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INTRODUCTION

Scope. Conformal differential geometry (as developed in this paper) con-
cerns itself with certain spaces, point transformations, and configurations.
The particular spaces which are considered here are the m-dimensional Rie-
mann spaces V.. These spaces are generalizations of and include euclidean
m-space R.. The basic point transformations of this paper are the conformal
transformations. A conformal transformration defined on a Riemann space V,,
is a mapping of V,, on itself or another Riemann space V., so that correspond-
ing angles in V,, and V., are equal in magnitude. We do not study the con-
formal transformations of the Riemannian spaces as a whole upon each other
(that is, the intrinsic conformal theory of the space) but the conformal ge-
ometry of configurations in these spaces. The configuration in V, which we
study is a subspace V,. The dimensionality 7 of this subspace may be any
integer between 1 (curve) and m—1 (hypersurface) inclusive. Accordingly,
conformal differential geometry, as defined above, investigates those proper-
ties of a curve, hypersurface or other subspace which remain unchanged when
the enveloping Riemann space V, undergoes any conformal mapping, not
necessarily on itself. As an important special case, this geometry includes the
inversive geometry of a euclidean space Rn.

Method. Euclidean geometry may be defined as the invariant theory of
the euclidean metric or congruence group. Not only do the congruence trans-
formations define the geometry; they were a fundamental method in the de-
velopment of the early (Greek) geometry of the plane. The picture is quite
different in the classical differential geometry of two and three-dimensional
euclidean space. Here, since the time of Gauss, the fundamental method in
the geometry (as distinguished from its definition) has been based upon quad-
ratic differential forms. These quadratic differential forms control the metric
of the space and the metrics and curvatures of configurations (curves, sur-
faces) in the space. What was a powerful tool for the geometric exploration
of space in the hands of Gauss became the defining structure of the space in
the epoch making generalization of Riemrann. The geometry of Riemann
spaces and the corresponding tensor calculus have since been developed by
Christoffel, Ricci, Levi-Civita and others into a beautiful and elegant theory.
The power of the methods of Riemannian geometry rests primarily upon
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(1) the existence of a fundamental metric tensor (whose components are the
coefficients of the fundamental quadratic differential form), (2) the process
of covariant differentiation, (3) the tensor character of the important geo-
metric objects in the space, and of the operations performed upon these
objects.

In our development of conformal differential geometry, we have largely
ignored the conformal transformations which define the geometry and have
attempted to take maximum advantage of the methods of Riemannian geom-
etry. A first necessary step in the realization of this aim is the discovery of a
symmetric second order tensor in V, (corresponding to the Riemann metric
tensor) which remains unchanged by conformal transformations of V.. In
the intrinsic conformal theory of V., there does not exist at present any
method for attaining this desirable objective.

But a subspace V, introduces new elements of structure into the envelop-
ing Riemann space V,, at points of V,. By means of these new structural
properties, we discover a relative conformal scalar(!) A which exists at points
of the subspace. The existence of A makes it an easy matter to define two
new symmetric second order tensors which do not change when V., undergoes
any conformal transformation. These tensors, called the “conformal measure
tensors,” introduce a new “conformal metric” into the space. The first tensor
is used to measure “conformal distance” in the subspace V, and the second to
measure “conformal distance” in the enveloping space V, at points of V..
By making use of A, it is also possible to invent a new type of covariant differ-
entiation (with respect to the subspace V,) which plays a role analogous to
ordinary covariant differentiation in Riemannian geometry. This “conformal
covariant differentiation” process or “conformal derivative” enjoys all the
usual properties of covariant differentiation as well as a number of others
which give it its distinctive conformal character.

The tensors for the measurement of conformal distance and the conformal
differentiation process constitute the methodological foundation for our de-
velopment of conformal differential geometry. By meansof the conformal meas-
ure tensors and conformal differentiation, it is possible to apply all the usual
operations to conformal tensors(?) without altering either their conformal or
tensor character. Consequently our development of conformal differential
geometry proceeds by a full utilization of the technical apparatus of tensor
calculus and Riemannian geometry. Its formal, technical aspects are scarcely
more involved than those of the ordinary (metric) theory of Riemann spaces.
The same methods may be used to investigate the conformal differential ge-
ometry of configurations(3) in V,, other than those which are considered here.

(1) This term is defined in §3 and A is defined in §6.

(®) This term is defined in §3.

(3) Examples of such configurations are: congruences of curves, famijlies of subspaces,
m-beins.



312 AARON FIALKOW [September

The formal calculations themselves may be shortened considerably by
making use of the “replacement principle.” This principle states that certain
tensors which appear frequently in the sequel may be replaced by zeros in
the expressions where they occur. It depends upon a change in gauge, but in
its effect is somewhat analogous to the choice of special coordinate systems
frequently made in classical and Riemannian geometry.

Results. In the preceding paragraphs we have discussed, in general terms,
the scope of our subject and the methods employed. What are the actual
questions which are considered and what answers are obtained ? The conclu-
clusions of this paper may be summarized under the following topics:

(1) Conformal geometric objects. A number of new conformal geometric ob-
jects are invented and their definition obtained in tensor form. Among these
geometric objects are conformal analogues of the metric tensor, the Christoffel
symbols, and the Riemann tensor, all of which are defined both for the sub-
space V, and for the enveloping space V,, at points of V,. We also construct
various new tensors from the Weyl conformal curvature tensor. The existence
of conformal analogues of the geodesic and normal coordinates of Riemannian
geometry is proved. By successive conformal differentiation of the tangent
vector space of V,, we obtain a sequence of conformal vector spaces analogous
to the osculating and normal vector spaces of V, in Riemannian geometry.
The measurement of the conformal length of vectors lying in these “con-
formal normal vector spaces” introduces various tensors analogous to the
coefficients of the second fundamental form of a hypersurface. We call these
tensors the “conformal normal measure tensors” of V,. We also define still
another symmetric second order tensor in connection with the variation of
the relative conformal curvature A. This tensor which we call the “deviation
tensor” has no analogue in Riemannian geometry. Symmetric tensors con-
structed from the various conformal measure tensors and the deviation tensor
are the “conformal fundamental tensors” of V,. Their components serve as
coefficients of the various “conformal fundamental forms” of V,.

(2) Conformal relations. Various relations among these conformal geo-
metric objects (principally in the form of conformal tensor equations) are
derived. For example, both the Weyl tensors and the “conformal Riemann
tensors” have symmetry properties like those of the ordinary Riemann tensor
and satisfy identities similar to the Bianchi identities of Riemannian geome-
try. Conformal differentiation of the various conformal tangent and normal
vector spaces leads to a system of tensor equations analogous to the Frenet
equations. The integrability conditions of these “conformal Frenet equations”
are another system of equations involving various conformal tensors. The
simplest of these latter equations are analogues of the Gauss equations and
the Codazzi equations which occur both in classical and Riemannian geome-
try. In addition to the above conditions, the integrability conditions of still
another set of partial differential equations which have no analogue in classi-
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cal or Riemannian geometry are of equal importance. However, if #>2 some
of these last conditions, and if >3 all of these last conditions, are conse-
quences of the integrability conditions of the conformal Frenet equations.
The various integrability conditions enumerated above as well as a number
of other important algebraic and differential equations are termed the “funda-
mental equations” of V,. All of the quantities which occur in the fundamental
equations are conformal tensors defined on V,.

(3) The basic theorems. Since the process of construction of the conformal
fundamental forms of V, consisted entirely of conformal elements, it follows
that if Va2V, V.22V, by a conformal map, then the corresponding funda-
mental forms of V. and V, are equal. The converse holds in spaces which are
conformal to a euclidean space. In this case, we have the fundamental con-
formal equivalence theorem: If V,, and V., are conformal to a euclidean space
and the corresponding conformal fundamental forms of V. and V. are equal,
then a conformal transformation exists so that Va2V, and V,2V,. This is
the conformal analogue of the congruence theorem of classical and Riemann-
ian geometry which holds in a euclidean space and in a space of constant
curvature. We also prove the existence theorem: A subspace V, exists in any
conformally euclidean space with preassigned conformal fundamental forms
whose coefficients satisfy the fundamental equations. The V., is determined
uniquely by a set of initial conditions which is_found explicitly. The basic
question concerning the conformal differential forms of any subspace V, is
answered (at least when the enveloping space is conformally euclidean) by
the theorem: The coefficients of any conformal differential form of a V, in a
conformally euclidean space are tensor functions of the conformal fundamental
tensors and the conformal Riemann tensor of V, and their conformal derivatives,
and conversely.

(4) Exceptional cases. If the relative conformal curvature A vanishes iden-
tically in V,, all the results outlined above become meaningless. There are
two categories of exceptional cases for which A=0:

(i) »>1. In this case, the conformal distance measured between any two
points on V, is identically zero and V, is a “conformal null subspace.” These
subspaces retain this characteristic under conformal transformations of V..
They are the conformal images of totally geodesic subspaces, and conversely.
In euclidean space, they are the n-dimensional planes and spheres.

(ii) n=1. The conformal theory outlined in this introduction does not
apply to one-dimensional subspaces since A is identically zero on every curve.
The conformal geometry of curves was developed by the author in a separate
paper [8](*). Results analogous to those stated above were proved subject
to the restriction that the dimensionality(’) m of the enveloping space ex-

(*) The numbers in brackets refer to the bibliography at the end of the paper.
(%) This is a natural restriction since every analytic curve in a V, is conformally equivalent
to a straight line in the plane and hence cannot have conformal properties.
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ceed 2. If m =2, the results still apply if the conformal transformations are
restricted to mappings which are similar to and include the inversive trans-
formations of the plane. In the last section of this paper, we show how these
results of our previous paper on conformal curve theory may be obtained by
a slight modification of the methods used here for a general subspace.

Previous literature(®). The literature on conformal differential geometry
may be divided into two main categories. One approach to the subject is the
intrinsic conformal theory; that is, the investigation of conformal transforma-
tions of Riemrann spaces as a whole upon each other. The discovery of the
conformal curvature tensor by Weyl and the characterization of conformally
euclidean spaces by Schouten mark the modern beginning of this subject.
The central problem of the intrinsic theory is the question of the conformal
equivalence of Riemann spaces. A number of investigations by T. Y. Thomas,
Veblen, Cartan, Schouten, Haantjes and others have appeared which deal with
this topic.

The other approach (which is followed in this paper) is the study of con-
figurations in an enveloping Riemann space V,, and their behavior when the
enveloping manifold undergoes any conformal mapping. An early result of
this kind is the theorem of Schouten and Struik which states that the lines
of curvature of a hypersurface of V,, remain invariant under conformal trans-
formations of V,. Several other results of a similar character exist, some of
which are not purely conformal theorems since they depend upon metric
properties of the configuration and upon the particular transformation to
which the V,, is subjected. Recently a number of papers by Sasaki and Yano
have appcarcd which investigate the conformal geometry of subspaces using
the formal methods which have been developed in connection with the in-
trinsic theory.

In addition to the above work, a considerable number of papers have ap-
peared dealing with the inversive geometry of plane curves and of curves and
surfaces in euclidean three-dimensional space. These studies make no use of
tensors or of Riemannian geometry; their methods depend, in most cases,
upon the Schwarzian derivative or tetracyclic and pentaspherical coordi-
nates. These investigations of inversive geometry are the only papers on con-
formal geometry which in any way overlap the work of the present paper.
In particular, the books of Thomsen and Blaschke [2] and of Takasu [14]
constitute an inversive theory of curves and surfaces in the plane and in
cuclidean 3-space which is complete in its essential parts and anticipates
many of our results for this important but special case. However, their methods
depend upon the systematic use of tetracyclic and pentaspherical coordinates
and therefore differ completely from the methods which are employed here.

(%) References to and more detailed remarks about the various papers mentioned in this
section appear in our paper on curve theory [8, pp. 436-438, 441, 495]. Also see the book of
Schouten and Struik [13, pp. 199-215] for a general discussion of the conformal differential
geometry of Riemann spaces.
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I. PRELIMINARY MATTERS

1. Notation. In this section, various conventions concerning notation and
terminology which are used in the sequel are summarized. Except where the
contrary is stated explicitly, it is understood that these conventions are used
throughout the paper. Precise definitions of the various terms used in this
section appear in later portions of the paper.

Terminology. (i) In this paper, two different metrics occur: the usual Rie-
mann metric of Riemannian geometry and the new metric of conformal ge-
ometry. The Riemannian metric of a space is frequently referred to simply
as the “metric” of the space and geometric objects which are constructed
relative to the Riemannian metric are referred to as “metric geometric ob-
jects.”

(ii) However, when no ambiguity is possible, the adjective “conformal”
used in referring to various geometric objects is omitted. For example, the
“conformal measure tensors” are usually called the “measure tensors.”

(iii) The words “space” and “surface” are used to distinguish geometric
objects defined relative to an enveloping Riemann space or to a subspace
imbedded in it. When there is no danger of ambiguity, these words are
omitted. For example, the “surface conformal Riemann tensor” may be re-
ferred to as the “conformal Riemann tensor.”

General conventions. (i) The usual conventions of tensor notation are as-
sumed. For example, a tensor equation in which an index is not summed is
valid for each value of the index within its range. When the same letter ap-
pears in any term as a subscript and superscript, it is understood that this
letter is summed for all values within its range. Sometimes summation is also
denoted by Y.

(it) The same kernel letter(”) is used to indicate the contravariant and
covariant components of the same vector. For example, 7* and w, refer to the
same vector. A similar assumption is made for any tensor.

(iii) Space and surface components of the same tensor are also indicated
by the same kernel letter. For example, the space vector A* and the space
tensor 7%, have the surface components A and 7%, respectively.

(iv) The properties of a general tensor are usually illustrated by means
of the tensor 7% or 7'; or ;. Here « and ¢ (8 and j) represent any contra-
variant (covariant) space and surface indices respectively.

(v) As a general rule, lower case Roman and Greek kernel letters represent
Riemannian metric geometric objects, capital Greek kernel letters represent
relative conformal geometric objects and capital Roman kernel letters repre-
sent conformal geometric objects.

(vi) References, indicated by brackets, refer to the bibliography at the
end of the paper.

(") We call 7 the “kernel letter” of the vector 7=* or m, and use similar terminology for any
tensor.
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Indices. The set of indices o, 8, v, 6, €, {; g, b, 1, j, k, I; 7, w have the ranges
1, 2,--+,m;1,2,--+,n;, nt+l, n42, .- - -, m respectively. The powers
and subscripts %, v, w, @, b have arbitrary ranges. Indices such as a,-and %,
have the same range as a and ¢ respectively. The symbol (¢,) means 4152 + ~ - 7y,
The letters m, n, p and g, 7, s represent dimension numbers and class numbers
respectively. They are not indices.

Spaces. The symbols V,,, Rn, Sa are used to represent an m-dimensional
Riemann space, euclidean space, and space of constant curvature respec-
tively. The symbol V(® refers to a p-dimensional vector space. However
I, Iig, -+ ¢+, Ina...y and Iy, I, - - -, In refer to the conformal osculating
vector spaces and conformal normal vector spaces of V,.

Conformal correspondence. A Riemann space conformal to V,, is denoted
by Vm. Thus R, signifies a conformally euclidean space. A geometric object
in V.. corresponding to the geometric object ¥ in V. is denoted by .

Ogerations. (i) The projection of a vector m* in a vector space V(® is de-
noted by *mre. The precise space V(® into which w¢ is projected is indicated
in the context.

(i1) Covariant differentiation with respect to @.gs, g:; and d.s, g:; are de-
noted by a comma (,) and semicolon (;) respectively. The symbol for con-
formal covariant differentiation is the colon (:). The conformal derivative
(along a curve) with respect to S is denoted by #/4S.

(iii) A cyclic sum of tensors is indicated by a plus sign (4) and an alternat-
ing sum by a minus sign (—). For example,

p%ys -+ %8 = ptyst, BiiFi — BulF; = Bij-Fi- = BiFi-,
P%ys T Pyis T+ PRy = Pgtyter = POt (vayt = P¥Erarty
P%ys.e T PBse,y T PBexv.s = Popyter, et = PUp(virt.et = P8 (ve b
Gk — G = G%jmi- = G% ik
Eijx — Eik:j = Eij-4- = Ei(jiry-

(iv) The replacement operation is denoted by a small zero (%). For ex-
ample, %;;, %ap.

(v) The Weyl operation is symbolized by a vertical arrow (T). For ex-
ample, T p%sys.

2. Riemann spaces conformal to V,. Let V, be a real Riemann space
whose coordinate manifold is of class(®8) C? and whose real metric tensor, de-
fined over the manifold, is positive definite(®) and of class Ce! with ¢=1.

(8) The definitions of the class of a coordinate manifold and of a Riemann space are based
upon the discussion which appears in [16, pp. 98-99, 104]. In particular, if the coordinate mani-

fold is of class C¢, then the admissible coordinate systems are related to each other by trans-
formations of class C4.

(*) The greater part of the following discussion and of the results of the paper will hold
even if the metric tensor is indefinite provided that it is not singular. The only real novelty
arises when a vector is a null vector. We shall not consider the indefinite case.
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Briefly, we say that V. is a Riemann space of class C Suppose { ye} are
admissible real local coordinates in a coordinate neighborhood of any point
of V. In each coordinate neighborhood, we write the first fundamental form
of Vo, as

(2.1) ds? = aqpdy~dy®.

Let V. be a real Riemann space of class C? whose first fundamental form
may be written as

(2.2) d5* = dopd5°d7P

“where {§2} are allowable local coordinates. Then V.. is conformal to V. by
means of a transformation of class C? (briefly: Va is conformal to V,) if a one-
to-one point transformation T exists between the points P of V, and the
points P of V,, which may be written (locally) as

(2.3) yo =3O %™ ¥ =GN I ™)
so that the real functions
AL 40 T L C AN L )
are of class C? and(!%)
(2.4) ds = eds

at corresponding points. It follows that ¢(y*) is a real function of class Ce!
and that the form (2.2) is positive definite. We refer to o(y®) as the conformal
mapping function of Vi on V., or briefly, as the mapping function. Whenever
we say that V, is conformal to V, it is to be understood that the conformal
transformation is of class Ce.

The transformation G may be written in the simple form

(2.5) y* = y=

after a suitable change of coordinates. For if we transform the coordinate
neighborhoods of V,, according to (2.3) considered as an admissible coordi-
nate transformation, points in V, and V, with the same coordinates corre-
spond and the conformal transformation becomes (2.5). Throughout this
paper, unless a contrary assumption is explicitly made, we shall always as-
sume that coordinate systems have been chosen so that (2.5) holds. In these
coordinate systems,

(2.6) daﬁ = e2vaaﬂ' daﬂ — éZn’auﬂ,
where a*? and @*# are the contravariant components of the metric tensors.

(1) The condition (2.4) is readily seen to be equivalent to either of the geometric state-
ments: (1) The magnitudes of corresponding angles of V, and V. are equal. (2) The ratio of the
length of any vector at any point P of V, to the length of the corresponding vector in V, is
the same for all vectors at P; that is, the transformation is a local similitude.
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The contravariant metric tensor a*# is determined by the equations
a5,0%7 = 5%

where 8¢ are the Kronecker deltas and d*# is determined by similar equations.
Conversely, if (2.5) is a point transformation of the points of V,, and V,, and
(2.6) holds at corresponding points where the mapping function o(y<®) is a
real function of class Ce, it follows that V,, is conformal to V..

Let

(2.7 {e%aas}

denote the set of all second order, symmetric, positive definite tensors of
class C*1, any two of which are equal except for a positive multiplicative
scalar factor of class C?!. Let

(2.8) {Vn}

denote the set of all conformally equivalent Riemann spaces of class C?
whose metric tensors (in some allowable coordinate system) belong to (2.7).
Throughout this paper, whenever we refer to the conformally equivalent Rie-
mann spaces Vi, Va, it will be understood that these spaces are any two
spaces of the set of conformally equivalent Riemann spaces (2.8).

3. Conformal tensors. Let Tg! g» be components of a tensor at a point
@ of V,, whose values depend upon geometric objects of V,, and of its sub-
spaces('!). Let V,. be any Riemann space conformal to V., and let Tl g*
be the components of the tensor at P whose values depend in the same way
upon the corresponding geometric objects of V. and its corresponding sub-
spaces. Then if (2.6) holds and

(3.1) T = (€)Th..

we call Tgh: g a relative conformal tensor of uezght u. The law of transforma-
tion of T,«‘;:... 5 between any two V., as well as between any two coordinate
systems is consistent. If # =0, the tensor has the same components in V,, and
V... In this case, we call Tg} 5 a conformal tensor.

As a consequence of our deﬁmtlons it follows that if the components of a
relative conformal tensor are zero in V,, they are zero in any V,. This fact
permits us to write conformal tensor equations which retain their meaning
under conformal transformations. The sum or difference of relative conformal
tensors of the same weight and valence is a relative conformal tensor of that
weight and valence. The inner or outer product of relative conformal tensors
is a relative conformal tensor. In particular, the sum, difference, inner or
outer product of conformal tensors is a conformal tensor.

(1) Examples of such geometric objects which will be used in this paper are: the metric
tensor a,g, the Christoffel symbols of the second kind, the coefficients of the first and second

fundamental forms of a subspace.
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As examples, we note that the metric tensors a.s and @ are relative con-
formal tensors of weight 2 and —2 respectively as follows from (2.6). The
Weyl conformal curvature tensor C%,; is a conformal tensor.

4. Algebraic and metric properties. In §§4, 5, we summarize some of the
results of the metric theory of a subspace of a Riemann space. These well
known results are useful for the development of the conformal theory. We
suppose that V, is any Riemann space belonging to (2.8) and let R be a sub-
set of V,, with the following properties:

(a) R is a real n-dimensional topological space with n <m.

(b) The coordinate manifold of R is of class C* where 7 is a fixed integer
subject to the inequalities

4.1) g=r
and('?)
4.2) r= 1.

We denote any system of admissible local coordinates in a coordinate neigh-
borhood of R by {x" } Following Mayer [3, p. 53], we refer to the coordinates
x* of a point of R as parameters to differentiate them from the coordinates y=
of the same point considered as a point of (13) V.

(c) In each parameter neighborhood of R, lying in a coordinate neighbor-
hood of V., the correspondence between the coordinates y* and the parame-
ters x* at points of R determines the y= as functions of class C* in the x%;
that is, the functions

(4'3) ya = ya(xl, x2v ) xn)

are of class Cr. Equations (4.3) are the parametric equations of R. It follows
from (b) that condition (c) is true in every allowable coordinate and parame-
ter system. Hence if a tensor, defined on a space neighborhood containing a
surface neighborhood, is of class C* (s =<r) in the y< it is also of class C* in
the x%

(d) The rank of the matrix ||dy*/dx7 at a given fixed point P of R is .
Since, according to (4.2), the functions dy*/dx* are continuous, it follows that
the rank of Hay“/ax"“ must be z at each point P’ of a sufficiently small neigh-

(12) It is assumed that conditions (a) to (d) hold throughout this paper except that (4.2)
is frequently replaced by a stronger inequality.

(1) Similarly, we shall distinguish quantities and geometric objects defined relative to V,,
and to R from each other by means of the words “space” and “surface” respectively. For cx-
ample, a space tensor (surface tensor) exhibits its tensor character with respect to transforma-
tions of the coordinates y* (parameters x*) and remains unchanged under parameter (coordi-
nate) transformations. Space components of a tensor are denoted by indices having the range
1, 2, - -+, m (space indices); surface components by indices having the range 1, 2, - - -, n
(surface indices). A tensor defined at a point of R which has both space and surface indices may
be represented uniquely in terms of two beins—an m-bein spanning V,, and an n-bein span-

ning R.
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borhood U(®P) of the point P. If {y’=}, {2’i} are allowable’ coordinate and
parameter systems,
dy’s  dy'* 9y Oxi ay« dy= 9y 9x'i

(4.9 - = , =) = e
- 9x’ dy% Jxi 9x'i ax? dy’® 9x'i 9xt

Hence it is clear that (d) holds independently of any allowable choice of co-
ordinates and parameters. It also follows from (4.4) that dy=/dx® is a contra-
variant vector with respect to coordinate changes (space transformations) and
a covariant vector with respect to parameter changes (surface transforma-
tions). We frequently write yi for dy=/dx".

According to (4.4),

dy2/0xt, 9y*/dx?, - - -, dy*/dx",

defined at each point P’ CU(P), represent = linearly independent contra-
variant vectors with respect to changes of the coordinates y*. These vectors
span the tangent vector space of R at P’. If A* and \* are space and surface
components of any vector in the tangent vector space of R at ¥/,

Ae = y“.')\".
The totality of vectors {* which obey the equations
y“ii' a = 0

form a covariant linear vector space of dimension m —n» which is called the
normal vector space of R at P’. Each vector in the normal vector space is
called a normal vector.

The equations

4.3) gii = Bapy*i)P;

define a covariant symmetric positive definite tensor of the second order with
respect to parameter transformations. If A%, £= are the space components of
two contravariant tangent vectors and N, £¢ are the corresponding surface
components of these vectors, then

(4.6) B\ Ef = g\

Since gi; is not singular, the contravariant components g/ are uniquely de-
fined by means of the tensor equations

giig’t = 8,

where the &'s are the Kronecker deltas. If A, \; are the covariant components
of A2, N defined by N, =aas\8, N\i=g;;\/ then

4.7 A = Nadi

As a consequence of (4.6), the lengths of and angles between contravariant
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tangent vectors may be measured by means of their surface components and
the tensor gi;. Consequently the metric (2.1) of V,, induces a Riemannian
metric, by means of the surface metric tensor g:;, at all points of the region
UV(P). As follows from (b), (c) and (4.5), gijis of class C~! in the x*. Hence
the region U(P) is an n-dimensional Riemann space V, of class C~.

Since the results of this paper are local theorems which hold for a suffi-
ciently small neighborhood of a point, we shall restrict ourselves to a portion
of V, which is a surface neighborhood U,(P) of the point P coverable by a
single parameter system {x‘}. Furthermore, we choose U;(®P) so that it lies
in a space neighborhood U,(P) coverable by a single coordinate system {y=}.
We shall refer to Vi(P) and Ux(P) as the Riemann spaces V, and V, respec-
tively and use similar language in connection with the other Riemann spaces
which appear in the paper.

Let w#, 7, be the contravariant and covariant components of any space
vector at a point of V., and V' a p-dimensional vector space at this point.
Then *x¢, *mr, is called the projection of w=, o in V@ if (1) *re, *x, lies in
V@, (2) me—*re, ma— *mq is orthogonal() to the vector space V(. A unique
symmetric tensor s*f always exists so that the projection *r« of any m, in
the fixed V® is given by

*re = soPrg.

The tensor s*f as well as the covariant tensor s.s( =aa,2ss7%) and the mixed
tensor s%(=ags??) is called the projection tensor of the vector space V. The
vector w¢ may be decomposed into its projection *r* in V(® and another
vector { orthogonal to V(» so that

(4.8) e = *re 4 {e

A canonical representation of s exists by means of a normalized p-bein
(that is, a set of p mutually orthogonal unit vectors) which spans V. If
®A% @M% ¢+ ¢+ ¢, »A® is this p-bein then

58 = MM+ MM+ -+ A RN
In particular, if A%, A%, « - -, (mA® is a normalized n-bein which spans the
tangent vector space of V, at a point and if )¢, @¢% * ¢, m-mi®is a

normalized (m —n)-bein spanning the normal vector space of V, at this point,
then

e = A )M + MM + -+ AWM+ affm® + @ c@f?
+ o e mem P,

g = NN + oMM + - -+ NN,

B = g8 ff + b @t + -+ nem mem?,

(4.9

(1) A vector space V(» is orthogonal to a vector space V() if each vector in V(rV is
orthogonal to every vector in V2,
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where k%8 is the projection tensor of the normal vector space of V,. The ex-
pression for the projection tensor g of the tangent vector space at a point
of V,is

(4.10) g% = gyt
We write
8% = 088°%,  gap = GanGpsg™

and note that g*; defined as g%sy#; may be written as
(4.11) g% = y* = 9y*/ox’.

If £, heg, hap represent the various components of the projection tensor of the
normal vector space of V,,

(4.12) AP = a*® — g, h% = 0% — g%,  hap = Gap — gap.

If (4.8) represents the decomposition of a space vector w= relative to the
tangent vector space, then we have

Wagai = *Wagai = "

where *r; are the surface components of *m,.

The projection of any tensor in the tangent vector space may be defined
in a manner analogous to that used for the space vector 7. We first give some
preliminary definitions. A space index a of a tensor(%) 7e, 7, is called a tangent
index if

T¢e = 0, maf* =0

for every normal vector {¢, {,. The name tangent index is also applied to every
surface index of the tensor. Any tangent space index may be raised or lowered
by means of g2, g.s instead of a*?, aqs. A tangent tensor is a tensor all of whose
indices are tangent indices. For example, the projection tensor g,z is a tangent
tensor. Any tangent tensor may be represented in the usual manner by an
n-bein (having both space and surface components) spanning the tangent
vector space. The surface components )\"’,, of any tangent tensor )\""ﬂ, are
obtained by a formula like that of equations (4.7) which holds for tangent
vectors. The formula is

N = Neigigtagh

where g, and g*, are defined by (4.11) and (4.14) respectively.

The mixed tensor *1™, is the projection of ©g; in the tangent vector space
of V.if (1) *r™, is a tangent tensor, (2) 75, —*r™, is not a tangent tensor
unless it is a zero tensor. Then *mrei;=n7%;g%,¢%. The surface components(1€)

(%) We have omitted all tensor indices except the index a to which reference is made.
(1) When there is no danger of ambiguity, we write x* for *=%i.
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*wki; of the projection *m*; are obtained by means of the equations
(4.13) *ﬂ'kilj = ﬂ'aiﬂjgkagﬁ[.

We note some algebraic relations which were useful in the above develop-
ment and are used in the sequel. These equations are either definitions or
simple consequences of the definitions of the various tensors.

g = g%, g'a = Gupf®,  Lai = Gapffi,
a*"agy = a% = 0%,
(4.14)  g*gri = g%ig'a = g%%ai = £'i = &'
a%sgls = gogPi = g°igs = ggii = g% = g%
hega = hog® = 0.
In the last set of equations, g, indicates any of the tensors gla, g', Zus» Zai-
There is a similar convention for ge. Similarly %< indicates either of the tensors
heB, hes. Finally, we remark that the operations of projection and addition
(or substraction) applied to tensors of the same valence are commutative.
Whenever the operations of projection and differentiation are applied to a
tensor, it is assumed that differentiation follows projection unless the con-
trary is explicitly indicated.
5. Generalized covariant differentiation and the second fundamental form
of V,. We replace (4.2) by the stronger inequality
(5.1) rz 2.

Then, according to (4.1) and (5.1), the Christoffel symbols of the second kind
for V., and V, exist and are continuous. These symbols are denoted by

{Bo;} and { jik}

respectively. The generalized covariant derivative (with respect to aa.ps and gi;)
of a tensor of class C! defined on a surface neighborhood of V, is

ai, . - aﬂ.aiﬁi 81, . @ Y, — ai, . 5 ¥
ik = + 7 a:{a‘y}‘g kT 6’{57}“; k
el -l )
Ik ik

As a consequence of (5.1) and (4.11), the class of go; is at least 1. Hence its
covariant derivative exists and is defined by

’ =R REHE
(5.3) 8% = = By ghig"; z.jgz

(5.2)
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whence g%, ;=g%;«. We write g*; for g*;, ;. The g, considered as space vec-
tors, all lie in the normal vector space at any point P of V,, thatis,

(5.4) @apg®iigfr = 0.

If m=n+41, the dimension of the normal vectors g%; does not exceed
unity so that g¢;; may be written as

g%i = bif®
where b;; is a second order symmetric surface tensor and {¢ is the unit normal
vector. The components of the tensor b;; are the coefficients of the second

Jundamental form of V.. If m>n+1, the coefficients of the second funda-
mental form of V, aie the components of the tensor b;;; defined by

(5.5) bijiki = @apg%iigPir.

This tensor is equal.to b;br if m=n+1.

The principal curvature vectors or directions (directions of the lines of curva-
ture) at a point P of a hypersurface are the principal directions determined
by bs;; that is, they are the unit vectors (»\* which satisfy

(5.6) (bii — wbgi) At =0

where the scalar b is a principal normal curvature of V, at P, being deter-
mined as a root of the determinant equation

(5.7 | b:; — wbgii| = 0.

Since g;;is definite('?), there exists a normalized #-bein of principal curvature
directions. According to (5.6), the value of ()b is given by

(5.8) b = bij mMwM.

In the case of a subspace with m>n-41, there is no unique set of principal
curvatures and principal curvature directions. However, there exists an #-bein
of principal curvature vectors and n principal normal curvatures at each point P
corresponding to any direction ¢¢ in the normal vector space of V,. These are
determined by equations analogous to (5.6), (5.7) and (5.8), with b;; replaced
by g%;t.. If every direction at P is a principal curvature direction, the point
P is called umbilical.
The mean curvature normal u= is defined at any point P of V, as<

(5.9) ue = n7lggh.

The length of this vector is called the mean curvature u. Hence, according to
(5.5) and (5.9),

(5.10) = n_Qbi,'lkzgiigkl.

(*7) See [4, pp. 107-113] for the theory of the principal directions determined by a sym-
metric covariant tensor of the second order. The present discussion is based upon this theory.
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For a hypersurface, (5.9) and (5.10) may be written as
(5.11) B = puf%  po= nbgh.

If we make use of the canonical representation of g;; given by (4.9) and also
(5.8) and (5.11), we obtain

(5 12) n = n‘lz (h)b-
h
An analogous formula for u obtains for any subspace in terms of the principal

normal curvatures of V, corresponding to the direction of ue.
If (5.1) is strengthened still further by the inequality

(5.13) r=3,

the Riemann curvature tensors pagys of Ve and «kijn: of V, exist and are of class
€773 and Cr respectively. The tensors p%:,s and kij; are defined by the

equations
0 (a 0 (a € a € a
Poems = b_;v:{pa} B a—y’{ﬁv} + {;38} {e'y} B {B‘Y} {ea } '
) a (1 d (14 k i k i
Kkt = a_x_"{jl } - E?{jk} + {jl}{hk} - {jk}{hl}'

It is an immediate consequence of these definitions that p.s,s satisfies the
identities

(5.14)

(5.15) Pafys = — PBays = — Papiy = Prydap Pagytyr =0

and that k;;; obeys a similar set of equations. In writing these equations we
have represented the cyclic operation by a plus sign and (below) the alterna-
tion operation by a minus sign. The Ricct tensor pg, and the invariant curvature
p of V,, are defined by pgy =pasya2%, p=ps,af with analogous definitions for
ki and x. Under these conditions, the Gauss equations

(5.16) bikiiy-i = Kijki — Pijki
are satisfied where, in accordance with §4, we have written
Papysg®i8?ig k8% = pijki.
I1I. CONFORMAL TENSOR ALGEBRA

6. The relative conformal curvature of V.. Let V,, be any other Riemann
space belonging to (2.8) and let R be the subset of V., which correspond to R
under the conformal map (2.4). We suppose that the parameters % at points
of R are related to the parameters x* at the corresponding points of R by
transformations of class C*. Then the assumptions of §2 concerning the classes
of Vn and V,, and of the conformal mapping between them together with the
assumptions (a) to (d) of §4 about R guarantee that these latter conditions
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also hold true for R. Also, according to the discussion of §2, it is possible to
choose allowable parameter systems {x‘} and {#} in the parameter neighbor-
hoods of R and R respectively so that the transformation of R on R is given
by #*=x". Unless the contrary is stated, we suppose that this is done through-
out the remainder of the paper. Then the equations of R corresponding to
(4.3) are

ytx = S,a(x'l’ .’22, ) f”)’

where y*(xf) and (%) are the same functions of x* and #* respectively.

According to the discussion of §4, the region of R which corresponds to
V.is also a Riemann space which we denote by V,. The remarks of the previ-
ous paragraph show that

(6.1) 2% =g

where we have written g%, =97*/3%'. Consequently the tangent vector space
of V, is conformally invariant. Since orthogonality is a conformal property,
the normal vector spaces of V, and V, at corresponding points are also in
conformal correspondence. If the metric tensor of V, is denoted by z:j, ¥, it
follows from equations analogous to (4.5) and from (2.6) and (6.1) that

(6.2) Bii = €, gV = e

Thus the conformal transformation (2.4) induces a conformal mapping on the
respective subspaces of V,, and V.

Under the assumption (5.1), the existence and continuity of the Christoffel
symbols of the second kind of V., and V, are assured. We denote these symbols

by
o i
fot =2 it
By jk
respectively. As a consequence of (2.6) and (6.2), we have
N |
= a%go, a%yo.8 — Ag,a*°c s,
By By § ’ !
i i . : ;
{ . } = { . } + ghioe + gvo.i — gingtlo,u
jk jk

We denote covariant differentiation with respect to d.s, g:; by means of a

semicolon. Then
_ @) AN
-g% + gigi — .. 8
! By 4]

We write g%;;; as g%;. Also,
(6.5) 0, = 0,a8%.

(6.3)

o

6.4 'a,;, =
(6.4) 8% e



1944] CONFORMAL DIFFERENTIAL GEOMETRY OF A SUBSPACE 327

If we simplify (6.4) by means of (4.5), (4.14), (5.3), (6.1), (6.3) and (6.5), we
obtain
g%i = g=ii — gii(a*Po g — grloig™).

But according to (4.10), (4.12) and (6.5), these last equations may be written
as

(6.6) 8% = g% — gih*Po p.
We denote the mean curvature normal of V, by a=. Since
B = nlg*;g,
we find from these equations and (5.9), (6.2) and (6.6) that
6.7 e¥pe = p* — hfo .

From these equations and [, = dasii®, ue =aq.su?, we obtain

(6.8) Ba = pa — Moo .

As result of (6.2) and (6.7), equations (6.6) become
(6.9) G = Gij,

where we have written

(6.10) G = g% — giip®

and analogous equations for G*;. Consequently the mixed tensor G¢;; of
class C™2is a conformal tensor and the contravariant vector space which it
spans remains unchanged by conformal transformations. According to (5.4)
and (5.9), this vector space is normal to the tangent vector space of V,.
If n=1, V,is a curve. In this case the surface metric tensor has one com-
ponent which may be written as g1 =M. Then, from (5.9) and (6.10),

G = g% — MAg®nNA

so that G*;;=0 for a curve. If G%;;=0 at a point @ of V, and n exceeds unity,
it follows from (6.10) that

(6.11) 8% = giik®

In accordance with the analogue of (5.6) for any subspace, every direction

at P is a principal curvature direction so that P is an umbilical point of V..

Conversely, if P is an umbilical point, then (6.11) holds so that G*;;=0 at P.
The scalar quantity A defined, except for a choice of sign, by

(6.12) A? = n7la,pg g %G iGP Ly
is called the relative conformal curvature of V,if n>1. If n=1, A is identically

zero. As follows from (2.6), (6.2) and (6.9), it is a relative conformal scalar
of class C™? obeying the equation
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(6.13) A = eA.

The reality of A is guaranteed by showing that A? defined by (6.12), is non-
negative. To prove this statement, we choose coordinates y* and parameters
%% 50 that aas=08%, gi;= 0% at the point P. Then, from (6.12), we have at P
that

A? = 07130 @G G = 1 20 30 3 (Goii)? 2 0.
« a & 7

The equality sign is valid if and only if G*;;=0. We summarize these results
in the following theorem.

THEOREM 6.1. The relative conformal curvature A of a subspace V, in Vn
vanishes at a point of V, if and only if the conformal tensor G*;; is zero atthe
point. If n=1, G=;; vanishes identically. If n>1, G*;; equals zero at a point of
Va if and only if this point is umbilical in V.

Throughout the remainder of the paper, except where the contrary is ex-
plicitly stated, we shall assume that (%) #>1 (so that m>2) and restrict
ourselves to subspaces V, (more accurately: regions of V,) which do not con-
tain any umbilical points. Since A0 in V,, we suppose that an initial choice
of sign for A is made so that A>0in V,.

The principal directions determined by the surface tensor G*;;{. where {=
is a vector belonging to the normal vector space of V, are, from (6.10), the
principal directions determined by g2;;{.. Consequently these directions are
the principal curvature directions of V, corresponding to {,. Since both G<,;
and the orthogonality of {, to V, remain unchanged by conformal transforma-
tions of V,, this proves the conformal invariance of the principal curvature
vectors. In particular, we note the following theorems of Schouten and Struik
[13, pp. 211-212].

THEOREM 6.2. The lines of curvature of a hypersurface V, n>1) in Vap
are invariant under conformal transformations of Vi1,

THEOREM 6.3. The umbilical points of a subspace V, (n>1) in V,, remain
umbilical under conformal transformations of V.

Digression. The remainder of this section is devoted to the derivation of
some relations between A and various metric geometric objects of V,. The
relative conformal curvature may be expressed in terms of the coefficients of
the first and second fundamental forms of V.. If we make use of equations
(4.14), (5.5), (5.9) and (6.10) then (6.12) becomes
6.1 A® = mbsalggi* — wigiigh).

If V, is a hypersurface, a formula for A in terms of the principal normal

(1®) The case n=1 (curve theory) is considered in §34.
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curvatures of V, may be found. In this case, by the use of the canonical
representation of g¥ given by (4.9) and also (5.8), we find that

bijikigiig’® = 2 b

If we take account of this equation as well as of (5.10) and (5.12), equation
(6.14) becomes

2
A = ""[ > (-’)b"'”"’< 2 (i)b)':l =n1), [wb’ —n b Z(nb]
; r 3 i

= n“‘z @bwd — r].
Now from (5.12), '

Z:#[u)b —u]= #Z [wb — u] =

Hence the above equation remains unchanged if #~1>_u [0 —u ] is subtracted
from the right member. This gives()

(6.15) AT =212 (b — w)t

If m>n+-1, a similar result may be obtained for any subspace V.. Let
8% @f% * + +, m—m¢* be the normalized (m —n)-bein of (4.9). We denote
the - # principal normal curvatures of V., corresponding to w{* by
anb, anbs, ¢ ¢ ¢, a,mb. and write (1)p=n-12;‘ a,»bs and use an analogous
notation with respect to the other {*. In a manner analogous to that used in
the derivation of (6.15), we find that

A2 = "—l{ E (a.0bi — amw)? + Z (@iyhi — @)+ - - -
(6.16) ! '
+ Z ((m—n-t')bs' - (m—n)#)z} .

7. The conformal measure tensors. In this section, we define the funda-
mental conformal geometric objects which have roles in the conformal the-
ory analogous to those of the metric tensors a.g, gijin classical and Riemannian
geometry. If (5.1) is obeyed, the relative conformal curvature A exists. Since
A >0, we may write it as

(7.1) A = ¢t
We call ¢ the gauge function of V,. According to (2.6), (6.2), (6.13) and (7.1),

() An alternative form of equation (6.15) is A*=n"2>_> i(wb—b)?. The quantity
b — b is a relative conformal scalar having the transformation law [(b— b ] =e~[yd — @b ].
This fact and the definition of A given in this footnote provide another proof of (6.13). Analo-
gous remarks apply to the case of a general subspace V, and are based upon equation (6.16)
instead of (6.15).
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the tensors A.s, Gi; defined at points of V, by
(7.2) Aaﬂ = ez¢ad8’
(7.3) Gij = e¥g;;

are positive definite tensors of class C—2 and remain unchanged by conformal
transformations of V,, that is,

Aus = Aus,  Gij = Gy
We call 4.5 the conformal (space)(?°) measure tensor of V., and G;; the con-
formal (surface) measure tensor of V.. Where there is no ambiguity, we shall
refer to each of these tensors as a measure tensor.
The contravariant components of these measure tensors are defined by

(7.4) ABAg, = 8%, GG = 0.
It is clear that these tensors satisfy the equations
(7.5) A = g8

(7.6) Gil = ¢ ®gil,

If T*i;is a conformal tensor and any of its indices are raised or lowered by
means of A°f, A.s, G, G;j, it is clear that the new tensor retains the con-
formal character of the original one. Consequently the raising or lowering of
the indices of any conformal tensor in the sequel is accomplished by means of
these measure tensors unless the contrary is ‘stated. On the other hand, the
raising or lowering of the indices of any non-conformal (metric) tensor is done
by means of the metric tensors a®?, a.g, g%, gij unless the contrary is indicated.
As a result of (4.5), (7.2) and (7.3), the measure tensors are related by the
equations

(77) Gii = AugG2GPj.

In these equations, we have written G¢*; for dy*/dx* in virtue of the conformal
invariance of the latter tensor which is stated in (6.1).

A tensor algebra may be based upon these measure tensors, which is
analogous in every respect to the classical algebra developed in §4 which is
founded upon a.s, gi;. With reference to conformal tensors similar to those
defined in §4, every equation of §4 has a precise analogue in the new algebra.
In particular, the conformal length T of any conformal space vector T* is

defined by
(7.8) T2 = A 4TT".

(29) It should be noted that the space measure tensor Aus is defined relative to the sub-
space V. This is true of almost all the space conformal objects which appear in this paper and
the definitions of these objects should be understood as containing the phase “relative to V,.”
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If T=1, T*is called a unit conformal vector. If T* is a conformal tangent ~rec-
tor L¢, its space and surface components obey the equations

(7.9) @ = LiGe, L; = L.G*

and its conformal length may be measured with equal validity by either 4.
or G;;. The magnitude of the angle between two vectors is obviously the same,
regardless of whether the angle is measured by means of the metric tensors
@ag, gijOr the conformal measure tensors A.g, G:;. This is a natural phenome-
non, since the magnitude of an angle (measured by the Riemannian metric)
is unchanged by conformal transformations.

For the tangent vector space of V,, the projection tensor G¢# relative to
the conformal length measure stated in (7.8) is defined by

(7.10) G = GYGGP;.

The various equations of §4 are true if conformal unit vectors are substituted
for the metric unit vectors and if the replacements a—4, g—G, 7—T, h—H
are made in these equations. In the remainder of the paper, we frequently

use the conformal analogue of (4.14) and refer to it simply as equations (4.14).
Finally, we note that the important algebraic identities

(7.11) G,Gii = 0,
(7°12) AaBGahGBleikG” =n
are an easy consequence of (5.9), (6.10), (6.12), (7.1), (7.2), (7.4) and (7.6).

III. CONFORMAL TENSOR ANALYSIS

8. Conformal differentiation. In order to define a covariant differentiation
process in conformal geometry, we first replace (5.1) by (5.13). This guaran-
tees the existence of the Christoffel symbols. It is natural to require this
differentiation process to satisfy the following conditions:

(@) If T*i%jis a tensor of class C* defined on a surface neighborhood of V.,
then T*g;y may be written as(®)

i)
at,. = —— Tai,. 5i, Ta — ai, T8
(8.1) Tk Py Totg; + To%;T5,Gy T3, 1%,G7

+ Talﬁipilk —_ Taiﬂll"l’.k‘

(b) The coefficients T'g, and T'ij, defined(??) on V., are symmetric in the two
lower indices.

(%) The form of equations (8.1) is suggested by (5.2). They need not be assumed for a gen-
eral tensor T;’; but may be developed axiomatically from the assumed laws for a scalar and a
contravariant vector. (If T is a scalar, then (8.1) becomes T =97T/dx*.) The details of this
development are analogous to those of a similar proof in our paper on the conformal theory of
curves [8, pp. 447-449].

(®) The definition of I'%s, and I'¥;; is implicit in conditions (a) to (e). The explicit definition
of these coefficients appears in equations (8.5) and (8.11).
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(c) Ti%;xts a tensor.

(d) If T=%;1is a conformal tensor, T*%;y is also a conformal tensor; that is,
Teig; = Tig; implies T"‘g,'; e=T%%;..

(e) The measure tensors behave like constants with reference to the differentia-
tion process; that is,

(8.2) Aapir = A = A% = 0,
(8.3) Gijr = GY., =G = 0.

The quantities I'#s, and I'‘j are the conformal analogues of the Christoffel

symbols of the second kind
a 1
fof = il
By ik

respectively. It follows directly from (a) and (c) that I'%, and T'ij; are coeffi-
cients of connection(?®) and consequently differ from the Christoffel symbols

{ﬁo;} and {jik}

respectively by quantities which are tensors. The converse is also true. As a
result of (a) and (d), it is readily seen that I'%, and I'¥; must be conformal
geometric objects which remain unchanged under conformal transformations
of Va;thatis,

(8.4) Teg, = T%,, T =T

Condition (b) as applied to I'‘3 plus the first of equations (8.3) readily de-
termines I'';; as the Christoffel symbols of the second kind formed from G;;.
The conformal invariance of these Christoffel symbols may now be proved
independently of the above discussion since G;;is a conformal tensor. Accord-
ing to (7.3) and equations similar to (6.3),

; i . ; ;
(8.5) Té = {j k} + giibs + b — g

The I'%, cannot be similarly determined as the Christoffel symbols formed
from A.s since 4.5 is only defined at points of V, and consequently 94 .s/dy”
does not exist. Condition (b) for I'#s, and the first of equations (8.2) do not
determine I'%, uniquely. If I'#s, is chosen in the form

(8.6) Tegy = {;Y} + a%mry + a%yms — a5y0°°7s

then these conditions are satisfied if m,g"% =¢.:.

(#) For the definition and properties of coefficients of connection, see [5, pp. 3-6].
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We digress somewhat in order to find a value for m, in this formula which
makes (8.6) a conformal geometric object. Equations (6.13) and (7.1) are
equivalent to

8.7 c=¢—3.

From this equation, we obtain o,;=&,:—¢,:. Since opgl.=0sg8:g’%, =0:g',, the
above equation leads to

0pgfa = $a — Pay
where ¢.. §. are the space components of ¢,;, é,; so that
(8.8) ba = i '

Now
a.a = a,ﬁaﬁa = a'.agﬂa + U.phpa-

The above results and (6.8) permit us to write these last equations in the form

(8»9) C,a = Na — Na
where 17, is the gauge vector defined by
(8. 10) Na = Pa + MKa.

Use of (8.8), (8.9) and (8.10) shows that (6.3) may be -written in the in-
variantive form

) a
{ ﬁ‘r} + @%iy + d%yip — Gp,0's = { ﬂ'y} + a%my + a%ymg — agya’ny,

i, . . i . ; .
{jk} + &b+ 2hdi — Eng''da = {jk} + &'t + gub,i — girg¥d.1

The second of these equations establishes the conformal invariance of the Tin
defined by (8.5) in a new way. The first equations suggest that , in (8.6) be
defined as 7, so that I'%, is defined by the equations

"
(8.11) Tegy = {37} + a%mny + a%yms — apyatys.

The definitions (8.5) and (8.11) show that I'¥; and I'%, are of class C™3 in
the x*.

The quantities I'*; defined by (8.5) are called the conformal (surface) co-
efficients of connection and the quantities I'%s, defined by (8.11) are called the
conformal (space) coefficients of connection. The derivative defined by (8.1) is
called the conformal (surface) derivative of T*%;. It is clear that all the properties
(a) through (e) as well as (8.4) are satisfied and that conformal differentiation
of the sum, difference, inner and outer product of tensors obeys the same rules as



334 AARON FIALKOW [September

ordinary differentiation. However, we note that both I'‘;; and I'%, are defined
at points of V, only and consequently the conformal derivative does not have
a meaning throughout the imbedding space V., but only on the subspace V..
We also observe that the conformal coefficients of connection are defined rela-
tive to V,. This means that the conformal differentiation process is dependent
not only on the metric of .V,, but also on the subspace V, (or, more precisely,
on the third order differential element of V,). This definition of differentiation
with respect to a subspace is somewhat analogous to the similar definition of
parallel displacement of vectors in a general Riemann space with respect to a
curve.

If T is a conformal tensor of class C! defined on a space neighborhood of
Vm which includes a surface neighborhood of V, then T, may be defined
at points of the surface neighborhood as

d
(8.12) Teg .y = — g 4 T‘gI‘“,., - T";I“p-,.
ay7
It is immediate that this conformal (space) derivative T%., of T enjoys all
the properties of the conformal surface derivative T9:;. It is a simple conse-
quence of (8.1) and (8.12) that these derivatives are related by means of the
equations

(8.13) T = T4 ,G%.
According to (8.1),

a2ya .
Goij == -+ ToqgPi87; — T8

dx*dx

since G%; =g, If these equations are simplified by means of (4.5), (4.14),
(5.3), (8.5) and (8.11), we obtain

(8. 14) Ga":i = g%; + gai(nygv’. —_ ¢.i) + g“i(nag"s —$.) — gii(a“m _ g"l¢.z)-
Since p. is orthogonal to g« it follows from (4.14), (8.8) and (8.10) that
Mgt = 65 =0, avhny — geig = ue

Hence, in virtue of (6.10) and these last equations, (8.14) may be written as

(8.15) G = G
In particular, we note as an immediate consequence of (8.15) that
G*. ;= G%:..

While the I'ij are uniquely determined by conditions (a) through (e),
this is not true for the I'%,. Let I''%, be any space coefficients of connection
for which conditions (a) to (e) are true, other than the I'%, defined by (8.11).
Then
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(8.16) I, — Iy = T%,,

where T'%, is a tensor. It is easy to show, using conditions (a) to (e), that
T=g, must be a conformal tensor which satisfies the relations

(8.17) Tapy = Tays [Tasy + Tsav]G = 0,

where Ty =A4sT%,, and conversely. It follows from (8.17) that we may write
(8.18) Tapy + Thay = Sapy

where S.s, is any conformal tensor which obeys the equations

(8.19) Sapy = Spa SagG7r = 0.

From equations (8.18) and the symmetry properties of Teg,, we easily find
that

(8.20) Topy = [Saﬁ‘r + Saw — Sﬁva]/z-

Conversely, if S.sy is any conformal tensor which obeys (8.19) then T.sy,
defined by (8.20), obeys (8.17). It follows from (8.16) that the most general
I'’e4, are given by

(8.21) I'egy = Ty + A= [Saﬁ'f + Ssvs — Sﬂ‘v&]/z

where S.gy is any conformal tensor which has the properties stated in (8.19).

Finally we note that I'?j; and I'%, exist if » = 3. However we may show that
if I'iy exists on a Vo of class C™ with r=2 then T2, as well as the quantities
T, T, defined on any V., also exists. For the proof, we note that (8.5)
may be solved for ¢,; in terms of I'ij and

{:k}'

Since 722, ¢ exists and (8.7) is true. The existence of ¢,; plus the validity of
(8.7) permits us to deduce the existence of &... Hence T'i;; exists. Also (8.10)
and analogous equations in V, show that 7, and 7. exist. It follows from (8.6)
that both I'#s, and T, exist. Incidentally, the proof also shows that if ¢ ;
exists and =2, then §,; also exists.

9. The replacement principle. Many of the equations of this paper contain
a mixture of some quantities which are unchanged by conformal transforma-
tions of V,, as well as of others which vary under conformal changes of the
metric of V.. In this section, we show, by means of a change of gauge, that
certain of these latter non-conformal geometric objects may be treated as
independent variables in expressions where they occur and, in particular, may
be replaced by zeros. This replacement principle results in a very considerable
curtailment of many of the formal calculations which are made in the paper.
In this respect, it is analogous to the choice of special coordinate systems (for
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example, normal coordinates or coordinates where the coordinate directions
have special initial positions) frequently made in classical and Riemannian
geometry.

THEOREM 9.1. Let V., be a subspace of class C™ (r=2) in a Vam of class C?
(g=7) and suppose that the gauge function ¢, its derivative ¢, and the mean
curvature normal p, exist(**) in V,. Then an allowable conformal transfor-
mation of a region of V., containing V., exists so that Va2Vm, V.2V, and the
values at any fixed point of Vo, of the geometric quantities &, &, fi. defined on V,
are arbitrary preassigned numbers.

The proof is simple. For the existence of &, &.;, and &, in V, follows from
the assumed existence of the corresponding quantities in V, and the conclud-
ing paragraph of §8. Now the values of &, &.;, f. at a point P of V, are pre-
assigned numbers and the values of ¢, ¢,:, u. at the corresponding point P
of V, (having the same coordinates) are known. Hence the corresponding
values of 7., #i. at P, P respectively may be computed by equations like (8.10)
evaluated at thése points. Then' (8.7) and (8.9) determine the value of the
mapping function ¢ and of its first space derivative ¢,, at P. It is clear that
an infinite number of functions o (y?) of class C* ! exist having the determined
values of ¢, 7. at P. Any one of these functions may serve as the conformal
mapping function and satisfy the conditions of the theorem. This completes
the proof.

Now consider any ‘conformal tensor T'%%; defined on V, and depending
upon geometric objects of V,, and V,. If V.2V, V.2V, under an allowable
conformal map, we assume that the corresponding tensor 7is; obeys

9.1) Talg; = Teig,.

It is understood that T*%; and T*%; are the same formal functions of the cor-
responding geometric objects of V,, V,, and of V,, V. respectively. However,
despite the conformal character of T'*%; stated in (9.1), the formal expression
for T=%; may frequently be given as a complicated mixture of conformal quan-
tities and non-conformal quantities. In what follows, we explain how the con-
formal nature of T'%%; may be formally exhibited in an explicit manner.

If T*%;depends formally upon some of the quantities ¢, ¢,;, e, we denote
by °T«i; its formal value when ¢, ¢, m. are each replaced(®) by zero. If
T#i; is formally independent of these quantities, then we write 9T @ig; = T=i;;,
We use a similar symbolism for any (not necessarily conformal) geometric
object in V,. Whenever we speak of replacements for a geometric object in V,,
we mean the substitutions described in this paragraph.

(#) If r 23, all of these last conditions are fulfilled. .
(%) Since zero is a tensor, these replacements leave the tensor character of 3} undisturbed.
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Let ® be a point of V.. According to Theorem 9.1, a conformal map
Va2V, Va2V,., P2P exists so that §=¢,; =f.=0 at P. In virtue of these
equations, the value of T%%; at P may be written as

(9.2) Teig; = (T)).

Now if it is possible to write the formal expression for °(T*;) so that it in-
volves only conformal geometric objects, it remains unchanged (both for-
mally and in its value) under conformal transformations so that

9.3) "7y = Y(T)),

where °T#y; is evaluated at P. Of course, this condition is equivalent to the
assumption that °T%%; is a formal function of conformal geometric objects
only. A comparison of (9.1), (9.2) and (9.3) leads to

(9.4) Teig; = 0T %),

which is valid at P. The considerations which lead up to equations (9.1) and
(9.2) may be applied at each fixed point of V,. If (9.3) obtains throughout Vs,
then equations (9.4) are valid at each point of V,; that is, (9.4) is true
throughout V,.

The above ideas may also be applied to certain tensor equations. A tensor
equation in V, may be written as

9.5) wig; = 0,

where 7*%; is defined in terms of geometric objects of V, and V.. Suppose
that #%is; is the corresponding tensor in any V, defined in terms of the corre-
sponding geometric objects of V,., V, and that the equation

(9.6) 7%, =0

is obeyed in V,. Then it follows from (9.5) and (9.6) that w=; is a conformal
tensor T*%; so that (9.5) is a conformal equation. (Of course, T%%; is equiva-
lent to the zero tensor.) Under these circumstances, the above discussion
shows that if T2%; obeys (9.3), then (9.5) is equivalent to °T«%;=0. We sum-
marize these results in the replacement principle.

THEOREM 9.2. Let T=%; (T*%;=0) be a conformal tensor (conformal equa-
tion) in a V, of class C™ (r=2). Then, if the formal expression for °T*%s; involves
only conformal geomeiric objects, T*ig;=0°T%; (°T*%;=0 is equivalent to
Tig;=0) throughout V..

Finally, we note that the argument used to establish this theorem says
in essence: under conformal transformations, ¢, ¢, 1. have the role of inde-
pendent variables while T¢%; remains constant. Hence T'#%; is independent
of the values assigned to ¢, ¢,i, pa 50 that T oig;=0T2i,

It is clear that the operation of replacement is commutative with the oper-
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ations of addition, subtraction, inner and outer multiplication and projec-
tion of tensors. Whenever the operations of replacement and differentiation
are both applied to a tensor, it is assumed that the replacement operation is
applied last unless the contrary is indicated. For later use, we append the
following equations which are immediate consequences of the definitions:

9.7 % =, = uy = ", = 0,
O:; = Gij, 0gii = G,

(9.8) Daaﬂ = Aaﬂy 0o = Aaﬁ’
%8ap = Gag, g = G4,

o(; (o

9.9 }=I"", { }-—-P“,

®-9) {jk * By a

(9.10) Oraigin = Tk, MMy = 7%,

Digression. The result stated in Theorem 9.1 suffices for many aspects of
our work but we note that it is possible to obtain a much stronger theorem.
Indeed ¢ and . may be assigned as almost arbitrary functions defined not
only at P but throughout V, if V, is of class C* (r=2) and ¢ is of class C!
in V,. To prove this, we first rearrange equations (4.3) so that the Jacobian
of the first z» of these equations does not vanish. We denote the y= in these
equations by y* and the remaining y* by y* (w=n41,n+2, - - - , m). Then
equations (4.3) may be written as

y = yi(x9), ¥ = yo(x).
The parameter transformation
# = yi(a)

is an allowable change of parameters and, in these x%, the equations of V,
and V, assume the form

©.11) Y=o = o).

We suppose that ¢=r. Then the coordinate transformation
yi=5 Y=y — @)

is an allowable coordinate change. Equations (9.11) become

(9.12) yt' = zxt, o = 0

where, for simplicity, we have omitted the primes both for the y’= and the
x". From (9.12), we have

(9.13) ga', = 6“"

According to our hypothesis, » = 2. Hence ¢ and u, exist. Since we also as-
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sume the existence of ¢,;, the vector 7, defined by (8.10) exists. Also, in ac-
cordance with the concluding paragraph of §8, the geometric objects &, &,:, fia
and 4., defined on any V, obtained from V, by an allowable conformal map
must exist. Furthermore, since o is of class C*! and ¢, is of class C?, it
follows from (8.7) and (8.9) that ¢ —@ must be of class C*! and 7, — . must
be of class C2 According to (9.13) and the definition for 7., it follows that
Ma— Hq must be of class C+2

Conversely, let ¢(x) be any scalar function and G.(x%) any vector functions
which satisfy the conditions:

.14) o(x)) — d(xv)  is of class Co? (g=r=2),
) pa(x?) — Fa(x?) are of class C*-2,
(9°15) Bag® =

We shall show that an allowable conformal transformation Va2Vm, V.2V,
exists so that ¢ and g, are the gauge function and the mean curvature normal
of Va.

If we define 4, by the equations

fla = Ba + ¢.€gia
it follows that
Na = fla = (I‘a - ﬁa) + (¢,s — $.i)gi¢

and, from (9.14), n,— 4. is of class C+ 2 As a result of (8.8), (8.10), (9.13)
and (9.15), the first  components 5; and #; of 9, and 4, respectively are given
by

(9.16) N = ﬂagat' = ¢.t" 775' = ﬁag“i = @,

Now, according to a theorem due to Whitney [18, p. 65, Theorem 1], func-
tions f.(y% y) (r=n+1, n+2, - - -, m) exist so that

fo(3%, ¥7) is of class C2 in V.,

(9.17) Ju(2i, 0) = ny(x%) — qu(x9),
Jo(2%, y7) is analytic at points of V.. which are not in V,.

Consider the function o(y*) defined by
(9.18) o(y?) = 20 y°fu(s¥, ) + [6(6) — (39 ].

From (9.17), it follows that
22 vfu(3 37

is analytic at points where at least one of the yv differs from zero and is of
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class Ce2 at points where all the y* vanish, that is, in V,. If(%) ¢>2, any
(g—2)th partial derivative of this expression may be written in the form

B(y%) = 20 3°8u(3% ¥ + g(5% ¥7).

Here g. is a (g—2)th derivative of f, and is therefore of class C° in V,. Also,
the highest order of derivative of the f, which occurs in g is ¢—3 so that g
is of class C'in V,.

We show that k(y®) is of class C? in V,,. There are two cases: (1) If any y“
is not zero. k(y®) is analytic. (2) If all the y“ vanish, then

0h/dy’ = 3g(y%, 0)/dy’

and, by definition of the derivative,

oh 1 ag(y*, 0)
= lim — [Ay7g. (¥ Ay) | + ———
il Nwe [Ay7(v%, 9] oy

This last expression becomes

dh/dy™ = g.(y%, 0) + dg(y*, 0)/dy".

Hence k(y?) is of class C'in V,,.

Now, from (9.14), ¢(y') —&(y?) is of class C«t in V,. Hence o, defined by
(9.18), is of class C=! in V,,. Furthermore,

da f e EYSNNF Y <
a‘.= Ea.y“-l_(a'_?—, ,
(9.19) Y N Ny Y
60 _ Z(afw u>+
oy~ 2 \ay ) TS

By means of (9.12), (9.16) and (9.17), we see that, at points of V,, (9.18)
becomes

g = ¢(xi) - $(x”)r
(9.20) 90/3yt = ni(2) — Hi(a?).
'30/3)" = n.(27) — qi.(x9).

Since o(y?) is of class C%, it defines a conformal transformation V,2Va,
V.22V, so that points with the same coordinates and parameters correspond.
Then a comparison of (9.20) with (8.7) and (8.9) shows that ¢ is the
gauge function of V, and that @, is the mean curvature normal of V,. This
completes the proof of the above italicized statement.

As a special case of this result, we note that we may choose ¢=¢, g.=0.
Since ju, is of class C™2, conditions (9.14) and (9.15) are satisfied. Hence a V,,

(*) If g=2, then h(3*) =2 _.y*fu(5*, ¥") in the following argument.
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exists for which g.=0. Hence any V, of class C?is conformal to a minimal
subspace. However this proof requires that n exceed 1. Actually, the con-
clusion may be extended to apply to the case »=1. We state this result in
the theorem.

THEOREM 9.3. 4 subspace V. of class C1in a Van of class C* (g=2) is con-
formally equivalent to a subspace of zero mean curvature (minimal subspace if
n>1, geodesic curve if n=1).

For the proof, we simply note that the theorem of Whitney used above
may be employed to show the existence of functions f(y%, ¥7) with the proper-
ties enumerated in (9.17) except that the second set of equations is replaced by

fw(y‘v 0) = M.
Then, as above, the function o(y*) definéd by

a(y) = 20 y*fuly', ¥7)

is of class C*1in V,. Also, at points of V,,
ds/dy' = 0, 30/3y" = pr.

Now, u. is orthogonal to g%;. Hence, from (9.13), the first » components u;
of pa, defined by u; =pu.0%, must be zero. Therefore the above equations be-

come
90/3y% = e

at points of V,. If a(y*) is used as a conformal mapping function, it follows
from (6.8) that g, vanishes identically. This completes the proof. Theorem 9.3,
with 7 equal to 1, was used in a previous paper [8, §10].

10. Conformal geodesic and conformal normal coordinates and parameters.
When the coordinates y* (parameters x¥) are subjected to an allowable trans-
formation (that is, with = 3), the I'%, (I'{;x) change according to the law of
transformation of coefficients of connection. If primes are used to denote the
new coordinate (parameter) system and the components of the I'%,, I'ij in
this system, then this law of transformation is

] aya ayS aye a2ya
rlsﬂ‘v s = 1'% B ; + P )
(10.1) 9y ay"® oy’ 3y"ay'”
' axt . dxt axt 9%
Thjp—— = Ty . - :
ax't dx'i dx'*  9x'igx'k

It is clear from these equations that allowable transformations of y2, x% ex-
ist(#) so that

(¥) For example, the equations y '®=(y*)o+y'® — (I'%y)ey"?y'7/2, where (y%)q,( T%y)o are
the values of y*, I'%, at P, define a coordinate transformation for which (10.2) is true.
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(10.2) (I"%4)0 = 0,
(10.3) (Ti)o =0

at any preassigned point P of V. The new coordinate system {y’ "} [parame-
ter system {x’¢}] in which (10.2) [(10.3)] is true is called a coordinate
[parameter ] system which is conformal geodesic at P. These coordinates are
analogous to the geodesic coordinates of Riemannian geometry.

It is also possible to define parameters(?8) which are conformal normal at P.
These are similar to the normal coordinates of Riemannian geometry. Pa-
rameters x’¢ which are conformal normal at P are parameters so that the equa-
tions of those “geodesics” based upon the tensor G;; which pass through P
are x'¢=L%S where the L? are constants and S is the conformal length based
upon the tensor G;;. Of course, conformal normal parameters are also con-
formal geodesic at P. It is sometimes useful to choose the parametric direc-
tions at the center P of the conformal normal parameters so that they coincide
with # mutually orthogonal curvature directions of V, at P.

The existence of conformal normal parameters is established by exactly
the same proof as that used in Riemannian geometry. For this existence
proof, it is sufficient that G;; be of class C? in the x¢, or otherwise, that r=4.
The parameter transformation to conformal normal parameters is, in general,
of class C? and therefore not an allowable transformation unless 7= » or
unless V,, is considered as a space of class C™2.

11. The Weyl tensors. The assumption

(11.1) g3

guarantees the existence of the Riemann curvature tensors pasys and pagys of
V. and V,, respectively. A straightforward calculation based on the definition
(5.14) and the first equations of (6.3) gives(??)

(11.2) €2 Bagys = Papys + Ga80yp t 85(v08)-a + Ga(331)—- Ao

From these equations, we readily obtain

oy = pgy + (m — 2)opy + aﬁ‘y[a“s"'.ﬂ + (m — 2)A0]
and
(m — 1)(m — 2oas = (m — 1)[pap — pas] — [pdes — paas]/2

(11.3) — (m — 1) (m — 2)A10-aas/2.

In these equations, Ao is the differential parameter of the first order defined
by Ao =a%fg .05 and o4 is defined by the equations

(11.4) Caf = O,a8 — 0,a0p

(28) Since the I'%3, are only defined at points of V., there are obvious difficulties in defining
“conformal normal coordinates.”
(#*) For a derivation of (11.2) along these lines, see [4, pp. 89-90].
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If m>2, (11.3) may be solved for g.s. If the resulting value for o, is substi-
tuted in (11.2) and account is taken of (2.6), we find that

Co%ys = C%ys

where C%,; is the conformal (space) Weyl tensor of V,, (m>2) defined by

1
Co%yi = p%vs + ———— [a%p5y=8 + assp%n-]
(m —2)
(11.5)
p
+ = D(m —2) a%(3Qy)-p.

If m =3, it may be shown that C?%,; is a zero tensor. It was proved by Weyl
[17, p. 404] and Schouten [12, p. 80] that, if m >3, the equation C%.;=0
is the necessary and sufficient condition that V,, be a conformally euclidean
space Rn.

Unlike the Riemann tensor, contraction of indices in the Weyl tensor does
not lead to any new tensors. For, from (11.5),

(11.6) C°‘37¢ = C%qs = Caa76 = _C“ﬁ-yaaﬂ" = C“ﬁyaa/” = C"g.,;a"‘ = 0.

However, new conformal tensors may be constructed from C<%,s at points
of V, by means of the conformal projection tensor G*# and the indices of
these various tensors may be raised or lowered by means of 428, 4.4 if (5.1)
holds. We define the following conformal tensors:

(11.7) Copys = AaClys:

(11.8) Cpy = CapyiG*®,

(11.9) C = Cs,G7,

(11.10) Capyi = CapyiG’ry  Capir = CapriG7j,
Caijt = CapinG?,  Chiji = CaijsG%,

(11.11) Cs; = Cg,G7j, Cii = CgiGh..

It follows easily that
(11.12) Ci; = ChijsG**, C = C;,G".

According to (11.6), (11.7) and (11.8),
apypA®? = CopysA*T = Capysd®® = Capysd?7 = CopysAP*= CapysA7* = 0,

(11.13) ¢
) Capd® = 0.

As an easy consequence of (5.15), (11.5) and (11.7), we have the identities
(11 14) Cap-ys = C-ysaﬁ = — Cﬂa‘y& = - Caﬂﬁ‘n Cd(ﬂ‘l")"‘ =0.

Similar identities aiso hold for Cyiz. From these last equations, we also obtain
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(11.15) CopyiG¥ = CopysG?® = 0,
(11.16) Csy = Cpas G,
(11.17) Cay = Cop.

The conformal tensors D% and D<;j; which appear in later sections of
the paper are defined by the equations

1
Degjp = {C"‘ﬂvs +— D [4=Ca-Hes + Amc‘v)'H"e]}G”iG’k,

(11.18) (n

Dogix =AayDgjt,

Da’.. = Ca‘..
(11.19) * Ly —

Daijx = AayD7i 2,

H"QC‘«,G.' (k‘G",')—,

where the raising of indices in C,s is naturally accomplished by means of 428,
It is clear that

D = DG, D.ijx = DagixGPs.

If m=n-1, so that V, is a hypersurface, the measure tensor 4*# may be
written as
(11.20) AB =GB 4 Za78,

where Z¢ is the unit conformal normal to V, (determined except for algebraic
sign) so that

(11.21) AopZ°G8; = 0, AgpZ°ZF = 1.
It follows from (11.8), (11.13) and (11.20) that
(11.22) Cgy = — Capysl°Z®.

As a consequence of (11.9), (11.13), (11.14), (11.20) and (11.22), the follow-
ing identities also hold for a hypersurface

(11.23) C = CupysZ°2PZ72% = 0, Cs,ZP = 0.

The last set of equations shows that Cj, is a tangent conformal tensor. Finally
we note that, for a hypersurface, the conformal tensors D% and D<;4, de-
fined by (11.18) and (11.19), become

(11.24) Dogjr = C%i, Deijp = Cj.

If (11.1) is replaced by (5.13), the Riemann curvature tensors ki and
%ijur of V, and V, respectively exist. As in the beginning of this section, we
may construct the conformal (surface) Weyl tensors of V, and V, from the
Riemann tensors if #>2. The Weyl tensor Wiy, of V,, (n>2) is defined by
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Wi = *n + lgfaxny-i + giax'sy-]

-2
(11.25) (=2
K :
T De o e

If n=3, Wiy, is a zero tensor. If n exceeds 3, the vanishing of Wiy, is the
necessary and sufficient condition that V, be a conformally euclidean space.
The indices of Wi;,; may be raised or lowered by means of Gi/, G;; without
changing its conformal character. For example,

(11. 26‘) Wit = GaWhjx.

Since equations like (11.13) hold when Wi, G/ replace Cagqys, AP there are
no analogues to Cas, C. It is easy to verify that the usual identities hold for
W.‘,‘u, that is,

(11.27) Wiite = Wiiii = — Wii = — Wi, Wicien+s = 0.

We now define the Weyl operation T which when applied to p%y.s, %
yields the Weyl tensors C?,s, Wi This operation is used later in the paper.
Let #>2 and f;; be any symmetric positive definite surface tensor and let
dsu1 (d32)-be any surface tensor. Then the Weyl T operation with respect to f:;
applied to the tensor dij: (d%s:) Yields the tensor Tdiju ( T d'y;) defined by
the equations

Tdijrr = dijrr + [fiadn=i + fiadiy]

(n—2)
a .
+ mﬁuﬁ)—i,

(11.28)

Tk = &% + [ adiy-; + ficadisy| :

(n—2)

+ D=2 & afiri

where fi are the contravariant components of fi, and di =d:juf*, i =d' ;. f*,
d=d;f""=d*;. Asimilar definition is made for space tensors. Then it is immedi-
ate that

(11.29) C%qys = 1P%qs Wi = Tkt

where the T operations in these equations are with respect to a.s and g;; re-
spectively. The following rules are direct consequences of the above defini-
tions:

(11.30) T(dijrr + eijrt) = Tdijir + Teiju,
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T (fiweny—i + finen=) =0,
S*1dijr = 0.
As a consequence of the last equations,
T Tdiikl = Tdiikl-

12. The Bianchi identities for the Weyl tensors. If (10.1) is replaced by
the stronger inequality

(12.1) 7z 4

the covariant derivative of the space Riemann tensor p%,; exists. If we choose
geodesic coordinates at a point P of V., differentiation of (5.14) and evalua-

b Eyléy ﬁa Eytﬁys ﬁ) '

From this result and similar equations, we obtain [4, p. 82]

(12.2) P80+ =0

(11.31)

at P. Since the terms in these equations are the components of a tensor, the
equations hold in all coordinate systems and at all points of V,. The equa-
tions are the weil known Bianchi identities. If (12.2) is contracted for « and §
and also multiplied by ¢f¢ and summed for 3, ¢, we obtain

(12.3) aPpy,e = p,4/2

after using (5.15) and the definitions for pgy and p.
If m >2 and C%.s,. is calculated from (11.5), we obtain, after using (12.2),

(12.4) Co%(ys,0+ = “‘1— [4“7+Pﬂ<6e>+ + @540 (ve)+]
(m — 2)
where we have written
(12.5) Pevs = Pacv.ty~ + Tml:T)’P.maa)—m P%ys = a°Pppys.
It follows from (12.3) and (12.5) that
(12.6) p%s = 0.
Contraction of (12.4) for @ and & leads to
(12.7) Coeva = (m = 3)pger/(m — 2)

after simplification by means of (11.6) and (12.6).

Since C4,; is of class C! throughout V,, C%.s.. exists at points of V, if
condition (5.13) is adjoined to (12.1). From (8.11), (8.12), (11.6) and (11.14),
we obtain
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(12.8) Caﬂw:e = Caﬂ'f&.t + (m - 3)Caﬂ‘7577a-

This equation is true on V,. It follows from (12.7) and (12.8) that, at points
of V,,

(12.9) C%ys:a = (m — 3) [m pevs + C“ﬁviﬂa]-
According to (9.10),

(12.10) C%ys,e = C%ys: e

If m>3, (9.7) and (12.9) show that

(12.11) %gys = (m — 2)C%ys:0/(m — 3).

Now equations analogous to (12.4) are true in every V., so that (12.4)
are conformal equations. If replacements are made for the various tensors in
these equations by means of (9.8), (12.10) and (12.11), we obtain

(12.12) Coypi eyt = [ Coseyt.t + ApstCE (qey+: 1]

(m — 3)
where C*%,.= C%,.A . Since the terms in (12.12) are components of conformal
tensors, the replacement principle enables us to copclude that (12.12) is equiv-
_alent to (12.4) at points of V,. Consequently equations (12.12) are valid
throughout V, if m>3. They are the Bianchi identities for the space Weyl
tensor Co.s.

If m <3, no corresponding Bianchi identities for C%,s hold since C%,,s
does not exist if =2 and is a zero tensor if m=3. If m=2, pap=p-aas/2 so
that p.sy defined by (12.5) is a zero tensor. If m > 2, covariant differentiation
of (11.3) and use of (2.6) and (6.3) gives

(m — 2)[”-«31 — O,ay0 8 — '-".ao'.d‘r] = Pagiy + 2Paso v
+ ﬁ’lﬂa:a + ﬁ¢1a-ﬂ - ﬁtﬂa‘sa.ﬁaa‘y - ﬁeaa“‘o’,aaﬁ7
= Papy — (1/2(m — 1)) [p;18as + 25Gao.y — p,70as]

— (m — 2)3a80*%0 40 5.

(12.13)

According to the Ricci identities(®) for this type of differentiation,
O a8y~ =0 Py, Which, if m>2, become

0.a@n~ = 0,C%sy + (1/(m — 2)) [0'.<~/Pﬂ)'a + a¢<pp,)—¢a‘3o,s]

(12.14)
+ (o/(m — 1)(m = 2))o. 501

upon application of (11.5).

(%°) These identities are derived for general covariant differentiation in §17.
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If the indices B, v in (12.13) are interchanged and the new equations sub-
tracted from (12.13), the resulting equations may be simplified by means of
(11.3), (11.4), (12.5) and (12.14). In this manner, we obtain

(12.15) (m el Z)U,eceaﬂ‘y = baﬂ-y = PaBy-
According to (8.9), (12.15) is equivalent to
(12.16) PaBy + (m - 2)"@C‘aﬂ‘y = baﬁ-y + (m - 2)7-71‘6'051-

If m=3 or if Va is a conformally euclidean space Rn of any dimensionality,
C%s,=0. Consequently, from (12.15), pasy s @ conformal tensor in an R,
(m=3) and in any Vs Schouten [12, p. 80] proved that pag, is a zero tensor
in a V3 if and only if V;is an R;. According to (12.9) and (12.16), if m>2,
the tensor pagy+ (m —2)1Ctapy is @ conformal tensor at all points of a Vain V.
It is equal to (m—2)Ceupy: o/ (m—3) if m>3.

According to (4.13), the surface components Ci;s of the projection of
Casys in the tangent vector space of V, are given by (11.10). Conformal dif-
ferentiation of these equations with respect to x! gives

Chiit: 1 = Capys: GUGPGTGHGY
+ Caprs[GGEGT GO + G4GPiGY G + G4GEGY 1G¥ + G4GEGY GO
after account is taken of (8.13) and (8.15). If these equations and similar

equations are added and the result is simplified by means of (11.14) and
(12.12), we obtain

1
(12.17) Chigik: y+ = m [Ghi+C: k1)t e + GittCoh(ity+: o)
+ Copys [Gahi*‘GBzG“’HG'H + G“hGA;'ﬁG"HG‘z-r]
where(®) C%j.. are the surface components of the projection of C%.s.. in
the tangent vector space of V,, that is,

(12.18) C%ik:a = C%ys: aGPiG7 ;G

We multiply (12.17) by G*! and sum on repeated indices and simplify the re-
sult by means of (7.4), (7.10), (7.11), (11.8), (11.11) and (11.14). In this way
we obtain

Chicik: +GM = (1/(m — 3)) [(n = 3)C%x: « + Gij-Cohur oG]
+ CapriGP G -G G™i-G*1 + G4GP:G7 iG] + Co G iy

In a similar manner, conformal differentiation of Cg; defined by (11.11)

(12.19)

(®) In accordance with the convention of §4, we omit the projection symbol * since C%;i:«
can only mean (C%ys:a) G%G";G%. For the other interpretation, namely (C%;x):a, is meaningless
since the space conformal derivative of C%;; does not exist. These remarks also apply to similar
tensors defined in this section.
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with respect to x* gives
Caith = Capyt: GBGP G + CasGl i + CapriGPiG* [GPriGY 1 + GBGY i)
after use of (8.15) and (11.8). From these equations and (12.12) we find that
Cacisiy- = — Capjt: G5 + (1/(m — 3))[Csi: 1GPa
(12.20) + G arCP3yi=1GP7 + (2 — m)Clajiz]
+ C¢57566,—Ghl[cﬂhk’c7l + GG u-]

where, as in (12.18),

Capit:e = Capys: G7iG%,
(12.21) Clir:t = Clay8:3G7iG%,

Clarrir = Clpys:tGo%.
Now, according to (11.11), |

Citity- = [Cai=G% )1~
so that
(12.22) Citiity~ = Caiiciy= + Ca(iGh=s-

The results of these last two paragraphs are used in the sequel.
If (12.1) is replaced by

(12.23) rz4

the Bianchi identities for the surface Riemann tensor «*;; may be derived
in the same manner as (12.2). They are

(12.24) *igrp+ =0

and are valid at all points of V,. In a similar way, equations like (12.4) to
(12.7) hold for the surface objects which are analogous to the corresponding
space objects of these equations if #>2. We also obtain the following ana-
logues of equations (12.8) and (12.9) respectively:

(12.25) Whiken = Whikn + (n — ) Whind.a,
(12.26) Wh.‘fk;h = (n - 3) [ Kijk + W uk¢ h]y
(n —2)
where k:j is defined by
1
(12.27) Kijk = Ki¢ioy~ + =1 K, (8B

The method followed in the derivation of (12.12) is valid if #>3. In this case,
we find the Bianchi identities for the surface Weyl tensor W, ;.:
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(12. 28) Whiik: v = —l'— [G",‘+W”.'(kz)+: s+ G.','+W°"(u,)+; ,]
(n — 3)
where W7 hjl = W”;,’zG"‘.

13. The deviation tensor. In Riemannian geometry, the fundamental
forms of a subspace V, are defined in connection with the Frenet equations
which describe the variation of the tangent and normal vector spaces of V,.
In later sections, components of conformal tensors which are analogous to the
coefficients of these (metric) fundamental forms are discovered. However, the
tensors thus defined are not sufficient for a complete conformal characteriza-
tion of V, and this fact gives rise to several decisive differences between
Riemannian and conformal differential geometry. It is also necessary to in-
vestigate the variation of the relative conformal curvature A and of the mean
curvature normal u®. The first of these two problems is considered in the pres-
ent section and its solution depends upon the discovery of a new conformal
tensor which has no analogue in the metric theory of V,. Naturally there are
important qualitative differences between the geometric properties of this
tensor, defined in connection with the variation of A, and the geometric prop-
erties of the other tensors, defined in connection with the Frenet equations.

Suppose (12.23) is satisfied. Then the second partial derivatives of A (or
of ¢) exist and are continuous. At points of V,, covariant differentiation of
(8.7) leads to the equations

(13.1) 0= ¢, — i
(13.2) 0 = b4 — i — Gio,i — ijo,i + giigtro i
since, from (6.3),
$.ii = i + Fuo,i + $iioi — giighrodin

We make the definitions
(13.3) Gij = 0,i; — 0,i0,j
(13.4) bii = .5 — ..,

Gii = $iij — Fiidhiie

As a consequence of these equations and (13.1) and (13.2),

(13.5) 0ij = ¢ij — $ij + giighko i
Now
(13.6) g, = 0,a8%,

0,ij = 0,ap8%8%; + 0,a8%;

where g*;; is defined by (5.3). It follows from (11.4), (13.3) and the last two
sets of equations that
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(13.7) 0ij = 0apg®ig’;i + 0.a8%;
If account is taken of (4.5), (6.10), (11.3), (13.5) and (13.7), we obtain

p 1
[Z(m T m =2 5 mg) P ¢"]
(13.8) p _ 1 o
- [2(m ~Dom = 2)'gii - ‘(m__“g‘Paﬂg“igﬁi - $ii]
= 0,G%; + [0,a8% — a0 40,5/2 — g"*0 iPin]gis.

Since u* and G¢;; are orthogonal to ¢, it follows from (4.14), (8.8), (8.9) and
(8.10) that the expression which appears in the right member of (13.8) is
equal to

[0eGoi + (w2 — A19)gii/2] — [7Gi + (8% — Dd)Eii/2].
Therefore (13.8) may be written as

E;; = Eij
where

1
Ea = a 1 —_“—_Pa diB'
i H — &ij (m—2) Pap8”ig" i

(13.9) .

- Y [u2 — A1 + o/(m — 1)(m — 2) Jgi;
and E,;is the tensor formed from the corresponding geometric objects of V.
We call the conformal tensor E;; the deviation tensor(32) of V,. It is immediate
that E;,=E;

The above proof is valid even if 7 23 provided ¢ is of class C2. For, under
these assumptions, &;; exists and (13.1) holds. Since ¢,; and ¢ ; are of class C?,
(13.1) shows that the second partial derivatives of ¢ exist. Hence @ is of class
C*. From this point the previous proof may be continued unchanged. Now
(13.9) shows that the existence of E;; with 7 =3 implies the existence of ¢,;;
so that, in this case, ¢ is of class C2 Hernce we may conclude that if E;; exists
in a Vawith r23, E;j exists in any corresponding V., obtained from V, by an
allowable conformal map.

It is convenient to derive another expression for E;; which involves con-
formal differentiation instead of the usual ‘(metric) differentiation. To attain
this end, we write.

(13.10) = —¢.
It follows from (8.1), (8.5), (13.4) and (13.10) that

(2 A ]llStlﬁCatlon for this name depends upon a plctonal interpretation of E;; which will
appear elsewhere.
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(13.11) Vii= — ¢

(13.12) Vii = — i — G"Y. Gy,

where

(13.13) Vii =V — ¥

According to (7.3), (13.9), (13.10), (13.11) and (13.12), E;; may be written as
Eij = ¥i; + paGii — (7;2—)9650"‘6";

(13.14) .
+ "'2_ [324'“2 + th: Wk + QNP/(m - 1)(’”‘ - 2) ]Gt'i .

From these equations and (9.7), we obtain

%
%0asG*GP;

(13.15) %4 = Ei + m—2 - 2 — D — Z)Gij.

Digression. The proof of the conformal character of E;; which appears
above does not depend upon the definition of ¢ given by equations (6.12)
and (7.1). The only property of ¢ which is actually used is that stated in (8.7).
Hence if x is any other scalar which transforms so that ¢ =x —¥, a conformal
tensor similar to E;; may be constructed by replacing ¢ by x in (13.9). How-
ever, this tensor is closely related to E;; as we now show.

It follows from the transformation laws for ¢ and x that

(13.16) x=¢+T

where T is a conformal scalar. Conversely, if T is any conformal scalar, x may
be defined by (13.16). We denote the conformal tensor obtained by replacing
¢ by x in (13.9) by E;;(T). An easy calculation based upon (13.16) and the
definitions of E;;(T) and E;; leads to the equations

Ei(T) = Eij — Tus + TuT.i+ Tidi + T.id
— MTA[Ts + 20.4]e:i/2.

According to (8.1) and (8.5) (or by making replacements), these equations
may be written as

(13.17) Ei(T) = Eij — T:.ij + T.iT.; — GM*T.4T.4Gij/2.

Hence E;{(T) is the sum of E;; and a tensor obtained by the classical method
of covariant differentiation. We note that E;;0) =E;;. :

14. The conformal Riemann tensor of V,. A conformal geometric object
which plays the role of the Riemann curvature tensor relative to the surface
measure tensor G;; may be constructed if the I'ij are of class C*. This is true
if (12.23) holds. It is defined at all points of V, by the equations
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9

dxk

a9 . .
(14.1) K= i — Tl i+ ThTig — ThiIy,

and is called the conformal Riemann tensor of V., or the surface conformal
Riemann tensor. Since the I'i;; are Christoffel symbols, it follows easily that
K is a tensor with respect to parameter transformations. We also define
the conformal Ricci tensor of V., (surface conformal Ricci tensor) by the equa-
tions

(14.2) K = Kby, K = GK
and the conformal curvature of V., (surface conformal curvature) by the equation
(14.3) K = K.G*.

Of course, K 3 is a symmetric tensor and K*; may be defined by the equations
Ki;=K%;G*. If we write Kiji=GiK";, it is a consequence of (14.1) that
K1 satisfies the identities

(14.4) Kijti = — Kjimi = — Kijue = Kptiis  Kigiepy+ = 0.

We also note that equations like those below (11.2) may be derived which
are based upon (5.14), (8.5), (13.10) and (14.1). These equations are

kii = Kij + (n — 2)¥i; + GiiGP* [ ne + (n — 2)¥: ¢ 5]

where ¥;; is defined by (13.13). From these equations and (7.10), (7.11) and
(13.14), we obtain

kij = Kij+ (n — 2) [E.‘i. — waG%i + paﬁG"‘.G"}']
(m — 2) |
(14.5) .
p
Gii| E G — (n — e | p?
+ [ T L (“+(m—1)(m—2))]
where we have written
(14.6) E = E;G¥i.
It follows from (14.5) that
%;;=Ki; + (n — 2) [E.',' + — °pagG"-.G’,':|
(14.7)
+G~-[E + _1__0 GoB — _("__1)_0’1__]
N m—2) " T - Dm—2)J

If we assume that _
(14.8) r=5
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the first derivatives of the K*;; exist. In this case, by means of conformal
geodesic parameters, the Bianchi identities for the surface conformal Riemann
tensor may be derived following the proof in the metric case. These identities
are

(14.9) Kh.'(,'k; n+ = 0.
From these equations, other results such as the equations
(14.10) G K. = K../2

which are analogous to (12.3) may be obtained.

Since, according to (7.3), the correspondence between the tensors G:; and
gij is a conformal one, the Weyl tensors formed with respect to G:; and g:;
are each equal to W, ;. Consequently, if »>2, the equations analogous to
(12.4) and (12.7) are

[G*+K i iyt + Gij+ K ay+]

(14.11)  WhigGuns =

(n —2)
and
-3
(14.12) Whijkn = LZ K
(n —2)
where

1
(14.13) Kip = Kigg:iy- + —— K. Gy, K*;; = GMKjx.
2(n — 1)

15. Variation of the mean curvature normal. We assume that (5.13) is
true. Then generalized covariant differentiation of (6.10) leads to the equa-
tions

(15.1) G%h,1 = g%t — B® 18
Now the Ricci identities for this type of differentiation show that
g% Gy~ = g%kTnit — gPngYig%1p %8s

If the value of g%.; from these equations is substituted in (15.1) and the re-
sult is multiplied by g*! and summed, we obtain

(15.2) (n — Vpoi = ghG%m,1 + gonkts 4 87i8P%0%s

after simplification by means of (4.10), (5.6) and (5.14).
Now, according to the definitions which appear in (5.2) and (8.1) as well
as (7.11), (8.5), (8.10), (8.11) and (13.10), it follows that

g"'G"u.:: = [G"ih.z — (n — )G 1 + #pG’n.g“z]g"’.
ue = p%; — p. s + plge.
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To obtain these equations, use has also been made of the fact that both G=,;
and u“~ are orthogonal to g2 As a consequence of these equations, (15.2) is
equivalent to

(n — Dp2i = eGP Gon 1 + (n — DG 1 — usGPunG=1)
(15.3) + (n — Dp’G* — (n — Duy. + Gt
+ e‘z“’G".GB‘p“p.,;.

If assumption (5.13) is replaced by (12.23), we may substitute the value for
ki; given by (14.5) in (15.3). If this is done and we then make use of (11.5)
and (11.6), we obtain

(n — Do = e[G%: G + (n — 1)G=uGMY.1 — (n — 1)e>¥uy.;
(15.4) — (n — DG 0G* G + G K*; + (n — 2)GEX
+ GE — C%GP; — ((n — 1)/(m — 2))H*®ps,G;].

These equations, or (15.2), or (15.3) describe the variation of u*. From (9.8)
and (15.3), we find that

(15.5) (n — )%= = G G* 4 Gop%; + G7GP® O,
and from (9.8) and (15.4), we obtain
(n-— 1)%2; = G G** + G K™ + (n — 2)GEY + G*E
— C%G%s = ((n = 1)/(m — 2))-HS 5,7

16. The conformal Riemann tensor of V.. Since the space measure tensor
A s is defined only on V,, it is not possible to construct a Riemann curvature
tensor relative to A.s throughout V,. A complete analogue does not even
exist at points of V, since I'%,/dy* is not defined. However, if (12.23) holds,
the quantities R%j are defined on V, by the equations

(15.6)

9
a,., = (7%
(16.1)  R%jx = G% Py

d
gy — G’i;czl“'p., + [T %y — T%,T%]G7,Go.

Formally, R%;. is equal to R%3,sG7;G% where R%,; is the (non-existent) for-
mal Riemann tensor constructed from the symbols I'%,. This leads to the
conjecture that R%; is a tensor with respect to coordinate-parameter trans-
formations. The correctness of this guess may be verified by a direct calcula-
tion or by other methods. We call R%;;. the conformal Riemann tensor of Va
or the space conformal Riemann tensor. We also define the conformal Ricci
tensor of V.. (space conformal Ricci tensor) by the equations

(16.2) Re, = RogGPi
and the conformal curvature of V. (space conformal curvature) by the equation
(16.3) R = R«G*,.
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If we write
Ragjx = AayR7j1, Rar = AapRPy,
(16.4) R = RegpGP, Rjr = RaiG;,
Riiix = ReopinlG4GP;
it follows from (16.1) and (16.4) that

Ragix = — Rgajx = — Ragrj,
Reginr = 0,
(16.5) Ruijx = — Ranjx = — Ruirxi = Rjrni,

Ruiryr = 0,
Ri;i = RuijsG"* = RinriG**, R;; = R

These equations may be derived by direct calculation or by making use of
the identities satisfied by the formal tensor R2,,.

Assumption (14.8) guarantees the existence of R%;.;. If we choose con-
formal geodesic coordinates and parameters at a point P of V,, differentiation
of (16.1) at P yields

02 92
R i = G Py I'%; — G7; Swont g,
+ G i I‘&ﬁ-y - G7 Tog,.
dxf dx*

From this result and similar equations, we obtain R%x. 5+ =0 at P. It is clear
that these equations hold in all coordinate-parameter systems and at all
points of V,. They are the Bianchi identities for the conformal Riemann tensor
of V.

It is possible to express R%j in terms of other tensors which have already
been defined. To simplify the calculations, we choose conformal geodesic co-
ordinates at a point P of V,. Since (16.1) are conformal equations, the re-
placement principle may also be employed. It follows from (9.9) that the
coordinates are geodesic at P, that is,

a
ot =0
By
at P. However, the results obtained are true in all coordinate-parameter sys-
tems and at all points of V,. Now (16.1) becomes

094 . 07 9
Regji = G (axi P“as) -G (5; I""av)-

According to (8.11) and (9.7) this may be written as
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I
(16.6) Regy, = ay" g5 ays By k MB:k

— G%; "ng. k. — GprA ** "e. ; + Gp;A* *ne: 1.
To obtain these equations, we have made use of the fact that 9,4G7;is sym-
metric in the indices j, k. To prove this we note that conformal differentiation
of 1,G7;=—y.; gives, using (8.15),
Ny kGY + 0G k= — Y2 je

Since ¥ and G7j are symmetric in the lower indices this is also true for
1,4G7; and hence for %9,.G7;.

Now from (8.8), (8.10), (13.10), (9.7) and (9.8), °ns:;="us: j—"(¥»;)G"s.
As a consequence of (13.15), (14.7) and (15.5), the above equations become

(n — 1)%g; j = AsG%in: G* 4 G7 ;G pgeys
+ G*[K»i — En; + EGrj — (1/(m — 2))%G9G7;
+ (1/(m — 2))°pe,G'G;
— ((n — 1)%/2(m — 1)(m — 2))Ga;].

Since the coordinates are geodesic, (5.14) shows that

el " oyl
Pﬂ'y&—ay‘y 35‘ ay‘ By .

If this result and (16.7) are substituted in (16.6), after some simplification we
obtain

(16.7)

Regjr = { 5v8 + [A «Cs=s + C= (1Aa>-ﬂ]}G’ G

(n
1

+(n—1)
+

{E%[G*1-Gs1 — G*Gs;-] + 2EG-Gpi-}
(16.8)

K- [G%-Ga1 — G Gor-
w_D GG Gai|

gl
(n—1)
where we have written Ef;=G"E,; and have also used the definitions stated
in (11.5) and (11.8).

It is shown in §22 that (16.8) may be simplified by means of the conformal
analogues of the Gauss equations(®®) and written as

+

(4846246 iy5: 1 + Ga(Gorya: 1)

(#*) The “conformal Frenet equations” (20.7) and the “derived condition” (21.9) with w=1
are also used in this derivation.
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R%jr = D%t + E4-[G*-Gp1 — G*(Gps-]
(16.9) Gt
(n—1)

where D%, is defined by (11.18). This expression does not involve K;;. From
these equations and (16.2), (16.3) and (16.4) as well as (4.12), (11.8), (11.10)
and (11.11), we find that

R = D% + G*GExy-i + GE! (iGry~i
+ (1/(n — 1))G*H*\G:(;G"ky: 1,
(16.11) Riijk = Chijk + GriEry~i + GikE iy
R’f'k = CauGPr — (n — 2) G4 EY — EG% + GO 'H*,G"g: 1,
(16.12) Riyy =Cj — (n — 2)E;;, — EGj,
R=C-—2(n—1)E.

[B2,Gs(iGky=0:1 + HysGo 4G iy4: 1]

(16.10)

If n>2, we may apply the T operation with respect to G;; to (16.11).
From (11.27) and (11.28),

(16.13) TChiix = T Ruijk

where, in accordance with (11.25),

T Chijk = Chije + [Gh(iCryi + GiaCiyn]

(n—2)
(16.14) c
+ mch(kci)_h
T Ruijr = Ruijn + zn—-l'—Z-). [Gh(iRxyi + GiwRiys)
(16.15)
+ ——Is—Gh(kGi)-i.
(n—1)(n—2)

Each member of these equations is formed in a manner exactly analogous to
that used in the construction of the Weyl tensor Wi .
Finally, we note that R.g;: is defined if I'%, is of class C! in the x%. Also,

B ! 'k

are of class Cl It is readily found from (8.5) and (8.11) that ¢,; and 7, exist
and are of class C'. Hence T'ij are also of class Ct. Since T3 and T'%, exist, it
follows from (8.4) that they are of class C!. It is then found that all the work
of this section is valid. This shows that if I'2s, is of class C* and r=3 then
Regik, Rapi exist and (16.9) are valid.
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17. The Ricci identities. The equality of the differential operators
02/0x%9x’ and 3%/dxdx* may be conveniently expressed-in terms of covariant
differentiation based upon the coefficients of connection(?4) I'%,, I'ix. By di-
rect calculation(®) using the definitions which appear in (8.1), (14.1) and
(16.1), we obtain
(17.1) T Gk~ = — T™R%;1,

7% G~ = T K e — 78R %k
Similar equations for more complicated tensors are also valid. These tensor
equations are the Ricci identities. They are used frequently in the sequel to
express the integrability conditions of the various partial differential equa-
tions which occur in our work.

IV. THE CONFORMAL VECTOR SPACES OF V,

The purpose of this chapter is to define the various osculating and normal
conformal vector spaces of V,. Associated with these vector spaces are certain
important tensors analogous to the “mass tensors” of the metric theory. As
in the metric case, a system of Frenet equations is obtained which describes
the variation of the vector spaces. The entire development is accomplished
without any recourse to beins which span the various vector spaces. A similar
theory, which utilizes vector beins, may be developed by our methods. The
results of this latter theory are undoubtedly useful for the solution of various
special problems which depend upon particular vector beins. The motivation
behind our present work is to avoid the introduction of any elements (such
as bein indices) which are extraneous to the purely geometric questions which
are considered here. The comparable development of the metric theory (at
least for spaces of constant curvature) has been given by Mayer [10].

18. The conformal osculating and normal vector spaces of V,. At an arbi-
trary point P of V,, the space vectors

(18.1) G=;

span an n-dimensional vector space in accordance with §4 (d). As previously
defined, this space is called the tangent vector space of V.. Since (18.1) is a
conformal geometric object, we also name the space the first conformal osculat-
ing vector space of V, and denote it by the symbol I,.

Suppose

(18.2) 't = x'i(x7), xt = xi(x’?)

(*) No assumption is made thatT*;z, I'*s, have the meaning given them by equations (8.5)
and (8.11) respectively. The quantities I';z, Ty may be any surface and space coefficients of
connection and K*;i, R%;: are the tensors defined in terms of I'¥;x, T'®g, by equations (14.1) and
(16.1) respectively.

(®) These calculations may be simplified by choosing coordinates and parameters which
are geodesic with respect to I'*;, I'%g,.
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is an allowable parameter transformation. The symbols which denote geo-
metric objects in the parameter system {x’ "} are written with primes to dis-
tinguish them from the corresponding symbols in the parameter system {x‘} .
Then

G'% = G*0x7/9x"s, G = G'*;0x'1/dx".
Consequently I;=1I,’ and the tangent vector space does not depend upon the
parameterization of V,.

The second conformal osculating vector space Iz of V, at P is defined as
the totality of space vectors at P which are spanned linearly by the space
vectors G%;, G%:; It is immediate that this vector space is unchanged by
conformal transformations of V.. It is also invariant under parameter
changes as can be seen from the transformation law between G¢;.; and G'%. ;.
This law as well as the one connecting G¢; and G’*; which appears above are
special cases of the general formula

dxit dxie  ul

G%:iyeniy = G%ijye iy e + 2 G% . ),
(18.3) i
da'n ax”" =

Gaix:iz"-o’w = G,ail:iz-“ium cte Fyrs + EGI i1: dee ( st )

The wth conformal osculating vector space Iz ..., of V, at P is defined as the
totality of space vectors at P which are spanned linearly by the space vectors
G%1y G%iigy +* + y G%yiiy. . i, The invariance of I,..., with respect to pa-
rameter changes is a consequence of (18.3). Of course, I;2. . ., is invariant with
respect to coordinate transformations. Its conformal character follows from
_ its definition and the properties of conformal differentiation. The osculating
spaces are so defined that Iy,. .., contains Iys. . .o—y.

Since orthogonality is a conformal geometric property, the set of space
vectors belonging to Iys. .., which are normal to Iys...,—1 form a conformal
linear vector space I,. We call I,, the (w— 1)tk conformal normal vector space
of V,at P. According to this definition, I, is the vector space which is spanned
by the projection of G%.,...:, into the vector space which is orthogonal to
L. . ..—1. We denote this projection(®) of G%,.i,...i, by G%y,. . .5,. Of course
G%y4y. - i, is @ conformal geometric object. It transforms as a contravariant
vector with respect to coordinate transformations. It follows from (18.3) that

dxit dxive
Gy iy = Gyt o i m T 6x"",
, 9’ i dx' e
a, . i, =G % i RPN
G $182° ¢ 2ty G iz tle dxh dxte

Consequently G%,;,. . .;, transforms like a covariant surface tensor of the wth

(*) The i)rojection tensor of I,, should be defined relative to A.gand is a conformal tensor.
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order under changes of parameter. Using the notation of §1, we frequently
write G%,. . .i, as G%(,).

The construction of successive osculating vector spaces continues to lead
to new spaces until we reach an osculating space Iz ...» which has the prop-
erty

(18.4) Ilz...M ?5 In...M_l, Ilz...u.h = Ilz...M.
It follows from (18.4) that
112...M+u = Iu...M

if #20. Consequently we call Iy;.. .x the last conformal osculating vector space
of V,. Itis clear from these remarks and the various definitions that

(18.5) I, #0, ws M,

(18.6) Iy =0,

that is, Iu4 is the first empty space. Each succeeding normal vector space
also has dimension zero.

We denote the dimension of I,, which is identical with the rank of the
matrix ” G*®¢.)|| bY N. Then the dimension Nys.. ., of Iss. . ., is equal to

(18.7) Nig...w=N1 4+ Na+ -+ 4+ No.
Of course, N;=n. Equations (18.5) are equivalent to
(18.8) No>0, ws=M

and (18.6) to Ny, =0. The existence of an integer M for which (18.6) holds
follows from (18.7), (18.8) and the inequalities

(18.9) . N]z...w §m.

Of course, (18.9) is true because the osculating vector spaces all lie in V.
It is clear that (18.6) is equivalent to

(1810) Ga(i’uﬂ) = 0.
The space vectors
(18. ll) Gaiu Ga(!'z)y R ) Ga(‘u)

constitute a basts for the conformal osculating spaces and conformal normal
spaces of V.. We note that if r = 3, each successive conformal basis bein G*,)
exists if the preceding basis bein G2 -, exists and is of class(®") C*. A suffi-

(*") In making this statement, we are thinking of an alternative method of development of
this section. In this other method, we first define the vector spaces Iy, Is, + + -, Iw and after-
wards define Jis. . ., as the linear vector space spanned by the vectors of Iy, Iz, - « +, Io. The
normal vector space I, is defined as the linear vector space which is spanned by the space
vectors Gy, ,+, which are normal to Is..
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cient but not necessary condition that all the beins of the basis (18.11) exist
and be of class C! is that the inequality

(18.12) r=M+1

be true. If each bein of (18.11) is of class C*, we say that (18.11) is a basis
of class C*. We also remark that if the basis beins G*(;,) exist and are of class
C!'in a V, with 723, then the corresponding basis beins G2;,) in any V,
obtained by an allowable conformal transformation of the enveloping V,, exist
and are equal to the G%,).

Simply as a matter of convenient notation and without further signifi-
cance, we agree to write I, for the vector space which is orthogonal to all
the conformal osculating vector spaces of V,. We write G*(,, for any set of
space vectors which span I,. Hence

(18.13) AasG%iyGPiimy =0, w S M.

If we write N, for the dimension number of I, it follows that N+ N+ - - -
+NM+N.° =m.

19. The conformal normal measure tensors. Any space vector L* which
lies entirely in the tangent vector space of V, may be written as

(19.1) « = GoLi,

The surface vector Lt is the parameter representation of L= Similarly, if X«
is any space vector which lies entirely in I, (w=< M), it has a representation .
of the form

(19.2) Xo =Gy X,

It is clear that the quantities X ¢ which appear in this parameter representa-
tion of X= behave like the components of a contravariant surface tensor of
the wth order with respect to parameter transformations. The conformal basis
beins G2, enjoy various symmetry properties in the covariant indices
1, 42, * * +, 1, Which are derived in §27. The components of X ¢») may be as-
sumed to have these same symmetry properties without loss of generality.
We denote the number of different components of X ¢ by N,/ .

In general, if w>1 the space vectors G%,) are not linearly independent.
Consequently the null vector also has a representation in I,, of the form

(19.3) 0 = Gogi, )0

where not all the components of 8¢ vanish. We call 08¢ a null tensor or a
null solution. The number of linearly independent solutions of (19.3) is
N, — N,. In the representation of X* which appears in (19.2), the tensor
X G jg determined up to an additive null solution 8¢ of equations (19.3).
We call any of these tensors X » a contravariant (parameter) representation
of the vector Xe,
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An analogous representation for the covariant vector X, which corre-
sponds to X* may be defined by the equations

(19.4) Xy = XoG%p)-

The X ;) are the components of a covariant surface tensor of the wth order.
We call X, the covariant (parameter) representation of the vector X,. In
contrast to the tensor X () which, in general, is not uniquely determined by
Xe, the covariant representation X is completely fixed by X,. On the
other hand, the contravariant representation tensors may be chosen arbi-
trarily while the covariant X are subject to the algebraic condition

. X(ig)o(i") =0

for all null tensors 8¢, This condition is a consequence of (19.4) and is a
necessary and sufficient condition that quantities X ;) be the components of
a covariant representation tensor.

Similar considerations apply to any vector YV which lies in I;...,. Any
such vector has a representation of the form

Ve = 3Gl .
[T §
The Y are contravariant surface tensors of order # which are determined
except for additive null solutions 8¢« of the equations

G, 0% =0, u=12,---,w.

Indeed each tensor ¥ is readily seen to be the contravariant representation
of the projection of Y= in I,. In the same way Y, which corresponds to Y=
determines the covariant surface tensors Y, (¥ =1, 2, - - -, w) by means of
the equations ' ’

Y, = Y6y, wu=12"-",w.

As in the contravariant case, Y, is the covariant representation of the pro-
jection of Y, in I,.

According to (7.8) and (19.2), the conformal length of X« lying entirely
in I, is given by

(19.5) AopXoXE = A0sG i )Gy X W XG0,

Consequently, if we use the surface representation X ¢« of X<, conformal
length of vectors in I, may be measured by the covariant surface tensor of
order 2w whose components are defined by the equations

(19.6) By thyy = 4G, )G (hy)-

If w=1, Bip=Gau. If w>1, we call B a,) the (w—1)th conformal normal
measure tensor of V,. It is symmetric in the two blocks of indices (4s), (%w)
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taken as units. According to (19.6), the conformal normal measure tensors re-
main unchanged by conformal transformations of Va. It follows from (19.2),
(19.4) and (19.6) that the contravariant and covariant representations of X<
are related by the equations

X iyy = Byl (b X ™).

Similar results may be obtained for vectors Y2 in I1s.. 0. .
From (19.3) and (19.6), it follows that if 8¢ is a solution of (19.3) then

(19.7) B({w)“hw)a(“") = 0

so that every null solution of (19.3) is also a null solution of (19.7). Con-
versely, if 84+ is a null solution of (19.7), it follows from (19.6) and (19.7) that

A4a5[G i, y0 ] [Go 3,0 | = 0.

Since A.p is positive definite, (19.3) is true. Hence the solutions of (19.3)
and (19.7). coincide. This means that the ranks of the matrices(%)

G2l and || Buyiawll

are equal. Consequently, the dimension N, of I, is equal to the “rank” of the
normal measure tensor B ) )

We also note that as a consequence of (19.5) and (19.6) and the positive
definite character of A.g,

Bin | hy X WX M) 2 0,

where X (™ is any contravariant surface tensor of the wth order. The equality
sign holds only if X is a null tensor and this is possible only if w>1. This
means that the conformal measure tensor G;; is positive definite and that the
conformal normal measure tensors are positive semi-definite.

The above discussion shows that the conformal measure tensors

(19.8) Biim(= Gan)y Biniays =+ » B oo

are a system of surface tensors which are used to measure the conformal
length of vectors which lie in the conformal osculating or normal vector spaces
of V,. In a later chapter, we show that if V,, s a conformally euclidean space
R..., these conformal measure tensors (19.8) together with the deviation tensor Eq
completely determine the subspace V. except for a conformal transformation
of R,

As in the metric theory, we may base the conformal theory of V, on
tensors constructed by symmetrizing the measure tensors. We define the sur-
face tensor G ya,) (w=1,2, - - -, M) as the tensor of order 2w, symmetric
in all its 2w indices, which obeys the equations

(®%) In the matrix "B«,)m.,)ll each row corresponds to a definite sequence of i-indices (4x)
and each column to a definite sequence of k-indices (k).
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(19.9)  BipagXi -« XXM oo X% = GpyppXit -« - XXM ... Xho,
We call the symmetric covariant surface tensors

(19.10) Giny Gy hnyy = * * » Giggy hanys Ein

the first, second, - - - , Mth, (M +1)th conformal fundamental tensors of V, and
we name the differential forms

(19.11) Gundxida™, - - - | Gupy @2 - - - da¥dxh - - - dahM, E;dxtdat

the first, second, - - -, Mth, (M+1)th conformal fundamental forms of V,. A
comparison of coeﬁ“xcients} in (19.9) shows that

(19.12) (w) G iy hy = 2 Blinl ko)

where the indices (j,), (kv) in the summation assume all possible (2w)! per-
mutations of (4,), (k). According to the concluding remarks of §18 and the
definitions of this section, both the measure tensors and fundamental tensors
(except E;;) exist and are of class C! if the basis of the conformal osculating
vector spaces is of class C! in a V, of class C* with =3. Under the same
hypothesis, if E;, exists in V,, then all the measure tensors and fundamental
tensors also exist in any conformally equivalent subspace V,. Also, as noted
in §13, E; exists if (12.23) holds and hence is of class C* if (14.8) is true. We
summarize some of the results of this section in the following theorem.

THEOREM 19.1. If the conformal osculating vector spaces of a V. of class C*
(r=3) have a basis of class C* and the deviation tensor Eg is of class C*, then the
conformal measure tensors of V, and the conformal fundamental tensors of V,
exist and are of class C'. If Vo2V, V.22V, by an allowable conformal map,
then the conformal measure tensors and conformal fundamental tensors of V.,
exist and, at corresponding points of V, and V., the corresponding tensors of V.
and V. are equivalent.

The equivalence of corresponding tensors of V, and V, means that these
tensors are egual if the parameters on V, and V, are chosen so that xi= &
at corresponding points.

20. The conformal Frenet equations. We suppose that the inequalities
(5.13) hold so that conformal differentiation is possible. In order to derive a
system of Frenet equations it is also necessary that the space vectors of the
basis (18.11) of the conformal osculating spaces of V, exist and be of class C*.
As already noted, this last condition is satisfied if (18.12) is true. In what
follows, we derive a system of partial differential equations for the quantities

(20- 1) y“(x‘)» Gain Ga(t‘z)r Tty Ga(iy)y ue, \br 'l’i-

Here ¢; is a symbol for 8y /dx*. It will be convenient to write these equations
so that the left member of each of the equations is a conformal derivative of
one of the quantities (20.1).
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According to the definition of G%;, and (8.15), the first two sets of equa-

tions may be written as
@ = Ge;
(20.2) Pia = H
G%piy = G-

We now derive the wth set of equations of this system. The definition of
G, implies that it differs from G, .,...; by a vector in I;.. .., that is,

(20.3) Gy =G%i iy iy (mod I1z...p-1).

By conformal differentiation, we obtain G%i,:i +1=G%y:,...i 4, (mod
I;...,). The analogue of (20.3) for G*( ;1) permits us to write the last equa-
tions as

Ga(iw): iyl = Ga(iw_,_;) (mod Ig2.. -w)-
These equations may be written as

G ipyiipe = G%Gyyry + U 6 1sG%y)

(20.4) i )
+ U )Gy + =+ F U6 00G e
Since
(20.5) AaG6GP iy =0,  wsy,
we find, by conformal differentiation, that
(20.6) A oGP 1, G% Gy ipsr = — AapG%i0)GP (hy): i1

As a consequence of (20.4), GPa,:i . is a vector of Ii...,41. Hence if
v=1, 2, ..., w—2, it follows from (20.5) that the left member of (20.6),
and therefore the right member of (20.6), vanishes. This fact together with
(19.6) and (20.4) leads to

U Gy Bty = 0, v=1,2,---,w—2

which, according to §19, is equivalent to

U(h')(i,,“)Ga(h,) = 0, V= 1, 2, e, W — 2.
Hence (20.4) becomes

(20.7)  G%Gpyiipsr = G%Gpeny + UM (i 1sGhyy + TPV (i 115Gty
w=0,1,2,---, M.

We have included (20.2) and the case w=M in (20.7) by means of the
conventions

(20.8) Gy = ¥%, Uiy = Uiy = U " (iygupy = UMD =0,
Gy = 0.

The last set of these equations is simply (18.10). Equations (20.7) are called
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‘the conformal Frenet equations of V,. It is clear that if these equations exist for

V.in V., they are also valid for the V, in V,, obtained by means of any allow-
able conformal mapping. The quantities U((,wﬂ), Uf,wﬂ) (determined up to null
solutions) are conformal surface tensors since all the other quantities in (20.7)
are conformal tensors and the G, 1), G*,), G, -1y span mutually orthogo-
nal vector spaces. The symmetry properties of the contravariant and covari-
ant indices of these U’s follow from and are similar to those for the G*: )
which are derived later. We state some of the results of this section and §18
in the following theorem.

THEOREM 20.1. Let V, be a subspace of class Cr (r=3) in a V., and let the
conformal osculating vector spaces of V, have a basis of class C*. Then there exists
a set of continuous conformal surface tensors l]((i,,+l)v U(t.,+ (w=0,1,2, , M)
such that the basis beins G* ) satisfy the conformal Frenet equations (20.7) and
so that (20.8) is true. If Vu2Vn, Va2V, by a conformal transformation, then
the conformal osculating vector spaces of V., exist and have a basis of class C'.
The corresponding basis beins 5“(;w) for V. also satisfy the conformal Frenet
equations. At corresponding points of V. and V ,, the respective conformal tangent
and normal vector spaces I, and 1, correspond and their basis beins Geu,) and
G=(:,y are equivalent tensors.

The equations (20.7) actually involve all of the quantities (20.1). The
quantities u®, ¥, ¥; which do not appear to be present are implicit in the co-
efficients of connection I'ij, I'%, which are used to define the conformal
derivatives of the G=(; ). Consequently we adjoin equations involving the
derivatives of u¢, ¥, ¥; to the conformal Frenet equations. These adjoined
equations, which are obtained from (13.14) and (15.4) and are valid if (12.23)
is true, are

'l/:l' = ‘l/ir

Vi.; =v¥; + Eij — l"aGn'l'( ! )pa,eGGﬁ
— ﬁ[ew#z + Gy + ;Np._],

2 (m — 1)(m —2)
(20.9) A

u = ‘—I:G"‘ih: GM 4 (n — DG aG*, — (n — Deuy;
(n — 1)
= (1 — Du,G"aG*GM + G4k + (n — 2)G*4E* + G*E
—_ CaﬁGﬂ'. — uHOzﬂpﬂ‘y ‘y'.].

(m — 2)

Despite the fact that these equations involve metric quantities, their formal
structure is unaltered by conformal transformations of V., so that (20.9) are
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conformal equations. Equations (20.7) and (20.9) are a system of partial
differential equations in the unknowns (20.1) written in normal form. We
call these equations the extended conformal Frenet equations.

Application to hypersurface theory. If V, is a hypersurface of Vi, n=m—1
and M =2. Consequently I, is one-dimensional and I; is empty. Hence we
may write G%; as

(20.10) G%j = BiiZe,

where(?) B,;is a symmetric covariant surface tensor and Z« is a space vector
which obeys (11.21). Both B;; and Z= are unique except for algebraic sign.
Of course, B;j is not a zero tensor since G%;; does not vanish on V,. The con-
formal normal tensor B¢, of Va is given by

(20.11) B iy 1ty = By Birie

We call B;; the conformal normal measure tensor of the hypersurface instead
of B, and also use it as the second conformal fundamental tensor of V,
instead of the one constructed from By (jy)-

In place of (20.7), we may write the conformal Frenet equations of V, as(49)

(20.12) % = G,
(20.13) G*;. i = B;iZe,
(20.14) Ze, ; = — B;Gi*G%.

To obtain the last set of these equations we note that
(20.15) Ze i = GHU + Z2U.,.
If we obtain the conformal derivatives of (11.21) and simplify by means of
(11.21) and (20.13), we find that
(20.16) AapZZ8.; = 0, A2 GP; = — By,
It follows from (7.7), (11.21), (20.15) and (20.16) that
U: =0, GuiU¥ = — B;;.

These equations establish the truth of (20.14). Since Z< is defined algebrai-
cally by (11.18), it is of class C™1. According to (20.10), B;;is of class C2.
Hence the conformal Frenet equations of V,, (20.12), (20.13) and (20.14),
are valid if r=2.

From (20.10), (20.13) and (20.14), we readily find that

(20.17) G%j.x = Bij:1Z® — BiiBuG*'G*,
if r=3. Now, according to (7.12), (20.10) and (20.16),

(**) The tensor Byj; ( ==G;,:) is distinguished from B;; by the presence of the vertical bar.
(49) All of these definitions very frequently replace those previously given for any subspace
Vaif Vaisa hypersurface.
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Z* = nTIGIMGIMB ()G (hy)-

If this value for Z<« is substituted in (20.17) and the resulting equatipns com-
pared with (20.7) where w=2, we find that

U?) ) = n7IGOMGoMB (4 B (i) 450

20.18
( ) Uhl("a) = - B(‘:)BishsG(h)

for any hypersurface. The U(”’(’,,, are determined except for a null solution of
- G*40®*? =0. The components of U™, are unique.

For a hypersurface, the direction of the unit normal vector {* to V,, de-
fined in §5, and the direction of the unit conformal normal Z« to V, corre-
spond under any conformal transformation of V,. It follows from (7.2) and
(13.10) that

(20.19) « = g¥pe,

Consequently the mean curvature normal, defined for a hypersurface by
(5.11), may be written as

(20.20) pe = e Vu-Z2
We define Z, by means of the equations
(20.21) Zo = AoplZP

and multiply (15.3) by Z. and sum for a. It follows from (11.21), (20.10),
(20.17), (20.20) and (20.21) that

(20.22)  (n — Dp:s = €¥[Bin. GM + (n — 1)Baat: G + 0%iGHG7iZa).
Since GP*=AP*—Z6Z?% and ppysZ.Z°% =0, (20.22) becomes

(20.23)  (n — Du.s = e*{G*[Bin.1 + (n — 1)Bas: 1] — papZ°G*:}.

These equations are valid if #=3. For a hypersurface, the unknowns (20.1)
may be replaced by

(20.24) ¥, G 2% 1, ¥, ¥

and the last set of equations (20.9) may be replaced by (20.23).

V. THE FUNDAMENTAL EQUATIONS

In the metric theory of a hypersurface V-, in a V,, the basic partial
differential equations which are satisfied by the coefficients of the first and
second fundamental forms of V,_; are the Gauss and Codazzi equations.
These equations are the integrability conditions of the system of Frenet equa-
tions for the V.. Much of the geometry of the V,, is simply a geometric
restatement of various analytical consequences of these equations. In the
metric theory of any subspace V, in V., a similar but more extensive set of
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fundamental equations is obtained by considering the integrability conditions
of the Frenet equations for the V,.

In this chapter, we obtain the fundamental equations of the conformal
differential geometry of a subspace. These equations involve the various con-
formal measure and curvature tensors connected with the V, in V, which
were defined in earlier sections of the paper. Some of the equations are purely
algebraic ones which follow from the definitions and conformal Frenet equa-
tions. Others are partial differential equations obtained by a consideration of
the integrability conditions of (20.7) and (20.9). Since (20.7) and (20.9) are
conformal equations, their integrability conditions are also conformal equa-
tions. These latter equations are obtained in a form which explicitly involves
only conformal tensors.

These equations include analogues of the classical Gauss-Codazzi equa-
tions. However both the algebraic and differential equations which are ob-
tained present several new features. The most important of these differences
in the differential equations may be traced to the deviation tensor E;; and
equations (20.9) which have no analogue in the metric theory. However, if
n=4, the fundamental equations which arise in the metric theory and in the
conformal theory of a V, in V,, are quite similar. The cases n=3, 2, 1 eXhlblt
increasing 'degrees of deviation from the “usual” situation.

21. The boundary, algebraic, reality and derived conditions. The inner
orientation of the basis beins G#,), which determines the various lengths
of and angles between these beins, is given by

(21.1) AdﬁGa(iw)Gﬁ(l,,) = 0' w # v; w, V= 1’ 2’ <, M’
(21.2) AapG®i)GP (1) = Biy)|(1y)-

These equations are simply equations (20.5) and (19.5) respectively and are
exactly analogous to the corresponding equations in the metric theory. In
addition to these equations, we have the equations

(21.3) A eGP = 0

since the mean curvature normal is orthogonal to the tangent vector space.
We think of equations (20.7) and (20.9) as partial differential equations in
the unknowns (20.1). Then (21.1), (21.2) and (21.3) are boundary conditions
for the system of extended Frenet equations which involve the unknowns
G, and p*. We denote (21.1), (21.2) and (21.3) by [B 1], [B 2] and [B 3]
respectively and refer to them as the B-conditions.

A new type of algebraic condition not occurring in the metric theory is
contained in equatioris (7.11) and (7.12). According to (21.2), (7.12) may be
written as

(21.4) B in aGMG* = .
According to §19 and (21.2), equations (7.11) are equivalent to
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(21.5) Bp1aaG® = 0.

We call equations (21.4) and (21.5) the algebraic conditions or A-conditions.
We denote the algebraic conditions (21.5) and (21.4) by the symbols [4 1]
and [4 2] respectively.

Various algebraic conditions may be derived from (21.1) and (21.2). It
follows directly from (21.2) and the fact that 4. is a symmetric tensor that

(21.6) B i) (hy) = B (i)

Also, as was noted in §19,

. positive definite if w = 1,
(21 M 7) B("w)l (hw) 15 { oy . . .
positive semi-definite if w > 1.
Furthermore, according to (18.7), (18.8) and (18.9),
M
(21.8) D No<m, N,>0,
w=1

where, as noted in §19, N, is the rank of the matrix ”B(.-,,)|(;,,,)“. Conversely,
if tensors B)ihe are defined at a point P of V, such that (21.6), (21.7)
and (21.8) are true, then these equations are sufficient conditions for the exist-
ence of real basis beins G2(;,, at P which satisfy (21.1) and (21.2). For this
reason, we call (21.6), (21.7) and (21.8) the reality conditions or R-conditions
and denote them by the symbols [R 1], [R 2] and [R 3] respectively.

Other equations may be obtained by differentiation of (21.1), (21.2) and
(21.3). This differentiation is possible if the hypothesis of Theorem 20.1 is
satisfied. If the conformal derivative with respect to x7 of (21.1) is found and
the result is simplified by means of (20.7) and (21.1) we obtain an identity
if |w—v| >1. If y=w+1, using (21.1) and (21.2) we obtain

(21.9) B il + U (1,10iB o i) = 0, w=12- -+, M—1

In a similar manner, conformal differentiation of (21.2) leads to the result

(21.10) Bt i = U i iBig ity — UM 1y iBirpy i = 0,
w=12---,M.

Also, conformal differentiation of (21.3) and use of the last set of equations

(20.9) and of (7.7), (20.7) and (21.1) leads to

UkiniGriG* + Kij + (n — 2)Ei; + EGi; — Ci; = 0.

In virtue of (21.9) with w=1, these conditions are identical with equations

(22.10) of the next section. Equations (22.10), in turn, are a consequence of

the conformal analogues of the Gauss equations (22.13). Hence the above

conditions may be omitted if (22.13) are included as is done later. Equations
(21.9) and (21.10) are consequences of the B-conditions (21.1) and (21.2).
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We call these equations the derived conditions or simply the D-conditions. We
denote these equations by the symbols [D 1] and [D 2] respectively.

We now note several other equations which are consequences of some of
the above equations. It follows from (21.5) and (21.9) with w=2, 3, - - -,
M —1 successively that

(21.11) By a)G® = 0.

Equations (21.10) and (21.6), (21.9) and (21.10) lead to the equations
Gy ;. B = 0, =23, M,

(21.12) Go+1) L (he) | (1) w

i h —_
GEUreD Byt gy = 0.

Equations similar to (21.11) and (21.12) may also be obtained by conformal
differentiation of (21.6).

Application to hypersurface theory. If V, is a hypersurface, n=m —1 and
M=2. In this case, we write the conformal Frenet equations as (20.12),
(20.13) and (20.14) and we replace the last set of equations (20.9) by (20.23).
We also eliminate the tensor B, (;,y by means of equations (20.11).

It is easy to see that the boundary conditions (21.1) may be replaced by
the first set of equations (11.21)

AopZ°GP; = 0

and that (21.2) may be written as (7.7) and the second set of equations

(11.21)
A G GP i = Gij,

AopZ°Zf = 1.
We denote these conditions which are equivalent to (21.1) and (21.2) by the
symbols [B’ 1] and [B’ 2] respectively. Since u« is replaced by e¥uZ<, (21.3)

is a consequence of [B’ 1] and may be omitted for a hypersurface. Equations
(21.4) and (21.5) become

(21.13) By BayGitiGihs =
(21.14) ByG = 0.
We denote (21.14) and (21.13) by the symbols [4” 1] and [4’ 2] respectively.

We also note that (21.6) and (21.7) need only be stated for the case w=1;
namely,

(21. 15) G.',' = Gj,',
(21.16) Gij 1is gositive definite.
The remaining case, w=2, follows directly from (20.11). We denote (21.15)

and (21.16) by the symbols [R’ 1] and [R’ 2] respectively. Equation (21.8)
is always true since M =2 and N,=n, N,=1 follows from (21.16) and (20.11)
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respectively. Finally, the derived conditions obtained by differentiating
[B’ 1] and [B’ 2] are true identically in virtue of the conformal Frenet equa-
tions and B-conditions. Hence there are no conditions corresponding to [D 1]
and [D 2] for a hypersurface.

22. The conformal Gauss-Codazzi equations. Each of the various con-
formal Frenet equations contains a single contravariant space index a. Con-
sequently the integrability conditions of these equations also contain « as
the only space index. Therefore if the integrability conditions for the Frenet
equations whose left members are G%,:5,,, (w=0, 1,2, - - -, M) are multi-
plied by 4.sG?u,y (v=1,2, -+, M, ©) and summed for e, 8 the resulting
equations only involve surface indices. We denote these equations by the
symbol [w, v]. It is clear that the integrability conditions of the conformal
Frenet equations and the equations [w, v] where w=0, 1, 2, ..., M;
v=1,2,---, M, o are equivalent.

The integrability conditions of the first set of the conformal Frenet equa-
tions, which describe the variation of y*(=G*,), are y*.n-=0. According
to the first two sets (20.2) of the conformal Frenet equations, the above equa-
tions become G?(jxy-=0 which, in turn, are equivalent to

(22.1) AaaG“(ik)'GB(l.,) =0, v=1,2,---, M, .

These are conditions [0, v]. As a result of (21.1) and (21.2) all of these equa-
tions are identities except for the condition [0, 2] which is

(22.2) Bity-1a, = 0.

This is equivalent to the symmetry property of G*; in its covariant indices
already noted at the end of §8.

The integrability conditions of the second set of conformal Frenet equa-
tions are

(22.3) G iky- = G K% — GP:R%;y,
according to (17.1). The tensor R%:;; is defined by (16.8). Now from (20.7)
and (20.8), we obtain G%:.;x =G%;.x =G%r+ UPD ;3G npy+ UM 1G4, These
last equations show that (22.3) is equivalent to
AasGP 1) [Goi iy~ + UM i0y=G%hyy + UMi(iny=Gon]
= AasG*GP 1)K ik — AalG*1,)GP iR i1
These are conditions [1, v]. According to (21.1) and (21.2), the first of these

conditions, when v=1, becomes

(22.5) UM, ityGmn = Kuijrk — RapitG*uGP:.

(22.4)

Now (21.9) with w=1 may be written as
(22.6) UMiiGmn = — Bijiuek
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If we write & for ], and take account of (22.6), (22.5) may be written as
22.7) Bikiiyr = Khije — RaginG*GPi.

These are conformal analogues of the Gauss equations which we now proceed
to simplify.

From these equations and (7.4), (7.7), (14.2), (14.3), (14.6), (16.8),
(16.16), (20.7), (21.4), (21.5) and (22.6), we find by an easy calculation that

(n — 1)BskaG** = K;j — Ci; + (n — 2)Ei; + (n — 2) Bign;GH*
+ [C+ B~ 2nE — K + »]G:;.

If these equations are multiplied by G/ and summed,

(22.8)

(22.9) K=n4+C+ 21 — n)E.
Substitution of this result in (22.8) yields
(22.10) K;,' = Bik”,,th + C,’i + (2 - n)E,',' - EG;,'.

We replace K;;in (16.8) by its value given in (22.10) and simplify the result-
ing equations, making use of the conformal analogue of (4.12) and of

(22.11)  H*GYjx = G + UM 134Gy = A*GY5j: 1 + G*Bijen

‘which follows from (20.7) and (22.6). Then equations (16.8) become equa-
tions (16.9).
If we use this simplified form of R%g;i in (22.7), we find that (22.7) becomes

(22.12) Biw1iy-r = Khnijk — Ruije

where Rj:jx is given by (16.11). Conversely, it is easy to see that (22.7) is
an identity in virtue of (22.12) and that (16.8) and (16.9) are equivalent if
(22.12) holds. Consequently condition [1, 1], originally written as (22.5),
may also be written as (22.12). According to (22.12) and (16.11), these equa-
tions are

(22.13) Bikiiy-n = Knijk — Chije + GiiExy—n + GrkE jy=s.

We call (22.13) the conformal Gauss equations of the V, in V. If these equa-
tions are multiplied by G* and then by G/ we obtain equations (22.10) and
(22.9) respectively aftér summation on repeated indices.

A comparison of the metric Gauss equations (5.16) and (22.12) exhibits
an exact analogy if the analogous pairs of metric and conformal tensors are:
b.‘k”z, Bikljl; Khijky Khijk; Phijk, R}“‘jk. However, if this last pair is replaced by
prijky Crijr, (22.13) shows that an additional expression involving E;; is pres-
ent in the conformal Gauss equations. This additional expression is responsi-
ble for many of the new geometric features in the conformal theory of V,
which are absent in the metric theory.

Now Kj:j and kxije are the Riemann curvature tensors formed with re-



1944] CONFORMAL DIFFERENTIAL GEOMETRY OF A SUBSPACE 375

spect to G;; and, g;; respectively. Since, from (7.3), the tensors G;;, gi; are in
conformal correspondence, it follows from §11 that, if #>2, T K* ;= T k*j.
In these equations, the T operation for the left member is with respect to G;;
while that for the right member is with respect to g;;. As a result of (11.26),
(11.28) and (11.29),

(22.14) T Khijx = Whijr.

Consequently, if #>2 and the T operation with respect to G;; is applied to
(22.13), we find that

(22.15) Whisk = 1 Brijk + T Chiir

after use is made of (11.30) and (11.31). The tensor T Ciijx is defined by
(1614) and T ‘B),.','k, defined by (11.28), is

T Brijr = Brisr + [Gh(iBry=s + G:ixBiy-1]

(n—2)
(22.16)
e GraGire
n—1Dm—2

where we have written

(22.17) Bhrijik = Bitkiiyh B;; = BijsGh, B = B,;,G'i.
It follows from (21.6) and (21.7) that

(22.18) B; = BupniG, B =n.

We return to conditions [1, ] or (22.4) and let v =2. If the resulting equa-
tions are simplified by means of (16.4), (21.1) and (21.2) they become
(22.19) U™ ;ikyB ki = — AapR%pGP (1)

Use of (11.16), (16.10), (21.1), (21.2) and (22.11) transforms (22.19) into the
equations
Uiy By = — DpiinGP o1y

22.20
(22.20) +

P GG U™ jy=(g0) B oy 1 ay-
This is condition [1, 2]. Equations (22.20) are called the conformal Codazzi
equations of the V,in V.

If M exceeds 2, we let v equal 3 in the conditions [1, v] and simplify as
was done to obtain (22.19). We obtain

(22.21) Biity-1as) = — AapR%1GP (15).

We proceed as in the derivation of (22.20) and find that the above equations
are equivalent to
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(22.22)  Bigiyian = — DpiirGPay + ( GG, kB iy (091 (1p)-

n —

This is condition [1, 3]. The cases where v>3 are considered in a similar
manner and lead to the following analogues of (22.21) and (22.22):

(22.23) AaﬂRaiikGa(l“) = 0’ U = 4) 5, Tty My’ ©,
(22'24) Dﬁiika(l,,)= 0’ u = 41 St"" ,M: .,

The latter of these is condition [1, %], #>3.
23. Higher integrability conditions. The third set (w=2) of the conformal
Frenet equations is

(23.1) Gy i = G%pi + UM ()iG% gy + UM i) iGoni
The integrability conditions of these equations are
(23.2) G®iyy: ik = G%0i, K% 5% + G%1 oK%, 52 — GPiyyR% ..
Conformal differentiation of (23.1) and simplification by means of (20.7) and
(20.8) gives
GGz ib = Goamie + [UM i + Uiy ,GP% ]G hyy
(23.3)  + [UM i+ UP yjn + UG 1 ;U g1 + UMy (GM4 ]Gy
+ [UMay ik + U9 ) ;UM (3£ ]Gh
Also, from (16.9), (20.7), (20.8), (21.1) and (21.2),

(23.4) GPpR%jx = D%iuGPy) +

he) . _ .
n GG U jy= (43) B (hy) | (i)

We substitute (23.3) and (23.4) in (23.2) and multiply successively by
AsGPay (v=1,2, - - - , M, ») and simplify using (18.13), (21.1) and (21.2).
This gives the various integrability conditions [2, v]:

(Ui ir= + U9 4y = UP (31 1Gri = — DaginG*GP s

(23.5)
+ (n—1) G@G13U M nyon By iy
(U Gy iy~ F UPD iy g y= A+ U9 45y U D 4~
(23 .6) + U’"(.‘,)(, hzk)_]B(hg)] (I

= Byiyjan K9k + BiglanK nit — DagitG* 1GP iy
(23.7) (UM iy iy + U 4y iGMiy= 1By ian = — DagirG®1GP iy
(23.8) By oo = — DapitG* )G o)
(23.9) 0 = Do isG%1,)GP (ig)» u=256,---,M, o,

These are conditions [2, 1], [2, 2], [2, 3], [2, 4] and [2, %], #>4, respec-
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tively. In (23.5), we have omitted the subscript 1 from the indices 4, .
. We now consider the general (w+4-1)th set of conformal Frenet equations
(20.7). The integrability conditions of this set of equations are

w
(23.10) Gy ity = 20 G%Gury gigsr - - iwK ik — GP iy R% 1.
Ume]
Now conformal differentiation of (20.7) and simplification by means of the
.conformal Frenet equations leads to
Gy ik = Goigyit + [T 6 + U™ 4 iGHo414 ]G 1y 1)
+ [U™ ik + UP ik + U9 ;UM (g5
+ Ut g, iGr |G nsy
+ [U(""’")(i.,)i:k + U ;iU o
+ U@ 0 ;U (g 321G hymsy

+ U0 iU g 136G (hyos)-

Also, from (16.9), (20.7), (20.8), (21.1) and (21.2), we find that

(23.11)

(23.12) G?ipR%ir = DG py + w1 GG By~ (991 (132

G? R = D%iGP,), u=4,5" ,M, .
We substitute (23.11) and (23.12) in (23.10) and multiply successively by
AasGPq,y (v=1,2, .-, M, ») and then simplify using (18.13), (21.1) and
(21.2). In this manner we obtain the integrability conditions [w, v] for w>2.
These equations are

(23.13) U9 43~ UP (s Gri = — DapitG*GP iy + GG 1(;Bry=(op)1 ta)»

(n —
(23.14) U@ 10y U P (5 1)k B by | o) = — DasitG(1,-GP iy
[T oy 50y~ + U0 iy U D)
+ UG iU (i Byttt = — DapirG®1y1)G iy
[T 3 ¢y iny= A UM o ay= + U0 (545 =U M) (g1
+ U ¢y (G- Bagy i 1

(23. 15)

(23.16) i}
= = DapisG% 1P i) F 20 Bliw-t)viuns- - iul e K%,y
Um=1

[UGetD iy TP 3y (:GP* =] B thy syt
= — DapirG® (141G i,)»
(23.18) B (it 1 gsn = — DagitG% (110G (i1

(23.17)
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(23.19) 0= DaﬁikG“(lu)Gﬁ(iw)y u>w + 20ru < w— 2.

The above equations are conditions [3, 1], [w, w—2] with #>3, [w, w—1],
[w, w], [w, w+1], [w, w+2] and [w, u] with #>w+2 or u<w—2 respec-
tively. In all of these equations, it is assumed that w>2 and that w does not
exceed M while # has the range 1, 2, - - -, M, . In accordance with (20.8),
UMD Uy Biwssnicusn and By ,piusp are zero tensors and the ap-
propriate substitution should be made for these tensors in the above equations
wherever they occur.

In the above paragraphs and in the previous section, we have derived the
various integrability conditions [w, v] of the conformal Frenet equations.
However, not all of these conditions are distinct. In the sequel, we indicate
which of the [w, v] may be omitted because of the duplications which arise.

If neither w nor v exceeds M, a straightforward calculation shows that

(23.20) [AupGo(i yGP iy ): ity = AatG%(iy: (i1 Gty — AatG%(i)GP1yy: by

If wsv, it follows from (21.1) that the left member of these equations is zero.
Consequently (23.20) may be written as A4 .G %) :(ity-GP1y + RasixG*10GP i
=—4 agG"(z,);(,’k)-'Gﬁ(.’w)—RabjkG“(.'w)Gﬂ(z,,), vFwW. According to (2310), the
left member of these equations equated to zero is condition [w, v] and the
right member equated to zero is condition [, w]. Hence it follows that con-
ditions [w, v] and [v, w] are identical. This means that all the integrability
conditions of the conformal Frenet equations are conditions [w, v ]| with v=w.

It is easy to see that the differentiation implicit in the integrability condi-
tions [w, v] is possible if V, is of class C” with #=4 and if the basis beins
(18.11) of V, form a basis of class C%. Comparison with (18.12) shows that

(23.21) rz M+ 2

is a sufficient but not necessary condition for the satisfaction of these last
conditions.

Finally, we note that the extended conformal Frenet equations (20.7) and
(20.9) and the B-conditions (21.1) and (21.2) remain unchanged if any tensor
Ute ;. , UBe=D o is replaced by another which differs from it by an
additive null solution. Consequently any equations derived from (20.7),
(20.9), (21.1) and (21.2) such as the D-conditions and the integrability con-
ditions also must remain unchanged if any U is changed by an additive null
tensor. This fact may be verified directly by using various relationships which
are obeyed by null tensors.

As an illustration, we derive and use some of these relationships. By con-
formal differentiation of (19.3) with respect to x7 and use of (20.7), we obtain

Gy 890 + Gy [ar), ; 4 U('lw)('.w)jo(t'w)] + Gy U0 5,60 = 0,
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It follows from these equations and (21.1) and (21.2) that the relationships
Byiltesn™ =0,
By 1 (1 [0, + U, 000 ] = 0,
B hyt) (o) U P2 (60 = 0

are true if 8¢+ is a null tensor satisfying (19.3). An example of the applica-
tion which may be made of these relationships follows. If U(w+1 5 in
(23.17) is changed by an additive null tensor §¢»+v  the additional terms
vtV B ;o hiawen Must vanish by definition of §e+v_ If e, .in (23.17) is
changed by a null solution (=, the additional terms 040G+, B, . 1)1t
must vanish according to the first of the above relationships. Hence (23.17)
remains unchanged. '

Application to hypersurface theory. If V, is a hypersurface, the integrabil-
ity conditions [w, v] may be derived more easily from (20.12), (20.13) and
(20.14) instead of from (20.7). Of the integrability conditions, [0, 1] is a con-
sequence of (11.21) and [0, 2], [1, 1] and [1, 2] may be written as

(23.22) By~ = 0,

(23.23) B;wBiyr = Knijt — Chijx + GiiEry—n + GrEjy—,

(23.24) By = — CpiinlP + GiF iy, -

where the conformal vector Fj, of class C™3, is defined by the equations
(23.25) Fi= (1/(n — D)G B,y .

These equations are simply equations (22.2), (22.13) and (22.20) respectively
after simplification by means of (11.24), (20.10), (20.11), (20.18) and (21.13).
Equations (23.23) and (23.24) are the conformal Gauss equations and confor-
mal Codaszzi equations respectively for the hypersurface V,_;. The vector F;
defined by (23.25) plays an important role in the conformal geometry of
V1. It is called the deviation vector.

The remaining conditions are [2, 1] and [2, 2]. The first of these is iden-
tical with the conformal Codazzi equations according to the italicized state-
ment of this section. We substitute the values of U®*?;, and U*,, given by
(20.18) in (23.6) (condition [2, 2]). To simplify the resulting equations,
we note that, according to (11.24) and (20.10), D.g;xG*1pG¥ay
"—‘Capij“ZﬂB(zz)B(iz) =0 and that, according to §17, B(iz):(jk)—'——-BgizKailjk
+B;,;K9%, . If use is made of these equations as well as of (8.3), (20.11) and
(21.13), it is found that condition [2, 2] is true identically. Therefore condi-
tions [0, 2], [1, 1] and [1, 2] constitute the complete set of integrability
conditions of the conformal Frenet equations for a hypersurface. All of the
above conditions are valid in any hypersurface of class C7 with r=4.

24. The third derivatives of the relative conformal curvature. We assume
that (14.8) holds. Then E;; is of class C'. The integrability conditions of the
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first set of equations of (20.9) are ¥:5-=0. We denote these equations by
the symbol [y ]. In view of the second set of (20.9), these integrability condi-
tions are equivalent to

(24.1) E(.',')— = 0.

According to §17, the integrability conditions of the second set of (20.9) may
be written as

(24.2) Vi: by~ = ¥aKhij.

We denote these equations by the symbol [¢;]. Also, from (20.9),

Vi =¥:a¥:i +¥: ik + Eiick — Ba: iG%; — 1aG%i: ke
+ (1/(m — 2)) [par: G=GP Gt + pasG=isG?i + pasG=iGPix]
— Gii/D) [2e*%u%. 1 + 2eup.k + 2GP. . e
+ (2ep¥.1+e2p.1) /(m — 1)(m — 2)].

Now equations corresponding ‘to (24.2) and (24.3) are true in any V, in V.
Consequently the replacement principle stated in Theorem 9.2 may be ap-
plied if the resulting equations are conformally invariant. This will be seen
to be the case.

The value of ¥;.jx given by (24.3) is substituted in (24.2) and the replace-
ment principle is applied. If account is taken of (7.7), (9.7), (9.8), (9.10),
(11.11), (12.5), (15.6) and (21.1) with w=1, v=2, we readily obtain

(24.3)

1
Aa ao'1Gﬂ ~h: h
Z— 8G%:(iGPryn: G +(n—1)

1
(m — 2)
These are the integrability conditions of the second set of equations (20.9).
According to the conformal Frenet equations and (21.1),

(24.5) A agG%1GPin: G = GOPU Py (), B hy) i

Also, it follows from §12 that if m > 3, the conformal value of %p.s,G*:G?;G s
is given by (12.11) and (12.18). If m =3, » must be 2. It follows from §§11, 12
that Ceg,s is a zero tensor and that p.g, is a conformal tensor so that, in this
case, %pagy =pPasy- Also, if V, is a hypersurface (as is true in the present case
m =3), it follows from (20.11), (20.18), (21.13) and (23.25) that

(24.0) (1/(n — 1))GOPU P 5y B nyy1ii = BiiFr.

Eijiny- = Ca(iG*y-i

(24.4)
%0apG*GP G

If use is made of (24.5), (24.6) and these statements, the integrability
conditions (24.4) may be written as
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Et’(i:k)" = ( 1) [G(")U(h’)k"(n)B(hz)lt: + CauG By
(24.7) 1
- - C‘i' € > 3,
| (m — 3) ik m
(24.8) Eii:iy- = BiiFky~ — pap/G=G?1Gx, m=3.

Either (24.7) or (24.8), depending upon the value of m, are conditions [;].
Also, according to the above remarks,if V, is a hypersurface, (24.7) becomes

Es’(i: L B-‘(iFk)' +

1
o

1
(m —3)

(24.9)

Ctijk: o m=mn-+1,m> 3.

We now prove the following theorem.

THEOREM 24.1. If n> 3, the integrability conditions (24.7) are a consequence
of the conformal Gauss-Codazzi equations.

Conformal differentiation of the conformal Gauss equations (22.13) leads
to the equations

Chijk:1 = Kniji:1 + Bigiioyn:1 + GiiBry—n: 1 + GrEjy—i: 1.

To these equations, we add the other two sets obtained by adding cyclic
permutations on the indices j, &k, I and simplify the result by using (14.9).
Now we multiply these last equations by G*! and sum for &, ! making use of
(21.5). If m >3, the left member of these final equations may be replaced by
the right member of (12.19). The resulting equations are

(- e 1
=) et Gy GO G Gur
(24.10) + CopysG* |G -GEG7-G?1 + G4GP.GY G |
= [Biginy 1 + Binnii: - JG* + (1 — 3)Esh: jy= + Gi;E*ey=1a
+ E. ;Giy~i
where we have written
(24.11) E*, = GMEyq.

By means of (11.19) and the conformal Codazzi equations (22.20), the
terms involving Casys in (24.10) may be eliminated. Also, the various terms
such as B;jnk: in (24.10) may be eliminated by taking account of (21.10).
The resulting equations are
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(m — 3) [(n — 3)C%jk: a + GiiCohuim: oGH]

+

=1 [(n — 3)CsxGPiy-i + Cs:GPh(iGry-iGM

+ (n = 3)GDUM j= 5y Bngy1in~
+ GG Uy By 112aGiy=s] = (n = 3)Eiqas iy~
+ GiiEPiy—: 1 + E: (iGry-i.

We multiply these equations by G* and sum for ¢, £ and obtain

(24.12)

2(n — 2) [E:j — Ehjn +
(24.13)

C%1:. aGhl
(m _ 3) hlj:

+

P GG UM gy 4y B (hyy 105 — CﬁzG"th"’):I = 0.

If n=2, these equations are trivial. However, if #>2, and the results of
(24.13) are substituted in (24.12), equations (24.12) become

(n — 3)
(n = 3)Ei: 1y~ = — [GoP UM = 5 Bhgy 155~ + Ca(iG=y=i)
(24.14)
(n — 3)
- Ctijk: e
(m — 3)

If n =23, these equations are true trivially. However, if #»> 3, (24.14) coincides
with (24.7). This completes the proof. Incidentally, we note that if n=3,
equations (24.13) which may be obtained from (24.7) by multiplying with G* and
summing on i, k are a consequence of the conformal Gauss-Codazsi equations.

Another set of partial differential equations satisfied by the deviation
tensor E;; is now derived from the conformal Gauss equations if #>2. These
equations are not related to the integrability conditions (24.7). As has been
noted in §22, (22.9) and (22.10) are consequences of the conformal Gauss
equations. From these two sets of equations, we readily obtain

(24.15) (n — 2)E;; = Bi; + Cij — Kij — (B 4+ C — K)G;;j

2(n—1_)

after account is taken of (22.17) and (22.18). Conformal differentiation of
(24.15) leads to the differential equations

(24.16) (n - 2)Ei(i; ky~ = ‘B,',‘k + Cijk - Kijk

where K ; is defined by (14.14) and B;j;, and C;j; are defined by the analogous
equations
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1
(24.17) Bijk = Bigiky- + —————=B: (iGiy—i = Bi¢j: 1)~
2(n — 1)

1
(24. 18) C;’jk = C;’(j: k)= + m C: (ij)_;'.

25. The second derivatives of the mean curvature. Discussion for a hy-
persurface. In obtaining the integrability conditions of the last set of equa-
tions (20.9), we divide our work into two sections. In this section, we consider
the simplest case only, that is, the case where V, is a hypersurface of V., so
that m =n+1. In this instance the calculations are considerably shorter than
for a general subspace of V.. The general case is considered in the following
section. For the work of this section, we assume that (12.23) holds.

For a hypersurface, the last set of equations (20.9) may be replaced by
(20.23). If account is taken of (23.25), equations (20.23) may be written as

(25.1) pij=e" [Fi + B GM — paaZ"G"i]-
(n—1)

The integrability conditions of these equations are

(25.2) M: iy~ = 0.

The replacement principle may be applied to equations (25.1) and (25.2) for
reasons like those stated in the beginning of the preceding section. This means
that (25.2) is equivalent to

(25.3) %u: iy = 0.

Conformal differentiation of (25.1) leads to equations in which we make re-
placements using (9.7), (13.15), (20.13) and (20.14). In this way, we obtain
the equations

. jx = Fjx + BipEuG* + OpasG*iGP1 B jnGH
(m —2)
%
25.4 - L Opag: 2Z°GEGY
254 m—Dm—2 " - T
1
+ opaﬂ [BthhlG“lGB;' - ZaZBB,'k].
(n—1)

Now m=n41 and p.s, Bj: are symmetric tensors and p.s., =048,
Hence substitution of (25.4) in (25.3) leads to the equations

(25.5) F k- = BugErj- +

%0a84Z°GP G
(n_l)PB'v "k
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where p.s, is defined by (12.5) and account has been taken of (11.21). These
equations are the integrability conditions of (25.1). As in the case of (24.4),
the integrability conditions (25.5) may be written as

(25.6) F(j; k)y~ = Bh(kEhi)" + p,p,Z"G’,G“’k, n = 2,

(25.7) Fi:x- = BaaErjy- +

C‘a' :eZG, n> 2’
n—2 "
where Ct.ji:c is defined by (12.21). We denote the integrability conditions
(25.6) or (25.7) by the symbol [u].

We now prove the following theorem.

THEOREM 25.1. If n>2, the integrability conditions (25.7) are a consequence
of the conformal Gauss-Codazzi equations.

We first derive some equations which are needed in the proof of this theo-
rem. Conformal differentiation of the conformal Codazzi equations (23.24)
leads to

(25.8) Biu:ry-1 = — (CajirZ®:1 + GiaF oy 1
From the Ricci identities of §17,
(25.9) B;j: ary- = BaiK*u + BinK*juk.

From (25.8) and (25.9), we obtain
(25.10) Bjiuwe = Bjr:it — (CajirZ®:1 + GiwFiy-.1 + BajK*ux + BuK*jn.
We multiply (25.10) by G#* and sum for the indices s, /. In the resulting equa-

tions, we apply the alternation operation to the indices j, & and simplify,
using (11.14), (14.4) and (23.25). In this way, we find that
(25.11) (n — 2)F sy~ = [CaprsZ°GPGiG?;]. (G + G BiiK* i + BiiK iy
If use is made of (7.10), (8.13), (20.13) and (20.14), we find that
[CasvsZ°GEGiG3;]. (Gt = Capys: Z°GPGGP;

(25.12) .
+ CapysGZ°GP;[BiiZ'G?; + B;G":Z? )

since CogysZ°Z8 =0, CoprsGHGo*B1,G*1GP;=0. Now GPe=ABc—ZB8Z¢ so that
Copr5:eZ°GP GG = C*opy: 2 GGy If this is substituted in (25.12) and the
result is then substituted in (25.11), we obtain
(25.13) (n — DF i iy~ = Ctajr: % + CapysZ°GH'GP:27GP (iBry—1

' + G'ByiK* 1k + Ba(iK*ey-.

These equations are consequences of the conformal Codazzi equations.
Also, from the conformal Gauss equations (23.23), we may obtain equa-
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tions for the tensors G*'Bx: K"k, BjK™ and B,K*; which occur in (25.13).
From these equations we find that

(25.14)  GBuiK*1jx + Ba(iK™y~ = CaiG*G 1B j-iG* + (1 — 2)BrEhjy-

afteraccountistakenof (11.16) andof theequations Cag,sG*:G#1G7;G* G 'GMB,,
=0 which are a consequence of (11.14) and (23.22). Now, if use is made of
(11.22), we find that (25.14) becomes

(25.15) G*'BaiK*1jt + Bi(iK* 1y~ = CapysG*ZPZYG? (jBry-1G'+ (n — 2) Br i EP jy-.

These equations are consequences of the conformal Gauss equations.
If (25.13) is simplified by means of (25.15) and use is made of (11.14),
we find that

(25. 16) (n - Z)F(,’; k- = (n - 2)Bh(kE",")— + C‘ajk: ‘Za

is a consequence of the conformal Gauss-Codazzi equations. If #>2, these
equations are equivalent to (25.7). This completes the proof of the theorem.

26. The second derivatives of the mean curvature normal. Discussion for
the general case. We return to a consideration of the last set of equations
(20.9) in the general case. We assume that (14.8) holds. According to (17.1),
the integrability conditions of these equations are u*.(»—= —pfR%;x. As in
the two previous sections, the replacement principle may be applied to these
equations. After replacements and utilization of (9.7), the integrability con-
ditions become
(26. 1) o;l.“; (iky~ = 0.

In the calculations that follow, only the main links in the chain of the
argument are given explicitly and the intervening links are only stated in
outline form. This is done in order to avoid the appearance of several lengthy
tensor equations which do not differ essentially from those which actually
occur in the following calculations. An expression for %¢.;; may be obtained
by conformal differentiation of the last set of equations (20.9) and employ-
ment of the replacement principle. If this expression is substituted in (26.1)
and the result simplified by means of (8.15), (9.7), (9.10), (12.5), (13.15),
(15.6) and (20.9), we obtain the equivalent integrability conditions

G n e GM + (n — )G ;E k= — ApyGPriiGThy g1: 0, GHG PG
+ CpyGPh (G iy GG + Gr 1 KP - + G K? (. 1y~
+ (n — DGrwEriy- + (n — 2)GEP (. 1y~ + E: oG-

n—1
+ Coyms. GPGV G — E 21 %845G7 ;G H*P

(26.2)

+ Co%, GG - [Gﬂhk‘Gsl + G‘thszk—] = 0.

The terms involving K*; and K*;; are replaced by means of (12.20),
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(12.22) and (22.10). The terms involving(4!) C%,s.. are replaced by the use
of (12.12) and the value of %g,; is given by (12.11). After these various sub-
stitutions and further simplifications by means of the symmetry properties
of the Weyl space tensor, (26.2) becomes
G n: G 4+ (n — 1)G-[B*~ + Ch - — (n — 1)E* -]
+ Go[BP i1y — A8GP1G Ty on: 0 GHG ]

(26.3) + H‘"[(C.ﬁw + Ces48)GPr G 55-G4 G + Cgjn: GPY

1
Crgkj;r] = 0.

tTm—3

Now, from (20.7), we find that
Gn: e = Ginix + [U™ ji + UM 3, G2 |G agy
(26.4) + [U® s+ U g + UG jUBD (p + UM 3G 4 G2 hyy
+ [U9 UM gpyx + UM )G
and that
(26.5) ApyGP Gk gr: g3 = U kon By it

Also, as a consequence of (12.20),

1
Hee| (Cepys + Cesu8)GPraG jy-G2iGM + Cepjr: 1G5 + — C’m:r]

H[C Pl ]
- e(k: 7y (m _ 3) kit |-

We substitute these values in (26.3) and multiply successively by 4 .sG* i,
(v=1,2,---, M, «) and simplify using (18.13), (21.1) and (21.2). In this
way we obtain the following' equations which are equivalent(*?) to the in-
tegrability conditions (26.1) if m exceeds 3:

[UB iy + UPD . 1= + U = UPD (1~

(26.6)

(26.7)
+ UM G- 1GMB gy iy + [BP - + Chi- — (n —=1)E* =] Brs= iny
(n—1)
=|Ceiiry-+ m Cheir:t |G inys
(U = + U = Gr=GPB gy 1 i)
(26.8) (n—1)
= [Ce(i:k)‘ + C’eik:r] GG
(m — 3)

(1) The assumption 7 >3 is implicit in these substitutions. In the remaining case, m=3,
it follows that #»=2. This case is discussed in §25.

(*?) This equivalence has been established by the use of the following equations of chap-
ter V: [1,1], [B 1], [B2], [D1] withw=1,
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. (n—1)

(26.9) B;“hlk‘l(i4)G L= e(: k)~ +( — 3) C‘eik:{ G‘m),
(n—1)

(2610) Ce(j; k)-+ ( 3) Crtiktf:]Ge(iu) = 0, u = 5, 6, cee ~M, =
m —

We denote the integrability conditions (26.7), (26.8), (26.9) and (26.10) by
the symbols [u2, 2], [u, 3], [u®, 4] and [ue, «], #>4, respectively. In writ-
ing these equations, we have omitted the first set (v=1) obtained by multi-
plying (26.3) by 4 .sGP:. For this first set of equations becomes an identity
after application is made of (7.11) [equivalent to (21.5)] and (21.9) with
w=1.

For a hypersurface, m =n-+1 and M =2. In this case, (26.8) to (26.10)
become vacuous so that (26.7) are the only integrability conditions. These
equations (26.7) are equivalent to the integrability conditions (25.7) previ-
ously obtained for a hypersurface. Consequently the integrability conditions
(25.7) for a hypersurface are [u<, 2]. The proof of this statement follows. The
expression which multiplies B (s, iy in (26.7) is equal to 4 osG*i-ix-G*'GP iy.
Now for a hypersurface, according to (11.21), (20.10), (20.13) and (20.14),

(26.11) A5G k=GP (i)GM = B =GB (ip)-

Also, from (11.23), (20.10) and (20.14),

(26.12)  CepilGian = [(CeiZ9):x = CeiZ%x) By = CriBhe: By,
Also, from (20.11) and (22.18),

(26.13) Bt (;iBryn| iy = B"4,BoyiBry-1BinG@? = 0.

If the results stated in (26.11), (26.12) and (26.13) are substituted in (26.7)
and account is taken of (23.25), we obtain (25.7).

We now return to a consideration of the general case and prove the follow-
ing theorem which is a generalization of Theorem 25.1:

THEOREM 26.1. If n>2, the integrability conditions (26.7), (26.8), (26.9)
and (26.10) are a consequence(*) of the equations [1,v]and [2,v],v=1,2, - - -

M

‘ The first stage of the proof consists in obtaining new tensor equations

. which may be solved for the expression G%j-4.1,-G** occurring in (26.3). Con-
ditions [1,v] are equivalent to the equations G*ju:x =G %t:a+G* K9 jni — R jns.

(#3) The proofs of the theorems of §§24-26 also depend upon the definitions and identities
of chapter III, the extended conformal Frenet equations and the 4, D and B conditions.
However, if V,, is an R,,, the extended conformal Frenet equations and B-conditions (which
involve space indices) may be omitted from this list. Some of the above equations are also used
in the derivation of the various integrability conditions which appear in §§24-26.
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Conformal differentiation of these equations with respect to x! leads to
(26.14) G%in:kr = Gkt + G* 1Kk + G K%nk: 1 — R%jni: 1.

Now conditions [2, v] are equivalent to

(26.15) G ik = G%n: k1 + G* K% + G0 K% — R%1GP jn.

We substitute the value for G#;;.1: given by (26.14) in (26.15). Then we multi-
ply the equations by G*! and perform the alternation operation on the indices
J, k. In this manner, we obtain

G -G* = 2G* 1K i—hG* + G (i K ey~ + G* K9 —pi—: (G**

26.16)
( — Rejp= GM — Raﬂl(kGﬂi)‘hGhl

after taking account of (14.2).
We replace the conformal Riemann tensor in these equations by (16.9)
and (16.10) and then simplify using (11.14) and (14.4). In this way (26.16)

becomes
(n—12)

Gay_h: lk‘GM = Gah(thk)' + Gaathik: ZGM
(n—1)

+ [C"hki + Haﬂcﬂ(kGi)‘h] . GM
(n—1)

+ G*wE*jy=. 1 + GHE! 1: iy~ + Co%1(iGPry-aGH

26.17
( ) GMGP~[Cpi-G*1 — CpiGi-]

L

+ 1
(n—1)

[GraBiy- + GaaB*(j: 1y-]

+ GODGMA 46GPyim [G"k'alz 0:G%1 — G"1gy: szak"]-

(n—1)
Now if use is made of (12.12), (12.21) and (11.14), we find that

[Cahki + 2 aﬂcﬂ(kGi)‘h:l G = Cogyj. GPe
(n—1)
(n—2)
(26.18) + (n—1) H?| Copris 67" = (m — 3) Cloii:r | + Cory(;GTomiGM
+ n — 1) He8[Chsrs + Copi-1)G?1:-G** + Ca(;Gky-iGM

+ Co(iGPry-1GM'G .
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Also, from (22.10), which is a consequence of condition [1, 1], we find that .
(26.19) GohiK y= = G (iBr ey~ + G (iChey- + (2 — n)Gh;EMiy-.
From (22.10) and (12.12), we obtain
G K% 1. G* = G“gGh'[— Konijiw — Ko i) = GKP . iy-
= G4B*i: s~ + (Cepr—1 + Cipi- )G -GMG*#

(n—3)

(m — 3)
G Clyam:1G7 + CouGPiy1G G

(26 . 20) + C'yﬂk;’: GG-thaﬁ + Crﬂik: !_Gaﬂ

+

(m — 3)
+ E. aGi= + (n — 2)GE* 1y~
If the results given by equations (26.18), (26.19) and (26.20) are substi-

tuted in (26.17), and account is taken of the fact that H*¥ =4+ —(G*f and of
(11.14), equations (26.17) become

o GormuGM = MC‘ ik: G + ) Cosik: GTOH®
(n—1 ' e (m — 3)(n — 1) Bik: n—1) vBik:
-I-.___(_n..___%)__.Cfa. + G C¥oyrm {G‘yﬁ
(m — 3)(n — 1) ik:§ (m — 3) iChysn:
1
+— GMCgy[(n — 3)GPh(iG7ky G
(n—1)
(26.21)
+ G iGoky-G™1 + (n — 2)GHGY 4G%jy-1]
(n—2)
+ (Coyii~ + Cpiyi- )G a-GMH*
(n—1)
(n—2)

+

=1 [Gor(iB ey~ + GuBPr: iy-]

+ (n — 2)GhaErjy- + (n — 3)GE* i 1y~
+ E. oGy~ + G*wE*j—.»

+

GOPGMA 4GP -n [G"k‘auz .G — G"z,,,:,,G"k-].
(n—1)

The derivation of equations (26.21) by the use of conditions [1,v] and [2,v]"

completes the first stage of the proof.

To complete the proof of the theorem, we now show that the integrability
conditions (26.3) [equivalent to (26.7) through (26.10)] become identities
when use is made of (26.21). If n>2, we may solve (26.21) for G=j4.1,-G?!
and substitute the result in (26.3). When the result is simplified, (26.3) be-
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comes, after multiplication by the factor (z—2),
(n—1)
(m — 3)
(26.22) + CaiGPr(iGiG* + (n — 1)(n — 3)GE* ;. 1y~
+ (n.— DE: 4G*j- + (n — DG*wE*j~:n
+ GG A sGPi1 [(n — 3)G7 i 41: .Gt + G71gy: ,G2-] = 0.

[(n — 3)Clik: 1G4 G=;=Clyar: G |+ (n — 3)CpuGPiy-1G*GM

Since all the indices of (26.22) are tangent indices, equations (26.22) are
equivalent to the ones obtained from them by multiplication with 4 .G*.
These new equations are

(n—1)
(m — 3)
(26.23) + CoilGMGPr (iGry~i + (n — 1)(n — 3)Eij:ry=- + (n — DE. 4Gy~
+ (n — D)GiaE*jy=n + (n — 3)GODB iy 156U M jy= (49
+ GOIGMU M, By inaGiy-i = 0

[(n - 3)C"¢ik;; + Gii‘cr'ﬁk": rG'rS] + (” - 3)CB(kGﬁi)"'i

after use is made of (26.5). If we multiply (26.23) by G we obtain
(n —1)
(m —3)

2(n — 2) [
(26.24)

C8323:1G7 — CaiGPriGPt + U100y B hy | nG OPGH

+ = D(E ;- Ehi:h)] ~o.

Since #>2, we may solve (26.24) for C%,;;;;G7® and substitute in (26.23).
Then (26.23) becomes

(n — 1)

(n — 3)[ Cliinr + CouGPiy~i + (m — D E; iy~
(m — 3)

(26.25)

+ G‘")Bum|i<kU"'”i>-(az>:| = 0.

If n=3, (26.25) is true identically so that (26.24) is equivalent to (26.23).
According to the italicized statement following (24.14), equations (26.24)
[which are identical with (24.13) ] are a consequence of conditions [1, 1] and
[1, 2]. Consequently this is also true for (26.23). If >3, (26.25) is equiva-
lent to (26.23) since (26.24) may be obtained from (26.25) by summing with
G and (26.23) follows from (26.24) and (26.25). According to Theorem 24.1,
equations (26.25) [which are identical with (24.7) ] are a consequence of con-
ditions [1, 1] and [1, 2]. Therefore this is also true for (26.22) The preceding
discussion of the two cases #=3 and 7> 3 shows that, after ise of [1, 1] and
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[1,2], (26.23) is an identity if #>2. Since (26.23) is equivalent to the integra-
bility conditions (26.3) by means of the conditions [1,v] and [2, v], the above
remark completes the proof of Theorem 26.1. More precisely, the proof of this
theorem shows that, for a fixed » between 2 and M inclusive, the integrability
condition [u®, v] is a consequence of conditions [1, 2—1], [1, v], [1, v+1]
and [2, v]. (Of course, we omit [1, v+1] from this list if v = M.)

Summary. The following table lists the important equations which have
appeared in this chapter together with sufficient conditions for their validity :

(1) the B-conditions: [B 1], [B 2], [B 3] if the basis beins G*(, are a
basis of class C! and »=3.

(2) the A-conditions: [A 1], [4 2]if r=2.

(3) the R-conditions: [R 1], [R 2], [R 3] if the basis beins G, are a
basis of class C'and » = 3.

(4) the D-conditions: [D 1], [D 2] if the basis beins G, are a basis of
tlass C'and r=3.

(5) the integrability conditions of the extended conformal Fremet equations:

(@ [o, 2], [w, v]; w=1,2,---, M,v=1,2,---, M, o, v2w, if the
basis beins G¢(;, are a basis of class C? and r=4.

®) ], [:]if r=5. If n>3, conditions [¢:] are a consequence of [1, 1]
and [1,2].

(V) [usu],u=2,3,---, M, o if r=5. If n>2, conditions [u*, u] are
a consequence of [1, 7] and (2, v].

If any U®w;, .y, Uhw— . .y occurring in any of the above equations is
replaced by another which differs from it by an additive null solution, the
equation remains unchanged and the additional tensors due to the presence
of the null tensor must vanish. All of the sufficient conditions enumerated
above are satisfied if 7 is equal to or greater than the maximum of the integers
5, M 4-2. It also follows from previous sections and the work of this chapter,
that -if the 4, B, D, R and integrability conditions are valid on a V, of
class C3in a V,, of class C* then they are also valid in any V, in V,, obtained
from V,in V, by an allowable conformal transformation. We call the totality
of A-conditions, R-conditions, D-conditions and the integrability conditions
the fundamental equations of V,.

If V. is a hypersurface, the following simpler set of equations is equiva-
lent to the set which appears above for a general subspace:

(1) the B-conditions: [B’ 1], [B’ 2]if r=1.

(2) the A-conditions: [A' 1], [4’ 2] if r=2.

(3) the R-conditions: [R’ 1], [R' 2] if r=1.

(4) the integrability conditions of the extended conformal Frenet equations:

(@ [0,2], [1,1], [1, 2] if r=4.

®) W) [¥.]ifrzs.

() [u]ifrzs. _

If V.. is a conformally euclidean space R., the integrability conditions
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[w, v] are true identically if Iw—vl >2. In this case, the complete set of in-
tegrability conditions [w, v] of the conformal Frenet equations are [0, 2],
[w,v] wherew=1,2, - - -, M and v=w, w+1, w+2 subject to the inequality
9 < M +1. The remaining integrability conditions which are not identities are
[¥], [:], [u= »] where u=2, 3, 4. We note that all the indices in the funda-
mental equations of V, are surface indices if V., is an R,.. Space indices occur
only in the extended conformal Frenet equations and the B-conditions.

VI. SUBSPACES IN A CONFORMALLY EUCLIDEAN SPACE Em

The Riemannian geometry of subspaces V, in an enveloping Riemann
space V,, is based upon the various fundamental forms of V,. But these
fundamental forms are the basis for a complete characterization of V, only
in euclidean spaces and in spaces of constant curvature. In these spaces, we
have the fundamental theorem of the Riemannian geometry of subspaces—
the congruence theorem: All subspaces V, in an S, with equal fundamental
forms are congruent; that is, they may be made to coincide by a motion in S,.
In addition, it is only in these spaces of constant curvature that one may ob-
tain an existence theorem(*) for subspaces(%5). This theorem affirms the exist-
ence of subspaces in S,, whose fundamental forms are any arbitrary preas-
signed differential forms. The only conditions on these forms are that the
coefficients of the forms satisfy certain partial differential equations—the
generalization of the Gauss-Codazzi equations.

The analogues of these two theorems in conformal differential geometry
hold when the enveloping space is any conformally euclidean () space R,.
In this chapter, we derive various minor results which are then used to prove
the existence theorem and fundamental (conformal equivalence) theorem of
the conformal differential geometry of subspaces.

27. Symmetry relations. As a result of (23.11), which is derived from the
conformal Frenet equations (20.7) and (20.8), it follows that

(27.1) *G%(ipy: (1) = Gt 1y w+v=12---, M,

where *G2(;,):a,) denotes the projection of the space vectors G%,:q, into
I,4.. The integrability conditions (22.1), (22.3) and (23.10) may be written as

(27.2) G®: (it~ = 0,

1
(27.3) G%: it~ = — D%ji + ———— GGG}~ () (mod I12),
(n—1)

() For a statement and proof of various forms of this existence theorem, see [3, chapter 9],
[10] and [13, §13].

(%) An exception to this statement occurs if # =1 (curve). In this case, there is an existence
theorem for a curve in any enveloping space V. _

(*8) Since any space which is conformal to S, is also an R, the analogy between Rieman-
nian and conformal geometry is complete as regards the enveloping space in which one may ob-
tain an existence theorem and an equivalence theorem.
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(27.4) G"(.'u); k)~ = — D“p,'kGﬂ(;“) (mod Iu...u), u=23:-,M-2,

after account is taken of (16.9), (16.10) and (27.1). If the space vectors in
(27.2), (27.3) and (27.4) are projected into I;, Iy and I..s respectively, it
follows from (27.1) that

(27.5) Ga(jk)— = 01
(27.5) Gy~ = — *D%a + =1 GG 4Gy~ (g2
(27.7) GGy it~ = — *D%pGP ), u=23-:--,M—2,

where *DogpGP, is the projection of Deg;GP,)in Iu4e. It follows from
(27.1) and (27.5) that

(27.8) Ga(fk)—(l,) = 0, V= 0, 1, 2, crt M -2,
This means that the basis beins G*(,y are symmetric in the first two covariant
indices 11, 1a.

We now assume that V, is a conformally euclidean space R,. Then
C24,3=0, so that Dogj=D¢=,;=0. Then, from (27.1) and (27.6), we find that

(27.9)  Gimmay = G%G;uG oy v=0,1,2,---, M =3,

(n — 1)
since *D<;;; =0. These equations show that, in general, the basis beins G*;,

are not symmetric in the second and third covariant indices. It is readily seen
from (27.9) that the necessary and sufficient condition that

(27.10) G%iry-ay = 0, v=0,1,2,---, M -3,
is that, for the same value of v,
(27.11) GG 50y a1y = 0.
Since *D#4;, =0, (27.7) shows that
(27.12) Gy it = 0, =23 -, M-2,

that is, G%(,) jx is symmetric in the indices 7, k. In what follows, we prove that
(27.13) G% i,y 1S symmelric in the last (w — 2) indices i3, 14, - * * , Gw,
w=4,5- -, M
The proof depends upon mathematical induction. We suppose that G=, is
symmetric in the last v—2 covariant indices, where v is some fixed integer be-
tween 4 and M —1 inclusive. According to (27.12), this is true if v=4. We now

establish that G2(,,, must be symmetric in the last (v—1) indices. From
(27.1), it follows that

(27.14) *G®pryick = Gy ke
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In accordance with the hypothesis of the induction, G*,,_,; is symmetric in
the indices 73, 44, * * +, 2,1, j. Hence, from (27.14), this symmetry property
is also enjoyed by the tensor G*(;,_y ;. But it has been shown that G*¢,_yx
is symmetric in the indices j, k. Therefore G*(,_yyjx is symmetric in the last
(v—1) indices or, using another notation, G%,,, is symmetric in the indices
13, 24, * = * , 1o41. This completes the proof of the symmetry property stated
in (27.13).

Incidentally, the above argument also shows that if G*(;, is symmetric
in the indices 7, 73 this is also true for the basis bein G*(,, . If account is
taken of (27.1), (27.8) and (27.13), it follows from this statement that zf
Ge i,y (v>2) 1s symmelric in the indices 1s, 13, then the basis beins

Ga(iv)v Ga(ivﬂ)v Ga(iu+2)v T Ga(iM)

enjoy symmelry in all their covariant indices and are symmetric covariant tensors.
This occurs if and only if G*1*G*(;,y=0. In this case, according to (27.11),

(27.15) GahGog,y = 0, u =,

where @, b are any integers between 1 and .
This is similar to the equations

(27.16) G19Ge;,, = 0, w=23,---,M,

which follow from (7.11) [equivalent to (21.5)] and (27.1) and hold for all
basis beins G¢(,, regardless of whether the G*(;,) are symmetric in 4,, 73 and
in any enveloping space V.., not necessarily an R.

The symmetry properties of the basis beins G*(;,, induce similar properties

in the conformal measure tensors B (,)|.. It follows directly from (21.2),
(27.8), (27.9) and (27.13) that

(27.17) B ity | oy = 0 9=0,1,2,- -, M —2,
(27.18) Biiky (1)1 (hps) = HG(")GN’:B:')"(M)(MI(hv+a)v

v=0,1,2---,M — 3,

By (hyy 15 Symmetric in the last (w — 2) indices of (iw):1ds, 14, * * * 5 Twy

(27.19) -4 u

In addition, as stated in (21.6),
B by = Bh) 1 Gy w=12"--,M

Furthermore, as in equations (27.10) and (27.11) of the discussion for the
basis beins, the necessary and sufficient condition that

(27.20) BiGikytpltheen =0,  ©=0,1,2,---, M =3,

1s that, for the same value of v,
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(27.21) G9D B (g) (1) (hyse) = 0.

If By (9>2) is symmetric in the indices 1z, i3 then the normal measure
1tensors B iy (h)y Blivanthorns * * *y Bl vy enjoy symmetry in all the i-in-
dices and in all the h-indices; that is, these measure tensors are unaltered by any
interchange among the i-indices or any interchange among the h-indices. This
occurs if and only if G#B ;)| 4,y =0. In this case, as in (27.15),

(27.22) GiﬂibB({“)“h“) = 0, u g_ 2,

where a, b are any integers between 1 and #. Even if B, 4, is not symmetric
in the indices %, 23, G*1%2B (i) sy =0, w=2, 3, - -+, M, is true as is stated in
(21.11). This is a special case of (27.22) and is true in any enveloping space V.

Finally we note that the symmetry properties of the G=(,, also induce
similar relations upon the covariant indices of the tensors U® 4y,
Uthe=v ;. Which occur in the conformal Frenet equations. We state these
relations in terms of the tensors U, .1 and Uiy, | w—n defined by means
of the equations

UGt = U 3B hy | (s

(27.23) O

U i) (g = Gt B (hy=1) | (11>

It follows reacily from (20.7), (21.2) and the symmetry relations for the
ey that Ugyyaniaw 678 UG, au—1 re symmetric in the groups of indices
11, 92) 13, T4y * * * 4w} by, lo; and either I3, by, + -+, Ly or g, bsy + « -, L.

Also, according to (20.7),

G%iky—py: 1y = G%ijkcty T UP45000G* hyyey + UMYk 013G gy
and

1
[————)- GG uG% g9 (lv-l)] iy

(n—1

1

= mc("’)cik[c"mml,) + U0 19G thyrny F TP 5400 19G hyiny )-
Therefore we find from (21.1), (21.2), (27.9), (27.23) and the above equations
that

Uitinm apl sy = == GG U iy~ (09) (1) | (hy s
(27.24) T v v+2 (” _ 1) 2 v v+2)?

v=012,---,M—2,

Uik (g | (hoan) = (7_—1)0‘”’)Gf(kUi)‘<oz>(l.,>1<h.,+1>.
(27.25)
v=012---, M- 2,
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We note that if U,y and B gy, are known then U® ;.\ is de-
termined except for an additive tensor ¢+, .., which obeys

6 (hw)

B 1 (10" (iyyyy = 0.

Hence, for any fixed values of 1, 42, - * -, w41, 0% i, .y is a null solution and,
according to §19, also obeys the equations

G0 (iyiyy = 0.

This means that while the U®% ., are only fixed up to an additive null
solution by the U, 1w and B, an the tensor U ., 1G24,y which oc-
curs in the conformal Frenet equations is uniquely determined by the
Utiwsn ) and G%a,y. In a similar way, the Ut,ynitu-n and By-n -0
determine the U*»-v;, . except for additive null solutions with respect to
Bho-11 =1 OF G*(hyy—1)-

All of the symmetry properties obtained in this section are derived from
the conformal Frenet equations, B-conditions and fundamental equations.
Consequently the symmetry relations for B (i) | (k) Utio)|(tw—1 aNd Uginy 1 (1o—p)
do not represent any new conditions. They may be derived directly from the
fundamental equations.

28. Determination of U™ ;. ,, U™ .., By (- In previous sections,
it was shown that every subspace V,in V,, which satisfies certain general con-
ditions determines a set of conformal tensors. The tensors include the con-
formal measure tensors (19.8) and the deviation tensor E;; and are unchanged
by conformal transformations of V,,. The components of these tensors satisfy
the various algebraic and integrability conditions which were derived in chap-
ter V.

We are now in a position to begin the proof of a converse theorem which
is true if the enveloping space V., is a conformally euclidean space R..
Briefly, this theorem states that subspaces V., exist in R, whose conformal
measure tensors and deviation tensor are any arbitrary tensors whose components
satisfy the fundamental equations and that any such subspace is uniquely deter-
mined by a number of initial conditions. Indeed, we prove an even stronger
theorem which may be stated loosely(*") as follows: 4 V, exists in R, with
preassigned conformal fundamental forms (19.11) whose coefficients satisfy cer-
tain algebraic and differential equations and thys V, is uniquely determined by a
number of initial conditions.

In its general outline, the derivation of these results is somewhat similar
to that used to prove the corresponding existence theorem of Riemannian
geometry(4%). However, the details of the present proof involve enormously
greater algebraic difficulties. As a result, there is only a very weak analogy
between the details of the proofs of the preliminary theorems which lead up

(*7) A precise statement of these theorems appears in Theorem 29.1 and Theorem 29.3.
(4®) For example, compare the work of §§28, 29 of this paper with [10, §4].
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to the existence theorems of conformal geometry and the corresponding theo- -
rems of Riemannian geometry. Since the enveloping V., is a conformally
euclidean space, it is assumed that Cagys =Dagjx =Daijr=0 in all the work of
this section.

In this section, we develop a number of results of secondary interest which
lead to a proof of the existence theorem. These results show that the tensors
U oy UPe=D () may be expressed in terms of the conformal measure
tensors B, u.,) and of the deviation tensor(*?) E;; by means of the various
equations derived in chapter V and finally that the By, in turn are
uniquely determined by the symmetric conformal fundamental tensors
G iw) (1w)- These results, which constitute the aim of the lengthy calculations
of the present section, are stated in Theorem 28.1 and Theorem 28.2.

(1) Determination of the Uhe-v; . According to (21.9) and the defini-
tion given by (27.23),

UGyl oty = = Byopyignliteny w=2,3,--+, M.

[If w=1, Uuyiay =0 by the convention of (20.8).] From the discussion at
the end of §27, this means that B, ¢,y and B,-y| G-y fix the value of
Uthw-v ;. 1y except for the necessarily indeterminate additive null solution.

(2) Determination of the U** , .. In the calculations that follow, the
following notation is very useful. If a tensor expression T is equal to a single-
valued(®) tensor function of

Ba, if w=1,

(28.1) .

E;i, Biyjuy Biinictay * * s Biigiagy of w22,
we write
(28.2) T~0

to denote this fact. Similarly, if T and T are two tensor expressions and if T,
differs from T, by a combination of the tensors (28.1), we write

(28.3) Ty~ Ts.

Hence both (28.2) and (28.3) are equivalent to equations. We call each of
them a ~" equation.

It is clear that (28.3) is equivalent to Ty — T'y~%0. Furthermore T ~v+1(
and T,;~"0 are both consequences of (28.2). Also, if

7,0, To~0

(*?) If »>2, the tensor E;; may be expressed in terms of By and its derivatives and
B a2)) (15 by means of (24.15). Hence, in this case, the U’s may be written as functions of the
conformal measure tensors alone.

(%) If T is equal to UG-, or UM ;) and is determined except for an additive null
tensor, we also write (28.2). A similar remark applies to (28.35).
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then
T+ T:<~0,  T.T,~0

so that, in some respects, (28.2) and (28.3) behave as though they were the
equations T=0 and T, =T respectively. We also consider a generalization
of the notion of symmetry for a tensor T Let ¢, j be two covariant (or contra-
variant) indices of T" and suppose that

(28.4) Tij — Ti~0.

We call the kind of “symmetry” defined by (28.4) by the name ~* symmetry
and say that T is a ~¥ symmelric tensor in the indices 7, j. Of course, ordinary
symmetry implies ~* symmetry.

The first case in the determination of the U® ., to be considered is
w=2 since UM, =0 by the convention stated in (20.8). We now find
Uiyiay. If m=3, this problem is solved by (20.18). We therefore assume
that m exceeds 3. _

We introduce an abbreviated notation by means of the equations

()| ()] 7} = Uspyitam w> 1,
{i| )} = Grilak| )] 5},
(28.5) {Goed) | Q) } = G*i{irhfinis - - - Guz| (o) | G0}, w > 2,
(1] = Gr{Rr| 1},
[Guet) (lomz) ] = GPi{(Guey) | Liblals - - - Lus}, w> 2.
From the symmetry properties of {(i5) I () | j} stated in §27, it follows that
(28.6) {i| GO~} = 0.
Also, from equations (24.7),
(28.7) (G| )-r} ~o.

As a consequence of (28.6) and (28.7), it follows that {i|jk} is a ~2 symmetric
tensor in all its indices. We multiply (28.7) by G and sum on the repeated
indices. Since

Gi{j| it} = o,

in accordance with (21.12), the resulting equations may be written as
(28.8) [i]1~o.

Now it follows from (21.10) with w=2 and (27.23) and (28.5) that
(28.9) {G) ] @) |5} + {@)] G2 | 5} = Banraw:ie
From (28.9), we obtain
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AR R AR AR R VA RAA DA
— {iria| boi| b} + {daha| B | 02} + {o7] dala]| 41}
— il | B} = {aahi| jir| B} 4 {ds] ji | 4}
+ {fir| la| 42} ~ 0.

Also, from the conformal Codazzi equations (22.20),

(28.10)

1
(28.11) {37~ | | B~} = P Gi{7~| la}.

If (28.11) is substituted in (28.10), we obtain

1

2{ixia| | 7} + woD [Gro {1 | dvia} + Gugsm{i-| laf} + G {br |iahi}
+ Gui-{la| jir} + Gaim {5~ | i} ] ~ 0.

When we make use of the ~? symmetry of { jll;lz} these last equations be-

come

(28.12)  2{iria| Lka| j} + [Gua{ta| a7} = Gunfia] iaj} ] ~0.

(n—1)

We multiply (28.12) by G## and sum for 41, 5. If we make use of (21.11)
and (28.5), we obtain

n-{li| Lj} — Gunli] ~o.

In virtue of (28.8), these equations become {li|%j}~20. If these last results
are substituted in (28.12), we find that

(28.13) {ivia| bla| 7} 20,

This means that {'ifl:zll]lzl Jj } or Uugilay may be expressed in terms of the
tensors E;, Gi and By, Hence U™, is determined by these tensors
up to an additive null solution.

We now proceed to a consideration of the general case w>2 which we es-
tablish by mathematical induction. For the hypothesis of the induction, we
assume(®) that the tensors

(28.14) UMy, UG () - - - U(h"’"’)(i.,); UGt oy, UG e oo U oD (i)

may be expressed uniquely (except for additive null tensors) in terms of the
tensors

(28.15) Ei, Gity Byt *** y Bligen) (1)

(%) This has already been shown for all the tensors of the first set in (28.14) as well as the
first tensor U® ;) of the second set.
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In the sequel, we shall show that U, ) is determined (except for an addi-
tive null solution) by the tensors (28.15) and By, q,). This is equxvalent to
proving that

(28.16) Uipsnr 1 ) ~0

which is the form in which our result is established. The proof follows.

For the present, we assume that the tensors (28.14) are determined
uniquely by the tensors (28.15). Later we consider the effect of changing any
tensor of (28.14) by an additive null solution. According to the results of §27,
{(iw)|(l.,) I Jj } is symmetric in the groups of indices 41, %2; 73, %4 * * *, Tw;
Lyland ly, Uy, - - -, b,. It also follows from (23.7), (23.17) and the hypothesis
of the induction that

(28.17) (Ga) | @) |7} = {Guod)i] () | 50} 0.
Also, from (21.10),
(28.18) (G| @) |5} + {0 ] G |5} ~0

It follows from (28.17) and (28.18) that

{(iw)| ) |7}~ = {0 | G |5}~ = {Ce-2i] G | 20}
{(tw) I (lw—l)]l b }

As a consequence of (28.17) and (28.19) and the symmetry properties,
{(1.,,)| (lo) I]} is ~* symmetric in the indices s, 24, * * * , %w, I3, bty * * * 5 by J-
Now the integrability conditions (26.3) lead to the equations

GG~ iic = 0 (mod Iyy)

(28.1

when V, is an R,. Conformal differentiation of these equations and simplifi-
cation by means of the conformal Frenet equations (20.7) yield the equations

(28 . 20) G'.".’G“,'l-;,; T ] = 0 (mod Iis... (w—l))-
Now according to (20.7) and easy mathematical induction,

G%iyis. i =G% o ipi
(28.21) o
+ Gy [UM,, .. i i + combination of the tensors (28. 14)]

(mod Iu. .. (w—l))-

We substitute (28.21) in (28.20) and multiply by 4 .sG#., and sum for «, .

If use is made of (21.1), (21.2) as well as the definitions (27.23) and (28.5),

we obtain

(28.22) Gt {irigisit - - - i (l) | 7} ~0O.

This result can be derived from the fundamental equations alone without us-
ing any equations involving space indices. Of course, (28.22) is equivalent to
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(28.23) {ivig - - duj| )} ~0

where {41, - - -iwj| (l.,)} or, in other notatien, {(i.,,_l)|(l.,,)} is defined by
(28.5). It follows from (28.23) and the ~* symmetry properties of
{ (1) | () ] 7} stated in the preceding paragraph that {(i.,,_l)l (lo) } is ~* sym-
metric in the indices 21, %3, 23, * * * , %w, I3, lsy - * * 4 Lw.

From (28.18), we obtain

(28.24) G*{(iw) | () | 7} + G#{(w) | (i) | 5} ~ 0.

According to the conclusion of the preceding paragraph, the first tensor in
(28.24) is ~¥ symmetric in all indices except /1, /.. Consequently the second
tensor Gi*is {(l,) I () | j} is also ~* symmetric in these indices. Also
Glals {(l.,,)] () | _7} is ~* symmetric in all indices except 71, 72. It follows from
these remarks that G%!sGizis {(lw)| (%) | 7} is ~» symmetric in all the remain-
ing indices. In the notation of (28.5), this means that [(f_1)(ly—2)] is a2 ~*
symmetric tensor. If we multiply (28.24) by G’ and sum on the repeated
indices and use the fact that [(¢w_1)(fu—g)] is ~* symmetric, we obtain

(28.25) (1) (s ] ~ 0
after replacing the indices 41, %4, %5, * * * 9w s b1y bt by * * * , bw DY %1, %2, %3, + *
'iw-ly llr l2y ls» tt lw—2-
Now (27.24) may be written as
_— CN 1 - s
(28.26) {Lizly - - - L (iw)] ) = ( I)Gz,z,-{lzh-"lel(tw)}-
" — .

From (28.18) and (28.26),

(28.27)  {Go) | Wizly - - - 1ol 7} A"/E—l_—l—)c,,,,—{z;h o luf| G}

We multiply (28.27) by G*i* and sum on repeated indices. This gives
1

(n—1)

after using the definitions (28.5). According to (28.25) and a change of in-
dices, these last equations become

{Good) | Wizl7 -+ L} ~ 0

so that {(fu—1)| (fu) } is ~* symmetric in the indices J, /5. Since it has already
been shown that {(iw_1)| (ls)} is ~» symmetric in all the indices except /;, Iz
and is also symmetric in /;, I, the above remark shows that {(i,,,_l)l (l.,,)} is
~v¥ symmetric in all its indices.

We now consider a tensor expression suggested by (28.18). As a result of
(28.18),

{ivia - dug| Llzls - Lo} ~ Guui-[lale - -+ lufiria - - - iw]
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{ir-- iwlll"‘lw‘j} + {h"'lwlil"' iwlj}

- {lz"'lelir"iwlh} - {,‘l... iw|l2"'lelll}

+ {dadwh |l lof| 0}l g dae - duh| 4]

..............................

(28.28)

e L R T ¥ "R MUY I WS SRS B A Y T AR ey
+{h g dea | b} + (i el L de) ~0.

If use is made of the ~* symmetry properties of {(i.,,)l (lw) | j} and of (28.26),
we find that (28.28) may be written as

{Ga)] G |7} +

(n — 1) [Glzla"{ll_h o lel 1ty - - iw}

—_ Gs,i,—{il—i4 . iwlll I - le}
+Gz,z.-{lz_ls R leill dgdg - - - iwll} —_
+ Gir {laia - -+ dua | duby - - o}

- Gzlzr{iw‘la R lwljil . iw_l}]

+ {jir - domr| b B dw} ~0.

(28.29)

Also, from (28.26),
{fir - doma| B o] 40} = {G) | ()| 7}
+ (1/(n = D)Gayir={57is - - - dw| - - L.

We substitute (28.30) in (28.29) and simplify using the fact that { (fu_1) | (i) }
is a ~* symmetric tensor. The resulting equations are

2{(w) | W) | 7} + @/(n — D) [Gayin{ia - - - dula] la - - Luj}

—Gunlinls - - lo| fir- - - fua} ~0.

(28.30)

(28.31)

If (28.31) is multiplied by G## and summed on repeated indices, we obtain

nlis - dul| o+ luj} — Guyliuks - - - lujis - - - fwma] ~ 0

after account is taken of (21.12) and (28.5). From these last equations and
(28.25), it follows that

(28.32) {Gu-n) | G)} ~ 0

after a change of notation. If (28.32) is substituted in (28.31), we find that
(G| @]} ~0

which is equivalent to (28.16). The details of the proof show that { (1’.,,)| (L) I Jj }
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is a rational function of the tensors (28.1) and their first confornial deriva-
tives.

The above work disregarded the possible effect of changing any of the
tensors (28.14) by additive null tensors(%?). Now as noted in the summary at
the conclusion of chapter V, any change of this kind has no effect on any of
the equations used in our proof. This means that the value obtained for
Uwip it is not dependent upon the particular choice that we make for
each Uin (28.14).

Consequently the U, ., are uniquely determined by the tensors (28.1)
except for necessarily indeterminate-additive null solutions. This completes
the proof by mathematical induction. The results of this section up to the
present point may be summarized by the theorem:

THEOREM 28.1. The ~* equations

Ut ~ 0, w=12--+, M,
(28.33) U 0

are consequences of the fundamental equations of V.. The U's are uniquely de-
termined by these ~* equations except for additive null tensors.

(3) Determination of the B, qa,. The following conventions regarding
notation are very useful for the calculations which appear in the remainder
of this section. If a tensor expression T is equal to a single-valued tensor func-
tion of

G.‘ if w= l,
(28.34) i .f
Eit,Giynyy Gy -+ 1 Gy if w22,
we write
(28.35) T~0

to denote this fact. Similarly, if T, and T are two tensor expressions and if
T, differs from T, by a combination of the tensors (28.34), we write

(28.36) Ty~ T,

According to these definitions, both (28.35) and (28.36) are equivalent to
equations. We call each of them a ~¥ equation. The various remarks which
appeared earlier in connection with the definitions of ~ equations are also
valid here in analogous form. In particular, if ¢, j are two covariant (or contra-
variant) indices of T and if T;;— T ;;~*0 we say that T is a ~* symmetric
tensor in the indices 1, j.

We begin by observing that B;,j;, (=G:,1,) and E;; are themselves funda-

(%) The corresponding proof in the metric theory [10, §4] should be amended to include
remarks analogous to those made here.
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mental tensors. We now consider the problem of expressing B i, «, in terms
of the fundamental tensors. As a consequence of (19.12) and the symmetry
properties of B, @y, it follows that
3G iy (1 = Biriglnty + Biyntiaty + Biytylion
= 3Byiay + Bamlin~ia + Biyaalin=n-

According to the conformal Gauss equations (22.13), B; ;- is a tensor func-
tion of G;;j and E;; Hence, using the notation previously introduced,

(28.37)

2 2
Bt’x(llliz)—l: ~0, Bt'x(lzl"z)"l ~0.

It follows from these equations and (28.37) that

2
B iy 1) =~ 0.

We now proceed to a consideration of the general case w>2 which we
establish by mathematical induction. For the hypothesis of the induction, we
assume that the tensors

Eit, Biyiyy By 5 Bliw-n 1 (o
may be expressed uniquely in terms of the fundamental tensors
(28.38) Eit, Gany Ganagr =+ Glipan) Gumn-

In the work that follows, we prove that B |q,) is determined by the tensors
(28.38) and G(‘w)(‘w); that is,

(28.39) Byl iy ~ 0.

We note that the hypothesis of the induction has been proved to be true
if w=1 or w=2. From the hypothesis and Theorem 28.1, it follows that the
tensors (28.14) are also determined (except for null solutions(®)) by the fun-

-damental tensors (28.38). Now, as a result of this remark, the hypothesis of
the induction and equations (23.6) and (23.16), we find that

w
h N
Ut 1 (07 B hyn) | (1yoty =2 0.

It follows from (21.9) that these equations are equivalent to

w

(28.40) ‘ B iyyk 1t i- =2 0.
Now, according to the results of §27, B, q,) is symmetric in the groups of
indices 1y, %2; b, la; %3, %4, * * * , tw and ls, Iy, - « -, I,,. It follows from (28.40)

that B, (e is =% symmetric in the indices 73, 24, * * +, w, I3, bgy * =+, Lu.
Equations (28.20) and (28.21) may be written in the form

(%) This lack of a unique determination for the tensors (28.14) may be disregarded in the
present work for reasons which are stated in connection with the proof of Theorem 28.1.
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(28. 41) Gi’i'G“il"{z; i iy = 0 (mod Ilz. .. (w—2)),

w

(28.42) G igiige iy = Ga(,'w) (mod I;,... (w—l))-

We substitute (28.42) in (28.41) and multiply the result by 4.sG#,, and
sum for e, B. If use is made of (21.1) and (21.2), we obtain

(28.43) GO By~ (ggyiz - ial () = 0

after a change of indices. This result may be proved by means of the funda-
mental equations alone without using any equations involving space indices.
It follows from (28.43) and the ~* symmetry properties of B, stated
in the preceding paragraph that G B; (i, - -iv—sl () 18 =¥ symmetric in
the indices 73, %3, * - * , Tw—2, I3, l4, * -+, l,. From (21.6), we obtain

GOV B (gyig- - imsl by = GO B (1) 1i3(anyiz- - i

Hence G9B (1,)1i0pis - - -iv-2 18 =¥ symmetric in the indices 41, 72, - * , T2,
Is, Ly, - - -, L, It follows from these remarks that GOG®B; i, - - -iw—glti(hdls - - -lo_s
is &~ symmetric in all its indices except /, and inall its indices except 7; and
hence is ~* symmetric in all its indices.

We shall use the following notation which is suggested by the ~* sym-
metry properties derived above:

HONA) I (h2w—e)} = Biyighy---hy—sl tiishyos - -hoss
(28.44) {02) | Gew-} = G9Bi agyia- - iyai ttaines - - ingsr
[(Geo—t)] = GOOGPDB, (10riy. - viy_slinos (hprin: - iyt
It follows that {(ig)l (A) | (haw—s)} is =~* symmetric in the groups of indices
21, 925 Iy, la; By, Ba, - - -, Baw—q and that

(28.45) {(1z)| (lz)| (h2w—4)‘} ~ {(lz) I (2) I (h2w—4)}'

Also, {(lg)l('izw_4)} is ~¥ symmetric in I;, l; and in 1,, 43, * "+, %24—4 and
(t2w—4) ] is @ =~* symmetric tensor. We shall also write

[(f20-6)] = G [g1g2(32u0—s) ],
[(izw_s)] =G [glgz(izw—s) ],

[(32)] = G2 [grga(in) ].

It is clear that all the above tensors are ~* symmetric tensors.
We now derive several relationships which are used in the sequel to prove
(28.39). According to (27.18) and (28.44),

(28.47) {(12)| (lz)l (jz"’“)} = {’:ljll (12) | Tofa - - ]‘2w—'4} N ‘
+ (1/(n — 1))Gijp-{ (1) I iTirc Jru)

(28.46)
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If we multiply (28.47) by G'» and sum on the repeated indices, we obtain

Gili’{(iz)l @12) I (]2',,_4)} ~ {(lz)‘ t1tafs - - jzw—4}

(28.48)

n
(n—1)

(n _ 1) GimGt'n'z{ (l2) l (j2w—4)}

after account is taken of the ~* symmetry properties of [(ls)| (¢2u—s)]. Also,
from (27.18), (28.44), (28.45) and (28.46), we obtain the equations

() | Groet)} = {hjr| laja - - - awes)
+ 1/(n — D)Gyi-lzge - - - frwsl.

If these last equations are multiplied by G¢» and summed for ji, j2, we obtain

(28.49)

n
(n—1)

1 ) .
T Guulfs + + * jow)

after account is taken of (28.46) and the ~* symmetry of the various tensors.
Substitution of this last result in (28.48) leads to the equations

Giu‘z{(lz)‘ (j2w—4)} ~ [l;lzj3 c j2w-—~4]

n

(n—1)

Gir{(i2) | () | Gowe) } =~ ()| daiafs - - - T2

n - .
(28.50) - (n—_—l)zGiliz[lllzJa S fawd)

1
+ mciliﬁz,zz[]’a < Jaw—al.

We also note that if (28.47) is multiplied by G2 and summed on repeated
indices, we obtain the equations

Gi{ (i) | () | (o)} == {infia | Bija - - - s}
(28.51) 1 ) . 1
-+ mcilil[ll,h e ]2w—4] (” _ 1)

Now, as in (28.49),

{adi] 1+ -+ Jowms).

1 —. .
lida| f1 e+ Jowma} = {afi| g+ - Jowod) + (n—__l—)Gnir[ll Ja - Jrwma].

If this result is substituted in (28.51), we find that
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w -2
Gair{(ia) | (1) | (Gow-i)} = : — 1; {ivja| Bija -+ faums)
(28.52)
(n — 1) a1 lb1)2 Jow—4 (n — 1) i lJ1 Jow—4]-

Finally, if (28.49) is multiplied by G and summed on j,, j., we obtain

. . w n . .
G { (1) | (faws) } =~ — [idags - -+ Fouwmsd)
(28.53) ;
—_— Guulis - freal
n—1) llz[.73 J2 4]
In the notation of the present section, (19.12) may be written as
(28.50) > (6] )] Gaemd)} 0

where the indices 1, 12, I1, l2, j1, * * * , jaw—s in the summation assume all pos-
sible (2w)! permutations of themselves. We now show, using the equations
and ~* symmetry properties established in the preceding paragraphs, that
(28.54) may be solved for the B,)|.,). The proof is accomplished in a se-
quence of successive stages.

If account is taken of (28.47) and of the ~* symmetry properties of the
tensors of (28.54), each of these tensors may be written as the fixed tensor
{ (42) (lz)'(_izw_4)} plus a possible sum of terms like +(1/(n—1))G,
{(12)| Gaw—s) }. Thus (28.47) defines {i171| (%2)|4272 * * * jow—s} in this manner.
Similarly,

{Go) | L | Baga - - Jawea) 2 {(52) | (1) | Gzwms) }

1
+ ‘(;—_'T)Gz.zr{(iz) ljl—j2 <t Jouw—af.
Repeated application of (28.47) also leads to an analogous expression for
{41d1| il2| (jaw—s) } . It follows from these remarks that (28.54) may be written
in the form

w 1 .
cof(i2) | (1) | (jaw-e)} % sum of terms like + oo {9 ] Gow-0 }
where cs >0, so that the problem of determining {('iz)| (1) | (Gzu—a) } is reduced
to the similar question for {(J5)|(jaw—s)}. This completes the first stage of

the proof.
If (28.54) is multiplied by G% and summed for %, 7;, we obtain the

~¥ equations
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(28.55) >

s

0

where D1 is a sum of terms like

0, {(@2) | Gaw—a) }, G2 { (52) | (1) | 4tags - Frua}s

Grir{ iy | dals| (joumd)
The first of these is obtained by the use of (21.11). In view of the ~¥ sym-
metry properties of {(32)|(%2)| (jaw—s)}, these are the only possible types of
terms which may occur in 2_;. Now the second and third types listed in

(28.56) may be changed by means of (28.50) and (28.52) respectively. Hence
1 may be written as the sum of tensors like

{(1) | Gawd) },

(28.56)

" n
-1 ()] Gron)} — (n—_l)—zc,-”.z[llzzj3 N .
(28.57) T oo I)ZGnhGMz[Js e e,
(n—2) c g . (n — 2) ) ]
(n _ 1) {l2]l| ll]z o e ]2w—4} + ‘(—’;—:_1‘)_;012,'1[11]2 e ]2w—4]
1 .
+ mclllz[jl s jzw_4].

Since 72 2, each of the terms (28.57) involves the tensors like { (2) | (Gau—v) },
{ljr|lijs - -+ * jew—s} with non-negative coefficients. Also, if account is taken of
(28.49) and the ~* symmetry properties of {(lz)| (jew-s) }, any tensor con-
structed from {(L)|(ja—s)} by a permutation of its indices may be writ-
ten as the fixed tensor {(L)|(jaw—s)} plus a possible sum of terms like
+(1/(n—1))Gauy [(Jaw—s) ]. It follows from these remarks that (28.55) may be
written as

ar{ () | Gawei)} X sum of terms like G ay[(jaw—i) | with numerical coefficients

where ¢1>0, so that the problem of determining {(%)| (jaw—s)} is reduced to
the similar question for [(faw—s) ]. This completes the second stage of the proof.

If (28.55) is multiplied by G“? and summed for 1, Iy, we obtain the ~*
equations

(28.58) S ~o.

Here D, is a sum of terms like those obtained by multiplying each of the
tensors (28.57) by G™*: where ki, h, are any combination of the indices
U, ls, j1, Jor * © + 5 Jew—s, and summing for the repeated indices. The first tensor
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in (28.57) may lead to terms like

1
(28.59) 0, [(]zw—4)] [(sz 0] - —I—)Gm’z[is Ry
after multiplication by G’”', GYitand G2 respectively, and replacing l-indices
by j's. Also, in the last case, we have made use of (28.53). The second tensor
expression in (28.57) may lead to terms like

n(n —-2) 1
y 2w—4 —Giliz '3 Tt .2w—4 ’
p— [0 ] + P [ - - - jound]
n 1
——— [t ] = ——<Giilis - - - fows],
(28. 60) (n—1) (n—1)
2w—4 ———— Giilgrfefs -+ Jow—s Giiljs -+ Jaw—s
P [Gow-0)] — 1),( [fijefs - -« feua] + Giigls -+ Fow-s))
1 . .
+ (n—__‘I)_thizGiu}[?B R P

after multiplication by Gh!z, Gitt, Glis and G73i¢ respectively and replacing
U's by j's. In the last case, use has been made of (28.53). The third tensor ex-
pression in (28.57) may lead to terms like

[Gew-d], [Gowd) ],

(n — 1)

(28.61)
n(n—[( )]+;G[ ]
(n — 1) Jow—s 1)? ni2lJs J2w—4

after multiplication by G, Ghit and G respectively and replacing the I’s
by j's. Now the tensors in (28.57) are ~* equivalent to those in (28.56). The
o~ symmetry properties of the various tensors in (28.56) show that we have
considered every possible product of one of these terms by G**2 in deriving
(28.59), (28.60) and (28.61). Hence Y_, may be written as a sum of terms like
those which appear in (28.59), (28.60) and (28.61).

Since 722, each of these terms involves the tensor [(jsw—s)] With non-
negative coefficients. Since [(fzu_s) ] is a ~* symmetric tensor, it follows from
the remarks of this and the preceding paragraphs that (28.58) may be writ-
ten as

c2[(Gawd) ] = sum of terms like Gy, _yiro_i[(f2w_s) | with numerical coqﬁicients‘

where ¢;>0, so that the problem of finding [(jsu—_s)] is reduced to a similar
one for [(jaw—s)]. This completes the third stage of the proof.
We may now multiply (28.58) by Gi2w-si2—¢ and sum on repeated indices.
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In this way we obtain

(28.62) >

|2=

0.

Here Y 3 is a sum of terms like those obtained by multiplying each of the
tensors of (28.59), (28.60) and (28.61) by G*»2 where k,, ks are any combina-
tion of the indices jj, j2, * * * , jow—s4 and summing for repeated indices. All of
these terms involve only non-negative coefficients except possibly the terms
which arise from

n . 1 . .
P [(Gru)] — mcmz[]s e Jrumal,s ( 1)2 ——— [(20-9)]
n . . . . . .
(28.63) i Gisiliigeds - - - jrw-s] + Giriglds + -+ 2w-a])
1 . .
+ meann[ﬁ' © frumd).
Now the first of these expressions can only lead to terms like zero or like
n 1
(28.64) P [(Grw-e)] — P Giiljs -+ Jru-s]

which we obtain by multiplying by G#/2 and Gt/ respectively and then chang-
ing our indices somewhat. The second of the expressions in (28.63) can only
lead to terms like zero or like the expressions

nin — 1
I 2w—6, '—Giliz .3 cre .2w— ’
n 1)2 [(] )]+ o [s -+ Fawms]
n 1
[Gowe)] = ——=G iy lds - - - F2w—sl,
(28.65) (": D (n = 1)
P ———— [(2w-0)] — —W(Gnub'ljﬂv <+ fuos]t Gailds - - - jrums])
+ 1 GiiGisidlds -+ - 7
(n —_ 1)2 iU isialJs .72'0—6]

which we obtain by multiplying by Gii2, G1is, G178 and G7s/¢ respectively and
then changing some of the indices. In all the tensor expressions of (28.64)
and (28.65), the coefficients of [(jaw—s)] are non-negative.

It is clear from the above remarks that (28.62) may be written(4) as

¢s[(Fou—s)] = tensor function of terms like G iy [(fowes) ] and [(f20-10)]

(®) If w=3 or w=4, simple modifications of the present discussion are necessary.
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where ¢3>0. This completes the fourth stage of the proof.
To find [(jow—s) ], we multiply (28.62) by Gize-7ize~s and sum on repeated
indices. All the terms of the resulting ~* equations

(28.66) S0

have non-negative coefficients except possibly the terms which arise from the
last two expressions of (28.65). But these expressions are exactly analogous to
those of (28.63) which were considered in connection with (28.62). The previ-
ous discussion shows that the tensors [(jas—s) ] which arise from these expres-
sions have non-negative coefficients and consequently (28.66) may be solved
for [(jaw—s)] in terms of [(jaw—10)], and so on. This completes the fifth stage
of the proof.

This process may be continued until eventually, at the (w+1)th stage of
the proof, we reach a ~* equation which may be written as

eGP [(j2)] =20

with ¢, >0. It follows from this equation that

(28.67) G [(j)] ~o.
Since the solution for each of the tensors

G [(.72)]1 [(.72)]’ [(]4)]’ ] [(j2w—4)]1 {(ZZ)I (j2w—4)}y
{(@2) | @) | Gowmd) }

is dependent only upon the solution for the preceding ones in the chain
(28.68), it follows from (28.67) that

{G) ] )| Goae)} =0

which is equivalent to (28.39). This completes that proof of the mathematical
induction. The details of the proof show that B, |, is a rational function
of the tensors (28.34) and their first conformal derivatives and of Kjij. The
present proof as well as that of Theorem 28.1 only involves systems of linear
algebraic equations. We may summarize the results of the above discussion
and of Theorem 28.1 in the following theorem.

(28.68)

THEOREM 28.2. The ~" equations

B(,‘w”(zw)&o, w=1,2,---,M,
(28.69) v w
U 5,10y 22 0, U i1y 2
are consequences of the fundamental equations of V. and of equation (19.12).
The B's are uniquely determined by these ~* equations and the U'’s are uniquely
determined except for additive null solutions.
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29. The existence theorem. We now prove the first form of the existence
theorem :

THEOREM(®®) 29.1. Let R, be any conformally euclidean space of clgss C*
and dimensionality m>2 and let R be an open region of an n-dimensional num-
ber space { x"} of dimensionality n>1. Suppose that

(29.1) By, By c 0 B taa Eir

are any functions of x* defined on R so that the functions By, are of class C?
and the others are of class C'. Also, suppose that functions

(29.2) Uhl(ia)v U(’")(m, cee, U(h”")(iu.,.l); U("’)(.',), U (k) G """ U(hu)(t‘u.n)

of class C' on R exist such that the fundamental equations formed with respect to
(29.1) and (29.2) are true. Let y=, be the coordinates of any point P of Rn;
x% any fixed parameters belonging to R; ¢o, ¢pio any n+1 real numbers;
G0, G%ipoy * * + » G (ianyo, W% any set of basis beins and any vector at P which
satisfy the boundary conditions when x*=x%. Then there exists an n-dimensional
Riemann space V., of class C? defined on some region of R about x*y which is
imbedded in R, by equations of the form

(29.3) y= = y(«?)

and which has the respective functions (29.1) as its successive conformal measure
tensors and deviation temsor respectively. For x=x%, V, passes through P so
that its moving conformal basis beins and mean curvature normal take the posi-
tions G%o, Gy, * + + » G(iayo, W% respectively and the values of the gauge
function of V, and of its derivative with respect to x* at P are ¢o and ¢io re-
spectively. Any other subspace with these properties will coincide with the V.,
defined by (29.3) in the common region of definition.

For the proof of this theorem, we consider the following sysfem of partial
differential equations in the unknown quantities (20.1):

dye
= Ga‘,“
RER
aG*;,
dx'? = Ga"rh"l."z - Gﬂilcyizraﬂ‘r + Ga(iz)v
(29.4)
aG“(,'w) hed A
_5;;: = Z Gail EERL PR LA PRSI -"wP iyip+l Gﬁ(fw)GyiwﬂPaﬂ‘r + Ga(imﬂ)
v==1
+ U Gy + U(hw—x)('.wm‘Ga(hw_m w=23---,M,
aw —
axi Vi

(%) Various modifications of this theorem appear in the remarks at the conclusion of the
proof. :
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oY

- = Yl + Vi + Esj — aapu®GPi; + PasG4GB;
9! (m — 2)
e T
— — | e?a, @ . - i
2 B Wk (m-l)(m—Z) i
s e
(29.4) Y = — ”367‘:[‘“31 + (n — 1) G G* + U(”)ihlG“Ga(gz)

+ UGGy + (n — 1)GaG*r — (n — 1)P¥u;
— (1 — 1)agufGrGa G 4+ GoK™ 4 (n — 2)G4EM;
(n—1)
(m —2)

Here I'ij; and K;; are the Christoffel symbols of the second kind and the
Ricci tensor formed with respect to G;; and I'*s, is given by

+ G*E — (e*¥af — Gh"G“}.Gﬂk)pp‘yG'V,’].

a
(29.5) [ogy = {B‘Y} + a%mny + a%yms — asya*ns

where 7, is defined by
Ty = ap[uf — Yre HGHGE, ).

The definition of I'?g, in terms of the given tensors and the unknowns (20.1)
is suggested by (8.8), (8.10), (8.11) and (13.10). We also define 4 .5 by means
of the equations

(29.6) Aog = e ag.

Of course, equations (29.4) are the extended conformal Frenet equations after
account is taken of the definition of the conformal derivative.
To the system of equations (29.4), we adjoin the equations

aasG* i )GP 1,y = 0, wFE,wv=12---,M,
(29.7) 2agG%,)GP 1) = €¥B iy
osu®GP; = 0.

These equations constitute a set of algebraic boundary conditions which must
be satisfied by the solutions of (29.4). In virtue of (29.6), it is clear that (29.7)
are equivalent to the B-conditions.

The right members of equations (29.4) depend upon the known functions

Ti(2), U...(2), Gii(2), Kij(x), E:j(x), E(x)

and the unknowns (20.1). These latter appear both explicitly and also im-
plicitly in the functions
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ouslo), § ;;} + pes(3), 0(2).

Actually, the U’s are not given functions. The hypothesis of the theorem
merely affirms the existence of at least one set of U’s. But according to Theo-
rem 28.1, any other set of U’s differs from the first by null solutions which
do not affect equations (29.4). Hence we may think of the U’s as uniquely
determined by the given functions (29.1).

According to the hypothesis, a.s(y) is of class C? G;;(x) is of class C?
and E;j(x) is of class C. Since Gi; is of class C?, T'ij; is of class C! and Khxiji
is of class C° However, since the conformal Gauss equations (22.13) (condi-
tion [1, 1]) are satisfied, it follows from the hypothesis of the theorem that
Kpij are actually of class C! in the xi Hence each right member of (29.4)
is of class C! in all the dependent variables (20.1) and in the x* for any y<
in the coordinate system; any x*in R;any ¢, ¥:; any G%, G%u,), * * +, G iany, MO
The equations obtained by partial differentiation of (29.7) and utilizing
both (29.4) and the boundary conditions are the set of equations which we
have called the D-conditions. Now, by hypothesis, both the D-conditions and
the integrability conditions of (29.4) are true identically. The remarks of the
last two paragraphs show that we may apply the fundamental existence theo-
rem(%) for such a system of partial differential equations with boundary
conditions.

According to this theorem, there exists a set of functions

(29.8) ye(®), G*u(%), -+, Gy (%), w(), Y(2), Yi(%)

of class C!, satisfying the equations (29.4) and the boundary conditions (29.7)
throughout the region of definition, which are defined in a sufficiently small re-
gion of R about x% and which assume the values y%, G%s, + - -, G%umo,
1%, —¢o, —¢io for x =x%. Any two solutions of (29.4) which have the same
initial conditions for x =x% are identical in their common region of definition.

Since the functions (29.8) are of class C?, it follows from the equations of
(29.4) which involve dy./dx? that dy;/0x7 is actually of class C! so that ¢ is
of class C3. Also, since u*is of class C?, I'%g, is also of class C. If we now return
to the equations of (29.4) which involve du=/dx%, we see that du=/dx* is ac-
tually of class C! so that u= and consequently I'#, are of class C2 These re-
marks and the conformal Frenet equations of (29.4) show that the various
basis biens G,y are actually of class C% It follows from the special form of
the first set of equations of (29.4) that the y*(x) are of class C3.

The hypothesis of the existence theorem assumes that real basis beins
Ge ., exist at P which satisfy the boundary conditions. Since the B,
all satisfy the R-conditions, the existence of such real basis beins for any x?

(%) The existence theorem which we are using is an easy modification (to allow boundary
conditions) of one which appears in [11, p. 661].
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in R is guaranteed. Further, since B, s, is positive definite by condition [R 2],
it follows from the second set of boundary conditions (29.7) with w=1 that
the rank of the matrix |G| is # for xi in R. Consequently, according to the
definition and discussion contained in §4, the subspace defined by (29.3),
where the y*(x?) are the unique solutions of (29.4), is an n-dimensional Rie-
mann space V, of class C2

According to the first set of equations (29.4), G¢; spans the tangent vector
space of V,. Hence the Riemann metric tensor of V, is defined by

gii = sG55
A comparison of these equations with (29.7) for w=1 shows that
(29.9) eMGi; = gij

where we have written G;; for B;,;;,. It follows from these equations that

(29.10) {j’k} = T+ Gigs + Gt s — GGl

U

are the Christoffel symbols of the second kind formed with respect to gi;.
Also, (5.3) is true for V, where g*;(x) and G*;(x) are identical functions. Hence
it follows from (5.3) and the second set of equations (29.4) that

h
ol 3]0~ ] e

If we simplify these equations, using (29.5), (29.9), (29.10) and the boundary
conditions, we find that

(29.11) G%ij = g%; — u°gij

where

If we multiply these equations by G/ and sum on repeated indices, using
the A-condition [4 1] (in the equivalent form of equation (7.11)) and (29.9),
we obtain equations (5.9). Consequently the functions u*(x) listed in (29.8)
are the components of the mean curvature normal of V,. It also follows from
(29.11) that G=;;(x) is the basis bein which spans the first conformal normal
vector space of V,. The relative conformal curvature A of V, is defined by
(6.12). If use is made of condition [4 2] (in the form of equation (7.12)),
(29.6) and (29.9), we find that A =¢"¥ so that —y is the guage function.

As a result of the geometric interpretation which we have shown for the
functions p*(x), Y(x), G:(x) and G@ij(x), it is clear from equations (29.5),
(29.6) and (29.9) that A.s(x), G:j(x), T'*4,(x) and I'iji(x), defined in this sec-
tion, are the conformal measure tensors and conformal coefficients of connec-
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tion of R, and V, respectively. It is then immediate from the boundary condi-
tions and the remaining equations (29.4) that G#;,(x), Gy (x), * * ), G*(iany (%)
are the conformal basis beins of V, and that the given functions (29.1) are
the successive conformal measure tensors and deviation tensor respectively
of V,.

The choice of initial conditions in the determination of V, makes it clear
that for x =x%, V, passes through ® so that its moving conformal basis beins
and mean curvature normal occupy the positions preassigned by the theo-
rem and so that the gauge function of V, and its derivative with respect to
x¢ at P are ¢ and ¢io. This remark completes the proof of the theorem. We
note that, in this proof, the theorem applies to a fixed coordinate and parame-
ter system. Nevertheless, under coordinate transformations of class C* and
parameter changes of class C?, the solutions in one coordinate-parameter sys-
tem will transform into the solutions in any other allowable system since the
partial differential equations (29.4) may be written in the invariant form,
tensor = tensor. Finally, we remark that all the derivations of the various fun-
damental equations of V, are valid under the hypothesis of the existence
theorem.

Remark 1. Since the G2, are all of class C?, it follows from (29.7) that the
various conformal normal measure tensors B, |y, * * * » By Must be
of class C2 This means that if the complete hypothesis of Theorem 29.1 is
satisfied (including the validity of the fundamental equations), the conformal
measure tensors must all be of class C? instead of class C*.

Remark 2. If By, is assumed to be of class C? instead of class C?, then the
T'i; are of class C2% Consequently it is seen from the special form of the first
two sets of equations (29.4) that y=(x%) are of class C* in this case.

Remark 3. Suppose that the enveloping space is a euclidean space R, or
any space of constant curvature S, and that we limit the conformal trans-
formations to mappings between spaces of this kind only(%?). Then the hy-
pothesis of Theorem 29.1 may be weakened so that R,, or .S,, is of class C3
instead of class C* and the remainder of the theorem will hold as stated. For
in this case, pagys is replaced by k(@.,0s —aqs05,) Where k is the constant
Riemann curvature of the space so that only the first derivatives of a.s occur
in equations (29.4).

Remark 4. According to Theorem 26.1, the conditions [u®, ] may be
omitted from the fundamental equations if #>2. According to Theorem 24.1,
the conditions [¢:] may be omitted from the fundamental equations if #>3.
If #>2, the tensor E;; is defined in terms of B, q, and G by means of
(24.15) and therefore is not an independent tensor.

By considering equations (20.12), (20.13), (20.14), (20.23) and the first

(57) These transformations are a first generalization of the inversive group of transforma-
tions of Ry, on itself. These transformations may be characterized by the fact that they map each
geodesic circle of a space of constant curvature on a geodesic circle in the image space.
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two sets of equations (20.9) instead of equations (29.4), a somewhat simpler
formulation may be given to the existence theorem for a hypersurface. As
the methods parallel those used in the general case (except that Theorem
28.1 plays no role in the proof), we state this theorem without proof.

THEOREM 29.2 Let R, be any conformally euclidean space of class C* and
dimensionality m>2 and let R be an open region of an (m—1)-dimensional
number space {x‘} Suppose that

(29 12) G;,dx"dx", B,-jdx"dx", E;,dx"dx"

are any symmeiric guadratic differential forms defined on R of which the first is
positive definite and so that the coefficients of these forms are of class C?, C? and
C! respectively. Also, suppose that the A-conditions [A' 1], [A’ 2] and the in-
tegrability conditions [1, 1], [1, 2], [W:], [u] are satisfied by these coefficients.
Let y= be the coordinates of any point P of Ra; x% any fixed parameters belonging
to R; mo, Po, dio any (m-+1) real numbers; G, Z* any basis bien and vector
at P which satisfy the boundary conditions [B’ 1] and [B’ 2] when x =x%. Then
there exists an (m—1)-dimensional hypersurface Va_y of class C® defined on
some region of R about x*y which is imbedded in R, by equations of the form
ye=y*(x%) and has the respective forms (29.12) as its successive conformal funda-
mental forms. For x =x%, V.1 passes through P so that its conformal tangent
vector bein and normal vector take the position G%o, Z% and the values of its
mean curvature, gauge function and of the derivative of the latter with respect
to x* at P are po, $o and. ;o respectively. Any other hypersurface with these
properties will coincide with the V,_, defined above in the common region of
definition.

Finally we note that, in accordance with Theorem 28.2, the conformal
fundamental tensors determine the B,q,) and the U’s. As a corollary of
Theorem 28.2 and Theorem 29.1, we have the second form of the existence
theorem :

THEOREM 29.3 Suppose that
andxidalt, G, anydatdxdxidx®, - - -

G
(29.13) | | |
G ipy (a2 -+ - dxMdxht - - . da™| E;dxidxt

are any symmetric differential forms defined on R whose coefficients satisfy equa-
tions (19.12) for suitable functions (29.1). Suppose further that the entire hy-
pothesis of Theorem 29.1 is satisfied with reference to these functions (29.1).
Then there exists an n-dimensional Riemann space V, of class C?® defined on
some region of R about x'y which is imbedded in the R.. of class C* by equations
of the form (29.3) and which has the respective differential forms (29.13) as its
successive conformal fundamental forms. The conclusion of Theorem 29.1 con-
cerning the initial position and unique determination of V, is also valid here.
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30. Groups of conformal transformations in euclidean space R,, and in
a conformally euclidean space R,. If an S, of constant curvature k is mapped
on an S’, of constant curvature &’ where S, and S’, are spaces of class C3

and m >2, then one readily finds as a result of (11.3) that o(y?) satisfies the
partial differential equations

(30.1) Oag = — €K — kB + Aro]aas/2.

Conversely, if a transformation whose mapping function ¢(y®) is a solution
of (30.1) is applied to S,, the image space must be S'n.

Now suppose that both S, and S’,, are euclidean spaces. Then k=%'=0.
In this case, (30.1) may be written as

(30.2) (€7)1a8 = (A1(€70)/2(€7°)) - aap.

If we let y= be cartesian rectangular coordinates, a.s= 8% and

{60;} -

The solution of equations (30.2) in these coordinates is easily found to be

(30.3) e’ =a, a >0,
or
(30.4) e = D by — d%)? 5> 0

where a, b, d* are real constants. The point defined by y*=d=* is a singular
point of any conformal transformation associated with (30.4). We state the
above result in the following theorem.

TueorREM 30.1. Every mapping function a(y*) that maps Rn (m>2) on it-
self conformally must satisfy (30.3) or (30.4), and conversely.

The totality of conformal transformations of R, on itself forms a group G.
As a consequence of Theorem 30.1, it is easy to establish the theorem of
Liouville(®8). This theorem states that the most general conformal map of Rn
(m>2) on itself is the product of an inversion with respect to a hypersphere by
a motion (5%) or the product of a magnification of similitude by a motion. Now
every magnification of similitude is the prcduct of two inversions with respect
to hyperspheres having the same center. Hence the group G is the inversive
group of transformations of Rn.

(%8) For m >3, this theorem was proved by S. Lie [9, p. 186]. Also see [1, pp. 375-376],
[13, pp. 205-210].

(5%) By a motion, we mean any point transformation of R, which is expressed (in cartesian
coordinates) by equations having an orthogonal matrix. The Jacobian of the transformation
may be either +1 or —1 so that every motion is the product of a finite number of translations,
rotations and reflections with respect to hyperplanes.
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It is shown later that the set of geometric objects: y*, G%u,
(w=1,2, -, M), pa, ¢, ¢: determine the parameters of g For this reason,
we call this set of objects the group parameter set or parameter set. We denote
this set by the symbol ¥. The order of ¥ is the integer Ny,. ..y which is the
dimension number of the largest osculating vector space Iys...n of V,. Of
course, as stated in (18.9), the maximum value of the order of ¥ is m. It is
possible to define the objects belonging to ¥ independently of V, and in
any V,. The G*,) and p. are any set of beins spanning vector spaces and a
space vector which obey equations (29.7) where the B, «,) are any surface
tensors, ¥ = —¢ and u*=a*fus. The quantity ¢ is any surface scalar and ¢
is 9¢/dxi. Under any conformal transformation of V,, the respective objects
of ¥ transform according to the laws (2.5),

(30.5) Gy = G%py,s
(6.8), (8.7) and

(30.6) i = ¢i — 0,
respectively.

Since the G2, are unchanged by a conformal transformation of V., it
follows from the laws of change for a.s and ¢ and from (29.7) that the
Bt are also unchanged. We also define 7, corresponding to ¥ by means
of (8.10) where ¢, is defined by equations (8.8) written in the form

b = €GYGP jaapd

where G# are the contravariant components of the positive definite tensor
B, . It follows readily from the above laws of change that 75, transforms
according to (8.9) under a conformal transformation of V,. If the geometric
objects of a parameter set ¥ have the geometric significance described in
Theorem 29.1 for some subspace V,, then ¥ is said to be associated with V,
at the point whose coordinates belong to ¥. If, for two parameter sets ¥
and ¥, the tensors B, and Bgyia, which occur in the conditions
(29.7) for the Ge(, are equivalent (equal after suitable changes of the xf),
then we say that ¥ and ¥ are equivalent. Of course, equivalent parameter sets
have the same order. A justification for this definition of equivalent parame-
ter sets lies in the following theorem:

THEOREM 30.2. A conformal transformation of R, (m>2) into itself exists
which transforms any given parameter set V into any other equivalent parameter
set ¥,

The proof of the theorem follows. Let the parameter sets ¥ and ¥ be
{y“, G% i)y Hay Oy ¢i} and’ {)7‘", G%n)y Bay Py dS.-} respectively. According to
(8.7), if a mapping function ¢ is applied to ¥, the quantity ¢ transforms into
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¢’ where ¢’ =¢—0. Hence by means of a conformal transformation(%%) G,
of R, it is possible to transform ¥ into ¥’: {y’“, GGy W ay B, 5;} so that the
quantities ¢’, ¢’; in ¥’ corresponding to ¢, ¢; are ¢, .. The tensors B,
are unchanged by this transformation. Also, by hypothesis, we may consider
B isy1 ) and B,y ) as equal after a suitable change in the surface parame-
ters x*. Then it follows since ¢’ =¢ that the conditions (29.7) on the G’=(,
and G*(,) are identical; that is, the vector spaces G’*(,, and G*,, have the
same inner orientation. It follows that a motion B, in R,, exists so that
y'a=45o G'*, =G*q,. Under this motion, the parameter set ¥’ becomes the
parameter set ¥'': {92, Gy, 1"y @'/, ¢''s}. We write 7'/, and 7, for the
quantities corresponding to ¥’/ and ¥ and now consider the following two
cases:

(1) Suppose that ’’,=1,. This is equivalent to u’’.=g, and ¢’’;=¢..
Then a unique positive constant a exists so that e®=ae*”’. If we subject R,
to the magnification of similitude B; determined by e~°=gq, it follows from
(6.8), (8.7) and (30.6) that {u”a, %', ¢”,~} transforms into {,a,,, &, $,~}. Ac-
cording to (2.5) and (30.5), 5%, G*(:,» of ¥’/ remain unchanged. Consequently
the conformal transformation G3;G,G; changes ¥ into V.

(2) Suppose at least one of the equations in the hypothesis of case (1)
is untrue. We choose cartesian rectangular coordinates in R, so that the
72=0 (or transform the point whose coordinates belong to ¥’/ and ¥ to the
origin by a motion). We now determine a mrapping function ¢ satisfying
(30.4) which transforms ¥’ into ¥. At the origin, we find from (30.4) that

e =1by, df 0.0 = 2d%/ d*".
B B

If we substitute these values in (8.7) and (8.9), we find that
(30.7) ¢ =0 d, e — .= 2d%/) d*
8 8

Since 7’ « # Na, at least one d= differs from zero. Hence, from the second set of
equations (30.7),

1

— Z ("% — §ia)? = 1/2 pra

4 7 P
Therefore the solution of (30.7) is

b

1 _
— 5" 3 (05 — i)Y,
4 8

30.8
(30-8) 2"e — 5/ S (s — )"
B

d«

It is immediate that b is positive so that values b, d* given by (30.8) may be

(80) The existence of conformal transformations of R, with this property follows from the
discussion which appears below.
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used to define a mapping function ¢ in accordance with (30.4). Since not all
the d« are zero, the origin is not a singular point of any transformation associ-
ated with (30.4). Any such transformation G; would transform {u’’., ¢'/,¢"":}
into {ﬁ.., P, 6;}. Since %, G, remain unchanged by Gs, the conformal
transformation G;G,G changes ¥ into ¥. This completes the proof of the
theorem.

Now suppose that the geometric objects in ¥ are fixed while those whnch
belong to ¥ range over all admissible values. Then the corresponding con-
formal transformations range over the totality of transformations belonging
to the inversive group G. Hence the geometric objects of ¥ determine the
parameters of G. As noted in a previous paper(®!), a count of the independent
parameters proves that G has exactly (m+1)(m+2)/2 essential parameters.

Let R, (m>2) be a conformally euclidean space and suppose G, is a con-
formal transformation which transforms R, into R,.. If G is any transforma-
tion belonging to G, then the conformal transformation G,"'GG; maps Rn
on itself. The totality of these transformations { G} forms the complete group
—G of conformal transformations of R, upon itself. The groupz' is the con-
formal image in R,, of the group G in R, and is independent of the particular
mapping ©i. It is clear that Theorem 30.2 may be proved to be valid for
parameter sets in R, by means of this correspondence between G and C
Another consequence is that every conformally euclidean space R, (m>2)
admits a continuous group of conformal tramsformations on itself having
(m+1)(m+2)/2 essential parameters.

31. The conformal equivalence theorem. The fundamental theorem of
Riemannian geometry for a subspace in a euclidean space R, or a space of
constant curvature S, is the congruence theorem. We are now in a position
to establish easily the analogue of this theorem for conformal differential ge-
ometry.

THEOREM(®2) 31.1. Let oyRn and (o Rn be conformally euclidean spaces of
class C* and dimensionality m>2 and let 1yV, and (V. be subspaces of class
C3in ayRn and (o R respectively of dimensionality n>1. Suppose that the fun-
damental equations of V. and )V, are valid and suppose that the correspond-
ing conformal fundamental forms of yVnand o Vnare equal. Then a conformal
transformation exists so that 1y Rne (2 Rm and ) Va2 Va.

In short, this theorem states that n-dimensional subspaces of R,’s whose
corresponding conformal fundamental forms are equal are conformally equiv-
alent. To prove the theorem, we note that conformal transformations G; and
B, exist which map )R, and (5 R, respectively on R,.. For these transforma-
tions we also have yV.—uV, and (g V,— V. respectively, where ¢,V

(%) The details of the present discussion appear in [8, pp. 472-473].
(%) Various modifications of this theorem appear in the remarks at the conclusion of the
proof.
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and (5 V. are subspaces in R,,. Since the conformal fundamental forms exist
for 3V, and (5 Va,, in accordance with Theorem 19.1, they also exist for
0V and 7V, and corresponding forms of )V, and (3 V. are equal. Fur-
thermore, as a consequence of the remarks in the summary of chapter V,
the fundamental equations of 1,V , and (5 V. are valid.

Let P, and P, be points which belong to )V, and ¢V, respectively
which have the same parameters x% and such that the corresponding confor-
mal fundamental forms, evaluated at P, and P, are equal. Let ¥, and ¥,
be the group parameter sets associated with )V, and oV, respectively at
P, and P.. As a consequence of Theorem 30.2, a conformal transformation ©
of R, into itself exists which transforms ¥, into W,. This same transformation
transforms )V, into some subspace V', passing through ®; for x*=x?, and
having the associated parameter set ¥; at P,. For reasons like those given in
connection with ,V, and (3 V, the fundamental forms for V', exist and are
equal to the corresponding forms of (5 V.. Also, the fundamental equations
of V', are valid. It follows from Theorem 29.3 that V', coincides with V.,
in a sufficiently small neighborhood of P.. Hence the transformation G, GG,
transforms gy Rn into R, mapping sufficiently small regions of )V, and
@ Vn on each other. This proves Theorem 31.1.

Remark 1. Suppose that the enveloping space is an R,, or an S, and we
limit the conformal transformations to mappings between these spaces of
constant curvature only. For reasons like those stated in Remark 3 of §29,
the hypothesis of Theorem 31.1 may be weakened so that R,, or S, is of class
C3 instead of class C* and the remainder of the theorem will hold as stated.

Remark 2. An analogous equivalence theorem exists in which the con-
formal measure tensors and deviation tensor occupy roles similar to those of
the coefficients of the conformal fundamental forms in Theorem 31.1. The
proof of this theorem is based upon Theorem 29.1 instead of Theorem 29.3.

Remark 3. If m=n+1, it follows from (20.11) that the condition
®mBniay = @B in1aw in the conformal equivalence theorem may be replaced
by wBij= *+ @Bi;.

As a result of the existence and equivalence theorems, it is clear that
equations which assign arbitrary values to the coefficients of the conformal
fundamental forms of V, (subject, of course, to (19.12) and the fundamental
equations) may be regarded as conformal intrinsic equations of V, in Rn.
These equations determine the V, up to a conformal transformation of the
space. A detailed conformal differential geometry of subspaces based upon
these fundamental forms may be developed.

32. Conformal differential forms. A conformal differential form

(32. 1) T(,-v)dx“dx"" s dx"'

of a subspace V, in V,, whose equations are y*=y*(x?) is a differential form
whose coefficients T,y are functions of the variables
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ve(a?), dy=/axt, 32),a/3xiaxi’ v, Gag [}'7(xi)]r

(32.2)
0aqs/dy", 320«6/33"’3}", ce

defined along V, and which, at any point P of V,, has the same value for
any admissible change of coordinates y* or of the parameters x* and whose
value also remains unchanged if V,, is mapped conformally on V,. This last
condition, which gives (32.1) its conformal character, is equivalent to the
assumption that (32.1) is invariant if the ¢.s and their derivatives are re-
placed respectively by e??a.s and their derivatives while the other variables
in (32.2) are unchanged.

The simplest conformal differential forms of V, are its conformal funda-
mental forms. The most important problem concerning conformal forms is the
discovery of all such differential forms. It is seen from the definition that this
question is equivalent to finding all conformal tensors T, which depend
upon the variables (32.2). In the sequel, we solve this problem when V, is a
subspace of any conformally euclidean space R.. We prove the following
theorem of which the converse statement has already been demonstrated.

THEOREM 32.1. The most general conformal differential form of a subspace
V. (n>1) in an R, is a differential form whose coefficients are tensor functions
of the conformal fundamental tensors and conformal Riemann tensor of V, and
of their conformal covariant derivatives. Conversely, every such differential form
s a conformal differential form.

The proof follows. We consider a conformal differential form (32.1) de-
fined at any point of an #-dimensional subspace in an R,. The coefficients
T .,y are conformal tensors which depend upon the variables (32.2). By means
of a conformal mapping of R,, on R,, (32.1) becomes a conformal differential
form defined at any point P of a subspace V, in R,. We therefore first dis-
cuss conformal forms of V, in R,,.

By virtue of (29.4), the successive partial derivatives of y* with respect to
the x? may be written as functions of U®w ;  , Uhw-0 ¢\ Gij Eij Kij,
T'#;; and their derivatives with respect to x* and of a.s and their derivatives
with respect toy*and of y*, Gy, ¥, ¥i, u¢ (Here whastherangel,2, - - -, M.)
According to Theorem 28.2, U®w ;.\, UPv=1 .,y may be replaced by a
combination of the conformal fundamental tensors (except for unessential
additive null tensors).

Hence T, is a tensor function which depends upon the variables

aaaﬂ azaaﬁ
ya’ Ga(‘u)7 ‘/’7 \0", ,uay AaBy — -——; y o .
9yr  9ydy

d
(32.3) Gij Ty, P) ST, Gy s Gindn: b G anikt
X

. o ..
’ ’

(J(iu)(iy)vG(‘.u)(i.v)ikvG("M)(i,»{):kly T Eiip “ij: ky Eii:kh .
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Of these variables, only the conformal fundamental tensors and their con-
formal derivatives, I'*;; and its partial derivatives and the G¢,), have a
conformal character. When the enveloping R,, is subjected to a conformal
transformation, y2 =y, #=x%, T, is the same function with the variables
(32.3) replaced by the variables §2, G*(,y, ¥, ¥:, and so on, which correspond
to (32.3) under the conformal mapping and T, =T, at corresponding
points.

Of the variables (32.3), it is very plausible that the effective presence
(other than in conformal derivatives) of I'*;; and its successive derivatives
in T i,y must be limited to combinations which are functions of the conformal
Riemann curvature tensor K*;; of V, and its successive conformal deriva-
tives. To prove this conjecture, we choose a system of conformal normal
parameters {x‘} whose center is an arbitrary point @ of V,. Then, in a neigh-

borhood about (%) P,

(32‘. 4) Tt xix? = 0.

Differentiation of (32.4) with respect to x*¥, followed by multiplication by x*
and simplification by means of (32.4), leads to the equations

(32.5) (8T%;;/0x%) xixixk = 0.

Analogous equations for the higher derivatives of I'*;; may be obtained from

(32.5) in a similar way. Successive differentiation of (32.4), (32.5), and so on,
and evaluation at ® leads to the following equations which are valid at P:

(32.6) Th;i =0, > 8Tk;/dxt =0, D 3T*,;/dx!dx* =0, - -

In these equations the summation symbol indicates the symmetric sum over
all indices except k.
- It follows from (14.1) and the first two equations of (32.6) that, at P,

OTh;;/dx* = [Khu; + K*ii]/3.

In a similar way, by successive differentiation of (14.1) and use of the equa-
tions of (32.6), we may express the values of the higher partial derivatives of
[*;at P in terms of K*j and its various conformal derivatives. Hence the

: quantltles
(32.7) Thyj, OThi;/dxk, - - -
may be replaced by
(32.8) 0, [K*u; + K*ni)/3, - - -

at P when the parameter system {x;} is conformal normal. Now T, as
well as the quantities (32.8) and all the variables of (32.3) except (32.7) are
tensors. Therefore if the variables (32.7) in T, are replaced by (32.8) at P,

(%) Fora broof of this characteristic property of normal coordinates, see [4, p. 54].
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T i,y becomes a tensor function of tensor variables and hence is valid under
all parameter transformations. Since P is any point of V,, this remark shows
that the variables (32.7) may be replaced by combinations of K*;;; and its
successive conformal derivatives(%4).

We now show that y2, G, ¥, ¥i, 4% Gap, 08as/0y?, 0%a.5/dy%y", -
cannot be present in T'(;, as effective independent variables. In R,, the co-
ordinates y= may be chosen so that they belong to a rectangular cartesian co-
ordinate system @ such that a.s= 8%, 02.s/0y7=0, 3%a,s/dy%dy*=0
throughout a region of R, containing any point P of V, and at P, y==0,
G* (i) =G%no. Here the G2,y are any fixed set of numbers which satisfy the
B-conditions (29.7). If R, is subjected to a conformal transformation ()

ye=y(FL 54, ™, o= 3 %, 9™

belonging to Q, V. is mapped on another subspace V, in R, and P corre-
sponds to ®. In this transformation, the §= have been chosen so that they
belong to a rectangular cartesian coordinate system 70} such that G.s= 82,
03.5/097=0, 323,5/07%dy7 L0, - - - throughout a region of R, containing P
and at P, 52=0, G*(iy =G*(yo- It is clear that in the coordinate systems @
and ), the values of the a.s and their derivatives as well as of G*;,, at P
remain unchanged by conformal transformations of G. Of course, the con-
formal Riemann tensor and the conformal fundamental tensors of V, and
their conformal derivatives also remain constant. Hence, in these coordmate
systems, the only possible variables of (32.1) are ¥, ¥, pe.

As a result of Theorem 30.2, a conformal transformation of G exists which
leaves the values at ® of y*, G2, unaltered and which transforms the set
¥, ¥i, u® at P into any other set ¢, ¥:;, = [subject to the last equations of
(29.7)]. Hence ¢, ¥, u> behave like independent variables with respect to
conformal transformations of G. It follows that if any of ¥, ¥, u= are effective
variables, (32.1) cannot remain invariant at P. This contradiction shows that
(32.1) is independent of ¥, ¥;, u= at each point of V... Hence in the coordinate
systems W, @, T ., is a tensor function of the conformal Riemann tensor and
conformal fundamental tensors of V, as well as their various conformal de-
rivatives. Hence T'(;,, may be written as

Ty = T[Giiy K*ijky K*j: 1, - -+ Eijy Eijirs Eijiray -+ -
(329) G(‘z)(iz)’G(iz)(iz)ik’G("z)(iz):kl! Tty Tty G(i,u)(iu)»
G(‘u)(:’u):krG(‘M)(iu):kl’ e ]

in the coordinate systems W), @.
Since (32.9) is a tensor equation, it follows that (32.9) is valid for any
allowable coordinate system in R,. This observation proves the theorem for
() This result also follows from the replacement theorem of Thomas [15, p. 109]. .

(%) In this proof, we no longer assume that points with the same coordinates correspond
as was done previously.
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subspaces in R, and conformal transformations which belong to G. But all
the tensors of both members of (32.9) are conformal tensors and are un-
changed by any conformal mapping of R, on an R.. By means of this map,
V.in R, becomes an n-dimensional subspace V, in R,.. Also all #-dimensional
subspaces of R, may be obtained as conformal images of V,’s in R,. Conse-
quently (32.9) is valid for any subspace of R,. This remark concludes the
proof of Theorem 32.1.

It is clear that a similar proof in ordinary Riemannian geometry would
establish the known theorem that every metric differential form of a sub-
space V, (n>1) in an R,, or S, is a differential form whose coefficients are
tensor functions of the (metric) fundamental tensors and Riemann curvature
tensor of V, and of their covariant derivatives, and conversely. Finally, we
note that Theorem 32.1 is probably false in any enveloping Riemann space
V. which is not conformally euclidean. A proof of this statement would prob-
ably be analogous to the one for curves which has already been given by the
author [8, pp. 477-478] and would be based upon the nonzero conformal
tensor pagy if m =3 or C%gqs if m>3.

VII. EXCEPTIONAL SUBSPACES

33. Conformal null subspaces. The results of the preceding chapters are
meaningless in the case of a subspace V,, contained in a general Riemann
space V., whose relative conformal curvature A vanishes identically. In this
case the conformal measure tensors G;;, 4 .p are zero tensors, and conversely.
This means that the conformal length of any curve on V, or of any surface
or space vector defined at any point of V, is zero. For this reason, we call
any V, (n>1) with A=0 which is a subspace of V,, a conformal null sub-
space(®%). We impose the condition #>1 since, according to Theorem 6.1,
A=0if n=1. The remaining case, n=1 (curve), is considered in the next sec-
tion. We now derive a number of simple properties of these subspaces. The
first of these is the theorem:

THEOREM 33.1. The conformal image of a conformal null subspace is a con-
formal null subspace.

This is an immediate consequence of the definition and (6.13). Also, ac-
cording to Theorem 6.1, it follows that V, is a conformal null subspace of Vn
if and only if all its points are umbilical points. As a consequence of this state-
ment, we note that (1) A V,, admits conformal'null subspaces at each point
and for every initial set of values for G¢;, u* if and only if(67) V,, is an(%) R,.

(®%) In the following discussion, we do not consider the non-real null subspaces which are
solutions of ds'2=aa,gdy°'dy5=0. A prerequisite for the investigation of these subspaces is the
extension (if possible) of the region of definition of the metric tensor a4 from the m-dimensional
real number space to the 2m-dimensional complex number space.

(87) A proof of this statement may be based upon the discussion in [3, pp. 144-145].

(%8) On the other hand, conformal null curves exist at each point and for every initial set
of values for G%, u® in any enveloping space V... For a proof of this statement, see [8, §10].



1944} CONFORMAL DIFFERENTIAL GEOMETRY OF A SUBSPACE 427

(2) In contrast to the case of Riemannian geometry, real null subspaces may
exist in V,, even when its Riemannian metric is positive definite. Now, from
Theorem 9.3, every V, is conformally equivalent to a minimal subspace.
Hence if V, is a conformal null subspace, it may be transformed into an um-
bilical subspace of zero mean curvature. The converse of this statement is
immediate. These remarks prove the following theorem.

THEOREM 33.2. A subspace V, (n>1) in a V, is a co:Jormal null subspace
if and only if a Riemann space V., and a conformal transformation of Vi, on Vn
exist such that V, is mapped by this transformation on a totally geodesic sub-
space of V.

It is easy to see that a V, in an R,, is umbilical if and only if V, is an
n-dimensional plane or sphere. It is also clear that a conformal map (belong-
ing to G) of R, on itself exists so that any n-sphere transforms into an
n-plane. Furthermore, if an R, is mapped conformally on R,, any conformal
null subspace of R, is transformed into a conformal null subspace of R,, and
hence is conformally equivalent to an #n-plane in R,,. We state these results in
the following theorem.

THEOREM 33.3. Every conformal null subspace V., of R, is an n-plane or an
n-sphere, and conversely. The necessary and sufficient condition that a subspace
Vo (n>1) in an R, be a conformal null subspace is that V., be the conformal
image of an n-plane in R,. All n-dimensional null subspaces in R,'s are con-
Sformally equivalent.

34. Conformal curve theory. The conformal theory developed in this pa-
per does not apply to one-dimensional subspaces of V, (curves) since A is
identically zero in this case. The conformal geometry of a curve was obtained
in a previous paper by the author [8], using “conformetric” vectors. As was
indicated in that paper, the use of conformetric vectors is not essential and
the entire theory may be developed in terms of conformal geometric objects.
In this section, we show how this may be done, utilizing the methods of the
present paper. The method which appears below is contained, in essence, in
our previous paper (%) [8].

We consider a curve Vi of class C* with =3 in a Riemann space V.
The equations (4.3) of Vi may be written as

ye = y*(xh)

where, according to our assumptions of §4, dy*/dx!50. The metric tensor of V;
is given by the formula
g1 = @ap8%1881

(%9) For purposes of comparison, we note that y%, @ag, (s) V%, k% 0,a, 048, P, Pas, 2, v, {%,
ks @Z%, T, J of this section appear in [8] as x%, g, @ V¥, &%, 0.4, 035, R, Raj, J, K, 0¥, kay
@AY, T, Jo respectively.
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where g =dy*/dx'. It is convenient to introduce the parameter s by means
of the allowable parameter transformation

s= [ Gy

The parameter s is an arc length parameter determined up to an additive con-
stant and a choice of sign. For this parameter system, we find that("?)

(34.1) gu =1, {111} =0,

so that g% is a unit vector. In this case, we write g% as 2. It is the unit
tangent vector of V.
According to the definition of the mean curvature normal given by (5.9),

(34.2) peE, = puo

where the subscript s indicates that the parameter x! is s. The vector u* is
usually called the principal normal of V. We may write u¢ as

(34.3) B = mk @»®

where o)k is the first curvature of Viand v is the first unit normal of V1.
Differentiation of »* and use of the fact that WmY%, @v* are orthogonal unit
vectors leads to the equations

(34.4) @v®e = — ok a* + @k @r®

where (5% is the second curvature of Viand gyv* is the second unit normal of Vy.
Equations (34.2) and (34.4) are the first two sets of the familiar Frenet equa-
tions of V1. The general equations

(34.5) @V e=— -1k (v—l)ll"-l- mk +1)?% k= mk=0,v=1,2,--- m,

may easily be derived by mathematical induction if the successive unit nor-
mals are of class C.

The relationship between the principal normals of Vi in V, and of its
conformal image V, in V,, is given by (6.7). If (6.7) is differentiated covari-
‘antly and use is made of

(34.6) P = €77 qyp”
and of (2.4), (2.6), (6.3), (34.2), (34.3) and (34.4), we find that
(347) (d(l)li/di) ¥ + (1)5(2)5 3)7*

= % [(dwk/ds) ep® + wkok @p® — oay " h?]

(") The Christoffel symbols {4}, T'uwhich occur in this section are formed with respect
to gs4, Gij respectively.
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where, according to (4.10) and (4.12),
haﬂ = a"" - (1)1’“ (1)1)3.

Now, if m>2, equations (11.3) may be solved for o4,. If this result is substi-
tuted in (34.7) and use is made of (2.6) and (34.6), we obtain

(34.8) Qe = ¢

where
dk, 1

(34.9) Qe = — o + kiky 3+ pgy " h*
ds (m —2)

and Q%< is defined by analogous equations and a.s{*¢f=1, d.eff=1. It is
clear that ¢« is orthogonal to gy»*. We assume that the members of (34.8)
are not zero. Then the quantity € which is the unique positive root of Q2
is a relative conformal scalar having the transformation law

(34.10) Q=e"Q.

In the conformal theory of a curve, the quantity € occupies the role that
is played by A in the conformal theory of subspaces whose dimensionality
exceeds 1. We therefore call Q the relative conformal curvature of V. The
scalar Q may be used to develop the curve theory in a manner analogous to
the corresponding use of A in the theory of V, with »>1. The analogy applies
to all methods and results which only depend upon the transformation law
(6.13) of A and make no use of the actual definition of A. Because of the pres-
ence of the term pgy y»7h*#/(m—2) in the definition of @ the conformal ge-
ometry of a curve is simplified considerably if the enveloping V. is an Ein-
stein space. On the other hand, Einstein spaces do not occupy any special or
preferred position in the conformal theory of a subspace V, whose dimension-
ality # exceeds 1.

It follows from (2.6), (6.2) and (34.10) that the tensors

(34 11) Gu = ngn, Aap = Q’a..p

are positive definite tensors which remain unchanged by conformal trans-
formations of V,.. We call them the conformal measure tensors of Vy and Vi,
respectively and measure conformal length by means of these tensors. The
conformal coefficients of connection analogous to (8.5) and (8.11) are

1
= {11} + [log @] = [log (gn)*/-2].1,
a dlog Q
(34.12) T, = { } + a% I:ll-v + vy —'—]
By ds

d log © d log Q
+ a2y [#ﬂ + s — agy| B* + ap” .
ds ds
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Conformal differentiation with respect to x! is defined by means of these co-
efficients as in (8.1). The various italicized statements of §8 are also true in
the curve theory.

We define S (up to an additive constant and choice of sign) by the equa-
tion

(34.13) S = f GV 2dat = f Qds.

It is clear that S remains invariant under conformal transformations and is a
conformal scalar. We call S a conformal arc length parameter of V. If the
values of the same arc length parameter are S; and S, at two points P, and
P, of Vi, we call | S,—S,| the conformal arc length of the arc PiP: (or PoPy)
of V1. It is clear that the conformal arc length is independent of the choice of
conformal arc length parameter and remains unchanged by conformal trans-
formations of V,. It follows from (34.11) and (34.12) that if x!=S,

(34.14) Gu = 1, Plll = O,

so that conformal differentiation with respect to S is defined by means of
T'eg, alone. If we use the symbol #/4S to denote conformal differentiation
with respect to S,

L T d T + ZwZT r o
a1, - — [ERRL al:ccAg—1YAg+1 " Cwg Qg
3S B1++ By as B1- By / B1- - By s s
1 dy?
= > T ccawy e s T ——
& B1- - Bp—17Bp+1- - Byt Byd s

The vector 1yZe defined by
@Z® = Q71 a8

is a conformal vector of unit conformal length. We call 4y)Z= the first conformal
normal of V. Suppose that the class of 1)Z=is C! and that this is also true of
each successive unit conformal vector Z°, @Z?, - -+, wZ®* obtained from
@Z* by the Frenet process(!) coupled with conformal differentiation. Then
one readily proves, using the usual argument by mathematical induction,
that there exists a set of scalars yJ, @J, * * *, w-nJ (# =n—1) such that

t’(v)Z"

(34.15) == -1 -2t @+1Z% oJ=wJ=0, v=1,2, -, 4
Aaﬂ (v)Za (w)Zﬂ = 6vw, v, W= 11 2v T, U,
Aaﬁ (v)Za (1)Vﬂ = 0.

(™) The application of the Frenet process to the unit conformal tangent vector (in a manner
analogous to that used in Riemannian geometry as well as in the conformal theory of a sub-
space V, with #>2) is unfruitful. For it is easy to verify that ¢(27*)»*)/9S=0.
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The conformal unit vector (,Z¢ is called the vth conformal normal of V; and
the conformal scalar (,)J is called the vth conformal curvature of V,. Equations
(34.15) are called the conformal Frenet equations of Vi. If V,2V,, Vi2V,
by a conformal transformation, all the quantities in (34.15) remain unchanged
and (34.15) are also valid for V; in V.

The conformal unit vectors

-(34.16) Qs 2% 2%, wl®

have roles analogous to the basis beins G,y of the general subspace theory.
The conformal vector €1 (,y»* spans the tangent vector space of V; and each
normal vector (,»Z*in (34.16) spans a one-dimensional vector space called the
vth conformal normal vector space of Vi. The successive conformal curvatures
of V; take the place of the various conformal normal measure tensors B (i)| (ry),
Bipitgs * * * s B oan of chapter IV.

Corresponding to the deviation tensor E;; we may construct the con-
formal tensor J;;, defined analogously to (13.14), by the equation

Jij = (—log Q).s; — (— log Q).:(— log @).; + uaG*:;

1
—_ «8G*GB ; — Q2,2 Ghe(— 1 D). (— 1 Q).
(34.17) m— 2" ’+2[ 42 + G (— log @), »(— log 9.

+ i ]G
m—1)m—2)1"

To obtain this equation, we simply replace A by € and E;; by J;;in (13.14).
Since 1=j=1, the tensor J;; has only one component so that we may consider
the equivalent conformal invariant J;,G%: Since G%;;=0 and G;;G' =1 for V3,
we obtain from (34.17),

JiGil = Q2[— QA.Q + A1Q/2 + u?/2

p 1 .
(34.18) Yo - Dm—2  m—2) " ﬂ]

where A Q=G%Q.;;, A1 Q=G'Q;Q.; If we choose x'=S it is clear that
A, Q=d2Q/dS?, A, Q=(dQ/dS)2 Also gof= qveqvP. If these substitutions
are made in (34.18), we find that

(34.19) — G = ]

where (n_nJ is the (m — 1)th conformal curvature of V; defined in our previous
paper on curve theory as("?)

a aQ\? , .

(™) Equation (34.20) corrects a misprint in our paper on curve theory [8, equation (5.10)].
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where v is defined by the'equation
(34.21) v=(1/(m — 1)(m — 2))[p — 2(m — D)pag ayp* 1)#].

It follows from (34.19) and the invariance of J;;G' that (,_1J is a conformal
invariant of V1. J;;G' plays a role in the conformal theory of a curve exactly
analogous to that of E;;in the conformal geometry of V, with n>1.

The conformal invariants S, yJ, @J, * * *, w=nJ, m—1J and the process of
conformal differentiation constitute the foundation upon which the conformal
geometry of a curve rests. While many of the results of §§10~17 and of chap-
ter V of this paper are vacuous or trivial in the curve theory, the remaining
portions of the paper are similar to the corresponding results obtained by
similar proofs in the conformal geometry of a curve. For example, the ana-
logue of Theorem 19.1 is: If the conformal curvatures J, »J, * * *, w—0J,mn—1yJ
exist for a curve Vy of class C* in a V,, (m>2), then the conformal curvatures
also exist for the conformal image curve Vi in V. It is possible to choose a con-
formal arc length parameter S so that corresponding points of Vi and V, have
the same value of S and the corresponding conformal curvatures are the same
funciions of S for Viand V..

The existence theorem is true in a stronger form than obtains in the gen-
eral subspace theory. For, if n =1, the system of partial differential equations
(29.4) is replaced by a system of ordinary differential equations. The continu-
ity of the functions (1) J(S), &y J(S), - - -, (w-1yJ(S), (m—1yJ(S) is then sufficient to
insure the existence of a curve Vi in any V,, which has these functions as its
conformal curvatures and one of whose conformal arc length parameters is .S.
This curve is uniquely determined by a set of initial conditions which may be
given explicitly. If V,, is an R,, analogues of the fundamental conformal
equivalence theorem and the theorem on conformal differential invariants
(Theorem 32.1) exist in the curve theory. Finally, we note that the assump-
tion m>2 may be waived for the curve theory if we restrict ourselves to
Riemann spaces V,, and to special conformal transformations of V, which
have the property that any geodesic circle of V, maps upon a geodesic
circle(®) of V,. These transformations are generalizations of the inversive
transformations of the plane R,. The reader is referred to our paper on the
conformal theory of curves [8] for the detailed proofs of the various matters
considered in this section as well as other subjects in the conformal geometry
of a curve.
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