QUASI-ANALYTICITY AND ANALYTIC CONTINUATION—
A GENERAL PRINCIPLE

BY
S. MANDELBRO]JT

1. All the results of this paper are based on a general principle (Theo-
rem I) of an asymptotic character. We show that this theorem leads to re-
sults in branches of the theory of functions generally regarded as quite distinct
from each other. All the results on Watson’s problem, on the theory of quasi-
analyticity, on one hand, and many known results on the distribution of the
singularities of a Dirichlet series and the distribution of the values taken by
its analytic continuation, on the other hand, may be considered as particular
cases of this theorem. As a matter of fact many new results far more general
in both branches are obtained. Having established the main theorem we show,
by a certain number of lemmas, cases in which the hypotheses of this theorem
are satisfied. We then establish theorems with the same conclusions, their
hypotheses being however more specific and easier to handle than those of
the main theorem.

Theorem I can be considered as a generalization of the principle of
Cauchy’s theorem which gives estimates of the coefficients of a Taylor se-
ries, or more generally of a Dirichlet series, by the maximum of the absolute
value of the corresponding function on a circle around the origin (or on a
vertical line for a Dirichlet series). The idea is to estimate the coefficients of
expressions ) _7_,dme~** (n=1) which represent a function only “asymptoti-
cally,” this estimate being made, on the other hand, only by means of the
maximum of the modulus of the function on circles situated in any part of
the plane, the radii of these circles diminishing with the increase of the upper
density of the sequence {\.} (lim sup #/\,). The closeness of approach is
given by the evaluation of certain integrals.

2. Throughout this paper {\,} (1<#<N = ) will be a finite (if N< )
or infinite (if N= ) sequence of positive increasing numbers. The number
N(x) (x>0) of quantities N\, smaller than x will be called the distribution
function, or shorter the distribution of the sequence {7\,.}; clearly N(x)=0
for x <\ The quantities d=Iim inf N(x)/x (x—»), D=Ilim sup N(x)/x
(x— ) will be called respectively lower and upper densities of {\,}. If
N(x) =Dx+mn(x), the function n#(x) will be called the excess distribution func-
tion or briefly the excess distribution of the sequence {\,}. Clearly 0Sd=<D.
We shall moreover suppose D < «. A sequence {\,} will be characterized by
its upper density and its excess distribution. As a matter of fact n(x) charac-
terizes completely {)\,.} by itself, since in every interval (\¢, Me41) (1 Sk <N —1
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if N>2) (and in (A, =) if N=2) we have N’(x) =D+n'(x) =0, that is to
say n’(x) = —D, which equality defines D when %(x) is given.

It is obvious that lim sup z(x) /x =0 (x— « ). But the behavior of the func-
tion n(x)/x is irregular; it takes both positive and negative values, with the
only limitation on the magnitude of the numerical value of this quantity
when it is negative furnished by lim inf,.., n(x)/x= —D. It is necessary
therefore for the considerations to be developed later to introduce a func-
tion of a regular character which characterizes the excess distribution of a
sequence {\.}. A sequence {X\a} of positive increasing numbers being given,
and n(x) being its excess distribution, we shall call the function

¢)) A*(u) = fwexp (—- Tur + 2;*21'm(n(::t:)/x(ac2 + r2))dx) dr

the growth function of the excess distribution n(x) (of the sequence {A.}).
The introduction of this function A*(%) is justified by the following consid-
erations. Let us first note that, since for 0 <x <\, n(x) = — Dz, the integral
[2(n(x) /x(x2472))dx (r>0) exists. It is moreover obvious that for any €>0,
2r2[2(n(x) /x(x2+7?))dx <er if r>r(e), and therefore A*(x) is defined, con-
tinuous and analytic for #>0. A*(u) increases as #—0-4-. On the other hand
A*(u) can also be expressed in another way which will furnish interesting
properties of this function and will show that it determines in a unique man-
ner the function n(x), at least when the upper density of {\,} is given. Let

(2) A@ =TT =2/ (1=n<N).

Since D < », A(z) represents an entire function of z=x+yi=re*¢ with

max | A(z) | = AGr) = [T (1 + #/a0).

lz]l=1r
It is also well known [1](*) that
lim sup (log A(ir)/r) < =D.
The Laplace transform of A(ir), L(¢) = f;e~*"¢A(ir)dr, represents a func-
tion holomorphic for R(¢) > D, and bounded for R(¢) 2D +¢, where €>0 is

arbitrary.
We have by integration by parts the well known equality [11]:

log A(ir) = i log (1 + rz/)\:) = fwlog a1+ r2/x2)dN(x)

n=1

-2 f (N ()2 + 7))z,

(O] Numbers in brackets refer to the bibliography at the end of the paper.
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It is then obvious that

log A(ir) — «Dr = 2r2fw((N(x)/x — D)/(x® 4 r?))dx

272fm(n(x)/x(ac"z + r?))dx.
0

In other words, if #>0,
LD+ uw) = fwexp (= m(D + w)r)A(ir)dr
3) . .
= f exp (— Tur + 2r2f (n(x)/x(x? + rz)dx) dr = A*(u).
0 []

The integral [Jexp (—w(D+u)r)A(ir)dr can therefore also serve for the
definition of A*(x). Let

4 A(z) = i (— 1)Fkciz2®,

k=0

Obviously ¢;=0 (5=0), co=1, and

(5) A(ir) = X curt.
k=0
It is readily seen (it follows also from a well known theorem [12]) that,
for u >0,

A*(u) = fwexp (— w(D + w)r)A(ir)dr

(6) = fwexp (— 7(D + w)r) (D cxr®¥)dr
0
= Y a2k (x(D + u))+.

This formula shows, among other things, that if A*(«) is the growth func-
tion of the excess distribution z(x) of a sequence {)\,,} , with upper density D,
then there exists no other sequence with upper density D of which the excess
distribution 7(x) admits A*(%) as its growth function. Indeed, by (6), if A*(x)
and D are given, the Taylor coefficients (—1)*c; of the canonical product
A(2) are defined, and so are the zeros {)\,.} of this product.

Let A (x) be a positive integrable function for % >0(2). If the growth func-
tion A*(u) of the excess distribution #(x) of {)\,.} is such that there exists a

(®) That is to say integrable in every interval «(a, b) with 0<a<b< », with the possible
value of the integral + «. 4 (%) may take the value + =, or even be identically equal to + .
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positive constant p such that for « sufficiently small A*(pu) <A (u), we shall
say that n(x) belongs to A(u). In particular n(x) belongs to A*(u).

We shall show later on (Lemma III) that, under simple conditions on
A(u), there exists a sequence {)\,.} with a given upper density of which the
excess distribution %n(x) is a function tending to infinity with x and belonging
to A(u).

To every sequence {)\,.} of positive increasing numbers of finite upper
density, we shall associate the sequence {A,.} defined by the equality

) A= (M| A(NG) ) (1sn<N)

where A’(N,) is the derivative of A(2), given by (2), at z=\,. Let us put, for
1=5j<N,

(8) Aie) = AR — 2 /A
Since A(\;) =0, we see that
AN = lim A@ (1 — 2 /AT = — 27N,
Z=Ai

that is to say,
©) An = 271 A0 |

{ ’;‘he sequence {A,.} shall be called the sequence associated with the sequence
Naf.
Let now {¢.(x)} (1=n<N= w) be a sequence of non-negative continu-
ous functions defined for x =0, each of these functions being non-decreasing,
with ¢1(0) =0, and satisfying for every #, 1 Sn<N—1, the equality ¢ 1(x)
=0(¢n(x)) (x—0). The function ¢(x) =g.l.b.agncy Pa(x), x=0, will be called
the lower envelope of the sequence {¢.(x)}. On writing ¢.*(x) = min ¢(x)
(1=k=mn), we see that ¢.*(x) is a non-negative, nonincreasing function and
that these functions tend monotonically to ¢(x) as » increases. It is there-
fore clear that for every @, b, 0<a<b< », the integral f: log ¢(x)dx has
either a finite value or the value — . If its value is — « the same will hold
if a is replaced by a’, 0<a’<a; the integral can have the value — » only
if for a certain ¢ with a Z¢, ¢(x) =0 for 0 <x <c. It is obvious that ¢,(0) =0
for =1, and that ¢(0) =0. Since the sequences {¢.(x)} described above play
a fundamental role in defining and in studying asymptotic series, we shall
call such a sequence {qb,.(x)} an asymplotic sequence.

In the complex plane s =0+t we shall denote by C(W, R)(0 <R < =) thé
open circle Is— Wl <R.If V=¢'+1it’' we shall denote by S(V, R")(0 <R’ < =)
the region lt—t’ I <R', ¢>0’', and we shall call it a horizontal half-strip of
width 2R’. We shall call the region [t—t’l <R', 6> — =, a horizontal strip of
width 2R’.

If L is a Jordan arc, we shall call the union of circles \UC(s’, Ry)
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(0<Ry< o, s'"€L), where R, is fixed, a channel of width 2R,. The curve L
will be called the central line of the channel. If V and W are the extremities
of L and if Ry<R, Ry<R’, the corresponding channel will be said to connect
the circle C(W, R) to the horizontal half-strip S(V, R’).

All the sequences which are mentioned in the paper are either finite or
infinite. At any rate the index in the sequences {\.}, {da}, {¢a(x)}, {A.}
(denoted by this same index) will vary, in each statement, between the same
limits: 1 <N =< o, with N< « if the sequences are finite, N= « if the se-
quences are infinite.

3. In all the theorems established in this paper there appears a sequence
{\.} of positive increasing numbers. In some of these theorems such a se-
quence is characterized only by its upper (or lower) density, in others an
estimation of the excess distribution is involved. In the main theorem itself
two kinds of hypotheses are made: in one part of it only the upper density
is involved, in the second one the excess distribution plays a role. The theo-
rems, or parts of theorems, in which the excess distribution is involved are of
much more delicate nature than the others.

We are now in a position to state our main theorem:

THEOREM 1. Let {)\,.} (1=n<NZ= x) be a sequence of positive increasing
numbers of upper density D, let {d,.} be a sequence of complex numbers, and let
{pn(x)} be an aymptotic sequence with lower envelope ¢(x). Let F(s) be a holo-
morphic and bounded function in a region A, composed of a circle C(sy, ma),
of a horizontal half-strip of width 2mwas, and of a channel connecting them of
width 2mwa1(®) and let in A, for o >0y,

F(s) = 22 dme™* | < ¢a(e™) (1=n<N.
m=1
If D<a, and if, on seiting w=(2(as— D)), one of the following two condi-
tions, (1) or (I1), is satisfied:
(1) The excess distribution of {\.} belongs to a function A(u) such that

(10)

(11) A(u)p(u) = O(1) (u—0),
(12) lifr: 0i*xj’i ‘l log (A(u*)p(w))u"'du = — oo (4.
(I1) There exists a constant w’ >w such that
(13) fo 'log $(wu—1du = —
then

(3) We recall that by the definition of a connecting channel a;<aq, ¢;Za,.
*) If A(ut’) = o, ¢(u;) =0, we shall set A (u{’)¢(2;) =0.
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(14) | da| = KM (s1)An exp (MR(s1)) (1= <N

where K <  depends only on a and D, where {A,} is the sequence associated
with {\.}, and where M(s:) is such that in C(s, wa), l F(s)] = M(s1).

And every function Fo(s) holomorphic and bounded in A and satisfying there,
for o >a’', the inequalities

(15) Fo(s) = 3 dnemt | < gae=) 1<n<m,

m=1
is identically equal to F(s).

REMARK. The value of the constant K is given by K =2mwaA*(a —D) where
A*(u) is the growth function of the excess distribution n(x) of {\.}.

Let us note that the condition (I) can hold (since 4 () is such that an ex-
cess distribution belongs to it, that is to say 4 (u) = A*(pu) (0 <u <u,), the
last function being positive and increasing as #—0) only if f: log ¢(w)u“—'du
= — o, But if this condition is satisfied it is usually possible to choose a func-
tion A (u) increasing to « as #—0 slowly enough, in order to satisfy (11) and
(12), and rapidly enough, in order to assure the existence of a sequence {)\,.}
with a given upper density D, the excess distribution #n(x) of {)\,.} tending
to infinity with x and belonging to A(u«). For instance we may choose
A(u) =(pu'*))~*(1/2 <a<1), if this function A(u) satisfies the conditions
of Lemma III. (This follows immediately from Lemma III.) If in the pre-
ceding integral w is replaced by w’>w, as in (13), the condition on ¢(x) be-
comes much more restrictive, and this is the reason why no condition on the
excess distribution is then any longer necessary.

4. For the proof of Theorem I it is necessary to prove some preliminary
lemmas.

LEMMA 1. Let 0 Sma<2e8, and let ®(s) be a function not identically zero,
holomorphic and bounded in the region R(a, B) defined by

(16) ] < (7/2)(1 — ae™), ¢ 2B

The curve C given by the equation e° cos t =ef belongs to R(a, B8), and 1 being any
segment of C on which t=0, we have

(17) g.lb. f log | ®(s) | e°do > — o,
1ccC 1

the integral being taken in the sense of increasing o.
For the points of the boundary of R(«, 8) on which ¢ > we have
cost =sin (r/2 —|t]) < #/2 —| t| = wa/2¢e < .

(®) R(z) is the real part of z.
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This shows that CCR(e, ). Let D be the region, bounded by C, in which
cos t>ef~(a >0, ItI <w/2). Let us put z=x+414y=e*. From x=e’ cos ¢ it fol-
lows that D is mapped, by this transformation, on the half-plane x >ef=".
Let f(2) = ®(s) ; f(2) is not identically zero, holomorphic and bounded in x =+.
If s&€C, t=0, then x=+v, ¥=0, and Izl %e—*do/dy—1 when s€C, 6—x, t>0
or, what amounts to the same thing, when x=v, y—». By a well known
theorem [7, 10] it follows from the conditions on f(z) that

f (log | f(x + i3) | /(x* + y8))dy = B > — .

If Lf('y+iy)| <M (1<M< o, —wo<y< ) we have for every segment
m on the line x =7, on integrating in the sense of increasing 7y,

[ aog 151 /151dy 2 B~ tog bt [ “ay/ (o + 4 = D1 > — .

By this inequality and the relation above involving do/dy for s€C (¢>0,
o— ) our lemma is established.

LemMA I1. Let ®(s) be holomorphic in a circle C(s’, *R) and in this circle
let | ®(s)| <M. Let {\.} be of upper density D<R, let A(z) be defined by (2)
and Ai(z) by (8), let
(18) A =X (- a5,

kw0

and let 0<u<R—D. The series Y (—1)c’®(s) converges uniformly in
C(s’, m(R—D—u)) and represents there a holomorphic function ®;(s) satisfying
the inequality

(19) | ®:(s) | = TRMA*(w),
where A*(u) is the growth function of the excess distribution n(x) of {\.}.
By Cauchy’s theorem we have for s€C(s’, 7(R—D —u))
2| s @yl (@) — g
|

W—s'|=R’
< (2k)IR'M/(R' — 7#(R — D — u))%+1,
where R’ is any quantity such that #(R—D —u) <R’ <wR. Thus
(20) | 22(s) | < w(2B)IRM/(x(D + w))?++1.

Obviously, if the ¢; are given by (4), 0= Scx(k=0) and we have, by
(20) and (6), | ®;(s)| S X iaocs| BEB(s)| = TRMD ex(2k)!/(m(D + u))?++!
=7RMA*(u), and the lemma is proved.
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5. We now proceed to the proof of the main theorem. Let S(s;, was),
se=02-}1l, be the horizontal half-strip, part of A, and let L be the central
line of the channel connecting C(si, wa) to S(ss, waz) and belonging to A.
Let Fi(s) =0 mo(—1)%? F0) (s) where the ¢ are given by (18). By the
hypotheses of the theorem and by Lemma II, Fj(s) is holomorphic in each
of the circles C(si, w(e—D—u)), C(s’, w(ai—D—u))(s'€L), Cla+it,
w(ae—D —u)) (02 <0 So2+maz), C(o+ite, w(ae—D —u))(o>03+mas), where u
is such that 0 <% <a;—D. We have moreover, by the same Lemma 11,

| Fi(s1) | < maM(s)A*(u),

where # is such that 0 <# <a—D. Therefore, since A*(«) is continuous for
u>0,

(21) | Fi(s1) | < maM(s:)A*(a"— D).
Let us now write
(22) ®,(s) = F(s) — i d e e,

By hypothesis ®,(s) is holomorphic in every circle C(¢+1t, maz) with
6 =0’ =max (do+mas, 03), and in every such circle

(23) | ®a(s) | < pale+as),
It follows then from Lemma II that the function

Bi(s) = 3 (= 128 (s)

k=0
=3 (= DFE) = T (- D" T awdme ™
k=0 *=0 m—1
n s o . n s
=Fi(s) — D dme > (- l)kc,?))\,z,.k =Fi(s) = 2 dmAi(Am)e
Mma=]

k=0 me=1

is holomorphf in every circle C(¢ +ity, (a2 — D —u)), 6 2 ¢’ with 0 <z <as—D,
and in this circle

(24) | ®,5(5) | < maspale o) A*(2).

Since Aj(An) =0 for mj, we see that for n=j

D dmhi(Am)en® = diA (N5,
m=1

We may therefore write, for n2j(n <N £ ),

(25) ‘I),,,j(s) = ‘I’,‘(S) = F,'(S) —_ d,'-A,-()\i)e”‘:",
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and by (24) we have
(26) | Wi(s) | < waspalert=o)A* (),
(s=0 +1t, lt—tgléw(az—D—u),0<u<aa—D, ¢>d,j < n<N).

From ¢np1(x) =0(pa(x))(x—0) it follows that for o sufficiently large
dr(e—ot792) 2 pi(e—7t792), 1 <k <j, j being fixed. Therefore there exists a quan-
tity o* such that (26) holds for It—tzl swm(az—D—u), c=0c* 0<u<a:—D,
1 =n < N. We have for the same values of s

(27) | wi(s) | £ 7aah*(w) gl-bl-v ba(eot7e) = wasA*(u)p(e o).
1=5n<.

We shall now prove that ¥,(s) is identically zero. For that purpose we
shall consider the functions 0;(v; s) =¥;(s/v+1its) for every v=w. It follows
from (27) that in the region ltl Swv(ae—D —u)=(w/2)(v/w—2vu), o Zva*,
with 0 <u <a;—D, the following inequality holds:

(28) loi(l'; 3) | = T@A*(u)¢(e—vlv+ta:).

Let ¢ be an arbitrary positive quantity and let us choose a =a(g), 8=8(», ¢)
in the following manner: a=2wge**?*, B>max (vo*, log (rwq)+maw). We
have then B>wvo*, 2¢#>7a>0. Since in (28) » has only to satisfy the in-
equality 0 < <a:—D, but otherwise may vary with s, we choose, for ¢ =8,
u=1/2w—1/2v+(a/2v)e~7; the condition 0<u<a;—D=1/2w is then satis-
fied. It follows from (28) that 8;(v; s) is holomorphic in the region R(e, B),
given by |¢| <(r/2)(1 —ae~), ¢ 2B, with a=a(g), B=PB(», g) chosen as above,
and satisfies there the inequality

| 0;(; 5) | < 7aaA*(1/20 — 1/20 + (a/20)e=) (e /"+7e3),
which, on putting v =e~?/*+792, may also be written
(29) |6,(v; 9) | < 7a0*(1/20 — 1/2v + (w/v)ger*2“="9")().

This inequality shows first that if »>w, 8;(v; s) is bounded in R(e, B).
Indeed as 06— =, that is to say as v—0, the right member of (29) tends to
masA*(1/2w—1/2v)¢(0) =0, since from »>w it follows that 0<A*(1/2w
—1/2v) < », and we have ¢(0)=0. If the condition (I) of our theorem is
satisfied, then 6;(w; s) is also bounded in the corresponding region R(e, ),
a=a(q), B=(w, @), if ¢ is chosen however in a special manner. Indeed if (I)
is satisfied there exists, by definition of the function 4 (%), a positive constant
p such that A*(pu) <A (u) for u sufficiently small. If we choose then ¢g=p
we see from (29) that in R(a, 8) with a=a(p), B=B(w, g), we have for v
sufficiently small (o large)

(30) | 6i(w;s) | S mah*(pr°)é(v) S 7ard (1) (v) (v = evlotre),
But since from (11) of the condition (I) it follows that for v sufficiently
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small, that is to say for ¢ sufficiently large, the right-hand term of this last
inequality is bounded, we see that, in R(e, B), (@=a(p), B=B(w, p)), 0;j(w; s)
is bounded, if the condition (I) of the theorem is satisfied. On the other hand
we see that if (12) is satisfied then (30) gives, since v*~dv = — (e“***~%)do /w,

d
(31) g.l.b. f log | 0;(w; s)I edg = — «,
BSc<d<w P

the integral being taken on the line e’ cos t=¢#, t=0(s =0 +1¢). Thus, if (I) is
satisfied, 6;(w; s) is bounded in R(«, B) and (31) holds on the specified line,
and we see by Lemma I that 0;(w; s)=0, that is to say ¥;(s) =0.

If now (II) is satisfied, we see from (13) and (29), since lim A*(1/2w—1/2w’
+ (w/w')erorte—oNye’y = A*(1/2w—1/2w") (v—0), that on the line e’ cos t=ef,
t20 lying in R(a, 8) with a=a(1), B=B(w’, 1), the relationship

d

(32) g.l.b. f log | 8;(w'; 5)| ede = — »
BSc<d<e J

holds, and this together with the fact proved above that 8;(w’; s) is bounded

in R(a, B) (since w’>w) gives, by Lemma I, 0;(«'; s)=0, that is to say

W;(s) =0. Thus each of the two conditions (I) or (II) of the theorem gives

W,;(s) =0. In other words if the conditions of our theorem are satisfied we have

(33) Fi(s) = diAj(\;)eio.
It follows then from (21) that
(34) | 2AiN) | exp (— MR(s1) S 7aM(s)A*(e — D) (1 Sj < N).

By (9) we see then that (14) is satisfied with K =2wa M(s:)A*(a — D).
Let us now prove that F(s) = Fo(s) identically. From (10) and (15) it fol-
lows that there exists a quantity ¢* such that in the region It—-tzl <maz,
o>o¥*,
| F(s) — Fo(s) | < 2¢n(e) (1=n<N).

On writing B
9(8) = F(2azs + ‘itz) - Fo(Zst + itz),

we see that, for |t| <w/2, 6 20*/2as, which region with the notation of the
statement of Lemma I may also be written as R(0, ¢*/2a,), we have

(35) | 2(s) | < 26n(e2e%) (1= n<N).
We have therefore also
(36) | 26s) | < 24(e2ow).

If Q(s) were not identically zero, we would have, by Lemma I, on inte-
grating along the line e? cos t=¢"/202=¢F, £ 20,
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d
(37) g.Lb. log |Q(s)| e7de > — (8 = o*/2a,),
BSc<d<=» ¢

and it would then follow from (36) that

d

g.l.b. log ¢(e72%%)¢~?dg > — o,
Bse<d<e c

that is to say

s
(38) g.l.b. log ¢(u)uti?erdy > — «,
0<7<5§ﬁl ¥

where B3, is a constant.
Since o’ >w=(2(az—D))~*=1/2a,, it would follow from (38) that

s

g.Lb. log ¢(w)u*""1du > — o,
0<7<6<B| ¥
s

g.Lb. log ¢p(u)ue—'du > — .
0<y<3<B, J o

The first of these inequalities is in contradiction with (13), the second is in
contradiction with (12), because for « sufficiently small 4 (%) = A*(pu*), the
last function being positive and increasing as #—0. Therefore if (I) or (II) is
satisfied, Q(s) =0, that is to say F(s) = Fo(s) identically. Our theorem is thus
completely proved.

6. We shall now prove some lemmas which will either determine circum-
stances in which the hypotheses of the main theorem are satisfied, or will
permit us to evaluate elements involved in the statement of the theorem if
special conditions are satisfied.

For instance some of the lemmas will give conditions on a function 4 (%)
in order that interesting excess distributions #(x) belong to it; other lemmas
will enumerate hypotheses in order that conditions of the form (10) may be
satisfied; still other lemmas will allow us to evaluate the terms of {A,} when
the sequence {\.} satisfies certain specific important conditions.

LeMMA III. Let A(u) be a positive continuous function for u>0, such that
log A(u)(log u)™*—— o as u—0, log A(u) being a convex function of log u.
Let 0D < w. There exists a sequence {\.} with upper density D of which the
excess distribution n(x) tends to infinity with x and belongs to A(u). If D<1,
a sequence with the specified properties exists of which all the elements are
integers.

Let us write log A(1/7)=C(log r)(r>0). The function C(¢) is a convex
function of {(— © <t< ), and C(f)/t—> = as t— . Let us set for x =0
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(39) I(x) = lub (xt — C(2)).

—w <t<
It is then known [7] that
(40) c@) = lu b (xt — I(x)).

It follows from the definition of II(x) that II(x) <  and that II(x)/x— .
If we set b,=e 1 it follows from (40) that b,r*<eCl%" (=1, r>1).
The series ¥(2) =) _n-1(ba/2") 22 represents therefore an even entire function,
different from a polynomial, satisfying for  >1 the inequality

Y(r) = max | y(z) | =< eCllogn),
|g|=r
It is obvious that for r sufficiently large

(41) Lir) =7+ E (Ba/2™)r2n—1 < ¢Clogn) = A(1/7).
N2
Let us write

S(r) =1+ i (8a/(2(n — 1)) 127)p2(—1) = zw: Larte (lo = 1).

n=2 ne=0

Since H(x) <, b,>0(r=2) and /,>0(z=0). It is then possible to make
correspond to every integer 7 >0 a quantity u. such that (1472/uZ)?" <S(r)
(r=0). We shall then have

(42) E0 = TL(t + 7/l < (S0 = 500).

It follows from this inequality and from (41) that for u sufficiently small

f e E(r)dr < f evS(r)dr = f —'“'< > l,.r"‘) dr
0 0 0 n=0

= i l,.(2n) V(ru)t*tl = L(1/7u) < A(wu).

n=0

(43)

If D>0, let us put v,=n/D(n=1). Let us denote by {m,,} a sequence of
increasing quantities such that m,=u,(n=1), n/m,—0 as n— o, and such
that no m, is equal to any »,. Let us denote by {\.} the sequence composed
of the quantities m, and », and written in increasing order. Let N(x) be the
distribution of {\.}, 71(x) the distribution of {m,}, #a(x) the distribution of
{un}, and Ni(x) the distribution of {v.}. We have obviously N(x)=Ni(x)
+mi(x) = [Dx]+mi(x) with n,(x) Sna(x), [Dx] denoting the greatest integer
smaller than Dx. If D=0, we shall put \,=m,(7z=1); we have in this case
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N(x) =ni(x) Sna(x). It is seen that the excess distribution n(x) of {)\,.} is in
each case not larger than n:(x). We see also, since lim #n;(x) /x =lim n/m,=0,
that the upper density of {)\,.} is D. On the other hand, since 0=7(x)
—n(x) =1, and since #;(x)—  as x—», we have n(x)— . Since the upper
density of {m,.} is zero, its excess distribution, #:(x), is equal to its distribu-
tion. If we denote by A¥*(ux) the growth function of this distribution, and by
A*(u) the growth function of the excess distribution of {\.}, we see that
A*(u) < A¥(u), and on putting Ey(r) =] [.,(1+7*/m?) we have by what we
have seen in §2, and by (43) for u sufficiently small,

0 L

e Ey(r)dr £ f e " E(r)dr £ A(wu).

0

pw = a6 = [

0
In other words, for u sufficiently small A*(u/7) <A (u), that is to say n(x)
belongs to A (u).

If we take for v,(n=1) the integral part of n/D+1, if 0<D <1, and for
{ma} a sequence of increasing integers with m,Zu.(n=1), n/m,—0 and
moreover, if 0 <D, with the condition that no m, is equal to any »,, then
the sequence {\.} of all the m, and all the »,, if 0<D, and composed only
of all the m,, if D=0, still satisfies the desired conditions. But now the \, are
integers. Our lemma is thus proved.

Of special interest for us will be the structure of a sequence {\.}
of which the excess distribution belongs to a function A(x) of the form
A(u) =(gl.b.nz1 N.ur)—= where {N,.} is a sequence of positive numbers with
NY/* 0 as n— o, and where a>0. We have

(44) log A(1/r) = a Lu.b. (nlog r — log N,).
n1

The function
(45) C(t) = Lu.b. (nt — log N,) = log A(e™%)/a
n1

is a convex function of ¢[7], therefore log 4 () is a convex function of log «.
It is also obvious that C() /t— . Therefore log 4 (¥) (log #)—!'— — ® as u—0.
Lemma III can therefore be applied to 4 (x). But our next purpose is to study
the character of a sequence {\.} of which the excess distribution belongs to
such a function 4 («). It is known [7] that the function

(46) » II(x) = Lub. (xt — C(¥) (x=0)

— I ®
is convex, and, as we have already seen on page 107 (see also [7]) that

1Y) C(#) = Lu.b. (xt — O(x)).
z20

The curve given by y=II(x) is a convex curve on which lie points P,,
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with coordinates (7, log N,), no point P, with coordinates (n, log N,) being
below this curve. Every other convex curve given by y=B(x) with the prop-
erty that no point P, is below it is such that B(x) <II(x). This proves that
y=II(x) represents a polygonal convex curve with vertices at points of the
sequence {P,}; the points of {P,} which are not vertices are above this
curve. We shall call this polygonal convex curve the base of the sequence

n, log N.} [7]. We shall write Ne(x) =el®, We have N¢(n)=N;, where

N:} is the sequence called the convex regularized sequence of {N.},
regularized by means of logarithms [5]. The function N¢(x) will be called the
convex base, by means of logarithms of the sequence {N.}. Let us note that
from the definition of the functions N°(x), C(¢), and from (46) it follows that

alog Ne(n/a) = a lu b (nt/a —C@®) = lLu.b. (nt log A(e™?)
—w i<

= l.u.(}). (n log r — log A(1/7)) = all(n/a).
r>

(48)

We are now in a position to prove the following lemmas:

LeMMA IV. Let {N,} be a sequence of positive quantities with NY*—w,
let >0, let

(49) .A(u) = (g.l.b. Nur)— (u > 0),

and let N°(x) be the convex base, by means of logarithms of the sequence { N, }.
Let {m,} be a sequence of positive increasing integers such that Y myt=<1, and
such that mn, =n. The excess distribution of every sequence {)\,.} of finite upper
density, formed by the union of two sequences of positive increasing quantities
without common term, {Na} = {va}\U {ua}; the excess distribution of {v,} being
nonpositive, the ju. satisfying the inequalities

(50) = 2"2 max (C,,."(Zk) (N (ak/a)) ™,
belongs to A(u).

LemMa V. If {N.}, a, A(u), Ne(x) and {m.} are defined as in Lemma 1V,
if log N°(x)/x— « monotonically as x— o, then the excess distribution of every
sequence {)\,.} of finite upper density, formed by the union of two sequences of
positive increasing quantities, {N,} = {v.}\U{u.}, the excess distribution of
{ v,,} being nonpositive, the u, satisfying the inequalities

(51) Hn Z 2ma(N(dn/a))elin,
belongs to A (u).

REMARK. From log N¢(x)/x— =, and from the fact that log N°(x) is-con-
vex in x, follows already that log N¢(x)/x— « monotonically for x sufficiently
large.



110 S. MANDELBROJT [January

For the proof of our lemmas consider C(¢) defined by (45) and II(x) de-
fined by (46), and set log b, = — (a/2)I1(4n/a) =log (N°(4n/a))~*/2. It follows
from (47) that

bar™ < elalDCorn) = (A(1/7))1/2 r>0,n21).

We have for r sufficiently large
(52) Lyi(r) = r 4 > (ba/2™)r2*1 < A(1/7).
1

Let us write

Si(r) =1+ i (b./(2m) 127)r27 = i L.y (Lo = 1).
1 0

Here, as in the proof of Lemma IV, II(x) < «, therefore ,>0(z=1). We have
for n=1

2 m,

Mmy
At r /)™ =14 X Cor™ Jum -
k=l

But if (50) is satisfied, we have for 1 <k <m,

al?

'z Cn (N (4k/a) "2k 12" = (Ch /by @B)12 = Co/Ly (n 2 1),

that is to say Cy,_/u* <Ly, which proves that for n 21

1/my,

147 un < (Sa(r))™.
We have thus

0 =1

B0 = (LA + 7)) s Go)=™ < 5.0,

na=l

It follows from this inequality and from (52) that for « sufficiently small

0 0

(53) feoe_‘lufE(")df = f e—‘l'u'Sl(r)df = f e—rur(z Lnr2")df
° 0

0
= > L.(2n)!/(ru)?**! = Li(1/7u) < A(wu).

It follows from the fact that C(f) /t— «, and from (46), that II(x)/x— o,
thus (N°(4k/a))*/*¥— o as k—> ., Therefore, since m, =%, and since, by (50),
unze'nC, (N°(4n/a))e/**, we have p./n—> . The excess distribution 7:(x)
of {u.} is its distribution itself, since its upper density is zero. The growth
function of this distribution is therefore equal to the left-hand member of (53).
The distribution 7:(x) belongs thus to 4(%). On the other hand it is clear, by
the definition of {v.}, {1} and {\.}, that the excess distribution of {\.} is
not larger than #7;(x). Lemma IV is thus proved.

Lemma V is an immediate consequence of Lemma IV. Indeed
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1/2k

max (Cu,2B)N"" < 2/m,

1sk<mn
and, therefore, from log N°(x)/x—  monotonically it follows that the right-
hand expression in (50) is not larger than the right-hand expression in (51).

Let { N} be any sequence of positive quantities. If lim inf Ny"=M < o,
then ¢ (%) =g.l.b.az1 Nau®=0 for 0 <u <M. Indeed, if N,‘,f"‘—)M(i-—»oo), we
have 0=¢(x) Sglb.;z1 Nunslim (M+e)mur=0, if u<(M+e)~1(0<e).
We have then for >0, 0 <u <M, A(u) =(g.l.b.az1 Naur)—2=(¢p(u))~2= o,
and the excess distribution of every {\.} belongs to A4 (u).

Without supposing the restrictive condition M < «, we see that for
0<u<min ((Ni/NHUD, (Ny/NHU=2 ... (Nga/Ng)(g>1) Nau? is
smaller than each of the quantities Ny, Noau?, - -+, Nou?!, and therefore
¢(u) =g.l.b.nzg Naur. In other words the value of ¢(u), for u sufficiently
small, depends only on the N, with » sufficiently large. This is therefore also
true for A(u)=(¢(%))~= This allows us to change a finite number of N,
without altering 4 (x) for u sufficiently small. Let now NY*—w and let 7,
be such that log N,.,/no=min.z; log N,/n=a. We shall replace the quantities
Ny, Ng, « + +, N, respectively by e?, e2, - - ., em~Ds, conserving the other
values of N,(n=#,). This new sequence will be denoted by {¥,}. The func-
tion N¢(x) is formed by means of the N, as N°(x) is formed by means of
the N,.

Let {N.} and {m.} be two sequences of positive quantities with
ma=1(n=1) and let @>0. Let, on the other hand, {u.} be a sequence of
positive increasing quantities. If this sequence is finite, or if

a/2,.1/2k

iz 2”7 max (Ch RN (4k/a)™ (n21),
1<sk<mn

we shall say that {u.} is an S({N.}, {m.}, a) sequence. If the sequence

{y,.} is finite, or if _
kn = 2ma(N¢(dn/a))eitn (nz1),

we shall say that {u.} isan S({N.}, {m.}, @) sequence. If {\.} is a sequence
of positive increasing quantities of upper density D(0 <D < «), formed by
the union of two sequences of positive increasing quantities {u.}, {va},
without common term, the excess distribution of {v,} being nonpositive, the
sequence {u.} being an S({N.}, {m.}, @) sequence, we shall say that {\.}
is @ Z(D, {N.}, {ma}, @) sequence. If the sequence {u.} is an S({N.},
{m.}, @) sequence, the sequence {va} being defined as above, the upper
density of {\.} being D, we shall say that {\.} is @ Z(D, {Na}, {ma}, )
sequence. '

The remarks made above together with Lemmas IV and V enable usto
state the following lemmas, of which IV; and V; are other forms of IV and V
respectively and are, thus, obvious.
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LEMMA 1Vy. Let {N.} be a sequence of positive quantities, let {m.} be a
sequence of positive increasing integers with m,=n, Y m;, " <1. The excess distri-
bution of every Z(D, {N,.}, {m,.}, a) sequence (>0, 0D < o) belongs to
A(u) =(g.l.b.sz1 Naur)—.

LemMmA V.. If {1!,.}, {m,.}, a, D are defined as in Lemma 1V, the excess
distribution of every Z(D, { N}, {ma.}, @) sequence belongs to A(u)=(g.l.b.nz1
Naur)—=,

LEMMA VI. Let n(x) be the excess distribution of {\.}. If n(x) <4 <
(4>0), n(x) belongs to A(u) =u=24"1, If n(x) =0(x2) with 0 <a <1, n(x) be-

al(a—1)

longs to A(u) =e*
If the first hypothesis of Lemma VI is satisfied, we have, since n(x) <0,
for x =\,

2r2f (n(x)/x(2? + 72))dx < 2A4r? dx/x(x? + 72) < No+ 24 log r.
[}

M

It follows then from (1) that
A*(u) =< f e~ TurtNot24logr dy = Jf4—24—1 (u > 0).
)

That is to say A*(uMY1+24)) <g~24-1,
Let us now suppose that n(x) <Bx*(0 <a<1)(B>0). We have then for
r>0

21"fw(n(ac)/x(ac2 + r?))dx = ZBrzfmd:tc/::u:“"(x2 + 7?)
0 M

< 2Br’f dx/x' (%2 + r?)
[]
= (Br/cos ((1 — a)w/2))re = Cre.
It follows then from (1) that for » sufficiently small

(54) A*(u) < f e—tur+0radf = (l/ru)f e—t-f-C((/ru)adt.
0 0

There exists a constant M such that for » sufficiently small (x>0), t21,

eCWrw® < M max Prrp—nle,
1=n

where P=(Cae)V2/mu, and therefore

o
eC(t/ru)a < MZ Pntn”—n/a'

na=1
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It follows from this inequality and from (54) that

) © 1
A*(u) < (M/7u) f e“(ZP"t"n—”/“)dt+ (1/7u) f e—tHeTn gy
1 1 []

< (M/xu) ) (P*n—"le) j;we"“t”dt + (1/7u)ec! x0®

= (M/Tu) Z n”("_l)/"s"(wu)—ﬂ + (l/ﬁ-u)e(,‘/(fu).,
where S is a positive constant. But since
R(Z) = E prla=1/agn

is an entire function of finite order, we have by a well known theorem [11],
asr—w,

log max | R(z) | = log R(r) o log max (rrnn(e—Dla) o Kyel(—a),
Is|=r ns1

where K is a constant. And this shows that for « sufficiently small log A*(«)
<Ku*'>=D) when K| is a constant, that is to say log A*(uK{~*/e) <ye/le—D),
Our lemma is thus proved.

7. The next few lemmas will specify conditions that the inequalities of
the type (10) be fulfilled. The first of these lemmas (Lemma VII) will enable
us, by passing through Theorem I, to prove important theorems on Dirichlet
series.

LemuMa VIL. If the Dirichlet series D maidme=> has an abscissa of absolute
convergence, 64, then for every o Za’' >0, the function F(s) represented by this
sertes satisfies the inequalities

(55) F(s) = 3 dnett | < A(") o= (nz1),

Ma=]

where

L]

A" = 3| du| e,

Meal

We have indeed for o 20’

©

F(S) - zﬂ: dmc_M'I < Z | dm| e Mmt = Mo El dml e~ (m—An)e

Mme=1 ma=n+1 n+l

é e")\nd‘i | dm I e-()m‘kn)ﬂ'
n+1

0
= ( 2| dnl e“"'n"‘"”') e = A(a')eMm ",
M1
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REMARK. The relationship (55) is of type (10) where p,(x) =A (a")ern"' x—*n,

Qther cases of relationships of form (10) are furnished by the analysis of
classes of infinitely differentiable functions. The following lemmas, which
concern such classes of functions, will be useful for establishing theorems
on quasi-analyticity or even on far more general properties of classes of func-
tions. As usual we shall denote by C{M.,} a class of infinitely differen-
tiable functions defined either on a finite closed interval I=[a, b], or on
an interval I=[a, »), I=(— o, b], I=(— o, ®), and such that on I
lf‘”’(x)l <K"M, (n=1), where K is a finite constant depending on f(x). We
shall also denote by C{M,} the class of infinitely differentiable functions
on [a, ®) such that to every f(x) belonging to C{M.,} there corresponds a
finite constant £ such that f |f™(x)|dx <g"M. (#=1) and a finite constant
A4 such that ['|f(x)|dx<A.If fEC{M.} the constant K defined above will
be denoted by K(f). If fEC{M,} the constants g, 4 defined above will be
denoted respectively by g(f), 4 (f).

Let {px} be a sequence.of positive increasing integers. We shall denote
by {g.} =com {p:} the sequence of increasing non-negative integers distinct
from the integers {p:}. Each of the sequences {px}, {¢.} may be finite or
infinite, but obviously { q,.} contains at least one term. As in §2 we shall write
{)\,.} (1 =n <N = «) which means that {)\,.} is finite if N < «, and is infinite
if N= o, In any case, V=< », we shall understand by Ay the value «. This
convention is made for the following reason: we shall have to write expres-
sions of the form g.l.b.a,s¢<r, ., 4¢(r) (1 =2 <N);if N= » the meaning of this
expression is clear, but if N < o, that is to say if {\.} is finite, the preceding
expression for the last value of #, #=N—1, is equivalent, with our conven-
tion, to the expression g.l.b., _,<¢<wd (7).

LemMA VIII. Let f(x) EC{M,} in [0, ») and let, for a sequence {p:} of
positive integers, f(#9(0) =0, Let {q,.} =com {pk} (1=Sn<N=®),and \a=¢,
+1 (1=Sn<NZ= )., Let us set

(56) F(s) = fme'“’f(x)dx (s = o + it).
0

The function F(s) is defined, holomorphic and bounded in the horizontal strip
(— o <o< ™), It! <w/2,and satisfies there the inequalities

(57) |F(s)| < 4 4 = A(f),
(58) ]F(s) — 3 duee| < g0l (1< n< N,

where d.,=f@(0), and where

(59) ¢a(x) = glb. gMeat  (g=g();1 S n <N

)\n§0<)‘n+l
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Lemma IX. Let f(x) EC{ M.} in [0, ). Let f"(0) =0, {g.} =com {p:}
(1=n<N=®), Ma=¢.+1 (1=n<N). Let F(s) be defined by (56). F(s) is
defined and holomorphic in the horizontal strip (— o <o < ), l t| <7/2, and
for every 6 (0<d<1) the tnequalities (58) are satisfied in the region A(S) given
by cos t>de=7, o >log & (|t| <7/2) with d,,=fm™(0) and with

(60) on(x) =6 glb. KMt (K = K(f))(1 £ n <N).
M=a<Mnp1

In A(8), moreover, the following inequality is satisfied:
(61) |F(s)| < 61| f(0) | + 62K M.

If to the conditions on f(x) we add the inequality l f(x)l SM (0=x< ) then
(61) can be replaced by

(62) | F(s) | < 6—1M.

We give a proof common to both lemmas. If R({) >0, =20, we havein
either case (Lemmas VIII, IX) f("(x)e=#—0 as x— . This is obvious, if
fx)EC{ M.}, for n=1; and since

) 1@ sl + [T1rolas| o+ kmns &= K@),

we have also f(x)e"#*—0 as x— », R({) >0. If f(x) EC{ M.}, we have, for 20,
If(n)(x)l < If(n)(())l + f:'f(u+1)(t) Idté lf(n)(o)l + fo |f(n+1)(x)|dx§ If(n)(o)l
+g" 1 M, (g=g(f)), therefore, here too, we have, for every 720, f("(x)e—=
—0, as x— o, R({) >0. Let us put { =e?, F(s) = ®({).

From

(64) 2() = [ e R(E) > 0)

it follows, by integration by parts g times, since f™(x)e-%—0 as x— o,
R(¢) >0, that
() = f(0)/¢ + f'(0)/s2 + - - - + f(0)/5¢

(65) + /0 [0 e ®E) > 0).

If go+1=N =g <Np1=¢n1+1, (65) gives, since f»(0) =0 (k=1),
2(©) = 3 fewO)/on+ 1/ [ j0@edn RG> 0)
. 0

me=1

That is to say for R({) >0,
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n

(66) ) — 30 [ (0)/tm [ roea

The function ®({) is obviously holomorphic for R($) >0. If f(x) EC{ M, }
it follows immediately from (64) and (66) that for R({) >0,

=(1/|¢))e

(67) | 2(0) | éf:lf(x) | dz = 4(f),

B(E) — 3 fm(0)/On | < g M/ |E]t (n = g < Mot

M=l

If f(x) EC{ M.} it follows from (64) and (63) that for R({) =48>0,

(68)

|e@) | = f wlf(x) | etvdx = f w(lf(O)l + KMyx)e-d=dx

= 57| f(0) | + 672K M, (K = K(f)),
and if we suppose, moreover, that |f(x)| < M(x=0), then

(69)

| 2()| = f | f(x)| evdx < 67 M (RE) 26> 0).
0
It follows from (66) that if f(x)EC{M,.} then, for R({)=46>0,

o) |<1>(r> — 3 fam @)/ | < Ko, /8| £ s (hn < g < Mos).
m=1
It follows from (68), if f(x) E-C_{ M,.} , and from (70), if f(x) EC{ M, } , that,
in both cases,

n

I () — X fm(0)/im

m=1

< ¢a(1/] 8]

with ¢.(x) given by (59) and for R({) >0, if f(x)EC‘{M,.} ; with ¢.(x) given
by (60) and for R(}) =6>0, if f(x)EC{M,.}. Since by the transformation
¢ =e* the half-plane R(¢) >0 is mapped on the horizontal strip (— © <o < «),
|t| <m/2, and the half-plane R({) =6>0 on A(8), Lemmas VIII and IX are
proved.

8. The following lemma will serve to estimate the terms of the sequence
{A,} associated with a given sequence {\.}. This estimate will be made when
complementary conditions on the sequence {\.} are imposed. The lemma
which follows will allow us to establish, by means of the main theorem, pre-
cise theorems on singularities of functions defined by a Dirichlet series.

LemMA X. If the upper density of the sequence {)\,.} is D < o, and if
(71) lim inf (\ay1 — M) = £ > 0,
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then to every €>0 there corresponds an A(e) such that, in denoting by {A,.} the
sequence associated with {\.}, we have

An £ A(e)eB@ M+ (n=1),
where

(72) B(D, k) = 3D(6 — log kD), if D >0, B(0, k) = 0.

The function A(2) being given by (2) it follows from a theorem of Ostrow-
ski, of which a proof was also given by Vladimir Bernstein [1, p. 267], that
in the region which is outside the circles lzi)\,| =g, where ¢ is a constant,
and outside the circle |z| =R(e’), the following inequality is satisfied:

| A(Z)I > = (B(D,M)+e)zl (€ > 0),

with B(D, k) defined by (72).

Let us note that from the definition of D and % it follows that Dh <1,
thus B(D, k)>0, if D>0. On chosing g1 <Ak, we see that for n sufficiently
large the closed circle C(\., ¢1) given by ]z—-)\,.l =q contains no \; with
k#=n, and therefore, in this circle

| 2 = N)/AGZ) | £ qreB@ibr+e) Ontan)
and

Mhs = 1/A'(\) = lim | (3 — Na)/A(2) | < qre@B@ M+ Ontan),
z=N\,

Our lemma follows immediately from this inequality.

The following lemma will not be used in this paper, but it seems inter-
esting to state it since it furnishes an estimate of the A, with conditions on
the A, much more general than those of the preceding lemma. Of course the
estimate of A, is then much less precise.

LeMMA XI. If the upper density of the sequence {\.} is finite, and if there
exists a finite positive quantity p, such that for n sufficiently large

(73) A1 — A > N,
then to every €>0 there corresponds a quantity A(e) such that
An S At (12 n).

Let p.=\2. Since the upper density of {\.} is finite, there exists a con-
stant A >0 such that p,>%? and the exponent of convergence of {p,} is not
larger than 1/2(%). By a classical theorem of Borel on canonical products
[11, p. 57], in the region which is outside of the circles |z—pa| =pi* with
h>1/2, po>1, the following inequality is satisfied:

(¢) That is to say Q_p+® converges with arbitrary «>1/2.
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log | IT (1 = ¢/pa) | > — | s |r2+e

n=1
with any € >0, if | {| >7(e’).
Let y=max (2, p). Since for #n>n9, Any1—Aa >N, we have for n>no+1,
Prir—Pn> M1 FADNT > 2012 and po— Py > 2P0 > 2p(1012 (p,>1).
In other words the closed circle C(pn, p{=/2), given by l{ —p,.l Spirniz,
contains no p; with 2=#n. To every ¢ >0 there corresponds therefore, by
Borel’s theorem, a quantity n(e’) such that for n>#n(e’) we have on the cir-
cumference of C(pa, p{1—1%)

Ha—¢/0|> = Gut e ™ > = @2p)"™ > =N

k=1

log

On the circumference of this circle we have then

(1-ny2 AIF¢

¢ — )/ TL (4 = /20 | = 2

kel

And if A(2) is given by (2), we have for n>n(€’)

1+3¢’

lim | (¢ — ) |[/TL (1 = ¢/ps) = lim | (& — N)/AD) | = 2NuhaS A e "
$=2n k=1 Z=Np

which proves our lemma.

9. In this section we shall use some of our lemmas in order to obtain re-
sults following from Theorem I but with hypotheses more specific than those
of that theorem. However Theorem 1l is an immediate corollary of Theo-
rem I and no use of the proved lemmas is required for its proof. The theorems
of this section are all useful for the applications to come in the next sections.

Let s(u) =0(u) +14t(u) be a continuous complex function of the real varia-
ble u(— © <u < «). Let us suppose that for u =u,, t(#) =%, (constant), and
that o(#)—— © as u— — «, and let R>0 (constant). The region
2 (s, R = U C(s(w), R),

—owo U o

formed by the union of the open circles with centers at s(#) and radius R
will be called a curvilinear strip of width 2R, horizontal at the right and extending

to — » at the left. The curve composed of the points of which the affixes are
given by s(u) will be called the central line of the strip.

THEOREM II. Let {)\,.}, {cb,.(x)}, {d,.}, D, ¢(x) have the same meaning as
in Theorem 1. Let F(s) be a holomorphic and bounded function in a curvilinear
strip of width 2mwa, horizontal at the right and extending to — « at the left, and
let in this region, for o >0,
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F(s) — Z”: e m

m=1

(74) < éale™) (1=2<NEZw),

If D <a, and if, in setting w=(2(a — D))" one of the following two conditions is
satisfied:
(I) The excess distribution of {\.} belongs to a function A(u) such that

(75) A(u)p(u) = O(1) (u—0),
(76) Iigloinf ft 1log (Aw)dp(w)udu = — =«

(I1) There exists a constant w’ >w such that
an follog o(w)u""du = — «;

then d,=0 (n=1), F(s) =0 identically.

It follows indeed from Theorem I that (14) is satisfied for every
n(1 =n<N) with R(s1) negative and numerically arbitrarily large. Thus d,
=0(1 =7 <N). On the other hand the functon Fo(s) =0 satisfies (74) with d,,
=0; thus by Theorem I, F(s) = F,(s) =0.

REMARK. The significance of Theorem II becomes clearer if we recall
Lemma III, which gives conditions on 4 (%) under which a sequence {\.}
exists with given upper density D and of which the excess distribution, z(x),
belongs to 4(u), n(x) tending to infinity with x. This is particularly inter-
esting if D=0, since then it shows that there exists a sequence {\,} with
upper density zero (density zero), which has nevertheless an infinity of ele-
ments, and which belongs to 4(u).

In all the theorems to come D is the upper density of {)\,.}, 0=D< w,
n(x) is the excess distribution of {\,}, { M,} is an infinite sequence of positive
quantities, T'(r) =l.u.b.,z1 79/ M, r >0, {m.,} an infinite sequence of positive
increasing integers.

THEOREM III. Let F(s) be holomorphic and bounded in the horizontal strip
|t| <ma (— o <o < ®), let in this strip, for a>a,,

(78) F(s) = 3 dme™nt | < Moo (1S <N €S g < husd),

me=1

and let D <a(?). The function F(s) is identically zero and d.=0 (1 =n <N) of
one of the following conditions is satisfied with w=(2(a—D))™1:

I
(79 n(x) = 0(1),

() We recall that if the sequence {).} is finite, that is to say if N< 0, we put Ay= o,
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(80) f " log T(r)r0+o)dr = w.

(I1) The condition (80) is satisfied and
(81) n(x) = 0(x°) 0<a<1/2),
(82) ! 070 = O(T(r)) (r— ).

(I11) {\.} is @ Z(D, {M’;’}, {m.}, a) sequence with m,=q, > my1<1,
0<a<w™l, and (80) is satisfied.

(IV) {\a} is a 2D, { M}, {m.}, @) sequence with m,=q, > -ms1=1,
0<a<wl, and (80) is satisfied.

(V) There exists a constant o’ >w such that

(83) f log T(r)r—+e)dy = oo,
1

REMARK. The fundamental condition on {M,} in each of the conditions
(D), (1), (IIT), (IV) is (80). Since (83) is much more restrictive than (80),
one sees how much more delicate the results are when conditions on the excess
distribution are involved, as in the case (I), (II), (III), (IV). Among the
conditions (I), (II), (IIT), (IV) the condition (I) is the most elementary. The
most significant of all the conditions are (III) and (IV). They show that to
every {M o} there corresponds (in many ways, depending on the choice of o
and {m,}) a sequence {)\,.} of given upper density D < «, with n(x) tending
to infinity with x, and such that the conditions (78) and (80) are sufficient
from which to draw the conclusions of the theorem.

Before we pass to the proof of the theorem let us also make the following
remarks. Theorem 111 stated with the condition (I) contains Carleman’s theo-
rem on Watson's problem [2, 5]. Indeed if we put a=1/2, D=0, N=2 (thus
n(x) £1), di=0, \i=1, z=¢*, F(s) = ®(z), we see that, if for R(z) >0

(84) | 2(a) | < M,/ | 2] @z 0,
with
(85) f wlog T(r2r = o,

®(2) =0, which constitutes Carleman’s theorem in a form given by Ostrowski
[10], on Watson’s problem.

But let us also note that the theorem stated with each of the conditions
(III) or (IV) constitutes a fundamentally much more general theorem than
Carleman’s. Indeed, once more putting e =1/2, D =0, we see that to every se-
quence { M,} there correspond infinite sequences {)\n} which are 2(0, {M,},
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{m,}, @) sequences (or, what amounts to the same thing, S({ M.}, {m.}, @)
sequences) and 2(0, {M,}, {m,}, a) sequences (or, what amounts to the
same thing, 3({Mq}, {m,}, @) sequences) such that if for R(z) >0 (|arg zI
<w/2)

(86) ®(z) — 2 dmz™ | S M,/ | 2|0 (A = g < Ny,
me=1

and if (85) holds then ®(z)=0.

We note further that Theorem III stated with condition (V) contams, as
a particular case, a result established in collaboration with F. E. Ulrich [9,
Lemma VII], and which is by itself a generalization of a result of the author
[6]. The result in [9] corresponds to Theorem III (with condition (V)) with
a=1/2 but where (83) is replaced by a more restrictive condition which may
be stated in the following manner: there exists an w’>w such that

(87) f log Ty(r)r—+e)dy = o,
1

where Ti(r) =l.u.b.,z1 /M), (the A\, being integers). Since obviously Ti(r)
<T(r), (87) is more restrictive than (83).

Let us now pass to the proof of Theorem II1. We shall set ¢.(x) =g.l.b. M x¢
(An =g <Ant1). It is then obvious that ¢(x) =g.l'bagacny da(x) =(T(1/x)) 1 It
is also obvious that { éa(x) } is an asymptotic sequence. Let us note that (80)
and (83) are equivalent respectively to

1
(88) f log p(w)u1du = — o,
0 .

1
(89) f log ¢p(u)ue'~'du = — o,
0

From Lemma VI it follows that if (79) is satisfied then n(x) belongs to
u~ B where 0 <B < =. By the definition of ¢,(x) given above it is obvious that,
if we put 4(u) =42, it follows from (88) that the conditions (75) and (76)
of Theorem II are satisfied. Thus F(s)=0, d,,=0 if (I) of Theorem III is
satisfied, since the other conditions of Theorem II are clearly satisfied.

It follows also from Lemma VI that if (81) is satisfied then #(x) belongs to
A(u)=ev2/te=D_ Thus, by (82), we have 4 (u®)¢p(u)=evw/@Dg(u)=0(1)
(u—0), that is to say (75) is valid; since, if 0 <a<1/2,

1
f pval (a=)gyeo—1d,, < w©,
0

we see that if (80) holds (that is if (88) holds) (76) holds also. Once more the
conditions of Theorem II are satisfied, and F(s) =0, d,=0.
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Let us now suppose the condition (III) satisfied. The upper density of
{\s} is then D and, by Lemma IV, its excess distribution belongs to
A (u) = (g.1.b.gz1 Myu9) = (0 <a<w™?). Since

A@w®) = (& 1b. M) = (o)™ (8 =aw < 1)
['¢d
we see that from (80), that is from (88), it follows that
1 1
[ 1o (4u)s@wran = (1 = p) [ 108 glauetan = — w,
0 0

and (76) is satisfied. It is also obvious that lim A (#*)¢(x) =(¢(u))!—#—0 as
u—0, thus (75) is satisfied. The conditions of Theorem II are still satisfied
and F(s)=0, d,=0.

Next let us suppose condition (IV) satisfied. If lim inf MY" < «, then, as
we have already seen on page 111, ¢(») =0 for « sufficiently small, therefore
(75) and (76) are satisfied, and once more, by Theorem II, F(s)=0, d.=0.
Let us then suppose M>?— . We write min, 2, (log M,)/g=(log M,,)/q0=5
and set M,=e% if 1Sq=<qo, M,= M, if ¢>go. We also write max My % >=e"
(g=qo); then e~2" M, <eb? (¢ = o) and, since obviously ¥ =0, we have generally
e " M,<M, (g=1). Let us then set F*(s) = F(s+v), dme*=dp,. The con-
ditions of Theorem III with (IV) are then satisfied if F(s) is replaced by
F*(s), dn by d¥, M,by M,, ¢ by ao+7. This is obvious for all the conditions
except perhaps for (80), but since (80) is equivalent to (88) and since ¢(u),
for u sufficiently small (« <e) depends only on the { M o} with ¢>g(e), as we
have shown on page 111, we see that (80) is still satisfied if {2,} is replaced
by {M,}. If we set N,=M¢ we see that the corresponding function N°(x)
(for its definition see page 111) is such that log N¢(x)/x tends to infinity
monotonically and

afdn 1/2 af2 (1/2k

(N (dn/a))"" = 2 max (Co.2R)(N (4k/a)")

15k=m,

In other words from the fact that {\,} isa Z(D, {M?}, {m,}, @) sequence
it follows that it is also a Z(D, { M2}, {m,}, a) sequence. Therefore, taking
into account what we have just said, we see that the conditions of Theorem
111 with (III) are satisfied if F(s), {da}, {M,}, oo are respectively replaced
by F*(s), {d’,",}, {HQ}, go+7y. Since Theorem III with condition (III) has
already been proved we have F*(s)=0, d5=0, that is to say F(s) =0, d.=0.

Let us now suppose that the condition (V) is satisfied. Then the condition
(89), which is the same as (77), is satisfied, and obviously the condition (II)
of Theorem II is satisfied, and once more, by Theorem 11, F(s)=0, d,=0.
Theorem III is therefore completely proved.

10. We shall now apply our results to the theory of quasi-analyticity.
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Let {:} be a sequence of positive increasing integers. Let {g.} be the se-
quence of all non-negative integers which are not contained in {px}. {gs} con-
tains at least one term. As in §7 we shall write {g.} =com {p}.

We shall now prove the following theorem.

THEOREM IV. Let f(x) belong to C{ M.} in [0, »). Let f*(0)=0 (k1)
for a sequence {pk} of positive increasing integers with lower density d>1/2.
Let {g.} =com {p:}, and let \o=ga+1. Let n(x) be the excess distribution of

The function f(x) s identically zero if one of the following conditions is satis-
fied with w=(2d —1)"1:

)
(90) n(x) = O(1),
(91) fwlog T(r)r—te)dy = o,
(I1) The condition (91) is satisfied and
(92) n(x) = 0(x%) 0<a<1/2),
(93) e 7Y = O(T(r)).

(II1) {\.} isa Z(1—d, { M2}, {m,}, @) sequence with m,=q, > - m7 <1,
0<a<w™, and (91) is satisfied. '

(IV) {)\,.} is a 2(1—d, {M;"}, {m,}, o) sequence with m,=q, Zm;lgl,
0<a<w™, and (91) is satisfied. :

(V) There exists a constant w’ >w such that

(94) f log T(r)r—(+e')dy = oo,
1

The remark made after the statement of Theorem III should be repeated,
mutatis mutandis, here. Let us note that if d=1, that is to say if &/ps—1
as k— o, then w=1, (91) becomes (85) (/7 log T'(r)r~*dr= =), and Z(1—d,
(M2}, {me}, @) O<a<w?), T(1—d, {M?}, {m.}, @) (0<a<w™!) become
respectively S({ M,}, {m.}, @), S({M,}, {me}, @) (0<a<1).This shows that
the particular case of Theorem IV with d =1, stated with the most elementary
of the four conditions (I), (II), (III), (IV), contains as particular case the
theorem of Denjoy-Carleman on quasi-analytic classes of functions. Indeed
let Y(x) belong to C{M,} in [0, 1], and let ¢ (0) =¢» (1) =0 (n=0). The
function f(x), defined as follows: f(x) =¢/(x) in [0, 1], and f(x) =0 in (1, «),
belongs obviously to C{M,} in [0, «), and the conditions (I) of Theorem IV
are satisfied for f(x) with p,=%k (k=1); {g.} is reduced to the single term 0,
and {)\,.} to the single term 1 (thus n(x) =1), d=1. Therefore ¥(x) is zero
identically if (85) is satisfied. But it is well known from elementary considera-
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tions [5] that if every function ¥(x) of C{ M,} with ¢y (0) =¢™(1) =0 (2 =0)
is identically zero, then every function Y(x) of C{M,} with ¢ (0)=0 (n=0)
is identically zero. Thus the class C{M,} is quasi-analytic if (85) is satisfied.
This is the theorem of Denjoy-Carleman [5]. But Theorem IV with the con-
ditions (II), (IV), in which we suppose d =1, contains a fundamentally more
general theorem than that of Denjoy-Carleman, since to every sequence
{M,} there correspond, in an infinity of ways (depending on the choice of the
sequence {m,} and the constant 0 <a <1), infinite sequences {\,} with D=0
which are S({ M,}, {m,}, @) sequences, as well as sequences {\.} which are
S({M,}, {m,}, @) sequences.

We now pass to the proof of Theorem IV. If f;"lf(”)(x)|dx <g"M,(n21),
let us set fi(x) =g~'f(x/g). We have then ff]fﬁ”)(x)ldx§M,. (n=1). Let us
consider the function

(95) F(s) = fme"“'fl(x)dx (s = o + 1.

By Lemma VIII, F(s) is holomorphic and bounded in the horizontal strip
(—w <g< ), |t| <7/2, and (58) is satisfied with Na=ga+41, dm=F(0)
and with ¢.(x) =g.l.ba,=¢<r, 4+, Mx% In other words if the conditions of Theo-
rem IV are satisfied, F(s) satisfies the conditions of Theorem III witha=1/2,
D =1-—d, and in such a way that to each of the five conditions of Theorem IV
there corresponds the condition of the same number in Theorem III. Thus by
Theorem III, F(s) =0 if one of the five conditions of Theorem 1V is satisfied.
In other words the function

®(¢) =fwe“’ff1(x)dx

is then identically zero. But it is well known from the theory of Laplace
transforms [12] that from ®({)=0 follows fi(x) =0, that is to say f(x)=0,
and Theorem IV is proved.

Theorem III was inferred from Theorem II by using a certain number of
lemmas which permitted us to specify conditions under which the hypotheses
of Theorem II were satisfied, and Theorem IV follows from Theorem III by
means of Lemma VIII. It is obviously possible to infer a theorem concerning
quasi-analyticity directly from Theorem II, on using Lemma VIII. This theo-
rem will then have a more general character than Theorem IV, but, on the
other hand, it will be much less specific in its hypotheses. The theorem of
which the proof is obvious if we combine Theorem Il and Lemma VIII is
the following:

THEOREM V. Let f(x) belong to C{ M.} in [0, =) and let f*»(0) =0 (k=1),
the lower density d of {pi} being such that d>1/2. Let {g.} and {\.} have the
same meaning as in Theorem 1V. Let ¢(u) =(T(1/u))~. The function f(x) is
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identically zero if one of the following conditions is satisfied with w=(2d—1)"1:
(1) The excess distribution of {\.} belongs to a function A (u) such that (75)
and (76) hold.
(II) There exists a constant o’ >w suck that (717) holds(8).

It is useful here, in order to understand the meaning of this theorem, to
recall Lemma III, especially the last part of it, which asserts in effect that for
functions 4 (x) with certain general properties there exists a sequence {\.},
with integers as elements, of which the excess distribution belongs to 4 ().
Even if d =1, that is to say D =0, the sequence {\,} still contains an infinity
of elements.

Let us now prove the following theorem.

THEOREM V1. Let f(x) belong to C{ M} on [0, ), and let f»(0) =0 (k=1)
for a sequence {pn} with lower density d>1/2. If there exists a constant o’
> (2d — 1)~ such that

(96) f log T(r)r—+e")dy =
1

then f(x) is a linear function of x.

Obviously, if we suppose moreover that [;° | flx) I dx< «, then by this
theorem f(x) =0. This theorem is of the same nature as Theorem IV with the
condition (V) which is in effect the most restrictive of all. As a matter of fact
Theorem VI does not contain the Denjoy-Carleman theorem, since if d=1,
the quantity 14w’ in (96) is greater than 2. The interest of this theorem con-
sists however in the fact that d may take any value greater than 1/2,
(1/2<d £1). It contains as a particular case Theorem III of [9], in which (96)
is replaced by the more restrictive condition (87) with Ti(r) =l.u.b..21*/M,,.

If |f™(x)| <K"M, (nz1), let us set fi(x)=f(x/2K)—f"(0)x/2K —£(0).
Then £1(0) =f{ (0) =f?(0) =0 (¢=1) and |f®(x)| < M. (n=1). Let us then
define F(s) by (95). By Lemma IX, F(s) is holomorphic in the horizontal
strip Itl <w/2 (— o <o < ), and if A(J) has, for 0 <§ <1, the same meaning
as in Lemma IX, we have in this region, by Lemma IX,

(97) |F(s)| < 671 f1(0) | + 672M, = 62M,.
(98) F(s) — i dne™ | < ¢n(e”)

where {\.} and {d.} have the same meaning as in the statement of Lemma
IX (f being replaced by fi), and where ¢.(x) is given by (60) with K =K(f1)
=1.

(®) Condition (I) of this Theorem is more general than each of the conditions (I), (II),
(II1), (IV) of Theorem IV. Condition (II) of Theorem V is the same as condition (V) of Theo-
rem IV,
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There exists a positive quantity £ such that
m/2 > w¢ = cos! (e7¥) > 7 (1/20' + D),

since the upper density D of {)\,.} satisfies the relation 0=D=1-d<1/2,
and 1/2w’'4+D <d+D—1/2=1/2. The region D($, £), given by o =log 5+,
ltl =cos™! (e7¥), is contained in A(8). Since (96) is equivalent to (89) in which
é(u) =g.l.b.a21 ¢a(u), we see that (97) and (98) are satisfied in D(8, &), (89)
being satisfied. -

Thus the conditions of Theorem I, with the condition (II), are satisfied
with ¢ =a,=as=c¢, s;=log 8§+ £&+mwc, M(s1) =62 M.

Thus, by Theorem I, it follows that

(99) | da| < L(§)672M 1A, Mou3+EF70) = [(£)5N? M 1A e M (E+70),

Therefore, in fixing §, and fixing 7 so as to have N\,>2, we see in making
6—0 that d, =0 if \.>2. If there exists a A, =2 the corresponding d,, is either
£1(0) or f{ (0) (since the N, are positive integers and A,=¢,=+1), both of these
quantities being zero, and we have d,=0. But since the function Fy(s)=0
also satisfies, in D(8, £), the inequalities (98), with d,,=0, we see, by Theo-
rem I, that F(s)=0, and therefore by the theory of Laplace transforms
fi(x)=0, that is to say f(x)=f'(0)x-+f(0), which proves our theorem. The
simple example f(x) =« shows that from the hypotheses of the theorem it does
not follow that f(x) =0.

Before closing this section we should note that theorems of the kind just
proved, and particularly Theorem IV with condition (II), suggest a study of
interesting classes of entire functions of finite order.

11. We shall study in this section the analytic continuation of a func-
tion holomorphic in a horizontal half-strip and satisfying, therein, inequalities
of form (10).

THEOREM VII. Let F(s) be not identically zero, holomorphic in a horizontal
half-strip S(V, wa) of width 2wa in which (10) is satisfied, where ¢po(x) is an
asymptotic sequence. If D <a, and if, on setting w=(2(a — D)), one of the con-
ditions (I) or (1I) of Theorem 1 is satisfied, then in every curvilinear sirip
2 =2Z(s(w), 2ma) of width 2wa, horizontal at the right and extending to — = at
the left, the horizontal part coinciding with S(V, wa) for o >av, the analytic con-
tinuation of F(s) satisfies one of the three conditions:

(a) F(s) admits there at least one singularity.

“(b) F(s) tends to = as — — o, uniformly with respect to t, s =+ it belong-
ing to the strip Z(s(u), 2ma —e€) with € arbitrary such that 0 <e<2ma.

(c) F(s) takes in 2 each value, except at most two, infinitely many times.

Suppose that (a) is not satisfied. Let then L be the central line of the strip
Z, let {s:} be a sequence of points on L with g;=R(s;)—— o, let a>a,>D,
and let ]F(s)[ S M(s:) in C(S;, wa1). There exists an n=m, such that d,,>0,
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since if this were not true the function Fy(s) =0 would satisfy, in S(V, ma),
the same inequalities (10) as F(s), and it would follow by Theorem I that
F(s)=0, contrary to the hypotheses. By Theorem I, where s, is replaced by
any s;, we have

M(s)) = l d,,ol K_IA,._,,le_x"""
and since the right-hand member tends to « as ¢—®, we have M(s;)— .
If in C(si, ma1), F(s) did not tend uniformly to infinity with 7, it would follow,
from the theory of normal families, that the family Fi(s) = F(s+s:) is not
normal in C(0, wa), and Fi(s) (¢=1) would take in this circle every value,
except possibly two, infinitely many times; F(s) would then take these values
in C(si, ma) (¢=1). From this the theorem becomes immediately evident.
From Theorem VII follows immediately the less general but more specific
theorem:

THEOREM VIII. If F(s) is not identically zero, holomorphic in S(V, ma),
and satisfies there (78), if D <a, and if one of the conditions (1), (1I), (I11I),
(IV), (V) of Theorem 111 is satisfied, then in every curvilinear strip Z described
in Theorem V11, F(s) satisfies one of the conditions (a), (b), (c) of Theorem VII.

Indeed, as we have seen in the proof of Theorem III, the condition (78)
together with one of the five conditions of Theorem III constitutes, by our
lemmas, a particular case of the hypotheses of Theorem I.

If {d.} is a sequence of complex numbers, and {\,}, as usual, a sequence
of positive increasing quantities with 0 <D < «, we shall set, if N= «,

o = lim sup (log | d, | — log A,)/As,
n=oo
where {A.} is the sequence associated with {\,}.
The following theorem can now be proved immediately.

THEOREM IX. Let 042> — . If F(s) is holomorphic in S(V, wa) with
D <a, and if in this region F(s) satisfies either (10), one of the conditions (I),
(IT) of Theorem 1 being satisfied, or (78), one of the conditions (I), (II), (III),
(IV), (V) of Theorem 111 being satisfied, then there exists a singularity of F(s)
in every channel of width 2mwa, connecting a circle C(s1, wa), with R(s1) <aapn,
to S(V, wa).

Let a>a:>D. If the theorem were not true, F(s) would be holomorphic
and bounded in the region composed of the circle C(s1, wa1), of the horizontal
half-strip S(V, ma,), and a channel of width 2ma; connecting them. It would
then follow from (14) of Theorem I that

R(s1) = lim sup (log | .| — log A.)/An = can,

contrary to the hypotheses of the theorem.
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12. We shall next apply the results of §11 to the study of the analytic
continuation of a Dirichlet series. Without loss of generality we may suppose
that the series )_d.e ™ does not contain a constant term, that is the \, are
all positive, and that N= «. We shall suppose that the upper density of
{\.} is finite. It is then well known that the abscissa o¢ of ordinary conver-
gence and the abscissa o4 of absolute convergence coincide, and that this
quantity is given by the expression

o¢ = g4 = lim sup (log | d,.| /An).

n=cw

We shall suppose that the series has a region of convergence, that is to say
o< ™, ’
We shall write

(100) F(s) = i d.e e,

even if F(s) is given only by the analytic continuation of the series, but we
shall give to this continuation the following meaning: to say that F(s), given
by (100), is holomorphic in a region A containing points s =o-i¢ with o posi-
tive and arbitrarily large means that F(s) is holomorphic in A and is given,
in this region, for o sufficiently large, by the sum of the Dirichlet series. Such
a region A may be a horizontal strip (|¢—t| <R, — ® <o < ®), a horizontal
half-strip (l t—to| <R, 0>0y), a curvilinear strip horizontal at the right, - - - .
A channel connecting a circle C(s,, R) to the half-plane >0, is the union
of circles with a given radius Ry<R of which the centers are on a Jordan
arc of which one extremity is si, the other extremity being a point of the
line ¢ =0y. The quantity 2R, is the width of this channel. By what we have
said above, to say that F(s), given by (100), is holomorphic in a circle C(s1, R),
in the half-plane ¢ >0¢, and in a channel of width 2R, connecting them
means that in the region A=A(s1, Ri, Ro) composed of these three regions(?)
F(s) is holomorphic and is given, for ¢ sufficiently large, by the sum of the
series in (100).

As we have seen in Lemma VII, (55) holds for ¢ 26’ >04. We may there-
for say that (10) is satisfied in a horizontal half-strip S(V, R’) (V =0¢'+1¢')
with arbitrary width 2R’ and with ¢’>0d¢=04, the asymptotic sequence
{¢a(x)} being given by ¢a(x) =4 (s')e*'x* where 4 (¢’) is constant with re-
spect to n. The lower envelope, ¢(x), is obviously zero for 0 =x <e~*’. The
equality (13) is therefore satisfied with an arbitrary value for w’. It follows
then immediately from Theorem I (with condition (II)) that the theorem
stated below is true.

(°) In future we shall omit, in the definition of A(s;, R;, Ro), the part “in the half-plane
a>ac.”
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THEOREM X. Let the upper density of {\.} be D< . If
(100) F(s) = Y dpe ™
1

is holomorphic and bounded in a circle C(sy, wa) and in a curvilinear channel of
width 2mwa, connecting this circle to the half-plane o >0 ¢, with D <a,, then

(101) | dn| £ KM(s1)An exp MR(s1),

where M(s1), {An} have the same meaning as in Theorem 1. K is a constant de-
pending only on a and D.

REMARK. The value of K is the same as in the remark which follows the state-
ment of Theorem 1.

This theorem contains a theorem of the author [6] in which the curvilinear
channel is assumed to be horizontal, and in which K is not as precise as in the
remark which follows the statement of Theorem X.

There follows immediately from Theorem II (recalling that ¢(x) =0 for «
sufficiently small, in case of Dirichlet series) the following theorem.

THEOREM XI. If F(s), given by (100), s holomor phic and bounded in a curvi-
linear strip of width 2ma, horizontal at the right and extending to — » at the left,
and if D <a, then F(s) is identically zero.

The following theorem is a corollary of Theorem VII.

THEOREM XII. If F(s), given by (100), is not identically zero, then in the
strip described in Theorem X1 the only eventualities which are possible are (a),
(b), (c) of Theorem VII.

Theorem XII was first established for the case o¢= — « (the eventuality
(a) is then automatically removed, since F(s) is then an entire function) in a
joint paper by J. J. Gergen and the author [8].

Theorem IX furnishes immediately the following result.

THEOREM XIII. Let 040> — . The function F(s) given by (100) admits a
singular point in every curvilinear channel of width 2wa, a > D, connected with
the half-plane o >0 ¢, of which the central line contains at least one point sy such
that R(s1) <o an.

Let us set

or = lim sup log A./N,,
n=o
where {A,} is the sequence associated with {\,}.
It is obvious that

gap = lim suplog | d.| /A, — lim sup log An/A. = o¢ — o

n=ow n=
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It follows, on the other hand, from Lemma X that if (71) is satisfied then
n=B(D, k) (=3D(6—log kD), if D>0, B(0, ) =0). Theorem XIII gives
therefore the following result:

TrEOREM XIV. If F(s) is given by (100), if o¢c> — » and if
(102) lim inf (Aay1 — Na) = 2> 0,

then there exists a singularity of F(s) in every curvilinear channel of width 2wa,
a>D, connected with the half-plane a>0oc, the central line containing at least
one point sy such that R(s)) <oc¢—B(D, h).

Theorem XIV contains a theorem of Ostrowski (see [6]) by which, if
(102) is satisfied (D < =), the series given by (100) admits a singularity in
every circle C(V, G(D, b)) where V is any point on the axis of convergence,
and where G(D, k) tends to zero as D—0 (h being fixed). It contains therefore,
as a particular case, Fabry's theorem on Taylor series (A, integers) by which
> rdae with \,/n— o admits the axis of convergence (¢¢> — ) as a cut.

Let us set a4, =1im sup (log Id,.| +log An) /A

From Theorem XIII follows the theorem:

THEOREM XV. If 6¢> — » the function ®(s) given by the series
B(s) = 3 dpAne™e
1

admils a singularity in every curvilinear channel of width 2wa, a> D, connected
with the half-plane o >0y, the central line containing at least one point sy such
that R(s1) <lim supnz1log |da| An=0c.

For the proof it is sufficient to note that in this theorem d.A, plays the
same role asd, in Theorem XIII, o3, the role of 6¢, and a¢=Ilim sup log | d,,I /Aa
plays the role of ¢4, in Theorem XIII.

This theorem is closely connected to a classical theorem of Cramér [1].
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