TENSOR THEORY OF INVARIANTS FOR THE PROJECTIVE
DIFFERENTIAL GEOMETRY OF A CURVED SURFACE

BY
THOMAS C. DOYLE

Introduction. In 1907 E. J. Wilczynski [1](*) announced an analytic basis
for the projective differential geometry of a curved surface. The present paper
has resulted from a study of Wilczynski’s work in the light of tensor analysis.
His first memoir was restricted to the invariant theory of a system of partial
differential equations defining a curved surface under the subgroup of trans-
formations preserving their canonical form, but his fourth memoir undertook
the development of a general invariant theory of these same equations under
their full geometric group of transformations. There are some problems in
the field of differential invariants whose complete solution would be discour-
agingly burdensome without the aid of the tensor calculus. The general pro-
jective invariant theory of surfaces begun by Wilczynski is probably one of
these which was destined to remain uncompleted under the longhand methods
at his disposal. It happens, however, to be particularly amenable to tensor
methods as this paper will show. To aid readability we have recast some of
Wilczynski’s methods and results into tensor notation from whence we in-
troduce covariant differentiation sufficing for the formation of tensors from
which invariants are then formed by contraction. The Lie theory of groups
serves to point out the number of existing invariants of any specified order
and all such invariants are then explicitly exhibited. In this way all pro-
jective differential invariants and covariants of a curved surface are obtained.

In addition to the aid afforded by Wilczynski’s papers, the author wishes
to acknowledge the assistance derived from the excellent text of E. P. Lane
[2]. Here again some of Lane’s work has been put in tensor form to make, it
available for our use. Subsequent references to Lane will be from this text
with author and page number cited.

It should be remarked that G. Fubini and E. Cech were the first to apply
the conventional tensor analysis of Ricci and Levi-Civita to projective differ-
ential geometry. The differences and similarities between the Italian and
American schools in their point of view and method of attack have been
elucidated by Lane in his report Present tendencies in projective geometry,
Amer. Math. Monthly vol. 37 (1930) pp. 212-216. As one of these tendencies
Lane cited the gradual knitting together of the American and Italian schools.
Our paper belongs in this category in that while pursuing the Wilczynski

Presented to the Society, April 24, 1943; received by the editors November 7, 1942.
(*) Numbers in brackets refer to the references listed at the end of the paper.
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PROJECTIVE TENSOR INVARIANTS 307

method one arrives at the tensor analysis of Fubini and Cech. It is inevitable
that some of our identities and tensor equations should duplicate those of
earlier writers but it is hoped that there will also appear much that is direct,
unifying and new.

1. The first fundamental surface tensor. Let y4 = y4(u!, uﬁ) A=0,1,2, o,
be four analytic functions of two independent variables %, =1, 2, to be mt_er-
preted as the four homogeneous coordinates of the points of a surface Sin a
three-dimensional linear space ;. The points y4 of S; will be subjected to the
group G; of projective transformations, y'4 =p4y?, |p| 0, with constant
coefficients. Under this group of point transformations the surface y4(u) will
be projected into the surface y’4(x) = p4¢y®(«). The projective geometry of S
consists of those properties of .S which persist when it is projected into the
totality of surfaces .S’. The various elements of the set S’ will be regarded as
equivalent and hence indistinguishable from one another. The analytic
parameterization of points of S as functions of #? may be subjected to the
group Gi, #'=4a'(u), |6u/6u[ #0, without disturbing the geometric point
y4, thus #4(%) =y4(u(%)). In addition the functions y*4 defined by the
group Gi, y4 =e*®y*4, $(u) an arbitrary analytic function of %, represent
the same geometric point as y4. The projective differential geometry of the sur-
Sface S will find its analytic structure in the differential invariant theory of the
Sfunctions y4(u) under the transformations of the groups Gs, Gz and G,.

So far as Gj is concerned, our only immediate concern is the relative co-
variant tensor €spcp with components everywhere 41 or —1 according as
the indices represent an even or odd permutation respectively of the natural
order 0, 1, 2, »© and zero otherwise. Under y’4=p49y? with the inverse,
yA=q4qy’?, p49q®s =045, the components e,pcp transform by €’ 4pcp = €apcp
= |q| "lqusrq%q"gqscq"p Analogous to e4pcp in S, there is the relative ¢on-
travariant tensor €* of S, defined by e* = —¢*/, €12=1, in all coordinate sys-
tems #* and transforming under 4°=4‘(u) by &% =¢e* = |8u/61’¢| €0,170,%*.

Now let the two analytic functions #?=wu(t) define an analytic curve C,
y4=y4(u(t)), on S. The tangent plane to S at the point ¢ of C has a four-rowed
determinant equation ‘y, y1, y2, Y| =0, the subscripts denoting partial de-
rivatives evaluated at the point . The osculating plane to C at tis represented
by |y, v, ¥, YI 0, where a dot denotes a total derivative with respect to ¢,
thus y —Z,_,y,u'=y,u'. Since y and y are common to both the tangent plane
to S and the osculating plane to C, a necessary condition that these two planes
coincide is that § =y,4" 4,47, a point of the osculating plane, be likewise
on the tangent plane, the condition being | ¥, Y1, Y2, y,.lmz'=0. A curve C
along which this condition holds is called an asymptotic curve of S. We define

Git = | 9, y1, y2, ¥ir| = (1/2)eqrsre™ ¥y, 35,97 ia,

which transforms under G; by G';. = Iq[ Gjx, under Gs, for which j;= =y,0;u",
Fie=9:0 U +¥,.0 07 0ru*, by G = |6u/612| G, 9w 0ru® and under G, for which
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y=e"  yi=e i+ éiy*),
yir = e*[y*i + ¢iy*s + duy*i + (Bix + S0 y*],
by G*jx=€"**G ;. The determinant of the G's may be seen to transform by
|G'| =|q|2| G|, |G| =|0u/3a|4| G|, |G*| =e=*¢|G|. At any point P of S
the differential form G,,du’du®*=0 determines a pair of distinct asymptotic
directions providing |G| #0, a condition invariant under Gs, G, and G;.

(1.1)

THEOREM. The condition | G| #0 is necessary and sufficient that S should not
be a developable surface.

Proof. Lane (p. 38). Henceforth we shall consider only nondevelopable
surfaces for which |G| =0.

Let ga=(—|G|)~12G; define gjr. A coordinate system in which the
asymptotic net is chosen as the parametric lines will be called canonical. In
such a system the differential equation of the net is 2Gi2du'du® =0. The canon-
ical form of g;i, denoted by §;x, is thus g = g2 =0, g1z=1. Under Gs, G; and G,
the quantities g;; transform by g’;s =g, Zx=|0u/0%| ~'g,.0,u70su*, g* it =gjx,
respectively, and we note that | g| =|g| = —1. Because of the analogy be-
tween the roéle of this tensor in the projective differential geometry of a
surface and that of the metric tensor in metric differential geometry, g; will
be called the first fundamental surface tensor.

2. The basic system of differential equations determined by a given sur-
face. If y designates a point free to move over .S, we seek a reference frame
moving with y and having v, ¥, ¥2 as three of its four vertices. For the
fourth we select the point w=(1/2)g"*y..=(1/2)(—|G|)¥2G*y,,, where g
and G** are defined by girg,;=G"G,;= §%;. It remains to verify that |y, Y1, Y, wI
#0;

| 3, y1, 32, w| = (1/2)(= |G| )36 | y, 31, y2, ¥ | = (1/2)(— | G| )1/3G™G.
(— |G|y = 0.

It is now possible to express any point as a suitable linear combination of the
vertices of the moving tetrahedron. In particular, the point y; may be ex-
pressed in the form yjx=c;iy+b"y-+dw, where the 12 coefficients, sym-
mefric in their lower indices, are to be determined in sets of 4 each as the
unique solutions of three (jk=11, 12, 22) systems of linear equations with
the common determinant Iy, Y1, Y2, wI #0. Thus

cin= (=G| yin, 31, v, w|, B = (= |G|)2| y, yir, 32, w],
b2 = (= |G|)2] 3, y1, yir, ], dix = (— |G| )2] 3, y1, y2, yir |
= (= [G|)Gn = gin.

Under Gj these transform by ¢’;x=¢;i, b3 ;s =b%;x and d’ i =d jx. Their behavior
under G: and G; will be examined later. The four identities g*c,, =0, g"*b%,=0,
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|g| = —1 may be seen by inspection to hold among the 12 coefficients, leaving
8 of these as essential.

We proceed now to the elimination of the rather artificial term % from
the system y;x=cjy+b"y.+gw to arrive at a system of two linear homo-
geneous equations in one dependent variable y of the form A7%,y,,+A%y:
+A4,y=0, a=1, 2, which Wilczynski took as basic for his theory. We em-
phasize the scalar character of the lower indices of the 4's under Gy, G;, Gs
by employing Greek letters. To this end we first seek a matrix ||a%,|| of func-
tions which will satisfy the quadratic relations g,,a%.a's= |a| d.s, where
diu=dsy=0, di2=1. Consider the equation gnxx!+42g1sx1x2+ geex2x2=0 which
will be quadratic if gi0. If both gn and gs vanish identically, then gj is
in canonical form already so that the matrix ||a’,|| may be taken as the unit
matrix. Assume that g0. On applying the coordinate transformation
#'=u?, 2= —u!, the tensor transformation ;.= |du/d%|'g,.0udsu’ yields
Z11=_g22 70 so that one may always find a coordinate system for which g;; 0.
In such a system solve the quadratic equation for the roots x/x?% =
—(g12+1)/gn, x%2/x% = (—g12+1)/gu. Choose

ay = — (1 + g12), a® = tgu,
a'y = s(1 — gu), a’y = sgu,
so that |a| = —2stgy. These values of a’, determined to within two factors of

proportionality then satisfy the desired relations g,,a%.0's= |a| das, |a| g
=dr’ai %, =a"a*+a’a®, the summations on the scalar indices p and o ex-
tending through their range 1, 2. Contraction with these a's gives the three
equations a’,a*s(yju — cjxy — b"jxyr — g sw) =0, one of which, for a=1 and =2,
is merely the identity

(1/2)dai,a* (yix — ciny — b7iny, — gnw) = | a| ((1/2)g7*yin — w) = 0,
while the remaining two, a’,a% (yjx—c;xy—b";1y,) =0, are free of w. On ex-
panding

(e)*yu + 2ah1eh1y12 + (@%)2%y2e + - - - = 0,

(012)2)’11 + 2a%2a%y12 + (a%)%yss + - -+ =0,
we note that the determinants I and I’ of the coefficients of the y;; vanish.
Furthermore, if J is defined as the apolarity invariant of a pair of binary
quadratic forms,
¢ = ax? + 2bxy + cy?, ¢ = a'x® + 2b'xy + ¢'y?, J = ac’ — 2bb’ + d’c,

then for the system under consideration, K = J2—4II'=|a|*50. Thus it has
been shown that given the equations, y'4=piey?(u) of a class of projectively
equivalent nondevelopable surfaces, there is determined a system of two linear
homogeneous differential equations with nonvanishing K whose solutions are the
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class of functions y'4. These equations contain 12 coefficients determined to
within two factors of proportionality and, satisfying two quadratic depend-
encies so that their essential number is 8 which agrees with our previous
knowledge of the system in its “w” form.

The next few sections will be devoted to a demonstration of the converse
statement that a given pair of differential equations of the form Ar*%y.s+A%ay:
+ A4,y =0 with nonvanishing K and satisfying conditions for complete integra-
bility serve to define an integrating nondevelopable curved surface to within a
projective transformation. This will be accomplished by an investigation of the
transformation character of such a system which will lead in turn to a canoni-
cal form from which the desired conclusion may be drawn.

3. Normalization of the basic system. Let there be given a pair of com-
pletely integrable linear homogeneous partial differential equations of the
second order, Y,=A47%y,,+ A%y, +A.y=0. Any solution y(u) of the system
Y, =0 will likewise be a solution of the system Y’, =N, (¥)Y,=0, I)\] #0, and
conversely. We follow Wilczynski [1, p. 176] with tensor methods in selecting
the multipliers N so as to simplify the system. The covariant relative tensor
¢;x defined by e'"ex,=07; is now introduced. If we define D.s by D.s
=(1/2)€,,€:, A0 A %5, then

Dll . A111A22l — (A12l)2’ 1)12 = “41].1141222 — 2‘412114122 + A221A112,
l)22 = A112A222 - (Al22)2.

Since A’#,=Nr, A%, the quantities D,s transform by D’,s=D,N\%,
|D’| =|\|?| D|. We confine our discussion henceforth to a system for which
]DI = —K#0. This condition will be interpreted geometrically in §9. Let
das=(—|D|)""2D.p, then d’ap=|N|"'d,NaA%, |d’| =|d|. By the same
normalization process as was used in the preceding section it is possible to de-
termine the matrix [|A%| to within two factors of proportionality so that the
components d.g will be of the form d..=0, dio=1. Assume that this has been
done. We shall say that the system is now in normal form, and for all sub-
sequent discussions we retain this form, characterized by Da.= IA”‘.,I =Q,
a=1, 2. But this normalization implies that 4%, is of the form 4%*,=a'.a*.
from whence Dip=(1/2)€,6,,0"8"a%a% = l a I’, D=— | al 40, du=dx=0,
dyp=1. Define g* by gi*= Ial‘ldﬁ’af,a",, then gj= |a|d,,,a";a’k where a%a"s
=§2% and ] gl ='|d| = —1. We introduce double subscripts according to the
scheme Yoo= Y, Atea=A%, Aea=A,and a quantity w=(1/2)g"*y,,. Annex
now to the normalized system of equations

Yaa = a"aa’uyn - Araayr - Aaay - I al daaw =0
a third equation
Yie = 6"18%Yrs — AT19yr — A12y — | Gl dpw =0

which is merely a definition of w when we define A%, =A41,=0 and recall
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that am16%y., = (1/2)d*"a%a*yrs=(1/2)|a|g"*y... The augmented system is
now

3.1) Vs = 07a08Yrs — A%agyr — Augy — | 0| dagw = ‘0

and contraction with a*;af; yields a system of the form y ;i = cy+b" iy, + g nw
with the same four identities among the coefficients which were found in the
second section, ’

gnbi" = graapraa’Aip’ = I a I—ldva ip’ = 2l a |_1Ai12 = 0’
7%, = £7%0%0% A, = | a l—‘d”A,., = 2| a]“A 12 =0,
| gie| = || o] dariass| = | d| = — 1.
4. Transformation of the dependent variable. To prepare the basic system
in its “w” form for the formal operations of tensor calculus, write ||, y1, y2, %||
as ||yo, 1, ¥2, ¥||. Then 8,;50=y; and ;31 =c;xyo+b"xyr+g51¥w- To complete

the formulas for the derivatives of the vertices of the relative reference tetra-
hedron it is necessary to compute d;w, which may be done by forming

3.9y = bTii(crryo + 0%iys + griw) + AdTiiyr
+ ¢:i07kYr + OkCiiyo + gii0rw + WOigsj,

permuting ¢ and k and subtracting to eliminate the second derivatives,
(8xcij — dicki + crb™ii — Cisb™) Yo

+ (9xb7ij — 9b™ki + b%iibTer — bkib"ei + €ii0"k — Cii8) Yr

+ (0xgii — Oigri + gurb"ii — girb"ki)w + gii0rw — gﬂ;a."w = 0.
Let
.1 Cijk = OkCij — 0jCki + Crrd" i - Citb"hiy gk = £7°0rfsk,
Bl = 0xblyi — 0bki + blerb™ji — Blibhi,

then contraction with g#* yields a solution for 9w,
8 %ris¥o + (B7sieg® + ") yr + (07 + g)w — 35w = 0.
Let two matrices ||[4:g]|, =1, 2, be defined by

% Tk, T 0 ok; 0
(4.2) % Tky; T2 ||=1| ¢ b*:; 8ii
I‘ot'eo Pkl‘ao‘ Pwt‘no g"cril th' - g“bkt“ b'o’r + 8i

so that the differential equations may be written
diya = I'%yq, 4=0,12 oo,

A transformation of the dependent variable is easily applied to the system
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when written in this form, for from y =e¢y* follows
yi = e*(¢;y* + y*2),
3y = e*[(dsi + 08 y* + (670; + 87 i) y* + diy*i),
w = (1/2)g'0:y; = e*[(1/2)g7(¢rs + 6.:0)7* + ¢75* + w*]
when we recall that g;;=g*;;. The relations g™d,g,, =0 are a consequence of

'lliLle—l’ for a,-[g] =‘(6|g|/3g,,)6,g,.=|g|g"8,g,.=0. On defining a matrix
B|| DY

4.3)

A% A A% 1 0 0
(4.4) N NN b; é; O

Mo My A (1/2) g *(dbs + ¢r) ¢° 1
with the inverse, ||A4]|, for which A4gA@5 =845,

A% Al A% 1 0 0
(4.5) A% A% A% — ¢; é; O

A% Aie A% (1/2)g™($rbs — ¢rs) — ¢° 1

the transformation of the dependent variable becomes y4 =e®y*\?4. Apply-
ing this to ;34 =194y gives
e*(5*dN% + N%d;y*q + y*AUd;) = e*T®;\%y*g

from whence

3;y*s = [ARA(T®RNBq — 3\BR) — 6B49;]y*s = T*Biay*s.
From these, the transformation law of the coefficients is seen to be
(4.6) I*B;y = AR (TQpNBq — 9NPR) — 8B40
Expansion gives

*ik = cit + b indr + (1/2)girg™ (6rds + brs) — (Didi + bi2)
b i = bl — (8 bk + 0'di) + gird’,

Since g*rc*,,=g"c,, and g*r*b*i,, =g"*b%,,, the four identities g™c,, =0, grb*,,
=0, |g| = —1 persist.

5. The semi-canonical form of the basic system. The integrability condi-
tions of the system d;y4 =T'?;4y¢ are found by forming 9;0,y4 =TT ®;qyr
4+, R, ayr and insisting on commutability of the order of differentiation of
Ya for all Ya; I‘BA,'k =6,,I‘B,-A—-6,-I‘BM+I"B,,QI‘°,-A —.I‘B,'QPQkA =0. Their ten-
sor character under y—y* may be seen by writing (4.6) in the form
ONB, =T \Bo—T'*B,,\Q, —AB,¢,, differentiating and eliminating ;B4 to
obtain I'?,;;ABo=T*5;A%. Henceforth we consider only completely in-

4.7

g*ik = gk
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tegrable systems characterized by I'2 4 ;. = 0. These conditions will be examined
in detail in §16. For the present it suffices to observe that contraction gives
I =0:I'%q—3,;'%: =0 so that I'®;o =2b7;,+¢; are components of a gradi-
ent. Contraction of (4.6) gives I'*¢;o=T19;0—4¢; when it is noted that |A| =1
and hence A2¢d ;A% =0. Since I'?;q are components of a gradient, there exists
a function, call it log T, for which 9, log I' =T'9;. To simplify the coefﬁcnents
of the equations choose

(5.1) ¢ = log T4, ¢; = (1/4)TQq,

for which choice I'*¢;o=0. Denote the new dependent variables by ¥, and
the coefficients resulting from (4.7) for this choice of ¢ by Cjx, Bijx and gjx,
writing their total matrices analogous to (4.2) as ||II4;3||, =1, 2. The system
resulting from this particular choice of ¢ is then of the form

(5.2) ;Y4 =11°%,4Yq, 19q¢=2B";+g;=0.

This will be called the semi-canonical form of the equations. The variables ¥,
result from y*,=e"%A%yq on setting ¢;=(1/4)T'%q in the matrix (4.5) of
A4p; writing T';=T'9,,,

Yo =T"1My,  Y;=T""(y; — Ty,
Y. = P_”‘[yao,_ (1/4)P'y, + (1/32)‘(P'P' - 43r1")yo]-

To see how the semi-canonical form is affected by a change of dependent
variable, y =e®y*, substitute (4.3) into the expressions (5.3) for Y4, remem-
bering that (1/4)T'¢;q=(1/4)T*?q+¢;, log I'V4=log I'*V/4+¢p—log k, where
k is a constant of integration, to obtain

Vo = AT*1Ay*, = RV*), V; = RT*1A(y*; — (1/4)T*@qy*)) = kV*; V. = k¥*,.

The system 9;Yp=1I9;3 Yq then transforms into 3;¥V*5=1II9;3Y*¢ so that
4,5 =11*4,5. But for II4;5=1I4,5(c;x, b*;x, g;r, and derivatives) we have by
definition IT*4 ;5 =1I4;5(c*;x, b*¥;x, g*;1 and derivatives) and now it has been
proved that these two sets of functions, the same in form, are moreover equal
in value. This leads to the idea of a seminvariant which will be discussed in the
next section.

6. A complete system of seminvariants and semicovariants. Any function
S of the coefficients T' and their derivatives which transforms under y =e¢y*
by the law S(I') =e»¢S(I'*) will be called a relative seminvariant of weight w
of the system. For example, the coefficients of the semi-canonical form

Cik ="cix + .(1/4)b'ikrr + (1/2)g,~k((1/16)I‘,I‘"+ (1/4)8,r7)
(6.1) — ((1/16)T;Tx + (1/4)9,T%),
Bij = bij — (1/4)(8%;Ts + 84T;) + (1/Dgal",  gir

have been found to be absolute seminvariants. Similarly, any function C of

(5.3
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both the coefficients I" and the dependent variable y which transforms by
C(T, y)=e"2C(I'*, ¥*) will be called a semicovariant of weight w. For ex-
ample, vy itself is a semicovariant of weight 1 and the ratios of the semi-
canonical variables

Yi/Yo = (y; = (1/4) Ti0)/ 3o, |
Vo/Vo = [ya = (1/HT 5, + (1/32(T.L7 = 43,1730/ 0

have been shown to be absolute semicovariants.

(6.2)

FIRST REPLACEMENT THEOREM. Any absolute seminvariant S(T') is expres-
sible in terms of the absolute seminvariants Cs, B'j, g1 and their derivatives.
Moreover, S(T') = S(I1), where the I's are formed from (4.2) for the values (6.1).

Proof. Let S(I') be any absolute seminvariant of the system d;y4 =I'%.4yq.
Then when the system is transformed into d.y* 4 =T'*?;,y*¢ under y =e¢y*, by
the definition of an absolute seminvariant we must have S(I')=S(I'*) for
arbitrary choice of ¢. In particular the law S(I') =S(I'*) must hold for the
special choice of ¢ leading to the semi-canonical form, for which the coefh-
cients I'*B,, become II8;4, so that S(I') =S(II) which establishes the theorem.

As an application of this replacement theorem, substitute the semi-canon-
ical coefficients II into the expressions (6.1) for the seminvariants Cj;x and
Bij; to obtain Cji= C;x and Bijx = B¢ in virtue of the relations I1¢;o =0 which
characterize the semi-canonical system. Because of the identities g”C,,=0,
g"Bi,, =0, |g| = —1, there are but 8 independent quantities among the set
C,'k, B‘,‘k and 8 jk-

SECOND REPLACEMENT THEOREM. Any absolute semicovariant C(T, y) is
expressible in terms of the seminvariants Cjr, B, gjx, their derivatives, and the
semicovariants Y;/ Yo and Y./ Y. In fact, C must be homogeneous of degree O
in YA and C(P, y,'/yo, yw/yo) = C(H, Y,/ Yo, Ym/ Yo).

Proof. Since 9y, is expressible linearly in terms of y4, derivatives of y4
need not occur in any semicovariant. To show that any absolute semico-
variant C(T', y4), transforming by C(T, y4) = C(T'*, ¥*4), must be homogene-
ous of degree 0 in y4, apply the transformation y=e*y*, k a constant. Then
ya=e*y*,, T*4,5 =145 and the transformation law of C becomes C(T', y4)
=C(T, e *y,) which is the criterion for homogeneity of degree 0. Now let
C(T, ¥:/90, ¥/¥0) be any absolute semicovariant transforming under y =e#y*
for all ¢ by the law C(T, ¥:/¥0, ¥/¥0) = C(T'*, ¥*:/3*, ¥*=/¥*0). Then for the
special choice of ¢ leading to the semi-canonical form, C(T, ¥:/yo, ¥Y«/¥0)
= C(H’ Yi/ YOr Yau/ Y0)°

As an application of this replacement theorem, substitute the semi-canon-
ical coefficients and variables into the expressions (6.2) for the semicovariants
Y;/Yoand Y,/Y, toobtain ¥,;/Yo=Y;/ Yo, Yu/Yo=Y./Ys as a consequence
of II? Q= 0.
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Any function of the coefficients whose form and value are unaltered by
‘transformations of both the dependent and independent variables will be
called an absolute invariant. Since any absolute invariant must necessarily be a
seminvariant, the set of all absolute invariants will constitute a subset of the total-
ity of seminvariants. They will be found by selecting those seminvariants which
are unaltered by a transformation of the independent variables. This we proceed
to do.

7. Transformation of the independent variables. The transformation
@i=@i(u), |0%/9u| #0, of the indépendent variables induces

y(w) = y(w(@) = 3(@), 8;y = ,39,;#", Oy = 8,FO " + 8,59 W Ixit".
On applying this to the system in the form (3.1),
a"B%°8Yrs — Araﬂyr - Aaﬂy - | al daﬁw =0,

we find a7.0%9,%0,#0;.5+ - - - =015+ - - - =0, so that G'e=a".0,4",
|a| =|a||0u/da|*. But from §3, gi*=|a|-'d*°aia*, so that git=|a|-
- |0u/da|dee (a7,0,47) (a*d,8%) = | du /34| g3, 4'd,a*. These laws and their co-
variant equivalents will be used so repeatedly that we display them here:

(7.1) Ziv = | 0w/8a |71 0w sut,  gik = | Qu/ou| gm09,a7d,4*.

The quantity w transforms by
w= (1/2)g"yn = (1/2)g"*0nit'5: + (1/2) | aﬂ/aul 87 Prs
= (1/2)g"0n'y: + | 9/0u| .

We now introduce a matrix ||o45|| defined by

0‘00 0":0 0’°°o 1 . 0 0
(7. 2) O'O,' 0",‘ 0’°°j = 0 aiﬂi 0 .
% o'y 0% 0 (1/2)gr*d,.4} l 612/614'
and its inverse, || =45/, satisfying 24¢0%5 = 645,
2% T Z% 1 0 0
(73) 205 2'.,' Ew,’ = 0 5,~u’" 0
30, i, =, 0 (1/2)g78.u' | ou/da|

The transformations y4—J4 may now be written y4=0%3eq, from whence
07¥4=0°40470,9¢+5¢0;094. Substitution into d;y4=T?,4y¢ gives

894 = ZR4(TQraBq — 9,08R)3 u*y5 = I'B;a9s,
and therefore
(74) PB,'A = EEA(I‘deBQ — 3;0‘33)5,‘“'.
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On expanding,
Cik = c,.5,~u'5ku',

(7.5) . R — =
i = 070,40 jutdru’ — 9,.4°9 u*drut + (1/2) l /0% | g kg *0re",

we find g¢,, = |0u/d4| g *c.s, g7*b's = | Ou /34| grebtdeti, | 2| =|g|, so that the
four identities g*c,, =0, grb%,, =0, I gI = —1 hold in all coordinate systems.

8. Wilczynski’s canonical form of the basic system. Thus far we have
arrived at a semi-canonical form of the partial differential equations charac-
terized by I19;¢o =0and obtained by applying a specially adapted transforma-
tion of the dependent variable. Now we investigate the possibility of making
a suitable choice of the independent variables which will still further simplify
the system. Namely, is it possible to find a transformation #!= U(u!, u?),
a2=V(ul, u?), |812/8u] #0, to coordinates #* for which g#* will have the com-
ponents g!1=322=0, g'2=1? Following Wilczynski [1, p. 243], the transforma-
tion law |d4/du| g™ = gd,19,4* shows that U and V must satisfy

g1 U WU, + 282U U2 + g22U.U, = 0,
g“VlVl =+ 2312V1V2 + g”Vsz =0,
gt gt _ ’—322 g1z

’ g“ g” 812 —fn

the ratios U;/ U, and V;/V, must be roots of the quadratic gsx?—2gwx+gn
=0. If both g and g vanish, the system is already in the.desired form.
Otherwise, as previously remarked in §2, there is readily found a coordinate
system in which g 0. Assume that #* is such a coordinate system, then U
and V must be chosen to satisfy

822U — (glz + 1)U2 =0, gszx - (glz - 1)V2 =0,

and since the determinant A =2gs of this system does not vanish, the solu-
tions U and V will have a nonvanishing Jacobian and hence will constitute a
proper transformation to coordinates #* for which g''=g??=0. It remains to
verify that g12=1;

| da/0u| g2

and since

’

— 222U V1 + g12(UVae + UsVy) — gulU:Vo
(UsVo/ga)[— (gh12 — 1) + g12(2g12) — guige]
2U2V2/g22 = | Oﬂ/c’)u l ,

and therefore g'2=1. Henceforth the canonical components of a quantity will

be indicated by placing a tilda over the symbol, thus 11 =§»=0, gi2=1.
Having chosen the independent variables to yield this simple form for g,

transform the dependent variable to produce the semi-canonical form. Since
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g*=g** our present normalization of g/* will not be disturbed. But the
identities g*C,, =0, g"*B',, =0, I1¢;o=2B";,+g,;=0 simplify to C12=0, Biy=0,
Br;, =0, recalling that §;=3"d,3,;=0. Finally then Cip= Bij;=Bl;1=B?»=
so that the system reduces to

(8.1) Fu=Cu¥ + B*119s, Fag = Cas + Blo¥y.

This is Wilczynski’s canonical form [1, p. 246] of the given system.

9. Geometric interpretation. Wilczynski has shown [1, pp. 233-236] that
a system A™,y,,+A"y,+A.y=0 which is completely integrable and for.
which K#0 admits precisely four linearly independent particular solutions
y4(u) and that the most general solution system y’4 is of the form y'4 =p44y®
with constant p's. Regarding the particular solutions y4 as homogeneous co-
ordinates of a point on an integrating surface S, the generality in the choice
of the solution system y’4 determines S to within a projective transformation.
The differential equations of the asymptotic net, |v, y1, ¥z, ¥r|dudus=0,
become in Wilczynski’s canonical form |5, 51, 92, | d#'da?=0. If we de-
fine Gjx by Gji= Iyu Y1, Yo, yjkl and £ by h,—k=(—|G|)“"2G,-k, then in ca-
nonical coordinates =gz and hence kji=g;, from whence || = —1 and
therefore |&, 1, 2, 12| #0. It follows then that the canomical parametric
net is the asymptotic met. Furthermore, contraction of |3, 31, %2, ;x|
=|0u/34| | yo, Y1, V2, ¥ro| d;wrdru® with g gives | 5o, 1, Fa, ool =|0u/d%|2
“|%0r 31, 92 ¥| and under y=e?y*, | yo, 31, 32, ¥u| =€4¢| 3, ¥, 38", y.*| . Be-
cause | o, 1, 2 Foo| = | Fo, F1, T2 12| #0, it follows that in all coordinates
|30, 31, 32, ¥o| #0.

10. The most general transformation preserving the semi-canonical form.
In §7 it was shown that a transformation u—a‘ of the independent variables
induces a transformation ys—# for which yz=093j¢. Let this be done and
follow with a transformation j—#* of the dependent variable as explained in
§4 for which §¢ =e*No5* 4. The combined transformation yp=e®a2pNoy* 4 with
the coefficients e*udp =e*c9g\4q s the most general transformation of the repre-
sentation preserving the form of the basic system. Since the matrices ||\|| and
|lo]| are commutable, we may also write u4s=04oA% and inspection of (4.4)
and (7.2) shows that

kP  mib w® |
A I e
l"oeo I»‘iao [Taa
10.1
( ) 1 0 0
b 94} 0
(1/2)g7*(¢:bs + &rs) g'*((1/2)a,.,zzi + ¢,9.4%) | aﬂ/aul

Let || M45|| be the inverse of ||u4s||, M4ou@s=84p. Then
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M% Mi, M=,
M M M>;
M Mi, M=,
1 0 0
= — 3¢ EP 0
(1/2)g7(3,60:6 — i)  g7*((1/2)8,u' — 3,99,u) | du/0a|

Analogously to (4.6) and (7.4) the transformation law of the coefficients is

(10.2)

(10.3) T*B,, = ME(IruPq — 0uPr)d u' — 62409
Contraction gives
(10.4) THQ,q = I'%ed;ut — . log | u| dut — 499

when we recall that d;|u| = (0| k| /0u%)0u% = |pu| MEed;u%. Since ulti-
mately we shall seek invariants of the system which in turn must necessarily
be functions of the seminvariants II4;5, we shall be concerned with the trans-
formation law of these quantities. It will be found by asking for the most
general transformation preserving the semi-canonical form, as characterized
by the conditions. I'?;o =0 before and after the transformation. Equations
(10.4) together with the relation |u| =|d4%/9u|? show that ¢ must be taken
as a solution of the equation

(10.5) ay = (1/2)d; log I 6u/612] or 2| 6u/612| N = 5,-| 6u/612|.

This simply means that starting with the system in semi-canonical form, a
transformation of the independent variables destroys this form and that to
regain it a transformation y =e¥y*, { satisfying (10.5), must be applied to the
dependent variable. Hence, finally, the seminvariants II4 ;5 transform by
(10 6) _ﬁ—B,‘A = MRA(HQgR;l.BQ - 'B,pBR)gju‘ - (1/2)5345, lOg I 6u/6d|,
T T = T9dur,
and the relative semicovariants Yz by Yp=e%u%7¥q, where ”[1‘13”
and ||]l{“3|| are given by (10.1) and (10.2) with 3,6 replaced by 9
=(1/2)9, log lau/aal and ¥ =log |6u/81z]1/2 on choosing the constant of
integration to be zero.

Expansion of (10.6) gives

(10.7 _C‘n = [Cre + Bttt + (1/2)grug* @ubo + Yuo) — (s + f") 163,
Bijp = B0’ — 8,0 + grug* ($udoit' + (1/2)300") |0 07010
— (500 + 39 W),
gir = I 31/u | g49 uTdrnt,
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from whence z"Bi,= |6u/612| g"B*%.04¢ g*C, = |6u/¢9ﬂ| (gCrs+g*Btae),
|§| = lg| , so that the identities g”C,,=0, g"*B’*, =0, |g| = —1 persist.

11. The second fundamental surface tensor and its relative invariant.
The Christoffel symbols of the second kind formed from the relative tensor Ziky
defined by '

i )
{ jk} = (1/2)g"(6,-gk, + akgir - a"gfk)r
transform by

(i r - - - — L -
{ 'k} = { t} 0,40 udiut + 90,4 — (84,00 + 60, — g,'kg"a"‘/),
j s . .

and contraction with g7 yields

T ¢ '
(11.1) g{ } = |6u/6ﬁ|<g"{ }a,a" - gr-a,,af)
rs rs

from whence

{ Z} - (1/2)g,-kz~{i}
(£} = et Vo = a6 sm

— (51,00 + 340 ¥ — ZadW) + (1/2) | 9w/ 0@ | éikg"af..ﬁ‘.

With the help of the relations ?’)‘lﬁ= g7 =|0u/du|d%a.a¢ it may be seen
from (10.7) that B‘j transform by the same law as

{ijk} - (1/2)8f'=gv"{irs}'

Subtraction reveals the tensor character of

(11.2) Tij = Bij — ({ijk} - (1/2)g,-kg"{:s}),

which will be called the second fundamental surface tensor. Now

i ,
gn{ } = g”g"argu — g.
rs
and

{'jr} = (1/2)9;10g | g] = 0

so that
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Trjr = Bjy + (1/2)g; = (1/)N%e = 0,  gT%, = 0.

This leaves but two nonvanishing components in canonical coordinates,
namely Ty and T?,. The following theorem on the vanishing of T%; is due
to Wilczynski [1, p. 260].

THEOREM. The vanishing of the tensor T%j, implies that the integrating sur-
face is a ruled quadric.

Proof. The conditions T*j; =0 reduce in canonical coordinates to B2 = Blyp
=0. The canonical system (8.1) reduces to the pair of differential equations
Fu=Cuy, Jao=Cory. If ¢(u?) and ¥ (u') are two particular solutions of the first
of these equations, any set of four particular solutions will be of the form
F4(u') =a4¢p+b4y, where a4 and b4 are arbitrary sets of constants. y4(u') thus
defines the line joining the two points a4 and b4 and the parametric curves
u? = constant consist of straight lines. Similarly the curves #!=constant are
straight lines, but the only surface with two sets of straight line rulings is a

quadric.
The tensor T%j; and its relative invariant of weight one,
(11.3) 0 =gl T, 0=|0u/ou|e,

with the canonical form
(11.4) § = 2B, By,

will be of outstanding importance in the invariant theory of the system. The
relations

(11 . 5) ' TirsTyen = (1//2)6jk0

should be noted. The vanishing of 6 implies that either B2, =0, Bl =0 or both.
In any case, the integrating surface is then ruled. Since Wilczynski has de-
veloped the ruled surface theory by an entirely different method, we shall
henceforth restrict our discussion to non-ruled surfaces for which 0.

The forms ¢ =g, ,durdu*, Y = T, dudu*dut, reducing in canonical coordi-
nates to ¢ =2da'da?, ¥ = Tan(d@')3+ Tae(da?)?, may be recognized at once as
the two ground forms ¢ and ¢ of Blaschke [3, pp. 121-125]. The three null
directions of ¢ =0 are the three tangents of Darboux. Our relative invariant
0 is the invariant J of Blaschke which he has called the “Pick invariant” and
he has shown that J =0 characterizes a ruled surface.

12. Covariant differentiation. The Christoffel symbols, A%;;, formed from
the absolute covariant tensor fg;: are

N = (1/2)87'gi7[0,(0gkr) + 04(6g;r) — 3:(0gw) ]

(12.1) i , 4 .
= { ” + (1/2)(5'16L IOg 0 + 6%0; IOg 0 — gika‘ IOg 0)
J
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and they transform under ui=#¢ by the familiar law,
(12.2) X',v,grui = Xi,,giu'éku’ + _a-jkui,

of metric differential geometry. Moreover, the components \i;; being built
from seminvariants are unaffected by a transformation of the dependent
variable and hence (12.1) is also their law of transformation under the most
general transformation of the representation preserving the semi-canonical
form as explained in §10. S

Consider now any relative simple mixed tensor, T7,8,u’=|du/da |*T%3 u"
(of weight w). On differentiating with respect to #* and applying

(12.3) 6 =|06u/du|0 (w=1); d,logd — 3, log 60,u’ = ;log | du/da|
we obtain 77 ,0,ui = lau/aﬂl wTi, 9;u 9w (of weight w), where
(12.4) Tije = 0T+ TNy — TON i — wT'80% log0 (T%; of weight w).

The generalization of this formula to tensors of any rank is obvious. When ap-
plied to the relative invariant 6 of weight 1, this gives 0,,=09,0 — 09, log 8=0.
Similarly, remembering that the covariant derivative of the absolute tensor
0g;. with respect to its own Christoffel symbols must necessarily vanish,
(8g;x),1=0g;x,:=0, we see that likewise g;x,;=0. It may be verified that the
relative tensor e of weight 1 also has this property, €* ;=0. Summarizing,
it may be said that 0, g, and ¢* behave as constants under covariant differ-
entiation.

Perhaps an indication here of the reason behind the choice of 0g;. as the
basis for covariant differentiation may be appropriate. It should be recalled
from the transformation law (7.1) of g, that this tensor is of weight —1.
Hence the transformation law of its Christoffel symbols as given at the be-
ginning of §11 is complicated and unsuited for covariant differentiation. An
affine connection with the desired transformation law (12.2) essential for co-
variant differentiation can be constructed from Christoffel symbols only when
the basic tensor is of weight 0. But such a tensor may be formed from g;: of
weight —1 by multiplication with a relative scalar of weight 1. Since 6 is such
a scalar, and the unique one of lowest differential order as will be shown in
§17, it becomes the simplest choice for the required multiplier.

It may be noticed that the covariant differentiation introduced in this
section is formally precisely that used in the Riemannian geometry of a two-
dimensional surface where the affine connection consists of Christoffel sym-
bols formed from a covariant tensor of weight 0. In particular, no use has
been made of the type of covariant differentiation of projective vectors in-
troduced by Q. Veblen [4, p. 19], for Veblen’s method assigns to an S, but
one more formal dimension to allow for gauge transformations analogous to
our factor of homogeneity y=e¢y*. We, on the other hand, are concerned
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with the geometry of a subspace Ss immersed in S;, so that with indices for
S3 covering the homogeneous range 0, 1, 2,  our formalism assigns not one
but rather two extra indices to the geometric objects of the two-dimensional
space to be studied. It will appear in §25 that under #*—4‘ two of these in-
dices, 0 and o, are invariant in character while the remaining pair, 1 and 2,
are tensor in character. Another essential difference beyond that of formal
dimensionality between our method and Veblen'’s is that in our development
the gauge transformation y =e*y* has been completely removed from the pic-
ture by constructing the invariant framework from quantities unaltered by
these transformations whereas Veblen’s theory is designed to retain the gauge
transformations,

13. The intrinsic relative reference frame and the projective normal. It
was seen in §10 that the relative semicovariants Y, transform under the
most general change of representation preserving the semi-canonical form
by Yi=e'u®s¥o with ”w‘B“ given by (10.1) wherein ¢ is replaced by
Y =log lau/auluz. Defining a relative covariant as a function C(II, Y) of
seminvariants and semicovariants and their derivatives which transforms
under Y,—Y, by the law C(Il, ¥)=|du/d4|*C(, V), and similarly a rela-
tive vector covariant as an entity with components V(II, ¥) transforming by
Vill, Y)=|0u/da|»V,(II, )3 4", we seek in this section a pair of covariants
and a vector covariant which will be analogous to the semicovariants Y,
Y, and Y; respectively.

First, Y= lau/aal 127, shows that Y, is a relative covariant of weight
1/2. Second, the elimination of 9 from Y;=|du/0u|2@§¥.+7V.9;4") by
means of ;3 = (1/2)d. log 804" — (1/2)9; log 6 resulting from (12.3) yields

Y;+ (1/2)9;log 0V, = | du/aa |V*(T, + (1/2)8, log 8)d .

The derivation of the last covariant from Y,,=|6u/6ﬁ|”’*‘[(1/2)g"(¢,¢.
+¥.) Votg7((1/2)3, 0 +,0,4") ¥+ | 0u /30| 17, ] is more detailed. We

need the transformation law of

. i
gt = grc
rs

as given by (11.1), g9,,4°'=g"9,4°— |8a/0ul g'. Then
g*((1/2)8,4t + ¥,0,44)Y,
= (1/2)(g" — 9" log 0)9,aF, — (1/2) | 9a/9u| (z* — 3* log B) ¥
= (1/2)(g" — 8" log 6)8,44(Y . + (1/2)d, log 87 ,)
— (1/2)| aa/du| (gt — 8* log 8)(¥. + (1/2)3, log 87 ,)
— (1/4)(g" — 97 log 6)8,4'9, log Y,
+ (1/4) | 9a/9u| (3¢ — ' log 8)3, log 67,
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(1/2)g"¥ . = (1/8)(3, log 607 log § — | d/du | 3, log 83" log )
+ (1/4)(| 8@/3u| 3, log 63" log 8 — 3~ log 69, log 8),
(/D¢ = (1/9)[| 02/0u
+ 8, log 8(g*d.ar — | da/0u| g7 ].
On substituting these into the expression for ¥, and rearranging we find
(1/4)g™*(,s log 8 — (1/2)4, log 69, log )Y,
— (1/2)(g" — 7 log )(Y, + (1/2)3, log 8Y¢) + V.,
= | @a/0u|12[(1/4)g7*(3,, log § — (1/2), log 83, log 8) T,
— (1/2)(g" — 7 log B)(V, + (1/2)3, log 7o) + V).

79, log § — g3, log 0

Defining Z4 by
Zy = 0'2Y,,  Z;= 0Y2((1/2)d; log 6Y, + 67;Y,),
(13.1)  Z, = 6'12[(1/4)g"*(d,, log 6 + (1/2)3, log 69, log 6 — g3, log 6)Y,
+ (1/2)(37 log 6 — g)Y, + Y.],

we have Zp=e/DwbNAL Y, YB=8_(1/2)1°30VABZA, NAQVQB= 5‘43, where

N% Ni, N%
N°; Ni; N%;
N°, Ni, N=,
(13.2)
1 0 0
= (1/2)6, log 0 5‘,‘ ) 0 ,
(1/4)g"*(8,s log 0+ (1/2)0, log 69, log 0 — g,d,log 6) (1/2)(d*logf—g¥) 1
,,oo Vio "“0
O,  vi; oy
Ve i, ¥°,
(13.3)
1 0 0
= —(1/2)8, lOg 0 5i; 0

(1/4)g7*((1/2)0, log 69, log 6 — 9., log 8) —(1/2)(dlogf—g?) 1
The quantities Z, transform by
(13.4) Zo=2o, Z;=2Zdu", Zo=|0u/ou|Z, (w=1).

The combined effect of the successive transformations on y,4 is the single
composite operation y,—Z4 as given by
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yp = TV\%(¢; = (1/4)TE;p)V .= 6-1T V4N pRoZp

from whence |ya| =6-2T'|Z4|, so that | Z4| 0 is a consequence of |y4| 0.
Under (13.4), Z4=|0u/d4u|%| Z4|, and consequently | Z4| #0 is an intrinsic
property of the surface. Henceforth the vertices of the relative reference frame
‘'will be chosen as the points Z4 and since Z, = 0/2I'-1/4y this vertex is the point
y itself while Z;=012T-V4[((1/2)d;log 8 —(1/4)T')y+y;], being a linear
combination of y and y;, is, for given j, necessarily a point on the tangent
to the parametric #? curve. The three points Z; and Z; determine the-tangent
plane at y. Since |Z4| %0, the fourth vertex Z, is not incident with the
tangent plane. Furthermore, the geometric invariance of the points Z, and
Z,, assures the invariance of the line Lo, joining them. Because this edge, Lo,
of the relative reference tetrahedron is intrinsically determined by the sur-
face, it will be called the projective normal to the surface at the point y. For a
geometric characterization of the projective normal see Lane (p. 93).

Now there are many lines through the point Z, of S and not in the tangent
plane which have geometric significance and any one of these would be ac-
ceptable geometrically as an edge of the reference tetrahedron. The reader
may then wonder why the formal tensor methods of this section have yielded
that particular intrinsic line which has been commonly called the projective
normal. Indeed, its identity as the projective normal does not become obvious
until the canonical form of the underlying differential equations is displayed
in §15. And yet not entirely accidental has been its derivation by the analytic
approach of choosing linear combinations of the Y, which would yield a
reference frame with vertices transforming as geometric objects under ui—’,
for such a procedure will lead to some kind of a normal form for the differ-
ential equations and it is well known that the projective normal is an edge
of the reference tetrahedron when the system has been put into Fubini's
canonical form. The identification in §15 of our canonical form resulting from
the processes of tensor analysis with Fubini’s canonical form at the same time
identifies our intrinsic line Ly, with the projective normal.

14. Covariant form of the differential equations; the third fundamental
surface tensor. Under the transformation YVp=e1/21080yQ,7, of the previ-
ous section, the differential equations ;Y4 =11%;, V¢ for the seminvariants ¥,
are transformed into

(14.1) 024 = E%4Zq,

where the new coefficients E are expressed in terms of the old coefficients II
by the formulas

(14.2) EB;y = N(IIF jqvBr — dvBq) + (1/2)86849; log 6

analogous to (4.6) on setting ¢;= —(1/2)d; log 6. Expansion gives the two
matrices forj=1, 2:
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E' Eijo E%j 0 8¢ 0
(14.3) Ey Ei; Epll=| E% Thr+ N gix ’
Eo,',o Ei,',, E“iw .on,o Ei’.w 6,~ log0

wherein
E%, = Cii — (1/2)B* 149, log 8
(14.4) + (1/4)girg™*((1/2)9, log 69, log 6 — 9, log 6)
— (1/2)((1/2)9; log 69 log 6 — 9 ;i log 6).

The coefficients in the last line of the matrix may be read from (14.2) if de-
sired, but it is preferable to express them in terms of the elements of the sec-
ond line. This may be done by differentiating

9.Z; = E%Zo+ (T7i + Ni)Zr + giiZw

with respect to #* and eliminating 9::Z; by interchanging ¢ and k and sub-
tracting. Solving for d.Z, will yield a solution of the form

0:Zo = E%Zo + Erily + E®il e

Now at the beginning of §4, a computation of this very same nature was per-
formed for the system ;¥ =cjxyo+b" i1y, +g¥» With the result 0:;y,=I%,yo
+I'"i0¥r+ 0¥, the I''s given by the last line of (4.2). To emphasize the
analogy between the system of §4 with the system just following equation
(14.4) we define coefficients v;; and B%;; by

(14.5) ”‘Yii, B*:j gii” = ”E°,-,-, Tk + Ny, gii”,

so that the system of this section is now 9;Z i=7iiZ0o+PB":iZ,+giiZ- Then the
present analogy with (4.2) gives

(14'6) ”Eol'as, Ekioo, Ewi'oo” = ”g”‘Yri.n ‘th' - g’”ﬂkali, ﬁrir“)

‘with an irregularity in the analogy between E®;, and I'*,, which will be ex-
plained presently and where vjix and 8*;; are defined analogously to (4.1):

Yiie = (Qyic — ;erﬁ'ik — YeiBTix) — @ivei — YeeBTii — Vi),
Blije = 9iB'ii — 8iB%: + BB ii — BlirB ks
The derivation of I'*;, just preceding equations (4.2) was given by

Pmiw = g"(aagir - a"gar + gotbtir - gitb'sr) = gt' + brs’r

(14.7)

in virtue of the identity g*b%,=0, but now
Ewioo = g"(asgir - az‘gar + gatﬂtt‘r - gitﬁtar) = ﬁrir = a:‘ IOg 0

since griBf,, =g'.
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The vertices Z4 of the relative reference frame transform by Zp=9453Z,,
ZB "—"HABZA, nAQHQB = 5‘43, where

2% ' 1% 1 o0 0
(14.8) 2 w1 || =0 9 0 ,
e Mo 1% 0 0 |ou/ou]
H% Hiy, H=, 1 o 0
(14.9) H°; Hi; H~;j||=|0 dut 0 ,
H', Hi, H>, 0 0 |au/oal
so that, by analogy with (7.4),
(14.10) EB;4 = HR,(E®mnPq — dnPr)d ',

from whence ¥t =7..0 #'3:u’. This tensor v will be called the third funda-
mental surface tensor. The identity g"*y,,=0 holds in all coordinate systems,
but gr*B*%,,=g* vanishes only in canonical coordinates. Since the components
Bi;r transform by the same law as A¥ji, the quantities v and B%;. are tensors
as are E%, and E¥,, likewise. This also follows from expansion of (14.10). The
definitions (14.7) may now be written
Yiik = Yiik — Yikoi + YerT 70 — Vel iy
Bliit = Nijx + Thijuk — Thiki + Ther T — T T7xs,
and the elements of the matrix (14.6) are

Eoioo = g"('Yn‘u + 7rtTtt':)y
(14.12) Eks'eo = g“(— xknti + Tku'nt + T""T'u) + 'Ykir

E»,, = d;log 6.

(14.11)

The system 9;Z4=E9;4,Zq will be said to be in covariant form.

15. Fubini’s canonical form. Let the basic system be expressed in the co-
variant form of the preceding section and apply now a transformation of the
independent variables to normalize the tensor g;. Since there will no longer
be any occasion for referring to Wilczynski’s canonical form as developed in
§8, we shall henceforth employ the symbol ~ to designate the canonical sys-
tem of this section. Thus the basic system is now

auZo = yuZo + N0 Zo + T1119:2,,

(15.1) 01220 = 2.,
82220 = ¥22Zo + T22:0120 + N2220:20,

when we recall that the identities T7; =0 and gr*T%,=0 result in

Tive = Trex %= 0 (G = k),
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all other components vanishing, and that the definitions (12.1) of N become
A= (1/2)(8°0% log 84 6% log 8 — g ;x9* log §) from whence
Xiji = 6,~ 10g 6, 6 = ZTuszzg,

all other components vanishing. Here as elsewhere when evaluating in canoni-
cal coordinates, it becomes necessary to suspend the convention of summing
on repeated indices. Also js£k will be understood in all canonical formulas of
this section involving these two indices and the range of j and k will be the set 1, 2.

The form (15.1) is now recognized to be Fubini’s canonical form which
Lane (p. 69) has written in essentially the notation

Zuu = pZ + (log 0)uZ. + BZ., Yu =2, T =8,
(15.2) 0 = 28r.
Zow=¢9Z +vZu+ (10g 0).Z,, ¥e2 = ¢, T2 = Y,

We shall understand henceforth by the expression canonical form the system
(15.1).

With a minimum of introduction we record in this section the canonical
form of tensors and related quantities that will be needed in sections to fol-
low. From (14.4) defining E°; =%, and from the identity g *y,,=0,

(15.3) ¥;; = Cii — (1/2)T 5,0, log 8 — (1/4)(3; log 8)% + (1/2);; log 8,
¥12 = 0.

For the covariant derivative defined by

Yiik = OkYii — YriNik — Virh ik,

Viik = 0¥ iiv  Viii = ;%5 — 2¥4;9; log d,
all other components vanish. For the “curvature tensor” of 0g;,

Mije = 0rNis — 9Nk + Nk — Nk,

(15.4) N = 9 log ¥,

all other components vanish. Defining A=g*®\",,,, a reduction to canonical
form verifies

(15.5) 8" Nvike = g Njrar = (1/2)g i\, A= —231plog8 (w=1).
For the covariant derivatives
Tijka = 01T + T7jeNyy — TiaN 0 — TNy,
the only nonvanishing components are
(15.6) ijklcyi = Tirrj = aiT:kkk + Tﬁkka:’ log 8,
Titkr = Tirrr = 0xTrar — 2T 1110 log .

From (14.12):
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Ei = ¥ijn + ¥6iT iy
(15.7) By =91 logd + (1/2)8,
E¥iy = Tijin + ¥ii-
For the covariant derivatives
B = 0,E%, — E% o\ — E%;.0, log 6,
Eijoi = 0kEi e + E" iMoot — EfW N — Eij0; log 8,
we shall be interested only in
B = 01E% — E%;,0, log B,
Eijpr = 0iEi; — Eiimak logd, Ekjpi = 0:E*e.
16. Tensor form of the differential equations and their integrability con-

ditions. The differential equations satisfied by the vertices of -the relative
reference tetrahedron have the canonical form

(15.8)

(1) 020 = 7,

(2) 0:20 = Zs, .

(3) 8021 = ¥uZo + 31 log 82, + T1uZ,,

@ 821 = 2.,

(5) 012, = 2.,

(6) 8229 = 72220 + T22221 + 9, log 02,

(7) alzoo = E°1Jo + Ellwzi + Ezlmzz + 6 log 92«,,
(8) 352 = E%Zo + EYvuZy + B 7, + 6, log 82,

where the values of E4;, are as listed in the preceding section. The integra-
bility conditions of (1) and (2) are satisfied identically by (4) and (5), those
of (3) and (4) by (7) and those of (5) and (6) by (8). Finally from

92(8:2) = (2B + E%201 log 8 + 0:E%1.)Z,0
+ (Ta92E% + E'5.01 log 6 + EN Y
+ (Eolao + E?,0, log 0 + E%.0, log b+ 82E2lw)22
+ (Bl + 01 10g 83, log 8 + 912 log 8)Z.,

81(0:2,) = (311" + E%.9; log 8 + 8.E%.)Z,
+ (E%, + E'2.0:log 8 + E'1,9, log 8 + 9.E%.)2,
+ (T111E12ee + E21»62 10g9 + 61E22ao)22
+ (% + 91 10g 835 log 8 + 815 log 6)Z..

the integrability conditions of (7) and (8) are
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(0B — E%92log + 722E%1.) — (01E%. — E%40110g8 + 71.E%.) = 0,
(0;Eite + E%y) — (01E7 ;0 — Ei;0x log 8 + TruE*;n) = 0.

These three equations comprise the nonvanishing integrability conditions of

the system in canonical form. We proceed next to their tensor formulation.

On forming the covariant derivatives, as defined in the case of a mixed
tensor by (12.4), of the vertices Z,4, the equations 8;,Z4=E?;4Z¢ become

(16.2) Zo.;=2Z;; Ziw = viZo+ T2 + gitlw; Zoik = E%Zo + Entul,.

When so written, the equations will be said to be in tensor form. To arrive
at the integrability conditions of the system we first develop a familiar set
of identities existing between the second covariant derivatives of a relative
vector T'; of weight w transforming by T;=|du/d4|*T,du7. From (12.4),

Tij=8,T: — TN — wT A",
Tijue = (020;Ts — T,0:N"s; — wT:9iN"y;)
— Nii(Tok + ToNorr + wT M%)
— W\ (T + TN + wTN)
— TN — TN jx — Wi, Ny

(16.1)

Then the integrability conditions 8x9,;T;—03;0:T: =0 are equivalent to
Tijoo — Tikj = — TeNije — wT N j.
But from (15.4), A, s =N j;e+N*x0 =0 log 8 —09j log §=0, and so in all co-
ordinates N,;; =0, giving
(16.3) Tijow = Tikj = — ToNijiy Ijx—14,;=0,

for a covariant vector of weight w and an invariant of weight w respectively.:
The integrability conditions of (16.2) are thus obtained from

Zojw = Yirlo + T jlr + gitl e,
Ziie = (Yisoe + Tripyer + £iiE%x)Z0
+ (iid", + T%iT ek + T7ijk + iiE"k)Zr + gk T7iiZ s
Zoiih = (E%ieuk + E"jyri)Zo
+ (E®ub"s + E* Tk + E"jot)Zr + griE" jul o,
by insisting that equations of the type (16.3) be satisfied identically in Z,.
They are
Tiki — I = 0, I'jyg — I'j = 0, Tir— Tju =0,
(16.4) Euy — Er1o = 0, Iiy — I, =0, Iy — Iy = 0,

where
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Iiti = vira + T i1 + ikE% s
ki = Tijea + T T4+ vidts + (1/3) (Vi + Niji) + girElia,
Tike = T jrgey, Eijeo = g1rE ko

(16.5)  Ini = E'%.i + Etuo¥ri I'yi = Eivpit + ETge T + E%ubs

Thus the integrability conditions express the complete symmetry of all these tensors
in their lower indices. The relations

(1/3)(Nier + Nejn) — (/DN + Njn)
= (1/3)(NViejo + N + M) + MNjer = N

result from the fundamental identities Niju;+Nj =0 and Ngji+Nji+-Ny ;=0
of a curvature tensor. Of these 12 integrability conditions we shall now show
that the first 9 vanish identically, leaving only the last 3 which express the
symmetry of Ix; and I*;;. Namely, the two conditions Ij;—1j;:=0 on con-
traction with gi! yield the two equivalent conditions g7*(y;e,i+YurT"jk) — E%e
=0 which are satisfied identically by the definitions (14.12) of E%,. Similarly
the four conditions I‘;;— I*;;;=0 on contraction with gi! yield the four equiv-
alent conditions g7t (T% 1+ T juTii+Njk) +vi — E*ke =0 which are likewise
satisfied identically by the definitions (14.12) of Ei;,. The symmetry condi-
tions Tjx;— T;u=0 may be verified from the observation just following equa-
tions (11.3) and E,—Exi,=0 may be seen from the second of (15.7) to
hold in canonical coordinates.
It remains to compare the canonical forms of the last two sets, namely

(B2 + E2¥22) — (B + Elau¥n) = 0,

(Bitei + E%) — (Eijo + E*juTirs) = 0,
and identify them with (16.1) by referring to (15.8).

17. Preliminary enumeration of invariants by the Lie theory. We now
consider the differential equations
AZo = Zs, 02k = virZo + (T + N i) Z: + girlo,
0iZ, = E'iZo + E 2y,

and ask first for the number of absolute invariants which are functions of the
coefficients g;z and Tz This number will be found by applying Lie’s theory
of continuous groups. Namely, under the infinitesimal transformation
wi=u'+et(u) _amd_ its inverse u'=a‘—eti(n), Ehe_transformation laws
gin= I aa/aulg,.a,-u"aku‘ and Tijn= | au/aul T,ediu™d;udu’ reduce to

(17.1)

Ogin = €(ginds — Zerd"; — Lisd"k)0sES,

0T it = €(Tijkd™s — Tojid™s — Tiard”; — Ti;sd7k)0:E"
Any absolute invariant I(g, T') must satisfy 6/ =0 for all d,¢*, the conditions
being
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Xl = N*g;u(31/9g ) + N%:iix(01/8T 1) = O,
where
Ngje = gixbd%p — gard%; — £ipd%k,

(17.2)
Negijn = Tijud%s — Tpid® — Tiprd®j — Tyjgd%s.

From the general theory of such a system, these equations will be completely
integrable if the commutator X *3(X7,I) — X75(X %I) is a linear combination
of X*3I. Computation yields X *g(X 7sI)— X 75(X*sI) = 67X *3I — 6%, X 74 and
hence the system is completely integrable. Its arguments are the 3 quantities
gijand the 4 quantities T\ satisfying the 3 identities |gij| = —1, g™ T =0.
Thus the system consists of 4 equations in 4 independent variables, g1, g22,
T111 and Tszs. Moreover, the 4 equations are independent as may be seen
by expanding the matrix |] —2g3i6%;, T,~,-,~6“3—3Tp,~j6",-“ of coefficients of the
derivatives of I with respect to the independent variables in canonical co-
ordinates. For its determinant we find

0 0 —2T1 T
-2 0 0 ~
= 66 #= 0.
0 -2 0
0 0 Tin —2T 22

The general theory of linear homogeneous partial differential equations then
states that a completely integrable system of ¢ independent equations in N
independent variables admits N —g independent solutions. In this case, there-
fore, there is no absolute invariant which is a function of only g and Tj.
We have already found one relative invariant, 0 =T ,,,T7**, and this we now know
15 the only such relative invariant depending on these arguments.

We must next inquire into the number of absolute invariants which are
functions of gji, Tij and Tj,;, then into the number of those which are
functions of gjx, Tijk, Tijx,; and Tijx,1.m and so on. At each adjunction of a
higher order covariant derivative it would become necessary to demonstrate
anew the complete integrability of the system defining the invariants. Direct
computation analogous to that at the beginning of this section would show
that if T;;...; be any covariant tensor, the system X*sI =0 defining its in-
variants obeys the commutator identities X (X 75I) — X 75(X %I) = 875X 1
— 82X 75I. We omit this computation since Lie [Uber Differentialinvarianten,
Math. Ann. vol. 24 (1884) p. 566] has shown that the system of partial differ-
ential equations defining the invariants of an infinite group of the type con-
sidered here is always completely integrable.

18. Enumeration of invariants of g;;, T and its covariant derivatives.
Having found in the preceding section that there is but one relative invariant,
namely 6, which is a function of g;; and T only, we proceed to the deter-
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mination of all absolute invariants which are functions of the tensors gj,
Tk, and Tk, all relative of weight —1. The resulting system of partial
differential equations whose solutions yield all the desired invariants is

Xyl = )‘aﬁkxkz(al/agklkz) + )‘aﬁklkzka(al/aTkxkzk:)

+ )‘aﬂklkﬁkah(al/aThkzka'kq) =0

where N%grr, and N%gr i, have been defined by (17.2) and N kypkyk,
=08%T s kpkg ks —0 mm10%%n Ty« km_y---.ke The commutator identities
XXl — X1 X7l = 876X sl — 62Xl still hold, from whence the system
of 4 equations is completely integrable. Moreover, the 4 equations are
independent since the matrix ||)\°gk,k,, NGBk, kokg Neskkyksk| has already been
found to be of rank 4 by inspection of its elements N®gy &,, N%gx, k.5, The argu-
ments gjx, Tiji, Tijk,1are 3-+4+8=15 in number with the identities |g| =-1,
gT,i=0, 0,;=2TrT,,, ;=0, which are 14+2+4442=9 in number. This
leaves 6 independent arguments, 4 of which we take as in the preceding sec-
tion to be g;;and T'j;;. The two additional independent arguments are chosen
as the components of the vector T'; defined by the equations

(181) T,T'jk = T,'k, where T,'k = T','k,,-,
which may be solved for T by contracting with 7% and using (11.5):
(18.2) T = 26T T,, (w = 1), Ti=T,= T,‘,‘/Tj,‘}.

From the definition T;=T";, and the identities (1/2)8.x="7T""*T\us
=T3;iTrerr s+ TrrT 556 =0 there follows

(183) Tjj,',k = Tjj = Tijka, T};kk.k = - Tkkka.

The 8 components T j.;,» related by the 6 identities g"*T,,;: =0, T7%!T ., ;=0
are expressible in terms of the vector T'; and the tensor T',;; by the equations

Tikim = (2/3)(gmiTer + gmiT1i + gmiT k)
— (1/3)(giTim + g1l im + £1iTkm) — T jxiTm,
as may be verified in canonical coordinates. Similarly the relations

(18.5) TitsT7im = (1/4)(gi18mr + gimGur — gixg1m)0

(18.4)

needed later may be verified now.

The number of absolute invariants containing g;x, Tz and T; is now de-
termined by subtracting the number of independent defining equations from
the number of independent arguments, namely, 6 —4=2, and hence there
must exist 3 relative invariants. But the invariant 0 must be counted among these,
leaving but 2 relative invariants to be discovered. We postpone the determination
of these until the next section and proceed now to extend the enumeration
to the next higher order.
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We annex riow the set of 16 ‘components T jki,m,» which by (18.4) with
T written as T,T°7j are expressible in terms of the old arguments g, Tjxi, T';
and the additional 4 new arguments T';,i. Since the number of defining partial
differential equations remains unaltered by the adjunction of more argu-
ments, the increase in the number of absolute (and hence relative) invariants
arising from any ‘specific adjunction is equal to the number of independent
arguments adjoined. Hence there are 4 additional relative invariants which
contain Tjk,1,.m. We are ready now for generalization.

Adjunction of the 2¢+? components T} , . . - .k, adds the 2* independent
arguments T'x, k.. ...k, Defining an invariant to be of order s if it contains
Tijkoxy, - - - .k, but does not contain T's of higher order, we conclude that the number
of invariants of order s is 2°,s=1,2, - - - .

19. Determination of the invariants. If T,...x,, i3 a covariant tensor of
rank 2r and weight w, complete contraction with combinations of gi and €%
as defined in §1, both of weight 1, will yield an invariant of weight w+7.
All the invariants of a curved surface may be formed in this simple way.

The one invariant of order 0 is

Ry =0 = T,,Tr¢; b= 2T111T222 (w = 1).

Two independent invariants of order 1 are
(19.1) Ris = (1/2) Tt T(g' £ € Tu; Rip = Tann(T9)?, Ri = Tago(T)?

' (w = 2).

Four independent invariants of order 2 are
Ro = (1/2)Teu(g* £ €); Roy=Tiay, Roo=Ton (w=1),

(192) R'zi (1/2)T'.¢T’(g“‘ + Gt“)Tr’u;
Ry = TinToTa, Ry = ToT'Tha (w

2).

Eight independent invariants of order 3 are

Ry = (1/2)TrenT(gt* £ €t¥); ka+ = TuT2.2.9, ﬁs— = T222T 110

(w=2),
R'sy = 0T, T T2T*,u(g* L e*Y); R'3+= T'T12.0, R"s_ =T.T91n
w = 2),
(19-3) R34 = 0 'T0,1,ToTo T, (gt + €*9); ( )
Ry = T'Thia, Ry = T3T11. (w = 2),
Ry = 01T uTW T T (g £ €4);
Ry = TiTana, Ry = TyT12a (w = 2).

In this way we might continue to the computation of the set of 2° invariants of



334 T. C. DOYLE [March

order s, the canonical form of sach such invariant of the set containing linearly one
of the 2* distinct components of Tx,...x,. It is possible, however, to select
another equivalent system of basic invariants which admits extension very
readily to any desired order. This will be done in the next section.

Any invariant of order not greater than 3 in the T”s is expressible in terms
of the basic invariants of this section. As an illustration which will be useful
later, let it be desired to express the “curvature” scalar A=g*\",,, (w=1) in
terms of the basic invariants. From (15.5),

— (1/DX = 9 log 6 = (T;;0Ti; — 9,T 10T 133)/ (T 1i)?
+ (Terd i Trrr — ;T erndrTrrr)/ (Trrr)?
while from (18.2), (18.3) and (15.6),
T = 20:T;ii/Tiii + 0:Twr/ Trr,
Trii=0iTw = 2T ;0T iii — 8,T1i0eT i)/ (T1ii)?
+ (Trrrd ixTrrr — 0 Trrr0xTrrr)/(Trrr)?

and hence — (1/2)X =1/3)(Tjx+T4.) so that A= —(2/3) [(Rey) +(Re2) ] It
follows immediately that A= —(2/3)T",, and hence

Mier = (1/2)(gagin — gangidN = — (1/3)(girgin — girgi) T7r;
£ Njrax = — (1/3)gixT" s,

as may be verified in canonical coordinates from (15.4).

It should be remarked at this point that we have not considered those
invariants which might be functions of A%, derivatives of N¢j; and deriva-
tives of gj.. If we define the tensor Gj; of weight 0 by G, =0g;r, then Nij;, are
the Christoffel symbols formed from Gj; and \ij; are components of the
related curvature tensor. T. Y. Thomas and A. D. Michal [5] have shown
that any invariant function of Gji, N\ijx and their derivatives is expressible in
terms of Gji, Njz: and successive covariant derivatives of N z;. But since Gjx
is expressible in terms of gj and 8 and since Nj; is expressible in terms of
Ti ;, it is unnecessary to consider explicitly A and its derivatives or deriva-
tives of g;x when seeking invariants of the system.

20. An alternative basic system of invariants. If I is any relative invariant
of weight w and order s, then

I. = (1/2)(g* + €T d,; I.=Td, I-=T.l,

(19.4)

will be two additional invariants of weight w+1 and order s+1. Hence on
starting with the two invariants Ry: of (19.1) of weight 2 and order 1, all
the 2¢ invariants of order s may be formed by successive applications of this
process. For example, write

I = Ry, I= Tlll(T2)3 (‘w = 2).
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Since gi* and €* both behave as constants under covariant differentiation,
an invariant in its canonical form may be differentiated covariantly by the
familiar product rule of ordinary ditferentiation. Thus, on referring to (18.3),

J= T.0., = T111T1(T2)2[3T2.2 + (Tz)z] (w = 3)

is an invariant of order 2. A second application of this process gives one of
the 8 basic invariants of order 3 and weight 4 of our new system,

K = T‘.’j-l = 3[T1T2.2-1] [Tul(Tz)s] + 6[T111T2T2.2] [Tz.ll [Tsz]
+ 3[T2227‘1T1,1] [T111T2T2,2][T1T2]2[T222(T1)3]_‘
= 3[TuTaT2n)[ThT:]? + 4[Tin(T2)3] [T T2 [T2n)
+ 2 [T222T1T1.1] [T111(T2)3]2[2T111T222]—1[Tsz]_l
= [T1(T9)?*) [T T ]

Since TyT,= [2(Ri4)(Ri-)/8]"3, w=1, comparison with the canonical forms
of the invariants of the preceding section shows how K is expressed in terms
of the invariants of the first basic system. Finally, the non-canonical K will
be this same function of the non-canonical R’s since an equivalence of two
invariants of the same weight holds in all coordinate systems.

21. Enumeration of the invariants containing v ;; and its covariant deriva-
tives. Inspection of the definitions (14.4) of ;. shows that these quantities
contain second derivatives of 6 and therefore are of order 2 in the seminvari-
ants Bij;. When asking for the invariants of order 2 containing 4 ;;, we must
add to the arguments g, Tju, T Tjx the 3 components v, satisfying the
single identity g"*y,,=0. Since the number of independent differential equa-
tions yielding the invariants is unaffected by the addition of new arguments,
the number of invariants of order 2 involving v is precisely 2.

Proceeding to the invariants of order 3 which contain «j;,;, we must add
to the arguments g;x, - - -, Tj,1; vir the 6 quantities v;:,; satisfying the 2
identities gr*y,,,;=0 and the 2 integrability conditions (16.4) which stipulste
symmetry of I‘;. in j and k. To write the conditions in a more explicit form,
we note from (19.4) and (18.1) that the definitions (14.12) of E%, and Eij,
become

B = ¥ + ¥l Eljo = (1/3)6%T7, + T.T7; + (1/2)66%; + %,
Substitution into (16.5) gives
I'ip = (1/3)645T7 v + T + To T + vl
+ (TT i+ v )T + E%jubis,

where I'ij; results from I%j; on discarding terms which are known to be sym-
metric in j and k. The 2 integrability conditions obtained by stipulating sym-
metry of I'*j; in j and k are equivalent to the 2 conditions of equality of the
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right sides of
I-I'ir = (1/3)T',,-,,‘ + (Tth + Tr-c)T"i + Y i + 2E°7‘ec,
I'y; = (2/3)T7i + (1/2)0T; + 70 T7*; + E%o,

namely

Il
e

Iji=2v"w — (1/3)T"wi + (T + T.T)T; — (1/2)67 ;
Let the 4 components c¢j; be defined by the equations
Vit = TTixcrr,  (1/2)0cie = T™* iYrauky
then the integrability conditions I;=0 are
(2¢re = (2/D07' T 0uT e + (Tris — T + T, T)) T = 0.
We define a tensor T'j; by
Tiw = 2ci — (2/3)0'T%.uT¥%ix + (Tjr — T, T + T;T) (w = 0),
I,,Tm; =0,

and use the 4 components TI';; satisfying the 2 integrability conditions
T',.Tr*;=0 as arguments equivalent to % j,i, since ¥ jz,; is expressible in terms
of T';; and the T’s. There will thus be 2 invariants of order 3 which contain T ;.

The invariants of order 4 will be found by annexing to the set
giks * * *» Tik.m; Yir, I'jx the 8 components I'jx,; satisfying the 4 differenti-
ated integrability conditions (I',,T7;),x=0. But there is the additional in-
tegrability condition (16.4) which stipulates the symmetry of Ijz=E%y
+E"j¥rk. Now E%;,=(¢re+7+s)T7*; and hence on discarding terms which are
known to be symmetrical in j and k the new integrability conditions stipulate
the symmetry in j and k of

(21. 1) I',"k = 0T, + (2/3)T',,,,',k - 2[(T,,, + T,T,)T”j],k + 49,1772 1,

that is, I =¢™I’,,=0. Since the addition of the 8 components I';;,; satisfying
the 4 identities (I'ys7"%;),» =0 gives rise to 1 further identity =0, the total
number of independent arguments T, - - -, Tj.k.1.m} Vi Ljx is increased by
3 and hence there exists 3 invariants of order 4 containing T ji..

We are ready now for generalization. Asking for the number of invariants
of order s, s>4, we must annex to the set gjx, - * +, Th,.. ki Yit» Ljks =+ *
Tiky ks, - - .k, —, the 2¢71 components Ty x, k. . . . .k,_, satisfying the 2:-2 differ-
entiated integrability conditions (T,,,77",) «,,....:,=0 and giving rise to
the 2°~* integrability relations I ....,r_,=0 among the I''s of order s—1
and the T”s of order s. Since the total set of independent arguments has been
increased by 3-2*~* we conclude that there exist 3-2*—* invariants of order s,
s =4, containing the (s —2)th covariant derivatives of « j.

22. Determination of the invariants containing v, and its derivatives. In
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forming invariants of order 2, because of the identity gr*y,,=0 (412=0)
the components vyy;; and vz will serve as independent arguments. Similarly
for order 3 the identities I',,77*;=0 become I';;=0 so that the components
T2 and T'y; are independent. For order 4 the 4 identities (I'y,77*;),x=0 be-
come T';;,;=0 and the identity I =0 becomes Tyo—Tu=F(Tj, - - -, Tjr.1.m)-
We choose as independent arguments T2, T2, and Iy ;. For order 5, the
8 identities (I'ys7"*%:),1,»=0 become I';;,;,»=0 and I,;=0 becomes (T'2—T'2),;
=Fi(T ), where F;(T ;) denote functions of the T's of order 5. We choose
as independent arguments the 4 components T'),;,; and the 2 components
T'211,:. Proceeding in this way the independent arguments of order 6 would
be taken as the 8 components I'2,;,;.» and the 4 components I’y ,;,:,; and simi-
larly for the successive orders.

The 2 invariants of order 2 containing v;; may be taken as
(22.1)  Sox = (/DT T ovn(g" + €), Sop = ToT 122, Se- = T1T20071

(w = 2),

the 2 of order 3 containing I';; as
(22.2) Ssx = (1/2)To(g™ £ €™), Ssp =T, Ss- = T'n (w=1),
the 3 of order 4 containing I'j,; as

Ss = (1/2)T'Tr.(g*t — €, Si= Tol'12a (w = 2),
Sz = (/DT Th(g £+ €, Sep = Tali2s, See = Tol'arn (w = 2),
and the 6 of order 5 containing I'jx,1,m as

Ssx = (1/9)Tree.u(g™ + €) (g £ €'),
Ss = (1/4)Trs,e,u(g™ — ) (g + €**),

(22.4) 85 = Tr212, Ss— = T2, Ss = Ta1e (w=2),

S’si = (I/Z)TrthvI‘"“’u(gau + éau),, S’y = (I/Z)TrthvP"‘t"u(gau — e:u)’

S:,5-{- = THIT?rl?.Z.h 5’5— = T222T1T21.1.h §,5 = T222T1f12,1,l (w = 3)-

In this way we might continue to form all the basic invariants to any desired order.

As an alternative basic system, we choose the invariants of order 4 and
less as above, renaming the set (22.3) by the scheme

I = T, J = Til'1s., K = T,y (w = 2).
Then as in §20, the operations I+ =(1/2)(gm* +e )T, I,, [,=T.I, I_=T,I,

build from any invariant I two derived invariants of one higher order and one
greater weight. This process yields as the set of 6 basic invariants of order 5,

I+ = TI(T2FI2.1),21 -7+ = Tl(_Tlfn,?).% K+ = TI(T2F21,1).2,
I—- = 2..‘-‘2(7."2?12,1).19 -7— = T2(T1Fl2,2).ly I?— = TZ(T2F21.1).L

A repetition of this process applied to the set of 6 invariants just derived would

(22.3)
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generate the 12 invariants of order 6 and so on to any desired order.

Regarding the invariants of §19 and those of the first part of this section
as comparising a basic system, while looking upon those of §20 and the latter
part of this section, all derived from a certain stage on by the T'; contraction
process, as forming a second but equivalent basic system, it may perhaps be
interesting to select one invariant from this second system and explicitly ex-
press it in terms of the invariants of the first. Take then for example

I+ = [T1T2]([T111T2T2,2][T2Fl2.l][Tlll(T2)3]—l + [F12.1.2]) (w = 3),

which is readily expressed in terms of invariants of the first basic system by
referring to §19, (22.3) and (22.4). A second example is

I_ = [T\ [Tane il ) [Toa( TP + [Ton][Tofien]  (w = 3).

In order to furnish a basis of comparison of the effectiveness of tensor
analysis in the discovery of complete systems of invariants with non-tensor
methods, we comment that Wilczynski [1, p. 197] went no farther than ask-
ing for a complete set of functionally independent invariants which in our
notation would contain T, g;x and their derivatives to the second order
and vj; but not derivatives thereof. Now 0 is of order 0 in the T's and g’s,
from (19.1) the two relative invariants R;; are of order 1, from (19.2) the four
invariants Rp; and R’s; are of order 2, and finally from (22.1) the two in-
variants S.; are of order 0 in vz and of order 1 in the T’s and g’s. Thus there
are 9 relative invariants or 8 absolute invariants of the stipulated orders.
Wilczynski concluded his paper with a proof that there were only 8 such
invariants and he exhibited a functionally independent set of these. He had a
process for deriving new invariants of higher order from known ones, but he
was not in a position to answer immediately the questions of their complete-
ness and functional independence, at least not without labor increasing in
complexity with each successive order. Careful reading will show, however,
that Wilczynski was systematically employing the method of elimination of
second derivatives of the coordinate transformations under infinitesimal
transformations for the formation of covariant derivatives and hence he was
essentially using a tensor analysis of infinitesimal transformations without
the benefit of modern notation.

23. A basic system of covariants. Equations (13.1) show the quantities
Zo, Z;, Z, to be of orders 0, 1, 2 respectively in the seminvariants B*;;. Since
the semi-covariants Y, are linear forms in Z4, any covariant of the defining
system of differential equations is expressible in terms of Z, and the coeffi-
cients of the system. Furthermore, it is unnecessary to consider derivatives
of Z4 for these are expressible in terms of the coefficients and Z4 by the sys-
tem itself. Asking first for all covariants of order 0, we must add to the argu-
ments gj, I jxi the one quantity Z, and hence there is just one covariant of
order 0.
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Asking next for the covariants of order 1 depending on Z;, we must aug-
ment the set g;x, Tjui, Tj; Zo by the 2 arguments Z;, giving rise to 2 covariants
of order 1. Finally for the covariants of order 2 we must increase the set
giky * * *» Tik; Zo, Zj by Z,, and hence there is but 1 covariant of order 2. We
choose as the basic system of 4 covariants,

Co = Zo (w = 0), Cz = Z,, (w = 1),
Cl:t = (1/2)(g” i 6")T,\Z., 61.‘. = lez, 61.. = T221 (w = 1).

Any covariant of orders s is now expressible in terms of the 4 basic covariants
of this section and basic invariants of orders from 1 to s. This completes the de-
termination of all invariants and covariants of the fundamental system.

24. The principle of duality and the adjoined system. The tangent plane
to the integrating surface S has the equation IZ, Zo, Z,, Zzl =0 and the four
cofactors (o= |Zo; Z, Zzl are the coordinates of the tangent plane. We seek
the system of partial differential equations in the dependent variable {,
whose solutions will be the four coordinates of the tangent plane to S.
Using the tensor form (16.2) of the differential equations and writing
Co=(1/2)e| Zo, Z,, Z,| we find

So.i = €( I 2o, 2,2, | T4; + |Zo, ZeyZo| gei)-
But
| Zo, Z., Zi| = €| Zo, 21, 22|,  €*¢e =8 and T7,;=0

so that {o,;=€"|Zo, Z,, Zo|gej OF | Zoy Zty Zu| =Fosg™ers. We define $o,;=¢;
and form '

i = 8is€"(| Z1, 20 Za| + | 20,20 Za| Tk + | 20, 20, 20| E'id)
= gie€ (s | Z1,25, 2, I + $ug €T vk + €t I Zo,Z1, 2y i E4%y).

But gje”g %, Ttr= —T*;x as may be verified by expressing both sides in
canonical coordinates so that

ik = Enabo = Tinkr — gin| 21, Z2, Za |-

Finally we define {o=(1/2)g"¢re=—|2Z1, Zs, Zu| = —(1/2)6;‘l2n Zyy Za|
and form

ok = — €| Z0,Z0, Za| vor + | Z0, 20, 2| T'i) — (1/ )€ | 21, 24, Zo | Bk
= — {0E%x + §Y ke
The system
(24.1) Soi =i Cik = Ejiolo — Tiilr + gikwr Sk = — E%klo + ¥748ry

will be called the system adjoined to (16.2), or more briefly, the adjoint. The
adjoint relationship is reciprocal, for on forming the adjoint of the adjoint,
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‘we recover the original system (16.2). System (24.1) represents the same
surface S in plane coordinates as (16.2) in point coordinates. But we may also
regard {4, to be point coordinates of a surface S’ which is dual to S. The
principle of duality associates any plane {4, of S with the point {4, of S’ and
any property P of the planes of S characterized by an invariant system 2’
of equations in the coefficients of (24.1) has as its dual a property P’ of the
points of S’ characterized by the same system Z’. If we now replace the point
{40 of S’ by its tangent plane Z4, and the coefficients of Z’ by the correspond-
ing coefficients of (16.2) we arrive at a property P of the points of S which
is characterized by a system of equations Z in the coefficients of (16.2). This
property P of S will in general be different from the property P’ of .S’, the
necessary and sufficient condition that these two properties be the same be-
ing that the system Z should be identical with the system Z’, that is, Z must
remain invariant under the replacement of T%;; by — T%jx, ¥ ji by Ejkw, Ejte DY
v;x and E%, by —E%,. When these conditions hold the property P is called
self-dual. In particular, the dual of a surface S swept out by a two-parameter
family of points Z4, is the envelope .S” of the planes Z4, and S will be self-dual
only when S’ coincides with S, the conditions being that (24.1) and (16.2)
be identical,

T'.jk = 0, Yik = Ej,m, Eokw = 0.

But from §21, Eji=vix+(1/3)gixT" ++ T-T7 s+ (1/2)g;i0, and hence T%j;, =0
implies ¥ =Eji. Furthermore, the integrability conditions (16.4) yield
Y=Y s+ E%004—E%,8% =0, and on contracting, —y",,=E%,, but at
the same time, from the definitions (14.12), E%,=%",,. Hence E%,=0 is
also a consequence of T%;;=0 so that the necessary and sufficient conditions
that S be self-dual are T¢;,=0. But in §11 it was shown that such a surface is
necessarily a ruled quadric. This constitutes a proof that a ruled quadric is
the only self-dual surface.

25. The relative coordinate system and the fixed point conditions. With
the points Z,4 taken as vertices of the relative reference tetrahedron, any
point X may be expressed as a linear combination of Z4, X =x4Z4. Under
the parameter transformation ui—ai the Z4 transform by Zg=H®sZq with
H4p defined by (14.9). If we stipulate invariance of X under ui—%*, the rela-
tive coordinates x4 of X must transform by &4 =74gx?; '=x9, &' =x70,&",
&°=|0u/du|'x=. The tensor espcp introduced in §1 transforms by
€orsTnUunRenScnTp = |0u /0% | ~2e4pcp reducing to €orsd #1704 = | 0u /3| e ko
or simply &,0;479,%* = |du/d4|'e;. By means of this tensor the covariant
components wap of the line joining x4 and y4 are given by wap = €aporx?y¥
and its contravariant components by w42 = (1/2) éAB%Rw 4. This latter relation-
ship is reciprocal, wsp=(1/2)€esporw@®®, and is the analytic characterization
of the self-duality of a line in three dimensions. Expansion gives

W = €Ty, @ = (1/2)€ wss, Wi = €elwg,, W = €w,,
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and their duals as obtained by raising and lowering all indices. Of course
the line determined by the planes #4 and 24 has the contravariant compo-
nents w4Z=¢e4BQBy 4y, The plane determined by the three non-collinear
points x4, ¥4, 24 has the components a4 = e4grs¥?y®25 as evidenced by the
fact that any point w4 =Ax4+uy4+vz4 of this plane must necessarily satisfy
aqw?=0 in virtue of the skew-symmetry of e4pcp. Expansion gives

ao=¢r(x7y'2>+ y"z* a®+ 272" y*) (w=—2),
(25.1)  ai=ei [0 (5% — y=2%) + y (z°a= —z=a") +27 (2% — 2<)yY) | (w=-2),
A= _en(yrzaxo_'_zrxayo_'_ xryszo) (.w= ___1).

The polar plane of the point ¥4 as to the quadric Gorx®xE=0is u4 =G4qy?
and dually the pole of the plane u,4 is the point y4 =G4%ugq. The polar line of
the line joining y4 and z4 is the line w4? =e4E%®G5ySGrrsT, formed by the
polar planes of y4 and z4. These same components w#® may also be formed by
the scheme of raising indices of the covariant components of the line L,, by
means of the quadric tensor, wA® = |G| eqrsrySs¥GO4GRE. The equivalence
of these two expressions for w4® may be recognized by referring the quadric
to a self-polar reference tetrahedron so that it will be of the form Gge(x?)%=0.
By the first formula, wii=€'(GooGwwr)(¥%*—2%=) and by the second,
@ = (GpoG11G22G »w) €:5(¥°2° — 299*) /G11G22, and similarly for the other compo-
nents.

The point X =x4(u)Z4 will in general move about in the enveloping
space S3 as the vertex Zo(u) of the relative reference tetrahedron moves over
the surface 5. We seek the conditions on the relative coordinates x4(u) of the
point X that it be fixed in S;. These will be found by stipulating the existence
of some scalar e~¢() such that e=¢ x4 (u)Z 4B =k(B), where the k’'s are con-
stants since they are the absolute coordinates of the stationary X in S;. Dif-
ferentiation and substitution by (14.1), namely 3;Z4 = E9;4Z g, gives

;x4 + x%FEA;q = d;0x4 or 9;x° = 3;9px° — x"y,; — x°E%,,
6,~x" + x’)\‘,i = 6,¢xi — x°3",~ — x’T‘;, - x°°E",~x,
9;x° 4+ x7d;log 0 = 3;¢x° — x7g,;,
the left sides of the expansions being the covariant derivatives of x, x?, x*
of weights 0, 0, —1 respectively as per (12.4). The proportionality factor ¢

may be eliminated by considering nonhomogeneous coordinates X*=ux%/x°
X==x*/x° of weights 0, —1 respectively:

;. Xt + X\ = XXy + XiX*E’;, — X'T‘j,- — X*Ei;, — &},
9,X" + X=3;log 0 = — X'gr; + X*X7v;r + X=X=E%;.,

where again the left sides are the covariant derivatives of X* and X=. Condi-
tions of this type on the nonhomogeneous coordinates (X%, X*) of a point X
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that X be fixed in S; have been called in all generality by G. Kowalewski
“Identititsbedingungen” for the geometry of a configuration under a Lie
group, in this case a surface S under the projective group. By the methods of
Kowalewski the “Identititsbedingungen” are taken as the fundamental point
of departure for the study of the geometry of a configuration under a Lie

group.
26. Power series expansions. To obtain a fourth order power series ex-

pansion
26.1) Z =Zy+ 3 Zodu’ + (1/2)8 jZoduidu* + (1/6)8 jruiZoduidu*du’
) + (1/24)8 jiimZoduidu*duldu™ + - -

of the surface S at a point Z in the neighborhood of Z, it will suffice to com-
pute nonsymmetrical coefficients whose complete contraction with the differ-
entials du’ will produce the desired summations. We shall write 4 =0
(mod du) to mean that the k index quantity A when completely contracted
with the differentials du® forms a vanishing sum. For example, ¢ +y¥ b
=204k =2¢; (mod du). From (16.2),
Zi=0iZo, Zjx=0plo— ZN i,
Zika = 0julo — Zr(ai)\'kl + )\';';X'kl) —3Z; A\ (mod du)
= (T jxyn + gitE%e + vir.)Zo

+ (T iuTi 4 vird's + ginEli + TP ix)Zs

+ TixiZ. (mod du).
From (14.12) and (11.5), Eipo=v"+ T — (1/2)(N —60) 67%, so that

2o =2, 9iZo = YirZo + (Tiix + Nj)Zi + ginlo,
3ixiZo = [T ixvrt + ik + Yira + (3vih ) 120
+ [TriaTin + 2vid's + g T — (1/2)g58%(N — 6)
4+ Tijn + (QNe + N + 3T400) 12,
+ [Ti + (3giNk1)1Z. (mod du).
Only the coefficient of Z,, in 8;x;mZo Will be needed;

ikinZo = * + + + [Tt Tii + 2gixvim + it Tim
= (1/2)gixgim(N — (1/2)8) + 2T jt1,m + 4€:r0kN"1m
+ 48N kN im + 38re NN 1m
+ 6T ik A1 )Z, (mod du).

If the neighboring point Z given by the power series (26.1) is written
Z =x4Z 4, then the relative coordinates x4 are
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2 =14 (1/2)ypduidu* + - - -,

xf = dut + (1/2)(Té i + Np)duidur + (1/6) [T T + 2v 8%
+ g — (1/2)gindu(N — 6) + Tijn
+ (BN + N Ak + 3T ) |duidurdul 4 - - -,

2 = (1/2)gixduidu* + (1/6)(T ji1 + 3giNx1)duidu*du’
+ (1/24) [TitsT7tm + 2g557im + gixTim — (1/2)gixgim(A — 6)
+ 2T jk1,m + (48ir06N"1m + 48N kM tm '
+ 38\ M m + 6T 51N 1) duidurdutdum + - - -

These may be simplified by means of (18.4) and (18.5) which become

Tivtom = gikTim — T;iTrim (mod du),
TiteTTim = (1/4)girginf (mod du).
The nonhomogeneous coordinates X ¢ =x%/x° x* =x*/x° now have the expan-
sions
Xt = dui + (1/2)(Tsn + Nejp)duidu® + (1/6)[— yid't + gin T

— (1/2)gnd*\ + (3/9)5%gind + 8Ty — TiTjm

+ (@Ne 4 NN 4+ 3TN |duidudut + - - -,
(26.2) X=* = (1/2)gpnduidu® 4+ (1/6)(T jxi + 3N\ jri)duidu*dut

+ (1/29)[= 4ievin + 38 Tim — 2T Trim — (1/2)gingim

+ (3/4)girgimd + (42idiN"1m + 48N kN tm '

+ 32NN 1m + 6T jiN"1m) |duidu*dutdum™ + - - -
Obviously X* is of the form

X2 = (1/2)gpX'X* — (1/)T i X XX 4+ (1/12);5mX X XIX™ 4 - -

and the unknown coefficients a;u» may be evaluated by comparison of the
expanded right side,

(1/2)ginduidu* + (1/6)(T jri + 38N k1) duidu*du’
+ (1/12)(— 2gixvim + 4gixTim — gikgimh + (3/8)gikgimd — 2T iTkim
+ ajrim)duidurdutdum™ + - - -,
with the computed expansion of X*®. This yields
X = (1/)gpnXX* — (1/3)TjnX X*X" + (1/12)(TiTrim
+ 3/D)girgimh — (5/Dgix T, T 1m) X' X X' X™ + - - -

as the nonhomogeneous expansion of the surface S about Z,.

(26.3)
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It will be informative to compare some of our results with those given by
Lane. Recalling that T;;=T.T};;; and noting from (18.2), (18.3) and (15.6)
that

Te=Tii/Tiii = [T i + Tiii@eTirn/ Trw + 06T i/ Tii) 1/ Tiii
dx log [(T;:)*Tree],

we recognize on referring to (15.2) that (T, T3) is the vector with components
(¢, ¥) defined by Lane (p. 64) according to ¢ = (log fv?)., ¥ = (log B%Y).. The
expansion (26.3) has the canonical form

Z = XY — (1/3)(8X* 4+ v¥?) + (1/12) [8¢X* — 4BY XY — 6(log 0)u.X2V?
— 47XV + WP + - -

as given by Lane (p. 73).

27. Algebraic contact surfaces. When referred to the relative refer-
ence frame the coefficients of an algebraic g¢-ic surface will be the
(g+1)(g+2)(g+3)/6 components of a symmetric covariant tensor G4, .. .4,
Those g¢-ic surfaces which have contact of the kth order with S at Z, will
be found by insisting that when the power series expansions of the coordi-
nates x4 of a point in the neighborhood of Z, on S are substituted into the
form Ga,...a x4 - - - x4¢ the terms of degree less than or equal to k shall
vanish identically in the increments du’. This imposes (k+1)(k+2)/2 con-
ditions so that there is a 3-parameter family of second order contact quadrics,
a 9-parameter family of third order contact cubic surfaces and of these latter a
4-parameter subfamily having fourth order contact. These families will now
be found.

The quadric Goo+G0jX’.+ijXij+Go°cX°°+ijXiX°°+waX°°X°° =0
will have second order contact if substitution of the expansion (26.3) produces
terms which vanish identically in the two,variables X7 when of less than third
degree. The conditions are Goo=Go;=0, (1/2)Go.g;x+Gjx =0, so that the three-
parameter family of second order contact quadrics is

(27.1)  Gou(X® — (1/2)g4X7X%) + G XiX® + GuuX*X* = 0.

Similarly, the third order contact cubic surfaces are found by insisting that
substitution of (26.3) into

Gooo + 3G00; X7 4+ 3G00X® + 3Gk X X* + 6GojouX ' X® + 3Gowe X *X>
F Gt X X X!+ 3G 40 X ' X X® 4 3G 00X ' X?°X® + GrupaX*X*X* = 0

shall produce terms which vanish identically in the variables X7 when of less
than fourth degree. The conditions are

Goit + (1/2)Goongir = 0,
(Gowigit + Gowrgii + Gowigix) — Goowl ikt + Gixi = 0,
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so that the 9-parameter family of third order contact cubic surfaces is represented
oy
3Gooe(X* — (1/2)guX'X* + (1/3)TinX ' X*X?)
+ 3G01(2X°X" — g XX XY) 4 3G X°X*X 7
T+ 3G i1 XX TXE + 3G000X®X® 4+ GouuX*X*X* = 0.
The subset of fourth order contact cubics will be found by insisting that
the substitution of the expansion (26.3) into the cubic expression above shall
produce fourth degree terms which vanish identically in the variables X

On equating to zero the symmetrized coefficient of X X*X'X™ we obtain the
5 conditions

/(T iTkim + TiTimi + TiTmjx + TwT 1) + (1/4)(gitgim + gitgme + gimgue)
— (5/12)(gixTim + gitTmk + gimT1k + gimT it + gmiT it + gk T im)Goow
— 2(GowiTrim + GowkTimi + GowiTmit + GowmT k1)
+ (gir8im + gitgmr + £img1k)Gowoo
+ (gikGuim + gitGwmk + gimGotk + £imGuit + gmiGuit + g1tGwin) = 0

homogeneous in the 7 quantities Goow, Gowjy Gowws Gwjr, Which we now pro-
ceed to solve for Go.j and G, ;i in terms of Goos, and Gowe. Contracting with
Tikl'

(27.2)

- 50G0aom + 3Tm”Gaon = On

with g7¥,
(— 2Tim + glm)‘)GOO — 4G owr T1m + 4glmGanao + 6Goim + glmg"Goon =0,
and contracting this with g!» and T''™; respectively,

AGoow + 4Goww + 487Gurs = 0,- — 0T1Gooo — 206G ok + 6GeorsT ™ = 0,
we find on combining, '
8Gowk = Govw Ik, 24G. ik = (10T jx — 32:xN)Gooe — 12€ 4G ococo-
The 4-parameter family of fourth order contact cubic surfaces is then represented
by '
Goow[24X™ + 6T;XiX* + (8T 1 — 3¢ T) XX X!
+ (10T, T7j — 3gaN) XX X® —12g 1 X X *]+12G0ws [2X=X* — gu X X X>]
+ 246 j0u X X*X* + 8Gnuu X“X*X* = 0.
28. A pair of reciprocal congruences; the directrices of Wilczynski. The

line /; joining Z, to the point Y= —¢7Z,+Z,, ¢* any given contravariant
vector of weight 1, will generate a congruence as the coordinates %7 vary.
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This has been called by Lane the congruence I'; and we now adapt to the
methods of this paper Lane’s demonstration that the lines of T'1 can be as-
sembled into a one-parameter family of developable surfaces in two ways so that
there is one developable of each family through each l,. Let C, be a curve on S
defined by ui=wu(¢). We seek the differential equation to be satisfied by #:(¢)
if Cy is to be a curve of intersection of a developable surface D of I'; with S.
Let Z=pZo+ Y, p a scalar of weight 1, define the edge of regression of the
developable D, then /, is tangent to the locus of Z as ¢ varies along C; so that

dZ/dt = Z,j(dui/dt) = [(E%w + p.i — ¢"1+)Z0
+ (Eijo — ¢"Thi — ¢'; — ¢i¢° + p8°))Z; — ¢;V |(du'/dl)
is a linear combination of Zy and ¥ only, the conditions being
(Eljw — ¢'Thi — ¢ — ¢i0° + pd)(du’/dt) = 0.
Using Eéj=v%j+T7T"%;—(1/2)6';(\ —0) we eliminate p by contraction with
€;x(du*/dt) to obtain
eax(v'i + TT%; — ¢ T%; — ¢°,; — ¢;¢°)duidu* = 0
as the differential equation of the net of curves Cy on S in which the iwo families

of developables of Ty cut S. Writing (¢!, ¢?) =(a, b) we obtain the canonical
form

[p = by + b(log 6), — b2 — aB + BY)du? — [b, — a.]dudy
— g — a, + a(log 8), — @ — by + v¢]dv? =

of the net C; as given by Lane (p. 84).

To define a congruence I's which will be called reciprocal to I'y with re-
spect to the quadrics of Darboux (that is, the pencil of second order contact
quadrics (27.1) for which G;,=0), consider the line /; which is the polar line
of Iy through Z, as to the quadrics of Darboux. The polar plane of (1, 0, 0, 0)
is x°=0 and of (0, —¢* 1) is —Gow(Pix’+x°)+2G,x*° =0 so that I, is the
intersection of x* =0 and x°+¢;x’=0. The two points p;= —¢;Z¢+Z; deter-
mine /; and the congruence I'; reciprocal to T'; is defined as the congruence
swept out by I, as /, varies over I';. To find the differential equations of the
curves C; cut out from S by the developables D of I'y we let Z=pup;, u? of
weight 0, trace the edge of regression of D as l; varies along C,. Then

dzZ/dt = (wpr),i(dui/d) = [w(v"i + &*T"; — ¢"d; — ¢".)Zo
+ (W Ti = s + ' )pi + 1iZa)(dui/dl)

must be a linear combination of p; so that

I‘r(‘Y’i + o'T7,; — ¢"¢; — ¢'.i)d“i =0, prdur = 0,
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and the elimination of u; gives
(it o' T — ¢7¢; — ¢, )enduidu* = 0

as the differential equation of the net Cy cut out from S by the developables of T's.
Its canonical form is

[# — bu + b(log 6) — b2 + aBldu? — [b, — a.]dudy
— ¢ = a. + a(log 6), — a? + by]dv? =

as given by Lane (p. 86). When the pair of directions defined by a net
A j.duidu* =0 separates the asymptotic tangents with the directions g;jiduidu®
=0 harmonically, the net is called conjugate, the condition being the vanish-
ing of the apolarity invariant, —e’*e!"g;;4 ,m =g"A4,,=0. For the nets of T,
and TI'; curves this becomes €"*¢, , =0 with the canonical form b,—a, =0.

Comparison of the differential equations of the I'; and T'; curves shows
that ¢?=(1/2)T7 are sufficient conditions that these curves coincide. The
lines /; and l; which generate T'; and T'; in this case are denoted by d; and d,
and are called the directrices of Wilczynski which were found by him in quite
a different way.

29. Equivalence of surfaces. Let there be given a surface S parameterized
by y4(#', #?) and a second surface S parameterized by §4(a!, #2). S and S
will be called equivalent if there exist transformadtions of the groups Gi, G, G;
of §1 sending the functions y4 into 4. We seek the conditions for equivalence.
First, after the manner of §2 and its sequel, form the tensor equations de-
fining S whose solutions are y4(x#) and whose coefficients are unaffected by
the transformations of G; and G,. Do likewise for the functions 54(%). Then
the conditions for equivalence are that there exists a transformation #*=u*(%)
for which the respective coefficients are related by the tensor laws

| au/aal Zit = gredjudru’, Tit = Yred Ui, T8, = T%,00u"s0c.

The law §=|9u/84|0 is a consequence of the first and third of these. Repre-
sent d;u* by H';(%), then from (12.2) we are asking for the conditions that
the system of first order partial differential equations

(29.1) a,‘ui = Hi;, 6kHij = X'iji,- — N H7;H?,

in the 6 dependent variables #* and H*; and the 2 independent variables #*
satisfying the finite conditional equations

g(a)gik(ﬂ') - 0(“)gn(u)H'1’H‘k = 0,
(29.2) ¥ ie(@) — v(w)H";H®, =
Trp(@)Hiy — Th(u)H";H*: = 0,

L

set Fo=0;

admit solutions #(#) and H?;(#) for which ]Hijl #0.
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Suppose the set Fy=0 to be differentiated with substitutions from (29.1)
and F,=0 itself. For example, differentiation of the first of (29.2) with sub-
stitutions from these equations themselves and from (29.1) results in the
transformation law of the identically vanishing covariant derivative (0g;),:
Hence no additional conditional equations result from this operation. If one
or more new conditions arise when similarly operating on the full set Fo=0,
designate this new set by F1=0. Continuing with F; =0 in this way we arrive
at a sequence of sets of finite conditional equations Fo=0, - - -, Fy=0,
among the 6 dependent and 2 independent variables which must necessarily
terminate for some N for which N <5 if the variables %¢ are to be independ-
ent. From a theorem of partial differential equations [6, p. 3] it then follows
that the necessary and sufficient conditions that S and S be equivalent are that
the sets Fo=0, - - -, Fx=0 be algebraically consistent when regarded as equa-
tions for the determination of the dependent variables as functions of the inde-
pendent variables @' and that the set Fy,1=0 be satisfied identically as a
consequence of the preceding sets. Moreover, if p is the number of independent
equations in the first N sets, the transformation @i—u' involves exactly 6—p
arbitrary constants. For example, the maximum possible number of inde-
pendent equations in the set Fo=0 is 24-2+2=6 in virtue of the identities
|g| =1, g"*,,=0, T"; =0 and the symmetry of T j;. In this case, the theorem
states that the set F;=0 must be satisfied identically as a consequence of
F,=0 and that the functions #(#) are found by solving algebraically the set
Fy=0 for the 6 dependent variables as functions of the 2 independent varia-
bles #'. The solution does not involve any arbitrary constants.
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