follows from Theorem 1.1.4 that the character group of G is the only
complete group of characters. Consequently we assume in the following that
G and G are different. This implies in particular that m is neither 1 nor 2.

If C is regular, then we infer from Theorem IV.1.2 that the C-character
group of G is the only complete group of C-characters of G. Consequently we
assume in the following that C is irregular.

If p=2, and if there exists in G an element z inducing the inversion in E,
then G/Gc is of order 2, since it is cyclic; and G?=G%, since every element in G,
not in G¢, induces the inversion in E, and since it follows from the C-complete-
ness of G and Theorem III.1.2 that y2=1, if ¥ induces the inversion in E.
On the other hand we infer from Theorem IV.2.1 that the C-character group
of G is not the only complete group of C-characters of G. Consequently we
may assume in the following that G does not contain an element inducing the
inversion in E, if p=2.

Since G/G¢ is cyclic, there exists an element g in G which generates G
modulo Ge. If p is odd, then the automorphism induced by g in E is not of
order a power of p; and we infer from II.1.A that the integer g—1 is prime to
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p. The automorphism g of E does not leave invariant any element different
from 1; and hence it follows from the C-completeness of G and from Theo-
rem III.1.2 that 1 is the only element in G¢ permuting with g. This implies
in particular that the element g and the automorphism g of E are of equal
order .

If p=2, then the integer g corresponding to g under C is of the form
g=—1+427g’ modulo m for g’ an odd number and 1 <j<u, since the integer
corresponding to a square in G cannot be congruent to —1 modulo 4, and
since G does not contain an inversion of E. We infer from 11.1.B that the auto-
morphism g of E is of order 2¢=/. Since the automorphism g of E leaves only
the elements in E whose order is a divisor of 2 invariant, it follows from the
C-completeness of G and from Theorem III.1.2 that g permutes only with
those elements in G¢ whose orders are divisors of 2; and this implies in par-
ticular that the element g*=g?"" in G¢ is either 1 or of order 2.

We distinguish several cases.

Case 1. If p is odd, then condition (1) is satisfied by G; and if p=2, then the
order of G/G¢ is divisible by 4. We prove some lemmas.

(1.A) Every complete group B of C-characters of G contains a character b
such that b(g*) =1 implies g*=1.

The complete group B of C-characters of G induces in the cyclic group
{g} generated by the element g a complete group B of C-characters. If p is
odd and m = p, then we infer from Theorem I1.5.2 that the C-character group
of {g} is a cyclic group of order p which is clearly generated by every element
not 1. Since B cannot be 1, there exists in B a character & such that b(g) %1
and this character b generates the full C-character group of { g} and has
therefore the desired qualities. Assume now that m=p. Then there exists a
divisor n’ of the order of the automorphism g of E such that g’’=g" is an
automorphism of order p of E. It is a consequence of II.1 that the integer
corresponding to g’/ under C is of the form g'’=1+4p*"1g'"" modulo m for
g’’’ an integer prime to p. There exists in B a character b such that b(g’’) #1;
and if p =2, but g*>£1, then b may and shall be required to satisfy b(g*) = 1. If
p=2, g*=1, then g’ is the only element of order 2 in {g};and if p=2, g*#1,
then g* is the only element of order 2 in {g}; and thus p=2 and b(g?) =1
imply that gé¢=1. If p is odd, then {g} ¢=1, as has been pointed out before;
and it is a consequence of Theorem I1.3.2 that every C-character of {g} be-
longs to the principal genus. Hence there exists an element v in E such that
b(g" =91-¢", Since 1#b(g’’) =977 it follows that v is of order p* and that
therefore v generates E. If 1=>5(g?) for some 4, then g* consequently leaves
every element in E invariant; and this implies g*=1, since the element g in G
and the automorphism g of E have the same order .
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(1.B) If the C-character d of {g} does not map any element except 1 upon 1,
then every C-character of { g} 15 a power of d.

If m =p, then the C-character group of {g} is by Theorem I1.5.2 a cyclic
group of order p which is generated by each of its elements excepting 1. If
m#=p, and if g*¥=1 in case p=2, then it follows from Theorem I11.3.2 that
every C-character of { g} belongs to the principal genus, that therefore
d(g?) =v'~¢ for v in E, and that v is an element of order m in E, since 1d(g’’")
for g’’ =g™ an automorphism of order p of E; and it is readily seen that every
C-character of {g} is a power of d. (Note that g’’ =1+ p#~g’"" modulo m for
g’’’ an integer prime to p.) If p=25m, and if g*>1, then(®) one verifies in
the same way that d? generates the principal genus of {g} and that therefore
every C-character of { g} is a power of d, since it coincides with d or d? on g*.

Suppose now that B is a complete group of C-characters of the group G.
Then we denote by B, the group of all those C-characters in B which map g
upon 1.

Consider an element w in G¢ whose order modulo {g} is p. If p is odd then
the cross-cut of {g} and G is 1 so that w is an element of order p in Ge. If
p =2, then the cross-cut of {g} and G is either 1 or generated by the element
g* of order 2; thus w is either of order 2 or w?=g* and w is of order 4.

It is a consequence of (1.A) that there exists in B a C-character b such
that b(g®) =1 implies gi=1; and we deduce from (1.B) that every C-character
of {g} is induced by some power of b.

If b(w) =1, then we deduce from the completeness of B the existence of a
C-character f in B such that f(w)1; and there exists (by the remark made
in the preceding paragraph) an integer k such that f and b* coincide on { g} .
Clearly f1=fb—* belongs to By and satisfies fi(w) =f(w)b(w)—*=f(w) #1, show-
ing that w is not mapped upon 1 by B,.

If b(w)#1, but w is of order p, then b(w) is of order p, since b induces a
Co-character in G¢. There exists an integer 7 such that b(g”) is of order p;
for if m=p and p is odd, then take r=1; if p is odd, but m > p, then choose r
in such a fashion that g7 induces an automorphism of order p in E, and a like
choice is appropriate if p=2and g*=1;if g*#1, then b(g*) is of order 2. Since
b(g") and b(w) are of equal order p, there exists an integer s, prime to p, such
that b(g") =b(w)*=b(w*); and we have b(gw—*) =b(g")b(w)—*=1. From the
completeness of B we infer the existence of a C-character f; in B such that
f2(g"w*) % 1; and there exists an integer 2’ such that f; and b*’ coincide on { g} .
Clearly fi3=fb=* is a C-character in B,, satisfying fi(w™*) =f3(g"w™*)

(%) Another proof of this fact: from d(g*) =d(g”")**¢"" =d(g"")? one derives that d is a C-char-
acter of order m. But it follows from Theorem 11.5.2 that m is exactly the order of the C-charac-
ter group of the cyclic group {g}.
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=fogrw)b(grw=*)"F =fo(gmw*) #1; and from fi(w)—*=f;(w=*)#1 we infer
f3(w) #1, showing that again w is not mapped upon 1 by B,.

If b(w) 1, but w is not of order p, then p=2, g*s%1 and w?=g*. Denote
by g’’ an element in {g} inducing in E an automorphism of order 2. Then
g*=g''"?, and the integer corresponding to g’’ is of the form g''=1-42+"!
modulo m. Since b(g*) =b(g'’?) =b(g'")+¢" =b(g’'")2*+?" " is of order 2, it fol-
lows that b(g’’) is of order 4 whereas b(w) is of order 2 or 4 and we find again
an integer r such that b(w) and b(g”) are of equal order, an odd integer s
such that b(w)*=05(g"); and we may now show, exactly as in the preceding
paragraph, that w is not mapped upon 1 by B,.

Thus we have shown that all the hypotheses of Lemma IV.1.3 are satisfied
by the group Bj; and hence it follows that B is the full C-character group of G.

Case 2. p=2, the order of G/G¢ is 2 and condition (2) is satisfied by G.
Then the integer g corresponding to the element g in G is of the form
g=—142#*"1 modulo m; and g*=g? is an element in G¢ such that g**=1.
Since G?<G¢, and since every element in G, not in G¢, has the form xg for x
in G, it follows from (xg)?=x!+7g* =x* ~'g* that G? is obtained by adjoining
g* to G%; and it follows from (2) that g* is not a square in G¢ so that in par-
ticular g*#1.

There exists in every complete group B of C-characters of G a C-character
b such that b(g*) 1. Since g* is an element of order 2 in G¢, b(g*) is an element
of order 2; and we deduce from b(g*) =b(g?) =b(g)+?=0b(g)* ™" that b(g) is an
element of order 2*=m in E, that is b(g) generates E; and this implies in
particular that every C-character of {g} is induced by a power of b.

If w is an element in G¢ whose order modulo {g} is 2, then w?=1, since
w?=_g* contradicts (2). Clearly b(w) is either an element of order 2, as is
b(g*), or is 1, as is b(g*); and thus there exists an integer 7 such that b(g")
and b(w) are of equal order. Hence there exists an odd integer s such that
b(w)*=b(gr). Now we may show by the same arguments, as used in Case 1
above, that there exists a C-character in B which maps g upon 1 and w upon
an element not 1; and we infer from Lemma IV.1.3 that the complete group B
of C-characters of G is the full C-character group of G.

This completes the proof of the sufficiency of the conditions of our theo-
rem.

Case 3. p is odd, but condition (1) is not satisfied by G. Then 1 <u and the
order of G/G¢ is different from 1 and prime to p. It is a consequence of II.1
that the integers corresponding to elements y, not in G¢, meet the require-
ment y—1 is prime to p.

Consider the group B of all the C-characters f of G, satisfying f(g) is in E?.

Since the cross-cut of {g} and G is 1, it follows from the C-completeness
of G and Lemma 1.3.4 that every Co-character of G¢ in E is induced by one
and only one C-character in B which maps g upon 1. Hence it follows from
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Theorem 1.1.4 that every element y in G which is not in {g} is mapped upon
elements, not 1, by C-characters in B, since y =xg* for x#1 in G¢. If v is an
element, not 1, in E?, then v'~¢ is a C-character in B satisfying v'~¢'51 for
g'#£1; and thus we have shown the completeness of the group B.

But B is not the full C-character group of G, since the C-character e~
for e a generator of E cannot be in B, as e¢!~¢ is not in E?. Thus we have shown
that condition (1) is a necessary condition.

Case 4. p=2, but condition (2) is not satisfied by G. Then G/G¢ is of order 2;
the integer g corresponding to the element g in G satisfies g= —1+42+"1
modulo m; and the element g*=g? whose order is 1 or 2 belongs to G&; and
2 <u, since g is not in Ge.

Case 4.1. g*=1. Consider the group B of all the C-characters of G which
map g upon an element in E*.

Then it is readily verified that there exists to every element not in {g}
a C-character in B which does not map it upon 1. If v generates E, then the

- C-character »2U-9 js in B, since v*1—9 =9*; and g is not mapped upon 1 by
this C-character, since v*#1. But B does not contain the C-character v1—9,
that is, B is a complete group of C-characters which is not the full C-charac-
ter group.

Case 4.2. g*£1. Then g* is of order 2 and there exists an element w in G¢
such that w?=g*. There exists, because of the C-completeness of G, a C-char-
acter f of G which maps g* upon an element of order 2; and we denote by B
the group of C-characters of G which is generated by f and by those C-charac-
ters of G which map g and w upon 1.

Since every Co-character of G¢ which maps w (and therefore g*) upon 1
is induced by one and only one C-character in B which maps g upon 1, it
follows that there exists to every element y in G which is not in the subgroup
W generated by g and w a C-character in B which does not map y upon 1.

Since f(g*) is of order 2, and since f(g*) =f(g?) =f(g)*+7=f(g)? ™, it follows
that f(g) is of order m. Since the order 4 of w and f(w) is smaller than m, and
since every element in W, not in G¢, is of the form gw?, it follows that
flgw®) =f(g)f(w)is£1, that the elements, not in W, are mapped upon ele-
ments, not 1, by C-characters in B. Since W¢ is generated by w, and since
f(w?) =f(g*)#1, we see finally that B is a complete group of C-characters of G.

From the argument used in the second paragraph of this Case 4.2 and
from the fact that the order of the C-character f is m, since f(g) is of order m,
it follows that the order of B is exactly 242 times the order of G¢. But it
follows from Theorem I1.5.2 that the order of the full C-character group of G
is exactly 2#-1 times the order of G¢ so that B is not the full C-character
group of G.

This completes the proof of the necessity of condition (2); and we have
completed the proof of our theorem.
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IV.3. The case of primary E and non-cyclic G/Ge¢. Since a primary cyclic
group whose group of automorphisms is not cyclic is of necessity of order a
power of 2 [at least 8], we shall impose throughout this section the following
hypotheses(*).

(IV.3.*%) E is a cyclic group of order m =2+ where 2 <pu, C is a homomor-
phism of the group G into the group of automorphisms of E such that G/G¢
is not cyclic, and G is C-complete.

It will be convenient to derive first some general properties of such groups
and their C-characters.

Lemma IV.3.1. (a) There exists a basis g, z of G modulo G¢ such that z in-
duces an inversion in E and such that the integer corresponding to the element g
under C is of the form g= —1+42igy modulo m where go is odd and 1 <j<p.

(b) If g, z is a basis of G modulo G, meeting the requirements of (a), if
n=27 is the order of the automorphism g of E (and therefore half the order
of G/Gc), if g¥=g" and G* the group gemerated by g and 3z, then z2=g*2=1,
G =GcG*, G¢* is generated by g* and the commutator (g, z| whose order 2" is a
divisor of 2#71.

(c) If v, z are elements in G such that z induces the inversion in E, ana if f
is a C-character of the group generated by y and z, then f([z, y])¥ =f(2) = vf()~2;
and the C-character f* belongs to the principal genus of the group generated by y
and z if, and only if, f([z, y]) =1.

It should be noted that the commutator of two elements v, w is defined by
[v, w] =vwvlw .

Proof. It is an immediate consequence of our hypotheses (IV.3.*) and of
11.1.B that there exists a basis y, 2 of G modulo G¢ such that z is an inversion
of E; and it is readily verified that either the basis y, z or the basis yz, z of
G modulo G¢ meets the requirements of (a).

If the basis g, z of G modulo G¢ meets the requirements enunciated in (a),
then the automorphism g of E leaves only the elements of an order dividing 2
invariant; and it follows from the C-completeness of G and Theorem II1.1.2
that z2=_g*?=1. Since the group of automorphisms of E which are induced by
elements in G is the direct product of a cyclic group of order 2 by a cyclic
group of order #, and since this group is isomorphic to G*/ G¢*, it follows that
G¢* is generated by g* and the commutator [g, z]. This completes the proof of
(b) with the exception of the assertion concerning the order of [g, z].

Suppose now that the element z in G induces the inversion in E, that y
is some element in G, that Y is the subgroup generated by y and z, and that f
is some C-character of Y. Then

(¥) Without restating them in the hypotheses of the various theorems of this section.
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@) = f@Y ) [f) @] = f(zy)f(y2)~
= f@)f[(y2) ] = fl(y2)"'zy] = flay~'2y);

.

and substituting y~! for y we obtain:

f(zyzy™) = f()v"=Y(y™)2 = f(2)V = (y)~%"

or
Iz yDv = ) vy

Since y is odd and 1—y is even, it follows from this formula that
f(z, y1*7)=f[z, y])¥'=1; and we infer from the C-completeness of G
that [z, ¥]?" 7' =1, completing the proof of (b).

If f2(x) =v'~*for v in E and x in ¥, then we infer from the above formula
and the evenness of 1—y that f([z, y])v=0v0-20-»27-0-» =1 g0 that
f(lz, ¥]) =1; and if conversely f([z, ¥]) =1, then it follows from the above -
formula that f(y)2=f(2)'~¥; and it follows from Theorem I1.3.1(2) that f2 be-

longs to the principal genus of Y.

LemMmaA 1V.3.2. If g, 2 is a basis of G modulo Ge, and if z induces the inver-
sion in E, then the commutator subgroup G’ of G is obtained by adjoining the .
commutator [g, 2] to Gg.

Proof. If x is in G¢ and y in G, then the commutator x=v= [x, y~1] is
in Gf, since 1—y is even; and in particular x'*=x2. Now it is clear how to
complete the proof, since subgroups of G¢ are by Theorem 1.3.1 and Corollary
1.3.2 normal subgroups of G.

LemMA 1V.3.3. If G’ =G¢, then there exists a strictly complete group of
C-characters of G which is not the full C-character group of G.

Proof. Suppose that the elements g, z in G form a basis of G modulo G¢
which meets the requirements of Lemma IV.3.1(a). It is a consequence of our
hypothesis that the commutator [g, z] belongs to G5 and that there exists
therefore an element w in Gg¢, satisfying (w? '—27'0)2= [z, g], since
g7 (1—272g,) is odd. It is clear that the elements g, wz form a basis of
G modulo G¢ which meets the requirements of Lemma IV.3.1(a); and one
finds that

lg, wz] = gwsg(we)~! = w ™' |g, z]w! = w-1[g, 2] = 1.

Hence we may assume without loss of generality that the basis g, z of
G modulo G satisfies beyond the conditions of Lemma IV.3.1(a) the addi-
tional condition [g, z]=1 so that the subgroup G* of G which is generated
by g and z is an abelian subgroup. It is a consequence of Lemma IV.3.1(b)
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that G¢* is generated by the element g*=g" for » the order of the automor-
phism g of E, and that g*?=1.

Case 1. g*=1. Then we consider the group B of C-characters of G which
is generated by the principal genus of G and by all those C-characters of G
which map G* upon 1. Since B contains the principal genus, elements not in G¢
are not mapped upon 1 by all the C-characters in B. Since 1 is the cross-cut
of G* and G, it follows from Lemma 1.3.4 that every Co-character of G¢ in E
is induced by one and only one C-character of G which maps G* upon 1
and which therefore belongs to B; and thus it follows from the C-complete-
ness of G and Theorem 1.1.4 that 1 is the only element in G¢ (and therefore
in G) which is mapped upon 1 by all the C-characters in B. Thus B is shown
to be strictly complete. Since B is the direct product of the principal genus
and of the group of C-characters of G which map G* upon 1, and since the
order of the latter group is by Theorem 1.1.3 and the C-completeness of G
(and by a previous remark) exactly the order of Gg, it follows from Theorem
I1.2.2(a) that the order of B is 2#~! times the order of G¢. On the other hand
we infer from Theorem II1.5.2 that the order of the full C-character group of G
is exactly 2# times the order of G¢ showing that B cannot be the full C-char-
acter group of G.

Case 2. g*##1. The cross-cut G¢* of G* and G¢ is in this case by Lemma
IV.3.1(b) the cyclic group of order 2 which is generated by g*.

Denote by B* the group of all C-characters of G which map G* upon 1.
It is an immediate consequence of the C-completeness of G, of Lemma 1.3.4
and Theorem 1.1.4 that every Co-character of G¢ in E which maps g* upon 1
is induced by one and only one C-character in B*; and it follows from Theo-
rem 1.1.3 that the order of B¥ is half the order of G¢; and that the elements
not in G* are mapped upon elements not 1 by characters in B*.

Denote by B** the group of C-characters of G which is generated by ad-
joining the principal genus of G to B*. The cross-cut of B* and the principal
genus of G is evidently 1. Thus the order of B** is 2#—2 times the order of G,
since the order of the principal genus is by Theorem I1.2.2(a) exactly 2#-1
Clearly the elements, not in G¢*, are mapped upon elements different from 1
by suitable C-characters in B**.

Since G is C-complete, there exists a C-character f of G such that f(g*) #1.
This C-character f does not belong to B**, since the characters in B* as well as
in the principal genus map g* upon 1. From [g, 2] =1 we infer f([g, 2]) =1; and
hence it follows from Lemma IV.3.1(c) that f2 induces in G* a character of
the principal genus of G*. There exists therefore an element v in E such that
f2(x) =v~= for x in G* so that the C-character b(x) =f%(x)v*~! belongs to B*.
Hence f? itself belongs to B**; that is, f is of order 2 modulo B**. We denote
by B the group of C-characters of G which is generated by adjoining f to B**,
It follows from what we have shown thus far that B is a strictly complete
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group of C-characters of G; and that the order of B is 2#! times the order
of Gg, since the order of B is twice the order of B**, But we infer again from
Theorem 11.5.2(a) that the order of the C-character group of G is exactly 2#
times the order of G¢ showing that the strictly complete group B of C-char-
acters of G is not the full C-character group of G; and this completes the proof.

It is a consequence of Lemma IV.3.1(a) that G/G¢ is the direct product
of a cyclic group Z and a cyclic group Z’ where the elements in Z induce
in E the inversion (so that Z is of order 2) whereas Z’ is generated by an ele-
ment to which corresponds under C an integer of the form —1+27g; modulo m
where go is odd and 1 <j <. It is readily seen that Z and Z’ are uniquely de-
termined by these properties. The normal subgroup A =A(G, C) of G which
contains G¢ and satisfies Z’ =4 /G¢ is consequently uniquely determined by
G and C.

LeEmMmA IV.3.4. If the basis g, 2 of G modulo G¢ meets the requirements of
Lemma 1V.3.1(a), if n is the order of the automorphism g of E and g*=gn,
then A is obtained by adjoining g to G¢; and the cross-cut of A? and Ge is gen-
erated by g* and G%.

Proof. It is clear that the coset G, is a generator of the cyclic group
Z'=A/G¢; and that therefore 4 is obtained by adjoining g to G¢. The ele-
ments in 4 whose squares are in G¢ are clearly contained in the cosets G¢
and Geg"t ™' of 4/Ge, as these make up the cyclic subgroup of order 2 of Z'.
The cross-cut of the groups 42 and G¢ therefore certainly contains the ele-
ments in G and the element (g**')2=g*. Any further element is of the form
(xg?")2=x1"""g* for x in G¢; and this element is contained in the group
generated by adjoining g* to G%, since the exponent of x is certainly an even
integer; and this completes the proof.

LemMMA IV.3.5. If the order of G/Gc is not 4 (and therefore divisible by 8),
if the commutator subgroup G' < A2, then there exists a complete group of C-char-
acters of G which is not the full C-character group of G. '

Proof. This is an immediate consequence of Lemma IV.3.3, in case
G’ =G}%; and hence we may assume that GZ <G’ £ A2 Since G’ £G¢, and since
the order of G'/G} as well as the order of (27) (G¢MNA?)/G} is at most 2 (as
* follows from Lemmas 1V.3.2 and IV.3.4), it follows that GZ<G'=G¢NA2.
If g, z is some basis of G modulo G¢ which meets the requirements of Lemma
IV.3.1(a), then it follows from Lemmas IV.3.2 and 1V.3.4 that [g, z]=g*
modulo Gi where g*=g" for n the order of the automorphism g of E; and
that neither [g, z] nor g* is in G% (so that g* is, by Lemma IV.3.1(b), of order
2). Since the integer (1—g)g~! is of the form (1—g)g 1=2(1—2i"1gy)g™!

(%) ST denotes the cross-cut of the sets .S and T.
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modulo m where the factor of 2 is odd, there exists an element w in G¢
such that g*=w1-9¢""[g, z] = [g, wz]. Since the elements g, wz form, exactly
as g, 2, a basis of G/G¢ which meets the requirements of Lemma IV.3.1(a),
we may assume without loss of generality that g, z is a basis of G modulo G¢
whic]h meets the requirements of Lemma IV.3.1(a) and which satisfies
lg, 2] =2¢*

We note that the order of the automorphism g of E is a multiple of 4
(or 1<), since the order of G/G¢ is a multiple of 8. ’

Since g* is an element of order 2 in G¢ which is not a square in G¢ there
exists a Co-character fi of G¢ in E which maps G%, but not g* upon 1 (cp.
Theorem 1.1.4!); and it is clear that f;=1. Since G is C-complete, we infer
from Theorem 1.3.1 the existence of a C-character f of G which induces fi
in G¢. Since 7 is the order of the automorphism g of E, and since g* and
f(g*) are elements of order 2, we infer from II.1.B that

f(g*) = (g™ = f(g)tot -+t = f(g)*