A PROPERTY OF THE ZEROS OF
LEGENDRE POLYNOMIALS

BY
A. ZYGMUND
§1
1. Let m and » be any two positive integers such that
(1.1) m/n = 148,

where 6 is positive. It has been proved that for any trigonometric poly-
nomial

1.2) T®6) = (1/2)ao + 2 (a, cos v8 + b, sin »6)
=1
of order #,
27
1.3 TO)| < A¢ T(———) |,
9 mex 1@ sar e |7(3 7))

where the coefficient A5 depends on & only(Y).
Similarly, for r=1

. 1 2% 1/r 1 2m
1.4 —_ T(6) | do < B! ——
(1.4) {21rfo @] }‘ Yom + 1 {‘3

I
2m + 1
with By depending on 6 only.

It is the main purpose of this note to show that there exist analogous re-
sults for ordinary polynomials

(1.5) 0(x) = co+ c1x + - - - + cax™,

if instead of the points 2wu/(2m+1) we consider the zeros of the Legendre
polynomial P,(x), where m satisfies the inequality (1.1). These zeros will be
denoted by (%)
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(1) See S. Bernstein, Sur une classe de formules d’interpolation, Bull. Acad. Sci. URSS. (7)
vol. 4 (1931) pp. 1151-1161. A proof of (1.3) (as well as that of inequality (1.4) below) was also
given by J. Marcinkiewicz and A. Zygmund, Mean values of trigonometric polynomials, Fund.
Math. vol. 28 (1937) pp. 131-166, especially p. 148. The authors overlooked the earlier paper
of Bernstein.

(2) Of course, the inequalities (1.3) and (1.4) for trigonometric polynomials may be easily
translated into analogous results for ordinary polynomials, if we take for the x,™ the zeros of
Tchebyscheff’s polynomials. The case of Legendre abscissas requires, however, an entirely dif-
ferent argument. '
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m)  (m) (m)
(1.6) xlmv X2 5, xmm°
By ¥™, v . . . 4™ we shall denote the Christoffel numbers, that is the
numbers such that :

+ i (m) ‘(m)
(1.7 R(x)dx = 3° R(x, )y

-1 #=1

for any polynomial R(x) of degree not exceeding 2m — 1. It is very well known
that these numbers are positive(?).

THEOREM 1. Suppose that m and n are positive integers, n <m, and that r is
any real number not less than 1. Then for any polynomial Q(x) of degree n,

(1.8) “max  |Q(#)| £ Kmn max- | Q@2 )],
—1=z=+1 1Susm
+1 1/r m 1/r
ao  {f lew (i} 5 Kuf SleE™ m}

where K, , depends on m and n only. If m and n satisfy (1.1) then
(1.10) Km,n .é AB
with A; depending only on 6.

2. The proof of the inequalities (1.8) and (1.9) has certain features in
common with that of (1.3) and (1.4). In the latter case, the main idea of the
proof was that to a partial sum of a trigonometric Fourier series we may add
a nonoverlapping group of terms so that the resulting expression is a simple
linear combination of the first arithmetic means of the Fourier series. In the
proof of (1.8) and (1.9) we shall apply a similar device to Fourier-Legendre
series, but instead of the first we shall consider the second arithmetic means
of the series.

Let us consider an arbitrary series #g+#1+ - - - +#u,+ - - - . The partial
sums and the second Cesaro means of the series we shall denote by s, and ¢}/,
respectively. It is easy to see that, given three non-negative integers n <p <gq,
we can always find constants 4, B, C (depending on #, p, ¢ only) such that

2.1) Ao)’ 4+ Ba)" + Co}’ — iz

contains only terms %, with v >n+2,
For the proof of this remark, we observe that

(®) See, for example, G. Szegé, Orthogonal polynomials, Amer. Math. Soc. Colloquium
Publications vol. 23 (1939) p. 46 ff.
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=5 (1) (- )= B (- ) (- )
w == nt 1 nt2) T = 1 nt2)™

and that similar formulas hold for ¢, and ¢;'. This gives for the determina-
tion of the numbers 4, B, C the equations

A4+ B+C=1,
A(1'+ 1>+BQJ—+—L)+CCJ—+—L)=Q
n+1l n+2 p+1 p+2 g+1 g¢g+2
4 x B C o
Dm0+ G De+D
Hence
(2.2) A= (n+l)(n+2), Cm (q+1)(q+2), =_(P+I)(P+2)(4).
(p —n)(g—n) (g — p)(g—n) (g—2)(p — n)

The next remark we need is the following theorem of Fejér(5): The second
Cesiro means of the series

(2.3) 2 v+ 1/2)P,(x) P,(0)
»=0
are non-negative for —1=x<+1, —1s5t=<+1.
Let us denote these means by K./’ (x, ¢) and let ¢,/ (x; f) denote the second
Cesaro means of the Fourier-Legendre series

(2.4) > a,Py(x)
v=0
- of a function f(x) defined in the interval —1<x < +1. Then
+1
all(x; f) = SO K, (x, Hdt.
-1
Hence
+1
max |a,.' (x;f)| < max |f(t)| . K, (x, H)dt
(2.5) —1=z5+1 ~1sts+1 1
= max |[f(®)].
—1=2<+1

(*) Thus the numbers 4, — B, C are positive.
(%) L. Fejér, Uber die Laplacesche Reihe, Math. Ann. vol. 67 (1909) pp. 76-109.
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Again, if =1 and 1/r41/r'=1, then

I 0',:'(x; f)l gf If(t)l K//l/rKl/,-rdt

o r o 1r
< {f_1 | 7o) | K2 (x, t)dt} { B K. (%, t)dt} ,

+1 - .,
2.6) o nl's [ 10K o

so that

Integrating both sides of the inequality over the interval —1=<x=<+1,
and inverting the order of integration on the right, we get

2.7 fHI an’ (x; f)l'dxsfﬂlf(t)l'dt

3. We shall now prove the following theorem which is in a sense a con-
verse of the inequality (1.9), and which gives slightly more than we actually
need for the proof of Theorem 1.

LEMMA. Let r 21 and let m and n be two positive integers such that n <2m—1.
Then, for any polynomial R(x) of degree n,

60 AR sz [T R fas}

where the coefficient L., depends on m and n only. If

3.2 n(1+8) < 2m—1, 8> 0,
then
(3.3) Ln.=<L(1+ 1/8),

where L is an absolute constant.

Proof. Let u be any integer such that n—2 <u<2m—1, and let 4*, B*, C*
denote the numbers defined by the formulas (2.2) with #, p, ¢ replaced by
n—2, u, 2m—1, respectively(®). Hence, treating R(x) as a Fourier-Legendre
series, we get

(3.4) R(x) = A*e) o(x; R) + B*s.'(x; R) + C*osm_s(x; R).

Now let A be any positive integer not exceeding 2m —1, and let us con-
sider the inequality (2.6) with f replaced by R and # by \. We get

(8) The argument is valid even if n =0 or n =1, provided we set a’_’l=¢r'_'2=0.
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m +1 m
(m) r (m) r (m) (m)
2la"@ B < f IR(t)I{ v K (% ,t)}dt
-1 y=1

r=1
+1 ,
= f | R() | dt,

-1

(3.5)

since

N (m) L, (m) R
T K (@ ) = | K (% dt = 1

v=1 -1

Hence, on account of (3.4) and using Minkowski's inequality,

m 1/r m m 1/r
{ZIRa ) s a0 Bl o™i 047}
r=1 v=1

r=1

m 1/r
+ | B*| { o™ R I’vi""}

m i/r
(m) r (m)
+ C*{ oér,n—l(xv ’ R) Vv }

v=1

+1 , 1/r
< (4* +| B*| +c*>{f lR(z)Idt} .
. -1
This proves (3.1) with
(3.6) L= A*+ | B*| 4+ C*.
In order to prove (3.3) we assume that we have equality in (3.2), for this
only increases 8, and we set

p=[(r=2+@m—1)/2] =m—1+ [(n - 1)/2].
Then
2m—1—(n—2)>2m—1—n=nd,
m—1—p=m—[n—1)/2]2m— (1/2)(n — 1)
>1/2)2m — 1 — n) = (1/2)ns,
p=m=D=m+[n—0/2]-(r—-1Dz2m—(1/2)(n-1) -1
= (1/2)2m — 1 — n) = (1/2)ns.

Hence the denominators in (2.2), with », p, g replaced by n—2, u, 2m —1, re-
spectively, all exceed (1/4)n262=(1/4)(2m —1)262(1+06)~2. The numerators
are O(m?). From this and (3.6) we deduce (3.3).

4. We now pass to the proof of (1.9). We note that

+1 1/r +1
(4.1) {f_l |Q(x)|'dx} = max | Q@f(xds,
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for all f with

(4.2) {f_:l|f|"dx} ol <1

For f we may take continuous functions only, or even only polynomials.
We now observe that, if s,(x; f) denotes the nth partial sum of the Fourier-
Legendre series of f(x), then

+1 +1 +1
(4.3) Q@) f(x)dx = |  Q(x)sa(x; ldx = Q(x)T(x)dx,

where T(x) is any polynomial such that the nth partial sum of its Fourier-
Legendre development coincides with s.(x; f). Let us set

ron

(4.4) T(x) = A0, o(x; f) + B'oy (x; f) +C om(x; ),

where p is any integer satisfying #—2 <p <m, and the numbers 4’, B’, C’
are defined by (2.2) with =, p, ¢ replaced by n—2, p, m, respectively. Since
Q(x) T(x) is of degree n+m =2m—1,

(m) (m), (m)

+1 m
f 0 T(@dz = 30 T(x" ),

(4.5) )
{Ele 1} { Sira™ %)

r=1 y=1

IIA

Applying Lemma 1 to the last sum and denoting by L’ the least upper bound
of the sequence L. (L' is finite, on account of (3.3)), we get

m ' m 1/’
{ S TE™) [y )}

y=1
+1 ,r 1r’ +1 - 1/r!
ng,m{f | T(=) | dx} §L'{f | T(x) | dx}
-1 -1
+o Ho Ur!
gL’[A'{f Icr,._gldx} +| B| {f | o5 | dx}
-1 -1
+1 - 1/r"
-I-C'{f | om| dx} ]
-1

o, 1
srw+ Bl+o] [ 1 i} S Knm
-1

with
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(4.6) Kmn=L(4"+|B|+C).

From this, (4.1), (4.3), and (4.5) we deduce (1.9). It may be added that, if
r =1, the above argument does not require Lemma 1. What it uses is the triv-
ial inequality.

(m)
max | Q(x,
ceem

y=1,

)| =

x |o@]
+1

ma
—1=z=

(which of course is contained in (3.1) for r =+ «).
The proof of the inequality (1.8) is essentially the same as that of (1.9).
Instead of (4.1) and (4.2) we use the relation

+1 +1
max IQ(x)I = max Q(x)f(x)dx, for f |f| dx < 1.
—1=5z5+1 s -1 -1

The rest of the argument is unchanged.
5. In order to prove (1.10), we take

p=[((n=2) +m)/2] = [(»n + m)/2] — 1.
Then (the argument is analogous to (3.7))
m—(n—2)>m—n=nd,
m—p=m—[n+m/2]+1>m— (n+m)/2
= (1/2)(m — n) 2 (1/2)n3,
p—n—=2)=[m4+n2]+1—n>m+n/2—-n
= (1/2)(m — n) = (1/2)n3,

so that the denominators of 4’, B’, C’ are not less than (1/4)n262=(1/4)m?
-(14-8)—282, assuming, as we may, that m =n(1438). Since the numerators are
O(m?), we see that, assuming (1.1)

(5.1) Knn = K(14 677,
where K is an absolute constant. This concludes the proof of Theorem 1.
§2

6. The argument used in §1 may be applied to some other problems. As
an example, we shall prove the following:

THEOREM 2. Let r =1 and let m and n be any two positive integers such that
m=n. Then every polynomial R(x) of degree n may be represented in the form

(6.1) R(x) = Ry(x) — Ry(x),

where Ry, and R, are polynomials of degrees at most m, are non-negative for




46 A. ZYGMUND (July

—1=x =41, and satisfy the inequalities
+1 1r +1 1r
(6.2) { 1 R:(x)dx} < K,,,,,,{ f 1 | R(x) l'dx}
with Kn,. depending on m and n only. If m and n satisfy (1.1), then
6.3) | Kmn < K(1 4 672
where K is an absolute constant.
Proof. Let us set
R(x) = R*(x) — R~ (),

where
R+(x) = max {R(x), 0}, R—(x) = max {— R(%), 0},
so that
0= R*(x) =|R(®)|, 0= R(2)=|R@®],
fH{R*(x)}'dx §f+l| R(x) |7dx, fH{R‘(x)}'dx §f+1l R(x) |dx.

Let p be any integer satisfying the inequalities
n—2<p<m

and let 4’, B, C’ be defined by the formulas (2.2) with #, p, q:replaced by
n—2, p, m, respectively. Let us consider the expressions -

o o r

(6.4) T*(x) = A on—o(x; RY) + Bo, (x; R) + C on(x; RY),

r o o1t

(6.5) Ty(x) = A'0,"o(x; R-) + B'o) (2; R7) + C'om(x; R7)

whose difference is

1 o r o

Aano(x; R) + Bo,(x; R) + Com(x; R) = R(x),

and let us set
o

Ri(x) = A'a, o(x; RY) — B'o)(x; R) + Clom(x; RY),

o r r 1

Ro(x) = A'on_s(x; R-) — Ba, (2; RY) + Con(x; R7).

The polynomials R; and R, are non-negative over the interval —1=x =41
and their degrees do not exceed m. Clearly (6.1) is satisfied, since

Ri(x) — Ro(x) = T*(x) — Te(x) = R(x).

Moreover, using Minkowski’s inequality, and taking into account (2.7), we get
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+1 ” 1/r +1 v 1/r
{f Rldx} §A'{f on—2(2; R+)dx}
-1 -1
+1 oy 1/r
+ | B | {f oy (x; R‘)dx}
-1

+1 g ) 1/r
+ C’{f om (x; R+)dxf
-1

+1 , 1/r
éxm,n{f |R(x)|dx} :
-1

Knn=A4"+|B|+C.

with

Similarly we prove (6.2) fors=2.

A comparison of this argument with that of section 4 shows that the con-
stant K. » of Theorem 2 is the same as the K, of Theorem 1. This immedi-
ately gives the inequality (6.2) (cf. (5.1)).

7. It is clear that an argument similar to that of the preceding section
(and even slightly simpler, because we may use the first arithmetic means in-
stead of the second) gives an analogue of Theorem 2 for trigonometric poly-
nomials

(7.1) Uu® = (1/2)ao + i (a, cos v0 + b, sin »6).

y=1

THEOREM 3. Let r =1 and let n <m be two positive integers. Every trigono-
metric polynomial (7.1) of order n may be represented in the form

(7.2) U@0) = Ui(0) — Ux(0),

where Uy and U, are non-negative trigonometric polynomials of order at most m,
satisfying the inequalities

2% , 1/r , 2r , 1/r
(7.3) { f Uido} < K,M{ f | U| do} ,
0 0

with K,, , depending on m and n only. If m and n satisfy (1.1), then
(7.4) Knn S K'(1457

where K’ is an absolute constant.

The proof may be condensed at some points. Given a function f(8) of
period 27 we shall denote by s,(0; f) and o, (8; f) the partial sums and the
first arithmetic means of the Fourier series of f. If p <g are two non-negative
integers, then the linear combination
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- 0 +—F1 o0
— 01U} —— o\l J),
m—n-—+1 ' m—n-+1 f
written as a trigonometric polynomial, has its nth partial sum equal to
5.(0; f). Similarly as in section 6 we introduce the functions U*(8) and U-(6)
and the polynomials

U9 = - on1(6; U™) + _mEl on(8; UY),
m—n-+1 m—n+ 1

Us(6) = _'——"1_0'”—1(0; U+) + m—-l-lam(o; U-).
m—mn-+1 m—mn-+1

These polynomials are non-negative, of degree at most m, and satisfy (7.2).
Taking into account that, for any function f(6),

{fohlou(ﬂ;f)lrdo}mg {fohlf(a)l'do}“r, l<r<+ o,

we get (7.3) where
X m—+n—1 2m + 1
" m—n+1 m—n+1

This yields (7.4), with K’ =2, provided that m and # satisfy (1.1)

§3
8. In the proof of Theorem 1, instead of the second arithmetic means
a.!' (x; f) of the Fourier-Legendre series of the function f, we could have used
the first arithmetic means o,/ (x; f) of that series. The argument would have
been similar, for although the first arithmetic means K,/ (x, ¢) of the series
(2.3) are not positive, they have the property that the integral

+1

(8.1) f | Ko(x, 0)| dt
-1

is bounded in 7 and x(?), and that is the only property of the kernel that was
required in the proof. The advantage of using the second arithmetic means is
that the positiveness of the kernel K,!” (x, ) is more elementary than the
boundedness of the integral (8.1). Moreover, for the proof of Theorem 2 the
fact that we used a positive kernel was essential. On the other hand, using
the kernel K,/ (x, ) we might obtain a better estimate for K, . than the
inequality (5.1). Namely, we might obtain that K, ,,=0(8"") for 6—+0.
That this estimate is still too crude is shown by the following:

() See T. H. Gronwall, Uber die Laplacesche Reihe, Math. Ann. vol. 74 (1913) pp. 213-270.
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THEOREM 4. Suppose that 0<d =1, and that A; is the least number satisfy-
ing (1.10). Then

(8.2) A& é M6—1I2’
where M denotes an absolute constant.

It may be observed that the order §~%/2 in (8.2) cannot be improved. For
if, for a given #, we take the least possible value of m, namely m =n+1, then
8=1/n. On the other hand, the polynomial P(x) is then determined uniquely
by its values at the points (1.6). It is, however, well known that a polynomial
P(x) of degree =z, which is absolutely less than 1 at the points (1.6)
where m=n-+1, may be of the order n'/? at some points of the interval
—1=x=+41(8). Hence 6~'/2is the right order of the coefficient 4.

In the proof of Theorem 3 it is slightly more preferable to use the kernel
K. (x, t) instead of K./’ (x, t). However we shall not appeal to the fact that
the integral (8.1) is bounded (on the contrary, our argument would easily
prove that fact).

We shall confine our attention to the inequality (1.10). A practically iden-
tical argument gives the inequality (1.9), which also may be directly deduced
from (1.10) by making 7 tend to + «.

Let us revert to the proof of Theorem 1 (see section 4). We start with the
inequalities (4.1) and (4.2), where f denotes a polynomial. In the formula
(4.3) we replace T'(x) by the polynomial

+1

y e L
(8.3 (%) = —mdn-l(x,f) '|"m e om(2; f)

which is of degree at most m, and which has the property that

sa(x; 7) = sa(x; f).
Instead of (4.5) we get

+1 m . om) YT m my. o ) YT
(8.9) Q(x)r(x)dxé{ZIQ(xfm))hf ’} {;lr(xi It

v=1

where, with the notation of section 4,

m (m)e 1r' (m) 1/r’ +1 - 1/r’
(8.5) {er(x» ) v } éL’{f | 7(x) | dx} .

y=1 -1
Theorem 4 will have been established, therefore, when we have shown that

+1 1/’
(8.6) { f | #(=) l"dx} < M5,
-1

where M’ denotes an absolute constant.

(8) See, for example, G. Szegd, loc. cit. pp. 328-332.
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9. We observe that

+1
0.1 (%) = JOH(x, t)dt,
-1
where
n , m+ 1 ,
9.2 H(x,t) = — ————— K, (x, — Ku(x, ?).
(9.2) (%, 9 po—— 1(xt)+m_”+1K(xt)

We shall find for the integral
+1

9.3) f | H(x, 8)| dt
-1

a majorant independent of x. For this purpose let us consider the first arith-
metic means of the series

(9.4) zw: (v + 1/2)P,(cos v).

v=0

These means will be denoted by x.(v). Using the familiar formula
27

(9.5) . P,(cos 6)P,(cos 8) =f P,(cos v)do,

0
where cos v =cos 0 cos 0’ +sin 8 sin 0’ cos ¢, and setting
x = cos 0, t = cos ',

hy) = ” @ +—F1 @
'Y m_n+1Xn—l7 m_n+IXm7v

we find that

(9.6) f:‘m(x,t)ut: ) | o”hww

sin 0'de’ < f f | h(v) | de
S

where S denotes the unit sphere and dw is the element of area on S. It is
clear that the last integral, which we shall denote by I, is independent of 8,
so that we may take for example 8 =0. Thus 6§’ =+ and

2r
9.7) = 2r f | h(v) | sin vdy.
: 0

Let us now revert to the formula (9.1). Hélder's inequality gives
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ot {1 ol of
= I(r’_”/"{f:lU(t)

+1 +1 +1
f | 7(2) |"dx < I7'—1 f dx f | 7@ |7 | H(x, )| ds
1 -1 -1

r’
| H(x, 1) | dt} ,
so that

== [l [ @y as 1
L.

on account of (9.6). This fact and (8.6) show that Theorem 4 will be a conse-
quence of the inequality

9.8) I < M52
which we are now going to prove.

10. We shall use the fact, first pointed out by Fejér(%), that the series
(9.4) is a Cauchy product of the two series

(10.1) >~ P,(cos v), 1/2 4+ > cos »y.
y=0 y=1
Taking into account the familiar formula of Mehler (19)

sin (u + 1/2)¢
[2(cos ¥ — cos £) |12

’

2 L4
Py(cos v) = _f
™Yy

we see that the vth partial sum of the first series (10.1) is equal to

14}

Zf" 1—cos(v+ )¢ )
rJ, 2sin (1/2)¢[2(cos v — cos &) ]}/?

say. Since the »th partial sum of the second series (10.1) is the Dirichlet
kernel D,(y) =sin (v+1/2)v/2 sin (1/2)+, the first arithmetic means x, (%)
of the series (9.4) are given by the formula

(N + 1)XN(7) = E Vv(‘Y)DN—v('Y)

v=0

1 = S osin(V — » + 1/2)y[1 — cos (v + 1)¢]
2 sin v/2J, 2 sin (¢/2) [2(cos ¥ — cos #) 1/

2
T

dt.

(%) Fejér, loc. cit.
(19) See, for example, G. Szegb, loc. cit. p. 87.
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Let us now represent here the products of sines by cosines as differences
of sines, and let us apply the formulas for the sums of sines of an arithmetic
progression. The last formula may then be written

2
(10.2) (N + Dxy(v) = —

1 f ax (7) + an () + an (v,1)
,

x 2 sin v/2 2 sin (¢/2) [2(cos v — cos ) |12
where
(1)( ) 1 — cos (N + l)‘y
[23 = ’
v 2 sin v/2
@ 1 cos (N + 1)t — cos (N + 1)y
av (1, 8) = ——- ; ; )
2 2sin (¢ — v)/2
®) 1 cos (N + 1)t — cos (N + 1)y
an (7! t) = - ; .
2 2sin (¢4 v)/2

Let us now consider the formula (9.5) and let us set
m— (n—1) =,
so that
(10.3) h(y) = NH[(m + Dxm — (m = X+ Dxnar]-

Hence, if in (10.2) we substitute for N the values m and m —X\, and subtract
the results, we get

h(v) = BV (v) + kP (y) + A®(y),

where
‘ 12 1 pr ol — ay
(10.4) A9(y) = — — — f : dt
N 7 2siny/2J, 2sin (¢/2)[2(cos ¥ — cos ) ]2
(i1=1,2,3).
We shall show that
(10.5) [T 1h0e) | sin vy < conpryr,
[}

where C is an absolute constant. (In the rest of this paper we shall denote
by C absolute constants, not always the same at every occurrence.) Since the
integral I (cf. (9.7)) does not exceed the sum of the integrals (10.5) multi-
plied by 2, and since

A>m—n=nd=md/2,

so that m/\ <2/6, the inequalities (10.5) will imply (9.8).
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11. Let us take for example ¢ =2. We note that
| hm('y) | sin v < 2(x)) ' cos (v/2)
:f'asmgmfdpsm(r-7yzasm(r+vV2r”2af’-aﬁglm,
M :
and we break up the integral on the right into three integrals extended re-

spectively over the intervals (v, y+1/m), (y+1/m, y+1/\), (vy+1/\, 7).(1)
Correspondingly

(11.1) | B®(v) | sin v < Ri(y) + Ra(v) + Rs(7),
where
y+i/m T+
R, = X1 cos (—y/Z)f , R; = X1 cos (v/2) )
k4 v+1/m
R3 = N1 cos (v/2)
T+1/A
Observing that
sin u = (2/m)u (0 =u=7/2),
sin (y + #)/2 Z cos (y/2) sin (¢/2) O=y=t=n),
we find that
Riw) s Ot [ pan - gy s o [ = o
‘ 7+1/N 1/\
Again,
Ry(y) = Ot f 32t — 4)732dt < CNly302 f (¢ — )32t
Y+1/A r+1/\
—_ Cx—1/27—3/2.

Thus we got the following two inequalities for R;:
(11.2) Rs(v) S O\, Ry(y) < ONH2y302,

Taking into account the structure of the numerator of a®, we find
that

y+1/\

(11.3)  Ry(y) < ON1 f {|sin \/2| + | sin My/2| Je302(2 — y)-3241,

y+1/m

If we replace each sine on the right by 1, we get

() If any of these intervals partly projects outside (0, ) we integrate over only the part
contained in (0, ).
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y+1/N

o

£312(s — )32t £ ONly~912 f (t — v)~2rds

y+1/m

Ro(y) = C)\—‘f

v+1/m
< Ox-nti2y302,

If we replace the sines by the corresponding angles and observe that vy <¢,
we get

y+1/\

(11.4) Ry(y) =C U — y)=%2dt < Cmdi2y—102,
r+1/m

Thus

(11.5) Ro(y) S Cmilty1i2,  Ry(y) < CX-mii2y=302,

Finally, we observe that

1 [T gy —3/2, (@ @
Ri(y) S CN f £ —) | am — ama|dt,
4

and that the numerator of o

sin (1/2)(m + 1)(¢ — v) sin (1/2)(m + 1)(¢ + 7),

is

so that the numerator of a® —a., is

[sin (1/2)(m~+1)(¢—7) —sin (1/2)(m—\4+1)(t—7v) ] sin (1/2)(m+1)(t+)
+ [sin (1/2)(m+1)(¢47) —sin (1/2)(m—2+1)(t+7)]
-sin (1/2)(m—N+1)(¢—1)
=2 sin (L/4)N(¢—7) cos (1/2)(m+1—=N/2)(t—~)
-sin (1/2)(m—+1)(¢+7)
+2 sin (1/49N(¢+7) cos (1/2)(m+1-2/2)(¢+7)
-sin (1/2)(m—\+1)(t—7).

(11.6)

If we replace each sine on the right by the corresponding angle, the cosines
by 1, and if we note that y+¢=<2¢, we find that

y+1/m

y+1/m
Rl('y) = Cmf F”z(t - 7)_1/2dt = C‘y_”sz (t - 7)“1/2dt
k4 v

é le/2.y—1/2.

However, we may also note that the right-hand side of (11.6) does not ex-

ceed
CINE—7) +m(t —v)] S Cm(t —v)

so that
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y+1/m
Ri(y) < Cmx—1 f £312(t — )Nt < Cmtl2N-1y=302,
¥
Thus
(11.7) Ri(v) < Cmli2y—112 Ri(y) < Cmlian—1y—302,

The inequalities we have proved show that
(11.8) [ Rutnir s compyie (k=1,2,3).
0

For k=3, this follows immediately if we break up the integral (11.8) into
two, extended over the intervals 0<y=<1/\ and 1/A <y =m, and apply re-
spectively the inequalities (11.2):

k4 /X ©
f Ridy £ f C\dy + C\~12y—32dy < C < C(m/N)112,
0 0 1/N

Similarly, using the inequalities (11.4) and (11.7), we settle the cases k=2,
3 of (11.8). Taking into account the definition of the functions R; we deduce
from (11.8) the validity of (10.5) for z=2.

The case ¢ =23 is similar to that of =2, the only difference being that the
factor 2 sin (¢—+)/2 in the denominator of a‘? is replaced by 2 sin (¢+7v)/2,
which is larger, on account of the obvious inequality

t=M/2=2@¢+n/2s7—(—9)/2

Thus the integral (10.5) when 2=3 is less than the integral with ¢=2.
The case £=1 is also easier than that of ¢=2 but is slightly different. We
observe that

-

cos (v/2) [ (2 s /274 [2(eos v ~ cos )]

y+1/A ©
< C< f + )t“m(t — y)- U2
b

Y+1/A

y+1/n [
< 0[7—3/2 f (t — y)~12dt 4 N2 f t‘mdt:l
¥ Y+1/A

= C[)\_1/2‘Y_3l2 + )‘1127—1/2]_

(11.9)

Of the two terms in the last square brackets, the first prevails for y <1/},
the second for y=1/\. Hence, if we denote the left-hand side of (11.9) by
E(y), we have the following inequalities

(11.10)  E(y) S ON V=302 jf Ay £ 1; E(y) S ONV2712 4f Ay 2 1.

Obviously
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(11.11) I () I sin y SCA\1E(y) | .cos (m+1)y—cos (m—A\+1)y| /2 sin v/2
T <CN1E(v) | sin (\y/2) sin (m+1—2/2)y | /2 sin v/2.

The right-hand side here may only be increased if the product of sines in the
denominator is replaced by one of the following numbers: A(m+1—X\/2)y2/2,
Ny/2, 1. The first will be the most advantageous in the interval 0 <y =<1/m,
the second for 1/m <y =<1/\, the third for ¥y=1/\. Taking into account
(11.10), we deduce from (11.11) that | h(”('y)l sin v is majorized by the follow-
ing expressions

Cma— V212 §f 02 v £ 1/m; CN—U2y=312) if y 2 1/m,

and these inequalities give (10.5) for =1. This completes the proof of Theo-
rem 4.

12. It may be of some interest to point out that the constants 47/ and B;j,
of the inequalities (1.3) and (1.4) are O(log 1/8) as — +0. For the inequality
(1.3) this is proved in Bernstein’s paper cited above. The inequality for B,
follows almost immediately from the argument used in the paper by Marcin-
kiewicz and Zygmund(?), provided we use the fact that, if

K.(®) = (n+ 1)~ {sin? (n + 1)/2}/2 sin? 1/2
denotes Fejér's kernel, and 0 <\ <m, then

f ')\“I (m+ DKpns(f) — (m — N+ DKnn(t) | dt = O(1 + log m/N).

For the proof of this inequality it is sufficient to split up this integral into
three, extended respectively over the intervals (0, 1/m), (1/m, 1/X), (1/\, ©),
and to observe that in the first integral the integrand is O(m), in the second
it is O(1/¢), and in the third O(1/\z2?).

Mrt. HoLYOKE COLLEGE,
SoutH HADLEY, Mass.




